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Abstract

We propose a new variant of online learning that we call “ambiguous online learning”. In this set-
ting, the learner is allowed to produce multiple predicted labels. Such an “ambiguous prediction”
is considered correct when at least one of the labels is correct, and none of the labels are “pre-
dictably wrong”. The definition of “predictably wrong” comes from a hypothesis class in which
hypotheses are also multi-valued. Thus, a prediction is “predictably wrong” if it’s not allowed by
the (unknown) true hypothesis. In particular, this setting is natural in the context of multivalued dy-
namical systems, recommendation algorithms and lossless compression. It is also strongly related
to so-called “apple tasting”. We show that in this setting, the asymptotic minimax mistake bound is
controlled by a combination of the classical Littlestone dimension L. and a new parameter that we
call “ambiguous Littlestone dimension” (denoted AL). There is a trichotomy of behaviors: up to
logarithmic factors, any hypothesis class has a mistake bound of either O(1) (when both AL and L
are finite), (:)(\/N ) (when AL is infinite but L is finite) or ©(/N') (when both are infinite).

Keywords: online learning, multiclass learning

1. Introduction

In classical online learning theory, every hypothesis is a mapping h : X — Y from the domain X
to the label set Y. This assumes that, in some sense, every instance * € X has an unambiguous
“correct” label h*(z) € Y associated with it. However, this is not always a safe assumption:

Example 1 We want to predict the motion of a car, as constrained by the laws of physics and the
car’s design. However, we don’t want to trust any assumption about the behavior of the driver.
If' Y is the configuration space of the car (e.g. center-of-mass coordinates, angular orientation
and steering wheel angle), coarse-grained to our measurement accuracy, and X := Y™ is the
set of possible car motion histories, the physics we wish to learn can be described as a mapping
h* : X — 2Y. For example, if x describes a car at rest, then h*(x) contains a label corresponding
to the car staying at rest, but also labels corresponding to the driver pushing the gas pedal. However,
even if the driver floors the gas pedal, the car can only accelerate that much within the relevant time
interval, which constrains the labels that fall inside h*(x).

More generally, such multivalued hypotheses can be used to describe any multivalued dynamical
system'.

Another example is systems which offer multiple choices to the user, but only some choices are
appropriate in any given context:

1. Meaning a system under some unpredictable external influence: see e.g. (Brogliato and Tanwani, 2020)

© 2026 V. Kosoy.
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Example 2 The user is writing text in a messaging app and occasionally inserts emojis. The al-
gorithm learns to offer the set of emojis potentially appropriate in a given context. Here, X is the
record of the previous conversation, Y is the set of all emojis and h* : X — 2Y assigns to each
conversation the set of emojis that might plausibly follow it.

More examples come from data following some unknown formal syntax:

Example 3 We need to losslessly compress a stream of data that is likely to follow a particular
syntax (e.g., it is a Python source file), but we don’t know which. If Y is the alphabet and X := Y™
represents the data seen so far, the unknown syntax can be represented as a mapping h* : X — 2Y,
where h*(x) is the set of symbols that can legally follow the string © according to the syntax. For
example, if a Python file starts with “2=", the next symbol has to be ‘=". On the other hand, “2=="
can be followed by multiple symbols (e.g., ‘3’ or ‘x’, but not ‘#’).

In all such examples, we could alternatively try to model the uncertainty about the label in
terms of probabilities. That is, postulate a mapping h* : X — AY instead of h* : X — 2V,
If the underlying process can be regarded as IID samples from a fixed distribution (or at least as a
stationary stochastic process), these probabilities have a natural frequentist interpretation. However,
if the underlying process is non-stationary (s.t. online learning is called for), the meaning of these
probabilities is not always clear>. Moreover, even if the probability distributions are defined in
principle, they might be much harder to compute or learn than their supports. More generally, we
could combine probabilistic uncertainty with the “ambiguity” we study here by allowing sets of
probability distributions (as in e.g. Kosoy (2025)). However, for the sake of simplicity we consider
only sets of deterministic labels in the present work. With this motivation, we consider an online
learning setting with a class of multivalued hypotheses H C {X — 2¥'}. The learning algorithm is
also allowed to output sets of labels. Given true hypothesis h* € H, instance x € X, the algorithm’s
prediction o C Y and the actual observed label y € Y, the algorithm’s success criterion is

y € aCh(x)

The condition y € « requires that the prediction is sound, whereas the condition & C h*(z) re-
quires that the prediction is “complete”, i.e. no weaker than what knowledge of h* would allow*.
Any prediction for which the success criterion doesn’t hold is considered to be a “mistake”. In clas-
sical online learning theory, the maximin number of mistakes for any hypothesis class, assuming
realizability, is given by the Littlestone dimension. In particular, the asymptotic as a function of
the time horizon N can be either O(1) (when the Littlestone dimension is finite) or (V) (when
the Littlestone dimension is infinite). On the other hand, for ambiguous online learning, we prove
a trichotomy of possible mistake bounds: depending on the hypothesis class, the number of mis-
takes can be O(1), ©(v/N) or Q(N). In the O(1) case, the exact number of mistakes is given by

2. In real life, there might be rare occasions on which the user wants to use an emoji which doesn’t normally make any
sense in the given context. This can be modeled by e.g. adding some degree of “noise”. However, in the present work
we ignore such complications to focus on the mathematically simpler case of deterministic hypotheses.

3. In principle, we can apply some Bayesian notion of probability, but it raises difficult questions about the choice of
prior. For further discussion of the interpretation of probability and alternative representations of uncertainty, see e.g.
(H4jek and Hitchcock, 2016).

4. If we interpret a prediction « as making the logical statement y € « about the following label y, then a prediction is
sound iff the statement is true and complete iff the statement is as strong as can be reasonably expected.
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a combinatorial invariant that we call “ambiguous Littlestone dimension”. In the ©(v/N) case, the
coefficient can be bounded using the ordinary Littlestone dimension for the label set 2", and another
combinatorial “dimension” associated with the set of subsets of Y that hypotheses can produce.

Related Work

Moran et al. (2023) study a version of online learning where the learner is allowed to produce
multivalued predictions and hypotheses can also be multivalued’, similarly to our setting. However,
their success criterion is weaker: given a prediction o C Y and an observed label y € Y, a correct
prediction only requires that y € «. To make this non-trivial, they require that || < k for some
fixed £ € N, whereas we have no such constraint.

Cohen et al. (2024) consider offline (PAC) learning of graphs with a loss function derived from
precision and recall. In particular, their setting can describe a multivalued hypothesis class (in
this case the graph is bipartite, with X vertices and Y vertices), and the learner’s prediction is
also multivalued (a graph). Their success criterion is effectively stronger than our own: in our
notation, their loss only vanishes when o« = h*(x). However, they assume that X -instances are IID
samples from some fixed distribution and, even more importantly, Y -labels are uniform IID samples
from h*(x). The latter assumption is critical: in our setting we cannot guarantee convergence to
a = h*(z) because the adversary can choose to never select certain elements of A*(z).

Another setting with multivalued prediction is conformal prediction (see e.g. Fontana et al.
(2023)). In conformal prediction, the goal is calibrating the size of the prediction sets to achieve a
given error rate. This is very different from our setting, where the error rate is required to vanish
asymptotically. Moreover, conformal prediction requires an IID assumption. (On the other hand,
conformal prediction doesn’t assume realizability and can use any probabilistic prediction algorithm
as a baseline.)

Apple tasting (see Helmbold et al. (2000), Raman et al. (2024), Chase and Mehalel (2024)) is
a variant of online learning with labels Y = {0, 1} where the learner only receives feedback when
predicting 1. This setting is known to have a trichotomy of mistake bounds similar to our own. In
Section 5 we show that there is a formal relationship between the two frameworks. Specifically,
there is a way to translate an apple tasting hypothesis class into an ambiguous online learning hy-
pothesis class in a way that preserves the minimax mistake bound, explaining why the trichotomies
are the same.

Alon et al. (2021) introduced a theory of online learning for partial concept classes. In this
setting, a hypothesis h € H is allowed to be undefined on some instances z € X, meaning that if
the hypothesis is true, these instances cannot appear. This is a simple special case of our setting,
where “h is undefined on z” corresponds to h(x) = (). In fact, we use their generalization of
Littlestone dimension to state the O(\/N ) upper bound (Theorem 13).

A recent line of research studies multiarmed bandits and reinforcement learning with multival-
ued hypotheses (see Kosoy (2025), Appel and Kosoy (2025)). That’s much more general in the
sense that their hypotheses produce sets of probability distributions®. However, the success metric
there is very different: it involves the regret of observable attained reward relatively to the maximin
reward of the true hypothesis.

5. For hypotheses, they consider the even more general notion of “pattern classes”.
6. Even though it’s also less general because the bandits studied there are not contextual, so there’s no analogue of X.
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The structure of the rest of the paper is as follows. In Section 2 we formally define the setting
and the mistake bounds we are interested in. In Section 3 we define various combinatorial invariants
that appear in our bounds are explore their basic properties. In Section 4 we state our main results
about mistake bounds in ambiguous online learning. Finally, in Section 5 we discuss the relation to
apple tasting.

2. Setting

Fix a set X. We call X the “domain” and its elements “instances”. Fix another set Y, which we
assume to be finite’. We call its elements “labels”. Finally, consider a non-empty set H C {X —
2Y'} whose elements are “hypotheses”. We require that for every h € H, there exists € X s.t.
h(x) # 0.

We are interested in the following game between the “learner” and the “adversary”. The adver-
sary chooses some h* € H in the beginning of the game, which is unknown to the learner. Each
round proceeds as follows:

1. The adversary chooses = € X and shows it to the learner.
2. The learner makes a prediction o € 2Y.
3. The adversary chooses a label y € h*(z) which is revealed to the learner.

4. The learner is considered to have made a mistake when either y & « or « \ h*(z) # ().

Crucially, mistakes are not part of the feedback. The learner doesn’t know whether it made a
mistake: in the case y ¢ «, the learner can infer it, but in the case a \ h*(z) # () it cannot, since it
doesn’t know h*.

Formally, a (deterministic) learner is a mapping A : (X xY)*x X — 2. Here, the notation ¥*
means words over the alphabet 3. In this case, the first argument of A stands for the past observed
history of instances and labels, and the second argument for the current instance for which we need
to predict the label.

Given a learner A, a hypothesis » : X — 2¥, a number® n € N and a trace xy € (X x Y)",
we define the set of mistakes that A makes on xy relative to h by

./\/l;?(a:y) ={k <n|y ¢ A(zy.k,xr) or A(zy.p, ) € h(zk)}

Here, w.; stands for the prefix of length & of a word or sequence w, wy, stands for the k-th symbol
in the word (starting from 0, i.e. w = wowys ... ), and x and y are the projections of xy to X™ and
Y™ respectively.

We call y, ¢ A(xy.x, x) an overconfidence mistake and A(zxy.r,xr) € h(xg) an underconfi-
dence mistake.

7. The infinite case can also be studied, but this introduces additional complications and we won’t attempt it here.
8. We use the convention 0 € N.
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Given h: X — 2Y¥ and zy € (X x Y)", 2y is said to be compatible with h when for all k < n,
Yy € h(zk). We denote by Cp,(n) the set of all such zy. We will also use the notations

Cu(N) = cn(IV)
heH

MAN) = ma Mz
h( ) xyeCh:E(N)’ h(?/)’

M3(N) = r,pea;;Mﬁ‘(N)
M (N) = mjnMﬁ(N)

Our main goal will be determining the possible asymptotics of M, (/N) (the minimax mistake
bound) and understanding how it depends on H. Notice that the definition of M3, (V) implies real-
izability (the mistakes are defined w.r.t. a “true hypothesis” s.t. the observed sequence is compatible
with it). We will not consider the nonrealizable case in this work.

A possible variant is counting underconfidence mistakes and overconfidence mistakes with dif-
ferent weights. However, this at most changes the bound by a constant factor, and in particular
doesn’t affect the asymptotic classification. For the sake of simplicity, we will treat both kinds of
mistakes symmetrically.

It’s also possible to consider a randomized learner R : (X x Y)* x X — A2 Here, AY is our
notation for the set of probability distribution over a set 2. In this case, we can analogously define
the expected number of mistakes. Given a randomized learner R, a hypothesis h : X — 2¥, some
n € Nand a trace xy € (X x Y)", we define the expected number of mistakes that R makes on zy
relative to h to be’

5M§(acy) = Z PraNR(xy:k.,xk)[yk ¢ aora Z h(xk)}
k<n
We also define EMPE(N), EME(N) and EM,(N) analogously to the deterministic case. Obvi-
ously, EM73,(N) < M3, (N), but this inequality might be strict. In this work, we mostly focus on
deterministic learners, but also demonstrate a lower bound on EM, (V). This lower bound shows
that randomization can at best buy an improvement by a factor that doesn’t depend on N.

3. Combinatorial Invariants

In order to state our main theorem, we will need several combinatorial invariants. We start with the
definition of “ambiguous Littlestone dimension”. Analogously to classical Littlestone dimension,
the definition comes from a notion of “shattered tree”. However, these trees need not be perfect or
binary.

We will need some notation for trees.
Definition 1 A rooted tree is a tuple T := (V,vg, P), where V is a finite set (called vertices),

vo € V is called the root, and P : V' \ {vo} — V is s.t. forany v € V, there exists k € N with
P¥(v) = vo. This' k is called the depth of v. P(v) is called the parent of v.

9. Instead of static traces zy, it is possible to consider a setting in which the adversary can dynamically choose instances
depending on the learner’s predictions. Such a setting can only be harder for a randomized learner, but is equivalent
for a deterministic learner. Therefore, the maximin mistake bound in that setting would lie between the lower bound
of Proposition 16 and the upper bound of Theorem 10.

10. It is easy to see that k is unique for any given v.



Kosoy

We will denote by E := V \ {vg} the set of non-root vertices'!, by V; := V \ P(E) the
set of leaves and by V}, := V' \ V} the set of non-leaf vertices. We will also denote by P* :
V — 2V the mapping that assigns each vertex its set of ascendants including itself, i.e. P*(v) :=
{v, P(v), P?(v)...}.

The depth of T' is defined to be

dep(T) := P* -1
ep(T) umeavf\ (u)]

The arity of T is defined to be

T) := pt
ar(T) := max | P~ (0)
Definition 2 An ambiguous shattered H-tree is a tuple T = (V, vy, P, x,y, h, Ey), where (V, vy, P)
isarootedtree,x : V, — X,y : E — Y, h: Vi — H are labelings for which we will use subscript
notation (e.g. write x,, instead of x(v)) and Ey C E. These need to satisfy the following conditions:

s Foranyv € V,, |P71(v) N Ey| = 1.
» Forany a,b € E, ifa # bbut P(a) = P(b) then'y, # yp.
* Foranyu € Vyand a € P*(u) \ {vo}: ya € hu(Xp(q)).

Consider v € Vy and a € P*(u) \ {vo}, and denote v := P(a). The edge a is said to be relevant to
u when either a ¢ Eq or there exists b € P~1(v) s.t. yy ¢ hy,(x,). We denote the set of such a by
Ry (u). The rank of T is defined to be
rank(T) := 51611‘% | Ry (u)|

As we noted above, ambiguous shattered trees need not be perfect, i.e. different leaves can have
different depth. On the other hand, it’s always possible to assume that all leaves have the same rank.

Conceptually, an ambiguous shattered tree 1" represents a possible strategy for the adversary
to force at least rank(7") mistakes. This strategy proceeds by traversing the tree from the root to
a leaf. The vertex labels x represent the instances the adversary would choose, the edge labels y
represent the labels the adversary would choose, and the final leaf label h,, represents the hypothesis
w.r.t. which the resulting trace is realizable and the mistakes are counted. The edge set E tells the
adversary in which direction to go down the tree when the learner predicts a set that contains all the
edge labels attached to the current vertex. When an edge a is “relevant” to a leaf u, this implies that
the learner accrues a mistake when the process goes through a and ends on w.

Proposition 3 For any ambiguous shattered H-tree T = (V,vo, P,x,y, h, Ey), there exists an-
other ambiguous shattered H-tree of the form T' = (V' C V,vg, Ply, x|y, ¥l e h', Ey N E') s.t.
for every u € Vi, | Ry (u)| = rank(T).

The proofs of the propositions in this section are given in Appendix C. The ambiguous Little-
stone dimension of 1 (denoted AL(#)) is defined to be the maximal rank of an ambiguous shattered
‘H-tree, or oo if the rank is unbounded. We also denote by AL(?,n) the maximal rank of an am-
biguous shattered H-tree of depth at most n. Obviously, AL(H) = lim,,_,oc AL(H,n).

For finite H, we have the following upper bound:

11. Equivalently, we can think of E as the edges of the tree, with each edge corresponding to its child vertex.
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Proposition4 AL(H) < |H| -1

Notice that, as opposed to classical Littlestone dimension, AL(H) is not bounded by O(log | H|).
Indeed, we have:

Example 4 Foranyn > 1, let X,, := [n] and Y = {0,1}. For any k < n, define hy,, : [n] —

2101} py
{1y fa=k,
““””‘{wJ} a4k

Let Hy, == {hpn | k < n}. Then, |Hy,| = nand AL(H,,n?) =n — 1.

Here and elsewhere, we use the notation [n] := {k € N | k < n}.

To verify Example 4, we calculate the ambiguous Littlestone dimension by explicitly con-
structing an ambiguous shattered tree. This tree represents an adversary strategy which progresses
through instances x € [n] starting from 0 and going up. When the learner predicts {1}, the adver-
sary responds by showing the label 0 and moving to the next instance. In this case, the learner incurs
an overconfidence mistake. When the learner predicts {0, 1}, the adversary responds by showing
the label 1 and choosing the same instance k again. This incurs an underconfidence mistake against
hypotheses h; with j > k.

Proof [of Example 4] For any v € {0,1}*, let 7o(v) be the number of Os in v and 71 (v) be the
maximal k s.t. 1¥ is a suffix of v. Denote 7(v) := ro(v) + r1(v). Fix n > 1. Define V by

Vi={ve{0,1}" |r(v) <nandVk < |[v| : (v)) <n—1}

Let vg := A (the empty sequence). Let P(vi) := v fori € {0,1}. Then, T' = (V, vy, P) is a rooted
binary tree. Notice that

Vi={ve{0,1}" |r(v) =n—1and Vk < |v| : r(vg) <n—1}

In any v € V there are at most n — 1 Os, and between the Os we have stretches of 1s of length at
mostn — 1. Hence, [v] <n —1+n(n—1) =n? — 1 and dep(T) < n? — 1.

Let x, := 79(v). Let y,; := i fori € {0,1}. Let hy := h, () . Finally, let Ey := {a € E |
Vo = 1}. Then, T* = (V, v, P,x,y, h, Ey) is an ambiguous shattered H,,-tree.

For any u € V, we have

Rr(u) = {v0 | 3w € {0,1}* : u = 00w} U {vl | Ik > 1: u = v1¥}

Hence, |R7(u)| = 7(u) = n — 1 and rank(T*) = n — 1, implying that AL(H,,n?) > n — 1. By
Proposition 4, we also have AL(H,,,n?) <n — 1. [ |

To give another example, we show that flipping the hypothesis values in Example 4 changes the
dimension dramatically.

Example 5 Foranyn > 1, let X, := [n] and Y = {0,1}. For any k < n, define hy,,, : [n] —
20,1} py,
0,1} ifz =k,
itz =4 101
(1} otk
Let Hy, := {hyn | k < n}. Then, AL(H,) = 1.
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Proof In order to see that AL(7?,,) > 1, consider the following ambiguous tree " = (V, v, P, x,y, h, Ep).
We take V' := {vo, up, u1}, P(ug) = P(u1) = vo, Xy 1= 0, Yuo := 0, yu, := 1, hy, := hop,
hy, := hi1y, Eg := {u;1}. Itis easy to see that T is shattered and rank(7") = 1.

Now, let’s show that AL(H,,) < 1. Consider any ambiguous shattered tree T' = (V, vy, P, x,y, h, Ep).
We need to show that rank(7") < 1. If rank(7") > O then there is a unique vertex v; € V s.t.
|P~Y(v1)| > 1 and for all v € P*(vy) \ {v1}, |P~(v)| = 1. (The first vertex of degree 3 or more
as we go down from the root; if there is no such vertex, all edges are irrelevant.) We must have
P~Y(v1) = {ag,a;} for some ag,a; € E s.t. y,, = 0and y,, = 1. Consider the unique leaf
u € Vy st ag € P*(u) and for any b € P*(u), if ap € P*(b) \ {b} then b € Ey. (That is, u is
the end of the Ey-path starting from ag.) Let z := x,, and h := h,,. We must have 0 € h(x) and
therefore h = h,, ,. We will now show that | R7(u)| < 1 and hence rank(7") < 1.

Consider any b € Rp(u). There are 3 possibilities:

* b = ay, in which case it might be that b € Ry (u).
* b € P*(v1), in which case |P~!(P(b))| = 1 and hence b & Ry (u).

e ay € P*(b) \ {b}. Then, b € Ey. Denote vy := P(b) and 2’ := x,,. If 2’ = x then
h(z") = {0,1} and hence b ¢ Ry (u). On the other hand, if 2’ # x then h(2’) = {1} and
hence b € Ry (u) iff there exists ¢ € P~!(v2) s.t. y. = 0. However, such ¢ cannot exist.
Indeed, assume to the contrary that c exists. Choose any v’ € V s.t. ¢ € P*(u’) and denote
h' := hy. Since ag € P*(u'), we must have 0 € h/(z) and therefore h’ = h, ,,. But then
R/ (x") = {1} which is inconsistent with y. = 0. We conclude that b & R (u).

We see that Ry (u) has at most one element (ap). [ ]

Pivot Dimension
Our next invariant of interest is related to those subsets of Y that appear in hypotheses.
Definition 5 We define a Y -lattice'? o be A C 2Y s.1.
cYeA
e Forany A,B € A, also AN B € A.
Given A C 'Y, define the A-hull of A to be

AM.= N B
BeA:ACB

Given A C 'Y, define the A-complexity of A by

Ca(A):=  min |B]
BCA:ACB®)

The pivot dimension of A is defined to be'3

PD(A) := max Ca(A)

12. Tt is easy to see that any such A is indeed a lattice for the partial order A C B.
13. Note that this is not the same as Cx (Y"). Because, A C B doesn’t imply Ca (A) < Ca(B) in general.
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In words, the A-hull of A is the minimal element of A containing A. The A-complexity of A is
the minimal size of a subset B of A s.t. the A-hull of B contains all of A. The pivot dimension is
the maximal A-complexity of any set in A.

Now, let A(#) C 2¥ be the unique minimal Y -lattice s.t. for any h € H and 2 € X, h(z) €
A(H). Our invariant of interest is PD(A(#)). Abusing notation, we will denote it just PD(H).

We can relate PD(A) to VC(A), the VC dimension of A'#:

Proposition 6 PD(A) < VC(A)

In particular, PD(A) < log|A| < |Y|. (Here and everywhere else, log stands for the logarithm
to base 2.) These bounds are tight, as can be seen from the case A = 2¥ where PD(A) = |Y|. On
the other hand, it’s possible to have PD(A) < VC(A) < log |A|. For example:

Example 6 Consider any integers d > 1 andn > 3. Let Yy, == [n]%. Define Agp, by
Aip ={{yveY |Vi<d:a; <y; <bj}|abeY}

Then, PD(Ayy) = 2, VC(Ag,yn) = 2d and log|Ag | = 2dlog n (the latter holds up to an additive
constant).

Note that Example 6 has a natural interpretation if we think of Y as the coarse-grained d-
dimensional state space of a dynamical system (similarly to Example 1) and we only try to predict
each coordinate separately (rather than their mutual dependency).

VC(A) is in itself relevant to our setting, due to the following:

Proposition 7 For any n € N and r < AL(H,n), there exists an ambiguous shattered H-tree T
s.t. tank(T') > r, dep(T') < nand ar(T) < VC(A(H)) + 1.

It is also possible to bound AL(#) in terms of | X | and lattice structure of A(H).
Proposition 8 Let | be the length' of the lattice A(H). Then, AL(H) < 1| X]|.

In particular, AL(H) < |Y'||X|. This is again weaker than the classical bound L(#) < | X|.

The last invariant we need is the Littlestone dimension of H, when we regard it a class of partial
functions from X to 2¥ \ {()} in the obvious way. The Littlestone dimension of a class of partial
functions (introduced in Alon et al. (2021)) is defined using shattered trees in the ordinary way, see
Appendix D for details. We denote it Lz (#).

For the usual reason, for finite H, we have Lyz(H) < log |#|. There is also a relation between
classical shattered trees and ambiguous shattered trees.

Proposition 9  For any (classical) shattered H-tree T = (V,vo, P,x,y : E — 2, h), there exists
an ambiguous shattered H-tree of the form T' = (V, vy, P,x,y’' : E — Y, h, Ey) s.t. rank(T") =
dep(T") = dep(T).

As a trivial corollary, we infer that Liy(H) < AL(H).

14. For the definition of VC dimension, see e.g. Shalev-Shwartz and Ben-David (2014).
15. The length of a lattice is the cardinality of its longest chain minus one. See e.g. (Gritzer, 2002).
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4. Main Results

We are now ready to state our main results on mistake bounds in ambiguous online learning. First,
we establish the O(1) branch of the trichotomy.

Theorem 10 Forall N € N, M}/ (N) = AL(H, N).

See Appendix E for the proof. The proof uses what we call the “Ambiguous Optimal Algorithm”
(AOA, see Appendix A). The AOA is similar to the classical Standard Optimal Algorithm (SOA),
except that it requires the introduction of what we call “weighted ambiguous Littlestone dimension”,
in order to track the number of past mistakes relatively to difference reference hypotheses.

In particular, limy_,oo M3, (N) = AL(H). If AL(H) < oo then M3, = O(1).

Now, we consider the separation between the O(1) branch and the ©(1/N) branch.

Theorem 11 Forany N € N, if there exists an ambiguous shattered H-tree T with rank(T) > N2,
then there exists an ambiguous shattered H-tree T' with rank(T") > N and dep(T") < N2.

(See Appendix F for the proof.) Theorem 10 and Theorem 11 immediately imply
Corollary 12 If AL(H) = oo, then for all N € N, M3, (N) > [VN|.
To establish the é(\/ﬁ ) branch, we also need an upper bound:

Theorem 13 There exists some global constant C' > 0 s.t. for any N > 1,

M3,(N) < C - PD(H) /Ly (H)N log(|A(H)|N)

Notice that PD(H) < |Y'| and log(|A(#)|) < |Y|, and in particular they are finite because we
assumed that Y is finite.

See Appendix H for the proof. The proof uses a completely different algorithm from the AOA,
namely our “Weighted Aggregation Algorithm” (WAA, see Appendix B). The WAA involves aggre-
gating the predictions of different unfalsifiable hypothesis according to some formula that “weighs”
each hypothesis differently, vaguely reminiscent of the classical Weighted Majority algorithm, even
though we work in the realizable setting. Like with Weighted Majority, we first prove a bound for
finite hypothesis classes (Theorem 21 in Appendix B) and then reduce arbitrary classes with finite
Ly (H) to the finite case.

By Corollary 12 and Theorem 13, whenever AL(H) = oo and Lig(H) < oo, we have M3, (N) =
O(v/N). To see that this can indeed happen, consider the following:

Example 7 Let X :=N, Y := {0,1} and H = {hy, | k € N}, where hy, : N — 2801} is defined by

o fm e
hi (@) {{0,1} ifz # k

Then, AL(H) = oo and Log(H) = 1. To see that AL(H) = oo, we can use the ambiguous shattered
trees from Example 4 for arbitrarily large n. To see that Lyg(H) = 1, notice that a classical online
learner that memorizes past instances and predicts {0, 1} on new instances can only make 1 mistake.

10
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We also need to separate the ©(v/N) branch from the ©(N) branch. As an easy corollary of
Theorem 10 and Proposition 9, we get

Corollary 14 If Lp(H) = oo, then forall N € N, M3, (N) = N.

In classical theory there are plenty of examples with Ly(H) = oo, for instance X := N,
={0,1}and H := {h: X — 2{01}},
Putting these results together, we get

Corollary 15 There are exactly 3 possible asymptotic behaviors of M3, (N ):
1. If AL(H) < oo then M3, (N) = O(1).
2. If AL(H) = oo and Lp(H) < oo then M3, (N) = O(V/'N).
3. If Lp(H) = oo then M3, (N) = N.
Finally, we turn to randomized learners. Here, we have
Proposition 16 Forall N € N, EM3,(N) > AL(H,N)/(VC(A(H)) + 1).

(See Appendix E for the proof.) Together with Theorem 10, this gives us bounds on EM,(N)
which are tight up to the factor VC(A(H)) + 1. In particular, the same trichotomy of asymptotics
in IV applies to randomized learners.

5. Apple Tasting

There is a close connection between ambiguous online learning and so-called apple tasting (see
Helmbold et al. (2000)). In apple tasting, there is a hypothesis class H C {X — {0,1}} and the
learner’s output is also in {0, 1}. As in classical online learning, whenever the learner’s prediction
differs from the true label, this counts as a mistake. In contrast to classical online learning, when
the learner’s prediction is 0, the learner receives no feedback (whereas if the learner’s prediction is
1, the true label is revealed). We will use the notation A : (X x {0,1})* x X — {0, 1} for apple
tasting learners, where “no feedback” is represented by 1.

Given an apple tasting hypothesis A : X — {0,1}, we can construct the ambiguous online
learning hypothesis h2™ : X — 2{%1} defined by

W% (z) == {h(z)} U {1}

Given an apple tasting hypothesis class H, we define the ambiguous online learning hypothesis class
Hm C {X — 2{0U} by
H™ = {h" | h € H}

Given an ambiguous learner A : (X x {0,1})* x X — 2{01} we define the apple tasting learner
AW (X % {0,1})" x X — {0, 1} by

A®(zy, ) == Log A(zy.2)

Here and everywhere, 1, stands for 1 when ¢ is true and 0 when ¢ is false.

11
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We use the same notations for apple tasting mistake bounds'® as in Section 2, only with P M
instead of M. (See Appendix I for the formal definitions.)
We then have,

Proposition 17 Forallh: X — {0,1} and N € N, PM;" (N) < ML (N).

(See Appendix I for the proof.) As obvious corollaries, for any H C {X — {0,1}}, it holds
that PM4Y" (N) < Méhun(N) and PM(N) < Mim(N).

On the other hand, there’s no simple way to turn an apple tasting learner for  into an ambiguous
online learner for H*™ with the same mistake bound. However, we have

Proposition 18 Forall N € N, PM3,(N) > AL(H*",N).
Together with Theorem 10 and Proposition 17, this implies
Corollary 19 Forall N € N, PM3/(N) = M} (N).

In this sense, apple tasting can be regarded as a “special case” of ambiguous online learning.

6. Conclusion

We defined a new generalization of the online learning framework: ambiguous online learning
(AOL). The theory of apple tasting turned out to also be essentially a special case of AOL. Similarly
to how mistake bounds in classical online learning are controlled by Littlestone’s “shattered trees”,
mistakes bounds in AOL are controlled by “ambiguous shattered trees”. Ambiguous shattered trees
are a richer combinatorial object: they need not to be binary or perfect. The upper bound on mistakes
via ambiguous shattered trees comes from the AOA, which is broadly similar to the classical SOA.
However, additional complexity is involved: the AOA requires us to keep track of weighted trees.
This is because in classical theory all unfalsified hypotheses are “on the same footing”, but in AOL
we have different number of mistakes w.r.t. different unfalsified hypotheses.

Qualitatively, instead of the two possible behaviors of classical theory (O(1) mistakes and N
mistakes), we have three possible behaviors, with the new option of (:)(\/N ) mistakes. The upper
bound of this new option is attained using the WAA, an algorithm reminiscent of weighted majority.
The coefficient depends both on the classical Littlestone dimension Lyz(#) and the combinatorial
invariant PD(#). As in classical theory, there is at most a constant (w.r.t. N) gap between the
mistake bounds of deterministic and randomized learners. Our current best characterization of this
gap is in terms of VC(A(H)). There are many natural questions for further study:

» Studying nonrealizable generalizations of AOL. Preliminary attempts by the authors suggest
that classical methods do not apply here.

* Finding a tight(er) characterization of the coefficient in the (:)(\/N ) case, or at least closing
the v/I gap in equation 12 (see Appendix I).

* Closing the /log N gap between Theorem 13 and Corollary 12.

16. Assuming deterministic learners.

12
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* We established a trichotomy of mistake bounds for finite Y, but it’s also possible to consider
infinite Y.

* Instead of online learning, we can consider the ambiguous version of offline learning (i.e. VC
theory).

» Studying stochastic variants of the framework, where each hypothesis predicts a set of prob-
ability distributions over labels.

Acknowledgments

This work was supported by the Machine Intelligence Research Institute in Berkeley, California,
the Effective Ventures Foundation USA in San Francisco, California, the Advanced Research +
Invention Agency (ARIA) of the United Kingdom, and the Survival and Flourishing Corporation.
The author wishes to thank Shay Moran for insightful conversations, especially the suggestions to
look into apple tasting and to mimic reduction to finite classes in nonrealizable online learning. She
also wishes to thank Bogdan Chornomaz for pointing out the relation between VC dimension and
A-complexity (Lemma 26), and for reading a draft and providing useful suggestions. Additionally,
she thanks Alexander Appel and Marcus Ogren for reading drafts, pointing out errors, and providing
useful suggestions.

References

Noga Alon, Steve Hanneke, Ron Holzman, and Shay Moran. A theory of PAC learnability of
partial concept classes. In 62nd IEEE Annual Symposium on Foundations of Computer Science,
FOCS 2021, Denver, CO, USA, February 7-10, 2022, pages 658-671. IEEE, 2021. doi: 10.
1109/FOCS52979.2021.00070. URL https://doi.org/10.1109/F0OCS52979.2021.
00070.

Alexander Appel and Vanessa Kosoy. Regret bounds for robust online decision making. In Nika
Haghtalab and Ankur Moitra, editors, The Thirty Eighth Annual Conference on Learning Theory,
30-4 July 2025, Lyon, France, volume 291 of Proceedings of Machine Learning Research, pages
64-146. PMLR, 2025. URL https://proceedings.mlr.press/v291/appel25a.
html.

Bernard Brogliato and Aneel Tanwani. Dynamical systems coupled with monotone set-valued oper-
ators: Formalisms, applications, well-posedness, and stability. SIAM Review, 62(1):3—129, 2020.
doi: 10.1137/18M1234795. URL https://doi.org/10.1137/18M1234795.

Zachary Chase and Idan Mehalel. Deterministic apple tasting. CoRR, abs/2410.10404, 2024.
doi: 10.48550/ARXIV.2410.10404. URL https://doi.org/10.48550/arXiv.2410.
10404.

Lee Cohen, Yishay Mansour, Shay Moran, and Han Shao. Probably approximately precision and

recall learning. CoRR, abs/2411.13029, 2024. doi: 10.48550/ARX1IV.2411.13029. URL https:
//doi.org/10.48550/arXiv.2411.130209.

13


https://doi.org/10.1109/FOCS52979.2021.00070
https://doi.org/10.1109/FOCS52979.2021.00070
https://proceedings.mlr.press/v291/appel25a.html
https://proceedings.mlr.press/v291/appel25a.html
https://doi.org/10.1137/18M1234795
https://doi.org/10.48550/arXiv.2410.10404
https://doi.org/10.48550/arXiv.2410.10404
https://doi.org/10.48550/arXiv.2411.13029
https://doi.org/10.48550/arXiv.2411.13029

Kosoy

Amit Daniely, Sivan Sabato, Shai Ben-David, and Shai Shalev-Shwartz. Multiclass learnability and
the ERM principle. J. Mach. Learn. Res., 16:2377-2404, 2015. doi: 10.5555/2789272.2912074.
URL https://dl.acm.org/doi/10.5555/2789272.2912074.

Yuval Filmus, Steve Hanneke, Idan Mehalel, and Shay Moran. Optimal prediction using expert
advice and randomized littlestone dimension. In Gergely Neu and Lorenzo Rosasco, editors, The
Thirty Sixth Annual Conference on Learning Theory, COLT 2023, 12-15 July 2023, Bangalore,
India, volume 195 of Proceedings of Machine Learning Research, pages 773-836. PMLR, 2023.
URL https://proceedings.mlr.press/v195/filmus23a.html.

Matteo Fontana, Gianluca Zeni, and Simone Vantini. Conformal prediction: a unified review of
theory and new challenges. Bernoulli, 29(1):1-23, 2023.

George Gritzer. General Lattice Theory. Birkhéduser Basel, 2 edition, 11 2002. ISBN 978-3-7643-
6996-5. URL https://link.springer.com/book/9783764369965.

David P. Helmbold, Nicholas Littlestone, and Philip M. Long. Apple tasting. [Information
and Computation, 161(2):85-139, 2000. ISSN 0890-5401. doi: https://doi.org/10.1006/inco.
2000.2870. URL https://www.sciencedirect.com/science/article/pii/
50890540100928700.

Alan Hijek and Christopher Hitchcock. The Oxford Handbook of Probability and Philosophy. Ox-
ford University Press, 09 2016. ISBN 9780199607617. doi: 10.1093/0xfordhb/9780199607617.
001.0001. URL https://doi.org/10.1093/0oxfordhb/9780199607617.001.
0001.

Vanessa Kosoy. Imprecise multi-armed bandits: Representing irreducible uncertainty as a zero-sum
game. Journal of Machine Learning Research, 26(184):1-75, 2025.

Shay Moran, Ohad Sharon, Iska Tsubari, and Sivan Yosebashvili. List online classification. In
Gergely Neu and Lorenzo Rosasco, editors, The Thirty Sixth Annual Conference on Learning
Theory, COLT 2023, 12-15 July 2023, Bangalore, India, volume 195 of Proceedings of Machine
Learning Research, pages 1885-1913. PMLR, 2023. URL https://proceedings.mlr.
press/v195/moran23a.html.

Vinod Raman, Unique Subedi, Ananth Raman, and Ambuj Tewari. Apple tasting: Combinatorial
dimensions and minimax rates. In Shipra Agrawal and Aaron Roth, editors, The Thirty Seventh
Annual Conference on Learning Theory, June 30 - July 3, 2023, Edmonton, Canada, volume 247
of Proceedings of Machine Learning Research, pages 4358—4380. PMLR, 2024. URL https:
//proceedings.mlr.press/v247/raman24a.html.

Shai Shalev-Shwartz and Shai Ben-David. Understanding Machine Learning - From
Theory to Algorithms. Cambridge University Press, 2014. ISBN 978-1-10-
705713-5. URL http://www.cambridge.org/de/academic/subjects/
computer—science/pattern-recognition-and-machine-learning/
understanding-machine-learning-theory-algorithms.

14


https://dl.acm.org/doi/10.5555/2789272.2912074
https://proceedings.mlr.press/v195/filmus23a.html
https://link.springer.com/book/9783764369965
https://www.sciencedirect.com/science/article/pii/S0890540100928700
https://www.sciencedirect.com/science/article/pii/S0890540100928700
https://doi.org/10.1093/oxfordhb/9780199607617.001.0001
https://doi.org/10.1093/oxfordhb/9780199607617.001.0001
https://proceedings.mlr.press/v195/moran23a.html
https://proceedings.mlr.press/v195/moran23a.html
https://proceedings.mlr.press/v247/raman24a.html
https://proceedings.mlr.press/v247/raman24a.html
http://www.cambridge.org/de/academic/subjects/computer-science/pattern-recognition-and-machine-learning/understanding-machine-learning-theory-algorithms
http://www.cambridge.org/de/academic/subjects/computer-science/pattern-recognition-and-machine-learning/understanding-machine-learning-theory-algorithms
http://www.cambridge.org/de/academic/subjects/computer-science/pattern-recognition-and-machine-learning/understanding-machine-learning-theory-algorithms

AMBIGUOUS ONLINE LEARNING

Appendix A. Ambiguous Optimal Algorithm

We will now describe the Ambiguous Optimal Algorithm (Algorithm 1, denoted Aapa) Which satis-

fies the upper bound in Theorem 10, i.e., for this algorithm, MﬁAOA (N) < AL(H, N). The AOA is

quite similar to Littlestone’s Standard Optimal Algorithm, however, it keeps track of past mistakes
and explicitly depends on the parameter V.
First, we need the following:

Definition 20 Consider any function w : ‘H — N and an ambiguous shattered H-tree T =
(V,vg, P,x,y,h, Ey). Then, the w-weighted rank of T is defined as

rank,,(T) := gg};(\RT(U)’ +w(h(u)))

The w-weighted ambiguous Littlestone dimension of H (denoted AL,,(H)) is defined to be the
maximal w-weighted rank of an ambiguous shattered #-tree, or oo if the rank is unbounded.!” We
also denote by AL, (#,n) the maximal rank of an ambiguous shattered H-tree of depth at most n.

Now, let’s spell out the algorithm. On each round, we consider the set of unfalsified hypotheses
Hus C H. That is, given the history of previous observations zy € (X x Y)", we have

Hot := {h eH | Y € Ch(n)}

We also keep track of the number of mistakes made so far according to each hypothesis. That
is, define w : Hys — N by

A
w(h) = |M}* (zy)]
For each possible next label ¢ € Y, we consider the subset of H,s compatible with it:
Hy/ = {h € Hys | y' S h(l’n)}

For each possible prediction o € 2¥, we consider the updated weight function Way' @ Hy — N
assuming this prediction:

way’(h) = w(h) + maX<1o¢Zh(xn)u 1y/§éa)

We then choose a prediction by minimaxing the weighted ambiguous Littlestone dimension of
the remaining hypotheses on the next step. That is:

Apoa(N; 2y, xn) := argminmax AL, (H,, N —n—1)
ac2Y y' ey oy

The mistake bound for the AOA is proven in Appendix E.

17. Curiously, Filmus et al. (2023) also have a notion of Littlestone dimension weighted by a mapping 4 — N. However,
in their setting the weights represent departure from realizability rather than extra mistakes.
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Algorithm 1: Ambiguous Optimal Algorithm (AOA)

Imput : N e Nyzy € (X X Y)*, Zpew € X
Output: Prediction o*

Initialize w : H — Nto O;
Huf +— H;

n < length(xy);

for k =0tondo

D < o0c;

x + (if £ < n then
| Tk

else
| Tnew

end

)

for o € 2¥ do

D, + 0;

fory € Y do

Hy < {h € Hu |y € h(x)};

Weay — W5

for h € Hys.t.y ¢ cor a € h(z) do
‘ Way(h) = way(h) + 1;

end

Dy < max(Dgq, ALy, (Hy, N —k —1));

Way
end

if D, < D then

o* +— «;

D+ Dg,;

end

end

if £ < n then

Hut < {h € Hut | Y. € h(zk)};
W 4= Wary, s

end

end
return o*;
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Appendix B. Weighted Aggregation Algorithm

We start from describing an algorithm for finite hypothesis classes (i.e., assuming |H| < co0). This
will later be modified to produce the algorithm for Theorem 13. We call it the Weighted Aggregation
Algorithm (Algorithm 2), denoted by Awaa.

The algorithm depends on a parameter p € (1, 00). We keep track of Hys € Hand w : Hys — N
in the same way as in Appendix A (except that we can ignore overconfidence mistakes since they
cancel out). Upon receiving instance z,, € X, we compute the vector ¢ € RA(*) given by

qo ‘= Z Mw(h)

h€Hys:h(zn)=a

We then normalize ¢ in {1 norm to yield ¢ := q/||¢||1. The algorithm’s prediction is given by

S gy > LEPDAGY) (-1

Awan(p;zy, 2p) = QY €Y ds > (D
PDA(H)) - (n—1
BeAGDyes p+PDAH)) - (u
WAA satisfies the following bound.
Theorem 21 Consider any p > 1. Then,
1
wa) () < P+ 3 (PD() + 1)*(n — 1N )
H - Inp
In particular, there exists some global constant C > 0 s.t.
inf MU (N) < C - PD(H)/Nlog [H] 3)
n

(See Appendix G for the proof.) Here, Awaa (1) stands for a WAA learner with the parameter
L.

Now suppose that 7 might be infinite, but Liz(H) < oo. Fix the time horizon N € N. We then
construct a new hypothesis class #(") with domain XN) := X <N x X. Here, the notation <V
(resp. ©=") means words over alphabet 3 of length less than IV (resp. less than or equal to N).

Denote Y¥ := A(H) \ {0}. Let Asopr : (X x Y*)* x X — Y7 stand for the Standard
Optimal Algorithm for hypothesis class #, regarded as a class of partial functions from X to V¥
(see Appendix D for the definition of SOA for partial function classes).

Consider any S C [N] with |S| < Lygg(#) and f : S — Y¥. Define hy : XV) — A(H) and
Wy o X=N — (X x Y¥)* by simultaneous recursion via

(Gz) = {Asom;(w),:c) if |7 ¢ S,
f(z)) if [z] € S
h}()\X) = Axxy®,
hy(zz) = h}(2)zhs (2, z)

Here,  denotes some element of X <%V,  denotes some element of X,
Z and Ay, denotes the empty word over alphabet 3.

Z| stands for the length of
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Algorithm 2: Weighted Aggregation Algorithm (WAA)

Imput :p € (1,00), 2y € (X X Y)*, Zpew € X
Output: Prediction o

Initialize w : H — Nto O;

n < length(xy);

v+ (1+PD(AH)) - (k= 1))/(n+PD(A(H)) - (= 1));
for k =0tondo

x + (if £ < n then
| Tk

else
| Tnew
end
)
Initialize ¢ € RA*) to 0;
for h € H,rdo
| Ghw) ) + 0
end
q < q/llalls;
a+{yeY| ZﬁeA(’H):yeﬁ qs > v};
if £ < n then
Hut < {h € Hut | Y € h(z1)};
for h € Hys s.t. o € h(z) do
| w(h) < w(h) + 1
end
end

end
return o;
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In other words, we imagine running the SOA on some sequence of instances, while using its
own predictions as past labels, except for rounds in S, in which the labels are determined by f.
We now define

HW) .= {h; | S C [N] with |S| < Lyg(H) and f : S — Y¥}
The hypothesis class % (") can “imitate” the original class 7 in the following sense.

Lemma 22 Forany x € X and h € H, if for all n < N it holds that h(x,) # (), then there
exists h' € HWN) s.t. foralln < N, W (2.41) = h(x,,).

(See Appendix H for the proof.) Now consider the learner A{y, , which is the WAA associated
with #). Using Theorem 21 and Lemma 22, it is straightforward to see that Ay, , satisfies the
upper bound of Theorem 13 w.r.t the hypothesis class H (see Appendix H).

Appendix C. Properties of Combinatorial Invariants

In this section, we prove the propositions of Section 3.

Proposition 3 is proved by “trimming” all the unnecessary edges that increase the rank beyond
what is required. Notice that we cannot take k' := h|y~ because some leaves of 7" are not leaves of
T, and h is undefined there.

Proof [of Proposition 3] Define r : V' — N by

= R n P*
)= R0 P (0)

Denote r* := rank(7'). Define V' by
Vii={v eV |Vwe P*(v)\ {v}:rw) <r*}
Let E" := V' \ {vo}, V} := V' \ P(E£'). Notice that for any v € V":

o If 7(v) < r* then P~'(v) C V’. It’s impossible that v € V} since that would imply
rank(7T) < r(v) < r*. Hence P! (v) # () and v ¢ Vi. Also, | Ep N P lv)nV'| =1

* If 7(v) = r*, then P~"(v) N V' = ( and hence v € V7.
* It’s impossible that r(v) > r* since that would imply (P(v)) > r*.
Define also h' : Vi — H by
h'(v') :=h ( argmax |Rp(u) N P*(u')|>
u€Vyu!€P*(u)
For any v’ € V}, we have r(u’) = r*, implying that [ Ry (u")| = r*. Therefore, rank(7") = r*. W

The notion of a “subtree” is fairly standard, and will be useful both here and in Appendix F.

Definition 23 Given a rooted tree T = (V, vy, P), a subtree is a rooted tree T' := (V', v, P') s.t.
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V' CV
s Foranyv € V', P (v) = V' N P*(v).
. V; cVy

It is easy to see that T' is uniquely defined'® by V'. We use the notation Ty := T'. Given any
q € V there is a unique subtree TY = (V1 q, P?) of T s.t. forany v € V, we have v € V1 if and
only if ¢ € P*(v).

Given an ambiguous shattered H-tree T = (V, vy, P,x,y, h, Ey), an H-subtree is an ambigu-
ous shattered tree T' = (V' v(, P, x',y', W', E}) s.t.:

o (V' v, P") is a subtree of (V, vy, P).
o w — ’
X' = x|y

e Foranya € E', consider the unique b € P*(a) s.t. P(b) = P'(a). Then, y, = yp. Moreover,
a € E| ifand only ifb € Ey.

e h/ = ’
h’ = hly,

Again, T' is uniquely defined by V' and we denote T'|y» := T'. Given any q € V, there is a unique
H-subtree T of T' s.t. V9 has the same meaning as for unlabeled trees.

The following definition and lemma are a useful way to simplify ambiguous shattered trees for
certain purposes. We use them here and in Appendix I.

Definition 24 Consider an ambiguous shattered H-tree T = (V, vy, P,x,y,h, Ey). An edge a €
Ey is called redundant when there is no v € Vy s.t. a € Rp(u). T is called frugal when it has no
redundant edge.

Lemma 25 Foreveryn € Nandr < AL(H,n), there exists a frugal H-tree T with rank(T) > r
and dep(T') < n.

Proof Consider any H-tree T' = (V,vg, P,x,y, h, Ep). Suppose that 7" has some redundant a €
Ey. Letv = P(a). Denote V' := (V \ VY) UV Then, T" := Ty is an H-subtree of T'. It’s
easy to see that rank(7”) > rank(7T), dep(T”) < dep(T) and it has at least one less redundant
edge. Repeating this procedure eventually produces a frugal tree of rank at least rank(7") and depth
at most dep(7'). [ |

To prove Proposition 4, we traverse a path going down from the root. At each vertex v on the
path, there will be a leaf label h for which the Ey-edge of v is relevant, and we’ll continue the path
through one of the other edges which possesses an edge label outside of h(x,). The leaf labels we
encounter in this way are all different.

Proof [of Proposition 4] Consider any H-tree T' = (V, vy, P, x,y, h, Ey). Denote r := rank(7).
We need to show that r < || — 1. By Lemma 25, we can assume that 7" is frugal without loss of
generality.

18. But not any subset of V' corresponds to a subtree: some subsets produce a forest instead, and for some subsets there
are leaves which are not leaves of the original tree.
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If r > 1, let ap € Ep be s.t. P(ag) = vp. Since T is frugal, there exists ug € V5 s.t.

aop € Rr(up). Denote ho := hy, and zo := X,,. It follows that there is v; € P~ (vg) s.t. yy, ¢
ho(zo). If r > 2, then vy ¢ V; and we can repeat the same construction starting with v; instead of
vp. Continuing in this manner, we get (vg, v1,...,v,), (zo,z1,...,2,—1) and (ho, h1,...,hr_1).
Moreover, v, € V; and we denote h,. := h,, .

For any i < r, denote y; := y,,,,. Forany j withi < j < r, we have y; ¢ h;(z;) but
y; € hj(x;), and hence h; # h;. Therefore |H| > r + 1. [ |

The significance of VC(A) in our context comes from the following lemma.

Lemma 26 For any Y -lattice A, we have

VO(A) = maxCa(4)

Proof Consider any A-shattered set A C Y. Then, for any B C A, there is some C' € A s.t.
B = AN C. Therefore, BY) N A = B. It follows that Cy (A) = | A|. Therefore,

A) < A
VC( )_glgCA( )
Conversely, consider any A C Y and let k := Cp(A). Choose B C A st. |B| = k and
A C B®™. Consider any y € B and denote B, := B\ {y}. Then, y ¢ BZSA): otherwise we would

have B C BéA) and therefore A C BZ(,A), implying Cx (A) < k—1. Consider any C' C B and define
- A
C:= () BM
yeB\C

We get that C € Aand C = BN C. Since this works for any C, we conclude that B is a
A-shattered set and hence VC(A) > k. Therefore,

VC(A) > max Ca(A)

|
It is now trivial to prove Proposition 6.
Proof [of Proposition 6] By Lemma 26,
A) = A
VC(A) max Ca(4)
> Ca(A
> maxCa(4)
=PD(A)
|

In order to calculate PD(A) in Example 6, we observe that every A € A is a hyperrectangle and
the A-hull of its two extreme corners equals A. In order to calculate VC(A), for any A C [n]? we
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take, for each dimension, a point in A with minimal coordinate along this dimension and a point in
A with maximal coordinate. These are 2d points whose A-hull is A.
Proof [of Example 6] Consider any a,b € Y s.t. Vi < d : a; < b;. Let Ay, € Ay, be given by

A ={yeY |Vi<d:a; <y, <b}

Let By := {a,b}. Then, B((l;}d’") = Ag. Hence, Cp,,, (Aap) < 2and PD(Ay,) < 2.

Forany B C Y s.t. |B| =1, we have B € Ay, and hence BW = B. Therefore, for a £ b,
CAy., (Aap) = 2 and hence PD(Ag,,) = 2.

For any A C Y, consider

B := {argmaxa; | i < d} U {argmina; | ¢ < d}
a€A a€A

Then, A C B4n) and | B| < 2d. Hence, Cay.,(A) < 2d and by Lemma 26, VC(Ay,,) < 2d.

Define A* C Y by

A ={acY |Ji<d:a;€{0,2}andVj <d:j#i=a; =1}

Then, for any A C A*, Aan) N A* = A. Hence, CAdm((A*)(Adv")) > |A*| = 2d and by
Lemma 26, VC(Ag,,) = 2d. [ |

To show Proposition 7, we “trim” an ambiguous shattered tree to reduce its arity. The key
observation is that the definition of relevant edges is s.t. at any vertex v, it’s enough to retain the
edges whose labels have a A-hull containing all the original edge labels at v, plus the special Ey
edge.

Proof [of Proposition 7] Let Ty = (V,vg, P,x,y,h, Fy) be an H-tree s.t. rank(7y) > r and
dep(Tp) < n. Suppose that v; € V is of arity m > VC(A(H)) + 1. Thatis, |P~(v1)
Define

= m.

A:={y,|aec P (v)}
By Lemma 26, there exists B C A s.t. A C BAH) and |B| < VC(A(#)). Define F' C E by

F:={ae P l(v) |y, € B}

Let a; € Ey be the unique edge s.t. v1 = P(ay), and define F} := F U {a; }. We now construct the
H-tree T = (V' C V, vy, Ply, x|y, yler, h]V;, Ey N E'). Here, V' is defined by

Vi={veV|FNP*v)#0orv ¢ P*(v)orv=u;}

Consider some u € V and denote o := hy,(x,, ). Consider also some b € P™(u) s.t. b ¢ Rr, (u).
If P'(b) # vy then clearly b ¢ Ry, (u). If P'(b) = vy then forall @ € Fy \ {a1} we have y, € a,
implying that B C a. It follows that B(A(*)) C o and hence A C o Therefore, b ¢ Ry (u) in this
case as well. We conclude that Ry, (u) C Ry (u) (in fact they are equal).

Therefore, rank(77) > rank(Tp). Obviously, also dep(77) < dep(Tp). At the same time, the
arity of v in 71 is | F1| < VC(A(H)) + 1. This construction can be repeated until we get the desired
T. |

In a classical shattered tree, the same instance cannot appear multiple times along a single path
from the root to a leaf. For ambiguous shattered trees this is not so. However, the following lemma
establishes that, in some sense, there is a limit to how many times you can usefully repeat the same
instance in a single path.
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Lemma 27 Let T = (V,vo, P,x,y,h, Ey) be a frugal H-tree. Consider any v* € V), and denote
¥ := Xy+. Define A CY by

A= {yy|be P*(v")\ {vo} and xp() = ="}
Then, there exists a € P‘l(v*) 5.t Yo & AWNRH)),

Proof Leta* € Ejbes.t. P(a*) = v*. Since a* is non-redundant, there exists u € Vy and a € E
s.t. a* € P*(u), P(a) = v* and y, ¢ hy,(z*). Denote y* := y, and B := h,(z*). For any
b e P*(v*) \ {vo} s.t. Xpp) = x*, we have b € P*(u) and therefore y, € B. We conclude that
A C B. Since B € A(H), it follows that AAA(*) C B. On the other hand y* ¢ B, implying that
y* ¢ ALGD), [

Using Lemma 27, we can construct a chain in A(?) out of the edge labels associated with
repeated instances within a single path. Hence, the number of such repeated instances is bounded
by the length of A(7{). This allows us to prove Proposition 8.

Proof [of Proposition 8] Consider any H-tree T = (V, v, P,x,y,h, Ey). We need to show that
rank(7) < [|X|. By Lemma 25, we can assume w.l.o.g. that 7" is frugal. Construct the sequence
{vr, € V'}i<n as follows. We start with v and proceed by recursion. Define A, C Y by

A :={yas | a € P*(vg) \ {vo} and Xp(a) = Xy, }

Choose v41 € Vtobes.t. P(vgy1) = vp andy,,,, ¢ AIEA(H)). By Lemma 27, this is possible as
long as vy, ¢ V; (hence v, € V).
For every x € X, let I, C [n] be defined by

I, ={k<n|x,, =z}

For any k < n, denote By := A,&A(H)). Notice that whenever 7,7 € I, and 7« < j, we have
Yoisr & Bis Yoy, € Aj and therefore B; \ B; # (). Hence, B; C Bj.

Let k; := max I, and define A(,) 1= Ag, U{yy,,,,} and B, = AEQ)(H)). Then, y.,, ., &
By, Yo, 41 € A(x) and hence By, C B(x). We constructed a chain of length |I;| 4+ 1 and hence
|I;] < 1 —1. Since [n] = |, I,, we get n < [|X|. Therefore |Ryp(v,)| < n < 1|X| and

rank(7) < 1| X|. [

In order to prove Proposition 9, we choose the edge labels for 7" as elements of the correspond-
ing edge labels of T', and select Ey, in such a way as to make all edges relevant for all leaves under
them.

Proof [of Proposition 9] Consider any v € V},. Leta,b € E be s.t. P(a) = P(b) = vand a # b.
Let o := y, and 8 := y;,. We know that o # 3. Assume w.l.o.g. that o\ S # (). Then, we set
b€ Ey (and a ¢ Ep). Choose any y € o\ 3 and set y/, := y. Choose any z € [ and set y; := z.

These choices guarantee that for any v € Vy s.t. b € P*(u), we have b € Ry (u). Indeed,
denote = := x, and h := h,,. Then h(x) = /3 and therefore y/, ¢ h(z). Moreover, for any w € V
s.t. a € P*(w), we have a € Ry (w): simply because a ¢ Ej.

Repeating these steps for every v € Vj,, we fully specify T". For every u € Vj, we have
Ryi(u) = P*(u) \ {vo} and hence |R7+(u)| = dep(u). It follows that rank(7”) = dep(T). [
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Appendix D. Littlestone Dimension for Partial Function Classes

In this section, we briefly review the theory of online learning for partial function classes from Alon
et al. (2021).

Let X be the domain and Y the label set. A partial function class is some H C {X — YU{L}}.
Here “L” is a special symbol that means “undefined”. The intended meaning of h(z) = L is, the
instance x cannot appear (with any label).

Mistakes are defined the same way as in classical (realizable) online learning, except that the
adversary is not allowed to select instance x € X if h* € H is the true hypothesis and h*(z) =
1. As in classical online learning, the optimal mistake bound is described by (the appropriate
generalization of) Littlestone dimension.

Definition 28 A shattered H-tree is a tuple T := (V, vy, P,x,y, h), where (V, vy, P) is a rooted
treeandx : V, — X,y : E = Y, h:V; — H are labelings. We require that T' is binary,
ie. forany v € V,, |[P~Y(v)| = 2. We also require that T is perfect, i.e. for any u,w € Vi,
|P*(u)| = |P*(w)|. Moreover, the labelings have to satisfy the following conditions:

» Forany a,b € E, ifa # bbut P(a) = P(b) then'y, # yp.

* Foranyu € Vyand a € P*(u) \ {vo}: Yo = hu(Xp(q))-

The Littlestone dimension of H (denoted L(#)) is defined to be the maximal depth of a shattered
‘H-tree, or oo if the depth is unbounded.

We define the Standard Optimal Algorithm Agoa : (X X Y)* x X — Y as follows. Consider
anyn € N, zy € (X x Y)"and z* € X. For each y € Y, define H, by

Hy:={heH|h(z") =yand Vk < n: h(zg) = yx}
Then, we set

Asoa(zy,z*) == argmax L(H,)
yey

Analogously to the classical setting, we have

Theorem 29 For any partial function class H and N € N, the following mistake bound holds.
A
M (N) < L(H)

Here, we use the same notation for mistake bounds as in our own ambiguous setting. The abuse
of notation is not great, since H can be interpreted as an ambiguous class where every h € H is
replaced by h/ : X — 2Y defined by

W) {@) if () = L.
{h(x)} ifh(x) # L

Theorem 29 is essentially Theorem 47 from Alon et al. (2021), except that we don’t assume |Y | = 2.
Extending the proof is trivial (and standard for total function classes, see Theorem 24 in Daniely
et al. (2015)) and we omit it.
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Appendix E. Mistakes and the Ambiguous Littlestone Dimension

In this section we prove Theorem 10 and Proposition 16.

We start from showing the lower bound. This is accomplished by interpreting every ambiguous
shattered tree 7" as a strategy by which an adversary can force rank(7") mistakes within dep(7")
rounds. Specifically, this strategy works by traversing the tree from the root to one of the leaves,
and presenting the learner with the instances and labels associated with the vertices and edges, re-
spectively, along the path. When the learner’s prediction rules out the label of an edge a going down
from the current vertex v, we choose a to continue the path, forcing an overconfidence mistake. In
other cases, we choose the Fj edge b, forcing an underconfidence mistake whenever b is relevant
for the leaf v we ultimately reach. The resulting trace is compatible with the hypothesis labeling .

Lemma 30 Consider any ambiguous shattered H-tree T. Let n := dep(T) and r := rank(T).
Then, M3, (n) > r.

Proof Consider any learner A : (X x Y)* x X — 2¥. Construct zy € (X x Y)*andv € V*
recursively as follows. We start from vg. Suppose we constructed zy.; and v.1 for some k& € N.
If vj, € Vy, the process ends (i.e. |zy| = k and |v| = k 4 1). Otherwise, set x}, := x,, and consider
ap = A(xy.g, zg). If there is some a € P~ (vg) sit. yo & oy, set yp := yq and vy = a.
Otherwise, let b be the unique element of Ey N P~1(vy,). Set yy, := yp and vg4 1 := b.

Denote m := |zy|. Let h := h,,. Then, zy € Cp(m). Moreover, for any k& < m, if
Vg1 € Rr(vm) then k € M} (zy). Indeed, either y; ¢ y, which is an overconfidence mistake,
or vx1 € Fo and there is some a € P~ (P(vp41)) s.t. yo ¢ h(zy) (because vy 1 is relevant to
vp) and y, € ay (by construction of vg4 1), making it an underconfidence mistake.

We conclude that MZ} (n) > Mit(n) > Mi}(m) > |Ry(vy,)| > r. Since this holds for any A,
we get M3, (n) > 7. [ |

As an obvious consequence, we have M, (n) > AL(H,n).

The proof of Proposition 16 is very similar to the proof of Lemma 30. The difference is, since the
learner is randomized, we can no longer choose edges that guarantee to produce mistakes whenever
they are relevant. Instead, we choose edges which come with a satisfactory lower bound on the
probability of a mistake. Given that we’ve already seen that for any prediction o C Y, there is
always at least one edge that produces a mistake (when it’s relevant), we can get a lower bound of
inverse arity. On the other hand, we can upper bound the arity using Proposition 7.

Proof [of Proposition 16] Consider any N € N and » < AL(#, N). By Proposition 7, there exists
an ambiguous shattered H-tree T' with dep(T') < N, rank(7T") > r and ar(T) < VC(A(H)) + 1.
Denote q := ar(T).

Consider any randomized learner R : (X x Y)* x X — A2Y. Construct zy € (X x Y)* and
v € V* recursively as follows. We start from vg. Suppose we constructed zy.;, and v, for some
k € N. If vy, € V7, the process ends (i.e. |zy| = k and |v| = k + 1). Otherwise, set zj, := X,, and
consider 6y := R(zy.r, xx). Define

Br = {yp | be P~ (vp)}
Define Fj, : 2¥ — 2F by

Fi(a):={be P (v) |ys ¢ cor (b€ Epand B C )}
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Notice that F(«) is always non-empty: either B; \ o # ) and then there is some b € P~!(vy) s.t.
yb» & aand hence b € F,(a), or B C a and then Eg N P~(v;,) C Fy(a). Define

Up41 = argmax Pry.g, [b € Fi(o)]
bEPil(Uk)
Notice that the maximal probability on the right hand side is at least 1/q, since Fy(«) # () and
|P_1(/Uk')| S q Set yk} = yUk;+1'

Denote m := |zy| and u := v,. Let h := h,,. Then, zy € C,(m). Consider any k < m
s.t. vp+1 € Ry (u). The probability that vy € Fj(o) for a ~ 6y, is at least 1/q. Also, vp41 €
F.() implies that R made a mistake. We conclude that EME (N) > EMPE(N) > EME(m) >
%|RT(vm)| > r/q. Since it holds for any R, we get EM,(N) > r/q. [

In the following, we will use the notations

Haf = {h e H| Ty e Cu(k)}
_ A
wy’ (h) := M}, (77)]
Here, A is some learner and w® is a function from ”H? to N.
The following lemma establishes that the weighted (by number of prior mistakes) ambiguous
Littlestone dimension of the set of unfalsified hypotheses cannot increase when the learner follows
the AOA (Algorithm 1). This is proved by showing that for each round, we can construct an am-

biguous shattered tree by joining at a new root several ambiguous shattered trees associated with
the next round for different possible predictions.

Lemma 31 Fix N € N. Consider some k < N, 7y € Cy(k), 2* € X and y* € Y s.t. Tyz*y* €
Cy(k + 1). We claim that

AL zporys (HIF"YV N = (k+1)) SAL = (M, N —k) (4)

Agoa(N) uf Agoa(N) uf?

For the rest of Appendix E, we denote A* := Appa (V) and omit the subscript A* under w.
Proof [of Lemma 31] For any o € 2" and y € Y, define v : H,/" ¥ — N by

W (h) :== w*Y(h) + max(1y¢a, 1agh(z*))
Define r € N by

‘= mi ALgey (VY N — (k +1
r o= min max Alges (Hyf™ % N = (k+1))

A*(zy, x*) is defined to achieve the minimum above, hence if y* is the observed label,
ALyrgery (HIPY N — (k+1)) < r (5)
For any o € 2V, there must be some y® € Y s.t.
AL oo (HP"V N — (k+1)) > r

Let 7% = (V*,vf, P, x%,y*, h® E§) be an ’H?x*ya—tree s.t. dep(T*) < N — (k+1) and
rank gaya (T%) > 7. Define

G:={yeY|3ac2' y=y*andy ¢ o} (6)
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Denote i := y®. Notice that the definition of & implies that § € 6. Indeed, assume to the contrary
that §y ¢ &. Then, g satisfies the condition on y on the right hand side of equation (6) with o = &
() = y® by definition of 7, and §j ¢ & by assumption), implying that §j € &, a contradiction.

Foreachy € &, let oy € 2Y bes.t. y =y andy ¢ a,. We will now construct a new tree by
joining some of the T'* at a new root. Denote o := & \ {}. The vertices are

Vi={v}uviu v

yea’

The parent mapping P is defined s.t. for any 8 € {&} U {ay}yca and v € VP \ {UO’B}, we have
P(v) := P?(v) and P(vg ) := wg. The labels for the T subtrees remain as they are. In addition,
we set Xy, 1= 2¥, Yo = ¢ and for any y € o/, Yoov ==Y Finally, we set

Ey:={vf}UESU | Ep”
yea!

Consider any u € Vfd. Then, h,, € ’Hlf?x*y and hence Yoo = 7 € hy(x*), as it should. Similarly,
consider any y € o/ and u € Vfay. Then, h, € H?aﬁ*y and hence y oy =y € h, (z*). Therefore,

T is an H?—tree.
Consider again some u € Vfé‘ and denote h := h,,. Since § ¢ &, we have W% (h) = w™(h) +
Lagn(z+)- Moreover, v € Ej and therefore & Z h(x*) iff vf € Rp(u). Hence

| R (u)| + w™(h) = |Rpa(u)] = 1+ 1ysep, ) + @™ (h) = |Rya(w)] + @7 (h) > r

Now, consider any y € o’ and u € V;*, and denote h := h,,. Since y ¢ o, we have WY (h) =
w™(h) + 1. Moreover, vy* ¢ Ey and therefore v,¥ € Ry (u). Hence

|Rr(u)| +w™(h) = |Rrey (u)] + 1+ w™(h) = |Rpey (u)| + @Y (h) > r
We conclude that rank, a5 (7T") > r. Also,dep(T) < N — (k+ 1) + 1 = N — k. It follows that
AL wy(HIZ N — k) > 7 (N
Putting inequalities (5) and (7) together, we get inequality (4). |
Using the invariant from Lemma 31, it is straightforward to prove an upper bound for the AOA.
Lemma 32 Forall N € N, M4y (N) < AL(H, N).
Proof Chaining Lemma 31 over k& < N, we get that for any Ty € Cy (V)
AL wy(HIY,0) < AL(H, N) (8)

Now, consider any h € H s.t. Ty € Cp,(N). We have the H-tree Ty, := ({vo}, vo, Py, Xg, ¥p, hp, D)
where hy,(vg) := h and mappings Py, X, yg have empty domains. Observing that rank zv(75) =
w™(h) = |Mi¥ (7y)|, we conclude

ALy (HIF,0) > MY (77))|
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By inequality (8), we get
M ()] < AL(H, N)

The result follows. |

Putting Lemma 30 and Lemma 32 together, we immediately get Theorem 10.

Appendix F. Trimming Shattered Trees

In this section, we prove Theorem 11. To achieve this, it’s convenient to consider the following,
slightly stronger, statement.

Lemma 33 LetT = (V,vo, P,x,y,h, Ey) be an H-tree, N € N and assume that rank(T) > N2,
Then, there exists T', an H-subtree of T, s.t. rank(T") > N and dep(T") < N2.

The idea of the proof is judiciously selecting N edges out of the Ep-path starting at the root,
and then using induction to trim the subtrees attached to these edges.
Proof [of Lemma 33] We proceed by induction on N.

For N = 0, we take any u € V; and set 7" := T". Obviously, dep(7”) = 0.

Now, assume the claim holds for some N. Consider an H-tree T = (V, vg, P, x,y, h, Ep) s.t.
rank(T") > (N + 1)2. Construct the sequence {v; € V' };<g, for some d € N, as follows:

* 7y is the root.

» For any ¢ < d, we recursively define v; 1 to be the unique vertex s.t. v;y1 € Ep and v; =
P(viy1).

e The recursion terminates at vy € V.

Let ¢ < d be minimal s.t. there exists some u* € V for which v; € P*(u*) and
{j <i|v; € Rp(u*)} =N +1 )

This 4 necessarily exists, since | Ry (vg)| > (N +1)2 > N + 1.

Fix some u* € V; s.t. the identity (9) holds. Consider any j < 7 s.t. vj41 € Ry (u*). Consider
also some w € P~1(v;)\{vj41}. Let’s examine the H-subtree 7. For any u € V¥, the minimality
of ¢ implies

|Rr(u) N {vk}r<al < N

Moreover

Ry (u) = (Rr(uw) N {vetk<a) U{w} U Rpw (u)
On the other hand, rank(7) > (N +1)2 and hence | Ry (u)| > (N +1)2. It follows that | Ryw (u)| >
(N +1)2 - N —1 > N2 Since this holds for any u € V3, we conclude that rank(7™) >

N2, Hence, we can apply the induction hypothesis to T, yielding T™, an H-subtree of T with
rank(7%) > N and dep(T%) < N2.
Define S C V by
S = {Uj |j < 7 and Vjy1 € RT(U*)}
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We can now construct the desired 7”. The set of vertices is defined to be

V'ii=Su{u}u U Vv
weP—1(S)\ Eo

Here, V" is the set of vertices of 7. We set T" := T|y:.
It’s easy to see that the leaves of T" are

weP~1(S)\ Ey

Let’s establish the rank of 7”. Clearly, P'(Ry(u*)) = S. The identity (9) implies that | S| = N +1
and hence |R7/(u*)| = N + 1. Moreover, for any w € P~1(S) \ E and u € Vfw, we have 7§ €
Ry (u), since w ¢ Ey and therefore 0§ ¢ E;. (Here, 0 is the root of T%.) Also, 0§ ¢ Rj.(u),
since 7 ¢ E™. Therefore,

Ry () U T} € Ry (u)

Hence, |Ryv(u)| > N + 1 and we conclude that rank(7") > N + 1.
Finally, let’s establish the depth of T". Clearly, P'*(u*) = S U {u*}, and hence the depth of u*
isN+1<(N+1)% Foranyw € P71(S)\ Epand u € Vfw, we have

P (u) C P*(u)US
Hence, |P"*(u)| < dep(T™)+|S| < N24 N +1 < (N +1)2. Therefore, dep(T") < (N +1)%. ®

Lemma 33 immediately implies Theorem 11.

Appendix G. Mistake Bound for WAA

In this section we prove Theorem 21.
Fix € (1,00) and v € [1/p,1). Let A* be the learner which generalizes the WAA, where we
replace equation (1) with the more general rule

A*(zy,zp) =y €Y Z g >v
BeA(H):yep

We will omit the subscript A* under w. Also, we will use the notations
2w = Y w0
heHTY
_ 1 7
ATYT . wY(h)
G P O
het ! :h(z)=a

The following lemma shows that the rate with which Z grows along an H-realizable trace can
be bounded. Here’s the idea of the proof. If the new label y* is outside the predicted set o,
then a substantial fraction (measured by p*) of hypotheses become falsified: if a lot of hypotheses
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were consistent with ¢*, the learner would assign ¢* into its prediction. If y* is inside a*, then the
fraction of hypotheses that gain a mistake cannot be too great. Because, we can choose a set 5 C o*
of “pivots” whose cardinality is at most PD (), and only hypotheses that exclude at least one of
the pivots gain a mistake, but each pivot has to be contained in a substantial fraction of hypotheses
since it was selected into a*.

Lemma 34 Consider some k € N, 7y € Cy(k), 2* € X and y* € Y s.t. Tyz*y* € Cy(k + 1).
Then,

Z(@ga"y") < max(u, 1 + PD(H) - (4 — 1)(1 - v)) Z(7) (10)

Proof Denote o* := A*(Ty,z*). There are two cases: y* € o and y* ¢ o™

First, consider the case y* ¢ «*. Then,

Zepryy = Y a0
heHL™ V"

_ Z ()

heHTY y*h(z*)

D SR VR

a€A(H)y*€a hGH?:h(m* )=c

=p Y. Z@y§rr
acA(H):y*ea

=pZ(@y) Y, @

acA(H):y*ea
< pZ(Ty) v

Now, consider the case y* € o*. Choose 8 C o* s.t. o* C SAH) and |B| < PD(H). Then,
forany h € H, if 3 C h(z*) then a* C h(xz*). Such a hypothesis h doesn’t gain a mistake.
Conversely, if a* \ h(xz*) # 0 then 3\ h(z*) # 0. Denote

Zy= S a0
REHTY:B\h(z*)#£0
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We get,

Z@gey)= Y, W

heHIPe™ v

_ w7 Y™ (h) i w7 Y™ (h)
he%ff”*%\h(m*)ﬂ ' he?—tffy”*%\h(ﬁ)#@ '

— Z R O Z L)
heH™ " B\ h(z*)=0 hEHTT™" V" .5\ h(z*)£0

SR S U S
heH":B\h(z*)=0 heHTT:B\h(z*)£0

= 2(Ty) — Zs + nZp
= Z(7y) + (n— 1)Zg

Moreover,

- ¥

a€A(H):B\aF#d heH?:h(w*):a

= Z Z(zh) v

a€A(H):B\a#d

> > Z@paT

YyEB acA(H)yda

=Z@y)>, >y, @

yEB a€A(H)yda

=Z@y) )y (1- > @

IN

yep a€A(H):yEa
< Z(@y) Y (1-v)
yep

< (1 -v)PD(H)Z(7y)

Combining the two inequalities, we conclude,

|
We are now ready to complete the proof of Theorem 21. In order to show inequality (2), we

apply Lemma 34 on each of the NV rounds, for the value of v that corresponds to equation (1).
Equation (3) follows from the inequality (2) when we choose appropriate values of L.
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Proof [of Theorem 21] Denote D := PD(A(#)). For the WAA, we have

L 1+D(p—1)
- p+D(p—1)

Consider the right hand side of inequality (10) of Lemma 34. For the first argument of the maximum,
we have

_ ptDp(p—1)
p+D(p—1)
For the second argument of the maximum, we have
1+ Du—-1)(1-v)=1+Du—1). — 1
H — — V) = ,u — - - -
p+ D(p—1)
_ p+Dp—1)+D(u—1)
p+ D(p—1)
_ st Dp(p—1)
p+ D(p—1)
Hence, Lemma 34 takes the form
Zxyz™y") L —————= - Z(xy
( ) A D(=1) (7y)

Taking a logarithm, we get

InZ(Zyx*y*) <InZ(@y) + Inp+In(1+ D(p—1)) — In(u+ D(p — 1))
<InZ(E) + 5~ 1+ Dl — 1) — In(u + Dl — 1))

1
< Z(@g) + 51— 1+ D(p—1))°
1
=mZ(@y) + 5(D+1)*(p-1)* (11)
Here, we used the inequality t —lnz—1 < %(:n —1)2 for x > 1. This is seen by observing that both
sides vanish with their first derivatives at = 1, while for second derivatives we have 1/ 2 <1
when x > 1.
Repeatedly using inequality (11), we conclude that for any 7y € Cy (V)
1
1nZ@mfgnzu)+§u)+n%u—1ﬁN
1
:muu+§uuqﬁw—1ﬂN
Forany h € # s.t. 7y € Cp,(N), we have h € H_Y and hence Z(7g) > 1™ (M) Therefore,
Ean 1
mumeghtu+§um+U%u—1ﬁN

Rearranging, we get

. 1 LD+ 1)2(u—1)2N
W (h) < n|H|+5(D+1)%(p—1)
In p
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This establishes inequality (2).
In order to get equation (3), we consider two cases. The first case is (D +1)2N > In |H|. Then,

we set

14 1 In |H|
=2V N

In particular, ;1 < 2. By the concavity of the logarithm, In p > (In2)(u — 1). We get,

w™(h) < mz \p—-1 + §(D—|— 1)2(p — 1)N>

3
= _(D+1)y/NIn|H|
2In2
Notice that if D = 0 then A(H) = {Y'}, implying that A* = Y and hence M4, (N) = 0. So, in

any case the right hand side can be bounded by C'D+/N log |H]|.
The second case is (D + 1)?>N < In |#|. Then,

(D+1)y/NIn|H| > (D+1)\/N-(D+1)2N = (D + 1)>N

The right hand side is obviously an upper bound on w®’(h). |

- 1 <ln]7—[| 1

Appendix H. Reduction to Finite Classes

In this section we prove Theorem 13.

We start with Lemma 22. The latter is a fairly straightforward consequence of Theorem 29. This
is essentially the same method as the reduction to finite hypothesis classes used when proving the
Littlestone dimension regret bound for unrealizable online learning (see e.g. Shalev-Shwartz and
Ben-David (2014), Lemma 21.13).

Proof [of Lemma 22] Define {S,, C [n]},<n recursively by setting Sy := (), and for n < N

1= S if ASOA(h?n(xin)7$n) = h($n)7
i Sp,U{n} otherwise

where for each n < N, the function f,, : S, — Y¥ is given by f, (k) := h(x}) for k € S,,. We
used the assumption A(xy) # 0 in the definition of f,,.

In other words, we imagine running the SOA on the sequence of instances =, while allowing it
direct access to the hypothesis h on past instances (a richer feedback than our setting allows). The
sets .S record the rounds where SOA makes a mistake (i.e. predicts the label set i (z) incorrectly),
while f records the corrections its predictions require.

Clearly, Sy = /\/l‘:,}SOA(:E).19 By Theorem 29, |Sy| < Lg(H). We can therefore take b’ := hy, .

N

Theorem 13 now follows from Lemma 22 and Theorem 21, via bounding the cardinality of
HWN),

19. We don’t need a subscript for M here because in classical online learning we don’t need to know the true/reference
hypothesis to determine when mistakes occur.
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Proof [of Theorem 13] Consider any N € N, h € H and zy € Cp,(N). Foralln < N, y,, € h(xy,)
and in particular h(z,) # ). By Lemma 22, there exists b’ € HN) s.t. foralln < N, b (2.p11) =
h(zxy). Define & € (X(N))N by Zp, := X.nt1. Then, Ty € Cp/(N). By Theorem 21,

(MM (Fy)| < Cr - PD(H)/ N log [H(V)]

Here, Cy > 0 is a global constant and Awaa refers to the WAA learner for the hypothesis class
HWN),

Moreover, there is a global constant C'y > 1 s.t.

log [H™N| < CyLas(H) log(|A(H)|N)

Therefore,

MG ()] < C1v/Cy - PD(H) Lo (H)N log(IA(H)|N)

Now, consider the learner Ay, 4 defined by Ay p (2Yin, Tn) := AwaA(ZYin, ). We have Mf,WAA (Ty) =

Aj . . .
M, YA (xy) and hence Ay, , satisfies the required mistake bound. Indeed, for any n < N,
the prediction of A’WA  for instance x,, is based on the prediction of Awaa for instance Z,,, and
h(z,) = h'(Z,), so the corresponding mistake conditions coincide. [ |

Appendix I. Apple Tasting Details

In this section, we prove Proposition 17 and Proposition 18, and explore some application of this to
lower bounds for ambiguous online learning.

First, let’s formally define the apple tasting setting. Let X be the domain. Given a learner
A (Xx{0,1})*xX — {0,1}, ahypothesis h : X — {0,1},somen € Nandzy € (X x{0,1})",
xy is said to be compatible with h and A when for all k < n, if A(xy., zx) = 0 then y = 1 and if
A(zy.x, zx) = 1 then y,, = h(xy). Here, y represents the feedbacks received by the learner (rather
than the true labels). We denote by C;!(n) the set of all such zy.

Given zy € C;l“(n), we define the set of mistakes that A makes on xy relative to h by

PMiH(wy) = {k < n | A(zy, o) # h(zk)}
We then define
PM,‘?(N) ‘=  max |73/\/lf2(xy)\
xyGC;?(N)
Given a hypothesis class H C {X — {0, 1}}, we also define
PM(N) = max PMi(N)
PM,(N) = min PMZ(N)

We now come to the proof of Proposition 17. Informally, we’re comparing the apple tasting
learner A? interacting with an environment that obeys h to the ambiguous learner A interacting with

an environment that obeys h*™. We argue that erroneously predicting 0 in apple tasting corresponds
to an underconfidence mistake in ambiguous online learning, whereas erroneously predicting 1 in
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apple tasting corresponds to an overconfidence mistake in ambiguous online learning. There are two
potentially substantial differences. First, in apple tasting we receive no feedback when we predict
0, whereas in ambiguous online learning we still receive a label. However, in the latter setting, the
adversary can always choose the label 1, and when the learner predicts {0, 1} there is no incentive
for the adversary to choose 0. Hence, effectively there is no useful feedback in the ambiguous case
as well. Second, in apple tasting we receive full information about h(x) when we predict 1, whereas
in ambiguous online learning the adversary may choose the label 1 even if h(z) = {0,1} (but in
this case we incur no mistake). However, this only gives the adversary additional options, so the
ambiguous version can only be harder.
Proof [of Proposition 17] Consider any xy € C;;‘ap(N ). For any k < N, there are two cases:
A®(zy., ) = 0 and AP (zy., xr) = 1. If A®(zy.p, xx) = 0 then y,, = 1, and in particular
yr € h*(xy), since 1 € h*™(z) for all z € X. If A*(xy.x,zr) = 1 then y;, = h(zy), and in
particular y, € h*™(zy), since {h(z)} C h*™(z) for all x € X. In either case yr € h*™(xy).
Hence, zy € Cpam(N).

Consider any k € PM™ (zy). Again, there are two cases: A® (zy.x, z1) = 0and A (zy., z) =
1.

If A% (zy., x) = 0then h(xg) = 1 and 0 € A(xy.k,x). It follows that h*™(xy) = {1} and
0 € A(zy.k, vx) \ h*™(zx). In particular, A(zy.;, z) € h*™(zy) and hence k € Mt (zy).

If A% (xy.k,zr) = 1 then h(xg) = 0 and 0 ¢ A(xy.,zr). Hence, yr = 0, because xy €
C{ (N). In particular, yj, ¢ A(xy.x, 7)) and hence k € Mt (zy).

Ineither case k € M (2y). Therefore, PMi" (zy) C Mihn(zy). In particular, [PM;" (zy)| <
IMida(2y)] < Mika(N). Since this holds for any zy € C{** (N), we get PM;* (N) < M (N).
|

Now, let’s prove Proposition 18. The idea is that any frugal ambiguous shattered tree can be
interpreted as an adversary strategy for the apple tasting setting. The strategy works by going down
the 0 edge when the learner predicts 1 and going down the 1 edge (which has to be the Ly edge)
when the learner predicts 0. In the former case, we always get a mistake (and the edge is always
relevant). In the latter case, we get a mistake if and only if the edge is relevant to the ultimate leaf.
Proof [of Proposition 18] Consider any apple tasting learner A : (X x {0,1})* x X — {0,1}. Let
T = (V,vg, P,x,y,h, Ey) be an ambiguous shattered H*™-tree with dep(7") < N and rank(T") =
r. It is sufficient to show that M4, (N) > r.

By Lemma 25, we can assume without loss of generality that 7" is frugal. In particular, for every
v € V), it holds that |P~1(v)| > 1. Since there are only 2 labels, this implies [P~ (v)| = 2. For
y € {0, 1}, we will denote by Cy(v) the unique a € E s.t. P(a) = v and y, = y. Moreover, since
T is frugal, Ci(v) € Ep. Indeed, it’s impossible to have Cy(v) € Ej, since for any u € Vy s.t.
Co(v) € P*(u) we have h¥™(x,) = {0, 1} and hence Cy(v) € Ey would imply Cy(v) ¢ Rp(u).

Construct zy € (X x {0,1})* and v € V* recursively as follows. We start from vg. Suppose
we constructed zy.;, and v,y for some k& € N. If v, € V¢, the process ends (i.e. |rvy| = k
and |[v| = k + 1). Otherwise, set x; := X,,. Let z; = A(zy.x,xr). Setyr = 1 — 2z and
Vg1 1= Cy, (vg).

Denote m := |zy|. Let h := h,,,. Then, zy € C{*(m). Moreover, for any k < m, if vj1 €
Ry (vp) then k € PM3 (xy). Indeed, either g, = 0 in which case z;, = 1 while h2™ (x) = {0,1}
and hence h(zy) = 0, or y = 1 in which case z; = 0 while h*™(x;) = {1} (it cannot be {0, 1}
because vi11 € Ey N Ry (vy,)) and hence h(xy) = 1.
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We conclude that |P M) (zy)| > r while |xy| < N. Therefore, PMZ(N) > r. [ |

One application of Proposition 17 is investigating how tight the bound in Theorem 21 is. For
any k,l > 2, denote

M (N) max M;,(N)

B HC{X 2l }:|H|=k
PM;i(N) = PME(N
£ HCAX {0} }HI=k )

Obviously these functions are non-decreasing in k,l, N. By Theorem 21, we have ./\/l;;l(N ) =
O(lv/Nlogk). By Theorem 10 and Proposition 4, M} ;(N) < k — 1. Also, it’s obvious that
7.1(IV) < N. Putting these observations together, we get

M, (N) = O(min(N, k,1y/Nlog k) (12)

Also, Corollary 19 implies that M} ,(N) > PM;j(N). In Helmbold et al. (2000) we find the
following result (called there Corollary 16).

Theorem 35 (Helmbold-Littlestone-Long) Forall k > 2and N > 1:

N k-11 Nlnk
* > mj v -
PMi(N) 2 min ( 2 92 8\/1n(1 +N/lnl<:)>

This implies that the bound (12) is tight up to a factor of O(l/log N).
Is it possible to avoid the [ factor? We have,

Proposition 36 Foralll > 1 and k > 2I,

M1 ([K2/10) > %

Therefore, it’s at best possible to replace by /1.

We finish with the proof of Proposition 36.

Since the definition of M ;(IN) is a worst-case over all hypothesis classes of cardinality k, we
can think of it as a game between the learner and the adversary, in which the adversary is allowed
to decide on every round, for each hypothesis h; with ¢ < k, what is the set of labels h;(x) C olll,
The different possible moves of the adversary can be encoded as different instances x.

We prove Proposition 36 by constructing a tree 7" and defining a hypothesis class H based on T'
s.t. T' becomes an ambiguous shattered H-tree which certifies the lower bound. 7" can be thought
of as representing a particular strategy for the adversary in the above game.

Specifically, the strategy works roughly as follows: on every round, we choose a set B of [
hypotheses, out of the set A of unfalsified hypotheses, by picking the hypotheses j € A with the
least number of prior mistakes m(j). Fixing a bijection f between B and [l + 1]\ {0}, we let every
j € B predict the label set [l + 1] \ {f(j)}. Every hypothesis in A \ B predicts the full label set
Y = [l + 1]. If the learner predicts v C [l + 1] then a label y € [l + 1] \ « is selected, and all
surviving hypotheses in A gain 1 mistake, while at most one hypothesis is falsified. If the learner
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predicts @ = [ + 1] then the label y = 0 is selected, nothing is falsified and all hypotheses in B
gain a mistake.

Under this strategy, if the learner always predicts [I + 1], after approx k2 /I rounds all hypotheses

gain approx k mistakes (it takes k /I rounds for B to cycle through all hypotheses). If the learner pre-
dicts anything else, it can only make things worse because more hypotheses gain mistakes, whereas
to falsify most hypotheses you have to allow the remaining hypothesis to gain approx k mistakes.
Details follow.
Proof [of Proposition 36] Given any finite non-empty set A and m : A — N, we recursively
construct a tree 70" = (V' (M), fuém), P)_ Tt will be equipped with E(()m) C E(™) and a labeling
y(m) . gpm) [l + 1] satisfying the usual conditions for ambiguous shattered trees. It will also be
equipped with a labeling h(™) : Vf(m) — A.

For the base of the recursion, assume that either maxm > k or |A| = 1. Then, set ym) .=
{v(()m)} and choose j* := h'Y,, to maximize m(j*).

For the step of the recurs?on, we can assume that |A| > 2. Define B C A as follows. If |A| > [,
choose any B C A that minimizes max m/|p subject to |B| = [. If |A| < [, set B := A.

Define m(® : A — N by

)+1 ifjeB
mO(j) .= { P HIE 5,
m(j) if j ¢ B
Choose an injection f : B — [l + 1]\ {0}. Foreach i € f(B), define m : A\ {f~'(i)} — Nby
m® = m|a\gr-1y + 1.

Define 7™ to consist of the subtrees 7™ and {T(mm)}i6 #(B) Joined together at a new root.
Define Ej* by

(0) (%) (0)
=50 | ES U™
ic€f(B)
Set Y () = i forany i € f(B)U{0}. The rest of the y and h labelings are inherited from the

subtreeozs. This completes the definition of 7.

Define m* : [k] — N by m* = 0 and let T := T™". Define X := V), and equip 7" with the
labeling x : V,, — X given by x, := v. For any j < k, define h; : X — 2[+1 as follows.
Consider any v € V. Then, T" = T™" for some A” C [k] and m® : A® — N. Let BY C A" and
fY: BY — [l + 1]\ {0} be as in the definition of T7™". If j € BY, set hj(v) := [l + 1]\ {f*(j)}-
Otherwise, set hj(v) := [l + 1].

For every v € V, define m" € QQ by

Several observations:

* For every v € V, there is some m§ € Ns.t. m"(A") C {mg, m§ + 1} (due to our starting
m* and how B is defined).

« Forevery v,w € V, if v = P(w) then m™ > m" + I/k and m™ + |A%| > m® + 1|A"|.

Indeed, either |[AY| = |A"| and m" = m" + |B"|/|A"|, or |[A*| = |A"| — 1 and m" >
m’ —1/|A%|+1>m"+1/2.
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Define H := {h; | j < k}. It’s easy to see that 7" is an ambiguous shattered #-tree (we abuse
notation by identifying j with h; in the leaf labeling h). Moreover, dep(T") < [k?/l]. No path
starting at the root can be longer, because m" increases by at least [/k on every edge, and if it
reaches k the path terminates.

Finally, rank(7") > (k—1)/2. Indeed, given u € Vy and a € EyNP*(u), we have a € Ry (u) if
and only if h,, € B("(®), By induction, we see that for any v € P*(u), m®(h,) = |Rz(u)NP*(v)|.
In particular, | Ry (u)| = m"(h,). Since u is a leaf, either max m" > k in which case m"(h,) > k
or |A¥| = 1, in which case m*“(h,,) = m* > (k — 1)/2 since m" + $|A"| is non-decreasing down
the path. |
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