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Abstract

We study the distribution of regret in stochastic multi-armed bandits and episodic reinforcement
learning through a unified framework. We formalize a distributional regret bound as a probabilistic
guarantee that holds uniformly over all confidence levels 6 € (0, 1], thereby characterizing the
regret distribution across the full range of . We present a simple UCBVI-style algorithm with
exploration bonus min{cy x /N, ¢/ VN }, where N denotes the visit count and (¢ x, c2,1) are
user-specified parameters. For arbitrary parameter sequences, we derive general gap-independent
and gap-dependent distributional regret bounds, yielding a principled characterization of how the
parameters control the trade-off between expected performance, tail risk, and instance-dependent
behavior. In particular, our bounds achieve optimal trade-offs between expected and distributional
regret in both minimax and instance-dependent regimes. As a special case, for multi-armed bandits
with A arms and horizon 7', we obtain a distributional regret bound of order O (\/ﬁ log(1/4 )) ,
confirming the conjecture of Lattimore and Szepesvari (2020, Section 17.1) for the first time.
Keywords: distributional regret, multi-armed bandit, reinforcement learning

1. Introduction

In online decision-making problems—including stochastic multi-armed bandits (MAB) (Lattimore
and Szepesvari, 2020) and reinforcement learning (RL) (Sutton and Barto, 2018)—an agent repeat-
edly interacts with an unknown environment by selecting actions and observing stochastic rewards.
A standard measure of performance is regret, defined as the gap between the cumulative reward
achieved by an optimal strategy and that obtained by the agent. Since the environment is stochastic
and the agent may employ a randomized action-selection strategy, regret is a random variable; con-
sequently, performance is typically assessed via expected regret or via high-probability guarantees
at a prescribed confidence level.

While expectation and fixed-confidence bounds are useful quantities, they do not fully describe
the distribution of regret. Recent work has highlighted that tail behavior can be subtle even in
classical settings: Fan and Glynn (2025) show that asymptotically optimal bandit algorithms can
exhibit heavy-tailed regret distributions of P(Regret > x) = i Simchi-Levi et al. (2023a, 2025)
propose bonus designs that accelerates the decay of the tail to O(exp(—x7)) for a tunable param-
eter v € (0, 1] and further investigate the trade-off between the tail distribution and the instance-
dependent regret. For RL, the distributional picture is considerably less complete: while a recent
work (Khodadadian and Moharrami, 2025) studies a notion of distributional regret in RL, near-
optimal characterizations and the corresponding optimal trade-offs remain unknown. Even in MAB,
the optimality of existing distributional guarantees is not fully resolved.

In this work, we provide a unified framework of distributional regret analysis for MAB and RL,
and we establish regret bounds that meet existing lower bounds in multiple regimes.
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Main Contribution. We propose a simple and flexible algorithm for MAB and RL, EQO+, and
analyze the distribution of its cumulative regret. The algorithm is a UCBVI-type method with a

bonus term of Nil(fa) ]\c[iz“ 5 where ¢y j; and ¢y i, are input parameters and N k(s, a) is the visit
’ S,a

count of the state-action pair (s, a). Our theoretical guarantees offer the following novelties.

* We study a distributional regret bound, defined as a function of § that upper-bounds the cu-
mulative regret with probability at least 1 — § simultaneously for all 6 € (0, 1] (see Section 3).
The resulting §-dependence directly captures the distributional properties of the regret. A
distributional regret bound implies (i) high-probability bounds at any prescribed confidence
level, (ii) an expected regret bound via integration over 9, and (iii) the light-tailed risk notion
of Simchi-Levi et al. (2025). In particular, converting our uniform-in-4 bounds to expectation
avoids the extra log K factors that commonly arise when one derives expected regret, where
K is the number of episodes (see Corollary 11).

* We introduce a regularity assumption that bounds the sub-exponential norm of the reward and
the optimal value of the next state. This assumption strictly generalizes (and is not limited
to) the standard sub-Gaussian noise assumption in stochastic MAB and the bounded-reward
assumption in RL, enabling a single unified framework for regret analysis that covers both
settings (see Section 4).

* We establish both gap-independent and gap-dependent distributional regret bounds for ar-
bitrary input parameters {ci x}3° 1, {c2x} 3>, (Theorems 8 and 9). Our results rigorously
characterize how these two bonus parameters balance the trade-offs between the expected
bound and the tail distribution of worst-case and instance-dependent regret, and we show that
our analyses achieve optimal trade-offs in both.

* In the MAB setting with A arms and horizon T, we obtain a distributional regret bound of
O(V/ AT log(1/6)) together with an expected regret bound of O(v/AT) (Theorem 4), match-
ing minimax lower bounds up to constant factors. To the best of our knowledge, this is the
tightest known regret guarantee for MAB, and it confirms the conjecture of Lattimore and
Szepesvéri (2020, Section 17.1).

1.1. Related Works

MAB and RL with Expected and High-probability Regret Guarantees. Near-optimal expected
and high-probability regret bounds have been established in numerous works for MAB (Auer et al.,
2002; Audibert and Bubeck, 2009; Agrawal and Goyal, 2012; Bubeck et al., 2012; Degenne and
Perchet, 2016; Ménard and Garivier, 2017; Lattimore, 2018; Lattimore and Szepesvari, 2020; Jin
et al., 2023) and episodic RL (Azar et al., 2017; Zanette and Brunskill, 2019; Simchowitz and
Jamieson, 2019; Dann et al., 2021; Zhang et al., 2021; Tiapkin et al., 2022; Zhou et al., 2023; Zhang
et al., 2024; Lee and Oh, 2025). However, the distributional behavior of regret has been far less
studied.

Comparison with Lee and Oh (2025). The work most closely related to ours is Lee and Oh
(2025), and our results generalize the analysis of Lee and Oh (2025). The primary focus of Lee
and Oh (2025) is to achieve a minimax optimal high-probability regret bound under fixed input
parameters. We generalize and improve their analysis framework, providing distributional regret
bounds and instance-dependent bounds under arbitrary input parameters.
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Distributional Regret Bound. Neu (2015) shows that in adversarial bandits, EXP3-IX (Kocdk
et al., 2014) achieves a high-probability regret bound of O (v/AT (v/log A + %)) uniformly
for all § € (0,1]. Simchi-Levi et al. (2022, 2023b) and their extensions (Simchi-Levi et al., 2025,
2023a) study stochastic MAB. These works design specific bonus terms for UCB-type algorithms
and upper-bound P(Regret > x), yielding nearly exponential decay. Their analyses extend to
instance-dependent bounds and provide lower bounds for the trade-off between the regret distribu-
tion and expected regret. Zhu and Simchi-Levi (2025) apply similar ideas to Thompson sampling,
obtaining exponential decay for regret and error rates in best-arm identification. However, these
approaches typically incur additional logarithmic factors in expected regret and offer limited flex-
ibility in balancing distributional and expected guarantees; moreover, their analyses are based on
an independent framework disabling unified analysis. Khodadadian and Moharrami (2025) extend
related ideas to RL, but their bound appears loose, incurring both gap;ﬁln and VK terms simulta-
neously (where K is the number of episodes), as well as a particularly large O(H%) dependence on
the horizon length H.

Comparison with Simchi-Levi et al. (2023a, 2025). Our framework and results generalize those
of Simchi-Levi et al. (2023a, 2025), most notably by extending the problem setting from MAB to
episodic RL. While our algorithm shares structural similarities with the bonus design in Simchi-Levi
et al. (2023a) (and also Lee and Oh (2025)), our regret analysis is substantially different. Moreover,
our theory accommodates arbitrary input parameter sequences, whereas the guarantees in Simchi-
Levi et al. (2023a, 2025) are derived for specific parameter choices. Although a recent preprint
version of Simchi-Levi et al. (2023a) relaxes the constraint on c3 i, the other parameter ¢y j, still
remains less flexible. Finally, in the MAB setting, our bounds sharpen the guarantees in these prior
works.

2. Preliminaries
2.1. Markov Decision Process

We consider an episodic Markov decision (MDP) process M = (S, A, P, r, H), where S is the state
space, A is the action space, P : S x A — A(S) is the transition probability, 7 : S x A — R
is the reward function, and H is the horizon length in each episode. We consider the tabular case,
where S and A have finite cardinalities of S and A, respectively. The agent interacts with an
MDP for iterations of episodes, where each episode consists of H time steps. At the beginning of
the k-th episode, the environment chooses the initial state s}, possibly adaptively. For time steps
h =1,..., H, the agent observes the current state sﬁ, takes an action az, and receives a stochastic
reward of R} € R with mean r(s}/, af}). Then, the next state sf/_, is sampled from P(sf, af).

A policy 7 = {m,} is a sequence of mappings 7, : S — A from the current state to an action. We
denote the set of all deterministic policies by II. For given policy = and h € [H]|, we define the
value function as V7 (s) := Er(.|s,—s) [Z]H: 5 7(85,a;)], the expectation is taken over the trajectory
starting from s, = s with the j-th action being a; = 7;(s;). Similarly, we define the action value
function QF (s,a) = Ex(.|s,=s,a5=a) [Zf:h r(sj,a;)]. The optimal value function is defined as
Vi (s) := maxrery V)7 (s) and Qj (s, a) := maxqer QF (s, a). The optimal policy 7* is defined as
the policy that satisfies V™ (s) = V;*(s) for all h € [H] and s € S. Given an algorithm Alg that
chooses 7!, 72, ..., 7", ... based on the prior observations, the cumulative regret of Alg in M over

K episodes is defined as Reg?}g(K) = Z§=1 (Vi (sh) — Vfrk (sh)).
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2.2. Multi-Armed Bandits

We consider MAB instances as a special case of episodic MDPs with H = S = 1 and no tran-
sitions. When focusing on the MAB setting, we denote the time steps and the horizon by ¢ and
T, respectively. The interaction is simplified to choosing an action a; € A (with |A| = A) and
observing a reward R; with mean r(a;) for time steps ¢ = 1,2,.... We define the optimal action

a* = argmax,c 4 (a) as the action with the highest reward. The cumulative regret of Alg in M

over T’ time steps can be written as Regf\}g (T) := Z?zl(r(a*) —r(at)).

2.3. Definitions and Notations

For functions P : Sx A — RS and V : S — R, we denote the expectation of V' under
P(s,a) by PV(s,a) := Yoses P(s' | s,a)V(s'). We denote the variance of V under the true
transition probability P(s,a) by Var(V)(s,a) := Y. cs P(s' | 5,a)(V(s') — PV (s,a))?. We
define a filtration {]:;]f}k,h as ]-',’f = o(st,al,Ri, ... ,sﬁ,aﬁ). Note that ]-'I"}H = ]-'é““ =
o(st,al, R,. .., s’}{, a]}{, r’;{, SI;{H)' In the MAB setting, the gap of an action is defined as gap(a) :=
r(a*)—r(a). In the RL setting, the gap of a state-action pair at time step h is defined as gap;, (s, a) :=
Vii(s) — Qj, (s, a), where we denote gap(s, a) := minge (] gapy, (s, a). In addition, we denote the
minimum non-zero gap by gapy,i, = MiN(4 s q)e[H]xSxA,gap), (s,a)>0 gapy,(s,a). For a natural
number N € N, let [N] := {1,2,..., N}. For two real numbers a and b, we define a VV b as
max{a, b} and a A b as min{a, b}. We also write (a) fora V 0.

3. Distributional Regret

In this section, we define distributional regret, which corresponds to the upper-quantile function
(equivalently, the inverse complementary cumulative distribution function) of the regret.

Definition 1 (Distributional regret) A distributional regret Reg’;\‘}g (K, 9) is a deterministic real-
valued function of an algorithm Alg, an MDP M, the number of episodes K € N, and a failure
probability 6 € (0, 1], defined as Reg';\‘/l[g(K, 0) :=inf{zx e R| P(Regﬁg(f() > xz) <6}

Distributional regret bound. Equivalently, for any § € (0, 1], the regret satisfies Regﬁ‘/lfg(K ) <

Regﬁ‘/l[g(K ,0) with probability at least 1 — §, and Reg?}g(K ,0) is the smallest value with this prop-
erty. Our goal is to provide an explicit upper bound on Reg'x[g (K, 9) as a function of the same
inputs; we refer to such an upper bound as a distributional regret bound.

Generality of distributional regret. The §-dependence of a distributional regret bound captures
the tail distribution of regret at any given level §. For instance, light-tailed risk defined in Simchi-
Levi et al. (2025) translates to Reg?vlfg(K ,0) = poly log(%). A distributional regret bound implies
high-probability bounds for any failure probability. It also implies an expected regret bound via the
identity E[Reg?\‘}g(K )] = fol Regﬁ‘}g (K,8) dé. This integration technique replaces log 3 factors by
constant factors in the expected regret bound, which shaves off the log K factor that typically arises
in high-probability-based approaches where ¢ is often set as § = % To the best of our knowledge,
Corollary 11 achieves the sharpest logarithmic factor in the worst-case expected regret bound for

RL using this technique.
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4. Assumptions

In this section, we present the assumptions for our analysis. They encompass the standard sub-
Gaussian noise assumption from the MAB literature and the bounded reward assumption standard
in RL. The first assumption regularizes the scale of the value function.

Assumption 1 (Boundedness) There exists a known value Vi,ax > 0 such that for all h € [H],
s € S, and policy w € 11, we have 0 < V™ (s) < Vinax.

The second assumption is for the concentration of measure. The standard assumptions in recent
MAB and RL literature are slightly different. The bounded reward assumption in the RL literature
assumes Z,Ijzl R}, € [0, Vinax| (Zanette and Brunskill, 2019) or Ry, € [0, Vinax] (Lee and Oh,
2025), which allows leveraging the reward variance via Bernstein’s inequality, and simultaneously
guarantees that the sum of the variances over a trajectory is at most V.2, without H dependence,
incentivizing the use of variances. However, this property is difficult to capture with a uniform sub-
Gaussian assumption, making the two frameworks seemingly incompatible. Addressing this issue,
we propose a unified setting that assumes bounded sub-exponential norms on the random variables
RF 4+ V2 +1(sz +1)> Whose means are Q; (s¥, ak). We first provide the definition of sub-exponential

random variables, and then formally present the assumption.

Definition 2 (Sub-exponential random variable (Wainwright, 2019)) Ler X be a random vari-
able, F be a o-algebra, and o, > 0 be F-measurable random variables. X is F-conditionally
(0, a)-sub-exponential if Elexp(A\X) | F] < exp(%) holds almost surely for all A € -1, 1],
If a = 0, we assume [—%, %] =R, and we say X is F-conditionally o*-sub-Gaussian.

Assumption 2 (Conditional sub-exponentiality) There exist a variance proxy function Oexp, :
[H] x & x A — R, and a constant V, unknown to the agent such that R} + V;*_ (s} ;) —
Q*(s¥, al) is FF-conditionally (oexp(h, s, ak), V,,)-sub-exponential.

The sub-exponential norm of a bounded random variable is proportional to its variance when « is
set to the range of the random variable (see Lemma 50). Hence, under the bounded reward assump-
tion, ngp(h, s, a) can be set as the variance of RE + V7 1 with V;, proportional to Viyax. When the
reward noise is independently o-2-sub-Gaussian, ogxp(h, s, a) can be set as 0% + 2 Var(V;" ,)(s, a).
Furthermore, our assumption extends to sub-exponential reward noise, such as the exponential, chi-
squared, and Poisson distributions. Analogous to cumulative variance in RL, we define the sum of

variance proxies.

Definition 3 (Total variance proxy function) For h € [H], s € S, and 7 € 11, the total variance
proxy function is defined as W (s) := Ex(.|s,=s) [ZJH:h 302004, 85, a5)]-

We further define additional notations related to this function. We denote the maximum of the
function by W* := maxyc|g) ses,mern Wi (s). Since we also consider the range of W], we define
the minimum of the function Wt := minses Wj(s) for fixed h € [H] and 7 € 11, the difference
from the minimum W y(s) :== Wy (s)—W}T ;. and the maximum range of the function W4 :=
maxXpe () ses,melt Wi qi (). Table 1 provides example bounds for agxp(h, s,a), Vo, W*, and
W4 under the conventional settings. Their derivation is presented in Appendix B. We additionally
define a constant oyax 1= MaXpe(H],(s,a)eSx.A 20exp (R, 8, a)V1/2V, Vinax that serves as a threshold

for cg ., which arises from Lemma 52. Note that we do not assume the agent knows these values.
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Table 1: Examples of upper bounds on the values o2, V,,, W*, and Whig-

exp’
Setting o2 (h,s,a) Va w* Wiig
0 < Rp < Vinax 2Var(Ry + V', )(s,a)  2Vinax 2V2,. 2V2, .
Ry, 0%-sub-Gaussian o +2Var(Vy )(s,a)  Viax 0°H+Va, Vi
R}, o%-sub-Gaussian, MAB o? 0 o? 0

5. Algorithm: EQO+

We introduce EQO+ algorithm with a ﬂexible bonus term, taking a sequence {(cix,Ca k)5, as

input and using the bonus term as Nk ) \/AC;" = , where N*(s, a) is the visit count of the state-

action pair. Algorithm 1 describes the specific procedure for RL. Its simpler version for MAB is
analogous, where Lines 4, 6, 7, and 11 are unnecessary. We provide a refined description for MAB
in Appendix C. EQO+ is an extension of EQO in Lee and Oh (2025), where their algorithm uses the
) term only. We recover EQO by setting co ;, = oo, which disables the \}N—bonus term.

Nk(

Algorithm 1 EQO+ (Exploration via Quasi-Optimism Plus)

Input: {(c; £, C2,k)}20:1
fork=1,2,...,do

N¥(s,a) « z zhH 1]1{(sh,ah) (s,a)} forall (s,a) € S x A
(s, a) < a) Z Zh L Ri1{(st,al) = (s,a)} forall (s,a) € S x A
pk(sllsﬂa) (13 Z Zh 1 ]1{(Sh7ah78h+1) (S,Q,S )},V(S,Q,S ) ESXAXS
Ve (s, a) + Nils’“a A \/]\Cfiksa forall (s,a) € S x A
Vi 1(s) < Oforalls €S
forh=H H—-1,...,1do
foreach (s,a) € S x Ado
Qb (s, a) ((7*(s,a) + P’“V,ﬁl(s,a))Jr +b%(s,a)) A Vimax  if N¥(s,a) >0
A Vinax if N*(s,a) =0
end
ViF(s) « maxqeq QF(s,a) forall s € S
T (s) + argmax,c 4 Q% (s,a) forall s € S
end
Execute 7% and obtain (slf, a’f, R’f, e 3’;17 a’}{, R’f{, SIEH)
end

Generality of EQO+ algorithm. EQO+ recovers several existing algorithms through specific choices
of the input parameters. When ¢y, = (5(Vmax( ﬁ log %)1/ 2) and ¢y, = oo for some specific
do € (0,1], we recover the bonus term considered in Lee and Oh (2025). When ¢, = oo and
Cof = 5(Vmax(log %)1/ 2), we obtain UCBVI-CH in Azar et al. (2017), whose confidence bound
is also known as the Hoeffding-style bound. When ¢; ;, = oo and ¢z, = O(S + K*) for some

€ [0, 1], we have the algorithm by Khodadadian and Moharrami (2025). In the MAB setting,
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assigning ¢1; = O((4)*v1og A) and ¢y = V1B for some constants 0 < 8 < a < 1 recovers the
bonus term in Simchi-Levi et al. (2023a).

6. Main Results

In this section, we present distributional regret bounds for EQO+. In Section 6.1, we first present
key results for the MAB setting, which also illustrate the role of the input parameters. Then, in
Section 6.2, we turn to general distributional regret bounds for the RL setting, which also apply
to the MAB setting, and allow arbitrary input parameters. In Section 6.3, we consider several
representative parameter choices and discuss their implications.

Throughout this section, the algorithm under consideration is Alg := EQO+({(c1 x,c2.%)}521)
where the values of {(c1,x,c2%)}52, are specified in each theorem.

6.1. Distributional Regret Bounds for Multi-Armed Bandits

In this section, we provide distributional regret bounds for the MAB setting. Let B(o) denote the
set of MAB instances with o2-sub-Gaussian reward noise and Vi .x = 1. We present two special
cases of input parameters that provide insights into their roles, which carry over to the RL setting.
The first result shows how the parameter c; ; controls the minimax regret. Extended theorems and
proofs are provided in Appendix C.

Theorem 4 Suppose M € B(c). Set c1+ = c1 for a constant ¢; > 0 and ca s = 00, meaning that
we use bonus term 5 only. Then, the distributional regret of EQO+ is bounded as

o’Tlog$ 3
Regﬁg(T, J) < 7085 +-cA+ Z gap(a).
€1 2 acA

Taking c1+ = o+/T /A yields Regﬁg(T, §) = O(cV/AT log %) and E[Reg'x/l[g(T)] = O(cVAT).

Discussion of Theorem 4. The distributional regret bound in Theorem 4 shows that c; balances
the (7'log %) /c1 term and the ¢; A term. To reduce the coefficient of the log % term (i.e., to obtain
stronger distributional guarantees), c; must increase. However, a larger c; increases the total regret
through the ¢; A term, and hence increases the expected regret bound linearly in ¢;. This inverse
trade-off between the coefficient of the log % factor and the expected regret is optimal for all choices
of ¢; = Q(4/T/A) by Theorem 17.1 of Lattimore and Szepesvari (2020).

In particular, setting ¢; = o+/1/A yields a distributional bound of (’)(\/ﬁ log %) and an ex-
pected bound of O(\/ﬁ ), without any logarithmic factors in A or 7T". The expected regret bound
is minimax-optimal up to only constant factors, and the distributional bound is optimal given this
expected bound. To the best of our knowledge, these rates are the tightest possible for MAB (up to
constant factors). The existence of an algorithm achieving them was conjectured based on the lower
bound in Lattimore and Szepesvari (2020, Section 17.1) but had not been established. To the best
of our knowledge, this is the first result to attain these bounds, thereby confirming that conjecture.

C2.t
VN~
bound when used together with a proper confidence bound. To specify co;, we first define the

following concept.

The next theorem shows how type bonus term achieves an optimal gap-dependent regret
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Definition 5 (Time-uniform UCB) A function u(t,d) : R>g x (0,1] — Rxq induces a time-

uniform upper confidence bound (UCB) if P(3t € N,Ja € A : |f!(a) — r(a)| > “(;7:?)) <9

always holds.

While many different functions can induce time-uniform UCBs, we refer to those with asymptot-
ically optimal constants and logarithmic factors as tight time-uniform UCBs; we provide a formal
definition and an example in Appendix C.2. The following theorem considers cp; = u(t,d;) for a
sequence {J; }7°.

Theorem 6 Suppose M € B(o) and u(t, ) induces a time-uniform UCB. For a decreasing se-

quence {0;}72,, set ¢a s = u(t, 8;) and c1; = oo, meaning that the bonus term is u(ti\/’%). Then,

R 1 + u(t, 6))?

egﬁg( 35)§T2(5)/\T+§ gap(a) + E (co,r + u(t, 9)) )
cA cA gap(a)

@ a 7gap(a)§£0

where 75(9) := max{t € N : §; > 0}. If u(t,0) is tight and & is appropriately decreasing, e.g.,

_ . E RegAlg(T) o2
8¢ = (tlogt)~!, we have lim supy_, [ s ] < ZaeA,gap(a#U 7ga2p(a).

Discussion of Theorem 6. Theorem 6 shows how co; governs the gap-dependent distributional
regret, exhibiting behavior different from that of ¢; ;. When co; < u(t,0) (i.e., for the first 75(¢)
time steps), no non-trivial guarantee is provided. After co; passes the threshold, the bound increases
with ) C%,t /gap(a), showing a more discrete behavior than the case of ¢ ;.

The sequence {d;}; can be understood as an intermediate parameter that balances ¢z ¢ and 75(9).
Slowly diminishing {d; }+ decreases cz; but increases 72(J), and vice versa. For instance, setting
5y = (tlogt)~! yields the tightest constant factor in the asymptotic regret, but results in a super-
linear dependence on % as 72(0) ~ % log %. If we accelerate the decay as d; = ¢t~ for some p > 1,

1
then we obtain smaller 72(d) = (1/6)#, but the total regret scales linearly in p. Considering J; =

1
exp(—t?) for some B > 0 achieves a poly-logarithmic dependence on § as 75 (8) = O((log(1/6))7)
but the total regret scales with T8, This is consistent with the result of Simchi-Levi et al. (2023a),
where they show that this order of trade-off is optimal.

Remark 7 Theorem 6 states that a UCB algorithm with any tight time-uniform UCB and properly
decreasing failure probabilities achieves the asymptotically optimal regret bound of Lai and Robbins
(1985), which may be of independent interest. Refer to Appendix C.2 for the exact conditions.

6.2. Distributional Regret Bounds for Reinforcement Learning

In this section, we provide distributional regret bounds for EQO+ with arbitrary input in the RL
setting, which naturally applies also to MAB due to our unified framework. The proofs of the
theorems are provided in Appendix D. Let £(9) := log CHS‘?# denote certain logarithmic factor
with an absolute constant ¢, where the dependence on 0 is emphasized. We define a quantity ()

that is analogous to 75(¢d) in Theorem 6. For § € (0, 1], let

k(8) := max {k EN:epy < (2(/I3Weg V 2Va)l(8) or o < (amax + M) z(a)} .

C1,k
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x(0) is the number of episodes where the parameters ¢ j, and ¢, are too small to provide guaran-
tees. Such a term is unavoidable since for any fixed input parameters and K, we can take § small
enough to invalidate the analysis; note that the thresholds in the definition go to infinity as § — 0.

We provide gap-independent and gap-dependent bounds for EQO+ under arbitrary positive, non-
decreasing input sequences {cy  } 3>, and {c2 1 }72 ;.

Theorem 8 Forany K € Nand § € (0, 1], the distributional regret of Alg satisfies
Reg9(K, 8) < Vinax(k(8) A K) + (161, SAlog K H)) A <16\/§CQ7K\/HSAK)

K
18W*£(d
+ > 18WHEE) 72VimaxS2AL(6) log 2K H .
k=@l bR
o _ 36W*£(5)
Theorem 9 Define Kgap(8aPpin, ) = max{k € N : ¢, < “-—=}. Forany K € Nand
d € (0, 1], the distributional regret of Alg satisfies

6461’[( >

4096¢2
Alg 2,K
Reg) 4 (K,0) < Vinax(k(0) A K) + E ( ) A (6461’K log gap(s, a)V—gaII’;"in

8aPmin
(s,a)eSxA gap(s’ CL) v H
Kgap(gapmin76)/\

K Laawro(s
3 (6)

. + 288Vinax S2AL(8) log 2K H
1,k

+
k=r(0)+1

Discussion of Theorems 8 and 9. Both bounds involve the minimum of ¢y x-related and co k-
related terms, which arises from the bonus term (¢ x/N) A (¢ 1 /v/N). For most parameter choices
we consider, the ¢; g SAlog K H term is smaller in Theorem 8, whereas the > . ¢3 ;- /gap(s, a)
term is smaller in Theorem 9, dominating their respective bounds. In this sense: we see that Clk
mainly controls the worst-case behavior, while ¢3 ;, mainly controls the instance-dependent behav-
ior, corroborating the presentation of Section 6.1.

In Theorem 8, the parameter c; j balances the sum ) _, (W*£(d)/c; 1) and the term ¢; xS A(log K H),
creating a trade-off parallel to Theorem 4. We expect this trade-off to be optimal up to logarithmic
factors, considering that certain MDP instances behave analogous to MAB instances with S A ac-
tions (Domingues et al., 2021). In addition, setting ¢y, = O (Vinax/k/(SA)) yields the minimax
optimal regret bound of O(Vinax V' SAK) (see Corollary 11).

The parameter c3 j, affects both bounds in a manner analogous to Theorem 6, where its growth rate
balances the -dependence in x(¢) and the overall distributional regret bound.

In Theorem 9, the sum ), W*¢(J)/c; 1, appears, which might seem problematic as it scales with
\/E when c¢1 ;= @k(\/ﬁ) We show that the summand stops affecting the order of the distribu-
tional regret bound once W*£(8)/c; . < gap,i holds, implying that the sum becomes independent

of K. When ¢y, = @k(\/ﬁ), this sum scales moderately with gapl — (see Corollary 12).

Remark 10 The condition that {cy 1 }72, and {ca 1}, be increasing can be easily relaxed by
redefining r(0) accordingly and by replacing c; i and c i in the bounds with maXye(] €1,k and
maxge(k] C2,k respectively. Then, the bounds apply to arbitrary positive input parameters.
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6.3. Corollaries for Specific Parameter Choices

In this section, we propose exemplary parameter choices and present the resulting bounds. Full
versions of the corollaries and their proofs are presented in Appendix E.

We let M be a set of MDPs with the time horizon H, S states, A actions, and Vj,.x as the range of
the value function, and that further satisty W* < 2V2_ and V,, < 2V;,.x. M includes MDPs with

max

Vinax-bounded reward or o-2-sub-Guassian reward noise with 02 H < 2V2__.

First, we present a standard choice of ¢1 j; & Vinaxy/k/(SA) with logarithmic factors.

Corollary 11 Sef c1 j, = ¢1 Vinax % for some constant c1 > 0 and co ), = 0. Then,

sup Reghf (K, 0) <

36 log % 36
MeM

—% _ + — 48 Vipax VK SAL(1) log KH
c1log HSA + cl + Cl’k> \/ (1) log

+ T2Vimax S?AL(6) log 2K H .

)]

The expected regret is bounded as

sup ERegh?(K)] = O(Viaxv/SAK (log K ) (log HSA(log K)
S

+ VinaxS2 A(log K H) (log HS A(log K))) .

Furthermore, if K is known and c1 , = ¢1Vimaxy/ %, then the log HS A(log K) factor in the
square root reduces to log HS A.

This distributional regret bound achieves the minimax optimal 0] (Vinax V' SAK) bound, while
simultaneously achieving a linear dependence on log %. The logarithmic factor in the leading term of
the expected bound is \/(log K H)(log HS A(log K)), where the /log log K factor can be removed
when K is known. To the best of our knowledge, this v/log K-dependence is the sharpest among
the minimax optimal RL algorithms.

The next corollary shows that we can combine Hoeffding’s bound in addition to Corollary 11.

Corollary 12 Assume that Urznax < 2Vn21ax, and set ¢ = ¢1Viax % for some constant

c1 > 0and ¢y, = c2Vinax/1og 32H S Ak for some constant co > 2. Then, we have

2172
Regﬁg([(v 5) = Vmax exp <O <cl2 10g 1>> + 0O Z CQVmaX log HSAK
2

838Pmin
’ (s,a)eSxA gap(s,a) vV o
V2 SA(log KH)(£(6>)2 ;
max maxS- A(log KH ‘
+ 0O < c%gapmin(log HSA) + VinaxS* A(log )0(0)

The worst-case bound is the sum of the bound in Eq. (1) and exp(O(c; *1log(1/5))) term.

Corollary 12 shows an interesting result: by taking the minimum of the bonus terms of EQO (Lee
and Oh, 2025) and UCBVI-CH (Azar et al., 2017), one can achieve both minimax optimal and

10
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instance-dependent log K regret bounds. As a trade-off, the distributional bound grows polyno-
mially in 1/, which is consistent with Theorem 6. We note that the orders of Vj,.x, log K, and
gap(s, a) match the lower bound of Proposition 2.2 in Simchowitz and Jamieson (2019).

The O (V"Q‘HQXSA(IOg KH)(e(é))Q) term comes from the sum of 42 terms, where the log K factor

18P min (log HSA) C1,k

can be improved to K-independent logarithmic factors. Compared to the bound of Simchi-Levi
et al. (2023a), we improve the gap;fn dependence to gap;liln. Despite this, this term may still ap-
pear large and could potentially be the leading term. We show that the gap,,,;,, dependence can be
improved for MDPs with specific structures in Appendix D.4.

We also consider the parameter choice by Simchi-Levi et al. (2023a).

Corollary 13 Let ¢4 > 0,c0 > 0, a € [%,1] and 0 < B < « be constants. Set cij =

clvmax(s%‘)a and ¢y ), = coV'kP. Then, we have
1

~ 1\7 1
sup Reg']?/l[g(K, d) = Ok <log > + K" %log = + K® A KB+3 and
MeM ) 1)

1 1, 1 s
Alg ~ 1\ 5 1 a 1\« K
Reg? (K, 6) = O log og =)+ :
er (:0) = Orcigo << % 5) i <gapmm> <Og 5) T2 gap(s,a) v

The hyper-parameters o and 3 provide control over the trade-offs between different types of
regret bounds we have discussed. « balances the coefficient of log% and the expected regret
bound in the gap-independent case, whereas 3 controls the orders of the log% factor and the
instance-dependent regret. When restricted to the MAB setting, our results achieve the same or-
der of the gap-independent bound as Simchi-Levi et al. (2023a) while improving the gap-dependent

1 1
)o factor to (gap

bound. Specifically, we improve the previous ( )é_l, and eliminate a

8aPmin min

O((log 1) >, m) term. A more detailed comparison with Simchi-Levi et al. (2023a) and
Khodadadian and Moharrami (2025) is provided in Appendix F.

7. Proof Sketch

In this section, we provide a sketch of the proof of Theorems 8 and 9. At the end of the section, we
additionally sketch the technique used in Theorem 4 for the tightest logarithmic factors.

The main challenge in deriving distributional regret bounds is to remove the 6-dependence in

the algorithm while maintaining the high-probability guarantees. Standard UCB-based analyses
are invalidated since confidence bounds require specified failure probabilities. In Theorem 6, we
proposed a novel method of using decreasing failure probabilities and considering the corresponding
warm-up time. While this technique provides optimal trade-offs between the j-dependence and the
instance-dependent regret bound in some regimes, we require additional techniques to obtain the
optimal trade-off for the minimax regret bound. To this end, we combine and extend the quasi-
optimism analysis by Lee and Oh (2025), where quasi-optimism means that the value estimates are
almost optimistic, allowing for potential underestimation.
We fix 6 € (0,1] and set a good event £(d) whose probability is at least 1 — §. We do not make
any guarantees for the first x(J) episodes of warm-up time, incurring regret of at most Viyaxr(0).
For k > k(6), the input parameters c; ;, and ¢y ;, become large enough to serve as (quasi-)optimistic
bonus terms. Specifically, we have the following lemma.

11
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Lemma 14 (Quasi-optimism (informal)) Under (), the value estimate V¥ (s) computed in Al-
gorithm 1 satisfies V¥ (s) — V¥ (s) < W Z(é forallh € [H]|, s € S, and k > k().

Lemma 14 is the main tool that allows us to use J-independent bonus terms while maintaining
high-probability guarantees. Instead of guaranteeing overestimation of the algorithm as in the usual
optimism-based analyses, it provides a distributional bound on the amount of potential underesti-
mation of the given bonus terms. We note that the quasi-optimism analysis in Lee and Oh (2025,
Lemma 2) only applies to a fixed value of § since their bonus term depends on it, whereas our
result holds simultaneously for all § € (0, 1], which is an important distinction for deriving the
distributional regret bounds. In addition, our analysis improves the scaling of the underestimation
from V2., /c1 . to W* /¢y i, showing that a smaller variance of an MDP automatically leads to less
underestimation. Due to our unified framework, it is immediately derived that it may also scale with
o2 H when the reward noise is o2-sub-Gaussian.

For Theorem 8, the remaining steps of bounding V¥ (s%) — V[ * (31) follow standard techniques.
We bound the regret of one episode by V;*(sh) — Vi (sh) < T4 4 7k (sk), where UF(s) =

~  CiLk
Er(|s,=s) [Ef:h bk(sj, aj;) + frjj‘(’;isi(;] We also derive a useful tool for bounding the expected

visit counts by the visit counts of the sampled trajectory, which is a generalization of Lemma 15 in
Lee and Oh (2025).

Lemma 15 Let {X }lf}hh be a sequence of non-negative random variables adapted to a filtra-
tion {Ff}in Let ¢ > 0 be a constant. Recursively define {J\}p as Jf. ., = 0 and JF =
(XF+E[JE, | Ff]) Acforallk € Nand h € [H]. Then, for any § € (0,1], it holds that
Zszl JF<2 Ziil Zle X,’f + 6¢log %for all K € N with probability at least 1 — 4.

We bound Y, UF(s}) by taking X} ~ bF(sF, af) + X;?C?"i;%(k; which yields Theorem 8.

The remaining steps for the proof of Theorem 9 are more subtle. We incorporate the clipping
framework of Simchowitz and Jamieson (2019); Dann et al. (2021) that shows that the bonus term
b* (s, al) may not be added to the regret bound once b*(sf, af) < Jgap,,(sF,af) holds. How-
ever, this framework is designed specifically for optimistic algorithms, so the quasi-optimism term
requires additional attention. The main idea is to show that the quasi-optimism term *f](f) is also

negligible beyond a certain threshold & > «/, where ' should be as small as possible.

One method is to define the minimum non-zero re(g;et Regin 1= Milges rerr, vy (s)— v (s)>0 V1 (8)—
W*e(8
Cl,k
2UF(sF) for k > . While Reg,,;, coincides with gap,;,, in the bandit setting, it may be arbitrarily
smaller than gap,,;, in an MDP when the policy only makes a sub-optimal action at a state that is
reachable with an arbitrarily small probability, hence ' could be arbitrarily large. To address this
issue, we derive a bound that probabilistically adds the quasi-optimism term only when the agent
makes a sub-optimal action. Since the sub-optimality of that action would be at least gap,,;,,, we can

subsume the quasi-optimism term once it goes below % gap,,in- Specifically, defining B as the time
step of the first sub-optimal action, we show that V;*(s1) — Vi* (s1) = Ex Vi(sB) — ng (sB)] <
Ex [2ng (sp)] when %?)
Theorem 9. By carefully éetting X }’f in Lemma 15 to properly capture this property in a way that
depends on the history within the same episode, we derive Theorem 9.

3 3 * 7Tk
< SRegui,. implying Vi*(sh) — Vi (sf) <

~

V™ (s), then let k" be the time step where

< % gapPy,in- This gives rise to the definition of Kgap (6, gap,,;,) in

12
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Proof Sketch of Theorem 4. We additionally provide a sketch of the technique that shaves off
logarithmic factors in Theorem 4. For each a € A, denote the last time step that the action a is
taken by t,. Then, at the ¢,-th time step, we have

o?log 3 c

~ta * 1
+ e (a*) + Nie(a)
C1

Nta(a)’

*
<
T(CL ) - 2cq

o?log %

< + 7' (a) +

201

where the first inequality is due to quasi-optimism and the second inequality is from the action-
selection rule. There is no logarithmic factor of A or T since quasi-optimism only requires the
concentration of the optimal action’s noise and the inequality is time-uniform. We then have

gap(a) < 022121‘%% + ta(a) — r(a) + Niay- If we individually bound 7'(a) — r(a) for each
a € A, we must take the union bound over a € A, which incurs a log A factor. We observe that the
union bound is overly pessimistic here, as it assumes that violations of the confidence bounds are
mutually exclusive for all arms. We avoid this by bounding the sum of noises over a € A\ {a*},
requiring only two concentration inequalities instead of A. Taking the sum of gap(a)N's(a) over

a € A\ {a*}, we have

2Tlog %
Z gap(a)N'(a) < % + 1A+ Z N'a(a)(#'(a) — r(a)) .
acA\{a*} ! acA\{a*}

The last sum represents the sum of reward noises from all time steps with sub-optimal action selec-
tions, excluding the last noise of each action, which is sampled at time step ¢t,. We show that this

sum is bounded by O(y/ AT log %) using concentration results for the total noise from sub-optimal
actions and the noise specifically at the final time steps. Although the latter requires taking the union
bound over all possible such time steps, we show that it does not affect the leading term. Combining
the terms yields the regret bound of Theorem 4.

8. Conclusion

In this paper, we study the distributional properties of regret under the algorithm EQO+. We provide
a distributional regret bound that holds for arbitrary failure probability. We provide very generic
theorems for arbitrary input, which allow us to study the trade-off controlled by the input parameters.
We also propose a framework that unifies the bandit and RL settings. While we achieve optimal
results in the bandit setting, the lack of lower bound results specific to the RL settings leaves an
open question of whether our guarantee is optimal. Extending the work to function approximation
would be interesting future work.

13
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Appendix A. Additional Definitions and Notations

In this section, we define additional notations for the analysis.

We define logarithmic factors ¢1(7,0) := % and l5(k,d) = w

these logarithmic factors, we provide a more precise definitions of x(8) and Kgap(gap, 0).

. Using

k(0) := max {k‘ € N:cpp < (24/13Wiig V2V )l1(1,0) or cop < (O‘max + %M) 0o (k, 5)} :
36W*ly (1, 9) }

Keap(gap, 0) := max{kEN:ch <
gap( ) gap

We let Nf(s,a) :== N*(s,a) + 2?21 ]l{(s?, a;?) = (s,a)}, which is the visit count of (s, a) up to
the h-th time step of the k-th episode. Let n* € [H 4 1] be a stopping time with respect to {f,’f thll
defined as the first time step h within the k-th episode such that N (sf, af) > 2N¥(sF, aF), where
n* = H + 1 if such a time step does not exist. This definition is from Lee and Oh (2025) and is
useful for handling the possibility that one state-action pair may be visited multiple times within an

episode.

A.1. Auxiliary Sequence for Analysis

In this section, we define auxiliary sequences {\;}:2, and {¢;}7°; for the proof that depends on

. . 01 (1,8
{c1,1}32, and §. For most parameter choices we consider, we have ¢, = logk and \,, ~ %

If ¢y , is a fixed constant, then we have ¢, = 1.

Lemma 16 Suppose § € (0,1] and a positive sequence {cy 1 }3>, is given. Then, there exist
sequences {\;}72, and {11 }72 , such that (i) 0 < A\; < V%for alli € N, and (ii) for all k € N with

cir > (24/13Whie vV 2V )01 (1, 6), we have

gl(Lkv 6)
A

4¢ 0
+ 13A, Waigf1(1,6) < e < M 2)

k Lk

Furthermore, if ¢, j, is non-decreasing, then we have v, < k A (3 4+ logy(c1x/c1,1)). For k € N
with c1 g, < (24/13W3ie V 2V )01 (1, 6), we define v, := 1.

40, (z’,é)]
)\.

7

Proof Our goal is to construct { \; }3°; such that the union of ranges U; [%Hwiwgiﬁe (1,9),
covers all ¢y g, with ¢1 > (2,/13W3,¢ V 2V, )01 (1, ). We iteratively choose \; to be the value A

that satisfies M + 13AW},401(1,9) = c1 1, for the least ¢ j, that is not covered by the previous
401 (i—1,)
Ai—1

Ay, which is equivalent to the least ¢y with ¢1 5 > for © > 2. The existence of such

A is guaranteed by Lemma 17. We also have A < % by Lemma 17, which implies

M + 13)\ngff€1(1, 9) < M. Then, the right ends of the intervals %:’6) increase at least

17
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exponentially by the following reasoning:

16(0,8) _, 20(,6)
i T by
SCCLI
L. A(i—1,6)
- Ai—1 ’

where the last inequality holds by the choice of )\;. Hence, for any c;j, there exists i € N
such that ¢y, < M, and by the construction of );, the least such ¢ also satisfies 615\71@ +
13AW3,501(1,6) < c1 k. By setting 1, = 4, Eq. (2) is satisfied.

Now, suppose ci i, is non-decreasing. Since each range covered by \; covers at least one c; , we

obtain ¢, < k. Also, the fact that M increases exponentially implies ¢, < 3 + logy(cx/c1).

(3

Formally, let () + 1 be the least & € N that satisfies ¢y, > (2,/13W3,¢ Vv 2V,,)¢1(1,0). Then,
for k > k(0), we have

CLp > fl(bk,(;) > 2%71 ) 61(1,5)
’ Ak A1
_ 2Lk_3 . 4£1(17(5)

A1
-3
> 270C (8)41 -

The inequality above implies that ¢, < 3+1ogy(c1,k/¢1 k(5)+1) < 3+loga(c1k/c1,1). Fork < k(6),
we have 1, =1 < 3 +1logy(c1i/c1,1). [

Lemma 17 For giveni € N, § € (0,1], and ¢ > (2,/13W},5 V 2V )l1(1,6), there exists X such

that 0 < A < g Ay [ty and 252 + 1AW (1,0) = c.

Proof The proof is simply using that f(\) := M + 13AWY,441 (7, 9) is continuous.

Take v := VL A W%. From v < %, we have 137W3.5¢1(1,6) < gl%’ﬁ),
and hence f(7y) < M Then, we have.
201(3,6 13W*. 01(1,6
f(y) < 1(7“ ) < (2Va V2 W) 01(i,0) < (2Va V 24/13WH )64(i, 0) .

Since lim)_,o f(y) = oo and f is continuous, the intermediate value theorem implies that for any
c > (2Vy V2, /13W5,5)01 (i, 6), there exists A € (0,] such that f(\) = c. [ |
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A.2. Properties of Maximums and Minimums

In this paper, we frequently do operations with maximum and minimum over values. We state the
following facts in case the readers find some steps in the proof non-trivial. When ambiguous, we
assume that the priorities of the A and V operators are in between addition and multiplication. For
example, we have a A b + ¢ = min{a, b} + c and ab V ¢ = max{ab, c}.

Fact1 For real numbers a,b, c,d, and a non-negative real number x, the followings are true:
(i) (anb)+(cAd)<(aNc)N(bAA).
(i) (a+c)V(b+d) <(aVb)+ (cVd).
(iii) (a+c)AN(b+d) <(aVbd)+(cANd) <(a+c)V (b+d)
(iv) (a+x)ANb<aAb+z.
(v) (a+z)Vb<aVb+uw.
(vi) aNb—x < (a—xz)Nb.
(vii) aVb—x < (a—x)Vb.

(viii) (aANb)Ve=(aVe)A(bVe).

Appendix B. Derivation of Table 1

In this section, we show how the values in Table 1 can be derived.

Bounded reward 0 < R, < Vija.x: We define Rp(sp,ap) as the distribution of R, given
Sh, ap, which may depend on the history. For given (s,a) € S x A, the random variable R;, +
Vi (s") with Ry, ~ Ry(s,a) and s ~ P(s,a) lies in [0, 2Vi,ax]. By Lemma 50, Ry + Vi', (')
is (2 Var(Rp, + Vj71)(8, @), 2Vimax)-sub-exponential. W;e < W* is trivial, so it remains to prove
W < 2V2, . Forany h € [H], s € S, and 7 € II, we have

max

M H
Wi(s)= E | > Var(R;+Vji)(s),a5)
j=h

7(-|sn=5)
W
= E E  [(Rj+Viu) =  E  [Ri+ V(s
7(|sh=s) ]z::h Ri~R(sj.a;) 7 Ri~R(sj.a;) o
L s'~P(s;,a;) s'~P(s;,a;)
Iz H
= E DR+ V(s =D (Q5(s5,a5))
m(-|sp=s) j=h j=h
¥z
= E D ((Rj+Viulsir)? = (Qa(si1,001)%) | = E - [(Qnlsnran))?]

7(-|sp=5) 7(-|sn=5)

<
Il
=
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where the third equality uses the law of total expectation and that Q7 (s;, a;j) = Er,~R(s;.a;) [Fj +
s'~P(sj,a;)

V% 1(s")]. The summand can be modified as follows:
W('|E:S) (2 + Vj*—H(Sj+1))2 — (@1 (8541, aj+1))2]
- 7r(-Igﬁs) [(Rj + Vi (s41) + Q4 (8541, aj1+1)) (R + Vi (s541) — Qi1 (85415 aj41))]
< E, [3Vimax(Rj + Vi (s741) — Q1 (8541, aj41))]
- W(,E:s) [3Vinax(Q5 (55, a5) — Q11 (sj41,a511))]

where the inequality holds since 0 < R; + j11(5j+1) + Q;H(Sjﬂ, aj41) < 3Vimax and R; +
Via(sir) = @5a1(8j41,a541) = Ry + Q41 (841, a541) — Qf1(8j+1,aj41) > 0. Taking the

sum of Fr (.|, ) [SVmaX(Q;—(sj, aj) — QF1(sj+1, aj+1))] and telescoping yields

H
Wis)< B | 3Vamax(Qj(s5,05) = Qiya(sjr1,a41)) | = B [(Qnlsnan))?]
m(lsn=s) |52, 7(-|sh=s)
= (‘IE | [3Vinax@% (sh, an) — (Qn(sh, an))?]
T\ |Sh=S8
< 2Viiax

where the last inequality holds due to that 3Vjacz — 22 < 2V;2, for all # € [0, Vipax].

Sub-Gaussian reward noise: If R}, is o2-sub-Gaussian and is independent of sp1, then for

any \ € [—ﬁax, ﬁax], we have

EsyanlexpA(Bp + Vi (sn41)))] = Esy 0, [exp(ARR)|Es), 01, [exp(AVi 1 (s41))]

>‘202 2 *
< exp 5 exp ()\ Var(Vy', 1) (sn, ah))

A2 .
= €xXp (2 (02 + 2V&I’(Vh+1)(5h, ah))) )

where the first equality uses independence, and the following inequality uses the sub-Gaussianity of
Ry, and Lemma 50. Therefore, we have that Ry, +V}7, | (sp11) is (\/02 + 2 Var(Vy, ;) (sh, an), Vmax) -
sub-exponential. Then, the total variance proxy function is bounded as

H 52
Wi(s)= E Z<2+Var<vj‘;1)(5j,aj)>

w(lsn=s) |

02 H—-h+1 = *
- B [ e
TUISh=8) | i=p
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The expected sum is bounded similarly to the first case.

H

ZVar Vi) (s),a5)

(|Sh S j=h

H H
= E Z( ir1(si41)) Z T (s),a5) )?
(lon=s) | =
[ "
= E D (Vi (si)” = (PVia(s5,00))) | = (Vi (sm)?

3
—~
»
>

I
)
N
<
I
>

I
Mm

(V*(SJ) +PV+1(S]7CL.7))(V] (sj) — PV+1(S]’CL])) - (V;(Sh))Q

—~
w»
>
|
»
N
<.
Il
>

A
=
M=

2Vinax(V}'(55) = PV (s5,05)) | = (Vi (sn))?

w(Jsn=s)

.

= 2VmaXVh (sn
<V?

max ?

= (Vi (sn))?

Il
\_/D“

where we use that V" (s;) — PV} (sj,a;) > Qj(sj,a}) — PV]H(sj,aj) = r(sj,a;) > 0, where
r(s,a) > 0 is guaranteed by Assumption 1 since r(s,a) = VH (s) > 0 for a policy 7" with
h(s) = a. We have derived that U0 < yym(g) < CULRED y y2
W < ZH 4 V2 and Wi < V2

max max*

Sub- GauSSIan noise MAB: The proof follows directly from the definitions.

hence we have

Appendix C. Proof of Bandit Theorems in Section 6.1

In this section, we provide a bandit version of EQO+ in Algorithm 2 and prove formal versions of
Theorems 4 and 6.

C.1. Proof of Theorem 4
We present a formal version of Theorem 4.

Theorem 18 (Restatement of Theorem 4) Suppose M € B(o). Take c¢1 4 = ¢1 and ¢z = oo for
all t € N for some constant c¢; > 0. Then, we have

2 4
Alg g Tlogg 4
Reg; (T,6) < 2o +c(A-1) +a\/ATlogg + E gap(a)

acA

In particular, when c; = 0\/% the distributional regret is bounded as

1 4e? 4
Regﬂg(T, 5) < 5g\/ﬁlog % + 01/ AT log 5+ Z gap(a)

acA
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Algorithm 2 EQO+ for bandits

Input: {(ci 5, c2%) 7,

fort=1,2,...,Ado
‘ Take ¢-th action in A

end

fort=A+1,A+2,...,do
Nt(a) + Y'-{1{a; = a} foralla € A
#(a) ¢ yigy Lizi Ril{a; = a} foralla € A
()  (F55) A ( j\";j@) forall a € A
a < argmax,e 4 7' (a) + bt (a)
Take action a; and observe reward R;

end

and the expected regret bound is bounded as

E[Regﬂg(T)] < 40V AT + Z gap(a) .

acA
2 4
Remark 19 In Theorem 4, we further bounded o/ AT log% < Z :gi?g & 4 % using the AM-

GM inequality for a simpler form. We note that o/ AT log % can be tightened to o/2T log % +
0\/ A?log % + Alog %, although the order of the bound does not change.

The high-probability event we impose is a union of three concentration inequalities, where we
take a novel approach to avoid incurring a log A or log T factor.

Lemma 20 Define & (g) as the event that

2 4
< log 5 c1 .
- 2 Nt(a*)

holds for all t € N. Then, ]P’(él(g)) >1-

S

Proof Let { R} }; be the sequence of sampled rewards from the optimal action. We apply Lemma 48

4
to {R}}; with A = % and obtain that with probability at least 1 — g, the following inequality
holds for all n € N:

- o?nlog 4

S (r(a”) - Ry < 280 ey

5 C1

=1
Dividing both sides by n and plugging in n = N%(a*) completes the proof. |
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Lemma 21 For fixed T € N, define éQ(g) as the event that

T
* 4
> 1{ar # a*HRy — r(ar)) < 0y /2T log 5

t=1
Then, P(5(8)) > 1 - 3.

Proof We apply Lemma 49 to X; = 1{a; # a*}(Ry — r(ay)). [ |

Lemma 22 For fixed T € N, define 5'3(%) as the event that

4
Z(T(at) —Ry) < Um.

teT

holds for all subsets T C [T. Then, P(é’g(%)) >1- g

Proof For a fixed set 7, we apply Lemma 49 and obtain that

2
> (r(ar) = Ry) < /| T log 5

teT

holds with probability at least 1 — g. We take the union bound over all 7, where there are at most

2T subsets. Then, the logarithm term is bounded as log 2%2 < Tlog %, which completes the proof.

Proof [Proof of Theorem 18] For each a € A, let t(a) € [T be the last time step the action a is
taken, so that a;,) = a and NTH(a) = N 4+ 1. Assuming t(a) > A, the following inequality
must have held for the agent to take action a:

A g 4 L

t(a) (. * 1
P (a”) + NU@ (g*) = Nt@(q)

~ 2 4
Under &1(3), we have r(a”) — #(0)(a*) < T5285 4 8,

which implies that

o?log % 1(a)

* 1
e + Y (a*) +

)+ N ok

2 4
c1 o“log 5 4 ptla)(

) <
T(a ) Nt(a)(a*) — 261

Subtracting both sides by 7(a), we obtain that

o?log % c1
2¢; NUa)(a)

gap(a) < + (7 —r)(a).

We multiply both sides by N*(®)(qa).

a 4
02N (a) log 5
201

o2 N9 (q) log 3 Ha) !
= 5] +e+ ; 1{a; = a}(R, — r(a)).

gap(a)N"(a) +e1 4 (#1 — 1) (@) N (a)
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Note that this inequality also holds when ¢(a) < A, since it implies that the action a is taken only
once and hence N*(%) (a) = 0. Taking the sum over a € A\ {a*}, we obtain that

2 4

acA\{a*}

T
ter(A=1)+> Way # at # tlar) }(Re — r(ar)),
t=1

261

where we use that ) Afary NV @) (q) < T. We bound the last sum as follows:

T
> Uar # a*,t # tan) }(Re — r(ar)

t=1

T
Z Har # a"HRe — r(ar)) — > (Re — r(ar))
t=1 te{t(a)lacA\{a*}}

4 4
ga\/ZTlogg—i-a (A—l)Tlogg
4
< 201/ATlogg,

where the first inequality holds under &(g) and é’g(g). Therefore, under an event whose probability
is at least 1 — &, we have

Reghf(T) = > gap(a)N"*(a)

acA\{a*}
= Y eap(@(N(a) + 1)
acA\{a*}
2T log 4
< 24 _
S Ty +a(A-1)+ 201/ATlog + Z gap(a

acA

C.2. Proof of Theorem 6

Recall that we defined a time-uniform UCB as a function u(¢, §) : R>o x (0, 1] — R that satisfies

IP’(EIt>A.|T(a) (a)] > Nt(@))gé

A sensible concentration inequality would yield a form of u(¢,0) = a\/ f(t)log 3 + g(t) for some

real-valued functions f(¢) and g(t), where we omit dependence on A. We will say u(¢, d) is (asymp-
totically) right if we have lim;_,o f(t) = 2 and lim;_, % = 0, which is tight in the sense of
meeting the lower bound of Lai and Robbins (1985) by the following theorem. An example of such

a concentration inequality is provided in Lemma 23.
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Lemma 23 The following function u(t,d) is a tight time-uniform UCB:

1 1
u(t, §) g\/Q <1+10g(1+t)> (log6+logA+6 oglog(1 + )+8)

Proof Apply Lemma 54 with n = m
it holds that for all ¢t € N,

‘ft(a) —r(a)|

. Then, for fixed a € A, with probability at least 1 — 9,

< 0\/2 (1 + @) <log(1s +log4 (2 + loglog(1 +t))* (1 + 2e(log(1 + t))(log Nt(a)))z) .

We bound log N*(a) < log(1 + t). We further modify the logarithmic term as follows:
log 4 (2 + loglog(1 4 t))? (1 + 2e(log(1 +t))(log Nt(a)))2
< log4 + 21log(2 4 loglog(1 + t)) + 2log(1 + 2e(log(1 + t))?).
For the second term, we use log(1 + x) < x and bound
2log(2 + loglog(1 +t)) < 2(1 4+ loglog(1 +1)).

For the third term, we have

21og(1 + 2e(log(1 +1))?) < 2log <((10ng)2 + 26) (log(1 + t))2)

< 4loglog(1l+1t)+ 2log8.

Taking the sum of three terms, the logarithmic term is upper bounded by 6 log log ¢ + 8. By taking
the union bound over a € A, we incur an additional log A factor and fully recover u(t, ).

We have shown that u(t, d) is a time-uniform UCB, and the fact that it is tight follows from direct
computation. |

Theorem 24 (Formal extension of Theorem 6) Suppose M € B(c). Suppose u(t,d) is a time-
uniform UCB. For any decreasing sequence 0y, let 1y = oo and cay = u(t, ;) for all t € N Let
T2(0) = argmax,cy 0t > 0. Then, we have

E ‘ T,5))?
Regf\\/}g(Tv 5) <1(d) AT+ gap(a) + E : (CQ,T + u( )) .
gap(a)#0 gap(a)#£0

Ifu(t, ) admits a form of o \/ f(t)log % + g(t) for some functions f and g, then the expected regret
is bounded as

T _ 2
E[Regyf (T)] < 2 or + Z gap(a) + Z (car +u(T,eh)) .
=1 aeA =y gap(a)

gap(a)#0
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Furthermore, if 5 = o(t™') and 6, = w(t=?) forall o > 1, e.g., §; = (tlogt)™L, and if u(t,d) is
tight, then we have

Alg 2
R T 2
T logT = sap(a)
gap(a)#0

Proof Fix § € (0, 1] and assume the event that |#!(a) — r(a)| < “](5’:?) holds for all a € A and
a

t € N, whose probability is at least 1 — 9 by the definition of time-uniform UCB. Suppose ¢t > 72(d),
which implies § > ¢; and consequently ¢+ > u(t,d). Then, the UCB estimate of the optimal arm
is at least its true mean as

u(t, o) -
/Nt(a*) ~

Hence, for a sub-optimal arm a to be taken, it must satisfy

ft(a*) C2t

r(a*) < #(a*) +

Cat

v/ Nt(a*)

Cat

/N

r(a*) < #(a*) + < #(a)

Subtracting 7(a) from both sides, we have

gap(a) =r(a*) —r(a)
(a) —r(a ot
<) rla) + i
U(t,&) 627t

= N | N@

This inequality implies that if an action a € A is taken at a time step ¢ > 72(0), then it satisfies
t (u(t,8)+ca,e)?
N'(a) < gap(a)?

have either t(a) < 72(5) or N"®) < % Noting that N4®)(a) + 1 = NT*!(a) by the

. Fix T and denote the last time step an action a is taken by ¢(a). Then, we

definition of ¢(a), we have that

Reghf (T,0) = > gap(a)NT(a)
acA

gap(a)7#0
= > wap@N @)+ Y gap(@)NT(a)
acA acA
gap(a)70 gap(a)7#0
Ha)<r2(9) t(a)>72(6)
T,5))?
SHONYIESEY <gap(a)+ (c2,r + u(T9)) >
acA gap(a)
gap(a)#0
t(a)>72(6)
T,5))?
<7m(0) AT+ gap(a) + Y (cor +u(T’9))"
acA acA ga‘p(a)

gap(a)#0
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This proves the first part of the lemma.

The second part of the lemma is simply taking the integral of the first bound with respect to ¢. First,
note that (72(0) /\T) (2(O) AN (T'—1)) = 1{m2(d) > T} = 1{07 > 0}. Integrating this indicator
function, we have fo 1{6r > ¢} dd = 7, and hence we obtain that

1 T
/ AT =) 6.
0 t=1

To integrate (co. 7 + u(T, §))?, we expand it as follows:

1 1
/ (o7 + u(T, §))2ds = / C%T + 2¢o ru(T, 6) + (u(T, )2 ds .
0 0

Using that u(7', ) = 0\/f(T) log § + g(T'), we have

/Ol(u(T, §))2dé = /01 o? <f(T) 10g% + g(T)> ds

= o (f(T) +¢(T))
= (u(T7 671))27

where we use that fol log % dd = 1. We also have

/ T5d6<\// u(T, 6))?do
0

<u(T,e ),

where we use the Cauchy-Schwarz inequality for the first inequality. Therefore, we obtain that

1
/ (co.r +u(T,0))*ds < &5 p + 2coru(T, e ) + (u(T,e))?
0

= (cor +u(T,e )%

This proves the second part of the lemma.
For the last part, §; = o(t~1) implies that limy_, @ Zthl 0; = 0. By the condition of tight-

w(Tye )
logT

ness, we have limp_ oo = 0. The condition ¢; = w(t~%) for all @« > 1 implies that

log
lim7 00 45 g‘ST = 1, which implies that

L de o ((D)los + (D)
T—)oop log T T—>oop log T
=207,
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We note that the limits of ¢ 7 and (7', §) imply that lim7_, %(;’6) = 202 .0 = 0. Therefore,
we conclude that
Alg
R T
lim sup 7[ enm ()]
T—o0 IOg r
d 2
< lim sup 0 + gap(a) + cor +u(T,e !
msu ogT@ Lsw@t >, oy (artule™)
gap(a)#0
C% T
= lim sup :
Too l0gT anA gap(a)
gap(a)#0
-
= eap(a)
gap(a)#0

Appendix D. Proof of RL Theorems in Section 6.2

In this section, we prove Theorems 8 and 9. In Appendix D.1, we provide and prove high-probability
events that constitute £(J), which is the event that the distributional regret bounds hold. In Ap-
pendix D.2, we provide general properties of EQO+, including the quasi-optimism lemma (Lemma 31,
the formal version of Lemma 14) and its proof. In Appendix D.3, we state and prove Theorem 34,
which is the formal version of Theorem 8. In Appendix D.4, we state and prove Theorem 37, which
is the formal version of Theorem 9.

D.1. High-probability Events

In this section, we provide high-probability events under which the analysis is conducted. In Ap-
pendix D.1.1, we define the events and provide lemmas that state these events occur with high
probabilities. The proofs of those lemmas are provided in Appendices D.1.2-D.1.4.

D.1.1. DEFINITION OF EVENTS

Lemma 25 Define Sl(g) as the event that

fk(s, a) + PkV,fH(s, a) — Q41 (s, a)’ A Vinax

< A 0o (B s, a) 01 (g, ) lo(k,6)

N Omax
- 2 A, NE(s,a) Tma Nk(s,a)

holds for all h € [H], (s,a) € S X A, and k € N. Then, we have P(El(g)) >1-—

I

The proof is presented in Appendix D.1.2.
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Lemma 26 Define 82(%) as the event that

~ * 1 * 2
P+~ P) <2Wf; R S -~ ><s,a>
oW ( +1, )

13W5401(1,0) A 3Wihig | la(k,0)

<
- NE(s,a) 2 Nk(s,a)

Var(Wiﬁ-l,diff)(sv a) +

2W i

holds for all k € N, h € [H], and (s,a) € S x A. Then, we have P(Eg(g)) >1-

FNISS

The proof is presented in Appendix D.1.3.

Lemma 27 (Lemma 29 in Lee and Oh (2025)) There exists an event 53(%) whose probability is
at least 1 — g such that for all (s,a) € S x A, k € N, and constants c,p > 0, the following
inequality holds for any functions V : S — [—c, | under 53(%):

1 c(p+ 2)Sty(k, 6
(P* — P)V(s,a) < Var(V)(s,) + G Ni)(sjzg ).

Lemma 28 Suppose { X ;]f}kh is a sequence of non-negative random variables adapted to filtration
{FFYip for k € Nand h € [H]. Let ¢ > 0 be a constant and {J}'}i., a sequence of random
variables recursively defined as J JIEI 4+1:=0and

Jk = (X,’j +EJE, | f}f]) Ac
for all k € N and h € [H]. Recall that n* is a stopping time defined in Appendix A. Let

Es({ XY ns e, g) be the event that

k

K K n®-1
16H
§ Jk <2 § : Xk Al
1 < h + 6cSAlog 5
k=1 K=1 h=1

holds for all K € N. Then, P(Es({XF}in,c,2)) > 1 - 8.
The proof is presented in Appendix D.1.4.

D.1.2. PROOF OF LEMMA 25

Proof [Proof of Lemma 25] Fix (h,s,a) € [H] x S x Aand &' € (0,1]. Let {(R’, s/)}; be the
sequence of the observed reward and next state pairs when (s, a) is selected. By Assumption 2,
{(R7 + Vi (s7) — Q1 (s,a)}; is (0exp(h, 5, a), Vi )-sub-exponential conditioned on the previous
observations. For fixed ¢ € N, the following inequality holds for all n € N with probability at least
1-— % by Lemma 48:

n Nio2 (h,s,a)n 1 42

Z (R + Vi (s7) = Qhya(s,0)) | < % Y log 5
j=1 ’
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Taking the union bound and using that > >°; # < 1, the inequality above holds for all : € N with
probability at least 1 — §’. By Lemma 52, the following inequality also holds for all n € N with
probability at least 1 — ¢§':

' j A(log e2n,)2
(R] t v};k+1(8j) - Q;kl-‘rl(‘s? a’)) A anaX S Umax\/n IOg (Og(;n)

1

n
]:
Then, with probability at least 1 — 24, the following inequality holds for all i € N and n € N:

n

ST (R 4 Vi (87) — Qi (5,0)) | A nVina

j=1
Xiogp(hys,a)n 1 442 4(log e2n)?
< (2+/\ilog5/ A Omax nlogT
Aoz (hy s, a)n 1. 442 4(log e2n)?
§2+()\ilog5/)/\amax nlogT,

. . XioZ . (h,s,a)n e g . . .
where the last inequality uses that P > 0. Dividing both sides by n, plugging in n =
Nk di = d notine that 1 N¥(s,a) R] _ 2k d 1 N*(s,a) Vi j

(s,a) and i = 1, and noting tha N (sa) ijl = 7"(s,a) an N (s.0) ZFl e (87)

ka,jH(s, a), we have

fk(& CL) + kai;k+1(57 a’) - Q;+1(87 a)‘ A Vmax

- A Oop(hy s, a) . 1 : 41,2 . logw
o o .
- 2 A, NE(s,a) &y e Nk(s,a)
The proof is completed by bounding log N* (s, a) < log kH, taking the union bound over (h, 5, a) €
[H] x S x A, and plugging in ¢’ = ﬁ. [ |

D.1.3. PROOF OF LEMMA 26
Proof [Proof of Lemma 26] Fix (h,s,a) € [H] x S x A and ¢’ € (0,1]. For simplicity, we
* * 2 *
define W (s') :=2W7, ig(s') — ﬁ <W}7Lr+1’diﬁ) (s) for s € S. First, note that W[, (s') =
Wity i (87) + WL | i and W, L does not depend on ', so we have
(P* — P) <2W”* ! (W’T* )2) (s, a)
- h+1 7 owux h+1,diff s, a
2W iy 1
~ * ]. * 2 ~ *
k k
= (P = P) (Wi gy (Wivan) ) (50) + (P4 = PV
diff
= (P* -~ P)W(s,a) +0.
Now, we bound (P¥—P)W (s, a) in two ways and take the minimum. Note that by 0 < W;LT+1 ar(s)

W.q, we have 0 < W (s') < % for all s € S. By Hoeffding’s lemma (Lemma 62), W (s') is

30
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(%, 0)-sub-exponential, and by Lemma 52, we have that with probability at least 1 — &', for all
keN,

< 3W3. 1 2(log €2Nk(s,a))?
pPr—p < —diff 1 :
(P = PW(s.a) < 22 V it gy o UEEN

3W 1 2(log e2kH)?
< —diff 1 3

where we bound log ¢ N*(s,a) < log e?kH. Next, we apply Freedman’s inequality. We obtain a
bound on the variance Vary..p(.s,a) (W (s’)) by Lemma 58 as follows:

*

% 1 2
Var W(s')) = Var <2W7r g8 = —=—— (Wl s )
gdih o W) = Yar (2 ain(s) zwgiﬁ( h“vdff) (s

- 1
- S,N}.{?fs,a) (Wh+1,diff(5/) <2 - %Whﬂ,diff(s/)))

* 1 *
<2 V (W” . ’)-22+2W*~2 Vi 2 W (s
=% P V() Bl 2 B et (s)

17 .
9 Ng?fs o) (Wl;T+1,diff(3I))
From Lemma 50, we obtain that W(s") — PW(s,a) is (13 Var(W}f_’;Ldiﬁ)(s,a), S W )-sub-
exponential, where the constant 13 comes from (e — 2) - 2 - g < 13. Applying Lemma 48 with

A= 713‘&1,*. , we have that for all £ € N, the following inequality holds with probability at least
1 _ 6/: diff
. 1 . 13W3 1
k diff
(P = PYW(s.0) < e Var OV ) 50) + Sy 6 o 4)

Taking the minimum over the bounds of Eq. (3) and Eq. (4), and by the union bound, we obtain that
for all k € N, with probability at least 1 — 24’, we have

(P* — PYW(s,a)

1 . 13W* 1 3W* 1 2(log e2kH)?
< T ) SOV diff lo diff 1
— <2W2§1ﬁ‘ Va‘r(Wh—f—Ldlﬁ)(S’ a’) Nk-( ) 6/) 2 Nk(s, a) Og 5/

1 . 13W3 1 3W 1 2(log €2k H )?
< ™ . diff lo diff 1
— QWZIH Var(Wh+1,dlﬂ)(87 a’) + (Nk( ) 6/) /\ 2 ]\[k(s7 a) Og 6/ )

where the last inequality uses that ﬁ Var(W;[jrl aife)(8,@) > 0. The proof is completed by
plugging in §' = 8HSA and taking the union bound over (h, s,a) € [H] x S X A. [ |
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D.1.4. PROOF OF LEMMA 28

Before proving Lemma 28, we present the following lemma. This lemma is a minor generalization
of Lemma 15 in Lee and Oh (2025), based on an observation that its proof holds for any random
variables adapted to {]—}’j }k,n. While the proof directly follows that of Lee and Oh (2025), we
provide it here for completeness.

Lemma 29 (Restatement of Lemma 15) Ler { X }]f}k,h be a sequence of non-negative random vari-
ables adapted to filtration {FF}y . Let ¢ > 0 be a constant. Recursively define {J}'}y, 1 as
Jk 4+1:=0and

Jk = (X,’f +E[JE,, | f}f]) Ac

forall k € N and h € [H)]. Then, for any 6 € (0, 1], the following inequality holds for all K € N
with probability at least 1 — 9.

[\

K K H 9
D oJr<2y Y X+ 6elog .

k=1 k=1h=1

Proof [Proof of Lemma 29] We expand J{“ as follows:

Taking the sum over k£ € [K|, we obtain

K K H K H
SIS XE 40N (Bl | Al - Tha) 5)

k=1 k=1 h=1 k=1h=1

Note that {E[J}", | | F]—JF} s,k is a martingale sequence with a finite range [—c, c]. By Lemma 51

with A = the following inequality holds for all X' € N with probability at least 1 — g:

1
4(e—2)c’

ZZ( [Tk, | Fh - Jhﬂ) SN Varth | FR) +4(e—2)clog 5. (6)

c
k=1h=1 k=1h=1
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By Lemma 55, we have Var(Jj\ ;| FF) < E[(JF, )% | FF] = (JF)? 4 2¢X}:, hence the sum of the
variances is bounded as

M=

>

k=1

Var(Jp,, | Fr)

>
I

="z

IN

M- 1= 11

(BLCTE )2 | FR) = () + 20xF)

>
Il
—

K H
() = G02) + 203 (BLUR? | 7] = () )+zczth

k=1h=1 k=1h=1

H
Z( [(Ihe0)? | Fil = (Thea) )+2622Xh 7

1 h= k=1h=1

e
Il
—

Note that {IE[(J}’ +1)2 | FF - (JF 1) e isa martingale difference sequence with a finite range
[—c?, c?]. Again, by Lemma 51 with A = 8o ) s—>+=, the following inequality holds for all £ € K
with probablhty at least 1 — 5.

K H 1 K H 9
>3 (Bl F - <Jh+1>)STZZVM«J,’W|f;’:>+8<e—2>c21og5.
k=1 h=1

k=1 h=1

(®)

By Lemma 58, we have Var((JF,,)? | FF) < 4¢? Var(JF, | | FF). Combining this bound together
with inequalities (7) and (8), we obtain that

M=
M=

Var(Jr,, | FF)

i

1

i

1

H
Z(E Jh+1 2’]:h] Jh+1 )—l—ZCZZXh

h=1 k=1h=1

I
\H [

K H
2
< g2 2 2 Vel | 7 + 8(e =20 10g5+2cZZXh
k=1 h=1 k=1h=1
1 & H K H
k:
32;;\/&1" Trn | FR) +2c;h§:1Xh+8 e —2)c? 1og5

which implies that

K H K H 5
ZZVar JEIFF ) < CZZX + 16(e — 2)c? log(S

k=1h=1 k=1h=1
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Plugging this bound into inequality (6) and then into inequality (5), we conclude that

H
Z (E J}lf+1 | Fii] — Ji]fﬂ)

K
DIt

K H K

SHILTEDY
k=1 k=1 h=1 k=1 h=1

K H K H 1 9
k=1 h=1 k=1 h=1

K H 92
<9 k — =
<2) > Xf+8(e 2)clog

k=1 h=1

K H 9
<2 XF log = .

Taking the union bound over the events of inequality (6) and inequality (8), we obtain that the
inequality above holds for all K € N with probability at least 1 — 9. |

Proof [Proof of Lemma 28] Define another sequence of random variable X }lf as

X{f (h < 77’“)
Xp=qc  (h=n"
0 (h>nF)

It is clear that )Zf]f is also adapted to FF. Define j11?1+1 := 0 and J~,’f = ()Z',’j + E[j}’fﬂ | FF) A e
for h € [H].

First, we prove JF1{h < n*} < j,’f]l{h < n*} with backward induction on h. This inequality
implies JF < j{“ in particular since n* > 1 always holds. The inequality is trivial for h = H + 1 or
for h > n* as 0 < 0. Suppose h = n* < H + 1. Then, we have

Th{h < o'} < e = Jii{h <o},
where the first inequality is by definition, and the second equality is due to that X ,’f = ¢ when

h =" and hence Jf = (X} +E[JF | | FF)) Ac= (c+E[Jf,, | Ff]) Ac=c. Whenh < n¥,
we have

Th = (XK +Ehq | FR) Ae= (X5 +EUR | FR) Ae < (XK +E[Jh | Fr) Ae=Jh,

where the equalities are by definitions, and the inequality is due to the induction hypothes1s There-
fore, we conclude that JF1{h < n*} < J, Jk *1{h < n*}, and in particular JF < J{ holds for all
k € N. _

Then, we bound Z§=1 J{“. By Lemma 29, with probability at least 1 — g, the following holds for
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all K € N.

> 8
XF+ GClogg

M=
S
IA

[\
M=

>
Il
—

(X,’f]l{h <"} +cl{h = nk}) + 6clog§

-1

3
B

Il
RRINZERINGE
M=

K
8
XF+ Zc]l{nk < H +1} + 6clog — .
1 k=1 0

I
[\]
b
Il
—

h

By Lemma 59, we have Zszl 1{n* < H +1} < SAlogy2H < 2SAlog2H. The proof is
completed by that 2¢SAlog 2H + 6¢log % < 3cSAlog2H + 3c¢SAlog % < 6¢SAlog %. |

D.2. General Properties of EQO+

In this section, we prove the following lemma that bounds the instantaneous regret of EQO+ of an
episode. The proof is simply combining Lemma 31 and Lemma 32, where Lemma 31 is a formal
version of Lemma 14. We also prove these lemmas in this section.

First, we formally define a function UF(s). Let 8¥(s,a) := 2b%(s,a) +

UF (s) is iteratively defined starting from U}, , (s) := 0 and for a = 7 (s),

IVimax Sl (k,0)

Nt (s.a) - Then,

Uk (s) = (25%, a) + PUE, (s, a)) A 2Vinax
Lemma 30 states that the instantaneous regret is bounded by a quasi-optimism term and U- {‘“ ( s’f)

Lemma 30 Fixany 0 € (0,1] and k € N. Assume the event ofgl(%) N 52(%) N 53(%). Suppose
k > k(9). Then, the instantaneous regret of episode k is bounded as

_ 18W 4 (14, 9)

* 7rk
ViE(st) — V™ (sh) +UF(s).

CLk

Proof We present the following two key lemmas.

Lemma 31 (Quasi-optimism, formal version of Lemma 14) Fix ¢ € (0,1] and k > k(9). Then,
under the event £1(8) N Ex(0), the estimated value V}¥(s) in Algorithm 1 satisfies

Vii(s) — ViF(s) < (22, W*) A Vinax
forallh € [H]and s € S.
The proof of Lemma 31 is provided in Appendix D.2.1.

Lemma 32 Take any § € (0,1], h € [H], s € S, and k > k(6). Then, under the event of
El(g) N 53(%), we have

VE(s) — Vi (5) < DA W+ UK(s)
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The proof of Lemma 32 is provided in Appendix D.2.2.
By combining Lemmas 31 and 32, we obtain that
* wk * ok
VI (s1) = VI (s1) < 20, W 4 VIE(s) = VI (s1)
)

2N W DA W UF(sh)

9 .
= AW+ U (s1).

By Lemma 16, we have \,, < M , which yields that

18W*£1(Lk, 5)

ki k
+ Ul (81) .
Cl,k

* k
Vi (Slf) -V (Slf) <

D.2.1. PROOF OF LEMMA 31

Proof [Proof of Lemma 31] We prove the following stronger inequality by backward induction on
h.

* * 1 *
Vii(s) = Vif(s) < A, <2Wif (s) = W(Wﬁdiﬁ(‘gw) A Viax
diff
The inequality holds trivially for h = H + 1 as 0 < 0. Now, suppose the inequality holds for h + 1.
If V¥(s) = Vinax, then the inequality holds since we have V;*(s) — V;¥(s) < 0 and

1 * * 1 *

QW (s) — M(W}Zdiﬁ(s))Q > 2Wy qigr(s) — M(szdiﬁ(s))z >0,

where the last inequality uses that 2x — % > 0 holds for all z € [0, ¢], where we plug in x = Wy *diff
and ¢ = W};g.
Suppose V¥(s) < Vinax. It implies that for a := 7%(s) and a* := 7} (s), we have V}¥(s) =

QF(s,a) > QF(s,a*) = (*F(s,a*) + P*VE (s,a*))4+ + b¥(s, a*), where the condition V}*(s) <
Vmax 18 used for the last equality to ensure that the clipping by Vinax did not happen. Then, we have

Vii(s) = V() S Vii(s) = (#H(s.a) + PPVl (s,09)) | = H(s.a%)
= V7 (s) A Vinax + ( (s,a*) — PkV;ﬂrl(s,a*)) A0 —bF(s,a*)

< (Vir(s) = 7 (s,0%) = PV 1 (5,0%) ) AVinax — 6 (5,07). ©)

I

We focus on bounding /;. By adding and subtracting Pk Vi 1(s,a*), we obtain that

= Vii(s) — #¥(s,a*) — PV (s, a%) + PR(Viry — Vil (s,a%) (10)

Iz
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We bound I as follows. Using the induction hypothesis, we have V;* ; (s')=ViF, | (s) < A, (W], (s')—
2W* (Wh+1 aig(8)?) forall s’ € S, and hence

A * 1 * 2 %
I < A\, P* (2W[[+1 ~ s (W};;Ldiﬁ) > (s,a%). (11)
diff

Under 82(%) (Lemma 26), we have

. . 1 N AV
(P* - P) <2Wh+1 oW (Wh+1,diff> ) (s,a%)
di

. 13WHh . 01(1,0)  3Wh lo(k, 0)
< T . * diff ’ diff ’
— 2W:ilﬁ' Var(Wh+1,dlﬁ)(S7 a ) + Nk(S, CL*) /\ 2 Nk(s, a*)
1 x . .
= * Var(WfTLr—i-l,diff)(sva ) + bg(sva ) ) (12)
2V\Vdif'f

13W%, 01 (1,8) . 3W%, 03 (k0 * _wr
N%l&(lli) ) A St Nﬁgs,al) by b5 (s, a*). We apply Lemma 55 to X = Wy aifrs

Y =102, (h,s,a%) = Wi+ Wi o and Z = WL a(s) with s’ ~ P(s, a*), and obtain
that

where we denote

Var(Wiiiy i) (s,a*) < P(Wiy ai)(s,a%) — Wik (5))* + Wiigoag (. 5,0,

where webound Y < 302 (h, s, a*) using that W,ﬁ;in = minges W () > minges PWi (s, 75(s) >
Wh "\ L.min- Lhen, when taking the sum of the variance term and the expectation of the amount of
underestimation, ﬁP (I/V,f;1 air) 2 (s, a*) terms cancel out as follows:

1 * . 1 * 2
Var(Wiy 4a)(s,a%) + P (27 —7(W” ) a*
s Ve OV ) o)+ P (20— g (W) ) (o)

1 * % 1 *
<z 5 gxp(h s,a*) +2PWjl(s,a") — m(Wh,diﬁ(s))2

* T* * 1 ™
=Wy (s) + PWj(s,a") — W(Wh,diﬂ(s))2 :
diff

Plugging this bound into inequality (12) and rearranging, we obtain that

» T* 1 T* 2 *
p* <2Wh+1 oW (Wh+1,diff> ) (s,a)
diff
<Poawr — (W n) ) (5,07) + e Var(W i) (s ") + bE (s, a*)

1

< W (s) + PW] (s,a%) — T
diff

o Wy ai(8))? + b5(s,a”)
=: 1},

where we denote the final bound by Ij. Then, we have I, < \,, I/, by inequality (11). We note
that I3 is always greater than O since we have W[ (s) — ﬁ(lﬁfﬁdﬂ(s))2 > W,Zdiff(s) —
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2W* (Wi qig(s))? > 0, which comes from that 2 — 2

5. > 0for z € [0,c], and the other terms
are also greater than 0. Applying the bound I < \,, I} to inequality (10), we obtain that

I A Vinax < (Vi (s) — #¥(s,a%) — PRV 1 (5,0) + X I5) A Vinax
< (Vi (s) — #%(s,a*) — PRV 1 (5,0%)) A Vinax + Ay T -

The remaining terms are bounded under 51( ) (Lemma 25) as follows.

(Vi (s) = #*(s,a") = PV (s,a%) A Vinax

< |Qr(s,a*) — iF(s,a*) — PPV (5,0%)| A Vinax
)\ aexp(h s,a®) 01 (1, 0) Ao ly(k, 6)
2 WINF(s,a%) " T\ NE(s, a¥)
A, 02 (h,s,a*
= % p(2 ) + b (s, a%), (13)
k #Y . _ () £a(k,0)
where we define b7 (s, a*) := W A Omax N (5. Therefore, we obtain that
Il A Vmax
A, o2 (h,s,a*
"%"p; )y bf(s,a%) + .
A, 02 (hy s, a%)
= p2 + b (s, a*)
7r* * 1 *
+ A [ Wi (8) + PWiy(s,a") — 50y (thlﬂ< ))? + b(s,a®)
2Wd1ff
T 1 T * *
= Ay ( 2V (5) = e (Wi (5))? ) 4 b3 (s, @) + A, b5 (s, a") .
2Wiigr
Plugging this bound into inequality (9), we obtain that
* ﬂ-* 1 71'*
Vi (s) = Vil (s) < Ay (2O () = s (Wi i () (14)
2W g
+ 05 (s,a*) 4+ A, b5(s,a*) — b¥(s,a*) . (15)

Now, we show that b% (s, a*) > b¥ (s, a*) + A, b5(s, a*). We first have

011k, 0) la(k, )
& N L * < 177 e )
bils,a") + Aubs(5,0) < SRR o) N¥(s, ")

n 13X, Wigl1(1,9) A 3N Whig | la(K,9)
Nk(s,a*) 2 NE(s,a*)
1 El(”ﬁ(s) *
S No(s.a) < ) + 13X, Wigl1(1,9)
Y Lk

lo(k,0) 3N, Wi
e (o5
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From k > k(J), we have c1 > (24/13W}4 V 2V,)l1(1,6). Then, we can use Lemma 16 to

guarantee that gl(”“ 9 4 13N, Whigl1(1,6) < e and A, < 46.(k0) - We also have Cok >

= "ok
(Omax + %};LM) lo(k,0) when k > £(0), so we obtain that
1 61(1,]{,5) EQ(kad) 3/\ka:§'&
13N, Whigl1(1,0) ) Ay ——— | Omax + —2—41
Nk(s,a*) ( Ay * «Waira(1,9) Nk(s,a*) Tmax F 2
1k lo(k,0) 6Wigl1 ek, 6)
. A\ max -
B Nk(saa*) Nk(sva*) 7 * ClLk
C1,k A C2k
~ Nk(s,a*) " Nk(s,a)
=bF(s,a").

We have proved that b* (s, a*) > b¥(s,a*) + A, b5(s, a*), so from inequality (15), we obtain that
Vi (s) — th(s) < Ay | 20 (s,0%) — f(Wh,diﬁ(S))z .
2W iy

Lastly, we apply the trivial bound of Vinay that comes from V;*(s) < Viax and Vi¥(s) > 0 and
obtain

* T* * 1 T
Vh (S) — V,f(s) < Abk <2Wh (S, a ) — 72W* (Wh,diff<s>)2) A Vmax;
diff

which completes the induction step. |

D.2.2. PROOF OF LEMMA 32

To prove the lemma, we require the following lemma. It is an analogue of Lemma 13 in Lee and

Oh (2025), but we obtain improved dependence on the variance term aexp(h S, a).

Lemma 33 Take any h € [H], s € S, and k > k(6). Let a := 75(s) and & := 20, W* A Vipax.
Recall that 5% (s, a) := 20" (s, a) + %ﬁi}f’é)- Then, under 51(%) N E3(§), we have
Vii(s) = r(s,a) = PVia(s,a)
< g2y (hy5,0) + 2645, 0)
+ o (~VE©) = Vi) + 22+ PVl = Vit +€)(s,0))

Proof Starting from the definition, we have

Vi (s) = r(s,a) — PV, (s, a)

(7 (s, ) + PRV (5, )4+ 5(5,0) ) A Vinax = (5,0) = PV (5, 0)
#*(s,a) + P*VE 1 (5,0)) 4 A Vinax — 7(5,a) — PV (s,a) + b*(s,a)

(fk(s, a) + PkV,ﬁ_l(s, a) —r(s,a) — Pth_H(s, a))+ A Vinax + bk(s, a), (16)

I

VANRVAN
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where we use that r(s, a) + PV;F, | (s,a) > 0 for the last inequality. We focus on bounding ;. By
adding and subtracting (P* — P)Vy (s, a), we obtain that

L= *(s,a) + P*V)i(s,a) —r(s,a) = PVl (s,0) + (P* = P)(Viy(s,0) = Vi) (s, a) -

~~

12 13

Under 53(%), using Lemma 27 with p = 8 and ¢ = Vj,ax, we bound I3 as follows:

IWVmaxSla(k,0)

I3 <
5 Nk(s,a)

B 8Vmax
=: Ié .

Var(thH = Vii1)(s,a) +

Noting that I5 > 0, we have

(I1 VO) A Vinax = ((I2 + I3) V 0) A Vinax
< ((I2 4 13) V 0) A Vinax
S( VO)AVmaX+13

= (

Iy A Vipax) VO + 1.

Is A Vipax is bounded under 51(2) (Lemma 25) as follows:

Ao (s,a, Vi) 01 (1, 0) U (k,9)
I A Vipaye < 2o 70 “hitl k> A Ot | =22 9)
2% Vmax = 2 L NE(s,a) " 7™\ NF(s, a)
2 *
< A Texp (5, Vi) +b%(s,a),

- 2

where we use k > k(0) for the last inequality. Combining the bounds, we obtain that

)‘L gx ’ 7V* Vmax E k 5
Tosp (%@ Viry) + (s, a) + Var(VE,, — Vi) (s, a) + YmaxSta(k;0)

11 VO) A Viax <
(L v 0) 2 8Vmax Nk(s,a)

Plugging this bound into inequality (16), we derive that

th( ) —r(s,a) - Pth+1(37a)
)\Lkaexp(s,m Vi) 1
- 2 8Vmax

Var(ViE | — Vi 1)(s,a) + B(s,a) (17)

where we use that 8¥(s,a) = 2b%(s,a) + %ﬁ%’@. We define Iy := (V}¥(s) — r(s,a) —

PthJrl (s,a))4+. Noting that the right-hand side of inequality (17) is at least 0, we have

A, eQX (s,a,Vi¥ ;) 1
kP ML 4 Var(VE, = Vi1 (s, a) + 8% (s, a) (18)

L <
4= 2 8Vinax
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Recall that by Lemma 31, we have V¥, | (s) — V" ;(s') + & > O forall s € S. In addition, we
have th+1(s’) — V¥ 1 (") + € < 2Vihax. By Lemma 55, we have

Var(thH — Viy1)(s,a) = Var(thH — Vi1 te)(s,a)
< —(ViE(s) = Vii(8) +€)° + PV — Vity +)%(s,a)
+ AVinax (th(s) — Vi (s) +e— P(VEL - VEL +2)(s, a)>+
= —(Vii(s) = Vi (s) + ) + P(Viisy — Vi1 +9)°(s,0)
Wi (ViEG) = Vil (5) = PO = Vi) (s,0) |
Then, denoting a* := 7} (s), we have
Vi (s) + PViia(s,a) = —Qj(s,a%) + Qp(s,a) — (s, a) < —r(s,a),
and hence
(Vi) = Vir(s) = PO = Vi) (s,0) | < (ViE(s) = r(s.) = PV (s.a))
=1y.
Therefore, we have

Var(thH - V§+1)(5a a)
< —(Vii(s) = Vi (s) +€)* + P(Vify = Vi 4+ €)2(s,a) + 4Vinaxa

Plugging this bound into inequality (18), we obtain

AL gx s,a,V* 1
Iy < K7 p(2 h+1) + 514 —i—Bk(s,a)
1 . .
+ 3V (—(th(s) —Vii(s) +e)* + P(th+1 — Vi + E)Q(S,CL)> :

Solving the inequality with respect to 14, we conclude that
I4 < >\L 02 (Sa a, Vi:—i—l) + 2ﬁk(87 CL)

kY exp
— (~(VE(s) = Vi) < 4 POV = Vi +€%(s,0))

T W

Proof [Proof of Lemma 32] We use backward induction on A to prove the following stronger in-
equality:

k k 1 *
Vii(s) = Vi (s) < 20, Wi (s) + W (€% = (Vir(s) = Vi (s) + &)%) + Uk (s).
max
This is a stronger inequality since we have W k(s) < W* and 45;)( <i< )\L’“zw*, where we use

€ < Vinax for the first inequality, and ¢ < 2\, W* for the second inequality. The inequality we
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want to prove holds when h = H + 1 as 0 < 0. Suppose the inequality holds for & 4 1. Then, we
have

IA
N Tw

ﬂ.k
5) —r(s,a) — Pvifﬂ(saa) +P(th+1 = Vii1)(s,a) .

11 12

I is bounded by Lemma 33. I5 is bounded by the induction hypothesis. Combining the two, we
derive that
Vi(s) = Vi (s)
1
4Vinax
1

7Tk *
+P <2>‘LkWh+1 + 7; (e* - (th+1 Vit + €)%) + Ui]f+1> (s,a)

< A0 (hy s, a) + 265 (s,a) + (= (Vi () = Vir(s) + 22+ PV = Vil +€)(s,a)

— 20, Wh(s) + (22 = (ViE(s) = Vi (5) +2)) +28%(s,0) + PUF, (5. 0).

4Vmax

We need a proper clipping for the 23*(s, a) + PUF, (s, a) term to bound it with Uf(s). We note
that 2),, WE(s) > 0 and g (2 — (VE(s) — Vi'(s) +€)2) = —qh— (ViE(s) — Vi(s) + €)% >
—m(QVmw)2 = —Vax. Therefore, we have that

VE(s) = Vi (s)
= (V¥(s) = Vi7" (8)) A Vinax

< (20T + gy (22 = (O = 1) +97) 4 266,0) + PUE1 (540) ) A Vi

1
4Vinax
(22 = (ViE(s) = Vir(5) +€)2) V (~Vinax) + (265(s,) + PU1(5,0)) A 2Vina

1

= 20, Wik (s) + 1o (&2 = (Vi (9) = Vi (9) +)2) + Uk(s) .-

4Vmax

where we use the third property in Fact 1. The induction step is proved, so the proof is complete. B

D.3. Proof of Theorem 8

In this section, we restate Theorem 8 with specific logarithmic factors and provide its proof.

Theorem 34 (Formal statement of Theorem 8) Let {c1}3°, and {co1}72, be positive non-
decreasing sequences. Fix any 6 € (0, 1] and K € N. The regret bound of Alg satisfies

K
0 (g, 0
Regh9(K,6) < 18W* Y 1(;1’1) + (16¢1,SAlog K H)) A (16\/§c2,k\/HSAK)
k=1 )

4 Vinax (5(0) A K) 4 72Vimax S? Alo (K, 6) log 2K H .
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Proof [Proof of Theorem 34] By Lemma 30, we have that for £ > x(0),
< ISW*El(Lk, 5)

* wk
Vi(st) — VT (sh) + UF(sh).

Cl,k

We bound the instantaneous regret of the first x(J) episodes by Vinax, and use Lemma 30 for the
following episodes. Then, we obtain that under &; (g) N Eg(g) N 53(%), it holds that

K K
¢ )
Reg?\}g(K) < Vmax(/{(é) A K) + 18W* E I(Lk’ ) + E U{f(sllf) .
k=r(e)r1 O k=r(0)+1

By applying Lemma 35, which bounds the sum of U. {“ (s’f), we obtain that under an additional event
of 54({25"3(52, alfl)}k,h, 2Vimax, g), we have

K
O (1, 6
Reghf (K) < 18W* Y~ 1(6““’ ) 4 (16¢1 xk SAlog KH)) A (16@027K\/HSAK)
1,k
k=k(§)+1 ’

4 Vinax (5(0) A K) 4 72Vimax S? Alo (K, 6) log 2K H .

Taking the union bound over the events, we conclude that the bound holds with probability at least
1 — 4. Also, note that the right-hand side is no longer a random variable. Therefore, this bound is
an upper bound for Reglj'\\/ljg (K, 9). [

The following lemma is an analogue of Lemma 4 in Lee and Oh (2025).

Lemma 35 Under £4({26%(sF, %)} h, 2Vinax, 3), the following inequality holds for all K € N.

K
N Uk(sh) < (1661, xS Alog KH)) A (16\/5@, K\/HSAK>
k=1

+ T2Vimax S2Aly (K, 8) log 2K H .

Proof By Lemma 28, under E4({28%(s¥, a)} k.1, 2Vinax, 2), it holds that

K K el 16H
Z Ut (sh) < 42 BE(sF af) + 12ViaxSAlog 5
k=1 k=1 h=1
Recall that
WinaxSla(k, )
k _ k max 2,
B (Saa)_2b (87 )+ Nk(s,a)
N 2617]g 2627]9 9VmaXS€2(k,5)
B Nk(S,CL) Nk(S,CL) Nk(sva)

NF(sF,aF) when h < nF, where NF(s,a) and 1" are

Furthermore, using that N*(sf,af) > 3

defined in Appendix A, we have

derg 2V2ear  18VipaxSta(k,0)

ki k k k
B*(sh,ap)1{h <n"} < NF(s, a) NE(s,0) NE(s,a)

19)
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When h < n¥, we have N*(sF, af)+1 < NF(sF, aF) < 2N*(s¥ aF), which implies NF(s¥, af

B =
2 for such h. Now, we take the sum over (h, k) € [H] x [K]. Note that one has
N N
Z—Slog(lVN), Z—§2\/N.
n n
n=2 n=2
Hence, we have
K H NK‘H(S,a)
1{h < n*} 1 Kl
k=1h=1 (s,a)eSxA n=2 (s,a)eSxA
and

where the third inequality uses the Cauchy-Schwarz inequality. Therefore, the sum of 3% (s, a)1{h <
n*} is bounded as

K H
dey 2v/2¢.; 18VinaxSta(k, 6)
S Z Z Nk A

1{h <"}
I k(o
i \ NVisnsan) NE(sk, ak) Ny (sp,» ay)

K H
<401Kzzﬂ{h<77 }) A Q\fcwzz 1{h < n*}

k
o1 i Sho 1) k=1h=1 \/ NF(sF,af)

IN

1{h
+ 18VinaxSla (K, 5) ZZN{k <}
k=1 h=1 (sh» k)

< (dey x SAlog KH) A (4\/QCQ,K\/H5AK) 18V S2 Al (K, 8) log KH

where the second inequality uses that {c; }7°; and {c 1 }72, are non-decreasing and )" ; a; A
bi < (3o ai)AN(O1 b;) for any sequences {a; }!" ; and {b;}" ;. Finally, we obtain the following
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bound on the sum "5, UF(s¥):

K n*-1

Uf(st) <4> > B¥(sk,ap) + 12ViaxSAlog
1 k=1 h=1

< (16¢1. xS Alog KH) A (16\602,K\/HSAK)

16H

M=

T

16H
+ T2VinaxS2 Al (K, 6) log K H + 12V, S Alog 65 :

To obtain a simpler form, we bound the last term by 12V}, S A log % < 12Viax S2 Al (K, 6) <
72(10g 2) Vinax 52 Als (K, &), which bounds the last two terms as

16H

72VmaxS2 Al (K, 6)log K H + 12Viax S Alog < T2VinaxS? Al (K, 6) log 2K H .

D.4. Proof for Theorem 9

In this section, we restate Theorem 9 with specific logarithmic factors and provide its proof.

Dann et al. (2021) show that the true gap gap,(s,a) := V;*(s) — Q}(s,a) can be replaced
with another function, which may improve the overall regret bound depending on reachability con-
ditions of the MDP. We also use the following generalized definition, which comes from the con-
dition of Proposition 3.3 in Dann et al. (2021). First, we define a stopping time B = min({h €
{1,2,...,H} : gapy(sp,arn) > 0} U{H + 1}), which is the first time step that the policy takes a
sub-optimal action. We denote the B value at the k-th episode by B k. n addition, we define Sinitial
as the set of possible initial states, that is, the environment choose s’f from Sipitial.

Definition 36 (Effective gap) A sequence of functions gapy, : S x A — Rxg for h € [H] is called
effective gap if it satisfies

H
E [zgaph<sh7ah> < Vi (s) — Vi (s)

w(-|s1=s) h—B

for all s € Sipitial, and ™ € 1L

There can be many different functions that are effective gaps, and we note that it is better to
set the effective gaps as large as possible. A common choice of effective gap is gap,(s,a) :=
%gaph(sv CL) v ﬁgapmin’ where gaPmin = min{ga‘ph(57a) ’ gaph(sv CL) > 07 (h7 S, CL) € [H] x
S x A}. Dann et al. (2021) provide another choice of effective gap named refurn gap, defined as

h
5 1 . 1
gaph(s, a) = §gaph(s, a) v Ernelﬁ ﬁlg [Z gaph/(sh/,ah/)
Pr((sh,an)=(s,a))>0 h'=1

Ex[S25—y 8Py (53,a0)| (5h,a0)=(5,a)]>0

45
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It is possible to define effective gap to even depend on the policy of the agent, but we do not go
further in this direction. Refer to Dann et al. (2021) for more discussions. We define gap(s, a) :=
minhE[H] gapy (s, a).

In addition we let vg,, := mingcm gapg(sp, ap). This is the minimum regret the agent can
incur by making one suboptimal selection. While this may be equal to gap,,;, is most cases, it may
be larger when state-action pairs with gap gapy,(s,a) = gap,,;, can be reached only if the agent
takes another sub-optimal action before time step h. We note that vg,, > gap,,;,. We replace
Kgap (8P min, 0) in Theorem 9 with Kgap (Vgap, 0), leading to a potential improvement.

We restate Theorem 9 using the effective gap and vg,p,, which leads to a more concise and
potentially improved result.

Theorem 37 (Formal statement of Theorem 9) Let {c1}3°, and {co1}72, be positive non-
decreasing sequences. Fix any 6 € (0,1] and K € N. Then, we have

2048¢2 39
Regﬁf([{, 9) = Vinax(#(0) A K) + Z <2K N 64cy k log gaclK>
(s,a)eSx A

Kgap (Vgap,0)A

St K 144w 0, (11, 6)

+ 288VinaxS? Aly (K, §) log 2K H
Clk

+
k=k(§)+1

Proof The proof has two main steps. First, we define a variant of the U, ,’f function. For k € N, define
anevent B¥ := {w : V3, (sh,) — g: (shy) > %M}. Define (f(s, a) in the following way:

T2W* 21 (1g,0) (h — Bk (Ek)c)
=l €1,k ’
Br(s,a) = § (88%(s,a) —gapy(s,a))+ (h = B* EF)

0 (otherwise) .

In words, 3 ﬁ is O until the agent makes an sub-optimal action. If a sub-optimal selection happens for
the first time at time step h, where h = B* is implied by definition, denote the difference between
the optimal value and the policy’s value by Gap := V;*(sF) — V}Zrk (sf). If $Gap < 18W2 4y (11.0)

c1k
set B}"{(s, a) to %lk(‘m, and all subsequent B,’i, in the same episode are set to 0. Otherwise, the

, We

following sequence of B,If, are set to (Sﬂk(ﬁ, a) — gapy(s,a)) for b’ > h. We define the clipped
sum UF(s) of BF iteratively starting from U#, 4+1(s) :=0and

Ui (s) := (Bh(s,a) + PUj 1 (s, ) A 8Vinax -
Then, we have the following lemma:

Lemma 38 Assume the event of El(g) N 52(%) N 53(%) and assume that k > k(0). Then, for all
s € S, it holds that

Vi(s) — V™ (s) < Uf(s) .
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The proof of Lemma 38 is deferred to Appendix D.4.1.
By Lemma 38, we have

K
Regh? (K, 0) < Voaxk(0) + > UF(sh).
k=r(0)+1

Then, we bound the sum of U ¥ (sk) using the following lemma.

Lemma 39 Under the event 0f€4({5}’f}k7h, 8Vmax, g), we have that

K 2
.. 2048c 32
Z Uf(slf) < Z (M A 64cy K 10g CIK>

k=r(6)+1 (s,0)ESxA gap(s; a) gap(s, a)

Kgap (Vgap,0) AK KH
144W*ly (ug, 6 VinaxSZ Al (K
Z erzgS max S~ Ala (K, 6) log 2 '

C
k=r(8)+1 Lk

The proof of Lemma 39 is deferred to Appendix D.4.2. The theorem is proved by combining the
two lemmas. |

D.4.1. PROOF OF LEMMA 38

We first prove the following two simple lemmas.

Lemmad40 Forh € [H]and s € S, let Efi(s) == {w € Q : V}*(s) — Vh“k(s) > W4 ( L’“’é)}

C1,k
Then, under the event of Lemma 30, we have
36W*l1 (tk, d)

A 4Vmax> .
C1,k

Vii(s) = Vi (s) < 1{Bf(s)} - 20K (s) + 1{B(5)"} <

Proof By Lemma 30, we have

18W*0, (11, 8)

* TI'k
Vi(s) = VT (s) < U (s) +
Clk

The lemma we have to prove is stating that

20, V() — Vit (s) > 367 ()
es) — V) < {Wy( (Vi) = V' (5) = )

C1,k
AD) p 4V (Vi(s) = Vi (s) < 20 0lwd)y -

1,k

A

36W*¢q (Lk,(S) ) _

The first case is true since otherwise we would have V*(s) — V/© f s $(2Uf(s) + " =

UF(s) + %:(%5)’ which is a contradiction. The latter case is trivial. [ |
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Lemma 41 Let Bﬁ(s, a) = (86%(s,a) — gap,(s,a)), and U;f(s) be defined iteratively starting
Sfrom UE_H(S) :=0and

Uk (s) == (B¥(s,a) + PUpt1(s,a)) A 8Vinax -

Then, for all h € [H] and s € S, we have

H
> @y (swyaw) | < UE(s).

h'=h

AUF(s)— E

T (|sn=s)

Proof We use backward induction on h. The inequality is trivial for h = H + 1 as 0 < 0. Suppose
the inequality holds for i + 1, Then, denoting a := 7} (s), we have

H
W) — B | > g (sn,an)
ﬂ'k('lsh:S) h=h
H
§4(2ﬁk(s,a)+PU}l§+1(S,Q))— k(|IE ) Zgaph’(ShUah/)]
T Sh=S h=h

= (86%(s,a) —gaPu(s,0)) + E

o (-|sn=s)

"
AU (shn) — Y gaph’(sh’aah’)]
W =h+1

< (88%(s,0) —E@Bu(s,0) + B [Ukpi(snin)]

o (-|sh=s)

S Bl’i(sa a) + PU}I;:+1(S7 a) .

In addition, since UF(s) < 2Vijax, we have 4UF(s) — Bk (.|sp=s) [Zgzhngh,(sh/,ah/) <
8Vmax. Combining these, we conclude that

4U}f(s) — E

ot (|sn=s)

H
> gaph/(shuahf)] < (Bi(s,0) + PUR (5, 0)) A 8Vinax = Uy (s) -
h'=h

Proof [Proof of Lemma 38] For any policy 7, We have

Vi (s) = Vi (s) = Qn(s, m () — Qi(s, ma(s))
= Qn(s,m,(5)) = Qp(s,ma(s)) + Qi(s, mn(s)) — QR (s, mals))
= gapp (s, ma(s)) + P(Viy — Vilpr) (s, m(s)) -

~— —

Since gapy, (sn, an) = 0 for h < B by the definition of B, iteratively expanding this equation up to
h = B and using the optional stopping theorem yields

Vills) =Vi'(s) = E  [Vi(sn) = Vg(sa)l -

m(-Js1=s)
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Lemma 40 states that for all h € [H] and s € S, we have

36W* 41 (14, 6)

Vi) - V(o) = 1Bk 208G + 1 ) (P

A 4Vmax) .
Observe that E* can be regarded as E]’;k(slgk), or more precisely, E¥ = Uy, s(E*(h,s) N {h =
B¥, s = sk.}). Then,

k

V' (s1) = V™ (s1)
E [Viu(sh) = Vi (sh)]

|:<36W*£1 (Lk, (5)
Cl,k

IN

A 4me> 1{(E*),B¥ < H} + ngk(s’;k)n{E’f}] .

e

s

From the definition of effective gap, we have E_x [Zth 5+ 8Dy, (s, aﬁ)] < Vi(sh) — Vfrk (s%).
Then, it holds that

Vi () — Vi (sh)
= 2(Vi'(sh) — VI (s5)) — (Vi (sh) — v ()

Wl (1g, 6
=25 [(3601(%) " 4Vmax> L{(E®), BY < H} + 2Up (s ) 1{ "} } [ > gapy (st af ]
' - h=Bk
g !(fkk ASVmax) L{(E"), B* < H} +4Up. (s ) H{E} = ) gaph<sz,az)] .
' 7 h=DBk

‘We bound the last two terms as

4ng(53k)1{Ek} - Z gap( ShaaZ)
h=Bk

<IE

1{E"} (4ng ) Z Zapy (s}, aj, )]

h=DBF
<E [ﬂ{Ek}ng(s%k)] ,

where we use Lemma 41 for the last inequality. Therefore, we obtain that

T2W* 0y (5, 6)

Vi(sh) — fok(s’f) < 1% K _— A 8Vmax> 1{(E*),B*¥ < H} + ]I{Ek}(']]’g,k(s’;k)} .

The proof is completed by noting that the right-hand side is equivalent to U f (s’f) |

D.4.2. PROOF OF LEMMA 39
Proof [Proof of Lemma 39] Under £4({ ﬂ,’j} ke,h» 8Vmax, 0) (Lemma 28), we have

Koo 16H
Z Uf(sh) <2 Z Z Bl (sk af) + 48V SAlog . (20)
k=k(6)+1 k=k(6)+1 h=1
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Note that >~} 1 BF(sk, ak) is either M or ZZ _B},C(8Bk(sfl,ak) — gapy,(sk, ak))+. For

large enough cy i, specifically if vga, > o

always occur. Therefore, we bound

the sum of 6,@(32, aﬁ) as

n*-1
P 36W*€1 Lk, 5) 72W*€1(Lk, (5)
S skl < 1 {u <
h=1 Lk Cl,k

-1

+ Z S/Bk Shvah) gaph(siaaﬁ))ﬂ‘ (21)
h=DBk

By the definition of Kgap (Vgap, 0), We have

i . {v B 36W*€1(Lk,5)} TOW* 4y (15, 8) _ “gap<”§rf5>AK D)
gap = = .
k(41 Clk Clk k(@41 Clk

Now, we rearrange the sum of (83%(s¥,a¥) — gapy,(sF,a¥))+ by grouping the same state-action
pairs as follows:

Z Z (88" (sh:, ak) — gapy(sf;, af))+

k=r(8)+1 h=BFk

NE+1(s,a)
Sy oy (8 (4(;171( N 22k 18V SO (K, 5)) - (S’a)> |
n n n n

(s,a)eSxA n=2

where we use Eq. (19) to bound ¥ (s, a)1{h < n*}. Focusing on one state-action pair, we have

NE+1(s.a)
4 2v2 18VinaxStla (K, 6 _
Z (8< LK A \fc2’K+ 8Vina St )> —gap(s,a)>
+

= n Vn n
NE+1(s,a) NE+1(s,a)
32c1.x  16V2co ¢ 144V;axSl2 (K, 0)
< i bl — .
< n§:2 ( A NG gap(s a)) + E - (23)

Using properties of maximums and minimums, we have

K+1

MY (390 ¢ 16v2e0x

> n N T E(sa)
n=2 +

NE+1(s.a)
’ 2e1x 16v2c2x
= —gap | A | ——F=— —gap(s,a)
= n vn N

NE+1(s,a
= ZE | <32€1’K —gap> A (222 s, a)
n N vn ’

+

+1(s,a K+l(s,a
Z( @) 3201,[( —T(S Cl) A N 2(7 ) 16\/562’[( —T(s a)
Z n gap\s, \/ﬁ gap\s,

+ n=2

IN

+
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Using Lemma 57, the first sum is bounded as

K+1
N (s:2) 3261 K - 3201 K
Z — —gap(s,a) | < 32¢; klog ——"——,
2\ LSR8 )

and the second sum is bounded as

K+1 s.a
N zﬁ ) 16\/§CZ,K _ (s, a) _ 10240%7[(
7\/5 gap(s, —_— -

.~ En(s,a)

n=2

Now, we bound the remaining sum in Eq. (23) as follows:

NE+1(s,q)
Z 144Vinax St (K7 5) < 144Vipax St (Kv 5) log KH.
n
n=2

Plugging these bounds back to Eq. (23), we obtain that the sum of (83 (s}, af) — gapy, (s, a)) for
one state-action pair is bounded as
32 1024¢3
<3zcl,K log clK) A ) 4 144V St (K, 6) log K H
gap(s,a) gap(s,a)

and taking the sum over all (s,a) € S x A, we obtain that

K nk—1
> (88%(shak) —gap(sh, ap))+

k=r(8)+1 h=BFk

3261 K 10246% K 2
< D> (32eklog = | A | == | + 144Vinax S Al (K, 6) log KH . (24)
( gap(s, a) gap(s, a)
s,a)ESXA
Combining Eq. (20), Eq. (21), Eq. (22), and Eq. (24), we obtain that
K ..
Ut (st)
k=r(0)+1

) Kgawfw L44W* 6y (14,9)

h—re(8)+1 Lk
2 2048¢2
+ Z (6401,K10g icl’K )/\ — 2K
v gap(s, a) gap(s, a)

16H
+ 288VinaxSZAly (K, 6) log K H 4 48Vinax S A log 65 .

We bound the last term as 48V;,,x.S A log % < 48Viax 52 Als (K, §) < 288(log 2) Vinax S2 Als (K, 6),
which leads to

16H

288VimaxS2 Al (K, 0) log K H 4 48ViaxSAlog < 288VinaxSZAly (K, ) log 2K H .
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D.S. Possibility of Obtaining Better Second-order Terms

We note that the O(VipaS?Alo (K, §) log K H) terms in Theorems 34 and 37, and consequently

those in Corollaries 11, 43, and 44, can be replaced with O(Vi,ax S A(S log K H+log H—SA) log KH)

by substituting Lemma 27 with Lemmas 3 and 10 in Ménard et al. (2021). Specifically, a O(S log M)
factor can be replaced by a O(Slog K H + log & 3 A) factor. This modification improves the coef-

ficient of the log(1/0) term by a factor of .S at the cost of an additional O(Slog K H) term. While

further improvement to O(S loglog K H + log HTSA) may be possible, which would yield a strict
improvement over our current results, we do not pursue optimizing the second-order terms in this

work.

Appendix E. Proof of Corollaries in Section 6.3

In this section, we prove Corollaries 11-13.

While plugging in the values of ¢ g and cp f is straightforward, bounding () is non-trivial.
First, we present a simple technique that circumvents the direct computation of x(J) in certain
cases. For simplicity, we denote the condition in the definition of k() by I(k,d) := 1{c;; <

(2 V 13W;§iff v 2Vo<)£1(17 5) or co i < (Umax + 6Wdl§f1k(%’ ) \/ k 5 } Then we have

Vinax(k(6) A K)

I
M=

VinaxI (k, 9)
k=1
O 18W (14, 5) 18W*21 (14, 6)
R P L <vmax - ) 1(k, )
k=1 CLk k=1 CLk
=) 18W*€1(Lk (5) K 18W*€1(Lk (5)
< 7+Z<Vmax_7> I(k,9).
k=1 €Lk k=1 €Lk +

Now, we consider a new condition 1{Vjpax > %}I (k,0). The resulting condition on ¢;

can be written as ¢, < (24/13W}s V 2V, )¢1(1,0) and ¢ > M When considering

mdx

the worst-case regret, we must upper-bound W* by 2V;2_ . and this condition becomes impossible

to satisfy since 2,/13W5.e V 2Vy < 11Viay < %W The condition on ¢y ) can be written as
cok < (Omax + M)\/ﬁg(k d)and ¢y, > 18W b (1,0) Using that W3, < W*, these two

C1,k ‘/ma

conditions imply that c3 ; < (Omax + V"“X) l5(k, ), which leads to a simpler calculation. We
summarize this discussion by the following lemma:

Lemma 42 Let

18W*¢
k1(6) := max {k: eN: w < < (24/13Wig Vv 2Va)€1(1,5))}

ko(d) := max{k €N:cap < (Omax + Vn;‘x) €2(k,5)} .
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Then, we have

K

Vmaxﬁ(é) <

—~

% 18W*€1 (Lk, 5)

Cl,k

+ Vinax(£1(8) V K2()) -

el
Il
—

E.1. Proof of Corollary 11

) 18V2

—-max ' where
C1l .k k

Proof [Proof of Corollary 11] By Lemma 42, we upper bound Vipaxk(d) by Z e 1
plugging in W* = 2V;2_and ¢z, = oo yields 1(d) = k2(8) = 0. Then, Theorem 34 implies that

1
Reghd(K, ) < Z W + 16¢1 gk SAlog KH + T2Vinax S Aly (K, 8) log 2K H
k=1 )

We plug in ¢q ; = ¢1 Vinax gjllé;’“kg and bound each term. The first sum is bounded as

K

18V2. A1(1k,6) l1(tg, 0
2 rmaxP L 0 8y /S Alog KH
; Lk wV SRR ) S

log < gl(Lk 1)
< 18Viax/SAlog K H o 4 ’
- ¢ k; <01 k(11 avk

log § 01 (i, 1
< 18Viax/SAlog KH - 2VK < 85 . 1(LKs ))
C1

01(1,1) C1

log & / 1
— 36 ( g5, vhlx. )> Vs /SAK log KH .
C1

El(l, 1) C1

The second term becomes

8c1.xSAlog KH = 8¢ Vigax/SAK (log K H){y (15, 1) .

Therefore, we derive the total bound as

36logt 36
Reghy (K,0) < <Cl g((ig 15) et 801> Vi VK SAL (1, 1) log K H

+ 72VmaX52A€2(K, 0)log2KH .
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E.2. Proof of Corollary 12

Kty (k1)

Corollary 43 (Restatement of Corollary 12) Assume that 02, < 2V2... Set c1,k = €1Vmax SAlog KI

max:*

and ca 1, = c2Vmaxv/10g 32H S Ak for some constants c; > 0 and cy > 2. Then, we have

L1 2 Jog HSAK
Reg’]‘\‘/llg(Kv 5) < Vmax exp (O (2 log )) +0 Z Vmax 0og S
155

0 (s,a)ESxA gap(87 a)
W2 W eV V2N [ (01 (k, 0))?
O diff * "o ’ SA(log KH
- ((Ugapvrr%ax * VmaX ) ( 6%61(1, 1) ) ( o8 )>

+ O (VimaxS? Al (K, 0) log KH) .

Proof By Theorem 34, we have

Kgap (Vgap,0)AK "
Regh? (K, 8) = Vinax(k(8) A K) + 144W4 (e, 9)

C
k=r(8)+1 Lk

2048¢2 2¢
Y[R N e e log oK) 988V, SEAL (I, 6) log 2K H
(sarcaxa \BBP(s:0 gap(s, a)

Kgap (Vgap,0)AK "
=0 (Vmaxofu(é) AE)+ Y Wl (e, 0)
k=+(6) ClLk

V2 log HSAK
+ Z max 108

+ VinaxS? Aly (K, 6) log KH | .
gap(s, a)

(s,a)eSxA

We first bound x(6) A K using Lemma 42. First, ¢; ; = ¢1Viax ;ﬁllgg’m){ < (24/13W3i V
2V, )01(1,0) and k < K implies

. SAloghH ((2, /T3 v 2V ) (1, 5))2

gl(Lkv 1) Clvmax
—0 (SA(Wfiiff VV3)log KH <€1(1,5)>2>

61(1; 1) ¢1Vmax

SAWaaVVE) log KH [ £1(1,9) 2
IANY Vs . For k2(d), we may relax

the condition on ¢y ), using the assumption 02, < 2V2 10 cor = c2VinaxVI0g 32HSAk <

2Vmax\/log 32HSA(2;IngH)2. Using that co > 2, this condition implies that log k — 2log(2 +
logkH) < % log %, which in turn yields r2(5) = exp((?(é log $)). Hence, we have

which implies that x1(6) A K = O (

>) Lo <SA(WZLH % Vﬁ)(logKH)(ﬁl(m))?) |

1 1
max )NK) = max — 1 <
Vanas(£(3) A K) = Vinax €D (O <c§ 5 Vimaxl1 (1, 1)
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Now, we bound W* >, (Vaap )\ K 51(”“ ) First, for k < K, we have

l1(tg, 0) _ (01(tk, 1) + log 3)v/SATog kH
Cl,k 1 Vinax k@l(Lk,l)
V 1
< SAlog KH ( G+ og5 >

B Cc1 Vmax \/ ( ) 7

Therefore, we have

“g”(”gi"s)m 144W* €, (11, 8)

1 Cl,k
Kgap (Vgap,0)AK 144W* /S A log KH log% 1
< v O (g, 1) + —=2—= 7
—1 C1 Vmax 61(1,1) k

Applying Lemma 57 with € = 4vg,, and o = % we have

reer (e M e /S ATog KH log 1
> O (upe, 1) + ——2

el 1 Vmax

_o W*2S A(log KH) ({1 (1x, 0))?
B C%vgapvmaxgl(l 1) .

Combining all the bounds, we obtain that

1.1 V2, log HSAK
Reg?\}g(K, 5) < Vmax exp <O <62 log 5>> +0 Z = g(s a)
2 (s,a)ESx A gap(s,
w2 Wi V Ve \ [ (L(ek,0))?
1 (6% ) A 1 KH
to <<vgapvn21ax " Vinax > < C%El(l, 1) > s (Og )>

+ O (VinaxS*Aly (K, 6) log KH) .

E.3. Proof of Corollary 13

Corollary 44 (Formal statement of Corollary 13) Let ¢y > 0,c5 > 0, a € [%, 1], and 0 <
B < « be constants. Set cy j, = clvmax(s%)a and ca ), = coV kB. Then, we have the worst-case
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distributional regret bound of

Wl

sup Regj\\/llg(K, ) < Vinax <4Vmax> l(K, 5)%
MeM C2
max 1 —
4 36Vinax < Alog K> K0S A) 0 (e, 6)
c1 11—«

(1661 Vi K (SA)1 log K H) A (16ﬁ02mKﬂ+%)
+ T2VinaxS?Aly (K, 8) log 2K H

1
~ 1\ 7 1
= Ok <<log 5) + K" log s+ K% A Kﬁ+%>

and the instance-dependent distributional regret bound of

2
4Vinax \ # =
C2

* LA
+4SA ! Nlog K SOW" 1 (1, 0) !
11—« 1 Vinax Vgap

2048c3K P
+ Y 28R 88V S2AL(K, §) log 2K H
(s,a)xSxA gap(s,a)

Regﬁg(K, 6) < Vmax (

1

1\ 7 1 \a?
~onsam (1) + (25) (osd) T

Proof Worst-case bound. By Theorem 34, we have

K
RegM9(K.6) < Vin(w(0) A K+ 3 2D Vmaxl1(t4:9)
k=r(8)+1 CLk

+ (16¢1 S Alog K H) A (16\/§CQ,K\/HSAK)
+ T2Vimax S (K, ) log 2K H .

Using Lemma 42, we bound the first two terms as

K
36V=, b 0 3612 S
Vinax(£(0) A K) + Z M < Vinax(2(8) A K) +Z st (L, 9) .
k=r(6)+1 €Lk 1k

We first bound k2(8). co i, = coVE? < (0max + %)\/62(/{,5) < 2Vinax/fa(k,6) and k < K

1

1
2 B Z
implies that & < ((wma") l(K, 5)> , s0 we have k2(0) A K < (2‘{:%) P (0o(K, 5))7.

36Vimax (SA)*41 (Lk,0)
c1k™

Next, we bound ZkK 1 3Vt (:0)  The summand is upper-bounded by . By

Cl1,k
Lemma 56, we have

f: 86Vinax(SA4)* 1 (1, 8) _
1k -

arpl-a
(1 1 /\logK) 36Vmax(SA)*K Kl(LK,é).
—

Cc
k=1 1
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For the third term, we have 16¢; ,SAlog KH = 16¢1 Vinax (SA) K log K H and 16\/§C27K\/HSAK =

16\/502 vVHSAK B +%, the the fourth term does not need further modification.
Instance-dependent bound. By Theorem 37, we have

2048¢3 g

Reg\? (K, 0) < Vimax(5(O) AK) + > gap(s, a)

(s,a)eSxA

figap (Vgap,0)AK

3 144W* 0y (11, )

+ 288VinaxS? Aly (K, §) log 2K H .
C1,k

4
k=r(8)+1

2
We use Lemma 42 to bound () A K. We have /{2(5) NK < (WM> e 5))l 5 from the pre-
vious case. For £1(J), we have that ¢; ;, = ¢1 Vinax( SA < (24/13WE V2V )l (g, 0) and k < K

S V2Va )l (Lk ,0)
¢1 Vimax

c1 Vimax

1 1
implies k < SA <( il " which yields 5, (§)AK < SA (( 13W(“ffV2V“)f1“K’5)> ’

ap (Vgap,0) AK 144
Next, we bound Y& (Vgap:9) %(”“’). We have

Kgap (Vgap,0)A

Z K 144W*£1(Lk,5)
Cl,k

YRE

144W* 144W*
44W £1<Lk,5)]1{ 4W El(bk,é) > 41}gap}
Cl,k

C
k=1 1k

IN

VAW (SA) 0 (1, 8) . [ TAAW* (SA)L: (usc, 5)
1 > 4Vgap
1 c1Vinaxk® 1 Vmaxk®

* : 1o
A 1 A logK 144W El (LK, 5) 1
11—« ¢1Vimax 4Ugap

: Lo A
—4SA< 1 Alog > <36W El(LK,5)> < 1 > ’
1 Vimax Vgap

where the last inequality is due to Lemma 57.

4, 2
For the remaining terms, we have ZM ZOTS(Z?;)( =3, a % nd 288Viax S2 Als (K, 0) log 2K H

does not need further modification. [ ]

B
Il
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Appendix F. Comparison with Existing Distributional Regret Bounds

In this section, we discuss the distributional regret bounds in Simchi-Levi et al. (2023a) and Kho-
dadadian and Moharrami (2025) in more details and compare them with our results. The bounds
in Simchi-Levi et al. (2022); Khodadadian and Moharrami (2025) are expressed in the form of
(RegAlg( K) > z) as a function of z, so we restate their results to be consistent with our presenta-
tion, inverting their bounds from a function of z to a function of §.
We present Theorem 3 in Simchi-Levi et al. (2023a), which considers the MAB setting. We
note that this result is more general than the results in Simchi-Levi et al. (2025).

Theorem 45 (Theorem 3 in Simchi-Levi et al. (2023a), restated with respect to §) Suppose M €
B(o). Setciy =m (%)a Vdiog A and cyy = noVt? for some constants 1,1y > 0, o € [%, 1), and
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0 < B < a. Then, the worst-case distributional regret bound is given as

1
A AN\ B
sup Reg']?/‘l,g(T, 0) =0 A+ o4/ AT log — + (02 log >
MeB(o) 0 0

1 A
+1—A1 apa 1ogA+1 ACT Og&)

1
~ 1\7 1
= Orys <<log 5) + 7@ 1ogg +To‘>

and the instance-dependent distributional regret bound is given as

1 "
Regf\\/}g(T, H=0|A+ Z %
= gap(a)

2 A = 1
o“log & « AN\ B
Al —— —°456 2100 =
i <gapmmx/10gA> +(U 0g5) >

1 1 1
~ 1\7? 1\« 1 log L +T°
= Orsger ((log 5) " <gap - ) (log 5) t2 ngp( ) ) '

acA

Comparison of Corollary 44 and Theorem 45. We compare Corollary 44 and Theorem 45,
which take the same parameters, assuming that the instance considered in Corollary 44 is an MAB
instance. We achieve the same order of regret in the worst-case bound up to logarithmic factors.
When considering the logarithmic factors, while Corollary 44 includes an additional log T factor,
our analysis for bandits (Theorem 18) shows that the logarithmic factor can be improved in the
MAB setting, even achieving a better logarithmic dependence than Theorem 45.

. . . 1
We make several improvements to the instance dependent bound. First, we reduce the (

1
83aPmin ) “

)2 to —1 — under the stan-
8aPpni

1
8aPmin

log 5 1
() term, thereby improving the

1 L :
dependence to ( gapl —)= !, which is an improvement from (
min

dard choice of o = % Additionally, we do not incur a ), 4 W
coefficient of the log % term.

Remark 46 The recent preprint of Simchi-Levi et al. (2023a) considers a more general param-
eter choice of coy = +/f(t) for any increasing function f(t) = w(logt). Their bounds for
(RegAlg (T') > z) involve an integral fOT exp(— M) dy. While this term is difficult to invert

directly, a coarse approximation of T exp(— ! (x)) yields that it translates to f~*(20? log %) which
corresponds with our 2(0) or k(0) in the sense that it coincides with the number of time steps re-

quired for coy > 04/2 log% to hold. We take f(t) = t8 in Theorem 45, an example considered in
Simchi-Levi et al. (2023a), for a more concrete comparison, and our improvement is valid even if
we consider arbitrary parameters of cs .

We present Theorem 1 in Khodadadian and Moharrami (2025), which considers the RL setting.

58



UNIFIED FRAMEWORK OF DISTRIBUTIONAL REGRET IN MULTI-ARMED BANDITS AND RL

Theorem 47 (Theorem 1 in Khodadadian and Moharrami (2025), restated with respect to /) Let
Vimax = H. Take c1}, = 0o and cy ), = H\/(O.E)Iog 2)S + u(1 + k)8 for some constants p > 0
and 3 € [0, 1]. Then, it holds that

HSSA(S + uk? / 1 1. 1\#
ReghY(K, 8) :(9( (S + pKF) + H? HKlog5+H <log6> ) .
gapmin H

Comparison of Corollary 44 and Theorem 47. While we do not show the bounds for the exact
same parameter choice with Khodadadian and Moharrami (2025), we compare their results with our
Corollary 44. Taking ¢; = oo and co = H recovers their parameter except for an S factor, which is
not necessary in our work. We observe multiple improvements over their results. First, the bound
of Theorem 47 has a term linear in —>4— whereas we provide a fine-grained gap dependence of

Pmin

> sa m. Furthermore, while we have at most H?> dependence when Vi.x = H, the order of

H is HS in Theorem 47. In addition, their bound further incurs a H?,/ HK log% factor, which
does not appear in our bound.

Appendix G. Concentration Inequalities

In this section, we provide general concentration inequalities for sub-exponential random variables.

Lemma 48 Let { X;}?°, be a martingale difference sequence adapted to filtration {F;}§2,. Sup-
pose there exists a sequence of predictable random variables {0}, with respect to { F;}5°, and
a constant o > 0 such that Xy is Fy—1-conditionally (oy, a)-sub-exponential for all t € N. Then,
forany X € (0,1/a] and § € (0, 1], it holds that

<3n€N ZXt> Zat log ><5.

Proof The proof is a standard supermartingale method using Ville’s inequality.

Let M,, = exp (Zt 1 ()\Xt A Ut >> Since X, is F,,—1-conditionally (o, a)-sub-exponential,
we have E[M,, | F,—1] = M,_1E[exp(AX,, — 20") | Fn—1] < M;,_1, showing that {M,}>2
is a non-negative supermartingale. By Ville’s inequality, we have P(3n € N : M,, > %) < 4.

Rearranging M,, > % yields 7 | X; > 3 3°7 | 02 + £ log %, which completes the proof. [ |

Hoeffding’s inequality can be viewed as a special case of Lemma 48.

Lemma 49 (Hoeffding’s inequality) Let { X}, be a sequence of F;—1-conditionally o*-sub-
Gaussian random variables adapted to a filtration {F;}2, where 0® > 0 is a constant. For fixed

nGN,wehave
P En X>0'“2’)’LIO = <4
[ g; >~ 0.

t=1

The following lemma shows that bounded random variables are sub-exponential.
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Lemma 50 Suppose a random variable X lies in an interval [—c, c| almost surely for some con-
stant ¢ > 0. Suppose E[X| = 0 and denote V := Var(X). Then, for any o > 0, the random vari-

able X is (W - 2V, a)-sub-exponential. In particular, if « = ¢, then X is (2(e — 2)V, ¢)-
sub-exponential.

Proof By Lemma 61, we have E[exp(\N (X/c))] < exp((e) —1 — X) Var(X/c)) for X' > 0. It is
also possible to obtain E[exp(—\ (X/c))] < exp((e) —1 — X) Var(X/c)) by applying the lemma
to — X /c. By defining A = )\’ /c in the first case and A = —)’/c in the latter case, we obtain that

e —1—¢
Elexp(AX)] < exp <012|)\| Var(X))

for all A € R. By Lemma 60, one has (e“M — 1 — ¢|A])/(cA)? < (e¥/® — 1 — ca)/(c/a)? when
|A| < L. Therefore, forall A € [-1/a,1/al], it holds that

2 S a
Elexp(AX)] < exp ()\ : 2V> ,

(&)
which proves that X is (% - 2V, a)-sub-exponential. [

By combining Lemma 48 and Lemma 50, we obtain the well-known variant of Freedman’s
inequality.

Lemma 51 For a constant ¢ > 0, let {X;}7°, be a martingale difference sequence adapted to

filtration {F;}$2, that satisfies X; € [—c, c| almost surely for all t € N. Then, for any A € (0,1/c]
and ¢ € (0, 1], it holds that

T n
1.1
P <3ne N:Y X;>(e—2)A)  Var(X; | ]:tl)Jr)\logé) .
t=1 t=1

The following inequality allows us to use a Hoeffding-like concentration bound by clipping by
a constant c.

Lemma 52 Let {X;}?°, be a martingale difference sequence adapted to filtration {F;}§°,. Sup-

pose there exist constants o, > 0 such that Xy is F;_1-conditionally (o, a)-sub-exponential for
all t € N. Then, for any ¢ > 0 and 6 € (0, 1], it holds that

NERS ac 1., 2(loge?n)?

Remark 53 It is common to use ﬁ + =-type bounds for sub-exponential random variables (Jia

et al., 2021). While this lemma provides a simpler bound, we note that its rate is not necessarily
optimal, especially when the value of « is large and known. We use this lemma for a simpler design
of the algorithm.
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/I ac _ 2a 1 ! / Qac 2a
Proof Leto' = oV /&5, r = /7\/log%,andoz = o’'r. Note that ¢’ > VY and r > \/ 5

imply o > /% - \/g = a. We apply Lemma 48 to a sequence of {(A;,;)}72, with §; :=

6J/

§/(2(j +1)?) and A; := . By the union bound, we have

= \jo? 1 1
P(HneN,HjeNU{O}:ZXtZ J‘; ”+Xlogd> <94,
t=1 J J

The right-hand side is equal to

No*n 1 1 e 202 2(j +1)*
log— = 0 4 62/ log LT 25
2 Aj o8 d; 2a/ tettalog ) (25)
Suppose n > r? log% = (270‘ log %) V 1. Then, there exists an integer 7, > 0 such that
, 2(jn +1)? : 2(jn + 2)?
r2ein log (]";') <n < r?efntllog (]”;') (26)

By the first part of inequality (26), we bound the last term in Eq. (25) as

1
. 2(jn + 1)2 , i+ 1)2\2 207 4+ 1)2
ejn/2a/10g (Jn+1) _ <6jn0_l2 210 2(jn +1) > log (jn +1)

4] o 4]

20y 1)2

By the second part of inequality (26), we bound the first term in the right-hand side of Eq. (25) as

e In/242p < e—in/24"%p,
20/ - 20/

_ U2n (€J7LT2) -3

on e 2(jn+2)?
< TN Epg T2
=2 Vn® o

/ ; 2

In addition, the first part of inequality (26) also implies j,, < logn as

2(jn+1)2 . 2
710g 0 < elnr?log 72(‘% +1) <n

jn < jn .
e e
log % 0

Therefore, for n > r2 log %, we have

! 2(jn + 2)2 2(jn +1)2
< veo \/nlog(];_)—l—cr/\/nlog(];_)

nt2
\/nlog Un +2)2

\/ logn+2)

61
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It implies that

2 & 2(1 2)2
P(HnEN,n2r2log6 : ZXt 220’\/n10g(Og?§+))
t=1

2 & Nion 1 1
<PlImeNn>r’log=:) X; >~ + ~ log—
< (ne N ogé ; t = 5 +)‘jn og(sjn>

" o2 1 1
gP(HnEN,HjeNU{O}:Zth J; n+/\logd>
t=1 7 J

<9

Finally, suppose n < 2 log % = (%a log %) V 1, which is equivalent to n < 270‘ log % since we must
have n > 1. Then, we have

1 2] )2 ] 2(log n+2)2
20/\/ tog 20081 E 2y | clog Z2ES
n 0 2alog 5
>0,/ ]S
- 2V 2«
=c.

Hence, (237 | X;) Ace > 20"/ L1og w is possible only when n > r?log 2. Finally, we

have
1< 1. 20 2)2
IP’(EInGN:(ZXt>/\c220'\/log(()gn—’—))
n n )
2 (1 1. 2(logn +2)2
:P(HnEN,n2r210g5:(n;Xt>A0220’\/nlog(gé))

2 «— 2(1 2)2
§]P’(EIn€N,n2r2log6:ZXtZQU’\/nlog(ngﬂ)
t=1

<9J.

The following is a time-uniform concentration inequality for sub-Gaussian random variables
whose constant factor is asymptotically tight.

Lemma 54 Let {X;}?°, be a martingale difference sequence adapted to filtration {F; }72 . Sup-
pose Xy is ft_l-conditioglally 1-sub-Gaussian for all t € N, meaning that for all A € R, we have
Elexp(AX;) | Fi—1] < & almost surely. Then, for a constant o > 1 and n € (0, ¢), we have

n 4(2 4 log 2)2(1 + 2 logn)2
P EInGN:ZXtZ\/Q(l—i—n)nlog( gn)é u En) <4
t=1
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Proof For fixed A > 0, Lemma 48 implies that the following inequality holds for all n > N with
probability at least 1 — §:

1

1
ZXt<—+ log5

. . 2
We first fix n € (0, 1] and apply the lemma for a sequence of {();, d;)}32, with A; = \/2(1 +n)~ it log 2%

and 6; = 2}%. Taking the union bound, we obtain that ) ;" ; X; < AJTH + )\i log % holds for all
J
n € Nand j € N with probability at least 1 — §, which is equivalent to

—1 1 252
E:& 4———7*+O+n)2 “log - @7
(1+mn)> 2 0
Taking j, = [log;, n], we have (1 + n)» > n and (1 + n)»~! < n. Then, we have

n Jn—1
— L+ (+n" < JIFnn+va

(1+n)"

<2/ (1+n)n

In addition, we have j, < 1+ log; ,n =1+ loé%(lg:n) <1+ %log n, where we use that § <

log(1 + z) for z € (0, 1]. Hence, under the event of Eq. (27), we have

2(1 4 2logn)?

ZXt < \/2(1 + n)nlog 775
t=1

Now, we take a sequence 1; = e~ “*! for i € N and take the union bound over i, where we assign
probablhty 572 for each i. Then, with probability at least 1 — ¢, the following inequality holds for
allm € Nandi e N:

432(1 + Z logn)2

Z&s¢m+mmg Z
t=1

For any given 7 € (0, e), we take i* = 1 + [log %1, so that g <e Pl < 1. Then, we have

n 4(i%)2(1 + 2 logn)?
Z&s¢m+wmm()(5w )
t=1
4(2 +log 1)2(1 + 2 1logn)?
< \/2(1+77)n10g ( 7 55 ! )
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Appendix H. Technical Lemmas

The following lemma encapsulates a procedure that appears multiple times in this paper when
bounding the variance of a random variable, and is a minor generalization of Lemma 27 in Lee
and Oh (2025).

Lemma 55 Let ¢ > 0 be a constant and F be a o-algebra. Let Z be a random variable such that
0 < E[Z | F] < ¢ holds almost surely. Let X and 'Y be random variables that satisfy

X=Y+E[Z|F])Ac
and X > 0. Then, the variance of Z is upper bounded by
Var(Z | F) <E[Z? | F] = X? 4+ 2¢(Y V0).
Proof We have

Var(Z | F) = E[22 | F] - (E[Z | F])?
=E[Z? | F] - X>+ X? - (E[Z | F))?
=E[Z° | F] - X* + (X +E[Z | F])(X —E[Z | F]).

Note that we have 0 < X + E[Z | F] < 2¢. If X — E[Z | F] < 0, the last term is at most 0. If
X —E[Z | F] > 0, thenwe have 0 < X — E[Z | F] < Y. Combining these cases, we obtain
(X +E[Z|F)(X —E[Z ]| F]) <2¢(Y V0), completing the proof. |

Lemma 56 Fora € [1/2,1] andn > 2, one has

= 1
Zt_a < < A log n) nl=o.
p 11—«

Proof The result holds for o = 1 since 3 ;' , 1 < logn. Suppose a € [1/2,1). By the integration
technique, we have

n n
Zt*a < / z %dx
t=2 1

nl—®—1

1l -«
On the other hand, we have
n n
<> 1+ (1—a)logt)t™
t=2 t=2

S/ 1+(1—a)log:td$
1

xOL

=n'"%logn,
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where the second inequality holds since H(l_x% is decreasing on = > 1 when o € (1/2,1],

and the last inequality is due to %(ml_a logz) = (14 (1 — a)logz)x~. Therefore, we have

n 11—

-1 1
E t7 < A Ant=® logn < [ —— Alogn niTe,
p 1-a 11—«

|
Lemma 57 Fora € [1/2,1],e >0,c> 0, and N € N, the following inequality holds:
N L9
1 1 1)\«
Ziﬂ{izg}g < /\(log(c)>/\logN> ca <) .
ne ne 1l -« o € €
n=1
Proof Letng = |(c/e)"/*] A N. Then, we have
c c ¢
Z ﬁﬂ {nia 2 5} - ne
n=1 n=0
< ( Nlogng | eng™ @
1 1-a
< (2o rmoe () am))e(6) 7
— €
1 1 ot
= < /\(logc>/\logN) Co <> ,
11—« « €
where the first inequality is due to Lemma 56. |

Appendix I. Auxiliary Lemmas
Lemma 58 (Lemma 30 in Chen et al. (2021)) For any two random variables X,Y, we have:
Var(XY) < 2Var(X)| Y], + 2E[X]? Var(Y) .

Lemma 59 (Lemma 30 in Lee and Oh (2025)) For any sequence of K trajectories, we have

K
> 1{n* < H+1} < SAlog, 2H .
k=1

Lemma 60 (Lemma (3.1) in Freedman (1975)) Let g(0) = % and g(z) = (e* — 1 — z)/2? for

x # 0. Then, g is increasing.

Lemma 61 (Equation (3.5) in Freedman (1975)) For A\ > 0 and a random variable X satisfying
X < 1and E[X] <0, we have Elexp(AX)] < exp((e* — 1 — \) Var(X)).

Lemma 62 (Hoeffding’s lemma, Eq. (3.16) in Hoeffding (1963)) Let X be a real-valued ran-
dom variable that satisfies a < X < b for some real numbers a and b, and assume E[X] = 0.
Then, X is (b_T“)2-sub—Gaussian.
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