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Abstract

Overparameterized ML models, including neural networks, typically induce underdetermined train-
ing objectives with multiple global minima. The implicit bias refers to the limiting global minimum
that is attained by a common optimization algorithm, such as gradient descent (GD). In this paper,
we characterize the implicit bias of GD for training a shallow ReLLU model with the squared loss on
high-dimensional random features. Prior work (Vardi and Shamir, 2021) showed that the implicit
bias does not exist in the worst-case, or corresponds exactly to the minimum-¢2-norm interpolat-
ing solution under exactly orthogonal data (Boursier et al., 2022). Our work interpolates between
these two extremes and shows that, for sufficiently high-dimensional random data, the implicit
bias approximates the minimum-¢5-norm solution with high probability with a gap on the order

() (x/n / H)\Hl) , where 7 is the number of training examples and A denotes the spectrum of the
data covariance matrix. Our results are obtained through a novel primal-dual analysis that carefully

tracks the evolution of predictions, data-span coefficients, as well as their interactions, and show
that the ReLLU activation pattern quickly stabilizes with high probability over random data.

Keywords: Implicit Bias, Gradient Descent, ReLLU, Squared Loss, Regression, Primal-Dual

1. Introduction

In many modern machine learning problems, the training objectives are typically underdetermined,
which implies that they may admit (potentially infinitely) many global minima. Despite this, a
large body of empirical results (Neyshabur et al., 2014; Zhang et al., 2021) show that optimization
algorithms such as gradient descent frequently converge to solutions that generalize well, even in
the absence of any explicit regularization. This phenomenon is commonly referred to as the implicit
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bias introduced by gradient descent (Ji and Telgarsky, 2018; Soudry et al., 2018), and understanding
the nature of this benign bias has become a central topic of recent research.

The study of the implicit bias of gradient descent originally emerged in the context of linear
models. For linear classification with separable data, the seminal work of Soudry et al. (2018);
Ji and Telgarsky (2018) shows that, when minimizing exponentially-tailed losses, gradient descent
converges in direction to the max-margin solution that minimizes fo-norm. For linear regression
with the squared loss, gradient descent is known to converge to the zero-loss (interpolating) solution
with the minimum-£o-norm (Engl et al., 1996). Building on these foundational results, several
finer characterizations were derived for linear models, including sharper convergence analyses (Ji
and Telgarsky, 2018; Nacson et al., 2019; Ji and Telgarsky, 2021), general classes of first-order
methods (Gunasekar et al., 2018; Sun et al., 2022; Wang et al., 2025), and a deeper understanding
of the implicit bias on high-dimensional data (Hsu et al., 2021; Lai and Muthukumar, 2025).

Understanding the implicit bias in nonlinear models such as neural networks remains a signif-
icant challenge, primarily due to the induced non-convexity of the optimization objective. In this
work, we focus on regression with a one-hidden-layer ReLU neural network and the squared loss,
which represents one of the most fundamental and natural extensions beyond linearity. Remark-
ably, Vardi and Shamir (2021) showed that establishing the implicit bias of ReLU models is known
to be hard in the worst case, even when the model consists only of a single neuron and assuming
global convergence. (On the other hand, the implicit bias of a single neuron with a strictly mono-
tonic activation function (e.g., leaky ReLU) does follow the minimum-£s-norm solution.) They do
this through a stylized counterexample of 3 data points with 3-dimensional features, raising the nat-
ural question of whether the implicit bias becomes characterizable under typical data ensembles. At
the other extreme, Boursier et al. (2022) showed that the implicit bias of gradient flow for exactly
orthogonal features is exactly the minimum-¢2-norm solution. However, an exact orthogonality as-
sumption is restrictive and rarely holds in practice. Notably, high-dimensional random features are
near-orthogonal, raising the question of whether the implicit bias can be characterized in this more
realistic but also more challenging case.

Our contributions: In this paper, we establish new insights into the implicit bias induced by
gradient descent for ReL.U networks trained with the squared loss on sufficiently high-dimensional
data. Our main contributions are summarized as follows. First, we completely characterize the
expression for the implicit bias of gradient descent dynamics on ReLU models with 1 or 2 neurons
for high-dimensional data under sufficient conditions (Theorems 4 and 8). Second, we quantify the
relationship between the implicit bias of gradient descent and the global minimum that achieves the
minimum-¢2-norm. More specifically, we establish both upper and lower bounds on the distance
between the gradient descent limit and the minimum-#3-norm solution, showing that it scales as
O©(y/n/||A]|;) where n is the number of training examples and A denotes the spectrum of the data
covariance matrix (Theorems 6 and 9). Consequently, the solutions are very close, but not identical,
for high-dimensional features. Interestingly, a similar phenomenon was also shown to occur with
exponentially-tailed losses (Frei et al., 2023a,b) for classification.

Our techniques in a nutshell: Our main results are obtained through a novel primal-dual for-
mulation of the gradient descent dynamics under the squared loss with ReLU networks, which is
inspired by mirror descent (first studied by Ji and Telgarsky (2021) for linear models). Instead of
directly tracking the weight vector in the original parameter space like previous work, we introduce
primal variables representing the predictions on training examples, and dual variables capturing
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the coefficients in the data span. This representation is particularly well-suited for analyzing ReLU
networks because the sign of each primal variable directly determines whether the corresponding ex-
ample is active, and hence whether its dual variable receives a gradient update. Our analysis reveals
that understanding the gradient dynamics hinges on tracking (i) the positivity of the primal variables
and (ii) the interactions between training examples. We introduce new tools to carefully control the
evolution of positive primal variables and sufficiently negative dual variables (Lemmas 10 and 11,
which may be of independent interest). Underlying the proofs of our approximation results to the
minimum-£5-norm solutions are novel characterizations of the latter as minimum-¢o-norm linear in-
terpolations of a (possibly data-dependent) subset of training examples. This data-dependent subset
selection is a fundamental difference between the implicit bias of linear models and ReLLU models.

1.1. Related Work

We now briefly discuss the most closely related work and highlight key differences of our approach.
We contextualize our results within the most closely related prior studies on implicit bias of regres-
sion models in Table 1. Boursier et al. (2022) study the dynamics of gradient flow on two-layer
ReLU networks under an exact orthogonality assumption on the data. Exact orthogonality removes
interactions between examples and significantly simplifies the activation patterns induced by the
ReLU nonlinearity. As a result, their analysis primarily focuses on how the second-layer weights
evolve to fit all examples, leading to a multi-phase gradient flow dynamic. Under these assumptions,
they show that gradient flow converges to the minimum-#s-norm solution (their Theorem 1). In con-
trast, our work focuses on understanding how interactions between examples, captured through the
Gram matrix, shape the active and inactive patterns in ReLU models under more realistic, control-
lable high-dimensional settings. Interestingly, we show that in high dimensions, the implicit bias
is no longer exactly the minimum-¢2-norm solution but remains close to it (Theorems 6 and 9). In
comparison, Vardi and Shamir (2021) provide only a multiplicative upper bound on the magnitude
of the norm of implicit bias in the worst-case data setting, showing that it is at most twice that of the
minimum-norm solution. Dana et al. (2025) also analyze the high-dimensional regime and establish
global convergence by showing that each example can be fitted by at least one neuron with high
probability and all active examples stay active (their Theorem 1). However, their analysis does not
address the behavior of inactive examples suppressed by the ReLU nonlinearity and does not shed
light on the implicit bias. As a result, their work provides only a partial view of the gradient dynam-
ics. In contrast, we introduce a novel primal-dual framework that allows us to simultaneously track
both active and inactive examples (Lemmas 10 and 11). This framework enables a full character-
ization of the gradient dynamics and, consequently, the implicit bias in high dimensions. We use
some of the observations of Dana et al. (2025) as a starting point for our primal-dual characteriza-
tions. More generally, most existing analyses (Vardi and Shamir, 2021; Boursier et al., 2022; Dana
et al., 2025) rely on gradient flow and continuous-time ODE techniques, which assume infinitesimal
step sizes. In contrast, our analysis directly studies gradient descent with finite (though still small)
step sizes. This distinction is both theoretically and practically important, as gradient descent is
the algorithm used in practice. Our primal-dual approach provides a new framework for analyzing
discrete-time optimization dynamics in ReL.U networks and opens a complementary direction to
existing studies based on gradient flow.

Frei et al. (2023a,b) consider classification in a similar one-hidden-layer setup with the leaky
ReLU activation, and also exploit simplified KKT conditions under nearly orthogonal data. How-
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Orthogonal data High dimensional data Worst-case data
Implicit bias characterization Global convergence only
No implicit bias in general
ReLU models (k = 1) . (Dana et al., 2025) ! :
h(z) = S spo(w] z) (o) (Boursler ?t al, 2022) © This work (Vardi and Shamir, 2021)
k=1k k w'™ = argmin H'w —w ||2 N Hw(OC) — w(O)H <92. Hw* — w(O)H
we{w: Xw=y} [ — ], = ™ 27 2
x) — ; 0
Linear models Implicit bias coincides with w™ = we‘g&;ﬁiy} [[w —w ],
hiz) =w'z maximum ¢, margin SVM (Hsu et al., 2021) (Engl‘et al., 1996)

Table 1: Our results contextualized with related literature.

ever, due to the different training objectives underlying classification and regression, the resulting
analyses are fundamentally different.

Notation: We use lowercase boldface letters (e.g. &) to denote vectors, lowercase letters (e.g. y)
to denote scalars, and uppercase boldface letters (e.g. X) to denote matrices. We use ||-| p to denote
the ¢,-norm of a vector for p € [1,00) and ||-||, to additionally denote the operator norm of a
matrix. For a vector z € RY, we use z; to denote its i-th component. We use [n] to denote the
set {1,...,n}. For a matrix X € R"*? a vector y € R™, and any index set S C [n], we use
X g € RISIXd to denote the submatrix of X consisting of the rows indexed by S, and y g € RIS
denotes the corresponding subvector. We use < 0 (respectively >~ 0) to denote that every entry
of vector x is less than or equal to (respectively greater than or equal to) zero. We use C, ¢ to denote
universal constants that appear in upper and lower bounds, respectively, that may change from line
to line. We also use the notation C|.) to denote universal constants with a specific meaning that do
not change from line to line. We specifically choose Cy > C2 and C,, > maux{Cg2 ,CyCy} in our
analysis.

2. Problem Setup

We consider a regression problem with feature vector x € X C R? and label y € J C R. We
consider random feature vectors drawn according to a distribution D with zero mean, i.e., E[z] = 0,
and covariance matrix ¥ = E[zz']. Let ¥ = VAV € R% be the eigendecomposition
of the covariance matrix, where V' € R%*¢ is the matrix of eigenvectors and A € R¥*? is a
diagonal matrix whose entries are the eigenvalues of 3., arranged in descending order. We make
the mild assumption that the feature vector admits the representation * = VAZz where z € RY
has independent, mean-zero, o2-subgaussian components. By the definition of a o2-subgaussian
random variable, each coordinate z; satisfies E[exp(u'z)] < exp(o? Hqu /2) for any u € R4,
For simplicity, we set 0, = 1 throughout the remainder of the analysis. The labels y are only
required to be bounded (see Assumption 1) and may be chosen arbitrarily. In particular, y does not
need to satisfy any particular relationship with respect to x.

We observe a dataset {x;, y;}_,; where the features {x;}!" | are drawn i.i.d. from the distribu-
tion D. We denote the data matrix by X € R™*? and the label vector by y € R™. Since we operate
in a high-dimensional regime (d > n), we make the mild assumption that X has full row rank, i.e.,
rank(X) = n, which is automatically satisfied under the assumptions of all lemmas and theorems
in this paper.'

!"The full-rank assumption holds either almost surely or with high probability under random and high-dimensional
features; see, e.g. Hsu et al. (2021).
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Assumption 0 (Full-rank Data Matrix) The data matrix X € R™*? satisfies rank(X) = n.

For ease of subsequent notation, we consider without loss of generality the samples with positive
labels to appear in the upper block of the data matrix X, while those with negative labels appear in
the lower block. Let n denote the number of positive labels and n_ = n — n denote the number
of negative labels. Accordingly, we write X = [X I X T] " Where X 4+ € R™+*4 contains the
features corresponding to positive labels and X _ € R"-*¢ contains the features corresponding to
negative labels. We similarly partition the label vector as y = [yl yj] i

Next, we introduce our key assumptions on the features and labels. First, we assume that the
magnitudes of the labels are bounded away from zero and infinity.

Assumption 1 (Bounded Labels) For all i € [n)], the labels satisfy Ymin < |¥i| < Ymax for some
Ymin,s Ymax € R+-

This assumption ensures that all labels are non-degenerate and have comparable scales, which will
be important for controlling the dynamics of gradient-based optimization.

We next impose a high-dimensional assumption on the data features. To characterize the effec-
tive dimensionality of the feature distribution, we define two notions of effective dimension based on

2

the spectrum X := [Ay, -+, )\d}T of the feature covariance matrix X, given by dy = Hj‘\”% Jdoo =
2

||”;\H”1 Note that when the covariance is isotropic, i.e., Ay = Ay = --- = Ay = 1, we have

oo

ds = doo = d, i.e., these reduce to the original data dimension. Our high-dimensional assumption
requires that these effective dimensions dominate problem-dependent quantities involving the sam-
ple size n and the range of label magnitudes [Ymin, Ymax]- Similar conditions have also appeared
in related global convergence analysis under the squared loss (Dana et al., 2025) and implicit bias
analyses under the logistic/exponentially-tailed losses (Frei et al., 2023a).

Assumption 2 (High-dimensional Features) The data features satisfy do > 6‘3% and doo >

min

1.5
Co™—m2x for a sufficiently large constant Cy > 1.

Ymin

This assumption places the problem in a sufficiently high-dimensional regime, ensuring strong con-
centration properties of the empirical Gram matrix and enabling precise control of the gradient
dynamics analyzed in the following sections. We note that our techniques would yield similar
guarantees on the implicit bias for deterministic feature vectors that satisfy a near-orthogonality
condition adapted from Frei et al. (2023a,b) to real-valued labels.

Assumption 3 (Deterministic Nearly-orthogonal Features) For a sufficiently large constant
Co > 1, the data features satisfy min;cfy, |&i]|3 > Conlmax max; . |z, x;|.

Ymin

This condition ensures that the desired concentration properties of the empirical Gram matrix X X
hold for our analysis.

General ReLLU Models and Empirical Risk Minimization. We denote by hg : X — ) the gen-
eral ReLU model used for the regression task in this work, defined as he(x) = Y 1", sro(w] ),
where © denotes the collection of model parameters {wy, };* , together with fixed signs {sj}7" ;.
Here, s € {—1,+1} denotes the sign of the k-th ReLU neuron, o(z) := max{z,0} is the ReLU
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activation function, wj, € R? is its weight vector, and m > 1 is the number of neurons. To learn the
regression model, we minimize the empirical risk under the squared loss, defined as

n

1 2 1
R(©) = £ 3 (holw:) ~u)” = 1 he(X) — yl3. m
i=1
where we define the vector-valued extension hg as he(X) = [he (1), -+, he(x,)] € R". We

employ the gradient descent algorithm to minimize (1). To make the dynamics more tractable, we
only update the neuron weights {wy}™ , and fix the signs of the neurons {s;}" 2. When there
are m > 1 neurons, we will initialize at least one neuron for a positive sign and one neuron for a
negative sign to ensure that the neural network can fit arbitrary labels.

Gradient Descent and Primal-dual Representation. For the ReLU model hg, the gradient of
the empirical risk in (1) with respect to wy, is given by

n

Vka(@) = Z(h@(ib,) — yi)sk . ]lwga:i>0 Ly = stTD(ka)(h@(X) — y),
=1

where D(z) : R" — R™ " denotes the diagonal matrix with entries D;; == 1,,50. Accordingly,
the gradient descent update for wy, takes the form

wi™ = w — v, ROV) = w!” — s X D(Xw) (hgw (X) —y). 2)

To analyze these updates more transparently, we introduce a primal-dual representation used in
mirror descent (Ji and Telgarsky, 2021). For all k£ € [m], we define the primal variable 3, € R"
and the dual variable a;;, € R" as

-1
B = Xwyg, Q= (XXT> Xwy, andnotethat 3, = XX oy 3)
This representation restricts attention to the components of wj, that lie in the span of the data matrix
X .3 For ease of notation, we further define B+ = Xjwy and decompose the dual variable
as o = [a; I a;—ﬁ]T, consistent with the partition on labels y = [yl yT]T. Under this
parameterization, the gradient descent update (2) can be expressed in primal-dual form as
. 1
(Primal) Bt = 8Y _ s X XTD(BY) (hew (X) — ), (4a)
1
(Dual) ay ™ = o) — s D(BY) (hgw (X) — y). (4b)

This primal-dual formulation plays a central role in our analysis. In particular, the sign of each pri-

2 determines whether the corresponding dual variable a,(::rl)

mal coordinate ﬁ,gf is updated through

the diagonal matrix D( B,(:)). Consequently, understanding the positivity pattern of [3,(:) and the re-

sulting dynamics of a,(f) is key to characterizing the behavior and implicit bias of gradient descent.

This is a reasonable approximation for the dynamics when both layers are trained via the well-known balancedness
condition, but balancedness is typically formally shown only under gradient flow (see, e.g. Du et al. 2018, Theorem 2.1).

*In general, w; may contain components orthogonal to span({x;}7,), ie., wr, = X oy + Zj:m_l Ok, j
where @y,; € R and we define the vector &; L @; for all i € [n] such that {x;}7—, U {&;}9_, , forms a complete
basis of R?. However, since the gradient updates act only within span({a;}?_;), the orthogonal components remain
unchanged throughout training. Our results can be easily extended by adding back in this orthogonal component.
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Minimum-/5-norm Solution. It is well known that, for linear regression with zero initialization,
ie., h(x) == w'x with w(® = 0, gradient descent converges to the minimum-£2-norm interpo-
lation, which is given by WiinearMNI = arg miny, % ||lw g st. w'x; = y;, foralli € [n]. This
solution admits the closed-form expression Wijpear-MNI = X T(X X T)_1y. Motivated by this clas-
sical result, we consider the minimum-¢5-norm solution for the general ReLLU regression problem
that we study, defined as:

RS
{witisy = argmin & > w3 )
{wk}zlzl k=1
m
s.t. Zska(w;xi) =y;, forall i € [n].
k=1

Let ®, denote the set of global minimizers of the empirical risk (1). Note that for m = 1, the
empirical risk can often not be driven to zero; labels that are opposite in sign to the sign of the
neuron s; cannot be fit. For networks with m > 1 neurons, we will consider at least one neuron
to be positively signed and negatively signed respectively, ensuring that the global minimizers will
achieve zero empirical risk and interpolate the training data (i.e. he(x;) = y;, Vi € [n]).

3. Implicit Bias of Single ReLLU Models (m = 1) Under Gradient Descent

We begin by analyzing the case of the single positive ReLU neuron model (m = 1). Specifically,
we consider hg(x) = sjo(w'x) where w € R? is the only model parameter. We will also
assume that s; = +1 as will become clear through this section, the single neuron is only capable of
fitting positive labels in this case. A symmetric version of our results in this section will hold in the
opposite case where s; = —1, with all instances of positive labels replaced by negative labels. We
omit this case for brevity.

3.1. Gradient Descent Updates and Convergence

For the single ReLU model (m = 1), the gradient descent update in (2) simplifies to

w) = w® -V, R(w®) = w® — nXTD(Xw(t))(a(Xw(t)) - y)
= w" — X TD(Xw")(Xw" —y), 6)

where we write the vector-valued extension of the ReLU as o(z) := [0(21),- -+ ,0(2,)]" € R™, and
the second equality follows from the fact that the diagonal matrix D (X 'w(t)) enforces the ReLU
activation pattern. Specifically, since D (X w®) contains indicators of positive pre-activations, the
explicit nonlinearity o(-) can be removed once it is applied.

Compared to linear regression, the key difference in the gradient update for a single ReLU
model is the presence of the diagonal matrix D (X w(®). This matrix effectively selects a subset
of examples — those with positive pre-activations — to contribute to each gradient update. As a
result, the optimization trajectory becomes both data-dependent and time-varying, with the active
set of samples evolving during training.
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3.1.1. SUFFICIENT CONDITIONS FOR GRADIENT DESCENT CONVERGENCE

According to Equation (6), convergence of gradient descent occurs when VwR('w(t)) = 0. This
condition implies that, for every i € [n], either wiTw(t) < 0 or a:iTw(t) = y;. In other words, at
convergence, each training example is either inactive due to the ReLU nonlinearity or is fit exactly.
These criteria can define either a global or local minimum depending on the activation pattern.

In general, the optimization trajectory and loss landscape induced by gradient descent, even on
a single ReLU model, are difficult to characterize, primarily due to this data-dependent activation
pattern. However, suppose there exists an iteration ¢ty > 0 such that, for all ¢ > t, the set of active
examples S := {i € [n] : ]/ w{) > 0}, remains unchanged. In this “final phase”, we expect
the gradient descent dynamics of the single ReLLU model to reduce to those of linear regression
restricted to the active subset of samples. We formalize this observation in the following lemma,
which is proved in Appendix B.1.

Lemma 1 Suppose there exists to > 0 such that D(Xw®)) = D(Xw®) for all t > to. Define
the subset of examples S = {i € [n] : ®] w0 > 0}. Then, for all t > to, the gradient descent
dynamics of the single ReLU model are equivalent to gradient descent applied to a linear model
initialized at w*) and trained only on the subset S.

As a direct consequence, convergence of the single ReLU model in the final phase follows from
classical convergence guarantees for linear regression. In particular, it is straightforward to show
that if the step size n < m, then gradient descent converges in the final phase under our
conditions on the training data. We state and prove this result for completeness in Appendix B.1.

Lemma 2 Suppose there exists tg > 0 such that D(Xw")) = D(Xw®) for all t > tq, if the
step size satisfies n < m, gradient descent applied to the single ReLU model converges to
w(™) = argmin |lw - w(tO)H? where S = {i € [n] : =] w®) > 0}.

we{w: X sw=yg}

3.2. Minimum-/5-norm Solution of Single ReLU Models

In Section 2, we discussed the minimum-£5-norm solution for linear regression (called wWiinear-MNI)-
In contrast, due to the presence of the ReLU activation, single ReLU models can only produce
nonnegative outputs. As a result, such models can minimize the empirical risk only by exactly fitting
all samples with positive labels and outputting zero on samples with nonpositive labels. It is natural
to consider the minimum-¢5-norm solution for the single ReLU model subject to these constraints.
Interestingly, this can be written as a convex optimization problem (despite the empirical risk itself
being nonconvex) in which the constraints associated with nonpositive labels are written as linear
inequalities, as below:

1
w* :argmin§ w3 (7)
w

S.t. szI:Z- =y, forall y; > 0,
wTa:j <0, forall y; <0.

We show that the solution of (7) coincides with the minimum-/£5-norm solution associated with /in-
early fitting a suitable subset of training examples, after setting all negative labels to zero. We define
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the linear MNI solution associated with the subset S C [n] as Wiinear-MNL,s = X g(X s X g)*lg gs
where yg € RIS! denotes the corresponding modified label subvector with all negative entries re-
placed by zero.

Lemma 3 Consider a single ReLU model hg(x) = o(w ' x). The minimum-£a-norm solution w*
of he(x) defined in Equation (7) satisfies W* = Wiinear-mni,s for some index subset S C [n] that
necessarily contains all indices i such that y; > 0, where the corresponding labels are given by
Us,; = max{y;, 0}.

Lemma 3 is proved in Appendix B.1 through the Karush-Kahn-Tucker (KKT) conditions. It is
important to note that w* is a fundamentally different inductive bias from wjjpear-mn1 as the subset
S does not have an explicit formula, and is training data-dependent.

3.3. High-dimensional Implicit Bias of Single ReL.U Models

Our first main result, stated below, characterizes the gradient descent dynamics of single ReLLU
models on high-dimensional data.

Theorem 4 Consider Assumptions 1 and 2, suppose the initialization is w®) = X T (XX )¢,
1 . . . 1 1
where 0 < ¢; < Zr Ymin for all i € [n], and the step size to satisfy TG, I, <n< AT Then,

the gradient descent limit w(*) for the single ReLU model coincides with the solution obtained
by linear regression trained only on the positively labeled examples with initialization wl) =

nX' (y —e+ %(XXT)_I(i) with probability at least 1 —2 exp(—cn). Formally, we have w(*) =

arg min Hw — 'w(l)H2 and X _w(>) < 0.
we{w: X yw=y, }

Theorem 4 is proved in Appendix B.2 and characterizes a regime of gradient descent in which the
convergence behavior is tractable. Due to the presence of the ReLU activation, the main challenge
lies in monitoring which examples are active and which are inactive during gradient descent. Under
our assumption of sufficiently high-dimensional data, we show, through careful tracking of the pri-
mal and dual variables, that examples with positive labels remain active throughout the optimization
process (see Lemma 10), while examples with negative labels eventually become and remain inac-
tive (see Lemma 11). Therefore, the limiting solution fits all positive labels exactly and produces
predictions equal to zero for samples with negative labels. Consequently, this solution achieves the
minimum empirical risk, i.e. is a specific global minimizer of (1).

Remark 5 In addition to Assumptions 1 and 2, Theorem 4 assumes a sufficiently small initializa-
tion where all the training examples are active (to see this, note that Xw®) = € = 0)*. Essentially,
the primal variables are initialized in the positive orthant. The sufficiently small initialization is
also assumed in previous work (Boursier et al., 2022; Dana et al., 2025). The positivity assumption
is made to ensure high-probability convergence to a global minimum. On the other hand, a ran-
dom initialization would map to both positive and negative primal variables. Our simulations in
Appendix F (in particular, Figure 5) demonstrate that in this case, a positively labeled but initially

*The initialization expression w(® = XT(XX ") 'ewith e € R" is isomorphic to an arbitrary initialization in
the span of the data {x; };-, owing to the full-row-rank assumption on X . Note in particular that such an initialization
can be arbitrarily far from w*, and does not constitute a “local” initialization.
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inactive example remains inactive, meaning that gradient descent can only converge to a local min-
imum?. Additionally, we provide a simple explicit counterexample showing that such initializations
result in convergence to a local minimum that is not globally optimal in Appendix B.4.

3.4. Approximation to Minimum-/5-norm Solution in High Dimensions

We now show that the limiting solution obtained from Theorem 4 is different from, but close to
the minimum-¢,-norm solution in high dimensions. Specifically, the following theorem upper and
lower bounds the Euclidean distance between w(>) and w* as a function of the number of negative
examples n_, effective dimension and label magnitude.

Theorem 6 Consider Assumptions 1 and 2, suppose the initialization is w'® = X T(_7( X T)_le,
1 . . . 1 1
where 0 < ¢; < Cr Ymin forall i € [n], and the step size to satisfy O, <n< AT Then,

2 2
"—Ymin (00) __ gpy* 16n_yhax |7 1 o _
we have SeA DR < H'w w H2 < AN with probability at least 1 — 2 exp(—cn).

Theorem 6 is proved in Appendix B.3 and heavily leverages our characterization of the minimum-
£o-norm solution in Lemma 3. Our simulation in Figure 2 shows excellent agreement with Theo-
rem 6. Note that Theorem 6 implies that w(®) = w* = Wiinear-MNI 1N the case where all labels are
positive!

4. Implicit Bias of Two ReLLU Models (m = 2) Under Gradient Descent

We now extend our analysis to a 2-ReLU model (m = 2), which combines one positive ReLU
neuron and one negative ReLU neuron. More specifically, we define he (z) = o(wgz) —o(whz),
where © is a set of model parameters such that © = {wg, ws} and we, we € RY. As mentioned
in Section 2, this model is more expressive than the single ReLU model as it can perfectly fit
arbitrary labels (both positive and negative). For the 2-ReLLU model, the gradient descent update
in (2) simplifies to

w™ = w59, ROV) = wl) —nXTD(Xw) (hgw (X) — ).
(

w™ = w — v, ROY) = w0 4 nXTD(Xw!)(hgo(X) —1).

4.1. Minimum-/5-norm Solution of 2-ReLLU Models

First, we characterize the minimum-¢s-norm solution for the 2-ReLLU model, defined below:

1 2 1 2
wh, i, =argmin - [lwg |3+ - lwol ®)
W, Wo
st o(wha;) — o(whx;) = y;, foralli € [n).
Unlike in the case of the single ReLU model, (8) cannot be written as a convex program. To an-
alyze (8), we show that the optimal solution is also the optimal solution to a restricted convex
program obtained by fixing the activation pattern of the two ReLLU units across the training exam-
ples. To state this result, we define some additional notation. Let S = {i : y; > 0, forall i € [n]},

S_={j:y; <0, forall j € [n]},sothat S, US_ =[n]and S NS_ =@.

5In fact, this is why Dana et al. (2025) need to assume a sufficiently large number of neurons m to ensure global
convergence under random initialization.
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Lemma 7 The feasible set of (8) is nonempty, and there exist partitions St USo = Sy, §S1 NSy =
@, and S3U Sy = S_, S3 M Sy = @ such that the optimal solution {w?,, wr} of (8) is also an
optimal solution of the following convex program:

1 2 1 2
we, wg = argmin g [lwell; + 5 [lwell; ©)
W, Wo

.t whx; = Te: <0 lliesS
I Wg &y = Yi, wex; <0, foralli € S5y,
'w;wi — 'wgwi = Yi» — wg:ci <0, forallie S,
- wgwi =y, wga:i <0, foralli € Ss,
w%wi — wgwi =, —wgwi <0, foralli € Sy.

Lemma 7 is proved in Appendix C.1. Note that, in general, it is not possible to explicitly identify or
characterize the exact activation patterns and corresponding partitions. However, the mere existence
of such a partition is sufficient for our purposes and allows us to derive the desired approximation
results for the implicit bias in Section 4.3.

4.2. High-dimensional Implicit Bias of 2-ReLLU Models

Next, we characterize the gradient descent dynamics of two ReLU models in the high-dimensional
regime in a manner analogous to the single-ReLU model (Theorem 4).

Theorem 8 Consider Assumptions I and 2, suppose the initialization wég )= xT (X X T) _16@

and ng) = XT(XXT)_lee, where 0 < €gj, €0, < ﬁymin for all i € [n], and the step
size to satisfy m <n< m Then, with probability at least 1 — 2 exp(—cn), we have:

The gradient descent limit 'wéBOO) coincides with the solution obtained by linear regression trained

only on the positively labeled examples, with the initialization wgBl) = X' <y —€gp + €5 +
%(XXT)*le@), and wgeoo) — arg min Hw — wg) 2; the gradient descent limit w(eoo)

we{w: X yw=y, }

coincides with the solution obtained by linear regression trained only on the negatively labeled

examples, with the initialization w(el) =nX' (—y + €y — € + %(XXT)*169> and ’w(eoo) =

arg min Hw—w(el)
we{w: X _w=—y_}

S with X_wéBoo) =< 0 and X+w(@°°) <0.

Theorem 8 is proved in Appendix C.2 in a manner similar to the proof of Theorem 4. Our main
additional insight is that, in high dimensions, the optimization dynamics naturally decouple: wg
learns to fit all positively labeled examples, while wg learns to fit all negatively labeled examples.

4.3. Approximation to Minimum-/>-norm Solution in High Dimensions

Finally, we show, in a result analogous to Theorem 6, that the limiting solution of Theorem 8 is
close to the minimum-¢2-norm solution {w},, w% }.

11
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(t) (t+1)
Lemma 10
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vi > 0: 107 —+ W - w3
e 1077
3
% 10+
Equation (4b) 2
y; < 0: Lemma 11‘ 10754
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1000 2000 3000 4000 5000
d
Figure 1: Gradient descent transition dia- Figure 2: Approximation error between the
gram for the k-th neuron. implicit bias of the single ReLU model w (>

and the minimum-#s-norm solution w*.

Theorem 9 Consider Assumptions I and 2, suppose the initialization is 'wég )= xT (X X T) ! €q,

w(@O) = XT(XXT)fle@, where 0 < €g i, €0, < ﬁymin forall i € [n], and the step size sat-

2
isfies GoyTaT, <N < g an,- Then we have y | 5o i < H“’@ wg ||, <\ ol and

2
" Yrni (00) * \/W . .

min < — < max o _ .
TN S H’we wr , S SABNN with probability at least 1 — 2 exp(—cn)

Theorem 9 is proved in Appendix C.3 and leverages the restricted convex program that we
derived in Lemma 7. Due to the relative complexity of (9), the proof becomes more involved than
that of Theorem 6, but the underlying basic ideas are similar. Note that, because one of n,n_ > 0,
the implicit bias of 2-ReLLU cannot exactly coincide with the minimum-¢2-norm solution.

5. Main Proof Ideas

Our analysis hinges on precisely tracking the activation patterns of ReL.U neurons across all
training examples. By controlling which examples remain active or inactive throughout training,
we are able to understand the resulting gradient dynamics and, consequently, the implicit bias of the
converged solution. To establish these results, we introduce two key lemmas. Lemma 10, inspired
by ideas in Dana et al. (2025), shows that once the primal variable /3, ; corresponding to the k-th
neuron and the ¢-th example is active—and the sign of the neuron s; agrees with the label y;,—it
remains active in the next iteration. This ensures that such an example is not suppressed by the
ReLU nonlinearity and continues to contribute to the gradient updates.

Lemma 10 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies n <
m. Consider the k-th ReLU neuron in hg. For any t > 0 and any index i € [n] such that
1

Sp -y > 0, lfﬁl(:z > 0, 51(:2 > s - hgw (i), and thm(X) — yH2 < Cy |lylly then 5](5;&1) >0
with probability at least 1 — 2 exp(—cn).

12
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This lemma is proved in Appendix A.2. The main idea behind Lemma 10 is that as long as the primal

variable ﬁ,(fz is positive and the empirical risk remains uniformly bounded, the gradient update of

,(:2 is dominated by its self-interaction term for high-dimensional data. The reason, at a high level,

is that cross-sample interactions can be bounded in high dimensions (due to the concentration of
the random Gram matrix X X " around ||A||,I). As a result, the magnitude of the update is strictly
smaller than ,Efg, ensuring that 5 ,(cfjl) remains positive.

Lemma 11 concerns the behavior of inactive examples. It shows that once a dual variable oy, ;
associated with the k-th neuron and the j-th example becomes sufficiently negative, the correspond-
ing primal variable (3, ; remains inactive. Consequently, the dual variable is no longer updated and
stays frozen throughout training. This mechanism effectively removes certain examples from the
optimization dynamics.

Lemma 11 Under Assumptions 1 and 2, consider the k-th ReLU neuron in hg. For any t > 0 and

. . . t min t Ca max t t+1) _ t
any index j € [n), zfaé,)j < _CZIIAHl and Haé)Hz < “‘{#ﬁi then B,(gz < 0and al(w, ) _ aé}

with probability at least 1 — 2 exp(—cn).

The proof of Lemma 11 (see Appendix A.3) relies on the primal-dual relationship 3;, = X X Tay,
from Equation (3), together with concentration results for the Gram matrix. Specifically, if a dual

variable is sufficiently negative, then the corresponding primal variable 3 ,(3 is strictly negative. Ac-

cording to the dual update rule in Equation (4b), a negative ﬂ,(:;. implies that the ReLU is inactive

and the dual coordinate receives no further updates. As a result, a,(fjl) = a,(:}, and sufficiently neg-

ative dual variables remain frozen throughout training. Figure 1 depicts the transition of primal-dual
updates in Lemma 10 and Lemma 11. We also provide deterministic-feature counterparts of Lem-
mas 10 and 11, stated as Lemmas 15 and 16, respectively. Their proofs are given in Appendix A.4.

In the following paragraphs, we outline the proof sketch for single ReLU models. The proof
ideas for the 2-ReL.U case follow analogously.

Proof Sketch of Theorem 4: The proof combines the insights from Lemma 10 and Lemma 11 to
obtain a complete picture of how activation patterns evolve during training. Together, these lemmas
allow us to track which examples remain active or inactive throughout gradient descent. Our goal
is to reach—and maintain—a configuration in which positive-labeled examples remain active while
negative-labeled examples remain inactive, as formalized by the sufficient conditions in Lemma 17
in Appendix B.2. To achieve this, we leverage two key properties of the initialization. First, the
positive initialization guarantees that every example initially has at least one active neuron capable
of fitting it. Second, the small initialization ensures that, after the first gradient step, positive-labeled
examples remain in the active regime while negative-labeled examples acquire sufficiently negative
dual variables and become inactive. Together, these properties place positive and negative examples
into their respective regimes after a single update. We then apply Lemma 17 to show that this
configuration is stable under subsequent iterations. As a result, the activation pattern becomes fixed
after the first step, and the dynamics enter the final phase described in Lemma 1.

Proof Sketch of Theorem 6: To compare the gradient descent limit w(°®) with the minimum-~£5-
norm solution w*, we relate their distance in parameter space to their distance in prediction space.
Since both solutions interpolate all positive-labeled examples exactly, any discrepancy between
them must arise from their predictions on negative-labeled examples. We bound this discrepancy

13
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using the KKT conditions characterizing w*, as established in Lemma 3. These conditions precisely
describe how w™ treats negative-labeled examples and allow us to control the prediction distance
in terms of the distance between the primal and dual variables. In particular, the KKT conditions
imply that this gap is nonzero, showing that w(®) £ w*, Translating our bounds back to parameter
space yields matching upper and lower bounds on ||w(*®) — w*||s.

6. Discussion

We showed that the implicit bias of single and 2-ReLLU models, under appropriate initialization, is
remarkably close to the minimum-norm solution if the features are sufficiently high-dimensional
(and under appropriate initialization to ensure global convergence). Natural open questions include:
1) characterizing the dynamics for m > 2 neurons, and 2) studying the effect of moderate dimension
where d > n but not d > n. We provide partial extensions of our results to m > 2 neurons in
Appendices D and E that require a specific “disjoint” initialization, i.e., neurons are partitioned
into sets such that they are active on disjoint examples. Handling more realistic initializations is
an important direction for future work. We also simulate the effect of moderate-dimensional data
on the dynamics in Appendix F and observe that the primal and dual variables intricately influence
each other. We hope to characterize these more complex dynamics in future work, for which we
will likely require different mathematical tools.
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Appendix A. Proofs of Key Lemmas Tracking Primal-Dual Gradient Dynamics

In this section, we present the proofs of the key lemmas used to track the gradient dynamics of
the primal and dual variables. The central factor governing these dynamics is the sign pattern of
the primal variables, which determines whether individual examples are active or inactive under the
ReLU nonlinearity and, consequently, whether the corresponding dual variables are updated.

Before presenting the proofs, we first recall two key technical lemmas: 1) a concentration result
on the eigenvalues of random Gram matrices in high dimensions from Bartlett et al. (2020); 2) a
concentration bound on the operator norm of random Gram matrices from Hsu et al. (2021). Both
these lemmas play a crucial role throughout the analysis.

A.1. Concentration of Random Gram Matrices in High Dimensions

Our analysis relies heavily on properties of the Gram matrix on high-dimensional data. These
concentration results allow us to control cross-sample interactions and isolate the dominant self-
interaction terms that drive the gradient updates. As a result, we can rigorously characterize how
positivity and negativity patterns in the primal and dual variables evolve over time.

In Lemma 12, we characterize the typical behavior of the eigenvalues of a weighted sum of outer
products of independent subgaussian vectors. Recall from Section 2 that the feature vector & € R¢
admits the representation x = VA%z, where z € R? has independent, mean-zero, o2-subgaussian
components, and we take o, = 1. Under this model, the empirical Gram matrix can be written as
XX = Z?=1 /\jvjva where each v; € R" is an independent random vector with independent,
mean-zero, subgaussian entries. Concretely, Lemma 12 provides high-probability bounds on the
extreme eigenvalues of X X | .

Lemma 12 (Bartlett et al., 2020, Lemma 9, Wang and Thrampoulidis, 2022, Lemma 12)

There exists a constant ¢ such that with probability at least 1 — 2e~"/¢, we have
1 d
Y N - < pn(XXT) < (XXT) < Z Aj+ A
c
J=1

>

. . . . . Aj
Moreover, if the effective dimension satisfies doo = % > bn for some constant b > 1, then

there exists a constant Cy > 1 such that
d d
Z (XX < (XX <C Z

with probability at least 1 — 2¢~™/Cs.

Next, Lemma 13 provides a high-probability bound on the operator norm deviation between the
Gram matrix X X " and |||, I, which is fruitful for high-dimensional data, and Corollary 14

shows that the typical value of this deviation can be expressed in terms of n and effective dimensions
d27 doo

Lemma 13 (Hsu et al., 2021, Lemma 8) There exists a universal constant ¢ > 0, for any 7 > 0,
Pr(HXXT—HAH IH >7') <2-9".exp [ —c¢-min i S
Pl =7/ = I M )7
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where | Xl = 3201 Ay A3 = 32511 A and [ Al = maxjeqq) Aj.

]1J’

Corollary 14 With the choice of T = C - max (|| Al /1, [|A]| o 7) and the constant C' - ¢ > 1In?9,

we have
XX" -1 SC’-maX< n’n>’
Hl>\|h 2 V d2 do
with probability at least 1 — 2exp(—n(Cc —1n9)), where we have defined dy = ”i”; ,doo

A .
||”>\H”1 . Similarly, we have

Jixl (xx7) -

n n
< (C,C - max —, |,
2 ! < da dOO)

with probability at least 1 — 2 exp(—n(Cc —1n9)).

A.2. Proof of Lemma 10 (Primal Variable Gradient Dynamics in High Dimensions)

In this proof, we show that under the assumptions of the lemma, if the sign of any ReLU neuron
agrees with the label of an example, then the corresponding primal variable remains positive after
one gradient descent step.

Proof (Lemma 10) According to the primal gradient descent update in Equation (4a) for the k-th
neuron, we have

) — g0 _ . X X T D(BY) (hgm (X) — y).

We aim to separate the gradient contribution arising from the diagonal and off-diagonal components
of the Gram matrix and to show that the updated primal coordinate remains positive, i.e., B,(:;rl) > 0.

Fix any ¢ > 0 and any index ¢ such that s; - y; > 0 and /3 1(:2 > 0. Then, the update of the ¢-th
coordinate can be written as

BTY = B — nsre] XX TD(BY) (hegw (X) - y)
= B~ nsve] [N T+ (XXT = Al I) ] D(BY)(he (X) ~ )
—[ ) = Al (skhgo (®:) — Slcyz)}

—nsiel (XX = |IAI,I) DB )(hgw (X) —y).  (10)

where the last equality uses the assumption ,6’,(c > 0, which implies D;; = IL >0 = 1. We now

lower bound ﬁ,(:jl). By the step size condition 7 < W and the assumption Bk > sk-hgo (x4),
) g 1 )
the first term in Equation (10) satisfies

B =0 Al (skhgo (®:) — skwi) > 0 Al [yl

19



LAI WANG TAO MUTHUKUMAR

Substituting this into Equation (10) yields

(10) > 0\l lyi| = nsee] (XX T = Al T) D(BY) (e (X) - y)

> I\l il = 0| XX = N 7| (e (X) — ]l

1)

where the last inequality follows from the Cauchy—Schwarz inequality and the sub-multiplicativity
of the operator norm. Next, we upper bound the second term in Equation (11) using Corollary 14.
With probability at least 1 — 2 exp(—n(Cc —In9)), we obtain

(0= mlXl {M T <\/; doo ) hew (X) yl!z]
@
> 1Al I:ymin — (' - max <\/; doo) C fymax]

(;) Ymin
=1 ||A||1 Ymin — C - Cy . W * Ymax

> 0.

Inequality (i) applies the lemma assumption that Hh@(t)(X) — yH2 < Cyllylls £ Cyv/nYmax-

Inequality (ii) follows from Assumption 2, which guarantees that dy > Cg% and doo >

min

Co Oymax yyith large enough Cy > C' - Cy,. This completes the proof of the lemma. |

min

A.3. Proof of Lemma 11 (Dual Variable Gradient Dynamics in High Dimensions)

In this proof, we show that under the assumptions of the lemma, if the dual variable al(:)j for the k-th

neuron and j-th example is sufficiently negative, then it remains unchanged in the next iteration,
(t+1) _ (t)
Le,ap " = ay.

Proof (Lemma 11) By the definition of primal and dual variables in Equation (3), we have
B = xxTal.
According to the dual gradient update in Equation (4b), we have

" = o\ — DBV (hew (X) — v).

This update reveals that each coordinate a,(f)j evolves independently and is governed by the sign of

the corresponding primal variable B,(:) In particular, if ﬁ,(f} < 0, then the j-th diagonal entry of

D(ﬁl(; ) vanishes, and consequently Oé;(€ ) — al(ct?j‘
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We therefore establish a sufficient condition under which 3 ,(:3 < 0 in terms of the dual variable

(t)

oy, - Specifically, we separate the diagonal and off-diagonal components of the Gram matrix as

ﬁ(t _eTXXT ()
—ef [||A\|1I+ (XXT — Al 1)] o
= |l aff) +ef (XX = IAIL T) o
< AL afl) + || x T = Al 7| [l (12)
where the last inequality follows from the sub-multiplicativity of the operator norm. Next, we upper

bound the two terms HX XT—|Al T H2 and Ha,(:) H2 appearing in Equation (12). Following the

same argument as in the proof of Lemma 10, we apply Corollary 14. Consequently, with probability
atleast 1 — 2exp(—n(Cc — In9)), we obtain

(12) < A, {akﬁc max ([ )H M (13)

(t)

Finally, substituting the upper bound of «; ’; and Ha’(:) H2 in lemma assumptions into Equation (13),

Ymin n Cy fymax
< J—
(13) < II/\Ill{ Co ], T ¢ e <\/; doo) 1AL ]

:H)‘Hl |:_ Ymin . Ymin Caymax:|

we obtain

+C
Cq ||)\H1 Coymax ||A||1

<0,

2,2
where the last inequality follows from Assumption 2, which ensures dy > C’g% and do, >

Co ”ljyma" with large enough Cy > C'- C2. We have thus shown that if 0‘1(:; is sufficiently negative,

then Bk Y < 0, and consequently a,g ) _ Oz,(f)j. This completes the proof of the lemma. |

A.4. Lemma 15 and Lemma 16 (Gradient Dynamics under Deterministic Features)

In this section, we present the gradient dynamics of the primal and dual variables under deterministic
feature assumptions. Lemma 15 serves as the deterministic-feature counterpart of Lemma 10.

Lemma 15 Under Assumptions 1 and 3, suppose the gradient descent step size satisfies n <
WlXT)' Consider the k-th ReLU neuron in hg. For any t > 0 and any index i € [n] such
1
o ot t
that sk yi > 0, zfﬁ,(w)i > 0, ,Bliz > s - hgo(x;), and Hh@(t)(X) —yH2 < Cylly

o then
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Proof (Lemma 15) According to the primal gradient descent update in Equation (4a) for the k-th
neuron, we have

ﬂ’(:“‘l) = ﬁ](f) - nSkXXTD(:@I(gt))(hGW(X) —y).

We aim to separate the gradient contribution arising from the diagonal and off-diagonal components

of the Gram matrix and to show that the updated primal coordinate remains positive, i.e., B,(:;rl) > 0.

Fix any ¢ > 0 and any index ¢ such that s; - y; > 0 and 3 1(:2 > 0. Then, the update of the ¢-th
coordinate can be written as

D = 51— el XX TD(BY) (heo (X) — )

t
= | B8] — nsk |23 Lo (hew (@) — yi)] — sk Y w?iﬁj%;ﬂt;w (hew(x;) = y5) .
71 ]#Z 9.
(14)

where we have 1 = 1 according to the assumption /3 ,(:2 > 0. We now lower bound ﬁ,(:jl).

Bi)>0

By the step size condition n < for all i € [n] and the assumption B,itz >

1 < 1
m(XXT) = =il
sk - hg (i), the first term in Equation (14) satisfies
t
B = llzil3 (swhe (:) — skys) > nll2ill3 il
Substituting this into Equation (14) yields
(14) = n llzll3 lyil —nse Yl 251 0 (hgw (25) — y5)
i "
2 T
> nlleillz lyil - nmax |a; ;| > hew (x5) — vl
J#i
> 1 |aill3 il — ) max @] @j|v/n ||hgw (X) -y

. (15)

where we take absolute values in the second inequality, and the last inequality follows from the
inequality between ¢; and {5 norms. Next, we upper bound the second term in Equation (15) by the
lemma assumption ||hg ) (X) — yH2 < Cyllylly £ Cyv/nymax. We obtain

(15) 2 n @il Il = mmax | @|Cymmas
. 2. T
> 1 |min [|2;[|3 Ymin — Cyn max |z; &;|yYmax
i€[n] i#]
> 0.

The second inequality follows from taking the minimum for i € [n], and the last inequality follows
from Assumption 3 with Cy > C);. This completes the proof of the lemma. |

Next, we present the gradient dynamics of the dual variables under deterministic feature as-
sumptions. Lemma 16 serves as the deterministic-feature counterpart of Lemma 11.
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Lemma 16 Under Assumptions 1 and 3, consider the k-th ReLU neuron in he. Foranyt > 0 and

any index j € [n], lfagﬂt,,)] < _Cih‘lri;]h and Hal(f)H < Caﬁgﬂymax then Bk < 0and a(t—i-l) ’(:7‘)]

Proof (Lemma 16) By the definition of primal and dual variables in Equation (3), we have
Y =xxTal.
According to the dual gradient update in Equation (4b), we have

o\ = o\~ D(BD) (hgw (X) — v).

(t)

This update reveals that each coordinate «, f evolves independently and is governed by the sign of

the corresponding primal variable ﬂ,(:) In particular, if B,Efg. < 0, then the j-th diagonal entry of

D(ﬁi(f ) vanishes, and consequently al(c = O‘/(ft)j'

We therefore establish a sufficient condition under which ,(:z < 0 in terms of the dual variable

a,(f)J Specifically, we separate the diagonal and off-diagonal components of the Gram matrix as

/B(t) — eTXXT ()
t
= lzj2 o) + > a] wiol))
JF#i
< Hm]||2ak] +max|ac azJZ\a (16)
J#i

where the last inequality takes the maximum and absolute values for the second term. Furthermore,
by applying the inequality between {2 and ¢; norms and taking the minimum for j € [n] in the first
term, we obtain

(16) < (i ;13 ) ol + maxle a1 [’ a7)
(t)

Finally, substituting the upper bound of o} ’; and Ha’(ct) H2 in lemma assumptions into Equation (17),

we obtain

Cav/NYmax

. Ymin T
a7 < - <m1n ||:E||2> —“=— tmax |z, zi|Vn
e T PV

j€n Co [[Ally
<0

)

where the last inequality follows from Assumption 3 with large enough Cy > C'- C2. We have thus
shown that if a,(c)] is sufficiently negative, then Bk < 0, and consequently al(c H) = a,(:) This

completes the proof of the lemma.
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Appendix B. Proofs for the Single ReLU model (m = 1) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the single ReLU model trained
with gradient descent.

B.1. Proofs of Lemmas 1, 2 and 3 (Gradient Descent Convergence and w*)

We present complete proofs of the gradient descent convergence for single ReLU models in Lem-
mas 1 and 2, as well as a characterization of the minimum-¢>-norm solution in Lemma 3.

Proof (Lemma 1) We prove this lemma by showing that after iteration ¢y > 0, since the activation
pattern is fixed, the gradient of the single ReLLU model is equivalent to the gradient of a linear model
using only a subset of examples. Consider a linear model

hiz) =w'x,

where w € R is the linear model parameter (also called weight). Let S C [n] denote the active set
for the single ReLU model at iteration ¢, defined by S = {i € [n] : aziTw(tO) > 0}. We write the
empirical risk with the linear model using only the examples in S as

Rs(w) = 7 Z(’mei — i)
i€S
The gradient descent update for this linear model is
wt = w® — TR g(w®)
=w =) (wx; —y): (18)
i€S
On the other hand, the original gradient descent dynamic for the single ReLU model (Equation 6)
tells us that

w) = w® — X TD(Xw®)(Xw® — y).

Under the lemma assumption, D(Xw()) = D(Xw®) for all t > t,. Thus, we know that
D;; = 1ies forall t > tg. Therefore, for ¢ > ¢y, we can write the gradient update of the original
single ReLLU model as

w) = w® — X TD(Xw")(Xw® —y)
= w - n Z(w(t)TiBi — i) ;.

1€S

This gradient update is equivalent to the gradient update of the linear model in Equation (18) for all
t > to. As aresult, for ¢t > ¢y, the gradient update of the single ReLU model is equivalent to a linear
model using only data in S. This completes the proof of the lemma. |
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Proof (Lemma 2) By Lemma 1, the activation pattern is fixed for all ¢ > ¢, so the gradient descent
update reduces to linear regression restricted to the active subset .S, given by

w) = w® — X TD(Xw®)(Xw® —y)

= w - n Z(w(t)TiBi — YT
i€S
= w" — X (Xgw —yg).

The final phase empirical risk is given by
1 2 1 2
R(w) = 5 1 Xsw —yslla + 5 [ysell

where the second term comes from the examples in S with negative pre-activations, and it does not
depend on w because the activation pattern does not change after ¢y. Note that R(w) is a convex
quadratic with

VR(w) = X5 (Xsw—ys), V*R(w)=X,iXs.
Therefore, R is L-smooth with
L= [[V*R(w)[|, = | X5 X = m(XsX).

A standard smoothness/descent result (e.g., Boyd and Vandenberghe 2004, Equation 9.17) implies
that for any n < +,

2

)

R(w®) < R(w®) — g HVR(w(t))‘ 2

and in particular, R(w(t)) is non-increasing for all £ > %o.

It remains to upper bound L. Since S is a subset of the training indices, |S| < n. Since L =
1 (XsX§) < (XX, choosing 1 < m guarantees that R (w®)) is non-increasing for
all ¢ > tg. This establishes the desired step size condition in the final phase (and thus convergence
in function value for the single ReLLU dynamics after ¢;).

Finally, according to Gunasekar et al. (2018, Section 2.1), the set of minimizers of R(w) is the
affine subspace,

Ws ={w: Xsw = yg},

and gradient descent with constant step size converges to the Euclidean projection of the initial-

ization w () onto this subspace w(®) = argmin Hw — w(to) H2 This completes the proof of the
weWs
lemma. u

Proof (Lemma 3) We prove the lemma by showing that the optimal solution w* of the original
convex program for single ReLU models also solves a reduced convex program whose solution is
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the minimum-/-norm interpolation (MNI) over an index subset S C [n] with modified labels. First,
we restate the convex program (7) and its KKT conditions below:

1
w* € argmin = w3
w 2

st.w'ax; =y, foralli e Sy,

'wTazj <0, forall j € Sy,

where we denote S; = {i : y; > 0, foralli € [n]}, So = {j : y; <0, forallj € [n]} and
S1 U S2 = [n]. Since n < d and we have assumed rank(X) = n, we can always find a feasible
solution satisfying all n equality constraints. This implies that the solution set is nonempty, and w*
always exists. Hence, the following KKT conditions are necessary (and also sufficient) to w* for
some A\* € Rl and p* € RIS:I:

Stationarity:

’UJ*‘I‘Z)\:QH—FZM}(.’L']':O@’UJ*:—Z)\;CUi—Z,u;wj.

1€51 JES2 €S JES2
Primal feasibility:
w* x; =y, foralli € S,
w*ij <0, forall j € Ss.
Dual feasibility:

A € R, foralli € Sy,
w; >0, forall j € Sy.

Complementary slackness:
Z 1 <'w*T:L'j) =0.
JES2

Next, we further denote a subset Sy C S5 such that Sy = {j: u}f > 0 forall j € S2} (note that S
can be empty). By the KKT conditions, it is necessary for w™* to satisfy the following:

w" = — Z N — Z wizs, with \¥ € R and i > 0, (19a)
1€51 jESQ

w* x; =y, foralli € Sy, (19b)

w*Tx; =0, forall j € Sy. (19¢)

Now, we consider a reduced convex program:
. 1 2
w € argmin - ||w||3 (20)
w 2
-

s.t.w ' x; =y;, foralli € Sy,

'wT:cj =0, forall j € Ss.
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Its KKT conditions are given below.
Stationarity:

ﬁJ—FZS\Z’wZ"F ijmj:()(:)ﬁ):—z&mi— Zj\jacj.
1€51 jeS‘Q 1€51 JES2
Primal feasibility:

W' T = yi, foralli € Sy,

w'x; =0, forall j € S.
Dual feasibility:

X €R, foralli e Sy,

\; € R, forall j € S.
Since w* satisfies all the conditions in Equation (19), it also satisfies the KKT conditions for the
reduced convex program (20). Thus, w* is also the optimal solution of the reduced convex program.
Finally, we have a closed-form solution for the reduced convex program such that w* = w =

Wiinear-MNL,S = X :gr(X s X g)—lg g where § = 51 U S, and Yg denotes the corresponding label
subvector with all negative entries replaced by zero. This completes the proof of the lemma. |

B.2. Proof of Theorem 4 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 4. For the single ReLU model (m = 1), the

primal-dual gradient update in (4) simplifies to
(Primal) B = g _nx X TD(BM)(BY —y), (21a)
(Dual) o) = o) — nD(BD)(BY — y). (21b)
Before proceeding to the proof, we introduce a set of sufficient conditions under which the signs

of the primal variables agree with the signs of the labels at iteration ¢. Moreover, these conditions
are preserved at iteration ¢ + 1.

Lemma 17 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies 1 <
m. For any single ReLU model, if the following six conditions hold at some iteration t > (,
then they also hold at iteration t 4 1.

a. /BZ-(t) > 0, forall i € [n] withy; > 0.

— 3ymax (t) _ _ Ymin . . )
b — i < oy < — gk for all j € [n] with y; < 0.

c. Hﬁgf) - y+H2 < Cylyly

d. ||la®|, < Lﬂﬁﬁﬁmax.
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e. B <0, forall j € [n] with y; < 0.

f o(BY) = [ﬂg)].

0

Consequently, the set of active examples consists exactly of the positively labeled examples, and the
activation pattern remains unchanged, i.e., D(,B(t)) = D( ﬁ(tﬂ))_

Proof (Lemma 17) In the following, we show that if the six sufficient conditions hold at some
iteration ¢ > 0, then they also hold at iteration ¢ + 1.

Part (a):

Part (b):

Part (c):

Part (d):

2
By conditions (c¢) and (f) at iteration ¢, we have Hh@m (X) — sz = Ha(,@(t)) — y”2 =

2 2 . ..
Hﬁ@ - y+H2 + Hy_H2 < Cg Hy||g Together with hg ) (T;) = BZ-(t) and condition (a),
all the assumptions of Lemma 10 are satisfied for all ¢ with y; > 0. Consequently, we
obtain Bi(tﬂ) > 0 for all i € [n] with y; > 0, and thus condition (a) holds at iteration
t+ 1.

According to the dual gradient update in Equation (21b), and using condition (e) at
iteration ¢, we conclude that the dual variables corresponding to negatively labeled ex-
amples remain unchanged, i.e., a§-t+1) = ag»t) for all j € [n] with y; < 0. Therefore,

condition (b) continues to hold at iteration ¢ + 1.

By conditions (a) and (e), the gradient update at iteration ¢ depends only on the posi-
tively labeled examples. Consequently, the update is equivalent to a linear regression
gradient descent step using only the positive-labeled subset. As similarly argued in the
proof of Lemma 2, since the step size satisfies n < m, the squared loss is monoton-

ically non-increasing, and we obtain H,@Sfﬂ) — y+H2 < H,@Sf) — y+H2 < Cy Hy+H2

by condition (c) at iteration ¢. Therefore, condition (c¢) holds at iteration ¢ 4 1.

For this part, we use conditions (b) and (c) at iteration ¢ + 1. By the triangle inequality,
we have

] =t o

By condition (b) at iteration ¢ + 1, it follows that Haz(_tH)H2 < 36\{?'%\“"'“. It there-
1

fore remains to upper bound Hagfﬂ) H2 By condition (c) at iteration ¢ + 1, we have

HBS:H)HQ <c, Hy+H2 + Hy+H2 < (Cy +1) ||ly||5- Moreover, we have

e, = o]
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Applying the triangle inequality yields
bt ] < o], . xra

< (Cy+1) |lylly + HX+XTO‘(—H1)H2'

Since X + X 1 € R™ %"+ g full rank, we obtain

(Cy+1) lylly + || X+ X Tl
< .

2 //Jn.t,_(XJrXI)

For the denominator, the variational formulation for eigenvalues of a submatrix and
Lemma 12 imply that

o7

1 A
/J'TL+(X+XI)ZM71(XXT)27 )\j:Tl7
g j=1 g

M=

with probability at least 1 — 2¢~"/s. For the numerator, we have (C, + 1) ||y, <
(Cy + 1)/nymax. Moreover, by Bhatia and Kittaneh (1990, Theorem 1), we have

1
], < eoxtox x],
1
< 5 (et [x-x7]))
-2 (H T+ 2+ 2
d
SCQZAj
j=1
:CgH)‘Hl;

where the last inequality follows from Lemma 12. Combining these bounds yields

Cy + 1)y/Mmax + Cy | Al - 255
el g Il 7Sty DO 1 30 Y MWmax
Ha+ Hz— I, /Cy (€ +1)Co +3C,) YA

Consequently, we have

\/ﬁymax 3\/ﬁymax < Oa \/ﬁymax

1| <
2], < ey + oy +30y) YA L

with C,, 2

~

max{C7, C,Cy}, and thus condition (d) holds at iteration ¢ + 1.

By Lemma 11, and since conditions (b) and (d) hold at iteration ¢ + 1, we conclude that

ﬁ](-tﬂ) < Oforall j € [n] with y; < 0. Thus, condition (e) holds at iteration ¢ + 1.

By conditions (a) and (e) at iteration ¢ + 1, the signs of the primal variables continue
(t+1)
to agree with the signs of the labels. Consequently, a(,B(t+1)) = [ +0 ], and thus

condition (f) holds at iteration ¢ + 1.
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We have shown that the six sufficient conditions hold at iteration ¢ + 1. Consequently, the signs of
the primal variables continue to agree with the signs of the labels, and hence D(3") = D(3+1).
This completes the proof. n

Equipped with Lemma 17, we are now ready to prove Theorem 4.
Proof (Theorem 4) In the proof, we first show that after the first gradient step, the iterate at { = 1
satisfies the conditions in Lemma 17. Next, since the conditions hold at ¢ = 1 and are preserved
fromt = ttot = ¢t + 1 by Lemma 17, we fully characterize the gradient descent dynamics by
induction.

We begin by verifying that the iterate at ¢ = 1 satisfies the sufficient conditions in Lemma 17.
With the initialization w(©® = X T (X X ") 'e, we have 3(°) = Xw©® = e. Therefore, using the
primal gradient update in Equation (21a), we obtain

B =% —nx XD (B —y)
—e—nXX"(e—vy)

—xx' | <y et (XXT) - e> . 22)
n

—=a(

We denote a(V) = 5 <y —€e+ %(XXT)*le) according to the primal-dual formulation () =

XX TaW in Equation (3). In the below, we show that at iteration ¢ = 1, the variables ,8(1) and
o) satisfy all the conditions in Lemma 17.

Part (a): Forall i € [n] withy; > 0, we apply Lemma 10. Since 51(0) =¢ >0, Bi(o) = hgo (T:)
and ||o(89) ~ g < llelly + 1ylly < E2umin+ Iylly < Cy lyl with C, > 1+ -,

it follows that Bi(l) > 0 forall i € [n] with y; > 0.

Part (b): For all j € [n] with y; < 0, we verify that ozgl)

bounds. For the upper bound, recall that

satisfies the required upper and lower

1
ag-l) n(yj—ej—i—ne] XX—r >
1 1
(e )
( T ||>\H1 ( ) Y
1 1 1
Y, + % < xx' I> e>
( a nHAHl ( ) AL
1 1 1
nly;+ ( xx' I) e)
( ! 77||>\H1 ( ) ||>\||1

1 T -1
nly; + —=+ H XX >
(J T |(FXT) - ||A|| el
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where inequality (i) drops the negative term —¢;, and inequality (ii) follows from the
submultiplicativity of the operator norm. By Corollary 14, we have

-1 1 c,C n o n
xx' - I| <2 -max< ,>,
H< ) Al g ™ 1AM V d2” doo

with probability at least 1 — 2 exp(—n(Cc —1In9)). Moreover, by the theorem assump-
tions, [[€||, < \C{—fymin and % < CCy || All;- Combining these bounds yields

w1 e 4 CC%, 22 nomn\ vn o
Q0 = CCg’)‘H1< Ymin + c., ym1n+C Cg max d27doo Caymm

1 cce 2 ~2 Ymin 1
< G Ty (i G 0 Gt )
- _ Ymin < Ca 1 CCg?Jmin)
Ca Al \CCy CoYmax
< _ Ymin .
— CallAlly

. . 2 n2y2 S ymax
The second inequality follows from dy > C§—3=2 and d > COTW in As-

sumption 2, and the last inequality uses the followlinrll]:g relationships between constants:
Co>C-C%and C, > C- max{Cg, CyCy}. For the lower bound, we have

€

M _ < j 1 T( T\ ! 1
;' =nly —e + + —e; XX — I)e
’ T Iy e ( ) Al
1 -1 1
zn<zmwe-'jxx¢ - x| el
! n ( ) ||)‘||1 2 2

1 1 n n N4D
> | - max — ~ Jmin — 0202 : 5 7 |~ Ymin
B Cg H)‘Hl < Y Cay g ( do dOO) Cay )

1 1 Ymi 1
> = | = max — ~ Ymin — 0202 . = min)
B Cg ”>‘||1 ( Yma Cay g Coymax Cay
Z _3ymax7
Cy Al

by the same arguments. Thus, 04;-1) satisfies both the required upper and lower bounds
for all j with y; < 0.

Part (c): We now verify that the primal variables corresponding to positively labeled examples
minus ¥y, satisfy the norm bound in Lemma 17. Specifically, we show that

2
HBS:) -y, H2 < C’; Hy+ H; According to Equation (22), we have

6 .= X (57 -u)

i:y; >0
2
= Z e —ne, XX (e—y)—wu | - (23)
2:y; >0 =T
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Next, we bound the term T}, := ¢; — neiTXXT (e —y) —y; foralli € [n] with y; > 0.
We have

Ti=c—ne/ XX (e~y) —yi
= (e = i) —me] [INIL T+ (XXT ~ Al )] (e - )
= (L= n A6 — o) —nel (XX = AL I) (e~ y).

. . . 1 1
_— < < =5 ;<
Since the step size assumption guarantees that COIA, = = Gl and ¢; <

Ciaymin, the term (1 — 7 ||Al|;)(&; — ;) is strictly negative. Hence, in order to upper
bound Tiz, it suffices to find the lower bound for 7;. We have

Ty = (1= Al (e — %) —ne] (XXT =L I) (e~ y)

> s || XX~ A, 1]

9 H€ - y||2 3

where the inequality drops the positive terms (1 — 7 [|[A||;)€; and 7 || A||; v;. We again
upper bound HX XT— Al T H2 by Corollary 14. With probability at least
1 —2exp(—n(Cc—1n9)), we have

n n
2 = O (/355 ) e =l
c n o n
2 —Yi — o, (\/d27d00> le—ylly,

by applying n < m Finally, we apply the upper bounds for ||€l|, and ||y||,, and

. 9 n2y2 n Sy
Assumption 2 ensures that dy > C§ mi" and do > C’oﬁ. We have

min

C n n n
T, > —y; — . max (\ / a d) <({ymin + \/ﬁymax>
g [e.) «

>y CYmin (1

Z Y Cg Co Yoo C. Ymin T Ymax
2C

> -y |1+ C.Co
g

> — yYi,

with the choice of C, > 2. Substituting TZ? < ngf into Equation (23), we have
1) 2 2.2 2 2
H,@+ —y+H2 < Z Cyyi =Cy HerH2
2:y; >0

(1)
+

As aresult, we conclude that H/@ - y+H2 < Cy Hy+ H2 as required.

32



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARED L0OSssS RELU

Part (d): We next verify that a satisfies the required norm bound. Recall that

al) :77<y—e+717<XXT)_le).

Taking the £ norm and applying the triangle inequality yields

o], = o (v -ev (xx) )

]. T -
< il
< [l + lel + & | (xx7)

||e112] |
2

\/NYmax and the construction of the initialization, | €|, < gymin Moreover, Lemma 12

implies H (XX "1 H2 T A” with probablhty at least 1 — 2¢~"/%s and the step size

o, . 1
1 << L
condition ensures o, S USyom A Substituting these bounds, we obtain

0], < i [V + L+ 00 Al - 5 L

“~ Ymin
Cy H>\||1 C Al Ca
< 3\/>ymax
Cy H>\||1 ( )
S C(oz\/iymax7
Al

with Cy, 2 maX{C’g, C,Cy}. Therefore, o) satisfies the required norm bound.

Part (e): Since we have shown that agl) < —Ci’fﬁﬂ;‘h and Ha(l)H2 < %ﬁ’mx forall j € [n]

with y; < 0, it follows from Lemma 11 that B](-l) < 0forall j € [n] with y; <O.

Part (f): Since we have shown that ﬁi(l) > 0 for all i € [n] with y; > 0 and Bj(l) < 0 for all
J € [n] with y; < 0, the signs of the primal variables coincide with the signs of the

. g
labels. Consequently, o(3(")) = ar .

We have shown that at iteration ¢ = 1, all conditions in Lemma 17 are satisfied. Consequently, all
positively labeled examples are active, while all negatively labeled examples are inactive. We now
complete the proof by induction and characterize the gradient descent dynamics for all subsequent
iterations. By Lemma 17, since the conditions hold at ¢t = 1, they also hold at ¢ = 2. More generally,
the same lemma implies that if the conditions hold at ¢ = £ then they continue to hold at t = £ + 1.
This completes the induction argument.

As a result, for all ¢ > 1, the activation pattern remains fixed, i.e., D(,@(t)) = D(ﬁ(l)), and
all negative labeled examples are inactive, i.e., X _w® =< 0. By Lemma 1, the gradient descent
dynamics from this point onward are equivalent to those of linear regression trained on the positively
labeled examples, with initialization w(!). Finally, by Lemma 2, the w(>) satisfies

)

w™ = arg min Hw — 'w(l)‘ )

we{w: X yw=y, }
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where we have w(!) = nX " (y —€+ %(XXT)_1€>. This completes the proof of Theorem 4. B

B.3. Proof of Theorem 6 (Implicit Bias Approximation to w*)

In this section, we present the proof of implicit bias approximation to w* for single ReLU models.
Proof (Theorem 6) We restate the definition of w™* in Equation (7) below.

1
w* = argmin = ||w]|3
w 2

s.t. mei =y, forall y; > 0
wTa:j <0, forall y; <0.

Recall that the gradient descent limit w(®) satisfies the same set of constraints: it interpolates
all positively labeled examples and produces negative predictions for negatively labeled examples.
Consequently, both w(°®) and w* are feasible solutions achieving the minimum empirical risk.

We start with showing the upper bound on ||w(*) — w*||,. We first relate the distance between
the predictors w(>) and w* to the distance in their predictions, i.e., | Xw(*) — Xw*||,. Since
both vectors lie in the span of the data {x;}]" ;, their difference has no component in the null space
corresponding to the smallest d — n eigenvalues of X ' X. Therefore, we have

b = o (o)) 2 T o

2

— (XX T) Hw(@ —w* z 24)

As a result, to derive an upper bound for ||w(>) — w*||, it suffices to upper bound the distance
between their prediction || Xw(*) — Xw*|,. We begin with analyzing w(>). By Theorem 4,
w(®) satisfies the following:

w™® g, =y, for all y; > 0,

1 —1
ol = ol = (w — €+ ;ej (XXT> e> for all y; < 0,

and also all the conditions in Lemma 17. On the other hand, according to the necessary conditions
in Equation (19) in Lemma 3, w* satisfies

w* = — Z N — Z wixj, with \¥ € Rand pf > 0,

1€51 j65‘2
w* x; =y, foralli € Sy,
w* x; =0, forall j € Sy,

where we have denoted S1 = {i : y; > 0, foralli € [n]}, So = {j : y; <0, forall j € [n]},
So C Sy (note that S5 can be empty) and S = 57 U S5. Based on these necessary conditions, we
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can define w* = X ' o* where

=7 foralli € Sy
af = —puf forall i € Sy
0 forall i € Sy U SS =: S

Let X 5 € RISI%4 denote the submatrix of X consisting of the rows indexed by S (taken in increas-
ing order), and let yg € RIS denote the corresponding label subvector with all negative entries
replaced by zero. We have

Ys = XSX;'—agv

and similarly, by taking the norm and using the matrix norm lower bound of the smallest eigenvalue
of XsX ., we have

§
lysllo = [ XsXZag

2
> (X sX$) ek, -

Consequently, we have

||yS”2 < \/ﬁymax < Cg\/ﬁymax
s (XsX3) ~ pa(XXT) T AL

la™]ly = llesll, < (25)

where the second inequality follows from the variational formulation of submatrix, and the last
inequality follows from Lemma 12 with probability at least 1 — 2¢~"/Cs.

We know that for all i € Sy, w(oo)Ta:i = w'le = y;, and w*T:cj = 0 forall j € Ss.
Therefore, we can write

2

HX'w(OO) — Xw* , = Zn: (w("o)Tmi — w*Tazi)Q
i=1
— (w(OO)Tmi)Q + Z (w(oo)—r:ci - UJ*T$Z'>2 . (26)
i€Ss 1€S3

We start with upper bounding the term (w(°) ;)2 for all i € S. Since w(®Tax; < 0 by the
conditions in Lemma 17, it suffices to lower bound 'w("o)—rmi. We have

w® g, = el XX Tl

= el [IAI I+ (XXT — A, D)] ™)

—

= Al al™ + el (XXT — A, D™
> A ol = [ XXT = Al ]| e

> [l [of) - 0 max (Vi) =1,

35

—~

N



LAI WANG TAO MUTHUKUMAR

where the last inequality applies Corollary 14. Substituting the bounds of agoo)

Lemma 17, we have

3 n Cao \Fy
)T g > (A, | = 2Ymax -
w x; > ||Al [ Cy I, ax dy’ doo H)‘Hl

Z H)\Hl |:_ 3ymax - . Ymin Caymax:|
Cy 1Al Coymax 1Al

and Ha(‘x’)H2 from

4

> ngmax,

where the inequalities above substitute dy > C’g ”ygmd" and do, > Coﬂ in Assumption 2 with

Co 2 C%and C, 2, max{ ,CyCy}. Therefore, we have (w(*®)Tx;)? < éGQ 2., foralli € So.

Next, we upper bound the term (w(‘x’) x; — w* x;)? for all i € S3. We use the key idea that
a7 = 0 for all © € S3. We have

W —wz = e/ XXTal® — e/ XX Ta*
= el [IAIL T+ (XX — Al D)] (@ — o)
= Al ol + e (XXT — Al D) (™) — o)
el o pat (],  1)

Symax n o n Ca \/ﬁymax Cg \/ﬁymax
> _ —_C. o
—”*”1[ &, Al Cmax(\/@’%)( XY}

3ymax Ymin Caymax C Ymax
1Al | ¢ ( gl

_ —C. +
Cg HAHl Coymax ||AH1 H>‘H1

by applying the same argument and noting from Equation (25) that ||a*||, < % Substitut-
ing the upper bounds into Equation (26) gives us

*Z:Z< (00)T Z) +Z( _w*Twi)z

€S2 ZGSS

16 ,
= 02 Ymax + Z 2 ymax
1652 9 i€S3

16
02 - ymax

H X _

27)

Finally, putting together Equation (24) and (27), we have

_ X w® - Xw'lly 160 32y,
2_ (XXT) = CylAly

-

36



HIGH-DIMENSIONAL IMPLICIT BIAS OF SQUARED L0OSssS RELU

which completes the proof of the upper bound. Next, we derive the lower bound of ||w(*®) — w*||
in a similar approach. We again start with the prediction distance, given by

2

HXw(OO) — Xw*

G

< m(X'X) Hw(“) —w”

2 2

= n(XXT) |0 w8

It suffices to lower bound || Xw(*®) — Xw*||5 to get the lower bound of ||w(*) — w*||y. By
Equation (26), we have

HXw(OO) - Xw*

3 ) 5 ()

1€S2 €S53

Therefore, we need to lower bound (w(‘x’)—rmi)2 fori € So, and ('w("o)—rmi —w*x;)% fori € Ss.
For w(OO)T:cZ-, since w(oo)TacZ- < 0, we have

w® g, = el XX Tal>
= el [IAI I+ (XXT = A, D] ™)
= Al 0l + el (XX~ Al D)a™)
< A ol 4 [ XXT = A, ]| e

2

< Il ol 4 € (\/j )],

(c0)

i

where the last inequality applies Corollary 14. Substituting the bounds of «
Lemma 17, we have

and Ha(oo)H2 from

Ty < [ [~ g+ 0 ([, 1) Gl

 CalIAly d2’ doo Al
Ymin Ymin Caymax
< Il |-Gl - ]
! Ca HAHl Coymax ||)‘||1
. 2 .
< _(1 . C C'oé)yrmn7
Cy C,
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where the inequalities above substitute dy > C’O yg'"'”‘ and do, > ng in Assumption 2 with

min

Co 2 Ci. Similarly, for w(oo)Ta:i — w* " x;, we have

w® g, —w Tz, =] XXTal™ —e] XX Ta*
—e] [IA T+ (XX~ Al D] (@ ~ )
= Al o> + e (XXT = A, (™ - a)
<IN o™ + || x X = Al 1| (|| + llatil)

Ymin n Coz \/ﬁymax Cg \/ﬁymax
< |IA — +C- max< >< +
A |~ Vi ) UL B}

Ymin Ymin CaYmax ngmax
Il |l ¢ i (Cotons | Cotuns )|
L Caldly Coymax \ [[Ally [Ally

2C - Cc% ) Ymin
Co Cy’

IN

—(1—

by applying the same argument and noting from Equation (25) that |ja* ||, < < T@%‘“" Substitut-

ing the lower bounds into Equation (26) gives us

2

[ (o) (e )

HX'w(OO) - Xw*

265'2
> (1 C C 2ym1n + Z 20 C 2y12nin
T Co Co ng
1€Sy 1€S3
2
o Co C?
2
= i, (29)
where we let C' := % > 1. Finally, putting together Equations (28) and (29), we have
oo a5 X0 X0l o
2T XX GG Al
This completes the proof of the lower bound. |

B.4. Local Minimum Convergence Under a Not-All-Positive Initialization

In this section, we present a simple and explicit counterexample showing that a single ReLU model
initialized with a not-all-positive initialization can converge to a local minimum that is not global.

Lemma 18 (Local minimum convergence for not-all-positive initialization)
Assume Assumptions 1 and 2 hold. For a single ReLU model, a dataset n = 2 and y; > 0 for all
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. e ge . -1
1 = 1,2, we choose the initialization w® = X7 (XXT) €, where 1 = —0 and €5 = 0, for
g, with a step size n <

some ) < § < %ymin. IfwlTasg < 0and ]w?wg\ < ||z2 gradient

1
p (XX
descent converges to a local minimum.

Proof To show that gradient descent converges to a local minimum, it suffices to prove that Bf) <0
for all £ > 0: since y; > 0, this condition implies that the first training example is not perfectly fit.

Hence, we prove by induction that if Bft) < 0 for all t < ¢, then 551%1) < 0. Note that the base

case, i.e. 550) < 0, follows from the initialization condition 550) = €1 = —60 < 0. Therefore, we
only need to show the inductive step. From the primal gradient update in Equation (4a), we obtain

the gradient update of /3, (tH

A =B = nllenl3 1oy (B =) —melwe e - (8~ pe)
——"
=0
. i
t
= 3" — nx] x Z Lswso (55 = Ya)- (30)
t=0

On the other hand, for Bét), since Bft) < 0 forall t < t, we have
t+1 t t t
By = 8y —mlleally Ly o (B — ) = B (1 = mll@al3 L)+ mllall3 3ol g0,

~ 2
for all ¢ < ¢. Since n Hcchg < % < 1, we have 5§t+1) >0 ifﬁét) > (. Since 550) =6>0,
1

we have shown that Bét) > 0 for all ¢ < t. Therefore, Equation (30) becomes
B t
1
B = 81— nal @, Z —y2)- €2V
=0

Next, we show an upper bound for Bét). Since ﬁ%t) < 0and Bét) > 0 for all t < £, we can show
that the gradient update for ﬁét) satisfies

B = B — a2 (BY Y — )

t—1 2 2
= B8V = lla2)|) + 1 |2l v
t—1

0
= 85 (1= [@sll3) + ]l 2 > (1= n [[2a]13)F
k=0

for all ¢ < 7. Again, since 77 ||z2|5 < 1, the geometric series yields

t—1
1
D (1 =nlmf3)* < 5
P I
and therefore, we have
B < 801 = |2 + . (32)
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Substituting Equation (32) into Equation (31) and using the assumption that x| s < 0, we obtain

~ t
B < B0 —nal ey S A1 - nlzs)2)

t=0
N
< O _ BLE2 50)
— 2
[E23[E
T
L1 L
:—5+‘ 1 ;‘6<0,
(B2

where the second inequality again follows from the bound on the geometric series, and the last
inequality uses the assumption that |x{ 3| < ||&2||3. This completes the proof of the inductive step
and therefore the proof that BY) < 0 for all t > 0, implying that gradient descent remains stuck in
a local minimum. |

According to Lemma 18, a simple example is given by i.i.d. Gaussian vectors &1, 2 ~ N (0, I)
for n = 2. By symmetry, the event wchcg < 0 occurs with constant probability. Moreover, in
the high-dimensional regime (d >> n), concentration implies that |x{ xs| < ||ac2\|§ with a high
probability.
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Appendix C. Proofs for the Two ReLLU Model (m = 2) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the 2-ReLLU model trained with
gradient descent.

C.1. Proof of Lemma 7 (Characterization of w* )

Proof (Lemma 7)
We first show that the feasible set of (8) is nonempty. Define wg, = X T(X X T)_ly@ and wg =
X T(XX ") 'y,, where we define yg,; = max{y;,0} and ys,; = —min{y;,0}. Then for all

i € [n], we have o(whz;) — o(Wwlz;) = 0(ysi) — 0(Yo,) = yi. Thus, {ie, Wws} is feasible,
and the feasible set is nonempty.

Next, we show that any optimal solution of (8) corresponds to an optimal solution of (9). Let
{w},, w% } be an optimal solution of (8).

Case 1: i € S (positive labels)

Fori € Sy, since o(wk ;) — o(wk ;) = y; > 0, we have

o(wh @;) = yi + o(w @;) > y; > 0.

Hence, w@ x; > 0 and a(wgml) w@ x;. There are two possible activation patterns:

o If 'wgaf:i < 0, then we have a(wéBTa:Z) — a('wgwl) wg:nZ = y;.
o If 'w*@Tmi > 0, then we have a(wg;a:z) — a(w*@—rmz) 'wg;mz — w*@Tml = ;.

(Note that w9 x; = 0 is covered by both cases.)

Case 2: i € S_ (negative labels)
Fori € S_, since o(wk x;) — o(wk ;) = y; < 0, we obtain
(wng) ==Y+ a(wgwi) > —y; >0,

which implies w@ x; > 0and U(w@ xi) = w@ x;. Again, two activation patterns are possible:

o If 'wgwi < 0, then we have a(wéBT:cZ) — a('w*@—rwl) = —'wgw, = Y.

o If 'wg;a:i > 0, then we have o’('wg9 x;) — a(w*6 x;) = 'w@ x; — w*@Tml = ;.

(Note that w® x; = 0 is covered by both cases.)
Combining the two cases (in total four patterns), there exist disjoint partitions

S1USy =84, S1NSy =9, and SsU Sy =5_, S535NSy =0

such that the optimal solution {w},, w% } satisfies

w’gBTa:Z =i, we x; <0, forallie Sy,
'wgml — w*@Ta:z— Yis — w@ x; <0, forallie S,

— w*@Tacz— Yi, w@ xz; <0, for all ¢ € S3,
'w’gBTa:z 'w’g:l:Z Ui, —'wEB z; <0, forall 7 € Sy.
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These constraints are exactly those in (9). Moreover, the feasible set of (9) is a subset of the feasible
set of (8), since every feasible solution of (9) also satisfies the constraints of (8) (the converse need
not hold). Since {w},,w}} is feasible for both problems and is optimal for the larger feasible
set (8), it must also be optimal for the restricted problem (9). |

C.2. Proof of Theorem 8 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 8. For the 2-ReLU model (m = 2), the primal-dual
gradient update in (4) simplifies to

(Primal) ALY = BY — X XTD(BY) (hgw (X) — y), (33a)

(Dual) al™ = o) —nD(BY) (hew (X) — ), (33b)
and

Primal) AU =Y + X XTD(BY) (hgw (X) — y), (34a)

(Dual) ag+1> = ol + 9D (BY) (hgw (X) - y). (34b)

Before proceeding to the proof, we again introduce a set of sufficient conditions under which the
signs of the primal variables agree with the signs of the labels times the sign of the ReLU neuron
at iteration ¢, and moreover, these conditions are preserved at iteration ¢ + 1. We use the results of
Lemma 10 and Lemma 11 again to prove Lemma 19.

Lemma 19 Under Assumptions 1 and 2, suppose the gradient descent step size satisfies n <

m. For a 2-ReLU model, if the following eight conditions hold at some iteration t > 0, then
1

they also hold at iteration t + 1.

a. (t) ; > 0 foralli € [n] withy; > 0.

b. B > 0 forall j € [n]withy; <O0.

Symax (t) Ymin ; ; .
oA <ag; < Gl forall j € [n] withy; <O.

3ymax ( )
d — <ag; < -

-~ GolIATy foralli € [n] withy; > 0.

C IIAH

e 8Ly — || = ¢y llyally and 8O- +y || <y ly_]l,

(t) Ca \/ﬁymax (t) Ca \/ﬁymax
f HO‘ H S Y “”dHae HﬁTAm :

g. B <0 forall j € [n] with y; < 0.

h. /Beﬁi < 0foralli € [n] with y; > 0.

Consequently, the set of active examples consists exactly of the positively labeled examples for the
positive neuron, and the activation pattern remains unchanged, i.e., D(Bg)) = D(B(Hl)) The set
of active examples consists exactly of the negatively labeled examples for the negative neuron, and
the activation pattern remains unchanged, i.e., D(,B(t)) D(ﬁgﬂ)).
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Proof (Lemma 19) We now verify that these conditions are preserved from iteration ¢ to ¢ + 1.

Part (a):

Part (b):

Part (c):

Part (d):

Part (e):

By conditions (a), (b), (e), (g) and (h) at iteration ¢, we have
9 2
lhee (X) =yl = [#(8L) = o(BY) —y|

— o8 - [%] - we+ | 7]

2

2

t 2 t ?
=88 — | +||BY- +u |, < 2wz,

and therefore, || g (X) — yH2 < Cy |lyll,- Together with hg ) (z;) = Bg?i and con-
dition (a), the assumptions of Lemma 10 are satisfied for all  with y; > 0. Consequently,

gjl) > 0 forall i € [n] with y; > 0.

According to the proof of part (a), we have ||hg (X) — yl|, < Cy |lyl|, and

—hg (xj) = 68)]-. Together with condition (b), the assumptions of Lemma 10 are
satisfied for all j with y; < 0. Consequently, we have ngl) > 0 forall j € [n] with
Y; < 0.

According to the dual gradient update in Equation (33b), and using condition (g) at
iteration ¢, we have:

(t+1) _  (t)

oy =g forallj € [n] withy; <O0.

Therefore, condition (c) continues to hold at iteration ¢ + 1.

According to the dual gradient update in Equation (34b), and using conditions (h) at
iteration ¢, we have:

agzl) = ag?i for all i € [n] with y; > 0.

Therefore, condition (d) continues to hold at iteration ¢ + 1.

By conditions (a), (b), (g), and (h), the gradient update at iteration ¢ for ,Bg) depends

only on the positively labeled examples, and the update for Bg) depends only on the
negatively labeled examples. Hence, the gradient update for an individual neuron is
equivalent to gradient descent on a certain linear regression problem. Since the step size
satisfies n < m the linear regression squared loss is monotonically nonincreasing
(as in the proof of Lemma 2), and by condition (e) at iteration ¢, we obtain

Hﬂéﬁ,ﬁ” - y+H2 < Hﬂé§?+ - y+H2 < Cyllysl,

R I

2 )

where we use y, (y_) to denote the vector of positively labeled (negatively labeled)
examples. Therefore, condition (e) holds at iteration ¢ + 1.
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Part (f): Following the same argument as in Part (d) of Lemma 17, using conditions (c), (d), and
(e) at iteration ¢ + 1, together with the eigenvalue bounds from Lemma 12, we have

o, = e, ot < e

with probability at least 1 — 2e~"/Cs. Thus, condition (f) holds at iteration ¢ + 1.

Part (g): By Lemma 11, since conditions (c) and (f) hold at iteration ¢ 4+ 1, we conclude that
Bg;l) < Oforall j € [n] with y; < 0. Thus, condition (g) holds at iteration ¢ + 1.

Part (h): Similarly, since conditions (d) and (f) hold at iteration ¢ 4 1, we have Bg;l) < 0 for all
i € [n] with y; > 0. Thus, condition (h) holds at iteration ¢ + 1.

Equipped with Lemma 19, we are ready to prove Theorem 8.
Proof (Theorem 8) The proof follows a similar structure to that of Theorem 4 for single ReLU
models, but now we must track the dynamics for both wg and we simultaneously. Equipped with
sufficient conditions under which the activation patterns are preserved in Lemma 19, we verify
these conditions hold after the first gradient step, and use induction to characterize the full gradient
descent dynamics.

We first verify that the iterate at £ = 1 satisfies all the sufficient conditions. With the initializa-

tion
-1 -1
wg) =x" (XXT) €, w(eo) =xT (XXT> €0,

we have ,Bég) = €g and 6(@0) = €g. By the theorem assumptions, 0 < eg; < ﬁymm and
0 < €o,i < 3¢—Ymin forall i € [n]. Using the primal gradient updates in Equations (33a) and (34a),
we have

BY = o —nX X D(es)(hew(X) —y)
=€p —nXX " D(eg)(0(€s) — o(ec) — y)
—ep — XX (e — €0 — 1Y), (35)

where the last equality uses the fact that €5, > 0 and €5 > 0 componentwise, so D(eg) = I,
o(€p) = €g, and 0(eg) = €. Similarly, we have

BY = eq + 1 XX D(es)(o(eq) — o(es) — y)
—ec +nXX (e — €0 — y). (36)

For the dual variables, we have aég) = (XX ") leg and a(@o) = (XX ") les. The dual updates
give:
1 0
all) = ol ~nD(es)(es — e — y)
—1
= (XXT> €s —n(€p — €0 — Y)

]. T_l
=7 y—e@—i-e@—i-E(XX) € |,
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and

al = al +D(ec)(es — ec — y)

-1
= (XXT> €c +n(€e —€c —Y)

1 T -1
= —y+e@—e@+5<XX) € |-
We now verify each condition at t = 1.

Part (a): For all i € [n] with y; > 0, we apply Lemma 10. Since 581‘ =€, > 0, hgo (i) =

0 89 < Y, and

|heo (X) =y, = les — ec —yll,

vn
< ||€69H2 + H66H2 + Hsz < Ciymin =+ ”’!JHQ <Cy ”'!J||2a 37
(07

where we have used Cy > Cia + 1. We conclude that BE(Bl,)i > 0 for all 7 with y; > 0.

Part (b): Forall j € [n| with y; < 0, we apply Lemma 10. Since 6(907; =g >0, —hgo(z;) =
0 0 0

~0+ B < ) and

that 6(613- > 0 forall j € [n] withy; <O0.

|hgo (X) — yH2 < Cy ||ly||, by Equation (37), we conclude

(1)

Part (c): Forall j € [n] with y; < 0, we verify that o,

bounds. For the upper bound, we have

satisfies the required upper and lower

1 1 -1
aég,)j =1 (yj — €, Teo; T 56; (XXT) 6@)
=n|\y; —€a; +eo;+—€; [ I—i—((XX ) - I>]e@>
( R A PV 1Al
€,j L T ! 1
=n\Yj —€ajtTeo;t + e ((XX ) — ol ) €
(J ] P A 1Al
(xx7) " = 1] lesll,)
RS €p )
Xl
where the inequality drops the negative term —eg ;. By Corollary 14, we have
-1 1 c,C
o = ()
2 AL da " doo

1Al
with probability at least 1 — 2 exp(—n(Cc — In9)). Moreover, by the theorem assump-
tions, g ; < ﬁymin, € < ﬁymin, and % < CCy ||A]|;. Combining these bounds

< ( +eoy+ —2d +1'
<y +eo, 1
’ S DY
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yields

e o1 G
@ = CCgH>\Hl Ymin 2Caym1n 20, Ymin

+CC - max <\/;2 doo) QCaymm>
1 1 cc. Yo 1
< | — min min Y min 0202 : . min
—ccg\wl< Yot 5 T 50 T G 2C0” )
_ __ Ymin Ca _ 1 B 1 _ Cngmin
COJ HAHI 2009 2 200ymax
Ymin ‘ (38)

S_i
Ca ||y

The second inequality follows from dy > C3 n gmax and doo > Coﬂ in Assump-

min

tion 2, and the last inequality follows the relationship between constants Cy > C2 and
Cy Z maX{Cg, CyCy}. For the lower bound, we have

~

. 1 L 1
R T ((XX) R
2 )| (ex7) - )
_ — € i — —
>n Ymax ®,J n H>\H1

1 1 n o n N4D
> “Ymax T 5~ min_Cch' 5 7 |5~ Ymin
- CgHAHl( R ToR g T IHAX (\/; doo> 20, Y )

1 1 Ymi 1
Z | - max — 5§~ Jmin — 0202 . Ry = min>
N Cg ||)‘H1 ( Yma 2Cozy g Coymax 2Cay
3ymax

> max (39)
Cy [IA[ly

(1)

by the same arguments. Thus, oy, satisfies both the required upper and lower bounds
for all j with y; < 0.

Part (d): For all i € [n] with y; > 0, we verify that a( ) satisfies the required bounds in the
approach analogous to Part (c). For the upper bound we have

1 -1
a(el)i =1 <—yi +egi—coit+—el (XXT> 6@)
’ n
< + n 1eT[ I+ <(XXT)_1 1 I>] e )
Yi T €pi — €o,i i - e
n " LIALL (RN
< + +1e <(XXT)l L 1> )
n Yi T €pi — €0 — €0
@ nHMh (RN

(XXT) o H>\1H1[ > :

="

1
<n|-yite o4 -

@7.+7
"ol
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where the inequality drops the negative term —eg ;. Applying the upper bound in
Corollary 14 and the theorem assumptions €gq; < ﬁymin, €0 < ﬁymin, and
% < CCy ||A]ly, we have

RO 1 B '+1 '+CCg .
WIS 4009 H>\”1 Ymin 20, Ymin 20, Ymin

202 . non\ oy
+ C°Cy max< d27doo> )

Ymin

< -
Ca [|IAlly

where the second inequality follows the argument used in Equation (38). For the lower
bound, following the same argument as in Part (c), we have

o _ ( €o,i L T <( T\ ! 1
as; =1\ —Yit+epi —€si+ + e [ (XX - I)eo
& A PV Al

1 -1 1
> <_ymax — €0 — — H (XXT) H€@H2>
n 2
1

I

Y
1 212 n o n Vn

Z AN - Y2 in — N _— — - .

= CgH)\Hl < Ymax 2Caym1n C Cg max <\/;27 doo) 2Caymm>

> _ 3Ymax ’
Cy [IAlly

(1)

where the last inequality follows follows the argument used in Equation (39). Thus, a;

satisfies both bounds for all ¢ with y; > 0.

Part (e): We verify that the primal variables ,3291 ) corresponding to positively labeled examples

2
minus y, satisfy the norm bound. Specifically, we show that Hﬁé;) LYy H2 < Cs Hy n H;
According to Equation (35), we have

N >y ()

Y5

2

=Y |ewi—nel XX (eg—€ec—y)—ui | . (40)
2:y; >0

=T;

Next, we bound the term T} := eg; — ne] XX ' (e — € —y) — y; forall i € [n]
with ¢; > 0. We have

Ty =eci—ne; XX (ex —€c —y) — v
= (coi—y:) —nel [IML I+ (XXT = AL )] (s — s — )
= (1= lAl)eoi + 0 IA]y o = (1= A )y
—ne] (XX |\, I) (s — €= —y).
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. . . 1 1
e <<
Since the step size assumption guarantees that co, L S 1S Gl

. and €p,ir €0 S
1

1
20, Ymin, WE have

(L =nlMlDewi +nlAlyeoi = (L=nlAl )y
<eqi+ Al eoi = (L=nlAl)yi

SN AN S A
iy Cg QCa ymln Cg ymln

<0,

with Cy, 2 092. Hence, in order to upper bound 772, it suffices to find the lower bound
for T;. We have

T = (1= 1 Al e + 1Al eo — (1= n ALy
—nel (XXT = AL T) (€5 — €c — v)

> i — | XXT AL || lles — ec — yll,.
where the inequality drops the positive terms (1—n [|A[|;)eq i, 7 [| A} €o,i- and 0 || Al vi-
We again upper bound HX XT— Al I H2 by Corollary 14. With probability at least
1 —2exp(—n(Cc —1n9)), we have

n o n
T; > —yi—n - ClA[ly -max (/[ —, - | lles — es — yl|;
do’ deo
S C n o n le . I
—y; — — - ma —_— — — ,
Z—Y c, X 4y’ do @ e~ Ylla

by applying n < m Finally, we apply the upper bounds for ||€g||,, ||€o||, and

1.5y

2,2
|lyll,. and Assumption 2 ensures that dy > C’g% and des > Co™ 222, We have

min

E > —Yi — E max ( ﬁ n) <\/ﬁymin + \/ﬁymax>

c, &' d ) \ Ca
> _ap ﬂ (1 in+y )
- yl Cg CO ymax Ca ymln max

2C
= v\t &,
g
2 _nyi7

with the choice of C;, > 2. Substituting T? < C7y? into Equation (40), we have
(1) 2 2,2 _ 2 2
H’B@,+ - y+H2 < Z Cyvi = Cy [yl -
1:y; >0
As a result, we conclude that H ,38% -y +H2 < Cy Hy +H2 as required. The same

derivation holds for H [387)_ +y_ H2 < Cy Hy, H2 by an analogous argument. Therefore,
condition (e) holds att = 1.
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Part (f): We verify the norm bounds on the dual variables. By the triangle inequality, we have

1
Hag)H2—Hn <y—e@+e@+ <XX > e@>
-1
lesll).
2

(xxT)7'| = 5 and

2

1
<anb+w@b+web+nWXxj

eEBHQvHGGHQ < %ymin,

Using ”yHQ < VNYmax

X . o — 1Al
TG, INT, < 1S gyl e have
(1)H <f Vvn Cg n
(84 NYmax + —~ Ymin + CC H>\H — Ymin
H N Cy ||>\H1 Ca VAL Ca
= 3\fymax
C ||>\H1 ( )
< Cafymax’
1Al
with Co, 2 max{C?,C,Cy}. The same bound holds for Ha(el ) H2 Thus, condition (f)
holds at ¢ = 1.

Part (g): Since we have shown that O‘éa)g < — Cy’ﬁ‘i)i‘” and Haé;)HQ < C“ﬁgi‘/ma" for all j € [n]
a 1

with y; < 0, it follows from Lemma 11 that 687)]. < 0Oforall j € [n] withy; <O.

Part (h): Similarly, since we have shown that a( ) < — Cy’ﬂ‘i):‘” and Ha(l) H < Ca l‘@f’m‘”‘ for all
@ 1 1

i € [n] with y; > 0, it follows from Lemma 11 that 5(91,)1‘ < 0foralli € [n] withy; > 0.

We have shown that at iteration ¢ = 1 the conditions in Lemma 19 are satisfied, and by induction,
these conditions will also hold for ¢ > 1. As a result, the positive neuron wg is trained with only
positive examples starting from the iteration ¢ = 1, and it is equivalent to linear regression using

only positive examples with initialization wg) =nX' <y —€p+ec+ %(XXT)*le@) Finally,
(o0)

since wg, and wg are trained on disjoint subsets of examples, wg, ’ satisfies

'wéaoo) = arg min Hw — 'wg)‘

we{w: X yw=y, }

)

2

by Lemma 2. The same arguments apply to the negative neuron wg as well. This completes the
proof of Theorem 8.
|

C.3. Proof of Theorem 9 (Implicit Bias Approximation to w*)

Proof (Theorem 9) We divide the proof into four steps, and formally show the result for w,. The
result for wy, follows an identical series of steps. In the first step, we derive an upper bound for
Hozg9 H2 and Ha*e Hz where wy, = XTozg9 and w, = XTa*e, by using the optimality of the ob-
jective function in (8). In the second step, we use the KKT conditions of (9) to find a representation
of {w},, wx}. In Steps 3 and 4, we derive the corresponding upper bound and lower bound.
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Step 1: Upper bounds for Ha%‘b and Ha’éHQ.

{w},, w;} is the optimal solution to (8) and it achieves the minimum objective in (8). In the
proof of Lemma 7, we introduce {wg,, s} which is also a feasible solution to (8), where wg, =
XXX ) lygand g == X (XX ") yg, withye,; = max{y;,0} and yo ; = — min{y;, 0}.
Therefore, by the optimality of {w},, w%} in the objective, we have

[wh |3+ [ws]ls = of XX Tag, + ot XX o
< [lwg|f? + [|ivs |2

—yl (XXT) e 4yl (XXT)_1 Yo

()|l o (xx7)

2C£Inyr2nax
T Al

IN

Hy@H;
2

where the last inequality uses Lemma 12 with probability at least 1 — 2¢~"/Cs, and we have

max{ ||y | yeH;} < HyH§ < ny? ... Therefore, we have

2
29

M(XXT) oz ]l; < o' XX o,
<o XXTah +ot XX ol
2any12nax
I IP V.

As a result, we have Hag9 H2 < % This bound applies to Ha*e H2 as well via an identical
1

argument.

Step 2: KKT conditions of {w,, w } by Lemma 7.
Based on Lemma 7, the optimal solution {w,, w } of (8) is also the optimal solution of a convex
program (9). Hence, we restate the convex program in (9) below

1 2 1 2
wy, Wy, = arg min o |wellz + B lwell3
we,Wo
s.t. wlx; =y la; <0, forallie S

Lo wgx; =i, weox; <0, forallie Sy,
'wéxi — wgwi = Yi, - 'wgaci <0, forallie Sy,
— wg:ci =y, w;wi <0, forall i € S3,
'wéwi - wga:i =1, —'wgmi <0, for all i € Sy.
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The Lagrange function in terms of § € R™ and non-negative o € R'} is given by

1 1
L= w3+ 5 lhwslly + > 6 (whai —u) + > i (wlai)
i€ST 1€S]
+ Z 0 (wEBQUZ weacZ yz) - Z Hi (wng)
1€S2 1€S2
+Z(5 ( w wi—yi> —i-z,ui (wga:i)
1€S3 1€S53
+ Z 0 (’w x; —’wgﬁci _yi> - Z Hi (’w;wi) .
1€Sy 1€854
The KKT conditions are given below.
Stationarity:
oL
D DL IND SRS MRS SR
® €S i€S5 i€Ss i€Sy
oL
ET R S LR S
© i€ST 1€So 1€S3 1€Sy
Swh==Y Gm— Y owi— Y i+ Y (=0 + p)z, @1)
€S i€Ss i€S3 i€S,
wy = — Z wie; + Z(&Z* + p)x; + Z S + Z dfx;. (42)
i€SY i€ES2 i€S3 i€Sy
Primal feasibility:
'wZBT:IJZ =Y, we x; <0, forallie Sy,
wggxz w*eTaci— Vi, — we x; <0, forallic Ss,
— 'w’ng Yi, wEB z; <0, forall 7 € S3,
w%Taci — 'uJ*eTacZ Vi, w69 z; <0, forall 7 € Sy.

Dual feasibility:

Complementary slackness:

07 € R, foralli € [n],
wr >0, forall i € [n].

Zﬂj(w@ml) Zuz(w@mo Z’ul( )

IS

ZM(

):&

Note that the representation of w7, and w?, shares the parameters {0; : i € So U S4}. As a result,
since we define wy, = X Taég and wr = X Ta*@, we can write af, ; and o ; in terms of §; and
w; for all i € [n] by Equations (41) and (42) as

s

_o*

a* P— g

EB:l _/'L;(
—0f + i

Vi € Sl —,u? Vi € 51
Vi € S and ot — (5:-(-# : Vi € Sy
VieS; '’ O 5:( VieSg
Vi€ Sy or Vi € Sy
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Step 3: Upper bound for Hwéaoo) — wj, ,

(c0)

We now generalize the proof of Theorem 6. We first relate the distance between the predictors w,

(o0)

and w, to the distance in their predictions, i.e., - Xwj,

. Since both vectors lie in the
2
span of the data {z;}]"_,, their difference has no component in the null space corresponding to the
smallest d — n eigenvalues of X ' X. Therefore, we have

2

bt = o )2 o

2
= in(XX D) [l —wi @)

As a result, to derive an upper bound for Hwé;)o) —wp

, it suffices to upper bound the distance

(o0)

between their predictions HX wgo) - Xwj, K We begin with analyzing wg, . By Theorem 8,

'wgo) satisfies the following
(00)T . _
wg T =Y for all y; > 0, (44a)

1 1 -1
ol = o) = n(y; — oy +coy + HejT (XXT> €s) forally; <0,  (44b)

and also all the conditions in Lemma 19.
We know that wgo)T:Bz = wi'x; = y; forall i € Sy, and wgo)T:vi = y; and wi'x; =

Yi + w*@Tasi for all 7 € Sy. Therefore, we can write

(o) «||?
HX'w@ — X'w69

2

:Zn:(wé;’o) x; 'wgml)Q
i=1
=% (wtle) 3 (0l e wie) s Y (0l e ww) 6

1€S9 1€S3 1€Sy

We start with upper bounding the term (—wp, Tx;)% foralli € Sy. Fori € Sa, by the complementary

slackness, we either have we x; = 0 with gf > 0 or weTacZ < 0 with g7 = 0. In the
first case, we have (— w*@Ta:Z) = 0. In the second case, we define SQ C Sy such that 7 = 0

and —wgw, < 0 forall i € So, and we will show that Sy is empty with probability at least

1 —2exp(—n(Cc—1n9)). Since w69 x; — we x; = y; foralli € Sy C S, we have

*T *T T T *
y,—weascl—weml—e XX (oz69 ae)

= IAl, (=207 — pf )+ el (XX T — AL T) (af — af).

=0

The, for all 7 € 5’2, we have

e[ (XXT AL (o~ )
Z SRV
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Based on this representation of 07, for all ¢ € S, we have
wgml = eTX X

= Al <5*>+e (XXT—||A||1 I)ar

Yi =
e (e )
S HxxT— 1A I, (e, + et ]l,)
" n n Qﬁcgﬁymax
< 1Al = 2L, + C max (\/; doo> H)‘H1]

2 ||)‘||1 2 CoYmax ”}‘Hl

Ymin 1 Ymin 2\/§C Ymax
< [|Ally [ ¢ T

<0,

where the inequalities above apply Corollary 14 and the upper bound of Haje{

9 }a*@H2 from Step

1, and substitute dy > C2 nyym‘“‘ and do, > C’o ymax in Assumption 2 with Cy > C2 and C,, >

max{ ,CyCy}. However, 'we x; <0 contradlcts with the condition 'we x; < 0fori € Ss.
Therefore, Sy =@. By combining these two cases, we conclude that ), S5 ( 'w*@Tml) =0.

Next, we upper bound the term <w£B°O)Ta: w@TwJ forall i € S5. We know thatw( o) T x; <

0 in Theorem 8. For wX'x; with i € 53, by the complementary slackness, we either have
® y p y

wrx; = 0 with u* > 0 or u* = 0 with wt a; < 0. In the first case, wX' x; = 0, we have
@ Mz Nz 5] @

wEBOO)T:B wng wgo) x;
—eTXXT (OO)
—e] [HAHIH (XX = Al T)] o
= Al ol +el (XXT = |IAIL 1) ol

SEPVIRS s b'o iy YT (/I el

00 n o n 00
2 W [o) - (. 22) |71

where the last inequality applies Corollary 14. Substituting the bounds of aé;(;) and Hago) H2 from

Lemma 19, we have

T o Al [ B e (25, ) Gt
wg” x; —wh x; ’A||1[ Cy 1A, ¢ max<\/;7dm) (R

3Ymax Ymin  CalYmax :|
Ay |~ =3 —C-
1Al [ AR Coymax [|IAll4

4
2 Cigyma)o
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. .. . 2,2 1.5 . . .
where the inequalities substitute dy > Cg% and do, > Cy™—-“m2x in Assumption 2 with

min Ymin

Co 2 C%and O, > max{Cg, CyCy}. In the second case, o, ; = —pu; = 0 for i € S3, we have

~

wéBOO)Tmi—wgazi
—e/ XX (ago) - a’é)
=el [IA T+ (XXT = Al 1)) (a8 - az)
= Al oS + el (XXT = A I) (ol - az)

> A ol = | xxT = A 1| ([0l + [las],)

> H)\H . 3ymax _ O max < ﬁ ’I’L> Ca\/ﬁymax T \/icg\/ﬁymax
- Gl V d2’ doo 1Al 1Al
H>\H . 3Ymax _C. Ymin CaYmax \/icgymax
— L Galiadly Coymax \ [|IAll; IRV
4
Z _ngma)o
by applying the same argument and the upper bound from Step 1 that Haé||2 < %

1

2
Therefore, we have <wé§°)Tmi — w’gwi> < é—%yfnax for all i € Ss.

2
Next, we upper bound the term (wé;’o)Ta:i — wéBTa:i) for all ¢ € Sy in a similar way com-

pared to Sy. For ¢ € S4, by the complementary slackness, we either have —wggmi = 0 with

pr > 0or —wi'x; < 0 with uf = 0. In the first case, (—wX x;)®> = 0, and we have

2 2
('wéaooﬁa:i — 'wgmi) = (wé;)o)Tazi) . Therefore, we can reuse the upper bound we derived

in S3 such that 0 > wéaoo)T:vi > —cigymax. In the second case, we define 5’4 C Sy such that

;= 0and —'wg;a:i < Oforalli € Sy, and we will show that Sy is empty with probability at least
1 —2exp(—n(Cc—1n9)). Since wk'z; — wi x; = y; foralli € Sy C Sy, we have

AL (207 )+ el (XXT AL ) (o — o).

=0
For all 7 € 54, we have

el (XXT <AL D) (o~ o)
Z SRV
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Based on this representation of 0%, for all i € Sy, we have

w%Tml—eTXXT
= Al (=07) + e (XXT = ||, T) o

=Yy Cel (XXT AL ) (o + a2)
1
%WHXXT— I 2], (et + ez ]1)

Ys n n 2\/§Cg\/ﬁymax
<x Y
< [[Ally !2H>‘|1 +5C - max <\/; doo> (R

Ymin 1 Ymin 2 \/icg Ymax ]

< 1Al = : :
! 2 ”’\Hi 2 CoYmax H)‘Hi
<0,

where the inequalities apply Corollary 14 and the upper bound of Ha’é H2 in Step 1, and substitute
dy > C2 y?nrl“:x and do, > CpZ o yma" in Assumption 2 with Cy > C2 and C,, > max{Cj c2,c,C }
However, 'wégrgr:l < 0 contradicts w1th the condition 'wEB x; < 0fore e 5’4 Therefore, 54 =
By combining these two cases, we have ;g (wéaoo)Ta: w’gzcz)2 =Y ics, (wé;xj)Ta:i)Q <
Zz’e&i (%yr%iax-

Substituting the upper bounds into Equation (45) gives us

H X (%)
2
2 2

S () Y (0 e ) Y (e )

€S2 1€S3 1€Sy

16

<) 2ymax+z gy?nax

2653 1€S4

16
= 5 "—Ymax- (46)

c? &

Finally, putting together Equation (43) and (46), we have

e - Xl 16n
fn(XXT) — GyllAlly T

-

which completes the proof of the upper bound.

Step 4: Lower bound for Hwéeoo) —w}

)’
Now, we derive the lower bound of ‘wgeoo) — 'wé

in a similar approach. We again start with the
2
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prediction distance

2

oo 0 e (o) 0 o

= (XX [l — |

(47)

*

Therefore, it suffices to lower bound HX wégo) - Xwj, ) to get the lower bound of Hwé;)o) — wy,

K
By Equation (45), we have

(o0) « |2
HXw63 — Xwg,

2

-3 () X (e m) e 3 ()’

1€S9 i1€S3 1€S5y
2
> Z <wé§o) wZBTa:,> + Z (wéaoo) x; wga:) ) (48)
’iGSg 1€Sy

We omit the partition in S because we have shown that ), S5 ( 'w*@T:cZ) = 0 with probability

atleast 1 — 2 exp(—n(Cc — In9)). Therefore, we need to lower bound ( EBOO) T — W T; > for
1 € Sg and ('wésoo)ch 'wgwl) fori € Sy.

We start with lower bounding ('w(oo)Tw 'wgmz) for i € S3. We know that wgo)T:Bi <0

in Theorem 8. For fwg:c@ with ¢ z € S3, by the complementary slackness, we either have w69 x; =0

with pf > 0 or pf = 0 with w, Ta; < 0. In the first case, wgaTch = 0, we have
'wé;)o)Ta: 'wga:l = 'wégo) x;
_ eTXXT (00)
—e/ [HAulH (XX7 = AL T)] ol
= Al als + el (XXT =N, T) ol

< I o)+ | XXT Al 1 o]

< 1Al [l + € ma ([ ) o]

where the last inequality applies Corollary 14. Substituting the bounds of aé;(;) and Haégo) H2 from

Lemma 19, we have

(00)T |:_ Ymin < n > Ca fymaxi|
w T; — wh a:z <||A + C'- max
® e S A Vi @) 1Al

Ymnin Ymin Caymax
IRV [ Ca [N, Coymax [|All4 ]
C- Cg[ Ymin
< —(1 - CO ) C.’
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where the inequalities substitute dy > C’O gm‘”‘ and do, > Cow in Assumption 2 with

min

Co Z C3. In the second case, o, ; = —u; = 0 for i € S3, we have

— e [H)\HII—I— (XXT — Al I)} (aéaoo) - 0‘33)

= Al oS + el (XXT— A 1) (k) - az)

< 1A ol + | x T = a1 ([, + lleatl,)
Ymin n Ca \/ﬁymax \/§Cg \/ﬁymax
<|IAlly | = +C- max( > +
" CallAl V d2" doo A1l A1l
||)\|| __ Ymin +C- Ymin CaYmax + \/icgymax
— U GallAlly Coymax \ 1Al ALl
< (1 2C-Caytimin
Co Cq
by applying the same argument and the upper bound from Step 1 that HQ%HQ < %
1
T 2 2\ 2
Therefore, we have <w§§o) x; 'wg:cl> > (1 - 2%(?‘”) 5‘5“, for all 7 € Ss.
2
Next, we lower bound the term (wé;”)Tmi — wg;a:i) for all ¢ € S4. In Step 3, we already
showed the two cases in wga:z with ¢ € Sy by the complementary slackness. In the first case,
2 2
(— 'w*eTazl) = 0, and we have (wéBOO)T:c — wg Z) = (wé;’o)T:ci> . Therefore, we can reuse
(00)T

CC ymm
(1 — =5*)%&™. In the second case,

- 2
we have shown that S4 = . By concluding two cases, we have Zie& (wé5 )Taz - wga:z> =

the lower bound we derived in S3 such that wg X < —

(00)T . 20.02\? 42,
> ies, ('w@ T >ZZES4 - ce

Substituting the lower bounds into Equation (48) gives us

z > Z ('wé;x’)T:z: 'wgml) + Z ('wé;’o) - wZBT:c )2

HXwéBOO) - Xwy,

i€S3 1€854
> Z <1 - QCCCO%> ymm + Z < 2C - 02) yénén
i€ES3 0 i€ESY 0 @
2
_ n—gmm’ (49)
where we let C' := % > 1. Finally, putting together Equation (47) and (49), we have
0— ‘La

2

X — Xw}
H w w@ 2 > ~n—y12nin .
= m(XXT) T CG|Al,

(o0) *
Hw@ - wea
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This completes the proof of the lower bound.
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Appendix D. Implicit Bias of Multiple ReLU Models (m > 2) Under Gradient
Descent

In this section, we extend our analysis to multiple ReLU models trained with m > 2 neurons
under stronger assumptions on the initialization. We consider models of the form: he(x) =
Py, (®) = St spo(w) ), where wy, € R? are the model weights and there are at least one
positive neuron and one negative neuron. The parameter set is hence denoted by ® = {wy}]" ;.
The empirical risk is defined in (1) as

n 2
R(@) = %Z(h@(;cz) — yZ 2 _ % (Z SpO wk :cz — y2‘> .
=1

=1 k=1

Here, we fix s;, € {£1} and only train the hidden weights {wy }]" ;.

D.1. Gradient Descent Updates and Convergence

The gradient of the empirical risk in (1) with respect to wy, is given in (2) as
w! = wl — v, ROY) = wl — s X TD(Xw\") (hgw(X) —y).  (50)

The primal-dual gradient update in (4) is given by

(Primal) ) — g0 . X X T D(BY) (hgn (X) — v), (51a)
(Dual) ot —aEJ 15 D(BY) (hgw (X) — y). (51b)

Next, we consider a regime in which, after some time ¢(, each neuron activates on a fixed sub-
set of training examples, and this activation pattern remains unchanged throughout the subsequent
dynamics. Moreover, these active subsets are disjoint across different neurons. That is, for every
training example, at most one neuron is active, while each neuron may be active on a subset of
examples. In this regime, each neuron effectively reduces to a linear model trained only on its own
active examples.

Lemma 20 Consider a multiple ReLU model hg. For each neuron k € [m), suppose there exists
iteration to > 0 such that

1. At time to, the subset of examples on which the k-th neuron is active is disjoint from the
subsets activated by all other neurons, i.e., D(X wl(fo))D(X wgto)) = Qpxp forany £ # k.

2. The activation pattern of the k-th remains unchanged after time to, i.e., D(X wgo)) =
D(X'wk ) for all t > t.

Then, for all t > to, and each k € [m], the gradient descent dynamics of the k-th neuron are

equivalent to gradient descent applied to a linear model, initialized at wé °) and trained using only

the subset of samples satisfying x; wé 0)

The proof of Lemma 20 is provided in Appendix E.1.
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D.2. Minimum-/5-norm Solution of Multiple ReLU Models

The minimum-#5-norm solution for the multiple ReLU regression in (5) is given by

1l
{wi}il, = argmin o > w3 (52)

{welis, © k=1

m
s.t. Z spo(wi x;) = vy, foralli € [n].
k=1

D.3. High-dimensional Implicit Bias of Multiple ReLLU Models

In this section, we characterize the implicit bias of multiple ReLU models trained by gradient de-
scent in the high-dimensional regime. We identify a setup in which each neuron is only active
toward a fixed and disjoint subset of training examples, where the labels y; of these examples have
the same sign as the neuron’s sign sy.

To formalize this setup, we introduce an assignment vector a € [m]"™, where each entry a; € [m]
indicates which neuron is responsible for example <.

Assumption 4 For a multiple ReLU model, we assume that there exists an assignment vector
a € [m]" such that for each example i € [n|, a; = k, for some neuron k satisfying sy, - y; > 0. For
each neuron k € [m)], define a diagonal matrix Ay, € R™*" with diagonal entries

0, ifa; =k, orsg-y; <0
(Ak)i = . . .
—sign(y;), otherwise

Assumption 4 is used to design a proper initialization that ensures that the gradient descent can
converge to the desired regime. In this regime, we show that if a neuron’s primal variable [y ; is
positive and the sign of the neuron agrees with the label (i.e., si - y; > 0), then the corresponding
example remains active throughout training. Conversely, if the associated dual variable oy, ; stays
sufficiently negative, it remains frozen and is no longer updated.

Theorem 21 Under Assumptions 1, 2 and 4, suppose we choose initialization

'LUI(CO) =X'(xx")! (CLgAky + ek), where 0 < €,; < Ca#myminfor all k € [m] and i € [n],
. . . 1 1 . ..

and the gradient descent step size satisfies = AR <n< CyllAlly - Then, the gradient descent limit

w,goo) for multiple ReLU models coincides with the solution obtained by training a linear model on

(1)

disjoint subsets of examples, initialized at w,.’ with probability at least 1 — 2 exp(—cn). Formally,

we have wéoo) = arg min Hw —’wg)H and stwéoo) = 0, where S, .= {i € [n] :
we{w: X g w=yg, } 2

a; — k}

The full proof is provided in Appendix E.2. Note that the initialization, constructed by the ma-
trices Ay, ensures that each training example ¢ is activated by exactly one neuron that matches
its sign—namely, the a;-th neuron. All other neurons with the same sign remain inactive on this
example.
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D.4. Approximation to Minimum-/s-norm Solution in High Dimensions

In this section, we show that in high dimensions, the implicit bias solution for multiple ReL.U models
derived in Theorem 21 is close to the corresponding minimum-/¢2-norm solution {w} }7* ; defined
in (52).

Theorem 22 Under Assumptions 1, 2 and 4, suppose we choose initialization
w” = XT(xxT)! (C%Aky + ek), where 0 < € < iYmin for all k € [m] and i € [n],
and the gradient descent step size satisfies chw < n < . Then, we have

1

ColIATL
m (00) *
\/Zk:l Hwk — Wy

2
, < \/% with probability at least 1 — 2 exp(—cn).
1

The proof is deferred to Appendix E.3. Note that since the minimum-¢;-norm solution {w} };* ,
is more involved to characterize, Theorem 22 only provides an upper bound for the approxima-
tion of the implicit bias to {w}}}" ;. A more fine-grained characterization, as well as a deeper
understanding of the role of overparameterization, is left for future work.
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Appendix E. Proofs for Multiple ReLU Models (m > 2) Trained with Gradient
Descent

In this section, we present the proofs concerning the behavior of the multiple ReLLU model trained
with gradient descent.

E.1. Proof of Lemma 20 (Gradient Descent Convergence)

Proof (Lemma 20) This proof is analogous to Lemma 1. The key idea is to show that once the
activation pattern becomes fixed after some iteration ¢g > 0, the gradient descent dynamics of each
neuron are equivalent to those of a linear model trained on a fixed subset of examples.
Fix a neuron k € [m]. Consider the linear model
h(z) = spw ' x,

where w € R is the linear model parameter (also called weight). Let S ,(:0) C [n] denote the active

set of the k-th neuron at iteration ¢o, defined by .S ,ito) ={ie[n]: :c;r'wgo) > 0}. We define the
empirical risk with the linear model using only the examples in S,(:O) as

1
RS,it())(w) = 5 Z (SkwTwi - yi)2'

iest'o)
The gradient descent update for this linear model is then given by

wttD) — ) — WRS;;O) (w(t))

= w® — NSk Z (skw(t)—ra:i — ;). (53)
iesto)
k

On the other hand, the original gradient descent update of the multiple ReLLU model in Equation (50)
tells us that

th+1) = wg) - UstTD(Xwg))(h@W (X) ~ ).

Under the first assumption in the lemma, D (X wgo))D(X wéto) ) = Opxp for any £ # k, the

activation patterns of different neurons are disjoint at iteration £3. Consequently, for any ¢ € S,(Cto),

only the k-th neuron is active, and therefore we have

m

heto (Ti) = Y _ spo(w] @) = spwy @;.
k=1

Moreover, by the second assumption of the lemma, the activation pattern of the k-th neuron remains

unchanged after iteration ¢, i.e., D(Xwg())) = D(X'wff)) for all t > ty. Hence, for all ¢t > t,

the diagonal entries of D (X w,(:)) satisfy Dy = 1,_ o) forall i € [n]. Therefore, for all ¢ > to,
k

the gradient update of the k-th neuron in the multiple ReLU model is given by
wi ™ = w) — 95 XTD(Xw)(hgw (X) —y)

T
= w® —ns, Z (Sk’w;(f) Ti — Yi)®;.
ies'o)
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This update is identical to the gradient descent update of the linear model in Equation (53). Hence,
for all ¢ > tg, the gradient descent dynamics of the k-th neuron in the multiple ReLLU model are
equivalent to those of a linear model trained using only the examples in .S ,(:0) . This completes the

proof of the lemma. |
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E.2. Proof of Theorem 21 (High-dimensional Implicit Bias)

In this section, we present the proof of Theorem 21. Before proceeding to the proof, we again
introduce a set of sufficient conditions under which the active pattern for a neuron at iteration ¢
will be preserved at iteration ¢ 4+ 1. Similar to the single ReLU model and 2-ReLLU model cases,
our analysis relies on Lemma 10 and Lemma 11 to characterize the dynamics of primal and dual
variables. Using these results, we establish Lemma 23, which characterizes that the active sets of
all neurons remain unchanged across gradient descent iterations.

Lemma 23 Under Assumption 1, 2 and 4, suppose the gradient descent step size satisfies n <
m. For a multiple ReLU model, if the following five conditions hold at some iteration t > 0,

then they also hold at iteration t 4 1.

a. Bg?,z > 0, foralli € [n).

_ 3Ymax (t) ___Ymin . . .
b. ca S @y < CQIIAHl’for all j € [n] with k # a;.
c. HB,(f)Sk — Sy, |, < Cyllys, o forall k € [m].
d. Hak H2 < ﬁ#ﬁ,forallk € [m].

e. ﬂg <0, forall j € [n| with k # aj.

Consequently, the activation pattern of each neuron remains unchanged from iterationt tot + 1. In
the above, we define Sy, := {i € [n] : a; = k}, and for any vector v € R", we use vg, to denote the
subvector of entries indexed by Sk.

Proof (Lemma 23) We now verify that these conditions are preserved from iteration ¢ to ¢ + 1.

Part (a): By conditions (a), (¢) and (e) at iteration ¢, we have

2

S so(BY) —y

k=1

|hew (X) —ylj5 =

m
t 2 2
=" ||sx (8%, — swvs, )|, < €2 w3
2 k=1

where the last inequality uses the fact that the sets {S;}}" , are disjoint. Also, we
have s, hg (Ti) = o

ai,i
assumptions of Lemma 10 are satisfied for all ¢ € [n]. Consequently, /3
i€ n].

from conditions (a) and (e). Together with condition (a), the

(t+1)
a;,i

> ( for all

Part (b): According to the dual gradient update in Equation (51b), and using condition (e) at
iteration ¢, we have:
a,(;jl) = ag forall j € [n] with k # a;.

Therefore, condition (b) continues to hold at iteration ¢ + 1.
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Part (¢): By conditions (a) and (e), the gradient update at iteration ¢ for ,Bg) depends only on
the examples in the subset Si. Hence, the gradient update for an individual neuron is
equivalent to a linear regression gradient descent. As similarly argued in the proof of
Lemma 2, since the step size satisfies 7 < m, the linear regression squared loss is
monotonically nonincreasing, and by condition (c) at iteration ¢, we obtain

Hﬁkt;: SkYsy ||, < Hﬁz(f)sk = s1¥s,||, < Cv lys. ;-

Therefore, condition (c) holds at iteration ¢ + 1.

Part (d): Following the same argument as in Part (d) of Lemma 17, using conditions (b) and (c)
at iteration ¢ + 1, together with the eigenvalue bounds from Lemma 12, we can establish
that

C. x
Ha,(:H)H < CavMYmax forall k € [m],
2 A1l

with probability at least 1 — 2e~"/C9. Thus, condition (d) holds at iteration ¢ + 1.

Part (e): By Lemma 11, since conditions (b) and (d) hold at iteration ¢ + 1, we conclude that
ﬁk t+1) < 0forall j € [n] with k # a;. Thus, condition (e) holds at iteration ¢ + 1.

Equipped with Lemma 23, we are ready to prove Theorem 21.
Proof (Theorem 21) The proof follows a similar structure to that of Theorem 4 for single ReLU
models, but now we must track the dynamics of all the neurons {wy, }}*_, simultaneously. Equipped
with sufficient conditions under which the activation patterns are preserved in Lemma 23, we verify
these conditions hold after the first gradient step, and use induction to characterize the full gradient
descent dynamics.

We first verify that the iterate at ¢ = 1 satisfies all the sufficient conditions. With the initializa-
tion

w® = xT (XXT>71 <1

A
c, ky+€k> )

we have 5,&0) = C%Aky + €r. Recalling the definition of Ay in Assumption 4, we have

0) _ { €a; i ifa; =k, or sy - Y <0 7 (54)

4 e, otherwise

for all k € [m] and i € [n]. Since the theorem assumption ensures €, ; < co%mymin and C, 2 C7,

we have —% + €k, < 0. Therefore, we obtain

m
@(O) m’L Z SKO ( ) = Saieai,i - Sai Z Ek‘,ia (55)

k=1 k:spy; <0
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for all ¢ € [n]. Therefore, using the primal gradient update in Equation (51a), we obtain

BY =Y — s XX TD(BY) (hego (X) - y)

1 -1
= XXT n <$kD( l(cO)) (y — h@(o)(X)) + H (XXT) /6]20)> , (56)

oV

according to the primal-dual formulation ,@,({}) =XX Tac,({l) in Equation (3). In the below, we show
that at iteration ¢ = 1, the variables /61(:) and a,(cl) satisfy all the conditions in Lemma 23.

Part (a): For all i € [n], we show that BS)I > 0 by applying Lemma 10. According to Equa-
tion (54) and Equation (55), we have BL(I?)Z = €q;i > 0and sq; - hgo) (i) = €4, —

0
D esgoi <0 i < 3. Moreover, we have

a;,i°

m
oo ()~ ul, < g (X + iyl < 3 lleell + 91y < %y + 1wl
k=1 «

<Gy ||yH27

with Cy > 1+ Cia All the conditions of Lemma 10 are satisfied, and therefore, 5 (S)Z >0
forall i € [n].

Part (b): For all j € [n] with k # a;, we verify that aﬁ satisfies the required upper and lower
bounds. We need to discuss two cases: 1) ,Bl(ﬁoj) = €k, > 0 with s, - y; < 0, and 2)
0 ; .
51537]) = —% +€r < 0 with s, - Yj > 0.
Case 1): For ,6’,20} = ¢x,; > 0 with s, - y; < 0, we work from Equation (56) to get

o) = (DB (0~ () 1 (7))

@
= T]( - |y]‘ — Sk Sajeaj,j - Saj Z €k,j

k:sp-1y; <0
1t N1

1 -1/1
= | —lyl+ea— D, e;+-ef (XXT> <CA1<:?J + ek)
k:sp-y;<0 N 9
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= 77(- il + €5 = D eny

k:sp-y;<0

2 Lo () - )] (2
+ —e; I+ (XX — I — Ary + €
n 7 LIl ( ) [Ally Cy
(i) €k.j
=n| — Iyl + €5 — €y +
( ’ 7 Z ’ | Ally

k:sk-yj<0

Lo ((xxTy o L) (L
e () ) (ch’“y“’“)) oD

where equality (i) substitutes hg o) (T;) = Sa;€q;,j — Sa; Zk:sk~yj<0 ek,j from Equa-

tion (54) and B,(CO) = %Aky + €, and equality (ii) applies (Ak;)jj = 0 for k # a; with
sy - y; < 0. For the upper bound, we have
)

(58)

1
— Ay +
Cg kY T €

o < < | 1 H w1
< yil + €a; 5 + + [ XX I
kg = ! & 77H>\H1 ( ) (RIFEIPS

by dropping negative terms — Zk:Sk‘yj <0 €k,j- Next, by applying the upper bound in

Corollary 14 and the upper bounds for ||y||, we have

1
ol <1 e

Cy w0\ (Vmax | VR ) )
+ C - ma —_—, — + in
AR * <\/d>2 doo> ( Cy Camy

€k.j Cg Ymin Ymax Ymin
<77<—|y‘\+6-,'+ +—LC- ( + >>
T Al 0l T Coymax \ Cg - Cam

where the second inequality substitutes dy > C3 ygma" and do, > Coﬂ in As-

min

sumption 2. Finally, by using the step size assumption 5 < CCy ||A||; and the theorem

assumption €x ; < ﬁymin, we have
«

7= CCy || Ay C,m C,m Co
Ymin

S ST
Ca [l

1 min . CCyymin  2C*CE
OCS) e T <_ymin + Y + g¥min + gymin
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with Cp 2 C3 and C, 2 max{C},C,C,}. For the lower bound, starting from Equa-
tion (57), we have

1 1 -1 1 1
a,(w). >n | —ly;| — Z €hj— — H(XXT> “ Tl I HAky + €
k:sp-y; <0 " 1 2 9 2
@
2n<—|yj|— > ey
k:sp-y;<0

=G e ax (\/7 n) (ﬁymax+ ﬁymm>
n Al dy de Cy Cam
@ 1 < Ymin 2 ~2 Ymin (ymax Ymin > >
>~ | “Ymax — = — C°Cy - +
Co X, \ ™7 ¢, 9 Coymex \ C, | Cam
@ 3ymax |
Cy 1Al

where inequality (i) applies the upper bound in Corollary 14 and the upper bounds for
2,2
5, inequalities (i) applies do > C2™4max and do, > Cg% in

lylly and [ ,
min

Assumption 2, and inequality (iii) follows by the constant relationship that Cop > C2

and Cy, 2 maX{Cg, CyCy}. Thus, for B,goj) =€ ; > 0 with 53, - y; <0, a,il]). satisfies
both the required upper and lower bounds.

Case 2): For 6,&0} = —%—’! + €x,; < 0 with s - y; > 0, we work from Equation (56) to
get

ag; = ne; <skD(ﬁ2°)) (y — hgo (X)) + 71’ ( e Xr) -1 ﬂ’(€0)>

—ef (Xx7) - (égAky - €k> :

where we substitute Bg)) = C%Aky + €, and BI(COJ)- = —Cig|yj\ + €, < 0, and this

eliminates the first term, since D;; = 0. Then, a,(clj). can further be written as

m_ 71| 1 L !
g = & Ml +<< ) )] (cg e

1 19 ) T( ot ) ( 1
= ———te; | te; XX — I)|—=—Ary+er].
IRV ( Co ) 7 ( ) Al \Cy

(39)
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For the upper bound, we have

1
— ALy + €
2 11Cy 2

0 1 |yj| D Vi |
< J
< HAh< g, Tk TG ma"(vdg dm>< A ))

Cy

i) 1 < Ymin Ymin Ymin <ymax 1 > >

< — + + C C- — Ymin
||)\H1 Cg c,m C(]ymax g Ca

Ymin

< -
Ca [IAll;

where inequality (i) applies the upper bound in Corollary 14 and the upper bounds for
|yll, and ||€x]|5, inequalities (ii) substitutes dy > C3 yym‘”‘ and do > CO% in

min nin

Assumption 2. The last inequality follows by Cy > C2 and C, 2> max{C? 5, CyCy

~ a ~

For the lower bound, we work from Equation (59) to get
(1) 1 < 15 > H T) 1 1
) > XX I|| || =—Ary + €
kg Al Cy ||>‘||1 2 11 Cy 2

1 _lyjl VYmax £ )
||AH1 ( Cg C C - max d2 doo Cg + Ca Ymin

1 Ymax Ymin (ymax Ymin ) >
> _Ymex o 4
||)‘ || 1 < Cg g C()yrnax C'g Ca

V

v

_ 3Ymax
— Gyl
by the same argument. Thus, for 5,20; = |y”| +e; < Owith sg - y; >0, a( ) satisfies

both the required upper and lower bounds. Thrs completes the proof of this part.

Part (c): We verify that the primal variables ,81(61)5 corresponding to active examples minus yg,

satisfy the norm bound. Specifically, we show that Hﬂk s, Sk’ySk 02 ||y||2
According to Equation (56), we have
1 2 1 2

Hﬁi(c)sk —SkYs ||, = > (5;(“) - Skyi>

i:a;=k

2
0 0
= 3 (8 el XX DB (hoo(X) ~ ) — sy:)
ica; =k

2

= > | cavi — 1506/ XX TD(BY) (heo (X) —y) — luil |
ZTZ

(60)

where we substitute 51(602 = B((l?)i = €, for k = a;, and s,, - y; > 0. Next, we bound
the term
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T; = €q,i — nsaieTXXTD(ﬁg?))(h@(o)(X) —y) — |yi| for all i € [n]. We have

(2

Ti = €ari — 150,€] XX D(BY)) (heo (X) —y) —lyil

7

= (cari = i) = msae] [IAI T+ (XXT = Al I)| DBY) (hgo (X) —y)

= (eﬂm - ’yl’) — NSaq; H)‘Hl Sa;€a;,i — Sa; Z €ki — Yi
kisg-yi<0

—nsyel (XX = A1 1) D(BY) (how (X) — v)
= (L= nlIAl)ear: — @A =nlXIDlml +0lIAl > e
k:sg-yi <0

— nsie; (XXT — (Il I) D(ﬂg))) (heo(X) —y),

by applying hg o) (i) = Sa,€a;i — Sa; Zk:sk~yi<0 e,; from Equation (55). Since the
. . 1 1 . 1 .
step size assumption guarantees that SRV <n< AN and €x; < & Ymin, WE

have

(1=l €ari = A =n XDyl +nlAl Y er

k:sk-yi<0
<o — AL+l S e
k:sk-yi <0
(LI (1Y
=\m Cg C. Ymin Cg Ymin

<0,

with C, 2 C’g. Hence, in order to upper bound TZZ, it suffices to find the lower bound
for T;. We have

Ty = (L=nlIAl)eai = @ =nl Al + 0 lIAL Y e
k:sg-y; <0

—nsiel (XX =11, T) D(BY) (heo (X) —v)

>~y || XXT = AL ]| [|heo (X) —y]l,.

where the inequality drops the positive terms (1 — 7 || All;)€a, s> 7 || All; |vil, and
NIl 2 ks, ;<0 ki~ We again upper bound HXXT — [IAlly IH2 by Corollary 14.
With probability at least 1 — 2 exp(—n(Cc —In9)), we have

—|yi| — - C[IA], - max (ﬁ/;‘?,;;) [heo (X) —yl,

C n on
—lyil — aq - max (\/ dy’ doo> Hh@<0> (X) — szv
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by applying n < Cg||1>\H1‘ Finally, we apply the upper bound that Hhe(0> (X)

AN

I

V

Yoy HekH2 < C”ymm and ||y|ly < /NYmax, and Assumption 2 ensures that dy
angw and do, > C’Oﬂ. We have

min min

C n o n n
Ti 2 ~|yil = &~ max <, [ 3 d> (C\Fymin + \/ﬁymax>
g (o) (0%

> —|yi| — ng/?mc (Cl,aymin + ymax>
> —|yil <1 + 2¢ )

CyCo
> _Cy’yi’a

with the choice of Cy; > 2. Substituting 77 < ngf into Equation (60), we have

SPReTELe 2N

i:a; =k

H:@k Sk SkySk

As a result, we conclude that H,@gék — SkYg,

) < Cy HySk as required.

I

Part (d): We verify the norm bounds on the dual variables. By the triangle inequality, we work
from Equation (56) to get

Ha(l)H H (skD ,8( )) ('!J - h@(o) (X)) + ?17 (XXT>*1 ](§0)>

<7 {Hyllg + [[heo (X, + 71] H (XXT) 1H2 Hﬂ’EfO)Hz]

2

1 -1 1
=1 [Hy”2 + Hh@(O)(X)Hz + - H(XXT) FAky'i‘Gk ] )
n 211y 2
. . 0 .
by substituting ,8,2) = LA/rfy + €. Using [lylly, < vNYmax ‘h®<o>(X)H2 <
1 C 1 1
Zk 1H€kH2 > o ymm’ (XX ) H2 < ﬁ, €ki < C.om Ymin, and TN, <
n < m, we have
(1)
o )L
vn Cy VN Ymax N4
OO AL - ) .
<& ||A||1 [Vt -+ Gt + CCy Ny - o (e oy,
< 3v/NYmax
HAII1 (3]
C fymax
DY
with C,, 2> maLx{C’g2 ,CyCy}. Thus, condition (d) holds at ¢ = 1.
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Part (¢): Since we have shown that a,glg. < — Cylﬁ‘iAnH and Ha,(vl)HQ < % for all j € [n]
. «@ 1 1

with k # a;, by Lemma 11, it follows that 51(:])' < Oforall j € [n| with k # a;.

We have shown that at iteration ¢ = 1 the conditions in Lemma 23 are satisfied, and by induction,
these conditions will also hold fort > 1. As aresult, wy, is trained with only predefined active exam-
ples starting from the iteration ¢ = 0, and it is equivalent to linear regression using only active exam-

ples with initialization w,(gl) =nX"' (skD(,B,(CO)) (y — hgo (X)) + % (XXT)_l ,BI(CO)>. Finally,

since wy, is trained on disjoint subset of examples by Assumption 4, by Lemma 2, 'w,(fo) satisfies

w,(fo) = arg min H'w - w,(;) H2 .

wE{w:Xsk'w:ySk}

This completes the proof of Theorem 21. |

E.3. Proof of Theorem 22 (Implicit Bias Approximation to w*)

Proof (Theorem 22) We restate the definition of w* in Equation (52).

1 ¢
{wiliey = argmin 23 w3 (61)
{wk}?:l k=1
m
s.t. Zska(w;wi) =y, forall i € [n].
k=1

Recall that the gradient descent limit {w,(fo) }iv, satisfies the same set of constraints: it interpolates

all examples. Consequently, both {'wgfo) bt and {w} }}", are feasible solutions to (61). We show

that the norm difference between wgfo) and wj; can be upper bounded by 2 times the norm of wg)o).

| (00) 2 x| o 2 _ x| (o) |12
o - <255 ol 25t <o 5 .
k=1 k=1 k=1 k=1

2
where it follows the definition of (61). By Lemma 23, we have the upper bound for Hw,(fo) H2 as

ngny?nax — Cg Cc%nyiiax
BN Al

[ = el "X XTaf? < (X XT) 7] < A1, -

As a result, we have

2 40902mny12nax
2 Al

| (00)

o0 *
ZHwk Wk
k=1
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Appendix F. Simulations

In this section, we present exploratory visualizations of the evolution of the primal variables at
iteration checkpoints in settings that violate the assumptions underlying our theoretical results.

F.1. Moderate-Dimensional Data and Single ReLU Model
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(e) Initialization 1 (t = 80).
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(f) Initialization 2 (t = 80).

Figure 3: We illustrate the prediction dynamics of gradient descent for a single ReLU model
under different random initializations when d is comparable with n. In both cases, with suffi-
ciently small step size, the final solution converges to a linear minimum-¢-norm interpolator on
some subset of the training examples, i.e. of the form wiipear-mnt, s = X E(X s X g)—lg g, Where
s, = max{y;, 0}. In contrast to the high-dimensional regime, different initializations lead to dif-
ferent subsets S, indicating that ReLU training implicitly performs an example “selection” process,
that is initialization-dependent, rather than fitting all positively-labeled samples. The experiment
uses n = 10, d = 50, & ~ N'(0, 1),y ~ N(0,1), w® ~ N (0,2 x 10761), and = 10~*.
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F.2. Gradient Descent Dynamics of Two ReLLU Models
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(b) Two ReLU model gradient descent dynamic (¢ = 1).
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(c¢) Two ReLU model gradient descent dynamic (¢t = 17).

Figure 4: Simulation illustrating Theorem 8. In the high-dimensional regime and under our “all-
positive” initialization, after the first gradient step, examples with positive labels remain active
while examples with negative labels become inactive, consistent with Lemma 19. The blue region
shows primal variables that remain positive over training, whereas the red region corresponds to
dual variables that are sufficiently negative and remain unchanged. As training proceeds, wg fits
all positively labeled examples and wg fits all negatively labeled examples. The experiment uses
n = 10, d = 2000, features & ~ N(0,I), and labels satisfying |y| ~ U(0.1,1) with sign(y)
uniformly distributed over {£1}.
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(c) Two ReLU model gradient descent dynamic (¢ = 40).

Figure 5: Simulation with random initialization in the high-dimensional regime, which violates our
initialization assumption in Theorem 8. Under random initialization, the sufficient conditions of
Lemma 19 are violated at the first gradient step. As a result, positively labeled examples do not
all remain in the active (blue) regime (e.g., example no. 5), nor do negatively labeled examples
consistently enter the inactive (red) regime (e.g., example no. 7). Consequently, during training,
this model fails to converge to a global minimum. The experiment uses n = 10, d = 2000, features
x ~ N (0, ), and labels satisfying |y| ~ ¢(0.1, 1) with sign(y) uniformly distributed over {£1}.
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(c) Two ReLU model gradient descent dynamic (¢ = 40).

Figure 6: Simulation with all-positive initialization outside the high-dimensional regime. When the
data dimension is not sufficiently large, the feature vectors are no longer approximately orthogonal.
As a result, the clear separation into active (blue) and inactive (red) regimes observed in Figures 4
and 5 disappears. Consequently, the gradient dynamics become highly coupled across examples
and are no longer analytically tractable using our high-dimensional arguments. The experiment
uses n = 10, d = 15, features © ~ N(0, I), and labels satisfying |y| ~ ¢(0.1,1) with sign(y)

uniformly distributed over {£1}.
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Figure 7: Failure of stable activation patterns in multiple ReLLU models. We illustrate the training
dynamics of a multiple ReLU model when multiple neurons share the same sign. In this setting,
the sufficient conditions of Lemma 23 are violated, and positive primal variables do not necessarily
remain in the active (blue) regime throughout training (e.g. training example no. 0). As a result, the
activation pattern becomes unstable, and the resulting primal dynamics are no longer tractable. The
experiment uses n = 10, d = 2000, m = 4, with neuron signs s; = s3 = 1 and s3 = s4 = —1,
features & ~ N (0, I), and labels satisfying |y| ~ U(0.1, 1) with sign(y) uniformly distributed over

{£1}.
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(b) Multiple ReLLU model gradient descent dynamic (t = 1).
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