Proceedings of Machine Learning Research vol 336:1-42, 2026 39th Annual Conference on Learning Theory

Adaptive Learning Rates with Surrogate Probability for
Follow-the-Perturbed-Leader

Jongyeong Lee JONGYEONG @KIST.RE.KR
Korea Institute of Science and Technology

Junya Honda HONDA @1.KYOTO-U.AC.JP
Kyoto University, RIKEN AIP

Shinji Ito SHINJI@MIST.I.U-TOKYO.AC.JP
The University of Tokyo, RIKEN AIP

Chansoo Kim EAU@UST.AC.KR
Korea Institute of Science and Technology, University of Science and Technology

Editors: Steve Hanneke and Tor Lattimore

Abstract

Follow-the-regularized-leader framework has shown effectiveness and flexibility in online learning
problems, where the choice of learning rates are known to be crucial. Recently, adaptive learning
rates defined in terms of the arm-selection probabilities, obtained by solving convex optimization,
have achieved improved best-of-both-worlds (BOBW) guarantees in various bandit problems. In
contrast, BOBW guarantees for its computationally efficient alternative, follow-the-perturbed-leader
(FTPL), remain relatively limited since its optimization-free nature ironically makes the design of
adaptive, probability-dependent learning rates non-trivial. To address this challenge, we propose an
adaptive learning rate for FTPL by introducing surrogate probability functions that can be computed
only from the available quantities, without requiring the exact probabilities. Based on these learning
rates with surrogate functions, we provide the BOBW guarantee for FTPL with Pareto perturbations
for any shape parameter o > 1, generalizing prior results restricted to specific choices of a = 2. We
further show the BOBW guarantees for FTPL with adaptive learning rates in the bandit problem
with expert advices. Our approach preserves the computational simplicity of FTPL while enabling
probability-dependent adaptivity, and the surrogate-based methodology may be of independent
interest in other algorithmic frameworks beyond FTPL and learning rate designs.

Keywords: follow-the-perturbed-leader, adaptive learning rate, best-of-both-worlds

1. Introduction

The multi-armed bandit (MAB) problem is a fundamental problem for sequential decision making

under uncertainty. In this problem, at each round ¢ € [T] := {1,...,T'}, an agent selects an arm
i; from a set of K arms and observes the corresponding loss ¢; ;, from 7;, where the loss vectors
by = (bea, ..., k) € [0,1]% are determined by the environment. A central challenge in bandit

problems is to minimize the cumulative loss by learning the environments only with partial feedback,
where two canonical types of environments have been extensively studied.

In the stochastic regime, losses are identically independently distributed (i.i.d.) from an unknown
but fixed distribution (Lai and Robbins, 1985; Katehakis and Robbins, 1995). In contrast, in the
adversarial regime, losses may be chosen by an adversary, possibly adaptively based on the agent’s
past actions, so that no distributional assumption can be made (Auer et al., 2002). Since the true
nature of the environment is usually unknown in practice, there has been considerable interest in
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policies that achieve (near-)optimal performance guarantees in both regimes, which is referred to as
Best-of-Both-Worlds (BOBW) guarantee (Bubeck and Slivkins, 2012; Seldin and Lugosi, 2017).

A dominant approach to achieving BOBW guarantees would be the Follow-the-Regularized-
Leader (FTRL) framework, which has successfully obtained BOBW guarantees across a wide range
of online learning problems including the standard multi-armed bandits (Zimmert and Seldin, 2021;
Jin et al., 2023), decoupled bandits (Rouyer and Seldin, 2020), combinatorial-semi bandit (Zimmert
et al., 2019; Ito, 2021), and partial monitoring (Tsuchiya and Ito, 2024), to name a few. This success
can be attributed to its generality and flexibility: one can tailor the policy to the problem structure by
carefully choosing the (convex) regularizers and learning rates. However, this generality comes at a
cost, as it requires solving a convex optimization problem at each round to compute the arm-selection
distribution, which can be computationally demanding in practice.

This limitation has motivated a line of work aimed at avoiding per-round optimization while
preserving desirable regret guarantees. One approach is to approximate FTRL updates using simpler
arithmetic operations, as in the Prod family of policies (Cesa-Bianchi et al., 2007; Gaillard et al.,
2014), where Zimmert and Marinov (2024) obtained BOBW guarantee by leveraging a kind of first
order approximation of FTRL with Tsallis entropy. Another prominent alternative is the Follow-
the-Perturbed-Leader (FTPL) framework, which selects arms by adding random perturbations to
cumulative losses (Poland, 2005; Kalai and Vempala, 2005). FTPL has gained attention due to its
simplicity and (almost) optimization-free nature. Moreover, there is a deep theoretical correspondence
between FTRL and FTPL, where specific FTRL is associated with particular perturbation distributions
in FTPL (Abernethy et al., 2016; Li et al., 2024; Lee et al., 2025). Recent work has also established
BOBW guarantees for FTPL in standard MABs (Honda et al., 2023; Lee et al., 2024), decoupled
bandits (Kim et al., 2026), and combinatorial semi-bandits (Zhan et al., 2025; Chen et al., 2026).

Despite these recent advances, progress on BOBW guarantees for FTPL still remains limited
compared with that for FTRL. In particular, recent advances in the FTRL framework exploit explicit
arm-selection probabilities to design adaptive learning rates and employ hybrid regularizers, to obtain
BOBW guarantees in various settings (Jin et al., 2023; Tsuchiya and Ito, 2024; Zhao et al., 2025).
However, these techniques do not transfer straightforwardly to FTPL, where probabilities do not
admit a closed form and are induced implicitly only through perturbations. In other words, while
perturbations remove the need for optimization, they conversely appear to degrade the adaptivity of
FTPL that has been crucial to recent advances in FTRL framework with adaptive learning rates.

Contribution. In this paper, we address this gap by developing adaptive learning rates for FTPL
that preserve computational efficiency while achieving BOBW guarantees, without requiring explicit
arm-selection probabilities. Our approach is inspired by the stability-penalty matching (SPM)
methodology developed for FTRL frameworks (Ito et al., 2024; Nguyen et al., 2025) and by recent
uses of surrogate probabilities in FTPL (Kim et al., 2026). The key technical idea is to introduce
surrogate probability functions that replace true arm-selection probabilities and can be computed
solely from the currently available quantities.

Based on SPM learning rates with surrogate probabilities, we first generalize existing BOBW
guarantee of FTPL in the standard MAB. In particular, we show that FTPL with Pareto perturbations
of any shape az > 1 achieves BOBW guarantee, whereas previous results were restricted to the case
a = 2 (Lee et al., 2024). This result aligns with those obtained for FTRL with «-Tsallis entropy for
general v € (0, 1) (Jin et al., 2023; Tto et al., 2024), extending beyond the case v = 1/2 (Zimmert
and Seldin, 2021). We further extend the BOBW guarantee for FTPL with SPM learning rates to
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the bandit problems with expert advice (Auer et al., 2002), which is also referred to as contextual
bandits (Dann et al., 2023).

One of the main advantage of our approaches over FTRL-based approaches lies in its simplicity
and computational efficiency, especially when the hybrid regularizers are considered. While FTRL
only with Tsallis entropy admits a solution that can be formulated as one-dimensional optimization
problems, which can be efficiently computed via Newton’s method or bisection method (Zimmert and
Seldin, 2021), recent improvements in regret guarantees often rely on hybrid regularizers (Tsuchiya
et al., 2023a; Jin et al., 2023; Ito et al., 2024; Nguyen et al., 2025). These regularizers may require
solving a convex optimization problem at every round. In contrast, our policy follows the standard
FTPL framework with Pareto perturbations and computes learning rates directly from currently
available quantities, completely avoiding convex optimizations.

Besides its computational efficiency, the use of surrogate probability functions that do not belong
to the probability simplex may be of independent interest. Although our analysis is grounded in
FTPL, this surrogate-based approach could also be applicable to other algorithmic frameworks
beyond FTPL. More broadly, it could extend to settings where explicit probability vectors are used,
not limited to the design of adaptive learning rates. For example, in heavy-tailed bandits, Huang et al.
(2022) addressed the effect of extreme observations by skipping large losses, where the skipping
thresholds are chosen adaptively based on the arm-selection probability. We expect that our approach
could be used to replace such explicit arm-selection probabilities with surrogate probability functions.

2. Preliminaries

In this section, we introduce notation and formulate the problem. Then, we introduce the intuition
behind stability-penalty matching (SPM) methods in FTRL frameworks.

2.1. Problem formulation

In bandit settings, the environment determines the loss vector ¢; € [0, 1]% and the agent selects an
arm ¢, at each round, where the performance of the agent’s policy is measured by the pseudo-regret.
When w; denotes the arm-selection probabilities of policy at round ¢, the pseudo-regret is defined by

T
Z (b, wy — e ] 7* GargmmIE[ZEtll.

1€[K] =1

Reg(T

Here, ¢* denotes the optimal arm in hindsight and is assumed to be unique following the prior
studies (Lee et al., 2024; Ito et al., 2024). Since only partial feedback is observable, an estimator ét
of the loss vector ¢; can be used, which is specified later.

In this paper, we considers two possible environments, the adversarial regime (Auer et al., 2002)
and adversarial regime with self-bounding constraints (Zimmert and Seldin, 2021). In the adversarial
regime, /; is determined in an adversarial way possibly depending on the history, { (¢, z's)}i;ll. The
adversarial regime with a (A, C, T') self-bounding constraint is an environment where the regret can
be bounded from below as follows:

Reg(T) > Reg/(T) — C, where Reg'(T

Z Ai

This regime also includes the stochastic environments with adversarial corruption (Wei and Luo,
2018), where each A; > 0 is equivalent to the suboptimality gap of arm ¢ and C' is the magnitude of
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corruption. Note that the unique optimal ¢* assumption implies A; > 0 holds for all ¢ # ¢*, where
we denote A, = min;;+ A; in the adversarial regime with (A, C, T') self-bounding constraint.

2.2. Follow-the-Perturbed-Leader

Let L, = Zi;ll 7, be the cumulative loss estimator up to round ¢ — 1. Then, FTPL is a policy that
selects an arm 7; according to
iid

iy = arg min {ﬁt,i — rt’l} = arg min {ntLtZ Tt,i}, where r,; ~ D, Vi € [K]. €))

i€[K] Ug i€[K]
Here, the underline denotes the gap of a vector from its minimum, i.e., A = A — 1 min;¢c () A; for
all-one vector 1, and the learning rate 7; will be defined later. In this paper, we consider perturbations
generated from the shifted Pareto distribution with shape «, also known as the Lomax distribution
with shape « and scale 1, whose density function f and distribution function F are defined by

flz) =

« 1
—_— dF =1—— Vz>0. 2
(z 4+ 1)atl’ and F'(2) (1+2)’ °= @)
Then, the arm-selection probability given L; can be written as wy; = Prliy = z|ﬁt] = gbi(ntﬁt),
where for \ € [0, 00)%

6i(\) = Pr i =il)] = / flz+ X)) l;IFer)\ )dz. (3)
JF

While the importance-weighted (IW) estimator ém- = 1[i¢ = i]lt;/w;; is commonly used, w; of
FTPL in (3) generally does not admit a closed form, which complicates its direct use. Therefore,
it is standard to estimate 1/w; ; in FTPL via resampling-based procedures (Abernethy et al., 2016;
Honda et al., 2023). In particular, Neu and Bartk (2016) proposed the geometric resampling (GR)
method, which produces an unbiased estimator of 1/w, ;, by repeatedly sampling perturbations r;
from the perturbation distribution until the FTPL rule selects the same 7; arm with resampled 7.

2.3. Stability-penalty matching learning rates for FTRL

In the standard regret decomposition of FTRL, it is well known that the regret is bounded from above
as (Lattimore and Szepesvari, 2020, Exercise 28.12)

Reg(T Zmzt + Z < - > hit1, “)

Ne+1 M
H/—/
stability term penalty term

where the formulations of z; and h; depend on the problem setting and the regularizer function of
FTRL. While the learning rates 1; may be designed as a function of either z; or h;, recent advances
in the analysis of FTRL suggest using 7; so that the contributions of the stability and penalty terms
to be of the same order, which is referred to as stability—penalty matching (SPM) (Jin et al., 2023;
Tsuchiya et al., 2023b). In particular, for 3; := 7, ! the update of SPM learning rates roughly takes
the form of

Brv1 = Bt + = Reg(T )

IIMH

5tht+1
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where the appropriate choices of z; and h; have shown the BOBW guarantees in various bandit
problems (Ito et al., 2024; Zhao et al., 2025). While the idea of SPM is intuitive, a technical
obstacle arises from the appearance of hs;; in the update rule since computing h¢1 usually requires
information from the next round, which itself depends on ;1. To resolve this circular dependence,
prior FTRL policies employed hybrid regularizers to ensure that ;1 = O(hy), thereby justifying
the use of h; in place of h;1 in the update of 5,41 in (5) (Ito et al., 2024; Nguyen et al., 2025).

In the standard FTRL analysis, z; usually depends on the arm-selection probabilities w; ; and hy
is determined by the value of the regularizer at w; ;. For example, in the multi-armed bandits, FTRL
with y-Tsallis entropy satisfies z; < Y, (E[wy;])! =7 and hy ~ >, (E[wy,])? (Zimmert and Seldin,
2021). Hence, the update of 3;11 in Ito et al. (2024) explicitly relies on the values of w; ; at each
round, which are obtained by solving the associated convex optimization in FTRL.

3. Adaptive learning rates for FTPL in multi-armed bandits

In this section, we propose an adaptive learning rate under SPM principle tailored to FTPL, which
can be computed only from quantities available at the current round.

Given L;, we define o, i as the rank of Lt ; among {Lt y}ge (k] Where oy ; = 1 if Lt ; 1s the
smallest and 0;; = K to the largest with arbitrary tie-breaking rule. Let j; be the arm satisfying
ot,j, = 1 after tie-breaking. Note that even if multiple arms satisfy Lm- = 0, the tie-breaking rule
ensures that there is a unique arm with o ; = 1.

3.1. FTPL with conditional geometric resampling

Since w; of FTPL does not admit the closed form in general, constructing the IW loss estimator
0 requires estimating 1/w ;.. In the standard multi-armed bandit setting, we adopt conditional
geometric resampling (CGR) (Chen et al., 2025), which improves the computational efficiency of
the original GR (Neu and Bartdk, 2016). Beyond its computational advantages, CGR (precisely,
CGR II-biased) provides a bounded loss estimator without sacrificing BOBW guarantees, which
also simplifies the analysis, especially for a € (1,2). For o > 2, the use of CGR II-biased is not
essential as it is also possible to obtain BOBW guarantee with the original GR by applying the results
in previous BOBW analysis (Honda et al., 2023; Lee et al., 2024).

The main idea of CGR is to avoid generating new perturbations that clearly violate the termination
condition, under which the FTPL rule in (1) never selects i;. This is achieved by restricting the
perturbation distributions during the resampling step to satisfy certain necessary conditions. In
particular, we employ the CGR II that generates the fresh perturbations from appropriately truncated
conditional distributions so that resampled perturbation for the selected arm Té,’it is larger than nth» .
as well as 7'27 ; for all arms with v ; < 0 3,. More details including explicit sampling distributions
and explicit policy is provided in Appendix A.

Let M; denote the number of resampling steps until the same arm ¢, is selected again by FTPL
rule with these resampled perturbations and (G; denote the maximum number of allowed resampling
steps. Then, it was shown that M;oy ;, /(1 — F 7t (mLt ;,)) is an unbiased estimator of w, llt when
G = oo (Chen et al., 2025). When G is finite, this early stopping introduces bias and thus incurs
additional term in the regret. However, with an appropriate choice of G¢, such additional regret term
is at most log T'. In Appendix D.3, we show that G; = K log1 is sufficient for Pareto perturbations.
Moreover, our analysis can be extended to general Fréchet-type distributions, in contrast to the
analysis in Chen et al. (2025, Lemma 8), which relies on properties of the Fréchet distribution.
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Algorithm 1 FTPL with conditional geometric resampling II-biased and SPM learning rates
Input: K € N,a > 1,5 >0, L1 = 0.
fort=1,2,...do
Sample 1, = (741, ..., k) i.i.d. from the Pareto distribution with shape « in (2).
Select iy € arg miniE[K]{ﬁm — Byry,i} and observe ¢y ;, . // FTPL
Find j; € arg min, IA/t,z' and set M; := 0 and G; := K logt.
if it = ji, o € (1,2), and 1[&; ] = 1 in (6) then G; := 2]og .
repeat
M; .= M; + 1. // CGR II-biased
Sample 7} from the appropriately defined conditional distribution, details in Appendix A.
until 7, = arg minie[K]{i}m — Btﬂt,i} or M; > G,.
Set gmt = Mto't,itgt,z't/(l — ot (ntht)) and update Lt+1 =L+ gtﬂ't €y -
Set ;11 by the update rule of (11) based on z;, h; in (9) and ¢; in (7).

For a € (1, 2), we additionally introduce an event & ., where we further reduce the resampling
budget GG, to avoid redundant resampling, defined by

1 1
Eia ::{Z<2},\me(1,2). (6)

i35 (1 + ntLt,i)a

Simply speaking, this event roughly corresponds to the case where the probability of selecting the
current best arm j; is at least 1,/2. Hence, when both i; = j; and & ,, occur, we reduce the resampling
budget G; from K logt to 2 logt in order to prevent redundant resampling that can induce artificially
large loss estimates. This event also plays an important role in the regret decomposition including
a > 2, where the definition of & , for @ > 2 involves an a-dependent threshold that is slightly
larger than 1/2. The pseudo-code of overall policy is given in Algorithm 1.

3.2. The surrogate probability function

As discussed in Section 2.3, SPM learning rates are designed to balance the stability and penalty
terms, which are expressed explicitly as functions of the arm-selection probabilities w; in the FTRL
framework (Zimmert and Seldin, 2021). Accordingly, the update for SPM learning rates ;41 in
FTRL naturally relies on w; (Jin et al., 2023; Ito et al., 2024). In contrast, since w; of FTPL does not
admit a closed form, existing BOBW analyses for FTPL instead express the stability and penalty
terms by the cumulative loss estimators Ly and learning rates 7, (Honda et al., 2023; Lee et al., 2024).
This motivates replacing w; with suitable surrogate quantities that appear in the corresponding regret
bounds. In this paper, we consider the following two surrogate functions, defined for any i € [K]
and ¢t € N by

1 1 1 1
Pti = min [ —————, ,and ¢;; = min [ ————F——, — |. @)
(L meLy ) O (1 +me—1Ly ;)™ Ot

When 7 is non-increasing, g; ; < p;; always hold by definition, and one can easily show w;; < py ;,
whose proof is given in Appendix C.1 for completeness. Therefore, p; ; can be seen as a surrogate
probability function. In particular, Lemma 7 in Appendix B shows that the stability and penalty
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terms can be bounded from above in terms of p; ;. This observation naturally motivates the use of
pt,; instead of wy ;, where a similar approach was explored in decoupled bandits (Kim et al., 2026).

While this approach is analytically reasonable, directly using p; to design SPM learning rates as in
(5) unfortunately leads to technical difficulties. As discussed in Section 2.3, updating S;1 requires the
value of the penalty term at round ¢+ 1, whose definition depends on p; 1 ; and therefore implicitly on
Bi+1 itself. Although this circular dependency can, in principle, be resolved by iterative computation,
doing so would introduce unpredictable computational overhead, which loses motivation to use FTPL.
In the FTRL framework, circular dependency is resolved by employing hybrid regularizers, which
leverages properties of the Bregman divergence and the exact probability w;. In contrast, since the
surrogate p; ; directly depends on the cumulative loss Ly, it is not straightforward to derive a clean
relation between p; 11 ; and p; ;. To circumvent these difficulties, we instead work with the surrogate
q¢, which relies on the previous learning rate. While a detailed discussion of the role of p; and its

limitations is given in Appendix B, the following statement supports the use of ¢; instead of p;.
Lemma 1 (Informal) Foralli € [K], ;i < pii < 2q:; for certain learning rates .

Hence, in this paper, ¢; will define the actual policy while p; still serves as an analytical tool.

3.3. Learning rates with the surrogate probability for stability-penalty matching

The expected regret of FTPL with CGR II-biased can be decomposed into two terms, one for the
regret by the policy itself and the other from the bias of the estimator (Chen et al., 2025, Lemma 7)

T
Reg(T') < ZEK% wy — ez‘*ﬂ + Regegr(T) := RegprpL (T) + Regegr (1),
t=1

where Appendix D.3 provides the explicit form of Regcgr(7") and shows that it is bounded by log T'.
The first term is the main regret term, which can be decomposed as (Kim et al., 2026, Lemma 4):

T T
RegprpL(T) < ZE K@t, d(neLe) — ¢(ntit+1)>} + Z (Be1 — B)E[req1,iiy — Te41,i0] - (8)
=1 =1

~
stability term penalty term

To design SPM learning rates following the idea as in (5), it is crucial to identify appropriate z; and
h¢, which are closely related to the bounds on the stability and penalty terms, respectively. To this
end, we define z; and h; by

1/a « 1—i
= Z Q1> and fy = a_1 Z Be+1,30 ©
i#jt+1 i#]t+1

Recall that, by construction, g;+1 depends only on the previous learning rate 7, and ﬁtﬂ =L+ 0y,
both of which are available at the end of round ¢. Hence, we index z; and h; by ¢ to align with the
notation used for FTRL as in (5). To clarify the motivation behind these definitions, we compare
them with the case of FTRL with y-Tsallis entropy in multi-armed bandits. In this setting, Ito et al.
(2024) defined

K K
g L > a7, and bR = L > wli—1 (10)
t T 1_ ~ ti t = ~ t,i )
=1 =1
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where W, ; = min(wy;, 1 — wy j,) and j; denotes the current best arm at round ¢. These quantities
are constructed so that the regret bound can be expressed as in (4), with zf TRl and hﬂlfL. Moreover,
Ito et al. (2024) introduced hybrid regularizers to ensure that the arm-selection probability changes
smoothly, i.e., wi1; = O(wy;). Therefore, the correspondence between ~-Tsallis entropy and
Fréchet-type perturbation with shape 1/(1 — ) suggests that the analogous quantities would be of
the formulation awtléa or awtl J/rofz when defining the FTPL counterpart of zf 'Rl Here, Lemma 1
implicitly reveals that our constructions of z; and h; in (9) satisfy the latter expression, w;1 ;,
through the dependence of ¢;41 on £t+1 and its relation to pyy 1.

With these definitions in (7) and (9), the FTPL regret in (8) can be roughly rewritten for any
learning rate 3; as

T
Regpre(T') S O <Z % + (Be+1 — 5t>ht> ;
t=1

which is analogous to those of FTRL in (4), with the main difference on the appearance of h; instead
of hy41. This shift is due to the use of the surrogate g;11; in k¢, which depends on the previous
learning rate 7, and ensures both z; and h; are measurable at the end of round ¢, thereby avoiding
issues realted to h;41. Based on this decomposition, we design the following adaptive learning rates
to equalize the order of the stability and penalty terms, consistent with the idea of SPM:

min(Qéﬁt,ﬁt + ﬁ), ifa>2,
4 1 :
Bt_’_max (ﬁ,m?)7 lfa€(1,2)7

1

Brs1 = and B > 20K2 . (11)

While FTRL approaches employed additional regularizer such as log-barrier (Jin et al., 2023) or
complement Tsallis entropy (Ito et al., 2024) based on the parameter of Tsallis entropy to obtain
generalized BOBW guarantees, we instead incorporate an additional term into the update of learning
rates. For a € (1,2), additional ©(1/t) term is introduced to ensure 3; = Q(logt), which is required
for our analysis to address extreme cases where the resampling procedure is repeated excessively
even when wy ;, is sufficiently large. Combined with the budget of resampling steps Gy = 2logt in
CGR 1II with &;  in (6), this choice simplifies the analysis. For o« > 2, we restrict the learning rate
updates so that 3; cannot increase too rapidly between rounds, which guarantees Lemma 1.

In particular, with these definitions, we obtain the following results, which provide the same
structure to those for FTRL with SPM learning rates in (5).

Lemma 2 With 5, in (11) and hy, 2z; defined in (9), Algorithm I with o > 1 satisfies

T-1 (2 i |
Regprp (1) < 21 O +t0(a’K)/+ O(W\/ﬁ)’ ifa>2,
= T— z 2K/ 3 .
5 0(%) + O(LE 108 T) + O 255 VE) +2, iface (1,2),

where to(a, K) = O(a?K?log?(aK)).

Although Lemma 2 includes ¢y («, K) term for a > 2, which depends on «v and K, the dependence on
K can be eliminated. Specifically, when i; = j; and wy ;, is sufficiently large, setting G; = O (logt)
instead of K logt can eliminate such dependency. This condition can be verified in the same way as
the case o € (1, 2) by introducing suitable events & , as in (6).

Therefore, the main leading term of the regret upper bound becomes the first term ) _, z;/f;.
By appropriately adapting the arguments in Lemmas 9 and 10 of Ito et al. (2024), we obtain the
following lemma.
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Lemma 3 For Algorithm I with a > 1 and B; defined in (11), it holds that

T T
Z “t < O| min logTthzt + \/m,
t=1 t=1

t

T
hmax Z 2t + O <a;max> 3
t=1 1

where zZypax and hyax satisfy z¢ < Zmax and hy < hyax forall t € N,

Sy

Therefore, in the adversarial regime, it is sufficient to provide the bound of Amax ., 2. For
the adversarial regime with (A, C,T) self-bounding constraint, the key step is to show h;z; <
w(A) - (w1, A) for some constants w(A), although we need to control additional terms due to the
use of surrogate probabilities.

Theorem 4 For the K-armed bandit problem, Algorithm 1 with B; in (11), and any o > 1 achieves
the following bounds simultaneously. In the adversarial regime, we have

2

Reg(T) < o( a 1@).

o —

In the adversarial regime with (A, C,T) self-bounding constraint, we have
Reg(T) < O<w(A) logT + \/Cw(A)logT + ¢(a, K)),

4

where w(A) = O ((04371)2&) and c(o, K) denotes the constant depending on o, K.
To the best of our knowledge, this is the first result establishing BOBW guarantees for FTPL with
Fréchet-type perturbations for general o > 1. While our analysis recovers the adversarial results
of Lee et al. (2024), one limitation is that it does not recover the optimal gap-dependent bound
w(A) = O(3_,; 4+ 1/A;) when o = 2, in contrast to the results of Ito et al. (2024).

This gap is due to the use of surrogate probabilities p;, ¢;, which, unlike w;, do not necessarily lie
in the probability simplex. The suboptimal dependence on A comes from the worst case where we
cannot provide a lower bound on w; in terms of p; without the dependence on K. A representative
example is when Lt,i = 0 for all ¢, where w;; = 1/K but p;; = 1/0y, for all i. Although it is
possible to recover the optimal A dependence by allowing such K -dependent bounds, doing so
would introduce additional K term in the current bounds. Therefore, there is room for improvement
both in the choice of surrogate probabilities and in the current BOBW analysis of FTPL. In particular,
it may be possible to avoid the use of overly conservative surrogates.

To compare our results with those obtained under explicit probability computation in the FTRL
framework, we recall the known relationship between y-Tsallis entropy and Fréchet-type perturba-
tions with shape «, where the correspondence o ~ 1/(1 — 7) has been observed (Kim and Tewar,
2019; Lee et al., 2025). Under this correspondence, the quantity w(A) in Ito et al. (2024) can be
seen as a bound of order O(m_‘)‘fﬁ), which shows a more favorable dependence on « than our
result. Such factor is again due to the use of surrogate probabilities in (7), where the worst case
summations such as EnKZQ n~1/% introduce additional a-dependent terms that do not appear when
working directly with the probability vectors on the simplex.

From a computational perspective, our approach can be more efficient than FTRL methods,
especially those with hybrid regularizers (Jin et al., 2023; Ito et al., 2024) that cannot be reduced
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Algorithm 2 FTPL with geometric resampling and SPM learning rates for contextual bandits

Input: K,N € N,a > 2,5 >0, L = 0.
fort=1,2,...do
Sample 1, = (741, ..., k) i.i.d. from the Pareto distribution with shape « in (2).

Select i; € arg miniE[K]{ﬁm — Byr4,i} and observe advices {7 }ic[k]
Select a; ~ ¢ ;,, observe ¢; ;,, and set M; := 0.

repeat
M .= M, + 1. // Geometric resampling
Sample 7 = (14 q,..., 7 i) ii.d. from the Pareto distribution with shape « in (2).

Select i’ € arg minie[K}{ﬁm — Byry;} and @ ~ 7y .
until a; = a'.
Set lzm = M7t i 0,0t q, for all i € [K] and update Livi =L+ 0.
Set ;41 by the update rule of (11) based on z;, h; in (12) and ¢; in (7).

to one-dimensional optimizations. In particular, Algorithm 1 follows the standard FTPL with
i.i.d. Pareto perturbations, where the only difference is in the design of learning rates. The dominant
computational complexity is from CGR II and sorting Ly, leading to an average complexity of
O(K log K). Indeed, Chen et al. (2025) showed that FTPL with CGR II runs faster than FTRL with
Tsallis entropy, even though it can be computed efficiently. By avoiding both hybrid regularization
and convex optimization, and using CGR II-biased algorithm, our policy remains computationally
efficient while preserving the desired regret guarantees in terms of K and 7" for general o > 1.

4. Application of SPM learning rates for FTPL in bandit problems with expert advices

In this section, we extend the SPM learning rates for FTPL to the bandits with expert advice, also
known as contextual bandit settings, where there are K experts and /N arms (Auer et al., 2002;
Dann et al., 2023). At each round, expert i € [K] provides an advice distribution 7 ; € Py over N
arms, where Py denotes the (N — 1)-dimensional probability simplex. The agent selects an expert
iy € [K] according to FTPL rule in (1), observes the advice from all the expert {7 ;};, and then
selects a; € [INV] following distribution 7 ;,. Let gt,i = E[Zle t,i,alt,a] denote the expected loss
of the expert ¢ at round ¢. Then, the regret with respect to the best experts ¢* is given by

T N T ~ T ~
S miala| =E [Z emt] -E Za,i*].
t=1 t=1

t=1 a=1

T

N
Z Z Trtvit,agt,a] — zrél[lKn] E

t=1 a=1

Reg(T) =E

Let w; ; be the probability that FTPL rule in (1) selects an expert ¢ for given f/t in contextual bandits
and P; € Py denote the marginal distribution over arms given the expert-selection probability w;
and the advice {m;}i, i.e., P, o = Zfi | Wiy i q. Since we observe only the loss from the selected
arm a;, one can consider the IW estimator of lzm, given by 4y 4,7t i 0,/ P q,. Note that, although we
choose only one expert i, the loss estimators can be constructed for all experts since we observe
T¢.i,a, from all experts 4, in contrast to multi-armed bandits.

Since P;,, cannot be computed in the general FTPL framework, we consider the original
geometric resampling, which samples 7, with resampled perturbations and aj ~ 4,4, until the same

10
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a; 1s selected. Then, we construct an unbiased estimator @t,i = Ml 4,74 i a,» Where M; denotes the
number of resampling steps at round ¢. The policy for contextual bandit is given in Algorithm 2.

In general, the same regret decomposition can be obtained as the standard multi-armed bandits
given in (8). The main difference arises in the analysis of the stability term due to the difference
in estimator /;. Nevertheless, most of the techniques developed in Section 3, as well as those from
previous BOBW analysis can extend to contextual bandits with minor modifications. For the sake of
analysis, we impose a mild assumption on the advice distributions 7 ; 4, as follows.

Assumption 1 Forallt € N, i € (K|, and a € [N], ;4 € [v,1]U{0}, i.e., the advice probability
is uniformly bounded from below by some constants v € (0,1/N) if it is not zero.

Note that Algorithm 2 does not require the information of v, which implies that Assumption 1 is
used only in the analysis. For the stability term, we have the following results, which corresponds to
Lemma 7 for the standard multi-armed bandits in Appendix B.

Lemma 5 Foranyt € N, Algorithm 2 with o > 2 satisfies that

]E|:<gt7 ¢(mLs) — ¢(nti’t+l)>‘ﬁt} < O<Odtv Iggfﬁ?) + gi(a; v),

where py is in (7) and g(v) is a function satisfying >, gi(c; v) = O(a?/v) if Assumption 1 holds.

Based on this observation, we adopt the learning rate 3; defined in (11) with following z; and h:

1/ « 1-1/c

2zt = alN ma; and hy = —— g : 12

t i?'éjtfl dy14 t a_12 Qi1 > (12)
£ 41

where h; coincides with that of multi-armed bandits in (9). This choice is natural, as the penalty term
remains unchanged. With these choices, Algorithm 2 obtains the following BOBW guarantee.

Theorem 6 For contextual bandits of N arms with K experts under Assumption 1, Algorithm 2
with By in (11) with hy, z¢ in (12) and 1 = O(aN), and any o > 2 achieves the following bounds
simultaneously. In the adversarial regime, we have

a3

Reg(T) < (’)( NKl/O‘T>.
a—1

In the adversarial regime with a (A, C,T') self-bounding constraint, we have

3 1/a
Reg(T) < O| w(A)logT + /Cw(A)logT + %—i—oﬂ/y ,
o —

3 NKl/e
where w(A) = O(L Ain )

a—1

While our results match those of Ito et al. (2024) in terms of N, K and 7', the additional \/« factor
in our bounds introduces an extra log K dependence when « is set to minimize a2K'/® term.
Specifically, setting o« = ©(log K) provides an adversarial regret of O(y/NT log? K) and a regret
of O(N log2 K log T'/ Apin) under self-bounding constraints. In contrast, the corresponding bounds

11
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in Dann et al. (2023) and Ito et al. (2024), which use explicit probabilities, are O(y/NT log K)
in the adversarial regime and O (N log K log T/ Amin) for adversarial regime with self-bounding
constraints. These results show one limitation of surrogate-based approaches, especially when the
shape parameter, the parameter of the distribution, is determined by the problem-dependent constants.

In the contextual bandit setting, our bounds do not improve upon the best previously known
BOBW guarantees. Nevertheless, a key strength of our approach lies in its generality through the use
of SPM learning rates: both Algorithm 1 for multi-armed bandits and Algorithm 2 for contextual
bandits share the same selection rule including perturbation distributions, differing only in the loss
estimation and update of learning rate, which naturally reflects the differences between the problem
settings.! Moreover, our analysis expresses regret in terms of surrogate quantities p;, ¢; for both
settings, making the framework largely agnostic to the specific bandit model, as achieved in FTRL
framework (Ito et al., 2024; Nguyen et al., 2025). Therefore, we expect the similar analytical
approach can be extended beyond the classical bandit setting, where similar regret decompositions
and bounds can be obtained with minor modifications.

5. Conclusion and future work

We proposed adaptive learning rates for FTPL based on the SPM principle, which was originally
developed for the FTRL framework with explicit arm-selection probabilities. We showed that the
SPM methodology can be extended to FTPL by appropriately choosing surrogate probabilities, and
established the BOBW guarantees for FTPL with general perturbation parameters both in standard
multi-armed bandits and in bandit problems with expert advice. Although our analysis is grounded
in the FTPL framework, we expect that our approach, the use of surrogate probabilities, could
be applicable to other algorithmic frameworks as well. In particular, surrogate probabilities may
offer a way to replace explicit probability computations in settings where FTRL-based methods are
applicable, potentially leading to more computationally efficient alternatives.

These observations open several directions for future work on efficient BOBW policies in settings
not covered in this paper, such as graph bandits, linear bandits, partial monitoring, and bandits with
heavy-tailed losses. In the heavy-tailed setting, for example, surrogate probabilities may be used in
place of arm-selection probabilities to define adaptive threshold values for loss estimators (Huang
et al., 2022). Recently, Zhao et al. (2025) further employed both the adaptive thresholding and the
SPM learning rate in the FTRL framework to obtain the BOBW guarantee in heavy-tailed linear
bandits. However, handling negative losses introduces additional challenges in the current BOBW
analysis of FTPL, since large negative loss can make a previously suboptimal arm to become the best
arm after being selected, a case that does not occur in settings with nonnegative losses.

In addition, while some FTRL policies employ arm-dependent learning rates (Jin et al., 2023;
Nguyen et al., 2025), it remains unclear whether such designs can be extended to FTPL. From the
FTPL perspective, arm-dependent learning rates correspond to FTPL with arm-dependent pertur-
bation distributions and arm-independent learning rates, that is, FTPL with non-i.i.d. perturbations.
Clarifying whether comparable guarantees, especially in the analysis of the stability term, can be
obtained in this setting is an interesting open question.

1. While Algorithm 1 employs CGR II-biased algorithm, the similar regret bounds can be obtained by using the original
GR when a > 2. This observation indicates that Algorithms 1 and 2 indeed share the same algorithmic structure.

12
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Appendix A. Details on conditional geometric resampling

Here, we provide more details on CGR II. The main idea of CGR is not to generate new perturbations
that clearly violates the termination condition. To do this, it restricts the distributions of perturbations
in the resampling steps by considering certain necessary condition 4;. In CGR II, we used the
following condition

_ r ! / T
Ay = Tig, = . MaxX Ty, Ty, > ntLt,it , (13)
1:0¢,i<0t,i,

where we force the new perturbation from the actually selected arm at round ¢ to be larger than those
of arms with smaller cumulative loss estimates and also to be larger than 7, L, ;,. This is equivalent

15
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Algorithm 3 FTPL with conditional geometric resampling II-biased and SPM learning rates

Input: K € N,a > 1,5 >0, L1 = 0.

fort=1,2,...do

Sample 1, = (741, ..., k) i.i.d. from the Pareto distribution with shape « in (2).

Select iy € arg miniE[K]{ﬁm — Byry,i} and observe ¢y ;, .

Find j; = arg min; I:m and set M; := 0, and G; = K logt.

if it = ji, o € (1,2), and 1[&; o] = 1 in (6) then G; = 2log t.

repeat
M; .= M; + 1. // CGR II-biased
Sample r; ; from truncated distribution over [ntLt,i ,»00) asin (14).
Sample {r¢; : 0¢; < 0, } i.i.d. from truncated distribution over [0, rgﬂ»t] as in (15).
Sample {r;; : 04; > 04, } 1.i.d. from Pareto with shape « in (2).

until it = arg miniG[K]{ﬁt’i — 5157”,2} or Mt > Gt

Set gt,it = MtO'tﬂ't/(l — F9ti (ntLt,iz)) and update itJrl = IAJt + ét.

Set 5,11 by the update rule of (11) based on z;, h; in (9) and ¢, in (7).

end

to sample 74 ; with the distribution whose distribution function is

Fovie(z) — Foui (L ;)
1 — Foti (mLt,it)

Fiy(wsmly ;) = Lo > Ly, (14)

After sampling 7} ;,» CGR II samples the perturbations for i € {j : 01; < 0y, } i.i.d. from the
truncated distribution over [0, 7; ;,) whose distribution function is given by

Fi(wrig,) = F(2)/F(ri,,), © € [0,r1,,]. (15)

For the remaining arms, {j : 0 > 0y}, the perturbations are sampled independently from the
original perturbation distribution. Then, Algorithm 1 can be explicitly written as Algorithm 3.

Appendix B. Intuition and difficulties behind the surrogate-based learning rates

Here, we discuss the intuition behind on the choice of ¢; ;, and definitions of z; and h;. In the standard
multi-armed bandits, we can obtain the following bounds by applying the results of Lee et al. (2024).

Lemma 7 Foranyt € N, FTPL with Pareto distribution with o > 1 and monotonically decreasing
learning rates n, = 1/, satisfies that for any i € [K]

A A - A A 2ea L
E[ft,i(@(mLt) — ¢i(ne(Le + ft,z‘@z’))‘Lt} < 3, P
t
. . 200 1-1
E[]l[lt = Z]?"t’i] < ﬁpt’i a

This lemma implies that we can rewrite the regret of FTPL in (8) in terms of p; ; as follows:

1

T K T
> im1 Pfi

RegprpL(T) S O Z 5 + > (Bi+1 = Br) Zptl;az : (16)

t=1 t=1 ii*
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Since ¢* is unknown, one may recover a formulation analogous to (4) by setting z; and h; by

K K
d=ad pTadhi= =3 p (17)
i=1 i=1
which have a structure very similar to those of FTRL in (10). However, directly using these quantities
to design SPM learning rates as in (5) incurs two technical difficulties. Firstly, as briefly discussed in
Section 2.3, updating ;1 requires the value of h;_;, whose definition depends on p;1,; and hence
on 3;41. In principle, one can compute such ;11 even with this p;11 ; by iteratively solving this
circular dependence. However, doing so would introduce undesirable computational cost, which loses
the motivation to use FTPL. To justify the use of h; 1, one therefore need to show p;y1; = O(pe,i)
and then replace h;, with h} as done in FTRL (Ito et al., 2024; Nguyen et al., 2025). Secondly, the
definitions of z; and h; involve summation over all arms, which introduces an additional obstacle
when relating these quantities to w; in adversarial regime with self-bounding constraints. In particular,
Dt,j, 1 always 1 by the construction, whereas, in the FTRL framework, the corresponding term can

be replaced with min(1 — wy j,, wy ;,) term (Ito et al., 2024).

To address the difficulties above, our definitions of z; and h; in (9) allocate the contribution
of the current best arm j;1; into the summation over the other arms as well as it uses ¢; that are
computable without access to By 1. This allow us to construct an update rule for 5.1 that depends
only on quantities available at the round . Nevertheless, to justify this construction, we require the
following relationship between g; ; and py ;.

Lemma 8 (Formal version of Lemma 1) It holds that q;; < p;; < 2q;; fort > 3 when o €
(1,2), and for t € N when o« > 2.

Lemma 8 implies that we can still utilize the results of Lemma 7 in terms of ¢; ;. Moreover, it clearly
shows a correspondence between z;__, hj; in (17), which are not efficiently computable at round ¢,
and z;, h; in (9), which can be easily computed at the end of round ¢. Therefore, the regret upper
bound in (16) can be roughly expressed as follows, where we ignore the term related to j; in A}, z;
and some constants for the purpose of illustration.

T T-1 / /
Z. z. z
Z Lt (Beyr — B = <t+1 + (Bey1 — /Bt)h:‘,+1) + 2L+ (Brga — Br)hipyy
— B — \ Bt B
< N (20 +2l-a(8 Bi)he | + I + L
T =\ B RO T BT Brhy T
S o
< L2 a (B — Bl | =Y 2
t=1 ﬁt t=1 /Bt

which roughly recovers the formulation in Lemma 2. The second line follows from the definition of
B¢ in (11). In third line, we ignore constant terms since the last term becomes negligible for large 7’
due to S = Q(log T"). While it may be possible to avoid the above difficulties directly using p;, we
find it technically more complicated due to the use of surrogate, whereas our construction leads to a
considerably simpler and more convenient analysis.
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Appendix C. Proofs of Lemmas in multi-armed bandits

In this section, we provide the proofs omitted in Section 3.

C.1. Proof on the relationship between surrogate probability and arm-selection probability

Here, we show that
Wt i < Dt.is Vi € [K], t € N.

Proof Since FTPL plays an arm according to (1), where all the perturbations are generated indepen-
dently from the identical distribution, it is clear that the arm with the smallest cumulative loss I:t’.
will be of the highest probability to be selected. When itﬂ- is oy ;-th smallest, then its arm-selection
probability should be smaller than 1/0y ; since there exist o, ; — 1 arms with smaller cumulative loss.

The left f)t dependent bounds can be directly obtained by the definition of w; ; in (3) as follows.

oe @ 1
wt,i = = H 1-— = dz
0 (Z + ntLt;i + 1)0¢+1 oki (Z + ntLt,i + 1)04

< - dz = = ,
0 (z4mLy,; + 1)t (1 +neLy ;)™

which concludes the proof. |

C.2. Proof of Lemma 7

While the overall proofs follow the results in previous FTPL analysis with Pareto perturbation (Honda
et al., 2023; Lee et al., 2024; Kim et al., 2026), we provide the detailed proofs since we use the
slightly tighter results than their presented results.

Proof Let us start from proving the first results, which is the bound for the stability term.

Stability analysis. For any A\ € RX, define

PLN) = 8@ / e+ M) [[FGE+A)d
J#i

*©  —ala+ 1
= —_— ]dz. 1
/0 (z+ XN +1a+2H< z+/\i+1)a>dz (1%

Then, by definition, we can obtain

“ . R Nty R
bi(mLe) — bs(m(L + Frses) < / (e + ver)da
0

nt‘gt,z N
< / — @l (e Ly)dx (.- decreasing w.r.t. \; by (18))
0

< —ﬁtét,i¢§(ntﬁt)-
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Therefore, we have

E[lui(0itmLe) = oiln(Le + lyie)|Le] < B|-midZioinLe)|Li] 19)
=E _*ﬂ[it = i]ntff,iMf%(mit) ‘ﬁt}
<E|-1[it = ’i]Tltf o ¢z(77tLt) L ] (20)
L tz
<E mW it]; .4 €[0,1)5)

where (20) follows from E[M2|L;,i;] < 2/ wgit. Here, Lemma 9 in Lee et al. (2024) shows that
—@;(X)/¢i(N\) is monotonically increasing with respect to A; for any j # 4. Therefore, we have

—dilmLe) _ —¢§(77tL**)7 where L+ — J i if oy < ous,
di(neLe) i (L)

0o, if oy > 04;.

By definition of L*, we have

Ot 7,71
a+1 . 1
—qb;(ntL*) fo Z+77tL +1)a+2 (1 (Z+77ti/t,i+1)a> dz

¢i(77tL*) o foo R L . ot,rldz
0 (z4meLy ;+1) T (z4meLy ;+1)*
1
(1+ngLy ) 1/a osi—1
a+1 Y 1 —y)%i dy -
_ et 2-9) =1/( by + 1))
f0(1+77t£t,i) (1 . y)gt’iildy
B(1/(1 +mL, )1+ 1/, 045
=(a+1) 1/ nt*t’Z)A fe,0:) (incomplete Beta function B(z;a, b))
B(1/(1+mLy ;) 1,00)

ex 1
(@+1) (1+mLy,;)

<(a+1) (by (36) of Lee et al. (2024))

which concludes the proof for the first term in the stability term. For the second term, Lee et al.
(2024) showed that

B(z;1+1/a,015)  B(l+4+1/a,04)

IA

(Beta function B(a, b))

B(xﬂ 17Ut,l> B(170-t72)
2 1\ 1
= o flf <1 + a) ? (Gamma function I'(a))
2

Therefore, we obtain that

E[ét,@-(@(mﬁt) — i (ne(Ly + ét,iei))‘jzt] < 9, min ( e 2al(1+ 1/04)>.

1+ ﬁth ’ Jtlfa

Since I'(1 + 1/a) < I'(2) = 1 for o > 1, it concludes the proof for the stability term.
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Penalty analysis. By definition, we have for any i € [K] that

L] = / - II(:- ! dz
0 (Z + ntLt;i + 1) (Z + ntLt,j + 1)04

@ . .
J#i

E [ﬂ[z't = iJreq

o «
< / - dz
0 (Z + ntLt,i + 1)a

« 1
Ta—1(1+ ntLt,i)a_l‘

For the second part of penalty term, since F'(z + ;) is increasing with respect to \;, we have

R © 1
E[H[Zt = i]rt,i Lt} = / Aa H 1-— = dz
o (z+mly,; +1) i (z+ Ly + 1)
o0 « 1 et
g/ - 1-— - dz
o (z+mly,; +1) (2 +mly; +1)*
1
(+mly )® 1 - 7
_ / +ntLy, Y a (1 o y)Ut,z 1dy (y = 1/(2’ + nth 4 1)&)
0

1
3/ y a (1 —y)i~ldy
0

1 I'(l —1/a)l' (0,
Cs(1 1) T Yl
[0 ’ F(O’t,i—l-l—l/a)
By Gautschi’s inequality, we have for any > 0 and s € (0, 1) that

I'(z) - (x—i—l)l*s.

[(x+s) x
Since 7 € N and o > 1, we have

1 1/ 1
['(0;) < (ot +1)a _ Jt,ia <Ut,i + 1> o

F(ogi+1—-1/a) = Ot Ot Oti

1
1/a
<2 1-1/a”

Ot

While we can show that _%5 < 2§F(1 — 1/a) for a > 1, for clear o dependency, we show that
QéI‘(l —1/a) < 22 for a > 1. This is equivalent to show that

% (1 _ 1>F<1 _ 1) < 2.
(0% (0%

By the property of the Gamma function, I'(z + 1) = xI'(x), this is also equivalent to show

1 1
2ar<2— > < 2.
(6%

Since I'(z) < 1 for z € [1,2] and 2'/® < 2 for o > 1, the above inequality is valid. [
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Remark 9 In (36) of Lee et al. (2024), the original inequality includes an additional factor 1 /oy ; in
the upper bound, which does not hold in general. However, the authors also used a version of the
bound without this factor, which is valid. Therefore, this issue does not affect the correctness of their
results; we note it here for completeness.

C.3. Proof of Lemma 1 (Lemma 8)
Proof For any i € [K] and t € N, by definition of 5; in (11), we have

1

- - A o] A o
(I4ne1Lyq4)” :( L4+ mLyyq, ) _ <5t+1 5t+Lt+1,z‘ ) < <5t+1)a

i = A
(+neLysy ) L+ neprLygq Bt Beyr+ Ly, Bt

When « > 2. In this case, by definition of 5; in (11), the result directly follows.

When « € (1,2). By the update rule of the learning rates, it holds that

Biy1

1 + 1 ma ( Zt 4. )
= T X 9 ’
B B Behy” (21 — 1)t

where ; /
1/« 1/
At Zi#itﬂ RUAR A (a—1) Zi#itﬂ Q41,0
hy - a 1-1/a « 1-1/a”
2iier ae1dir1i 2itjess Qi1

When « € (1,2),

1 1—-1 . . .
we have 414 <gq 1 Therefore, z;/h; < 1 for any ¢, which implies

Br+1 1 1 4
B St <6t’ (24 — 1)t>'

>1— é holds. Since ¢ ; € (0,1/2] by its definition for any i # j;41 and ¢t € N,

1
«

4logt

Here, Lemma 11 shows that 5, > for o € (1,2). This implies that for ¢ > 3

(2!1/2-1)
2l/e 1 | 4 2t/ —1)2 1
Pron oy 27071 : <14t 2>
By 4logt 4logt ~(2Ye — 1)t 16log”t tlogt
ST
N 16log?3  3log3
< 1.36.
Since (1.36)2 < 2, we obtain the desired results. [ |

C.4. Proof of Lemma 2

To decompose the regret in the desired formulation, we need to relocate the contribution from j; in
the stability to those from 4 # j;. For this purpose, we need the following lemma, whose proof is
given in Appendix C.5.
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Lemma 10 Algorithm 1 with shape o > 1 and (3, defined in (11) satisfies that

1/a
Zi#]t pti
B '

The above inequality holds for all t in the case of a € (1,2) and t > to(«, K) when o > 2.

E [ (@5 mLa) = 63, (m(En + digies)) | L] < O<

Proof of Lemma 2 By using Lemma 4 of Kim et al. (2026) with Lemma 18 of Lee et al. (2024), it
holds that

T

Regrrpr (T) < [ (£, 6(nile) = d(mLes))|

t=1
2
o 1
+ (Ber1 = BOE[Ptr1pyy — Tey10] + B <al> Ka. (21)
For the penalty term, which is the second term of (21), we have

Lt+1:|] =E [E |:rt+1,it+1 — Tt+1,5¢41

E[res1,0 — re+1,0] =E [E [Tt+1,it+1 — T4, Lt+1”

since j;41 1s fixed given ﬁtH and 7 ;s are independently distributed from the identical distribution.
For the stability term, the first term of (21), Lemmas 7 and 10 imply that

E [<ét7 ¢(neLy) — ¢(77tﬁt+1)> ‘ﬁt] < W + E[gt,jt (65, (meLt) — oy, (me( L + Et))‘it}

1/a
< ) Z'L;é]t ptz :
B

forallt € Nif a € (1,2) and t > to(«, K) for a > 2. Therefore with Lemma 7, (21) is written

1

T 2
Py 20 1 a 1
Regern. (1) < 30 PR ) ) Y 2l ()

it 41

Here, we have
1

1
T o 1/ T-1 o
Z o Zz’;ﬁjt Py, @ Zi;ﬁjl Py za " Z o Zi#tﬂ Diy1

Py Bt B1 ] Bi+1
a Z pl/a -1, pl )
1 t+
< Zﬁl t Z l#tﬂ ! (. Bir1 > By)
1
K ~1/a T=1, Z ) a
« Zn:Z n i#jee1 Pi41,i 2
= _&m=2" (.- L1=0)
B1 tZ1 Bt
1
_1  T-1 >
< a? K'-a n Z aZi#m Piii
Ta-1 S5 — B ’
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which implies that

T-1 o Z;ﬁ . p;/i‘ . o /
1#£] +1,2 1-1/a
Regprpy (T) < Y O E;l + (B = O | —— Z Pey1yi
t=1 1#jt+1
1 a2K1- e a \2 .1 zph/y
2 i Ko+ 27T+ 1 910 > 2tg(a. K
i a—1 +Bl<a—1> T Brhr [ = 2fo(, K)

Since Br41 — Br = ﬂfi;T < O(aK/pr), whenever T is sufficiently large, the last term becomes
negligible since S > log T for any o > 1. Then, Lemma 8 (Lemma 1) implies that

_ 1/a
— o Zi;«éjt+1 qtil,i e} 1-1/a
RegprpL(T)) < Z O 3, + (Bt+1 — Br)O o Z Qit1
t=1

i#Jt+1
1 2K -1/
E a—1
which concludes the proof. Note that the additional log T term for o € (1,2) comes from the

1-1/a
itjip1 Q14 - u

2
5 <a1> K& + 1[a > 2to(a, K) + 1[a € (1,2)]2,
o —
summation of m : ﬁ Z

C.5. Proof of Lemma 10

Before the proof of Lemma 10, we provide a lower bound on the learning rates 3; defined in (11).
Although this bound follows directly from its definition, we include the proof for completeness in
Appendix C.7.

Lemma 11 For B; defined in (11) satisfies that

4> {x/6%+2(t—1), if o > 2,
t —

/81 + ({i}?xg_tl)) l:fOé € (172)

Proof of Lemma 10 Define a variable £, as

‘ :{;, if a € (1,2),

1 .
G @) Hfa=2.

Note that £, > 1/2 for all a > 1 by definition. Then, we consider the event & , which is

gt,oe: Z; <£a

i (1+ ntLt,i)a

Note that by the relationship w;; < p;; < 1/(1+ ntLt,i)a, (see Section C.1 for the first inequality),
that
D wei < &as andwyj, > 1 - &, (22)
15t
Then, we consider the case & o and &, separately.
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C.5.1. THE CASE OF &f,

Even on Etf o> the results in Lemma 7 are still valid for j;, which implies that

E |1, (65, (mLo) = b5 (mLesn) ) ’ i < %‘jptléta _ %‘j

where the last equality holds since o j, = 1 and Lt’ j. = 0 must hold by definition. Therefore, it
suffices to show that 1 < a Zi#t ptl’éa for some K -independent constant a, where we show the
results for the case of @ = 2. Note that » -, 1/(1 + nth»)O‘ > o > 1/2 by definition of & ,.

Firstly, assume for all i # j; that

1 1 1
< = pi=

(1 +mLy ;)™ ~ O (1 +mLy ;)™

Then by definition of £, we obtain that

1 1 1 1
2 = Z (1 +77tLt,z')a = Z - me'

i#jt i 1+ ntLt,i i

Next, let us consider the case where there exists an arm ¢ # j; such that 1/(1 + nth)o‘ >1/0y ;. In
this case, since 1/(1 4 2)“ is decreasing with respect to z, arms j with o; ; < oy ; should satisfy that

1A > ! < >
(L4+meLy )™ (L4l ;)™ Ot

s Vj s.t. ¢4 < Oti-

This implies that

DN =

ZpizZpt,iz > ! =1—i_

— — . ., . Otg Ot,i
i#£jt i#jt Jiot,i <0t 0,0F ’

Therefore, for any cases, we obtain that

R . . - ex 2eq p
B [16uallus, (5 m L) = 6 (nLen) ) | Be] < Vel 5 < Vel 20 Dot
i#Jt

which concludes the proof for the case on &,

C.5.2. THE CASE OF &

1/a

On & 4, it is clear that ntLt,i > a — 1 > 0 holds. Let (, be an a-dependent dependent constant

in (0,& Ve _ 1), specified later. Then, whenever Zt,jt < (o /mt, we can apply the same techniques
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in Lemma 25 of Lee et al. (2024), which shows that

]l[gt,aa ét,]t = Caﬁt]gtdt (¢Jt (ntLt) d)Jt (Ut(Lt + Zt,jtejt ) ’Lt} (/Bt = 1/77t)

) Uie A
<E|1[Ea, b j < CaBrle*(1— e N2, i i,
Jt t,Jt % (1 + nt(Lt,i _ Ca))a-i-l

] Z ] N i/t
i#£] (

(Ut (L — Ca))™

) , 20 10 =
<E|1[Ear brg < Cafile?(1— e ) Zhi—
t7

Jt

2( )52

yizes 2
=E ]l[gt,a,gt, t — Cozﬁt] Lt S Lt
! wi, ; (L4 mi(Ly; = Ca))!

2e_2(1 —e1) e
. ] ’ (23)
1-¢&, % (1+ Ut(Lt,z’ - Ca))aJrl

where the last inequality follows from (22) and ¢; € [0, 1]%

When a € (1,2). In this case, we set {, = 1/2, where 5;1/0‘ — 1€ (v/2—1,1). Here, we take
Co = (&a Ve _ 1)/2 for analytical simplicity, which implies l?t,jt < Lt,i /2. Then, (23) satisfies that

2¢2(1 — e 1) Z e < 2012e2(1 — e Vo
= > Ua =
1- 50‘ i#5t (1 + nt(Lt,i - Ca))a+1 i#jt (2 + ntLt ,)a+1
2a+2 2 e_l)a

<D m

1 (24)
i#j 1 + ntLt )a-i—

Since a € (1,2), the multiplicative constant is at most 16¢?(1 — e~!) < 75. Then, on &; , and
Ui j, < Caf, it remains to show how (24) provides the desired results, i.e., the upper bounds in terms
1/«
of Zi?éjt p tg
By definition of & 4, as mentioned above, Lm > 0 holds for any ¢ # j; on & . Since 1/(1+x)“
is decreasing with respect to x, for any i # j, it holds that

Z 1 > Otq — 1
iz, (LFmLy )™ (14 MeLy ;)

which implies that on & ,, for o € (0, 1)

1
S = P = (25)
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where the last inequality holds since o ; > 2 for 7 # j; by definition. Therefore, we obtain that

E ]l[gtm ét,jt < <a5t]ét,jt (¢jt (ntz/t) - ¢jz (nt(ﬁt + ét,jt ejt))) ’zt}

201+262(1 — e~ 1)y 1
<y etoer)

i#jt Ot 1+ ntLt,i
< Z 20tle2(1 — 6—1)0[7771‘/ z
it 1+ ntLtvi
pl/a
= Z 20tle2(1 — 671)04712,Z , (Be = 1/m)
i#£ 5t t

as desired. Finally, it remains to consider the case ét,jt > (oft on & . We show that this event
cannot occur under the design of Algorithm 1, which employs CGR II-biased with the number of
maximum resampling steps G;. Therefore, it suffices to show that when 1[&; o, i = ji] = 1,

g < 015,Gy < Gy < CaBr.

For o € (1,2), we set G; = 2logt when both & , and i; = j; occur. Therefore, Lemma 11

concludes the proof.
Whena > 2. Let(,=1-— 2-1/(a+1) " quch that W = 2. Then, on & 4, it is clear that

nth» > (, for all i # j; by the choice of &, and (,. Whenever ét,jt < (o /M, we can apply the
same techniques as the case of a € (1, 2), which shows that

E|1[Ear beje < CaBillry, (% (neLe) — ¢, (me(Le + @t,jtejt))> ’it}

) fl—el) 5 o ;
<E |1 a0 lj < CabBtl 7t L4
] (1 _ Ca)aJrl Jt ;ﬁ (1 + ntLt,i)a+1
R e2(1 — et 26, 1lir = ji] Ny >
<E[1[& a0l j < Cabi] oIt = Ly
t =Gy, ; (1+ 7Ly )t
| . 4e*(1 —e 12, ey .
=E|1[&a,ltj < Cabt] = < Ly
i Wt 5, % (1 +neLy )t
4e*(1—e!
cdfdzer) 3 e (by (22) and ¢; € [0, 1)
1 =& i (1 + ntLt,i)a+
- Yo
<13e2(1 — e Ha —_—,
% (14 meLy;)ot?
where the last inequality follows from that 5(1171 = (1(1115;1) il is decreasing with respect to o > 1

and its value at o = 2 is less than 3.2. A
Similarly, it remains to consider the case /; j, > (.3 on & o for a > 2 case. As one can easily
expect, since B; = Q(v/1), it is possible to directly apply Lemma 20, which provides an additional
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term whose summation over ¢ is at most O(K2/*~1) < O(1) for o > 2. Since this direct application
requires to modify the constant term appear on &, case, for the coherence with o € (1,2), we show
that

@t,jt < 4;,Gi < Klogt < (an/B2+2(t—1).

for t > to(a, K). Since B? = O(a?K'~2/%) by our choice, it suffices to find the solution of
logt < av/'t fora = (,v/2/K. Let t = 3. Then,

logy = ay/2 < y:e%y <~ zezz—%. (z=-%y)
Since —§ = ——C“I}/i € (—1/e,0), the above equality admits two real solution z = W,,(—a/2),

where W, (+) denotes the Lambert W function with branch n and n € {—1,0} (i.e., only the principal
branch since we consider the real value) (Olver et al., 2010, Section 4). Therefore, we obtain

the desired results for any ¢t > ty := 52 W_i(—>% . For sufficiently small a, we can

approximate the Lambert W function as (Olver et al., 2010, 4.13.11)

1 1 K\’ K K \?
—W_1(—a) = log— +loglog - = tp(a, K) = () (log + log log > ,
a a V2(, V2(, V2o

which implies that ¢g(c, K) < O(a?K?log?(aK)) with the current choice of (.
In sum, for ¢ > ty(«, K'), we obtain

E[l[gt,a]gbjt (Gﬁjt (meLe) — &5, (mﬁtﬂ)) ‘ﬁt} <Y o (W) _

iz A\ Hmely;)er!

Similarly to the case of o € (1, 2) in (25), by definition, we have for i # j;

1 a 1 . .
= < 5 < 2{0477 ( Ot > 27 Vi 7& .]t)

(L4 meLy)> — ot —1 7 7 o,

which concludes the proof. |

Remark 12 [n the current analysis, we obtain a loose bound in constant, especially the bound on
Etar €.8. T5in a € (1,2) case. However, we can tune both &, and (, to reduce the constant term.
In « € (1,2) example, we can choose (, = 4(5;1/0‘ —1)/5, we change the term 2°+1 to (5/4)%+1,
which results in around 18 (and thus 9 in the final bound) instead of 75 in the multiplicative constant.
Note that when we modify the choice of Cq, this will affect the bound on Ef ,, where multiplicative
constant 2 becomes 1/, and we need to modify the constant in 1/t term in By in (11) since
4/(2Y« — 1) is chosen to satisfy Gy ~ logt/(1 — £4) < Caf3i. Therefore, the choice of &, and Co
should take multiple factors into account simultaneously.
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C.6. Proof of Lemma 3

Although the proof of Lemma 3 can be directly obtained by Lemmas 9 and 10 in Ito et al. (2024), we
provide the results for the completeness since our S; in (11) for « € (1, 2) includes additional term
and for o > 2 includes the restriction on the exponential growth. Before the proof, we introduce the
following results.

Lemma 13 (Lemma 10 of Ito et al. (2024)) It holds that

T T
Z < O min 10gTZ hize + mv
t=1

t=1 \/Zs 1 h,s

Proof of Lemma 3 Define an auxiliary sequence 3] = \/ B2 +2 22;11 zs/hs so that 8] < S, holds
by their definitions for « € (1, 2). Note that for the case of « € (1,2), since we take the maximum
of two values, 3; < f3; always holds. Then, it remains to follow the proofs in previous results (Ito
et al., 2024; Nguyen et al., 2025).

Define a set of rounds 7 := {t € [T]: Bi11 > V2B;}, where we can rewrite
= gt

By definition of 7 and 1 = O(aK%_i), we have

e

tGT teT
< (2+\/§)Zmax
b1

K —1/a
< (@24 v2)2Zm=2 "

b
?(2+V2) (K + 1)1« -1
a—1 B
— /a
(2 ++V2) K1 :(’)< o \/E) (26)
a—1 051 a—1

On the other hand, we have

> 5 Z vayl ot —— <D =
t€T° teTf teTe Ttt+l teTe \/51 +2> . zs/hs  t=1 \/ Zs 1 hs

which concludes the proof for o € (1,2) by applying Lemma 13.

For o > 2, define a set of rounds 7 := {t € [T] : Bi41 > 21/‘1&} where 311 = 2Y/%5; by
definition of 5; in (11) for a > 2. Note that for ¢t € T, it holds that - > ﬁt(21/ @ —1). Then, by
following the same steps in (26) with 21/ instead of v/2, we obtaln

2

« 11 « 1
E Ko< —— K2 @,
_ 1o _ -
teT (a—1)(2Ye —1) (v —1)log?2

Q=
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On the other hand, since 5;11 = 5t + Bfltw holds on 7, we have

DRI

teTe ie7e B

< Z 21/O‘zt

teTe \/6% +2 ZSETCQ[t] fT:

SZ%7

teTe ZsETcﬂ[t] }Ti

where we only consider the effect of updates in 8; on 7°¢. By applying Lemma 13, we obtain

> 2 <0 min \/logm S ezt Vo[ S 7
t

teTe teTe teTe

T
< O| min logTZ heze + / Pnax Zmas,
=1

which concludes the proof. |

C.7. Proof of Lemma 11

Proof For a € (1,2), it is clear that

t—1

4 1 4
5t251+721/a_12g2514-721/&_ log t.

For o > 2, by definition of z; and h; in (9), we have for o > 2

1/ 1
ﬁ = aZi;éjs qs’ia = (Oé — 1)w > 1

1-1/a 1-1/a —
hs 32 Dty s, 2k, G

Since ¢;; € (0,1) for i # j; by the choice of ¢; ; in (7) and é <1- é ie., qtlyéa > qtl’i_l/a always

holds. Note that whenever 3,1 = 2!/, occurs, this means 3,11 = 3 + (21/% — 1)3;. Since
b1 =2aK 27w and 21/ — 1 > %, the increment is always larger than 2 log 2. Therefore, it holds

that 841 > B + 4 for any ¢ € N. This implies that 8; > /87 +2> 021 1 > V2L n

Appendix D. Proof of Theorem 4

In this section, we prove the BOBW guarantee of Algorithm 1.
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D.1. Adversarial regime

In this regime, it suffices to show that Ay ax Z;‘le 2z is at most K'T" from the second term in (13). By
definition, for any ¢, it holds that

ima Y ale Y o

i# 41 i#jer1 Ot41,i
= a o? 1-1/ a’ 1-1/
= — < K+1) /1< —K /¢ 27
an/a_a_l(( +1) )—a—l ’ @7
n=2
and
(0% 1—-1 (% 1
he = — Z qt+17£a S Z 1-1/a
6] 1 - « 1 ; o .
i£jt+1 i#jir1 Ct41
K 2 1/a 2
a 1 a(K+1)/*—1) o' 1
= < < KYe (28
a—lznl—l/a_ a—1 “a-1 (28)
n=2
Therefore,

T T a2 \2 a2 \2
o Yom <Y (S5 ) K= (G5) KT,
t=1 t=1
which concludes the proof for the adversarial regime.

D.2. Adversarial regime with self-bounding constraint

To analyze the regret in this regime, we introduce the event D; ,, defined by

<

N

1
Dt,a = E =
i#j (21/a + ntLt,i)a

which is a slightly modified version of & . This definition is to utilize the previous results in Kim
et al. (2026), while there is a subtle difference due to j; parts instead of 7*. On this event, we have
the following lemma, which slightly improves Lemma 10 in Kim et al. (2026) in the constant factor.

Lemma 14 For Algorithm 1 with o > 1, it holds that on Dy ,

1 .
~ a\v/l?éjt-

1
wt,' Z -
T8 (1L )

In addition, the current best arm satisfies % < wy j, on Dy q.

While Kim et al. (2026) considered the case j; = ¢*, the following results can be directly obtained.

Lemma 15 (Lemma 11 in Kim et al. (2026)) On Df}a, wyj, < #
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The implication of D; , is that we can link the ¢; ; and w; ; on this event, which will be not rare when
the self-bounding constraint is small, i.e., as close as to stochastic settings. Specifically, we have

Wi 2 s—————— = Pri Wy € [%,pt,i} and p;; < 8wy ;.
8 (1+ mLe)* 8 8
Then, by Lemma 8, we have
qti < 16wy ;. (29)

Then, similarly to the recent BOBW analysis of FTPL (Honda et al., 2023; Lee et al., 2024), we
consider the analysis on Dy o and Dj , separately. In terms of Lemma 13, what we will show is that

. T 1 T—1 2
3 % < logT<Z 1[Ds1alhuze + ) 1[D§+1,a]htzt> * O<aa 1\/?)
t=1 It t= = )

Note that the last term is directly obtained by the results (27) and (28) in adversarial regime, where

we showed that )

(6
V hmaxZmax < \/E

a—1 '

On D, ,. Note that wy ;, > wy; forany ¢ € [K] and ¢t € N. By Holder’s inequality, we have

1[Dyo)zi-1 = 1Dpolar Y 41 < 1Dy a]al6V/e S w)!/® (by (29))
1# ]t i#£jt
< ]l[Dt7a]oz161/o‘ Z wtléa (wy,j, > Wy, V1)
i+
1
= l[Dt,a]a161/°‘ Z NG (Az"LUt,i)l/a
itix B
-1 1/
1
< :I]_[Dt7a]()é161/a Z W Z Ai’UJt,i
itix D ii*
and
o _
1[Dialhi—1 = 1[Dy o] o qtl,i Ve
i#£jt
S ]l[,Dt’a] = i 1 161—1/a Z wtl’i—l/oc
i#£jt
« 1-1/a 1-1/a
VDL 16 S
ii*
B a1 1 L \I=1/a
= 1[Dy,0] —16 > 17 (Diweg)
it B
1 1-1/a
a _ 1
< ]l[Dt,a]a — 161 1/a Z Aoz—l Z Aiwt,i . (30)
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Therefore,
1[De1,a)he2t < 1[Dps1,0]w'(A) (A, wiy1)
where
1—1 1
1602 ) 2\
s 22 (A (ar
i i#i*
On D; . Inthis case, we have
1/a 1 1/ c ao? 1-1/a | 1/
1[D§ o Jh—12-1 < 1[D Zq S g, <1[Df,|———K oK
ot a—la-1
275Jt i#Jt

042 2
ey

Derivation of the desired results. Therefore, we obtain that

Combined with the regret upper bounds in Lemmas 2 and 3, we obtain for o € (1, 2) that

T T 2 2
R‘egFTPL (T) S, O ].Og T <Z w,(A A wt + Z :[]. < @ 1> K)
t=1 t=1

2 3
+ O(OilKl/“ logT> +0 <(3_‘/§2> . (31

and for o« > 2 that

T

T 2 \2
Regprp(T) S O logT(Z ) (A, wy) +le < a 1> K)

t=1 t=1

3

+ O(Mﬁ) +tola, K). (32)

Therefore, it remains to control the term related to ) _, 1[Df ,]. Recall that, in the adversarial regime
with self-bounding constraint (A, C, T'), the regret satisfies that

T
Reg(T Z (A, wy)
=1
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On D¢

¢ o» Lemma 15 shows that

K
1[D;,] Z Ajwy; = 1[Df ] Z Ajwi; > 1[Df ] Amin Z Wi ;
i=1 i#i* i
> H[Dg,a]Amin Z Wt i (th‘t > wm,W)
i#£t
= IL[Dtc,a]Amin(l - wt,jt)
1—e /2
> H[D;a]AminT
This implies that

< Reg(T)%—C"

T
E 1[D$ 10.31A i
[Z [Ptal = 0.31Am

t=1

<Reg(T)+C = E [Z 1[D; ]
t=1

By applying this result into (31) and (32), the regret can be upper bound in the form of

min

Regprp(T) < O <\/logT<w’(A) + AK )(Reg(T) + C’)) + O(logT). (33)

Therefore, we have

043
RegpreL(T) < O(W(A) log T + \/W) . O((a—@)

+ 1o > 2]t (e, K) + 1[a € (1,2)]2,

where
QK 042
A) = u'(A a 1 1,2)] -2 1/
wW(A) = A+ oA mm T e € W2IT
1—1 1
8a2 -1 : : ot K
= A, ot Al-@
o a—1 ; g ;:* g + (a0 —1)20.31Amin

Note that w(A) < O (M%), whose a-dependency is square of Ito et al. (2024), which can be
seen as a drawback of using surrogate instead of explicit probability. For the comparison with Ito et al.
(2024), one can see that the relationship between y-Tsallis entropy and Fréchet-type perturbation

with shape o, where o ~ %7 correspondence observed. Therefore, w(A) can be seen as the results

1
with O (=t ).

D.3. Bias term by CGR I1

So far, we derived the upper bounds of Regprp; , which is the main leading term of the regret. In this
section, we show that Regcgg is at most log 7', which does not affect the overall regret.
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We start from Lemma 7 of Chen et al. (2025) that showed that the expected regret of FTPL with
CGR 1I satisfies

G
T t

Rea(r) < Y8 (=) 4 3 m s (10—t )|

=1 =1 i=1 Pr [At‘Ltpit = Z]

where the second term was denoted by Regcgr (7). Here, recall the definition of \A; in (13), which is

_ r / / T
Ay = {Tt,it = max Ty, T, > nth-t}.

1:0¢,i<0% i,

Lemma 16 Algorithm [ satisfies that

Gt

T K ‘
ZZE Wi ; — Uit’z <logT.

t=1 i=1 Pr [At’[/t, i = Z}

Proof Similarly to the proof in Chen et al. (2025), where they consider the Fréchet distribution, we
denote Pr [.At ‘ﬁt, iy = z} by Pr[A; ;] in this proof. Then, it is sufficient to prove

Wt 4 1
_ J < Z.
eXp( PrA ] G’*) =7

Let \, = n;L,. By definition of Ay ;, it holds that

o0 1 — Foui(),,
Pr[A;;] = / f(2)Foeil(2)dz = ﬁ <1 —=F(A)
A

Ot,i
Then, we consider the lower bound of wy ;. Let 7%} := max;; r¢ ; and define an event,
— max
Bii:= {rei >N+ ),

which is the sufficient condition for {i; = ¢}. This is because

{ig =i} = {atrgmm{)\tJ e} = z}

JEIK]

{argmax {rtj /\t,j} = z}

JE[K]
={Vi#iryg >+ A — Nyt
{Vj F 1T > T +At,i} = By.

Therefore, wy; > Pr[By; ;| \]. Let PX denotes the distribution of K — 1 block maximum for Pareto
distributed random variables, i.e., the distribution of rf‘a" Here, by definition of B; ; and definition
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of 75% K, we have

Pr[Bt7i|)\t] - ET?}E’;"/}B({C( [Pr(?‘m’ Z At,’i + T?E);’TEIE?)] - Er?i): [1 - F(At,i + 7”2’132()]

1
34
(Y +r?}f;f>a] oY

max
Tt —i

ZEmax

Tt —i

1
(L4+A)* (1 + Ti?i"f)“]
= (1 = F(A)Eppax[1 = F(rF)).

Here,

1
Er;r’mg 11— F(rflf’[)] =Pr [Tt,i is the maximum among {7 ; }je[K]] =%

Since 7 ;s are i.i.d. from the same perturbations, the probability that 7 ; is not the maximum over K
samples becomes 1 — 1/ K. Therefore,

1—F(A
Wt 4 > I((tﬂ)a

which implies that

Pr[ A wy; Gy 1
= << — ? < — | = —.
Wi K= eXP( Pr[A; ] Gt) B exp( K

) )

When « € (1,2). In this case, we sometimes set G; = 2logt instead of K logt¢. The precise
condition is when i; = j; and & ,, in (6) occurs. As we mentioned in Section 3.1, the definition of & ,,

denotes the case when wy j, > 1/2. To be precise, & ,, means the case when ) _, A0 L

1 1
(1+77tLt,i)a = 2

Since wy; < (Hnﬁ for any ¢ and ¢ (see, Appendix C.1), this implies that
tt g

L, ;)

1 1
Zwt,i < 3 (= Wit > 5 (2 Eta

i#jt

Since Pr[A; j,] <1and w;, > 1/2, Gy = 2logt is still valid to obtain the desired result. [

Remark 17 In the current analysis, the only part that depends on the specific form of the Pareto
distribution is in (34). We expect that this argument can be extended to more general Fréchet-
type distributions. Indeed, the tail function of a Fréchet-type distribution can be expressed as
x~*Sp(x) for some slowly varying function Sp, which means that the tail function can be written as
Sr(x)(x + 1)~ for the shifted Fréchet-type distribution considered in Lee et al. (2024, Eq. (7)).
Therefore, as long as Sy (x) admits a uniform lower bound by a positive constant, incorporating this
constant into the choice of G will suffice to obtain the same results.
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D.4. Proof of Lemma 14
Proof By definition of wy ;, it holds that for ¢ # j;

Wy = / f(z+ ntLt,z‘) H F(z+ ”tLt,j)dz
0 j#i
= / flz+ UtLt,i)F(Z) H F(z+ ntLt,j)dZ (- Lt,jt =00nDiq, i # jt)
0 it
> [ ferml)FE) T FGnki
2 (X_l . . .
J#4,Jt

1 o0 o ~
/ fG+mLy) [] F(z+mls,)dz
2 Jar/e i ’

1/00 . 1
== J(z+mely, 1- 2 dz
2 Jorja—q ( L) H (z+mL; +1)*

J#1,Jt

v

AV

1 /OO o 1
— z4+mL, )l 1— - dz (L. A1—z,)>1-> .x;)
2 ol/a1 f( m t,z) J;:]t (Z T ’l’]tL] N l)a Hz( 2) Zz z

1/00 . 1
> = flz+mLly;) | 1— — |dz
2 Jor/a_y =+ mle) jsézi,jt (24 +meLy)®

T gl
— z )z = — = .
— 4 2l/a_q ntitﬂ 4 (21/04 + ntLt,j)a

(z+1)*

Gr2i/a)e is increasing with respect to z > 0 for any v > 1, we have

Since

(1 +neLy ;) > 1
@+ 2

which concludes the proof for 7 # j;. For i = j;, we have

th = 7oL 1\a+1l - T z
o EEDet (z+mL;; + 1)

© « 1
> — 1— - dz
/21/a1 (z+ 1)t H ( (2 +mLy ; + 1)“)

£t

- [ S P p— d
= — — = z
21/a_q (Z + 1)a+1 Y (21/0& + ntLt,j)a

S 1 /°° « d 1
_ ———dz = -,
- 2 21/a_1 (Z + 1)a+1 4

which concludes the proof. |
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Appendix E. Proofs of Lemmas in bandit problems with expert advices

In this section, we provide the proofs for Lemma 5, which is required to prove BOBW guarantee in
the contextual bandit settings. To prove this lemma, we need the following results.

Lemma 18 Foranyt € N, Algorithm 2 with o > 1 satisfies that for any i € [K]

2ex l/awt iTti,a
Pta

)

E[&J((ﬁi(mit) — ¢z’(77t(i/t + ét))’f’t} ZE[

L)

Note that étﬂ- = 0 is possible even when i; # i in contextual setting since @i can be updated by
using ¢; 4, and 7 ; g, .

Lemma 19 Foranyt € N, Algorithm 2 with o > 2 satisfies that

R R ~ ~ A « a\ Wt i, Tt ialaz
E[fu. (95 (mLo) = 63l Le + B))|Le] < ZE ZO( v )P Li| + a(esv),
a=1 G “

where gi(cv) is a function such that Y, gi(a; v) = O(a?/v).

Proof of Lemma 5 From Lemmas 18 and 19, we obtain that

B[ (4 d

N>

,p(neLe) — ¢(77tj3t+1)>

'MN

< [gt,i(d)i(ntit) — ¢i(neLy + ét,iei)) }it}
=1
N 2eq Wy T, a Wy 5, T
<y E[ﬁp;éa rssel ) + 305 [0 Yo e 1]+ )
. t t,a
a=1i#jt a=1i#j ’
N K
et v ) i Pia
alN
< (’)< 3, ) maxpt{ + gt(a;v),
which concludes the proof. |

E.1. Proof of Lemma 18

Proof While the loss estimators can be updated for all experts i € {j € [K] : 74 > 0} in
the contextual setting, we can apply the intermediate results in Lemma 7. The main observation
is the increasing property of ¢;(\) with respect to A; for i # j, which is obvious from (1) with
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i.i.d. perturbations. Therefore, for any i € [K], we have

E [gt,i (Qbi(ntf/t) - <f>i(77tﬁt+1)) ‘ﬁt] <E :fm (qﬁi(ntﬁt) — i (e (L + lﬁmei))) )ﬁt}

<E _nté?,igb;(nti/t)‘f/t} (by (19))
<E _ntez%,athﬂz?,i,at(p;(ntzt)’ﬁt:|
L -
(L) | <
S E —27’]t7Tt27,L-7at¢Z1(;7;0 Lt (GR and Et S [0, 1]N)
L t’at m
i Mo |
=E _277t¢;(77tLt)Z P’l’a Ly
— t,a
L a=1
- .
<E|—=2n¢i(nln) > ;,’Z’a Ly
L a—1 t,a
) i 2 ¢;(77tfft) i Wt,iTti.a i
=L —2n t
I wyi =~ Pra
al Wy 4Tt 5
< ZE[%amp%at}t”’“ Lt},
a—1 t,a
where the last inequality follows from the results on the ratio —¢;/¢; in Appendix C.2. |

E.2. Proof of Lemma 19

Since Algorithm 2 adopts naive GR, 3; > /¢, and a > 2, we can utilize Lemma 11 in Honda et al.
(2023), given as follows.

Lemma 20 (Partial results of Lemma 11 in Honda et al. (2023)) For any L, € RE, ¢ €(0,1)
and i € (K|, if w; > w' for some fixed constant w', then it holds that

[l[gt,i > Cﬁtm,z‘ (1 —w')P (B + L/u).

A 1

L] <
1= 0-w)

Moreover, when By > av/t for some a > 0, it holds that

[e.e]

1

Aoy (W) B+ 1) < O(1/a),

t=1

Proof of Lemma 19 Similarly to the proof of Lemma 10, we used the events for > 2 defined by

- 1
gt,a = — < éa
z';% (1 +meLy ;)™

for some &, € (0, 1) specified later.
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Then, following the same steps in Appendix C.5.1, we can obtain that

1
1 Ipe = 1[E¢)1 < *me
i

On &, we have mLm > &a e _ 1 5 0. Therefore, by the same trick in Lemma 18, where we

bound the stability term of j; in contextual bandits by that in multi-armed bandits, we obtain that

E|1[Ef o U{Ear g < CaBitlluj (05, (mele) — &5, (ne(Le + Ey)) ‘ﬁt]

< E ) (64 l/a) Wt 5, T, 5 ,a IA/t ’
; o) e
where (,, also can be tuned as in MABs.

Therefore, it remains to consider the case ft,a U {ét,jt > (af:} for some (y < & Ve _ 1. Since
Algorithm 2 utilize simple GR and 5; > V/t for @ > 2 (which is the current interest), we can utilize
Lemma 20. Here, note that the results in Lemma 20 considers the IW estimator for MABs, i.e.,
ét,i = 1[iy = i| Mty ;, while our setting is lﬁm = Mty i ; o, Therefore, the condition ét,jt > (ot
is related to the condition of M;7¢ j, o, > Caf3t-

Specifically, on & o, as shown in MABs, we have wy j, > 1 — &, on & o, which implies that
Py oy > Tt 0, (1 — o) > v(1 — &) by Assumption 1. Therefore, v(1 — £,) plays the same role in

w’ in Lemma 20. Here, note that we do not need to consider the case 7 j, o, = 0 since this case is
included in the case of /; j, < (o0t.

E[ V& lee > Cabilli (65 (L) = b5 (Lo + 80)| L]

< E[l[gt@vét,jt > Coaﬁt]ét,jt ﬁt}
= 1_(11_5a)y<1 — (1= E)V) P (CaBe +1/(1 — (1 — Ea)V)) (by Lemma 20)
=: gi(;v).

Then, Lemma 20 shows that ) , g;(«) < O(1). More precisely, g;(c; v) is the upper bounds of

0 CaBt . 1
Pt,at Y o mI-Pg)"<(1- Po,) Toens” <L Call J+ ) (35)
L Ca Bt J +1 Wt’jt’at t7at

T3t at

where P ,, = Zz‘:l Wt iTia; = Wt j, Tt jy,ae- 1he introduction of v is to obtain a general upper

bound by removing the dependency of 7 j, q, in g+(cv), which we cannot control.
Finally, we show the order of ) _, g;(«) in terms of v. From (35), we consider the order of

Ca Bt a 1 CaBt o
(1 - Pt7at)L7rt it atJ <L C Bt J + > < (1 - 7"'t,jt,at)tﬁt It atJ (L C Bt J +7Tt,jt,at>'

Wt,jt,at Pt,at

ﬂ-t,jt,at

Therefore, it is sufficient to consider the order of

i(l —a) (M + a> where a,b € (0,1).
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It is easy to see that it is decreasing with respect to a € (0, 1). Since we have

-0 (W a) <o (W)

_ b\/{fﬁ’_b\/{_F —bVi

ae ,
a

this implies that

> 20002 +20+2) 2ae? 1 1
Z(l—a)bf<bf+a>< () ) 2ae OF )<0(+a>.
t=1

ab? b2 ab? = b2

Therefore, 3, g:(c; v) = O(a?/v) if we choose 5 &2 1 — 271/ as in the multi-armed bandit. W

Appendix F. Proof of Theorem 6
In this section, we show the BOBW guarantee of Algorithm 2. The most of the proofs are essentially

the same to that of Theorem 4, where the only difference is related to the change of z;.

F.1. Adversarial regime

In this regime, it suffices to show that hp,.x 2; is at most N K 1/ from the second term in (13). By
definition of h; and z; in (12), we obtain

. a  1-1/a Q@ 1
he = Z a1l S Z a—1,1-1/a

1#jt+1 i#jt4+1 Ot41,i
K 2 2
« 1 « «
- < K+1)Ve_1)< — gVe
;a—lnll/a_a—l(( +1) )_a—l
and
= Na maxq/ < Na2~ Ve,
JF#jt+1 b1
Therefore,

)1/aNT

IIMH

which concludes the proof for the adversarial regime.

F.2. Adversarial regime with self-bounding constraint

Basically, we can directly utilize the techniques used to prove BOBW guarantee for MABs given in
Appendix D.2. Therefore, it suffices to show the upper bounds of h;2z; on D;41 o since we can just
use the max; hyz; < a® KY/*N/(a — 1) in the case of Df. 1 -
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Note that wy j, > wy; for any ¢ € [K]. From (30), we already obtain that

1-1/a

Q=

o _ 1
1[Dsy1,alhe < ]l[Dt+1,a]a 1 161/ Z Ao Z Ajwig
iir Tl i

For z;, by Holder’s inequality, we have

1[Dts1,0)2 = 1[Dis10]Na max ¢7%,
1#Jt+1 ’

< 1[Dpi1,0] Na16Y* max w5, (by (29))
i#jt 41 ’
< 1[Dgs1,0] Nal6H/® Z wtlﬁz
ity
< ]l[DtH,a]Nalfil/o‘ Z wtlJ/rOl‘Z (Wit1,§oyy = Wit1,, Vi)
i
1
= 1[Drs1.a]Na16"* S — o (Aguwpy1,) /e
i A

1-1 1/
1
< ]l[Dt+1’a]NOél61/a Z W Z AiQUt-‘rLi
iz D i

Therefore, we obtain
1[Diy1,0lhize < 1[Diyr,alw” (D) (A, wir),

where

1
2 e

W'(A) = 8N -2 : ZA;ﬁ Stale|

it i

Q=

By following the same steps in Appendix D.2 until (33), we obtain

a3NK1/« | NK1/ags3
T) < logT| W (A —_— T — +1
Reg(T) < O \/og <w ( )—i-(a_l)Amin)(Reg( )+C) | +0 ~—1 /v |,

where the last two terms are the term related to 21 /(1 + 81 K/* and g;(v, v). Note that additional
Zmax /1 term appear in Lemma 3 is O(1) in this case, so that we exclude. This result provides

NK1/aq3
Reg(T) < O| w"(A)log T + /Cw" (A)log T + 4 | Tla +1/v |,
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where
SNK /e
n A — 1 A «
WHA) = A+ 0314 min
1—1 1

8Na> ) ) BNEK

— O A a—1 A:!.—Oé +
a—1 ;:* v ; v (a0 —1)0.31Amin

_o a3NK1/a
(Oé—l)Amin )

42



	Introduction
	Preliminaries
	Problem formulation
	Follow-the-Perturbed-Leader
	Stability-penalty matching learning rates for FTRL

	Adaptive learning rates for FTPL in multi-armed bandits
	FTPL with conditional geometric resampling
	The surrogate probability function
	Learning rates with the surrogate probability for stability-penalty matching

	Application of SPM learning rates for FTPL in bandit problems with expert advices
	Conclusion and future work
	Details on conditional geometric resampling
	Intuition and difficulties behind the surrogate-based learning rates
	Proofs of Lemmas in multi-armed bandits
	Proof on the relationship between surrogate probability and arm-selection probability
	Proof of Lemma 7
	Proof of Lemma 1 (Lemma 8)
	Proof of Lemma 2
	Proof of Lemma 10
	The case of Et,c
	The case of Et,

	Proof of Lemma 3
	Proof of Lemma 11

	Proof of Theorem 4
	Adversarial regime
	Adversarial regime with self-bounding constraint
	Bias term by CGR II
	Proof of Lemma 14

	Proofs of Lemmas in bandit problems with expert advices
	Proof of Lemma 18
	Proof of Lemma 19

	Proof of Theorem 6
	Adversarial regime
	Adversarial regime with self-bounding constraint


