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Abstract
Adaptive stochastic convex optimization (SCO) methods face a fundamental “price of adaptivity”
barrier: under the standard set of assumptions, they cannot efficiently adapt to large uncertainty
in both the initial distance to optimality and the Lipschitz constant. We circumvent this barrier by
requiring a small amount of additional structure common to many learning problems. Specifically,
we assume that the objective decomposes into a model and a loss function, enabling us to intervene
by modifying the model’s output before it passes to the loss function. Under this assumption, we
design a method that clips the learned model output in tail events where it deviates too much from
the output of a fixed reference model. Our method matches the optimal bounds for known-parameter
SCO up to logarithmic factors in the uncertainty in the distance and Lipschitz parameters, thus
efficiently adapting to large uncertainty in both.
Keywords: Stochastic optimization, Convex optimization, Parameter-free optimization

1. Introduction

This paper studies machine learning objectives composed of a model and a loss function. Specifically,
for a model m and a loss function h, the learning problem can be written as

minimize
x

F (x), where F (x) := Es∼P [h(m(x; s); s)]. (1)

Such model–loss decompositions arise broadly in practice, e.g., neural networks with various loss
functions. However, optimization theory typically analyzes the more general problem of minimizing
a stochastic function f without assuming this internal structure:

minimize
x

F (x), where F (x) := Es∼P [f(x; s)]. (2)

Stochastic convex optimization is a fundamental problem in machine learning and serves as the
foundation for classical stochastic gradient methods. While classical methods can attain the optimal
optimality gap, they typically hinge on knowing the Lipschitz parameter L⋆ and the distance D⋆ from
the initial point to the optimum. Parameter-free methods (e.g., Orabona and Pál, 2016; Cutkosky
and Orabona, 2018; Bhaskara et al., 2020; Mhammedi and Koolen, 2020; Jacobsen and Cutkosky,
2022; Carmon and Hinder, 2022; Ivgi et al., 2023; Kreisler et al., 2024) relax the requirement for
precise knowledge of the problem parameters, aiming to achieve a near-optimal optimality gap using
only loose estimates. Lower bounds (Carmon and Hinder, 2024; Attia and Koren, 2024; Khaled and
Jin, 2024) for parameter-free optimization show that parameter-free methods must pay a significant
multiplicative price due to uncertainty in L⋆ and D⋆. For example, Carmon and Hinder (2024) show
that if ρ and ℓ are the multiplicative uncertainties in the distance to optimality and Lipschitz constant,
respectively, then there is an Ω(min{ℓ, ρ}

√
ln(1/δ)/

√
T ) additional multiplicative cost from not

knowing problem parameters. This shows that it is difficult to adapt to high uncertainty in both
the Lipschitz constant and distance to optimality. However, this lower bound applies to the general
stochastic convex structure given in Equation (2) but not the model–loss structure of Equation (1).
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Our contributions

We identify that the aforementioned lower bound for parameter-free methods is intimately tied to
tail events: rare samples for which the optimized function behaves very differently from the bulk
of the distribution. Such rare samples may go unobserved by the optimization algorithm, making it
impossible to reliably characterize the tail behavior of the stochastic noise.

However, under the model–loss structure of Equation (1), it is possible to detect and mitigate
these rare events, circumventing this lower bound. In particular, under this model–loss structure, our
key idea is to clip the output of the model at inference-time. This clipping occurs on rare events in
which the model provides an extremely large outlier prediction. In these cases, clipping prevents us
from paying a high price for a wildly incorrect prediction. We present two methods that use this idea:
one that prioritizes computational efficiency and the other that prioritizes sample efficiency. Both
methods build on Lawrence et al. (2025), which focused on the standard parameter-free optimization
paradigm, i.e., Equation (2).

In the computational setting, we propose a method that performs grid search over hyperparameters,
generates candidate weights using a standard optimization algorithm such as SGD, and then selects
one of the resulting weights paired with an associated clipping parameter. We show that this method,
with probability at least 1− δ, achieves an optimality gap of Õ(L⋆D⋆

√
ln(1/δ)/

√
T ) where T is the

number of gradient and function evaluations made by the method, and Õ(·) hides poly-logarithmic
factors. Notably, our method only incurs a logarithmic cost in uncertainty in the problem parameters
compared with the polynomial dependence exhibited in the lower bounds. This optimality gap beats
the lower bounds proved in Carmon and Hinder (2024); Attia and Koren (2024); Khaled and Jin
(2024), which scale linearly with min{ℓ, ρ}.

In the sample complexity setting, we propose a method that carefully solves a regularized
optimization problem and then applies inference-time clipping to the resulting learned model. This
gives a suboptimality gap of O(L⋆D⋆

√
ln(1/δ)/

√
N) for the Lipschitz case, where N is the number

of samples made available to the algorithm. This matches lower bounds for parameter-known
stochastic convex optimization (Carmon and Hinder, 2024).

Paper outline

Section 2 surveys related work. Section 3 defines the notation used throughout the paper, as well
as the instance classes of functions considered in this work. In Section 4 we propose a parameter-
free method that achieves a near-optimal optimality gap in the computational complexity setting.
Specifically, in Section 4.2 we introduce a model selection algorithm, and in Section 4.5 we show
how to use this algorithm to derive a parameter-free optimization method. In Section 5 we propose a
parameter-free method in the sample complexity setting that achieves the optimal optimality gap,
without requiring any prior lower or upper bounds on the problem parameters L⋆ and D⋆. Finally,
Section 6 discusses which lower bounds continue to hold under the model–loss decomposition
assumption defined in Equation (1).

2. Related Work

Parameter-free methods Parameter-free methods aim to achieve a near-optimal optimality gap
without requiring precise knowledge of the problem parameters, historically with emphasis on
the initial distance to the optimum. Work in this field originates in the setting of online convex
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optimization (OCO) (Luo and Schapire, 2015; Orabona and Pál, 2016; Cutkosky and Orabona, 2018;
Mhammedi and Koolen, 2020; Bhaskara et al., 2020; Jacobsen and Cutkosky, 2022; Zhang et al.,
2022). This line of work was subsequently expanded to design parameter-free methods, particularly
for the setting of stochastic convex optimization (SCO) (e.g., Orabona, 2014; Orabona and Tommasi,
2017; Chen et al., 2022; Carmon and Hinder, 2022; Ivgi et al., 2023; Kreisler et al., 2024; Liu et al.,
2025).

Lower bounds In non-smooth stochastic convex optimization with known Lipschitz constant, L⋆,
and initial distance to optimality, D⋆, classical results show that the expected loss is Ω

(
L⋆D⋆/

√
T
)

(Nemirovski and Yudin, 1983; Duchi, 2018). For the high-probability case, Carmon and Hinder
(2024) proves the lower bound of Ω

(
L⋆D⋆

√
ln(1/δ)/

√
T
)

. These lower bounds have matching
upper bounds (e.g., Orabona, 2021), and consequently define the optimal optimality gaps for non-
smooth stochastic convex optimization.

Recently, Carmon and Hinder (2024) proves that parameter-free methods incur a penalty due to
uncertainty in the Lipschitz parameter L⋆ and the distance D⋆ from the initial point to the optimum.
Specifically, they assume that while L⋆ and D⋆ are unknown, they are bounded such that L⋆ ∈ [1, ℓ]
and D⋆ ∈ [1, ρ] for some known values ℓ and ρ. They prove that if stochastic gradients are almost
surely bounded by L⋆, the optimality gap necessarily suffers a multiplicative degradation of at
least Ω

(
min{ℓ, ρ}

√
ln(1/δ)/

√
T
)

relative to the optimal rate. Furthermore, they prove that in

the second-moment setting, in which L2
⋆ bounds the expectation of the stochastic gradient norm

squared, the multiplicative penalty is at least Ω (min{ℓ, ρ}). This implies that, in heavy-tailed
settings, achieving a near-optimal optimality gap is impossible without prior knowledge of at least
one of the problem parameters.

Attia and Koren (2024) and Khaled and Jin (2024) also provide lower bounds for parameter-free
optimization. Attia and Koren (2024) derives comparable lower bounds to Carmon and Hinder (2024)
in the Lipschitz case. Khaled and Jin (2024) provides a slightly weaker lower bound than Attia
and Koren (2024), demonstrating that the multiplicative price incurred due to parameter uncertainty
cannot be bounded by any polylogarithmic term.

Critically, all these lower bounds focus on the standard stochastic optimization setting, i.e.,
Equation (2), allowing us to beat them by considering the model–loss structure, i.e., Equation (1).
We note that some of the lower bounds presented in Carmon and Hinder (2024) do transfer to
Equation (1); we discuss this in more detail in Section 6 and its supplement, Appendix D.

Reliable Model Selection Lawrence et al. (2025) demonstrates that the standard holdout model
selection approach can fail catastrophically in SCO. To address this, they introduce a general
framework for reliable model selection. They also propose an optimization method for the sample
complexity setting. However, both methods require a good estimate of the Lipschitz constant (i.e.,
within a factor of

√
T of the true value). In this paper, we build upon and extend many of the results

and proof techniques introduced by Lawrence et al. (2025), eliminating the need for a good estimate
of the Lipschitz constant.

Improper learning In optimization and machine learning theory, one typically fixes a hypothesis
classH (e.g., linear classifiers) as a representation for the target concept class. A learning algorithm
is said to be proper if it is required to output a hypothesis fromH. In contrast, an algorithm is called
improper if it is allowed to output any predictor, possibly outsideH, as long as the predictor attains
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low prediction error under the data distribution. This relaxation often substantially enlarges the space
of candidate predictors and consequently can yield learning algorithms that succeed in settings where
proper learning is statistically or computationally infeasible (e.g., Montasser et al., 2019; Hanneke,
2016).

The algorithms we present in this work can be viewed as improper, as they output a weight
x and a clipping parameter c for model mc(x; ·), rather than just outputting a weight x for the
model m(x; ·). Unlike many works in this field that output an ensemble of predictors aggregated via
majority vote, our approach outputs a single model, using the initial hypothesis solely to constrain
the predictions.

A particularly relevant piece of work in this area is Vovk (2006), who provide an online learning
method that exploits a loss–model structure in the least squares setup. However, that work assumes
known bounds on the labels.

3. Notation

We include 0 in the set of natural numbers N. For an integer K ∈ N we define [K] := {1, · · · ,K}.
We denote ln+(x) = ln(e+ x). Let X ,Y denote closed convex sets, let S denote a sample space,
and let P denote a distribution over S. We denote the number of samples by N , and the number
of model and gradient evaluations by T . Let ∥·∥α and ∥·∥β be norms on X and Y , respectively.
Let ∥·∥α∗ and ∥·∥β∗ be the dual norms of ∥·∥α and ∥·∥β , respectively. The corresponding operator
norm, induced by the norms ∥·∥α and ∥·∥β , is defined as ∥A∥α,β := sup{∥Ax∥β | ∥x∥α ≤ 1}. We
denote by Qp(D) := min{z ∈ R : Ps∼D[s ≤ z] ≥ p} the p-th quantile of distribution D, where D is
a distribution over R; this definition mimics that of previous work (e.g., Borovkov, 1999, Ch. 3).

Throughout, we assume that the function f : X × S→ R admits a decomposition into a model
and a loss function, i.e., f(x; s) := h(m(x; s); s), where m : X × S → Y and h : Y × S → R.
For convenience, we treat the functions m,h and f as differentiable. We denote the class of all
differentiable functions as Idiff := {q | ∀s ∈ S : q(·; s) is differentiable}. In appendix K we discuss
how to extend our results to non-differentiable functions. We define F (x) := Es∼P [f(x; s)]. We
denote by x0 the point at which the optimization algorithms are initialized. We define a clipping
function into a domain D ⊆ Y as a mapping ClipD(·) : Y → D such that ClipD(z) = z for all
z ∈ D. We allow ClipD(·) to be any such mapping; any choice suffices for our theoretical analysis.
We define the clipped model as mc(x; s) := Clip{u∈Y:∥u−m(x0;s)∥β≤c}(m(x; s)), where c ∈ R is
the clipping parameter. Subsequently, we define the clipped function as fc(x; s) := h(mc(x; s); s)
and Fc(x) := Es∼P [fc(x; s)].

We define binary-ceil(x; b) := min
{
2nb | n ∈ N and 2nb ≥ x1{b̸=0}

}
, i.e., rounding x ̸= 0 up

to the nearest power-of-two multiple of b. For any p > 1 and b̄ ≥ b > 0, we define Gridp
(
b, b̄
)
:=

{b · pn}⌊logp(b̄/b)⌋n=0 ∪
{
b̄
}

, i.e., all the powers of p between the bounds b and b̄.

In addition, we assume throughout that F attains its minimum, i.e., there exists x⋆ ∈ X such
that F (x⋆) = infx∈X F (x). We denote by x⋆ the optimal point closest to the initialization x0, i.e.,
x⋆ := argminx∈optima of F ∥x0 − x∥α. We define the unknown initial distance to the optimum as
D⋆ := ∥x0 − x⋆∥α, and denote by D⋆ := max

(
D⋆, ρ

)
the maximum of D⋆ and a known lower

bound ρ on D⋆. We define the instance classes of convex stochastic optimization problems whose
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optimal solution lies within distance at most ρ of the initialization as

Iρ,∥·∥αDist := {q ∈ Idiff | ∥x0 − x⋆∥α ≤ ρ and Es∼Pq(·; s) is convex},

Îρ,∥·∥αDist := {q ∈ Idiff | ∥x0 − x⋆∥α ≤ ρ and ∀s ∈ S : q(·; s) is convex}.

Similarly, we define the unknown Lipschitz constant in the context of the Lipschitz case as
L⋆ := supx∈X ;s∈S∥∇xm(x; s)∥α,β , and in the context of the second-moment-Lipschitz case as

L⋆ := supx∈X

√
Es∼P∥∇xm(x; s)∥2α,β . We denote L⋆ := max(L⋆, ℓ) as the maximum of L⋆ and

a known lower bound ℓ on L⋆. We then define the instance classes of Lipschitz and second-moment-
Lipschitz problems with Lipschitz constant at most ℓ as

Iℓ,∥·∥Lip :=
{
q ∈ Idiff | ∀x ∈ X ; s ∈ S : ∥∇xq(x; s)∥ ≤ ℓ

}
,

Iℓ,∥·∥SM-Lip :=
{
q ∈ Idiff | ∀x ∈ X : Es∼P∥∇xq(x; s)∥2 ≤ ℓ

2
}
.

We note that any Lipschitz function is also a second-moment-Lipschitz function, i.e., Iℓ,∥·∥Lip ⊂ I
ℓ,∥·∥
SM-Lip,

and that Iℓ,∥·∥SM-Lip also includes problems with heavy-tailed gradient noise.

4. A computationally efficient parameter-free method that exploits model–loss
structure

In this section, we propose a parameter-free method that achieves a near-optimal optimality gap. To
this end, our method operates under the model–loss decomposition described in Equation (1) and
introduces clipping at the model output level.

Our parameter-free method combines grid search, a known optimization method, and a model
selection procedure. By performing grid search over possible hyperparameters and applying a known
optimization method, such as SGD, at each grid point, we generate a collection of candidate weights,
one of which attains a small optimality gap. We then introduce a model selection method that,
given this collection of candidates, selects a candidate paired with a clipping parameter such that the
selected pair achieves a loss close to the minimum loss among all candidates.

4.1. The prior work that we leverage

Our model selection algorithm uses the model selection framework proposed by Lawrence et al.
(2025). Their algorithm takes as input a reference model x0, a list of candidate models x1, . . . , xK ,
and corresponding confidence interval widths τ1, . . . , τK . A key condition is the requirement of
Lemma 1, which states that each τk bounds the deviation between the validation loss and the
population loss of xk, relative to the reference model x0. From the list of models x0, . . . , xK , their
algorithm selects one that balances a low validation loss with a low risk, where the latter is reflected
by a small τ . The selected model enjoys a strong guarantee on its performance relative to the other
candidates x0, . . . , xK ; this guarantee is stated explicitly in Lemma 1. Consequently, obtaining
confidence widths τ1, . . . , τK that are both valid and sufficiently small is crucial for the effectiveness
of the reliable model selection method of Lawrence et al. (2025). For completeness, we present their
reliable model selection method in Appendix A as Algorithm 3.
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Lemma 1 (Lemma 1 of Lawrence et al. (2025)) Let δ̂ ∈ (0, 1). Let K be the number of models,
and N be the validation sample set size. Let τ1, . . . , τK be non-negative scalars such that with
probability 1− δ̂ for all k ∈ [K] we have

∣∣∣F (xk)− F (x0)− 1
N

∑N
i=1(f(xk; si)− f(x0; si))

∣∣∣ ≤ τk,

and let τ0 = 0. Then, with probability 1 − δ̂, F (xreliable) ≤ mink∈[K]∪{0}[F (xk) + 2τk], where
xreliable is the result of Algorithm 3.

4.2. Our model selection algorithm

We present a model selection method Algorithm 1, and show in Proposition 3 and corollaries in
Section 4.5 that combining a grid search with our algorithm yields a result that, with high probability,
has a near-optimal suboptimality.

The purpose of Algorithm 1 is to select a weight x paired with a clipping parameter c such that
the loss Fc(x) is small relative to the losses of all candidate weights. The algorithm receives a set of
weight candidates {xg}g∈G , possibly generated using some optimization method, such as grid search
over SGD step sizes. For each candidate xg, it considers a set of clipping parameters Cg, where Cg is
defined as the n largest elements of the set {∥m(xg; si)−m(x0; si)∥β}Ni=1. For each pair of weight
and clipping parameter, the algorithm computes a confidence interval width τ . Finally, Algorithm 1
applies Algorithm 3 to select the pair (x, c) that minimizes the validation loss augmented by the risk
term τ . The resulting weight and clipping parameter are guaranteed to achieve a loss close to that of
the best candidate weight.

The key ingredient of the algorithm is the introduction of clipping at the model output at inference-
time. This clipping enables the use of Algorithm 3 to choose a weight and clipping parameter with
sufficiently small suboptimality. In contrast, attempting to achieve the same suboptimality by using
grid search alone, without clipping the model output, is doomed to fail, as it contradicts Carmon and
Hinder (2024, Theorem 3).

Introducing clipping at the model output allows us to characterize a confidence interval width τ .
For each pair (x, c), we compute the empirical mean of the difference between the clipped loss at (x, c)
and the loss at the initial weight x0, and denote it by u(x, c) := 1

N

∑N
j=1(fc(x; sj)− f(x0; sj)). Sim-

ilarly, we compute the empirical variance v(x, c) := 1
N−1

∑N
j=1((fc(x; sj)− f(x0; sj))− u(x, c))

2.

To account for the union bound over candidate pairs, we define a(x, c) := |G| log22
(

2c
ℓ∥x−x0∥α

)
if

x ̸= x0, and a(x, c) := |G| for x = x0. Finally, the confidence interval width is defined as

τ(x, c) :=

√
2v(x, c) · ln(16a(x, c)/δ)

N
+ c

14 ln(16a(x, c)/δ)

3(N − 1)
. (3)

To ensure that the set Cg contains a sufficiently small clipping parameter–specifically, one

no larger than binary-ceil
(√

N
ln(4/δ)L⋆∥xg − x0∥α; ℓ∥xg − x0∥α

)
, while keeping Cg small, we set

n = ⌈4 ln(4/δ)⌉.
Algorithm 1 invokes Algorithm 3. Therefore, we apply Lemma 1 to guarantee that the result of

Algorithm 1 achieves the desired small loss. To this end, we first show in the lemma below that the
requirement of Lemma 1 is satisfied. We present the proof of this lemma in Section F.3.

Lemma 2 LetN ≥ 2 be the number of validation samples. For some n ∈ N, let {(xgi , ci)}i∈[n] be a
set of candidate pairs such that, for all i ∈ [n] we have xgi ∈ {xg}g∈G and ci ∈

{
2kℓ∥xgi − x0∥α | k ∈ N

}
.
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Algorithm 1: Model selection with model output clipping
Input: Initialization x0, candidates {xg}g∈G , number of validation set samples N ≥ 2, samples

s1, . . . , sN
iid∼ P , a lower bound ℓ on the Lipschitz constant, and a confidence level δ.

1 Set n = ⌈4 ln(4/δ)⌉.
2 for g ∈ G do
3 Let Cg be the n largest elements in

{binary-ceil(∥m(xg; si)−m(x0; si)∥β; ℓ∥xg − x0∥α)}Ni=1.
4 for cg,i ∈ Cg do
5 Define the clipped model: mcg,i(xg; s) := Clip{u:∥u−m(x0;s)∥β≤cg,i}(m(xg; s)).

6 Set τg,i = τ(xg, cg,i), where τ(·, ·) is as defined in Equation (3).
7 end
8 end
9 Run Algorithm 3 with sample set of {si}i∈[N ], with the initial weight of x0 as the reference

model, {(xg, cg,i)}(g,i)∈G×[n] as the additional candidates, and {τg,i}(g,i)∈G×[n] as the
confidence intervals.

10 return the resulting x, c of the model selection algorithm.

For each i ∈ [n], define τi := τ(xgi , ci). The requirement of Lemma 1 holds for δ̂ = δ/2, i.e., with

probability 1− δ̂ for all i ∈ [n] we have
∣∣∣Fci(xgi)− F (x0)− 1

N

∑N
j=1(fci(xgi ; sj)− f(x0; sj))

∣∣∣ ≤
τi.

We now state a high-probability guarantee on the loss of the output of Algorithm 1. In Section 4.5,
we combine this guarantee with the guarantee for clipped SGD to derive a near-optimal optimality
gap.

Proposition 3 Let δ ∈ (0, 1), and let the number of validation samples be N ≥ 4 ln(4/δ). Let the
candidates {xg}g∈G be independent of the validation samples {si}i∈[N ]. Let m ∈ I∞,∥·∥α,β

SM-Lip and

h ∈ I1,∥·∥β∗Lip . If x, c are the output of Algorithm 1, then with probability at least 1− δ we have

Fc(x) ≤ min
g∈G∪{0}

[
F (xg) +O

(
L⋆∥xg − x0∥α

√
ln+(ã/δ) ln+(ã)

N

)]
,

where ã = |G| ln+
(√

N · L⋆/ℓ
)

.

4.3. Warm-up: the Lipschitz case

The proof of the following proposition is simpler than the proof of Proposition 3, and can be seen as
a warm-up for the latter. Before proving Proposition 3, we first consider the simpler setting in which
the model m is Lipschitz, i.e., m ∈ I∞,∥·∥α,β

Lip .

Proposition 4 Let δ ∈ (0, 1), and let the number of samples be N ≥ 2. Let the candidates {xg}g∈G
be independent of the validation samples {si}i∈[N ]. Let m ∈ I∞,∥·∥α,β

Lip and h ∈ I1,∥·∥β∗Lip . If x, c are
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the result of Algorithm 1, where we use n = 1, then with probability at least 1− δ we have

Fc(x) ≤ min
g∈G∪{0}

[
F (xg) +O

(
L⋆∥xg − x0∥α

√
ln+(ã/δ)

N

)]
,

where ã = |G| ln+
(
L⋆/ℓ

)
.

Proof For all g ∈ G, let cg,0 := binary-ceil(L⋆∥xg − x0∥α; ℓ∥xg − x0∥α). This value is an inter-
mediate quantity through which we relate Fcg,0(·) to F (·) without affecting the algorithm. In this
proof, we consider an augmented candidate set {(xg, cg,i)}(g,i)∈G×([n]∪{0}) as the set of candidates
passed to Algorithm 3. For candidate (xg, cg,0), τg,0 is calculated in the same way as for the other
candidates, i.e., τg,0 = τ(xg, cg,0). We define c0,0 := 0 and τ0,0 := 0 for convenience, noting that
mc(x0; s) = m(x0; s) and fc(x0; s) = f(x0; s) for every c ≥ 0 and s ∈ S. We first show that
Algorithm 3 returns the same output for both the original set of candidates and the modified set of
candidates. Because m(·, s) is L⋆-Lipschitz, Lemma 19 states that for any g ∈ G and sample s ∈ S
we have that

∥m(xg; s)−m(x0; s)∥β ≤ L⋆∥xg − x0∥α ≤ cg,0. (4)

Thus, for any g ∈ G we have cg,0 ≥ cg,1, and consequently τg,0 ≥ τg,1. Moreover, the validation
losses under the clipping values cg,0 and cg,1 coincide: 1

N

∑N
j=1 fcg,0(xg; sj) =

1
N

∑N
j=1 fcg,1(xg; sj).

Algorithm 3 first constructs a reliable set F of candidates that minimize the sum of validation loss and
the risk term τ , and then selects from F the candidate with minimal validation loss. Therefore, for
every g ∈ G, the candidate (xg, cg,1) dominates (xg, cg,0) in the sense that it has no larger validation
loss and a smaller (or equal) risk term. It follows that the candidates {(xg, cg,0)}g∈G do not affect
Algorithm 3. Hence, the algorithm returns the same output for the original and the modified candidate
sets.

We now bound Fcg,0(xg) + τg,0 for any g ∈ G. As a direct result of Equation (4), we
have Fcg,0(xg) = F (xg). In addition, because h(·; s) is 1-Lipschitz, v(xg, cg,0) ≤ O

(
c2g,0
)
=

O
((
L⋆∥xg − x0∥α

)2). Therefore, τg,0 ≤ O
(
L⋆∥xg − x0∥α

√
ln+(ã/δ)

N

)
. Thus, by combining the

previous equation with the fact that Fcg,0(xg) = F (xg), we obtain

Fcg,0(xg) + 2τg,0 ≤ F (xg) +O

(
L⋆∥xg − x0∥α

√
ln+(ã/δ)

N

)
. (5)

Finally, as Lemma 2 shows that the requirements of Lemma 1 hold for δ/2, Lemma 1 guarantees
that if x, c is the result of Algorithm 1, then with probability at least 1− δ/2,

Fc(x) ≤ min
i∈[n]∪{0}
g∈G∪{0}

[
Fcg,i(xg) + 2τg,i

]
.

Hence, as the additional candidates {(xg, cg,0)}g∈G∪{0} do not affect the algorithm, Equation (5)
implies Proposition 4.
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4.4. Proof outline for Proposition 3

The proof for the case m ∈ I∞,∥·∥α,β
SM-Lip follows steps similar to the proof for the case m ∈ I∞,∥·∥α,β

Lip .

However, some changes are needed to adapt the proof to the case m ∈ I∞,∥·∥α,β
SM-Lip . We now present an

outline of the proof.
Unlike the Lipschitz case, in the second-moment-Lipschitz case the quantity ∥mci(xgi ; s) −

m(x0; s)∥β may be unbounded with non-negligible probability. Thus, for any choice of cg,0 we
cannot guarantee that cg,0 bounds ∥mci(xgi ; s) −m(x0; s)∥β . Therefore, unlike what we showed
for the Lipschitz case, we cannot conclude that Fcg,0(xg) = F (xg) in the second-moment-Lipschitz
case. Instead, to balance the trade-off between a small value of

∣∣Fcg,0(xg)− F (xg)∣∣ and a small

risk term τg,0, we choose cg,0 := binary-ceil
(√

N
ln(4/δ)L⋆∥xg − x0∥α; ℓ∥xg − x0∥α

)
. Leveraging

the facts that h(·; s) is 1-Lipschitz, that m is L⋆-second-moment-Lipschitz, and our choice of cg,0,

we obtain that |Fcg,0(xg)− F (xg)| ≤ L⋆∥xg − x0∥α
√

ln(4/δ)
N , which is sufficiently small.

By using Theorem 10 of Maurer and Pontil (2009) (see Theorem 15), with high probability we
bound the empirical variance

√
v(xg, cg,0) using the true variance and the clipping parameter. Thus,

our choice of cg,0 results in a sufficiently small risk term: τg,0 ≤ O
(
L⋆∥xg − x0∥α

√
ln(16ã/δ)

N

√
ln(16ã/δ)
ln(4/δ)

)
.

The above suffices to prove that Algorithm 3 selects a good candidate from {(xg, cg,i)}(g,i)∈G×([n]∪{0}),
similarly to how it was proven in the Lipschitz case. All that is left is to show that adding the candi-
date (xg, cg,0) does not affect Algorithm 3. We show that since n = ⌈4 ln(4/δ)⌉ is sufficiently large,
cg,0 ≥ cg,n. This results in the validation loss for both clipping parameters cg,0 and cg,n being very
close:∣∣∣∣∣ 1N

N∑
i=1

fcg,0(xg; si)−
1

N

N∑
i=1

fcg,n(xg; si)

∣∣∣∣∣ ≤ 2cg,0
n− 1

N
≤ 16L⋆∥xg − x0∥α

√
ln(4/δ)

N
.

As a consequence, we artificially increase the value of τg,0 by 16L⋆∥xg − x0∥α
√

ln(4/δ)
N , main-

taining a small enough risk term τg,0. Thus, we obtain that 1
N

∑N
i=1 fcg,n(xg; si) + τg,cg,n ≤

1
N

∑N
i=1 fcg,0(xg; si) + τg,cg,0 . This means two things: (i) The safe set F calculated in Algorithm 3

remains unchanged, except that (xg, cg,0) may also be included in F , even though we added (xg, cg,0)
as a candidate. (ii) If the candidate (xg, cg,0) is in F , then (xg, cg,n) is also in F . Now, as we can
generalize Lemma 1 to hold for any candidate in F and not only to the result of Algorithm 3 (see
Lemma 9), we can assume that the additional candidate (xg, cg,0) does not affect Algorithm 3.

Finally, by combining all the above results as in the Lipschitz case, we conclude Proposition 3.
We present the full proof in Appendix H.

4.5. A parameter-free guarantee for our model selection method

To obtain a final optimality gap, we combine Algorithm 1 together with grid search and a base
optimization algorithm. Let G be the set of hyperparameters over which we perform grid search, and
{xg}g∈G be the solutions obtained by optimizing the objective for each g ∈ G. We reuse the same N
samples across all |G| runs of the optimization algorithm, yielding a total optimization complexity of
Topt = Θ (|G|N).

9
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Algorithm 1 uses additional N validation samples. However, Algorithm 1 does not calculate
gradients, and thus we must quantify the evaluation complexity of Algorithm 1. For Algorithm 1, we
consider all operations aside from the model evaluation as negligible. We thus take Tselect = Θ (|G|N)
as the evaluation complexity of Algorithm 1; we further justify taking Tselect = Θ (|G|N) in
Appendix B. Finally, we take T = Topt + Tselect = Θ (|G|N) as the total evaluation complexity of
the combined procedure.

We note that Algorithm 1 requires a sample size N ≥ 4 ln(4/δ) to satisfy the requirements of
Proposition 3. If N is below this threshold, we default to outputting the initial weight x0. This is
justified when N ≤ α (for some α > 0), since:

F (x0)− F (x⋆) = Es∼P [f(x0; s)− f(x⋆; s)] ≤ L⋆∥x0 − x⋆∥α ≤ L⋆∥x0 − x⋆∥α
√
α/N. (6)

We now informally state the optimality gap obtained by combining Algorithm 1 together with
clipped SGD.

Corollary 5 Let ∥·∥α = ∥·∥2 be the Euclidean norm. Let δ ∈ (0, 1/2), m ∈ Iℓ,∥·∥2,βSM-Lip , h ∈ I1,∥·∥β∗Lip ,

and f ∈ Iρ,∥·∥2Dist . By grid searching over Grid2
(
ℓ, ℓ
)
× Grid2

(
ρ, ρ
)
, running clipped SGD (see

Carmon and Hinder (2024)) with suitable parameters for each grid point, using the same N samples
in each run, and then applying Algorithm 1, we obtain x, c such that, with probability at least 1− 2δ,

Fc(x)− F (x⋆) ≤ O

(
L⋆D⋆

√
ln+(ã/δ) ln+(ã)

N

)
= O

L⋆D⋆

√
ln+(ã/δ) ln+(ã) ln+

(
ℓ/ℓ
)
ln+
(
ρ/ρ
)

T

 ,

where ã = ln+
(
ℓ/ℓ
)
ln+
(
ρ/ρ
)
ln+

(√
N · L⋆/ℓ

)
.

Corollary 5 follows almost immediately from Proposition 3 and the guarantee for clipped SGD
(Carmon and Hinder, 2024, Proposition 1a). We prove Corollary 5 in Appendix C. Additionally, in
Appendix C, we derive slightly better optimality gaps for the Lipschitz setting.

5. A parameter-free method with the best possible sample complexity

This section focuses on producing a parameter-free method that matches the sample complexity of
optimization with known parameters. Sample complexity refers to the number of function samples
that the algorithm uses, and can be contrasted with stochastic gradient evaluation complexity (the
subject of the previous section), which focuses on the number of stochastic gradient evaluations. The
sample complexity perspective allows algorithms to perform operations that may be computationally
infeasible in practice, such as computing an exact minimizer of the empirical objective over the N
samples. In other words, sample-efficient algorithms make more efficient use of small quantities of
data, whereas computationally efficient algorithms make more efficient use of compute.

We introduce Algorithm 2 and analyze its optimality gap in Theorem 8 under the sample
complexity setting. Our algorithm achieves the best possible optimality gap without requiring any
prior knowledge of either the Lipschitz constant L⋆ or the initial distance to the optimum D⋆.

Algorithm 2 first usesN samples fromP to estimate a lower bound L̂ on the Lipschitz constantL⋆.
It then draws 2N additional samples from P , conditioned on m(·; s) being L̂-Lipschitz. Following
Lawrence et al. (2025), the algorithm finds a weight with a small optimality gap under this conditioned

10
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Algorithm 2: Optimization with model output clipping
Input: Initialization x0, number of samples N , constants δ, ϕ, ψα, and optimization algorithm

A mapping a ball radius and N samples to an approximate minimizer of F in the ball.
1 if N ≤ 7 or ln(1/δ) > N

2e then Output: x0, 0.
2 Compute the maximum Lipschitz constant L̂ of {m(·; si)}Ni=1.

3 Compute λ = 9 · 66ϕ
L̂
√

ln ψα
δ√

N
.

4 k ← 0.
5 for j = 1, . . . , 5N do
6 Draw s ∼ P , if m(·; s) is L̂-Lipschitz then k ← k + 1, sN+k ← s.
7 end
8 if k < 2N then Output: FAILURE.
9 Choose x̂λ ∈ argminx∈X

1
N

∑2N
i=N+1 f(x; si) + λ∥x− x0∥α.

10 Set xperfect ← A
(
L̂, 3∥x̂λ − x0∥α; s2N+1, . . . , s3N

)
.

Output: xperfect, L̂∥xperfect − x0∥α.

distribution. Finally, it outputs this weight together with a clipping parameter to guarantee a small
optimality gap under the original distribution P .

For the algorithm to work properly, we make two assumptions. First, given a radius R̂ and the
Lipschitz constant L̂, the optimization algorithm A must be able to achieve a small optimality gap.

Assumption 6 There exist constants ϕ ≥ 1 and ψα ≥ 1 such that for all L̂ > 0, f ∈ I∞,∥·∥α
Dist ,

R̂ ≥ 0, δ ∈
(
0, 15
)
, and any distribution P̃ over S such that f(·; s) is L̂-Lipschitz a.s., A satisfies

P
s1,...,sN

iid∼P̃

F̂(A
(
L̂, R̂; s1, . . . , sN

))
− min
x∈X :∥x−x0∥α≤R̂

F̂ (x) ≤ ϕ
L̂R̂
√
ln ψα

δ√
N

 ≥ 1− δ, and

P
s1,...,sN

iid∼P̃

[
A
(
L̂, R̂; s1, . . . , sN

)
∈
{
x ∈ X | ∥x− x0∥α ≤ R̂

}]
= 1,

where F̂ (x) :=
∫
s∼P̃ f(x; s).

Second, similarly to Lawrence et al. (2025), we assume that the empirical mean of the stochastic
gradients ∇f(x; s) is a good approximation to the true gradient ∇F (x).

Assumption 7 There exist ϕ ≥ 1 and ψα ≥ 1 such that for any f ∈ Idiff, any δ ∈
(
0, 15
)
, any

x ∈ X , any L̂ ≥ 0, and any distribution P̃ over S such that f(·; s) is L̂-Lipschitz a.s., we have

P
s1,...,sN

iid∼P̃

∥∥∥∥∥∇Es∼P̃f(x; s)−
1

N

N∑
i=1

∇f(x; si)

∥∥∥∥∥
α∗

> 594 · ϕ
2
·
L̂
√

ln ψα
δ√

N

 ≤ δ.
Assumption 6 is known to hold for many optimization algorithms with ϕ = O (1). Specifically, if

∥·∥α = ∥·∥1, then Assumption 6 holds for ψα = d with entropic mirror descent (i.e., mirror descent

11
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with KL divergence) (Beck and Teboulle, 2003; Nemirovski and Yudin, 1983) with adaptive step
sizes (Orabona, 2021). Additionally, for the Euclidean norm ∥·∥α = ∥·∥2, the assumption holds
ψα = 1 with ADAPTIVE SGD (e.g., Gupta et al., 2017).

Similarly, Assumption 7 holds with ϕ = O (1) for ∥·∥α = ∥·∥1 and ∥·∥α = ∥·∥2, with ψα = d,
and ψα = 1, respectively. We provide the proof that Assumption 7 holds in these cases in Appendix G.

When both assumptions hold, we get the following optimality gap guarantee. For the Euclidean
norm ∥·∥α = ∥·∥2, and when the optimization algorithm A is ADAPTIVE SGD, this matches the best
possible sample complexity guarantee (Carmon and Hinder, 2024, Proposition 1b).

Theorem 8 Let δ ∈
(
0, 15
)
, m ∈ I∞,∥·∥α,β

Lip , h ∈ I1,∥·∥β∗Lip and f ∈ Î∞,∥·∥α
Dist . If Assumptions 6

and 7 hold with ϕ and ψα, and xperfect, L̂∥xperfect − x0∥α are the outputs of Algorithm 2, then with
probability at least 1− 5δ we have

FL̂∥xperfect−x0∥α(xperfect) ≤ F (x⋆) +O

ϕL⋆∥x⋆ − x0∥α
√

ln ψα
δ√

N

 .

Proof outline for Theorem 8 (full proof in Appendix I). We define L(s) as the Lipschitz
constant of m(·; s), and L(P) as the distribution over the Lipschitz constants resulting from the
distribution P . We prove that with high probability L̂ = maxi∈[N ] L(si) is greater than the quantile
Q1−ln(1/δ)/N (L(P)). This means that for most samples s ∼ P , m(·; s) is L̂-Lipschitz. As a
consequence, due to the model clipping, the samples s ∈ S for which m(·; s) is not L̂-Lipschitz
increase the optimality gap by at most

(
L̂∥xperfect − x0∥α + L⋆∥x⋆ − x0∥α

)
ln(1/δ)
N .

We further show that among 5N samples drawn from P , at least 2N have Lipschitz constant
below Q1−ln(1/δ)/N (L(P)) with high probability, implying that Algorithm 2 does not output failure.

Define F̂ (x) := Es∼P

[
f(x; s) | L(s) ≤ L̂

]
. We denote R̂ := 3∥x̂λ − x0∥α. Additionally, for

any θ ≥ 0, we define x̂⋆θ ∈ argminx∈X

{
F̂ (x) + θ∥x− x0∥α

}
. Using Lemma 2 of Lawrence et al.

(2025), we show that there exists λR̂ ∈ [λ/3, 3λ] such that ∥x̂⋆λR̂ − x0∥α ∈
[
R̂
33 , R̂

]
. Now, similarly

to Lawrence et al. (2025), we obtain

min
x∈X :∥x−x0∥α≤R̂

F̂ (x) ≤ F̂
(
x̂⋆λR̂

)
≤ F̂ (x⋆) + λR̂

(
∥x⋆ − x0∥α − ∥x̂⋆λR̂ − x0∥α

)
. (7)

In the case that L̂R̂ ≤ O (L⋆∥x⋆ − x0∥α), i.e. L̂R̂ is small enough relative toO (L⋆∥x⋆ − x0∥α),
we continue in a similar manner to Lawrence et al. (2025) and use Assumption 6 to prove the final
optimality gap. However, L̂R̂ can be significantly larger than O (L⋆∥x⋆ − x0∥α). In this case, we
exploit the negative term −λR̂∥x̂

⋆
λR̂
− x0∥α on the right-hand side of Equation (7) to cancel the

positive terms in the bound, and thus, with high probability FL̂∥xperfect−x0∥α

(
xperfect

)
≤ F (x⋆). As a

result, we obtain the required optimality gap for all cases.

6. Lower bounds for the model–loss setup

Our algorithms succeed in achieving a near-optimal optimality gap of Õ
(
L⋆D⋆

√
ln(1/δ)/

√
N
)

,
surpassing the lower bounds in the case of uncertainty in both the Lipschitz constant and the distance

12
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from the initial point to the optimum. We achieve this because we assume that the optimized function
can be decomposed into a model and a loss, and introduce a method to clip the model output.
Therefore, at first glance, it is not clear that any of the known lower bounds apply.

However, in some cases, we can decompose a function f into a model m and a loss function h
such that all the complexity of f is inherited by h. In particular, consider lower-bound constructions
in which each function fi is L⋆-Lipschitz for a known constant L⋆. For each such fi, we decompose
fi into mi(x; s) := xL⋆ and hi(x; s) := fi(x/L⋆; s). Under this decomposition, each mi is L⋆-
Lipschitz, and each hi is 1-Lipschitz. Moreover, having the ability to modify the output of mi(x; s)
is equivalent to modifying the input x. Consequently, any lower-bound argument that applies to
the original functions fi continues to apply in the model–loss setting. Therefore, the lower bound
Ω
(
L⋆D⋆

√
ln(1/δ)/

√
N
)

established in Carmon and Hinder (2024, Proposition 1b) for the case
where L⋆ and D⋆ are known also holds in our setting. Hence, the optimality gaps established in this
work are still near-optimal even in the model–loss setting.

In contrast, not all lower bounds carry over to the model–loss setting. For instance, the lower
bounds established in Carmon and Hinder (2024, Theorem 3) no longer apply, as we obtain strictly
better optimality gaps in this work. In Carmon and Hinder (2024, Theorem 3), the Lipschitz constant
L⋆ is unknown, and only coarse lower and upper bounds on L⋆ are assumed. Their construction
involves two types of functions: one with a uniformly small Lipschitz constant, and another that has
a small Lipschitz constant for most samples but a large Lipschitz constant on a rare subset of samples.
Consequently, the reduction argument from the previous paragraph does not apply to this setting.
In our framework, however, the ability to clip the model output limits the loss contribution of rare
high-Lipschitz samples. This mechanism prevents the adversarial behavior exploited in Carmon and
Hinder (2024, Theorem 3), enabling us to achieve near-optimal optimality gaps despite the unknown
Lipschitz constant.

In Appendix D, we formally state the lower bound Ω
(
L⋆D⋆

√
ln(1/δ)/

√
N
)

that carries over
to the model–loss setting.
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Appendix A. Reliable model selection method

Algorithm 3: Reliable model selection method
Input: A function f , a scalar γ ∈ [1,∞), candidate solutions x0, x1, . . . , xK , samples

s1, s2, . . . , sN , and scalars τ1, . . . , τK .
1 τ0 := 0

2 θ = mink∈[K]∪{0}

(
γτk +

1
N

∑N
i=1 f(xk; si)

)
.

3 F =
{
k ∈ [K] ∪ {0} | τk + 1

N

∑N
i=1 f(xk; si) ≤ θ

}
.

4 kreliable = argmink∈F
1
N

∑N
i=1 f(xk; si).

5 return xkreliable .

Throughout this paper, for simplicity, we use γ = 1. However, the result can easily be expanded
to any fixed γ ∈ [1,∞).

A.1. Generalization of Lemma 1

Lemma 1 provides a high-probability guarantee on how much worse the result of Algorithm 3 can be
relative to the other candidates. We generalize the guarantee to all candidates in F .

Lemma 9 Let δ̂ ∈ (0, 1). Let K be the number of models, and N be the validation sample set size.
Let τ1, . . . , τK be non-negative scalars such that with probability 1 − δ̂ for all k ∈ [K] we have∣∣∣F (xk)− F (x0)− 1

N

∑N
i=1(f(xk; si)− f(x0; si))

∣∣∣ ≤ τk. Let γ ∈ [1,∞), and let F be the set F
calculated by Algorithm 3 with γ. Then, with probability 1− δ̂, for any kF ∈ F we have

F (xkF ) ≤ min
k∈[K]∪{0}

(F (xk) + (1 + γ)τk).

The proof of Lemma 9 is the same as the proof of Lemma 1 presented in Lawrence et al. (2025).
For completeness, we reproduce that proof here.
Proof Let kF be any element of F . Define

F̄ (xk) =
1

N

N∑
i=1

f(xk; si).

For all k ∈ [K] we have

0
(i)

≤ θ − F̄ (xkF )− τkF
(ii)

≤ F̄ (xk) + γτk − F̄ (xkF )− τkF

= γτk + F̄ (xk)− F̄ (x0) + F̄ (x0)− F̄ (xkF )− τkF
(iii)

≤ (1 + γ)τk + F (xk)− F (xkF ),

where (i) follows from kF ∈ F , (ii) follows from the definition of θ, and (iii) follows from the fact
that

∣∣F (xj)− F (x0)− (F̄ (xj)− F̄ (x0))∣∣ ≤ τj for all j ∈ [K].
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Appendix B. Discussion about the evaluation complexity

Below, we quantify the evaluation complexity of Algorithm 1.

• In the case that m ∈ I∞,∥·∥α,β
Lip we only need to include a single value in Cg. In this case, the

total evaluation complexity in Algorithm 1 is Tselect = Θ (|G|N).

• If the grid search is also done on the Lipschitz constant, and one of the generated xg is associ-
ated with Lg that exceeds L⋆ by at most a constant factor, then we can modify Cg to contain
only a single clipping parameter without changing the proof of Proposition 3. We can set Cg =
{Lg∥xg − x0∥α} in the context that m ∈ I∞,∥·∥α,β

Lip , and Cg =
{√

N
ln(4/δ)Lg∥xg − x0∥α

}
in the context that m ∈ I∞,∥·∥α,β

SM-Lip . With this modification, the evaluation complexity of
Algorithm 1 is Tselect = Θ (|G|N).

• Lastly, not all operations take the same time. Computing gradients and evaluating the out-
put of the model m are considered time-consuming operations. In contrast, obtaining the
|Cg| values needed to form Cg and evaluating the loss function h take relatively insignif-
icant time. Therefore, if we consider only the operations of evaluating the output of the
model m, the total evaluation complexity in Algorithm 1 is Tselect = Θ (|G|N). If we do
not ignore the remaining operations, then obtaining the values for Cg takes Θ (|G|N log|Cg|).
Similarly, evaluating all τg,i takes Θ

(
|G|
(
N + |Cg|2

))
since we do not need to recompute

everything from scratch for each clipping parameter in Cg. Moreover, Proposition 3 contin-
ues to hold even if, for each g ∈ G, Cg contains only the n-th largest value of the multiset
{binary-ceil(∥m(xg; si)−m(x0; si)∥β; ℓ∥xg − x0∥α)}Ni=1; in this case, there is only one con-
fidence interval τg per grid point, reducing the total time required to compute the confidence
intervals to Θ (|G|N).

For the reasons above, we take Tselect = Θ (|G|N) as the evaluation complexity of Algorithm 1.

Appendix C. Additional upper bounds

Corollary 5 Let ∥·∥α = ∥·∥2 be the Euclidean norm. Let δ ∈ (0, 1/2), m ∈ Iℓ,∥·∥2,βSM-Lip , h ∈ I1,∥·∥β∗Lip ,

and f ∈ Iρ,∥·∥2Dist . By grid searching over Grid2
(
ℓ, ℓ
)
× Grid2

(
ρ, ρ
)
, running clipped SGD (see

Carmon and Hinder (2024)) with suitable parameters for each grid point, using the same N samples
in each run, and then applying Algorithm 1, we obtain x, c such that, with probability at least 1− 2δ,

Fc(x)− F (x⋆) ≤ O

(
L⋆D⋆

√
ln+(ã/δ) ln+(ã)

N

)
= O

L⋆D⋆

√
ln+(ã/δ) ln+(ã) ln+

(
ℓ/ℓ
)
ln+
(
ρ/ρ
)

T

 ,

where ã = ln+
(
ℓ/ℓ
)
ln+
(
ρ/ρ
)
ln+

(√
N · L⋆/ℓ

)
.

Proof If N < 4 ln(4/δ), we return x0, 0 instead of performing a grid search. In this case, applying
Equation (6) gives

F0(x0)− F (x⋆) = F (x0)− F (x⋆) ≤ O

(
L⋆D⋆

√
ln+(1/δ)

N

)
,
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which is the desired guarantee.
Now suppose that N ≥ 4 ln(4/δ). Let the grid be G = Grid2

(
ℓ, ℓ
)
× Grid2

(
ρ, ρ
)
. For every

(L,D) ∈ G, let xL,D be the weight obtained by running clipped SGD for N steps with step size

η =
D

L
√
N
,

gradient clipping threshold

Gclip =
L
√
N√

log(1/δ)
,

Euclidean projection onto

X ∩ {x | ∥x− x0∥2 ≤ D},

and the same N samples across all grid points.
By the definition of G, there exists a grid point (L,D) ∈ G such that

L⋆ ≤ L ≤ 2L⋆ and D⋆ ≤ D ≤ 2D⋆.

For this grid point, Carmon and Hinder (2024, Proposition 1a) implies1 that, with probability at least
1− δ,

F (xL,D)− F (x⋆) ≤ O

(
L⋆D⋆

√
ln+(1/δ)

N

)
.

Let x, c be the result obtained by applying Algorithm 1 to the candidates {xL,D}(L,D)∈G using
N fresh validation samples. Applying Proposition 3 and taking a union bound over the clipped-SGD
guarantee and the validation guarantee yields the desired bound on Fc(x)− F (x⋆).

We can also use Algorithm 1 with Carmon and Hinder (2022) to obtain a slightly different
optimality gap in the Lipschitz case. Compared to the previous bound, this gap depends less on the
upper and lower bounds on the Lipschitz constant and distance to the optima ℓ, ℓ, ρ, ρ, but depends
more on δ.

Corollary 10 Let ∥·∥α = ∥·∥2 be the Euclidean norm. Let m ∈ Iℓ,∥·∥2,βLip , h ∈ I1,∥·∥β∗Lip and

f ∈ Iρ,∥·∥2Dist . Let δ ∈ (0, 1/2). Let the grid be G = Grid√N
(
ℓ, ℓ
)
. For every L ∈ G, let xL be the

resulting weight of running Carmon and Hinder (2022) with ηε = ρ/L, and the same N samples
across all runs. If N ≥ 2, let x, c be the result obtained by applying Algorithm 1, with n = 1 and
using additional N validation samples, on the candidates {xg}g∈G; otherwise, let x, c be x0, 0. With
probability at least 1− 2δ, we have

Fc(x)− F (x⋆) ≤ O

L⋆D⋆

ln+

(
b̃/δ
)√

ln+(ã/δ) + ln2+

(
b̃/δ
)

√
N


= O

L⋆D⋆

(
ln+

(
b̃/δ
)√

ln+(ã/δ) + ln2+

(
b̃/δ
))√

log√N
(
e+ ℓ/ℓ

)
√
T

 ,

1. While Carmon and Hinder (2024) assume throughout that f(·; s) is convex for all s ∈ S, the proof of Proposition 1a
only uses that F (·) is convex.
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where ã = log√N
(
e+ ℓ/ℓ

)
ln+
(
L⋆/ℓ

)
and b̃ = ln+

(
ND⋆/ρ

)
.

Proof If N < 2, then simply applying Equation (6) gives the desired guarantee

F0(x0)− F (x⋆) = F (x0)− F (x⋆) ≤ O

(
L⋆D⋆

√
ln+(1/δ)

N

)
.

From the definition of G, there exists a point in the grid L ∈ G such that L⋆ ≤ L ≤
√
NL⋆. For

this point, Carmon and Hinder (2024, Theorem 2) proved that, with probability at least 1− δ,

F (xL)− F (x⋆) ≤ O

L⋆D⋆

ln2+

(
b̃/δ
)

√
N

 .

It additionally proves that ∥xL − x0∥ ≤ O
(
D⋆ ln+

(
b̃/δ
))

. Now, by simply applying Proposition 3
and using the union bound, we obtain the desired guarantee on Fc(x)− F (x⋆).

Appendix D. Formally stated lower bound

Although our method clips the model output to achieve improved optimality gaps, we establish lower
bounds that apply more broadly to any method that modifies the model output. Specifically, we
consider algorithms that, instead of outputting a weight x ∈ X , output a function qm : S→ Y that
represents a generic modification to the model output. In the finite case, we restrict the function to
be of the form qm(s) := U(m(x1; s), . . . ,m(xk; s)) for some k ∈ N, where x1, . . . , xk ∈ X and
U : Yk → Y are output by the optimization algorithm. More generally, we only require that the
output function qm : S→ Y is in the set

Qm := {q ∈ S→ Y | ∀s1, s2 ∈ S : if ∀x ∈ X : m(x; s1) = m(x; s2) then q(s1) = q(s2)}. (8)

D.1. Formal setup

We now formally define the basic building blocks of this section: stochastic optimization problems,
algorithms, error metrics, and minimax rates. We define them similarly to Carmon and Hinder
(2024).

Stochastic optimization under model–loss decomposition (SOML) problems. A SOML problem
instance is a tuple (m,h, f,P) containing a distribution P over S, a sample objective f : X ×S→ R,
and functions m : X × S→ Y and h : Y × S→ R such that f(x; s) := h(m(x; s); s). Let ISOML
denote the class of all SOML problem instances. We consider two fundamental classes of convex
functions with a minimizer at most D away from the initial weight x0. The first class contains
problems for which m is L-Lipschitz and h is 1-Lipschitz.

IL,DSOML-Lip :=
{
(m,h, f,P) ∈ ISOML |m ∈ I

L,∥·∥α,β
Lip and h ∈ I1,∥·∥β∗Lip , and f ∈ ÎD,∥·∥αDist

}
.

The second class contains problems for which m is L-second-moment-Lipschitz and h is 1-Lipschitz,

IL,DSOML-sm-Lip :=
{
(m,h, f,P) ∈ ISOML |m ∈ I

L,∥·∥α,β
SM-Lip and h ∈ I1,∥·∥β∗Lip , and f ∈ ÎD,∥·∥αDist

}
.
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Optimization algorithms. We define a SOML algorithm as an algorithm that has unrestricted
access to the functions m,h and f , but observes P only through samples s1, · · · , sN

iid∼ P , and
outputs qmN : S→ Y such that qmN ∈ Qm. Such algorithms are allowed to perform computationally
infeasible operations, such as finding the Lipschitz constant of m(·, s) for some s ∈ S. Thus, the
unrestricted access to the functions m,h and f allows the algorithm to access the ith-order derivative
for any i. We write ASOML for the set of all SOML algorithms.

Error metrics. For an algorithm alg, SOML instance (m,h, f,P), and budgetN , we let qmN denote
the algorithm’s output given N samples. We define the high-probability error at confidence level δ as

ErrδN (alg, (m,h, f,P)) = Q1−δ(Es∼Ph(q
m
N (s); s))− inf

x⋆∈X
Es∼Pf(x⋆; s),

whereQp(Y ) := min{y : P[Y ≤ y] ≥ p} denotes the p-th quantile of the random variable Y , similar
to the definition of Qp(·) over distributions.

Minimax error. Given an instance class I and an algorithm alg, we overload the notation above to
denote worst-case error over the class,

ErrδN (alg, I) := sup
(m,h,f,P)∈I

ErrδN (alg, (m,h, f,P)).

Given an algorithm class A, we further overload our notation to express minimax optimal worst-case
error

ErrδN (A, I) := inf
alg∈A

ErrδN (alg, I) = inf
alg∈A

sup
(m,h,f,P)∈I

ErrδN (alg, (m,h, f,P)).

D.2. Lower bound statement

We now formally establish the lower bound. The proof of the bound is a reduction to the lower
bounds established in Carmon and Hinder (2024, Proposition 1b and Theorem 2).

Proposition 11 For any L,D > 0, δ ∈
(
0, 12
)
, and any number of samples N ≥ 1, we have:

ErrδN

(
ASOML, IL,DSOML-sm-Lip

)
≥ ErrδN

(
ASOML, IL,DSOML-Lip

)
≥ Ω

(
LDmin

{√
ln+(1/δ)/

√
N, 1

})
.

Proof The proof mostly follows from the proof of Carmon and Hinder (2024, Proposition 1b). In the
proof of Carmon and Hinder (2024, Proposition 1b), they let X = R, S = {0, 1} and the optimized
function f : X × S→ R be

f(x; s) =

{
L|x| s=0
L|x−D| s=1.

They consider the distributions Pv := Bernoulli
(
1+(2v−1)ε

2

)
for v ∈ {0, 1} and some ε ∈ [0, 12 ].

We set Y = R and decompose f into a model m and a loss function h as follows:

m(x; s) = Lx,
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and

h(x; s) =

{
|x| s=0
|x− LD| s=1.

For this decomposition it is easy to see that f(x; s) = h(m(x; s); s), that m is L-Lipschitz, h is
1-Lipschitz, and that f ∈ ÎD,|·|Dist .

Let qmN be the output of the optimization algorithm after interacting with m,h and f through N
samples. As m(x; s) depends only on x and does not depend on s, qmN (s) does not depend on s. As
such, we can choose xN = qmN (·)/L. Therefore, f(xN ; s) = h(qmN (s); s). Thus, from here we can
use the same proof as in the proof of Carmon and Hinder (2024, Proposition 1b). Equivalently, any
optimization algorithm used for optimizing the problems described here can be used to optimize the
problems described in the proof of Carmon and Hinder (2024, Proposition 1b), and vice versa.

We note that |·| is not differentiable at 0. Using a smoothing argument, the lower bound can also
be extended to the differentiable setting. For example, we can replace each occurrence of |·| in the
construction of h(·; ·) with

|y|γ :=

{
|y| if y ≥ γ or y ≤ −γ
y2

2γ + γ
2 if y ∈ [−γ, γ]

,

for some γ > 0. The modified function is differentiable and differs from the original function by at
most γ2 . By choosing γ much smaller than LD

2 min
{√

ln+(1/δ)/
√
N, 1

}
, we obtain that optimizing

the modified function is almost equivalent to optimizing the original function. Thus, the lower bound
also holds for differentiable functions.

Appendix E. Well-known results

This section collects several well-known probabilistic and optimization results used throughout the
paper.

E.1. Chebyshev’s inequalities

Theorem 12 (Chebyshev’s inequality) Let X be a random variable with finite variance σ2. For
any k > 0, we have

P[|X − E[X]| > kσ] ≤ 1

k2
.

Theorem 13 (Exponential Chebyshev’s inequality) LetX be a random variable. For any t, ε > 0
we have

P[X ≥ ε] ≤ e−tεE
[
etX
]
.
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E.2. Concentration bounds

Define the sample variance as

Vn(X) :=
1

2n(n− 1)

n∑
i=1

n∑
j=1

(Xi −Xj)
2 =

1

n− 1

n∑
i=1

Xi −
1

n

n∑
j=1

Xj

2

.

Theorem 14 (Theorem 4 of Maurer and Pontil (2009)) Let c > 0, n ≥ 2, and X,X1, . . . , Xn

be i.i.d. random variables with values in [−c, c]. Define X = (X1, . . . , Xn). Then, for any δ > 0,
with probability of at least 1− δ we have

E[X]− 1

n

n∑
i=1

Xi ≤
√

2Vn(X) ln(2/δ)

n
+ c

14 ln(2/δ)

3(n− 1)
.

Note that by a union bound theorem 14 immediately implies that for any δ > 0, with probability of
at least 1− δ we have∣∣∣∣∣E[X]− 1

n

n∑
i=1

Xi

∣∣∣∣∣ ≤
√

2Vn(X) ln(4/δ)

n
+ c

14 ln(4/δ)

3(n− 1)
.

Theorem 15 (Theorem 10 of Maurer and Pontil (2009)) Let c > 0, n ≥ 2, and X = (X1, . . . , Xn)
be a vector of independent random variables with values in [−c, c]. Then, for any δ > 0, we have

P

[√
EX [Vn(X)] >

√
Vn(X) + c

√
8 ln(1/δ)

n− 1

]
≤δ, and

P

[√
Vn(X) >

√
EX [Vn(X)] + c

√
8 ln(1/δ)

n− 1

]
≤δ.

Definition 16 (From Pinelis (1994)) A function Ψ : X 7→ R is called (2, D)-smooth for some
D > 0 if, for all x, v ∈ X , we have

Ψ(0) = 0,

|Ψ(x+ v)−Ψ(x)| ≤ ∥v∥, and

Ψ2(x+ v)− 2Ψ2(x) + Ψ2(x− v) ≤ 2D2∥v∥2.

In particular, for the Euclidean norm, the function Ψ(x) = ∥x∥2 is (2, 1)-smooth.

Theorem 17 (Corollary 10a of Howard et al. (2020)) Consider a martingale (Yt)t∈N taking val-
ues in a separable Banach space (X , ∥·∥). Let the function Ψ : X 7→ R be (2, D)-smooth, and
define D⋆ := 1 ∨D. Suppose ∥Yt − Yt−1∥ ≤ ct a.s. for all t ∈ N for some constants (ct)t∈N, and
let Vt :=

∑t
i=1 c

2
i . Then, for any x,m > 0, we have

P
[
∃t ∈ N : Ψ(Yt) ≥ x+

x

2m
· (Vt −m)

]
≤ 2 exp

(
− x2

2D2
⋆m

)
.
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E.3. Bounds on regularized solutions

Lemma 18 (Lemma 2 of Lawrence et al. (2025)) For any θ ≥ 0, define

x̂⋆θ ∈ argmin
x∈X

{
F̂ (x) + θ∥x− x0∥α

}
.

If Assumption 7 holds, then

P
(
∥x̂⋆3λ − x0∥α ≤ 3∥x̂λ − x0∥α ≤ 33∥x̂⋆λ/3 − x0∥α

)
≥ 1− 2δ,

where λ = 9 · 66ϕ
L̂
√

ln ψα
δ√

N
.

Appendix F. Proofs of lemmas

F.1. Bounding distances between outputs of a Lipschitz function

We now bound ∥m(x; s)−m(y; s)∥β under the assumption m ∈ IL⋆,∥·∥α,βLip .

Lemma 19 If m ∈ IL⋆,∥·∥α,βLip , then for all x, y ∈ X and s ∈ S we have

∥m(x; s)−m(y; s)∥β ≤ L⋆∥x− y∥α.

Proof For all x, y ∈ X define the line θx,y(a) := (1−a) ·y+a ·x. We conclude that for all x, y ∈ X
and s ∈ S we have

∥m(x; s)−m(y; s)∥β = ∥
∫ x

y
∇xm(x; s)dx∥β

= ∥
∫ 1

0
∇xm(θx,y(a); s)∇aθx,y(a)da∥β

(1)

≤
∫ 1

0
∥∇xm(θx,y(a); s)∇aθx,y(a)∥βda

≤
∫ 1

0
∥∇xm(θx,y(a); s)∥α,β∥∇aθx,y(a)∥αda

= ∥x− y∥α
∫ 1

0
∥∇xm(θx,y(a); s)∥α,βda,

where (1) follows from the triangle inequality for integrals. Therefore, since m ∈ IL⋆,∥·∥α,βLip , we
conclude that for all x, y ∈ X and s ∈ S we have

∥m(x; s)−m(y; s)∥β ≤ L⋆∥x− y∥α.
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F.2. Bounding distances between outputs of a second-moment-Lipschitz function

Analogously to Section F.1, we derive a similar result for the second-moment Lipschitz case.

Lemma 20 If m ∈ IL⋆,∥·∥α,βSM-Lip then for all x, y ∈ X we have

Es∼P
[
∥m(x; s)−m(y; s)∥2β

]
≤ L2

⋆∥x− y∥2α.

Proof For all x, y ∈ X define the line θx,y(a) := (1− a) · y + a · x. Thus, for all x, y ∈ X we have

Es∼P
[
∥m(x; s)−m(y; s)∥2β

]
= Es∼P

[
∥
∫ x

y
∇xm(x; s)dx∥2β

]
= Es∼P

[
∥
∫ 1

0
∇xm(θx,y(a); s)∇aθx,y(a)da∥2β

]
(1)

≤ Es∼P

[(∫ 1

0
∥∇xm(θx,y(a); s)∇aθx,y(a)∥βda

)2
]

≤ Es∼P

[(∫ 1

0
∥∇xm(θx,y(a); s)∥α,β∥∇aθx,y(a)∥αda

)2
]

(2)

≤ Es∼P

[∫ 1

0
∥∇aθx,y(a)∥2αda

∫ 1

0
∥∇xm(θx,y(a); s)∥2α,βda

]
= ∥x− y∥2α

∫ 1

0
Es∼P

[
∥∇xm(θx,y(a); s)∥2α,β

]
da,

where (1) follows from the triangle inequality for integrals, and (2) follows from the Cauchy–Schwarz
inequality. Therefore, because m ∈ IL⋆,∥·∥α,βSM-Lip , for all x, y ∈ X we have

Es∼P
[
∥m(x; s)−m(y; s)∥2β

]
≤ L2

⋆∥x− y∥2α.

F.3. The risk term τ fulfills the requirement of Lemma 1

Lemma 2 LetN ≥ 2 be the number of validation samples. For some n ∈ N, let {(xgi , ci)}i∈[n] be a
set of candidate pairs such that, for all i ∈ [n] we have xgi ∈ {xg}g∈G and ci ∈

{
2kℓ∥xgi − x0∥α | k ∈ N

}
.

For each i ∈ [n], define τi := τ(xgi , ci). The requirement of Lemma 1 holds for δ̂ = δ/2, i.e., with

probability 1− δ̂ for all i ∈ [n] we have
∣∣∣Fci(xgi)− F (x0)− 1

N

∑N
j=1(fci(xgi ; sj)− f(x0; sj))

∣∣∣ ≤
τi.
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Proof For any k ∈ N and g ∈ G, define

c̄g,k := 2kℓ∥xg − x0∥α,

ūg,k :=
1

N

N∑
j=1

(
fc̄g,k(xg; sj)− f(x0; sj)

)
,

v̄g,k :=
1

N − 1

N∑
j=1

((
fc̄g,k(xg; sj)− f(x0; sj)

)
− ūg,k

)2
,

ãk := (k + 1)2|G|, and

τ̄g,k :=

√
2v̄g,k ln(16ãk/δ)

N
+ c̄g,k

14 ln(16ãk/δ)

3(N − 1)
.

Note that for every g ∈ G such that xg ̸= x0,

ãk = |G| log22
(
2k+1ℓ∥xg − x0∥α
ℓ∥xg − x0∥α

)
.

Additionally, for every k ∈ N and g ∈ G such that xg = x0, we have τ̄g,k = 0.
For any g ∈ G, k ∈ N, and any sample s ∈ S,

|fc̄g,k(xg; s)− f(x0; s)| ≤ ∥mc̄g,k(xg; s)−m(x0; s)∥β ≤ c̄g,k,

where the first inequality is because the loss function is 1-Lipschitz, and the second inequality
follows from the definition of the clipped model. As a result, by applying Theorem 4 of Maurer and
Pontil (2009) (see Theorem 14), we obtain that for any g ∈ G and k ∈ N, with probability at least
1− δ/

(
4k2|G|

)
∣∣∣∣∣∣Fc̄g,k(xg)− F (x0)− 1

N

N∑
j=1

(
fc̄g,k(xg; sj)− f(x0; sj)

)∣∣∣∣∣∣
≤
√

2v̄g,k ln(16ãk/δ)

N
+ c̄g,k

14 ln(16ãk/δ)

3(N − 1)
= τ̄g,k.

Thus, by using the union bound and since
∑

k∈N 1/(k + 1)2 ≤ 2, with probability at least 1− δ/2,
for any g ∈ G and k ∈ N,∣∣∣∣∣∣Fc̄g,k(xg)− F (x0)− 1

N

N∑
j=1

(
fc̄g,k(xg; sj)− f(x0; sj)

)∣∣∣∣∣∣ ≤ τ̄g,k,
Finally, since for all i ∈ [n] we have that gi ∈ G and ci ∈ {c̄gi,k | k ∈ N}, the same bound holds for
every ci with probability at least 1− δ/2:∣∣∣∣∣∣Fci(xgi)− F (x0)− 1

N

N∑
j=1

(fci(xgi ; sj)− f(x0; sj))

∣∣∣∣∣∣ ≤ τi,
i.e. the requirement of Lemma 1 holds for δ/2.
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F.4. The sample maximum exceeds a high quantile

Lemma 21 Let n ≥ 1 and δ ∈
(
0, 1e
)

such that ln(1/δ) < n. Define p = 1 − ln(1/δ)
n . For any

z ≥ n and i.i.d. random variables X1, . . . , Xz ∼ P , we have

P[max(X1, . . . , Xz) < Qp(P)] < δ.

Proof Let p = 1− ln(1/δ)
n . For max(X1, . . . , Xz) < Qp(P) to hold, every X1, . . . , Xz must be less

than Qp(P). The probability of that is less than pz. A well-known inequality states that for any
k > 0 we have that ln(k + 1)− ln(k) =

∫ k+1
k

1
t dt ≥

1
k+1 . Thus,

ln

(
n

n− ln(1/δ)

)
= (ln(n)− ln(n− 1)) + · · ·+ (ln(⌈n− ln(1/δ)⌉)− ln(n− ln(1/δ)))

≥ 1

n
+

1

n− 1
+ · · ·+ 1

⌈n− ln(1/δ)⌉

≥ ln(1/δ)

n
.

Therefore, since z ≥ n,

z ≥ ln(1/δ)/ ln

(
n

n− ln(1/δ)

)
.

As a consequence,

z ln

(
n

n− ln(1/δ)

)
≥ ln(1/δ).

Thus, (
1− ln(1/δ)

n

)z
≤ δ,

Finally, this means that

P[max(X1, . . . , Xz) < Qp(P)] < pz ≤ δ.

F.5. How many samples are needed to obtain N good samples

Lemma 22 Let a,M, k,N ≥ 0 such that N − a · e > 0, and for X ∼ D we have P[X > M ] ≤ a
N .

If we draw at least

k ·N +max

(
1,

ln(1/δ) + a · e · k
N − a · e

·N
)

random variables i.i.d. from D, then with probability at least 1 − δ, at least k · N of the drawn
variables are at most M .
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Proof We define the random variable Zi as

Zi =

{
1 if Xi > M

0 otherwise
.

We have

P[Zi = 1] = P[Xi > M ] ≤ a

N
. (9)

Let r ≥ 1 be the number of additional samples we draw in addition to the k ·N we want. Using
the exponential Chebyshev’s inequality (see Theorem 13), we obtain, for all t > 0,

P

[
k·N+r∑
i=1

Zi ≥ r

]
≤ e−trE

[
et

∑k·N+r
i=1 Zi

]
(1)
= e−tr

k·N+r∏
i=1

E
[
etZi

]
≤ e−tr

k·N+r∏
i=1

(
1 · e0 + P[Zi = 1]et

)
(2)

≤ e−tr
(
1 +

a · et

N

)k·N+r

≤ e−tr+a·et(k·N+r)/N ,

where (1) is because Zi are independent of each other, and (2) is by Equation (9). Setting t = 1
yields

P

[
k·N+r∑
i=1

Zi ≥ r

]
≤ e−r+a·e(k+r/N).

We obtain

e−r+a·e(k+r/N) ≤ δ

if and only if

r(1− a · e/N) ≥ ln(1/δ) + a · e · k.

Therefore, if a < N/e and

r ≥ max

(
1,

ln(1/δ) + a · e · k
N − a · e

·N
)
,

we obtain

P

[
k·N+r∑
i=1

Zi ≥ r

]
≤ δ.

This implies that, with probability at least 1− δ, fewer than r samples exceed M , and hence at least
k ·N samples are at most M .
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F.6. Empirical mean approximates the expectation

Lemma 23 Let ∥·∥ be a (2, D)-smooth (Definition 16) norm for some D ≥ 1. Let V1, . . . , Vn be a
sequence of i.i.d. random vectors in Rd. Define v := E[Vi]. If ∥Vi − v∥ ≤ C almost surely for some
constant C, then for all δ ∈

(
0, 2e
)
,

P

[∥∥∥∥∥ 1n
n∑
i=1

Vi − v

∥∥∥∥∥ ≥ DC
√

2 ln(2/δ)√
n

]
≤ δ.

Proof For any k ∈ N define Yk := 1
n

∑k
i=1(Vi − v). Denote Y0 = 0 and Ψ(·) := ∥·∥. We have

∥Yi− Yi−1∥ ≤ C/n for all i ∈ N, and {Yi}i∈N is a martingale. Thus, from Corollary 10a of Howard
et al. (2020) (see Theorem 17), for all x, z > 0,

P
[
∃t ∈ N : Ψ(Yt) ≥ x+

D2x

2z
·
(
tC2

n2
− z
)]
≤ 2 exp

(
− x2

2D2z

)
.

Therefore, for x = DC
√

2 ln(2/δ)/
√
n and z = C2/n, we have

P

[∥∥∥∥∥ 1n
n∑
i=1

Vi − v

∥∥∥∥∥ ≥ DC
√

2 ln(2/δ)√
n

]
≤ 2 exp(− ln(2/δ)) = δ.

Appendix G. The mean of stochastic gradients approximates the true gradient

Lemma 24 Let d ∈ N and let X ⊆ Rd.

1. In the case that ∥·∥α = ∥·∥2, Assumption 7 holds for ψα = 1 and any ϕ ≥ 1.

2. In the case that ∥·∥α = ∥·∥1, Assumption 7 holds for ψα = d and any ϕ ≥ 1.

We first prove Lemma 24 in the case that ∥·∥α = ∥·∥2.
Proof In the case that ∥·∥α = ∥·∥2 then we also have that ∥·∥α∗ = ∥·∥2. We note that ∥·∥2 is
(2, 1)-smooth. Therefore, as f(·, s) is L̂-Lipschitz for every s sampled from P̃ , a direct result of
Lemma 23 is that

P
s1,...,sN

iid∼P̃

[∥∥∥∥∥∇Es∼P̃f(x; s)−
1

N

N∑
i=1

∇f(x; si)

∥∥∥∥∥
2

≥
L̂
√
8 ln(2/δ)√
N

]
≤ δ.

Thus, Assumption 7 holds for ψα = 1 and any ϕ ≥ 1.

We now prove Lemma 24 in the case that ∥·∥α = ∥·∥1.
Proof In the case that ∥·∥α = ∥·∥1 then we also have that ∥·∥α∗ = ∥·∥∞. Therefore, following the
result of the case that ∥·∥α = ∥·∥2, for every coordinate j ∈ [d],

P
s1,...,sN

iid∼P̃

∣∣∣∣∣∣
[
∇Es∼P̃f(x; s)−

1

N

N∑
i=1

∇f(x; si)

]
j

∣∣∣∣∣∣ ≥ L̂
√
8 ln(2d/δ)√
N

 ≤ δ

d
.
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Thus, by a union bound we obtain that

P
s1,...,sN

iid∼P̃

[∥∥∥∥∥∇Es∼P̃f(x; s)−
1

N

N∑
i=1

∇f(x; si)

∥∥∥∥∥
∞

≥
L̂
√
8 ln(2d/δ)√
N

]
≤ δ.

As a consequence, Assumption 7 holds for ψα = d and any ϕ ≥ 1.

Appendix H. Proof of Proposition 3 for the case that m is second-moment-Lipschitz

The following theorem is a slight generalization of Proposition 3; the choice â = 1 recovers
Proposition 3.

Proposition 25 Let m ∈ I∞,∥·∥α,β
SM-Lip and h ∈ I1,∥·∥β∗Lip . Let â ∈

[
1, |G| log22

(
2
√
N · ℓ/ℓ

)]
, where ℓ is

an upper bound on the Lipschitz constant. Let the number of samples be N ≥ 4 ln(4â/δ). If x, c are
the result of Algorithm 1, where we use n = ⌈4 ln(4â/δ)⌉, then with probability at least 1− δ we
have

Fc(x) ≤ min
g∈G∪{0}

[
F (xg) +O

(
L⋆∥xg − x0∥α

√
ln+(ã/δ)

N

√
ln+(ã/δ)

ln+(â/δ)

)]
,

where ã = max
(
â, |G| ln+

(√
NL⋆/ℓ

))
.

Proof Let â ∈
[
1, |G| log22

(
2
√
N · ℓ/ℓ

)]
. Let n in Algorithm 1 be n = 4 ln(4â/δ). Finally, define

ã = max
(
â, |G| log22

(
2
√
N · L⋆/ℓ

))
.

First, as m ∈ IL⋆,∥·∥α,βSM-Lip , Lemma 20 states that for all g ∈ G,

Es∼P
[
∥m(xg; s)−m(x0; s)∥2β

]
≤ L2

⋆∥xg − x0∥2α. (10)

Let

g⋆ = argmin
g∈G∪{0}

F (xg) + 94L⋆∥xg − x0∥α

√
ln(16ã/δ)

N

√
ln(16ã/δ)

ln(4â/δ)
. (11)

Define cg⋆,0 := binary-ceil
(√

N
ln(4â/δ)L⋆∥xg⋆ − x0∥α; ℓ∥xg⋆ − x0∥α

)
. For candidate (xg⋆ , cg⋆,0)

we define τg⋆,0 later in the proof. In the proof we use {(xg, cg,i)}(g,i)∈G×[n] ∪ {(xg⋆ , cg⋆,0)} as the
set of candidates passed to Algorithm 3. We show that, with high probability, we can assume that
Algorithm 3 returns the same output under both the original set of candidates and the modified set of
candidates.

We define the random variable Zi as

Zi =

{
1 if binary-ceil(∥m(xg⋆ ; si)−m(x0; si)∥β; ℓ∥xg⋆ − x0∥α) > cg⋆,0

0 otherwise
.
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We now find an upper bound on P[Zi = 1]. First, we bound the variance Vars∼P [∥m(xg⋆ ; s)−m(x0; s)∥β]:

Vars∼P [∥m(xg⋆ ; s)−m(x0; s)∥β] ≤ Es∼P
[
∥m(xg⋆ ; s)−m(x0; s)∥2β

]
≤ (L⋆∥xg⋆ − x0∥α)

2,

where the last inequality is the result of Equation (10). Therefore,

P[Zi = 1] = P[binary-ceil(∥m(xg⋆ ; si)−m(x0; si)∥β; ℓ∥xg⋆ − x0∥α) > cg⋆,0]

≤ P

[
∥m(xg⋆ ; si)−m(x0; si)∥β >

√
N

ln(4â/δ)
L⋆∥xg⋆ − x0∥α

]

≤ ln(4â/δ)

N
, (12)

where the last inequality is a result of Chebyshev’s inequality (see Theorem 12).
As a result, using the exponential Chebyshev’s inequality (see Theorem 13), we obtain, for all

t > 0 and r > 0,

P

[
N∑
i=1

Zi ≥ r

]
≤ e−trE

[
et

∑N
i=1 Zi

]
(1)
= e−tr

N∏
i=1

E
[
etZi

]
≤ e−tr

N∏
i=1

(
1 · e0 + P[Zi = 1]et

)
(2)

≤ e−tr
(
1 +

et · ln(4â/δ)
N

)N
≤ e−tr+et·ln(4â/δ),

where (1) is because Zi are independent of each other, and (2) is by Equation (12). Thus, by setting
t = 1 and r = 4 ln(4â/δ) we obtain that

P

[
N∑
i=1

Zi ≥ 4 ln(4â/δ)

]
≤ e− ln(4â/δ) ≤ δ

4â
≤ δ

4
.

This implies that with probability at least 1− δ
4 there are fewer than 4 ln(4â/δ) samples si for which

m(xg⋆ ; si) is clipped when cg⋆,0 is used as the clipping threshold. As a result, with probability at
least 1− δ

4 , there exists i ∈ [n] for which cg⋆,0 ≥ cg⋆,i. Let i⋆ = argmaxi∈[n];cg⋆,i≤cg⋆,0 cg⋆,i. The
validation loss for both clipping parameters cg⋆,0 and cg⋆,i is very close:∣∣∣∣∣∣ 1N

N∑
j=1

fcg⋆,0(xg⋆ ; sj)−
1

N

N∑
j=1

fcg⋆,i⋆ (xg⋆ ; sj)

∣∣∣∣∣∣ ≤ 1

N

N∑
j=1

∥mcg⋆,0(xg⋆ ; sj)−mcg⋆,i⋆ (xg⋆ ; sj)∥β

≤ 8cg⋆,0
ln(4â/δ)

N
,

32



CLIPPING THE PRICE OF ADAPTIVITY AT THE TAIL

where the first inequality is because h(·; s) is 1-Lipschitz. Thus, from the definition of cg⋆,0, we get∣∣∣∣∣∣ 1N
N∑
j=1

fcg⋆,0(xg⋆ ; sj)−
1

N

N∑
j=1

fcg⋆,i⋆ (xg⋆ ; sj)

∣∣∣∣∣∣ ≤ 16L⋆∥xg⋆ − x0∥α

√
ln(4â/δ)

N
. (13)

For candidate (xg⋆ , cg⋆,0), we define τg⋆,0 as follows:

τg⋆,0 := max

(
τ(xg⋆ , cg⋆,0), τg⋆,i⋆ + 16L⋆∥xg⋆ − x0∥α

√
ln(4â/δ)

N

)
.

Therefore, from Equation (13),

1

N

N∑
j=1

fcg⋆,i⋆ (xg⋆ ; sj) + τg⋆,i⋆ ≤
1

N

N∑
j=1

fcg⋆,0(xg⋆ ; sj) + τg⋆,0.

As a consequence, (i) the θ calculated in Algorithm 3 is not affected by the candidate (xg⋆ , cg⋆,0),
and (ii) for F calculated by Algorithm 3, if (xg⋆ , cg⋆,0) ∈ F then also (xg⋆ , cg⋆,i⋆) ∈ F . Therefore,
by using Lemma 9 instead of Lemma 1, we can assume that if Algorithm 3 should have returned the
candidate (xg⋆ , cg⋆,0) it instead returned the candidate (xg⋆ , cg⋆,i⋆). This means that with probability
at least 1 − δ

4 Algorithm 3 is not affected by the candidate (xg⋆ , cg⋆,0), i.e. we can assume that
Algorithm 3 returns the same output for both the original set of candidates and the modified set of
candidates.

We now move to show that (xg⋆ , cg⋆,0) is a good candidate. For g⋆ and cg⋆,0, we cannot show
that Fcg⋆,0(xg⋆) = F (xg⋆). Therefore, we bound |Fcg⋆,0(xg⋆) − F (xg⋆)| instead. For any c ≥ 0,
x ∈ X and s ∈ S such that ∥m(x; s)−m(x0; s)∥β > c, we have

∥mc(x; s)−m(x; s)∥β ≤ ∥m(x; s)−m(x0; s)∥β + ∥mc(x; s)−m(x0; s)∥β
≤ ∥m(x; s)−m(x0; s)∥β + c

≤ 2∥m(x; s)−m(x0; s)∥β.

As a consequence, if cg⋆,0 > 0 then

|Fcg⋆,0(xg⋆)− F (xg⋆)| = Es∼P
[
|fcg⋆,0(xg⋆ ; s)− f(xg⋆ ; s)|

]
≤ Es∼P

[
∥mcg⋆,0(xg⋆ ; s)−m(xg⋆ ; s)∥β

]
= Es∼P

[
∥mcg⋆,0(xg⋆ ; s)−m(xg⋆ ; s)∥β1{∥m(xg⋆ ;s)−m(x0;s)∥β>cg⋆,0}

]
≤ 2Es∼P

[
∥m(xg⋆ ; s)−m(x0; s)∥β1{∥m(xg⋆ ;s)−m(x0;s)∥β>cg⋆,0}

]
≤ 2

cg⋆,0
Es∼P

[
∥m(xg⋆ ; s)−m(x0; s)∥2β

]
, (14)

where the first inequality is because h(·; s) is 1-Lipschitz. Additionally, if cg⋆,0 = 0 then xg⋆ = x0,
and thus

|Fcg⋆,0(xg⋆)− F (xg⋆)| = |Fcg⋆,0(x0)− F (x0)| = 0
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Therefore, by combining Equations (10) and (14) and the previous equation, we get

|Fcg⋆,0(xg⋆)− F (xg⋆)| ≤ 2L⋆∥xg⋆ − x0∥α

√
ln(4â/δ)

N
. (15)

Thus, the clipped function is, in expectation, almost equivalent to the non-clipped function.
We now want to bound τg⋆,0, similarly to what we have done for the Lipschitz case. To do this,

we need to bound the sample variance v(g⋆, cg⋆,0). We first start by bounding the variance, for any
c ≥ 0

Es∼P
[
|fc(xg⋆ ; s)− f(x0; s)|2

]
≤ Es∼P

[
∥mc(xg⋆ ; s)−m(x0; s)∥2β

]
≤ Es∼P

[
∥m(xg⋆ ; s)−m(x0; s)∥2β

]
≤ L2

⋆∥xg⋆ − x0∥2α,

where the first inequality is because h(·; s) is 1-Lipschitz, and the final inequality is from using
Equation (10) again. Now, using Theorem 10 of Maurer and Pontil (2009) (see Theorem 15), with
probability at least 1− δ/4, the sample variance is bounded by

√
v(g⋆, cg⋆,0) ≤ L⋆∥xg⋆ − x0∥α + cg⋆,0

√
8 ln(4/δ)

N − 1
, and√

v(g⋆, cg⋆,i⋆) ≤ L⋆∥xg⋆ − x0∥α + cg⋆,i⋆

√
8 ln(4/δ)

N − 1
≤ L⋆∥xg⋆ − x0∥α + cg⋆,0

√
8 ln(4/δ)

N − 1
.

Therefore,

τg⋆,0 = max

(
τ(xg⋆ , cg⋆,0), τg⋆,i⋆ + 16L⋆∥xg⋆ − x0∥α

√
ln(4â/δ)

N

)

≤ (16 + 2)L⋆∥xg⋆ − x0∥α

√
ln(16ã/δ)

N
+ cg⋆,0

√
8 ln(4/δ)

N − 1

√
2 ln(16ã/δ)

N
+ cg⋆,0

14 ln(16ã/δ)

3(N − 1)

≤ 18L⋆∥xg⋆ − x0∥α

√
ln(16ã/δ)

N
+ 8L⋆∥xg⋆ − x0∥α

√
ln(16ã/δ)

N

√
N

N − 1

+ 10L⋆∥xg⋆ − x0∥α

√
ln(16ã/δ)

N

√
ln(16ã/δ)

ln(4â/δ)

N

N − 1
.

As a result, since N ≥ 2,

τg⋆,0 ≤ 54L⋆∥xg⋆ − x0∥α

√
ln(16ã/δ)

N

√
ln(16ã/δ)

ln(4â/δ)
. (16)

Thus, by using Equations (15) and (16),

Fcg⋆,0(xg⋆) + 2τg⋆,0 ≤ F (xg⋆) + 2 · 55L⋆∥xg⋆ − x0∥α

√
ln(16ã/δ)

N

√
ln(16ã/δ)

ln(4â/δ)
. (17)
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Finally, as Lemma 2 shows that the requirement of Lemma 1 holds for δ/2, Lemmas 1 and 9
guarantee that if x, c is the result of Algorithm 1, then with probability at least 1− δ/2,

Fc(x) ≤ min
g∈G∪{0}
i∈[n]∪{0}

[
Fcg,i(xg) + 2τg,i

]
.

Now, because with probability at least 1− δ/4 the additional candidate (g⋆, cg⋆,0) does not affect the
algorithm, with probability at least 1− δ we have

Fc(x) ≤ min
g∈G∪{0}
i∈[n]

[
Fcg,i(xg) + 2τg,i

]
.

Hence, by the definition of g⋆ in Equation (11) and by Equation (17), with probability at least 1− δ,

Fc(x) ≤ min
g∈G∪{0}

[
F (xg) +O

(
L⋆∥xg − x0∥α

√
ln+(ã/δ)

N

√
ln+(ã/δ)

ln+(â/δ)

)]
.

Appendix I. Proof of Theorem 8

Theorem 8 Let δ ∈
(
0, 15
)
, m ∈ I∞,∥·∥α,β

Lip , h ∈ I1,∥·∥β∗Lip and f ∈ Î∞,∥·∥α
Dist . If Assumptions 6

and 7 hold with ϕ and ψα, and xperfect, L̂∥xperfect − x0∥α are the outputs of Algorithm 2, then with
probability at least 1− 5δ we have

FL̂∥xperfect−x0∥α(xperfect) ≤ F (x⋆) +O

ϕL⋆∥x⋆ − x0∥α
√

ln ψα
δ√

N

 .

Proof First, we consider the case where N ≤ 7 or ln(1/δ) > N
2e . In both cases, we have ln(ψα/δ) >

N
2e ; if N ≤ 7, this follows from ψα ≥ 1 and δ < 1

5 ; otherwise it follows directly from ψα ≥ 1.
Therefore,

F0(x0) = F (x0) ≤ F (x⋆) + L⋆∥x⋆ − x0∥α ≤ F (x⋆) +O

L⋆∥x⋆ − x0∥α
√
ln ψα

δ√
N

 .

In these cases, the number of samples used is 0.
Now, we move to prove the theorem for the case that ln(ψα/δ) ≤ N

2e . Define

F̂ (x) := Es∼P

[
f(x; s) | L(s) ≤ L̂

]
.

For any θ ≥ 0 define

x̂θ ∈ argmin
x∈X

{
1

N

2N∑
i=N+1

f(x; si) + θ∥x− x0∥α

}
and x̂⋆θ ∈ argmin

x∈X

{
F̂ (x) + θ∥x− x0∥α

}
.
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Also, define R̂ := 3∥x̂λ − x0∥α. As we assume that Assumption 7 holds, the conditions of Lemma
2 of Lawrence et al. (2025) are satisfied. Thus, from Lemma 2 of Lawrence et al. (2025) (see
Lemma 18), with probability at least 1− 2δ,

∥x̂⋆3λ − x0∥α ≤ 3∥x̂λ − x0∥α ≤ 33∥x̂⋆λ/3 − x0∥α. (18)

If ∥x̂⋆λ/3 − x0∥α ≥ R̂ then, because of Equation (18), there exists λR̂ such that λR̂ ∈ [λ/3, 3λ]

and ∥x̂⋆λR̂ − x0∥α = R̂ and

min
x∈X :∥x−x0∥α≤R̂

F̂ (x) ≤ F̂
(
x̂⋆λR̂

)
≤ F̂ (x⋆) + λR̂

(
∥x⋆ − x0∥α − ∥x̂⋆λR̂ − x0∥α

)
. (19)

Otherwise, because of Equation (18), we have that ∥x̂⋆λ/3 − x0∥α ∈
[
R̂
33 , R̂

]
, and therefore

min
x∈X :∥x−x0∥α≤R̂

F̂ (x) ≤ F̂
(
x̂⋆λ/3

)
≤ F̂ (x⋆) +

λ

3

(
∥x⋆ − x0∥α − ∥x̂⋆λ/3 − x0∥α

)
. (20)

If R̂ ≤ 66∥x⋆ − x0∥α then Equations (19) and (20) yields

min
x∈X :∥x−x0∥α≤R̂

F̂ (x) ≤ F̂ (x⋆) + 3λ∥x⋆ − x0∥α

Therefore, by Assumption 6, with probability at least 1− 3δ,

F̂
(
xperfect

)
≤ F̂ (x⋆) + 3λ∥x⋆ − x0∥α + ϕ

L̂R̂
√
ln ψα

δ√
N

≤ F̂ (x⋆) +O

ϕL̂∥x⋆ − x0∥α
√
ln ψα

δ√
N

 . (21)

Otherwise, if R̂ ≥ 66∥x⋆ − x0∥α, we obtain from Equations (19) and (20) that

min
x∈X :∥x−x0∥α≤R̂

F̂ (x) ≤ F̂ (x⋆)−
λR̂

3 · 66
.

Therefore, by Assumption 6, with probability at least 1− 3δ,

F̂
(
xperfect

)
≤ F̂ (x⋆)−

λR̂

3 · 66
+ ϕ

L̂R̂
√
ln ψα

δ√
N

≤ F̂ (x⋆)− 2
L̂R̂
√
ln ψα

δ√
N

. (22)

Now that we have bounded F̂
(
xperfect

)
, we use this to bound FL̂∥xperfect−x0∥α

(
xperfect

)
. Define

L(s) as the Lipschitz constant of m(·; s), and L(P) as the distribution over the Lipschitz constants
resulting from the distribution P . Lemma 21 states that with probability at least 1− δ,

L̂ = max
i∈[N ]

L(si) ≥ Q1− ln(1/δ)
N

(L(P)). (23)
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Thus, for p := Ps∼P

[
L(s) > L̂

]
, we have p ∈

[
0, ln(1/δ)N

]
. Therefore,

FL̂∥xperfect−x0∥α

(
xperfect

)
= (1− p)Es∼P

[
f
(
xperfect; s

)
| L(s) ≤ L̂

]
+pEs∼P

[
h
(
mL̂∥xperfect−x0∥α

(
xperfect; s

)
; s
)
| L(s) > L̂

]
≤ (1− p)Es∼P

[
f
(
xperfect; s

)
| L(s) ≤ L̂

]
+pEs∼P

[
f(x⋆; s) + L̂∥xperfect − x0∥α + L⋆∥x⋆ − x0∥α | L(s) > L̂

]
= F (x⋆) + (1− p)

(
F̂
(
xperfect

)
− F̂ (x⋆)

)
+ p
(
L̂∥xperfect − x0∥α + L⋆∥x⋆ − x0∥α

)
, (24)

where the inequality is because h is 1-Lipschitz and m is L⋆-Lipschitz.
Now we continue to bound FL̂∥xperfect−x0∥α

(
xperfect

)
. First, let us consider the case that R̂ ≤

66∥x⋆ − x0∥α. We have

FL̂∥xperfect−x0∥α

(
xperfect

)
(i)

≤ F (x⋆) +O

ϕL̂∥x⋆ − x0∥α
√

ln ψα
δ√

N

+

(
L̂∥xperfect − x0∥α + L⋆∥x⋆ − x0∥α

)
ln(1/δ)

N

(ii)

≤ F (x⋆) +O

ϕL⋆∥x⋆ − x0∥α
√
ln ψα

δ√
N

 , (25)

where (i) is from Equations (21) and (24), and (ii) is from ∥xperfect − x0∥α ≤ R̂, L̂ ≤ L⋆, and from
the fact that for every v ∈ [0, 1] we have v ≤

√
v.

Now, let us consider the case that R̂ ≥ 66∥x⋆ − x0∥α. Thus, from Equations (22) and (24) and
from ∥xperfect − x0∥α ≤ R̂,

FL̂∥xperfect−x0∥α

(
xperfect

) (i)

≤ F (x⋆)− 2
L̂R̂
√
ln ψα

δ√
N

+

(
L̂∥xperfect − x0∥α + L⋆∥x⋆ − x0∥α

)
ln(1/δ)

N

(ii)

≤ F (x⋆)− 2
L̂R̂
√
ln ψα

δ√
N

+
(
L̂∥xperfect − x0∥α + L⋆∥x⋆ − x0∥α

)√ln ψα
δ√

N

(iii)

≤ F (x⋆) +O

L⋆∥x⋆ − x0∥α
√
ln ψα

δ√
N

 , (26)

where (i) is from Equations (22) and (24), (ii) is from the fact that for every v ∈ [0, 1] we have
v ≤
√
v, and (iii) is from ∥xperfect − x0∥α ≤ R̂, and L̂ ≤ L⋆.

Therefore, Equations (25) and (26) establish that in all cases, with probability at least 1− 3δ, we
have

FL̂∥xperfect−x0∥α

(
xperfect

)
≤ F (x⋆) +O

ϕL⋆∥x⋆ − x0∥α
√
ln ψα

δ√
N

 .
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Now, Equation (23) shows that L̂ exceeds the 1− ln(1/δ)
N quantile of L(P). As

2N +
ln(1/δ) + 2e ln(1/δ)

N − e ln(1/δ)
·N ≤ 2N +

ln(1/δ) + 2e ln(1/δ)

e ln(1/δ)
·N ≤ 5N,

Lemma 22 shows that among 5N samples, with probability at least 1− δ, at least 2N lie below this
quantile. Hence, with high probability, Algorithm 2 does not return FAILURE after the loop, and
6N samples suffice.

Finally, by using the union bound, we get the desired results with probability at least 1− 5δ.

Appendix J. Discussion of Lipschitz properties in the model–loss decomposition
setting

In this section, we discuss the relationship between the Lipschitz constants of the model m, the loss
h, and the composed objective function f .

First, we note that the dual norm ∥·∥α∗ can be viewed as the operator norm induced by the norms
∥·∥α and |·|; both are defined as ∥v∥α∗ := sup{|⟨v, x⟩| | ∥x∥α ≤ 1}. Similarly, the dual norm ∥·∥β∗
can be viewed as the operator norm induced by the norms ∥·∥β and |·|. Therefore, immediately from
the sub-multiplicativity of operator norms, we obtain that

∥∇f(x; s)∥α∗ = ∥∇h(m(x; s); s)∇m(x; s)∥α∗ ≤ ∥∇h(m(x; s); s)∥β∗ · ∥∇m(x; s)∥α,β (27)

For completeness, we provide a short proof:
Proof For any v ∈ X such that ∥v∥α ≤ 1, if ∇m(x; s)v = 0 then

|∇h(m(x; s); s)∇m(x; s)v| = 0 ≤ ∥∇h(m(x; s); s)∥β∗ · ∥∇m(x; s)∥α,β.

Otherwise,

|∇h(m(x; s); s)∇m(x; s)v| = |∇h(m(x; s); s)
∇m(x; s)v

∥∇m(x; s)v∥β
| · ∥∇m(x; s)v∥β

≤ ∥∇h(m(x; s); s)∥β∗ · ∥∇m(x; s)∥α,β,

where the inequality follows from the definitions of the dual norm ∥·∥β∗ and the operator norm
∥·∥α,β . Thus, from the definition of the dual norm ∥·∥α∗, we obtain that Equation (27) holds.

From Equation (27), it immediately follows that if the model m is L-Lipschitz and the loss
function h is 1-Lipschitz, then the objective function f is L-Lipschitz. Formally:

Lemma 26 Let L > 0.

1. If m ∈ IL,∥·∥α,βLip and h ∈ I1,∥·∥β∗Lip , then f ∈ IL,∥·∥α∗Lip .

2. If m ∈ IL,∥·∥α,βSM-Lip and h ∈ I1,∥·∥β∗Lip , then f ∈ IL,∥·∥α∗SM-Lip .

Proof
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Proof of 26.1 For every x ∈ X and s ∈ S, from Equation (27) we have

∥∇f(x; s)∥α∗ ≤ ∥∇h(m(x; s); s)∥β∗ · ∥∇m(x; s)∥α,β ≤ L.

Thus, f ∈ IL,∥·∥α∗Lip .

Proof of 26.2 For every x ∈ X , from Equation (27) we have

Es∼P∥∇f(x; s)∥2α∗ ≤ Es∼P [∥∇h(m(x; s); s)∥2β∗ · ∥∇m(x; s)∥2α,β] ≤ Es∼P [∥∇m(x; s)∥2α,β] ≤ L2.

Thus, f ∈ IL,∥·∥α∗SM-Lip .

However, it is possible to construct a model m and a loss function h such that the Lipschitz
constant of f is much smaller than the product of the Lipschitz constants ofm and h. In what follows,
we present examples in which the Lipschitz constant of f is close to this product, showing that the
bound above can be tight.

J.1. Lipschitz constant under the absolute loss

In this subsection, we discuss the Lipschitz constant of a model with the absolute loss. Let Y ⊆
R, and let the loss function be the absolute loss: h(y; s) := |y − q(s)|, where q : S 7→ R is
some function. It is easy to see that for every y ∈ Y and s ∈ S such that y ̸= q(s), we have
∇h(y; s) ∈ {−1, 1}. Therefore, for every x ∈ X and s ∈ S such that m(x; s) ̸= q(s), we have
∥∇f(x; s)∥α∗ = ∥∇h(m(x; s); s)∇m(x; s)∥α∗ = ∥∇m(x; s)∥α∗. Thus, for many models, the
Lipschitz constant of f coincides with that of m.

J.2. Linear model with cross-entropy loss

In this section, we discuss the Lipschitz constant of a linear model with cross-entropy loss. Let
d1, d2 ∈ N, X ⊆ Rd1 , and Y ⊆ Rd2 . We consider the Euclidean norm ∥·∥α = ∥·∥β = ∥·∥2 on X
and on Y . Define the softmax function by

pi(y) :=
eyi∑d2
j=1 e

yj
p(y) := (p1(y), . . . , pd2(y)).

With a slight abuse of notation, let s be a vector of size d1 + 1, where s0 denotes the class label
and s1:d1 the remaining features.

Proposition 27 Let the sample set S be a subset of {s ∈ Rd1+1 | s0 ∈ [d2]}. Let m be the linear
model m(x; s) := mat(x)s1:d1 , where mat(x)i,j := xj+(i−1)d1 is the matricization of x. Define the
cross-entropy loss h as h(y; s) := − log(ps0(y)). Consequently, the objective function f is defined
as f(x; s) := − log(ps0(mat(x)s1:d1)).

Equation (27) is tight, i.e., for all x ∈ X and s ∈ S,

∥∇f(x; s)∥2 = ∥∇h(m(x; s); s)∥2 · ∥∇m(x; s)∥2,2.

Furthermore, h ∈ I
√
2,∥·∥β∗

Lip , and for x = 0 and all s ∈ S we have ∥∇h(m(0; s); s)∥2 =
√

1− 1
d2

.
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Proof Formally, for every i ∈ [d2] and j ∈ [d1d2], if j ∈ [(i− 1) · d1 + 1, i · d1] we have
[∇m(x; s)]i,j = sj−(i−1)d1 , and otherwise [∇m(x; s)]i,j = 0. Informally, every row i of∇m(x; s)
contains the sample s1:d1 starting at the (i− 1) · d1 + 1 element,

∇m(x; s) =


s1 . . . sd1 0 . . . 0 0 . . . 0 0 . . . 0 0 . . . 0
0 . . . 0 s1 . . . sd1 0 . . . 0 0 . . . 0 0 . . . 0
...

. . .
...

0 . . . 0 0 . . . 0 0 . . . 0 s1 . . . sd1 0 . . . 0
0 . . . 0 0 . . . 0 0 . . . 0 0 . . . 0 s1 . . . sd1

 .

Moreover, the gradient of the loss satisfies ∇h(y; s) = p(y)− es0 , where es0 is the vector with a
one in the s0-th position and zeros everywhere else.

Since the operator norm ∥·∥2,2 is the maximum singular value, we obtain ∥∇m(x; s)∥2,2 =
∥s1:d1∥2. Therefore, by the chain rule,

∥∇f(x; s)∥2 = ∥∇h(m(x; s); s)∇m(x; s)∥2

=

√√√√ d2∑
i=1

d1∑
j=1

[∇h(m(x; s); s)]2i s
2
j

=

√√√√ d2∑
i=1

[∇h(m(x; s); s)]2i

d1∑
j=1

s2j

= ∥∇h(m(x; s); s)∥2 · ∥s1:d1∥2.

Thus, for all x ∈ X and s ∈ S we have

∥∇f(x; s)∥2 = ∥∇h(m(x; s); s)∥2 · ∥∇m(x; s)∥2,2.

In addition, for all x ∈ X and s ∈ S, we have

∥∇h(m(x; s); s)∥22 = 1− 2ps0(m(x; s)) +

d2∑
i=1

p2i (m(x; s)) ≤ 1 +

d2∑
i=1

pi(m(x; s)) = 2.

Thus, ∥∇h(m(x; s); s)∥2 ≤
√
2.

Moreover, for x = 0 and all s ∈ S we have

∥∇h(m(0; s); s)∥22 = 1− 2ps0(m(0; s)) +

d2∑
i=1

p2i (m(0; s)) = 1− 2

d2
+

d2∑
i=1

1

d22
.

Thus, ∥∇h(m(0; s); s)∥2 =
√
1− 1

d2
.

This shows that, for linear models with cross-entropy loss, the upper bound in Equation (27)
is tight, i.e., for any point x ∈ X and sample s ∈ S the gradient norm ∥∇f(x; s)∥2 is equal
to ∥∇h(m(x; s); s)∥2 · ∥∇m(x; s)∥2,2. Therefore, depending on the choice of X , Y , and P, the
Lipschitz constant of the composed objective f can be close to, or even equal to, the product of the
Lipschitz constants of the model m and the loss h.
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Appendix K. Extending the results to non-differentiable functions

In this paper, we do not impose convexity requirements on the model and loss functions, but only on
the objective function. Therefore, subgradients do not necessarily exist at all points. Instead, for a
function q, we use the Clarke generalized gradient (Clarke, 1975):

∂cq(x) := co

{
v | ∃{xi}i∈N ⊂ Ωq : x = lim

i→∞
xi and v = lim

i→∞
∇q(xi)

}
,

where co is the convex hull, and Ωq is the set of points where q is differentiable. We note that if q is
convex and locally Lipschitz, then ∂cq(x) coincides with the set of subgradients ∂q(x) for every x in
any open subset of the domain (Clarke, 1975, Proposition 1.2); see also Rockafellar (1970, Theorem
25.6).

We define Icont as the class of functions q such that: (i) q(·; s) is differentiable almost everywhere
for any sample s; (ii) the Clarke gradient ∂cq(x; s) is nonempty for every point x and sample s; and
(iii) for every pair of points x, y, sample s, and every continuously differentiable curve γ : [0, 1]→
dom(q(·; s)) satisfying γ(0) = y and γ(1) = x, there exists a selection∇xq(γ(a); s) ∈ ∂cq(γ(a); s)
such that

q(x; s) = q(y; s) +

∫ 1

0
∇xq(γ(a); s)∇aγ(a) da.

We further assume that the model–loss decomposition satisfies the chain rule; i.e., for all x ∈ X
and s ∈ S,

∂cf(x; s) ⊆ co{vu | v ∈ ∂ch(m(x; s); s) and u ∈ ∂cm(x; s)},

where co denotes the closed convex hull. The purpose of this requirement is to ensure that if m
is L-Lipschitz and h is 1-Lipschitz, then f is also L-Lipschitz, as in the differentiable case (see
Lemma 26).

We are now able to replace the use of Idiff with Icont. For the classes of convex stochastic
optimization problems, the definitions remain almost the same:

Iρ,∥·∥αDist := {q ∈ Icont | ∥x0 − x⋆∥α ≤ ρ and Es∼Pq(·; s) is convex},

Îρ,∥·∥αDist := {q ∈ Icont | ∥x0 − x⋆∥α ≤ ρ and ∀s ∈ S : q(·; s) is convex}.

To account for the entire Clarke generalized gradient, we modify the definitions of the classes of
Lipschitz and second-moment-Lipschitz problems:

Iℓ,∥·∥Lip :=
{
q ∈ Icont | ∀x ∈ X ; s ∈ S; g ∈ ∂cq(x; s) : ∥g∥ ≤ ℓ

}
,

Iℓ,∥·∥SM-Lip :=

{
q ∈ Icont | ∀x ∈ X : Es∼P

[
sup

g∈∂cq(x;s)
∥g∥2

]
≤ ℓ2

}
.

Except for the proof of Theorem 8, all other proofs remain valid under the modified definitions of
the problem classes, provided that∇q(x) is interpreted as an arbitrary element of ∂cq(x) at the point
x. Theorem 8, however, requires assuming that f is differentiable, because its proof uses Lemma
2 of Lawrence et al. (2025), which relies on this differentiability assumption. Theorem 8 can be
extended to the non-differentiable setting via smoothing arguments, e.g., using the Moreau envelope
(Moreau, 1965).
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