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Abstract

We study linear TD(0) under Markovian sampling, where data are generated along a single trajec-
tory. We provide high-probability guarantees for a plain unprojected TD(0) algorithm with Polyak—
Ruppert (PR) averaging, using a single stepsize schedule 7; o 1/(7mix log(t) v/#) that depends on
mixing time but requires no prior knowledge of the curvature parameter w. Our first result shows
that such a choice of the stepsize guarantees that the TD(0) iterates are automatically and uniformly
bounded with high probability, without projections and without any stability argument based on w.
Building on this result, we establish a simultaneous high-probability convergence guarantee for
the PR average: the same stepsize yields both a robust curvature-free O(Tmix/ \/T) rate and a fast
curvature-dependent O (72, _/(wT')) rate, with the bound taking the minimum of the two. The core
technical ingredient is a Poisson-equation toolkit for geometrically mixing Markov chains, which
decomposes Markov noise into a martingale term plus a controlled remainder and enables a new
self-bounding inductive argument for pathwise stability.

Keywords: Reinforcement Learning, Temporal Difference Learning, Finite-Time Analysis, Marko-
vian Noise, Stochastic Approximation

1. Introduction

Temporal-difference (TD) learning is one of the central algorithmic primitives in reinforcement
learning, used for policy evaluation and as a building block for control methods such as actor—
critic. When the state space is large, TD is typically combined with function approximation; in the
linear case, the resulting TD(0) recursion admits a clean stochastic-approximation interpretation and
converges asymptotically under standard conditions (Sutton, 1988; Tsitsiklis and Van Roy, 1996;
Kushner, 2010).

Despite this classical theory, obtaining finite-time, high-probability guarantees for TD(0) re-
mains challenging, especially in the practically relevant Markovian sampling regime where data are
generated along a single trajectory.

A major obstacle is that TD(0) is not a standard stochastic gradient method: Even in the linear
setting, the update is generally biased and non-symmetric, and the noise is temporally correlated.
Moreover, the magnitude of the TD(0) updates depends on the magnitude of the iterates. Therefore,
existing non-asymptotic analyses rely on additional structure to control the iterates. One common
approach is to enforce boundedness via projections onto a known ball (e.g., Bhandari et al., 2018),
which simplifies concentration arguments but changes the algorithm and requires a priori knowl-
edge of a suitable radius (often tied implicitly to the problem curvature). A second approach is to ex-
ploit a contractive/curvature structure of the mean dynamics to argue stability without projections;
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however, this typically yields stepsize conditions or stability bounds that depend on an unknown
curvature parameter, which becomes arbitrarily slow when the curvature is arbitrarily small.

Ideally, one would like to use a single stepsize rule that simultaneously allows us to obtain rates
that are (i) robust (curvature-free) and (ii) fast when curvature is favorable. Such a stepsize would
adapt to the better of the robust and fast high-probability upper bounds, without prior knowledge of
the curvature.

Robust and fast rates. To explain the distinction between robust and fast rates, we first briefly
describe the potential function we study (Ollivier, 2018; Liu and Olshevsky, 2021) (formally intro-
duced later in (2)), which naturally captures the TD fixed point error under Markovian sampling.
This potential always has positive curvature w > 0, so one can hope for a “fast” rate of order!
(’3(#) (up to mixing and logarithmic factors). On the other hand, even without curvature assump-
tions, one can always achieve a “robust” rate of order 6( %), again up to mixing and logs. It is
obvious that, in the finite-time regime, one rate can be better than the other depending on w, so both
rates should be pursued in different situations.

Now, prior work typically achieves these two regimes with different stepsize choices and addi-
tional algorithmic modifications (e.g., Bhandari et al., 2018). Moreover, the projection-free high-
probability analyses under Markovian noise that we are aware of rely on stability arguments whose
constants deteriorate with w (e.g., Samsonov et al., 2024; Durmus et al., 2025).

As far as we know, obtaining both rates simultaneously with high probability with a single step-
size choice that is independent of w and without projections has not previously been established for
TD(0). In particular, the key technical difficulty in achieving such a result is to control the random
iterates, 6;, pathwise. Without projections, the update magnitude scales with ||6;||, and a naive con-
centration analysis becomes circular: to bound the error one needs bounded updates, but bounded
updates require bounded iterates. Moreover, the need to obtain robust rates (i.e., independent of w)
rules out any strategy that shows that the iterates are bounded through a contractive argument based
on w.

Our approach: a self-bounding argument via Poisson equations. In this paper, we show that
a simple stepsize, proportional to m and independent of w, guarantees that TD(0) achieves
both fast and robust rates with high probability.

Our main technical novelty to circumvent the above issues is a new self-bounding argument that
closes this loop with high probability without appealing to curvature w and without artificial projec-
tions. Concretely, we develop a Poisson-equation toolkit for geometrically mixing Markov chains
that decomposes additive Markov noise into a martingale term plus a controlled remainder. This
decomposition allows us to control the Markovian bias terms that appear in the basic potential ex-
pansion of TD, and to run an induction in which boundedness at times < ¢ — 1 implies boundedness
at time ¢. The resulting uniform bound on sup, ||@;|| holds with high probability and is independent
of the curvature w.

Once boundedness is established, we can analyze the convergence guarantee. The bounded-
iterates event provides the missing ingredient needed to control the quadratic variation of the mar-
tingale terms (again through the Poisson decomposition), yielding high-probability bounds for the
averaged iterate @7. Importantly, the same stepsize delivers:

1. The notation O suppresses logarithmic factors..
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* acurvature-free robust rate of (5( ﬁ) through a classic averaged-stochastic-gradient-descent-
like analysis, as one would expect from the choice of the stepsize;

« a curvature-dependent fast rate O(1/(wT')), without requiring w to set the stepsize, thanks to
a Polyak—Ruppert averaging analysis.

2. Related Work

In this section, we briefly survey the main results on the convergence guarantees for TD learn-
ing with linear function approximation, as well as the main tools we use in our proofs. Later, in
Section 5, we will give a detailed comparison in terms of convergence rates.

Early convergence results for TD learning with linear function approximation trace back to
Tsitsiklis and Van Roy (1996), who interpreted TD updates through the lens of stochastic ap-
proximation (Kushner, 2010). While foundational, that theory is largely asymptotic and does not
yield explicit non-asymptotic rates. Finite-time guarantees were later developed in a sequence of
works (Korda and La, 2015; Lakshminarayanan and Szepesvari, 2018; Dalal et al., 2018), but these
analyses typically assume i.i.d. samples drawn from the stationary distribution. This assumption
sidesteps the temporal dependence present in most reinforcement-learning pipelines, where data
are generated sequentially along a single Markov-chain trajectory. Accounting for such Markovian
correlations substantially complicates the analysis, even for TD(0).

The seminal work of Bhandari et al. (2018) provided the first finite-time treatment under Marko-
vian sampling. They obtained both fast and robust rates, using two different stepsizes. However,
their arguments (and even subsequent refinements for the robust rates such as Liu and Olshevsky
(2021)) rely on an explicit projection step to keep the iterates controlled.

The need for a projection is removed in subsequent work in the fast regime by exploiting the
contractive nature of the update due to the presence of the curvature. In particular, using a control-
theoretic framework, Srikant and Ying (2019) derived finite-time error bounds for linear TD with
Markovian data without projections by establishing a contraction-like behavior via Lyapunov the-
ory. However, their stepsize depends on the curvature of the potential function, which is generally
unknown in practice. Building on this direction, Patil et al. (2023) eliminated the need to know the
curvature parameter when choosing stepsizes, at the cost of introducing a data-dropping modifica-
tion of TD. Related progress has also focused on simplifying proofs and relaxing algorithmic mod-
ifications: Mitra (2025) proposed a streamlined inductive two-step analysis, Li et al. (2026) used
exponentially decaying stepsizes to avoid data dropping, and Sun et al. (2022) extended fast-rate
analyses to neural networks in the NTK regime. More recently, Samsonov et al. (2024) strengthened
the analysis of Patil et al. (2023) and obtained high-probability bounds without using projections.
Closest to the high-probability projection-free line, Chandak and Borkar (2025) obtained all-time
high-probability control for unprojected TD(0) without data dropping. Their analysis, however,
remains contractive in nature, and the resulting constants and burn-in depend on the curvature.

The only result that removes the need for projections with stepsizes independent of the curvature
of the potential function, and without using curvature in the analysis, is Lee and Orabona (2025),
which proves that the iterates of TD(0) are bounded in expectation. Our approach is inspired by
their method, but differs substantially because we need high-probability bounds.

Several closely related works study cheap linear-update methods that are informative but not
direct head-to-head baselines for plain TD(0). Raj et al. (2022) analyze linear composition opti-
mization and gradient TD methods for off-policy MSPBE minimization, using primal-dual updates
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rather than the semi-gradient TD(0) recursion studied here, and obtain adaptive finite-time guar-
antees but require bounded iterates or prior knowledge of the curvature. In the tabular setting, Li
et al. (2020) show that asynchronous Q-learning, and hence tabular TD, can have a leading statisti-
cal term matching the i.i.d. sampling complexity, with mixing entering only as an additive transient
cost; they also provide data-driven stepsizes that avoid prior knowledge of 7,;x. These results ad-
dress the same broad practical question of obtaining fast, stable, cheap linear updates under limited
tuning information, but they do not directly apply to unprojected linear TD(0).

As far as we know, there is no prior work that analyzes the possibility of getting both fast and
robust rates with a stepsize schedule independent of the curvature and without using projections for
linear TD learning.

The use of Polyak—Ruppert averaging in the analysis of TD learning can be traced back at least
to Konda (2002). To the best of our knowledge, Korda and La (2015) were the first to leverage
this technique to establish finite-time guarantees. In particular, Polyak—Ruppert (tail) averaging has
been employed to enable stepsize choices that avoid explicit dependence on the curvature parameter
w (see, e.g., Lakshminarayanan and Szepesvari, 2018; Patil et al., 2023; Samsonov et al., 2024).

Finally, we make use of the Poisson equation to obtain high-probability bounds. This is a stan-
dard tool, used widely in the literature on TD learning and stochastic approximation with Markovian
noise (see, e.g., Chandak and Borkar, 2025; Blaser and Zhang, 2024).

3. Setting and Assumptions

We work directly with the finite discounted Markov reward process (MRP) induced by a fixed policy
. Thus the action variables have already been averaged under p. Let S := {1,...,n} be a finite
state space, let P* : S x § — [0, 1] be the induced transition kernel, and let 7 : S x S — R be
the one-step reward function. Given an initial state sq, the state process satisfies P(s;11 = j | st =
i) = P*(i,j) fori,j € S. We write P* € R™ " for the corresponding transition matrix, with
entries P (7, j) = P"(4, j), and fix a discount factor 0 < vy < 1.

We are interested in the policy evaluation problem in reinforcement learning (Sutton and Barto,
1998; Mannor et al., 2026). For the MRP induced by g, the value function is

S():S].

The value function V'# can be viewed as a vector in R” and is the unique fixed point of the Bellman
expectation operator T : R™ — R" defined by

VH(s) =E

oo
Z V7 (sty s641)
t=0

(THV)(s) = r“(s)+72P“(s,s')V(s'), seS,
s'eS

where 7#(s) 1= > s P*(s,5") r(s, s).

When n becomes large, solving the Bellman expectation equation via matrix inversion becomes
infeasible. Instead, we consider Temporal-Difference (TD) learning with linear function approxi-
mation (Sutton, 1988). Let ¢ : S — R be a fixed feature mapping with d < n, and let € R<,
We approximate V* by Vg(s) := 8" ¢(s), or in vector form Vg = $6, where the feature matrix
® c R™ 9 has row ¢(s) " corresponding to state s.
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Structural assumption. Throughout the paper, we impose the following standard condition on
the induced MRP and the feature matrix.

Assumption 1 (Ergodic induced MRP and full-rank features) The transition matrix P" is irre-
ducible and aperiodic, and the feature matrix ® has full column rank.

Since P* is finite, irreducible, and aperiodic, it admits a unique stationary distribution 7. We
write D := diag() and use the value-space norm ||v||, := Vv " Dv for v € R". We also define
> := & D®. Under Assumption 1, 7(s) > 0 for every s € S, and hence X > 0.

For any 8 € R?, the TD(0) algorithm is defined for ¢ > 0 by

0111 =0 +m9(0:, Zy), Zy = (8¢, 5t+1),

where 7; > 0 is the stepsize and

9(0,7;) = (T(St, St+1) + ’Y¢(3t+1)T0 - ‘Ib(st)Te)‘ﬁ(St)-

When the dependence on randomness and iterates is clear, we write g, = g (0, Z).
The TD(0) update can equivalently be written as 6,11 = 0, + 1,(bz, — Az,60;), where

Az, = P(s)(p(se) — ’Y¢(3t+1))T € R4, bz, = r(st,s141)P(s¢) € R

Let Z :={(i,j) € S x S : P*(i,7) > 0} be the state space of the transition chain Z; = (s¢, S¢4+1).
Its Markov kernel is

PG, k), 5" =17,

L (4,5), (' k) € Z,
0, 7 #7,

PZ((i7j)7 (]/7k)) = {

and its stationary distribution is 7wz (i, j) := 7(i)P*(i, ) for (i,j) € Z. Define the population TD
matrix and vectorby A :=Ez .,[Az] and b :=Ez_.,[bz].
For z € Z, define
&(z) =b,— A,0%, 0(z)=A—A,.

When z = Z;, we write
£t = E(Zt), 6,5 — 5(Zt)

As shown in Lemma 4 below, Assumption 1 implies that A is nonsingular. Hence the expected
TD linear system A@* = b has a unique solution * € R?. It is known that the corresponding value
approximation Vg« = ®0* satisfies the projected Bellman equation (Tsitsiklis and Van Roy, 1996)

®0* = IIpTH($6"),

where IIp is the orthogonal projection operator onto the subspace {®x : = € R?} with respect to
|-l p- Moreover,

1
IV*~Vorlp < = IV ~ o V¥
The mean-path TD update is defined as

G(0) =Ezur, [(r(s,8) +10(s) 0 — p(s5)"0)p(s)].
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Using A@* = b, the mean-path TD update is linear in e := @ — 8* for all @ € R%:
9(0)=b—A9——A@6-06"), g(6")=o0. ()

To characterize the convergence of TD iterates 8 to the TD fixed point 8*, we introduce the
Dirichlet semi-norm ||z||?,, := x " Lp;,, where

Lpy =D — i(DP" + (P")" D).

By Lemma 23, || - ||pir is indeed a semi-norm since Lp;, is positive semidefinite. The potential
function f that we study (Ollivier, 2018; Liu and Olshevsky, 2021) is defined as

f0)=(1=7) Ve~ Volp+7IIVe— Vol 2
In particular, for e = 8 — 0%, since e Ae = e' AT e, a direct calculation yields
f(8)—f(0")=1e"(A+AT)e=e'Ae. 3)
Moreover, using (1), we have
(9(6),6" — 6) = (~Ae, —e) = e Ae = [(6) — [(6"). ©)

Since f(0) — f(0*) > 0 for @ # 0*, the mean-path update direction g(0) is aligned with the
direction 8* — 0. In particular, TD(0) under i.i.d. sampling from 77 acts as a descent method for
f. Additionally, any convergence guarantee on f can be translated to a guarantee in the projected
value norm:

f(8)

16 —6*||3; = [|[Ve — Ve-||b < 1= &)

Constants and structural consequences. We next collect the constants and matrix properties

used in the high-probability analysis. The boundedness constants are fixed by the finite state space,
while the mixing and curvature constants follow from Assumption 1.

Lemma 2 (Feature and reward bounds) There exist finite constants ¢oo, 700 < 00 Such that
|p(s)|| < oo forall s € S and |r(s,s')| < roo forall s,s' € S. For z = (s,s') € Z, set

g, =1(s,8) + qu(s')—r@* - (;S(S)TG*.

Then &(z) = e,¢(s) and
1€(2)]| < roodoo + 202167,

Lemma 3 (Geometric mixing of (Z,)) The transition chain Z; = (s, s1+1) has stationary distri-
bution wz. Moreover, there exists a finite constant Tyix > 1 such that

sup | PE(z,-) — mz|lrv < 427 K/mmix, k>0,
Z€EZ

where Pg(z, N =P(Zr =22y = 2).
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Lemma 4 (Curvature of the TD matrix) The symmetric part of A is positive definite. More pre-
cisely,
A+ AT
— =0 YV® ' D® +~7® " Lpp® = (1 — ) A\uin(®' D®)1,.
Consequently, one may take w = (1 — v) Apin (@ " D®) > 0, and

A+ AT
e T e

f(6) - f(6%) =
Thus [ is w star-strongly convex around 6*.

The first lemma is immediate from the finiteness of S and the triangle inequality. Lemma 3

is the standard geometric mixing bound for finite irreducible and aperiodic Markov chains; see,
e.g., Levin and Peres (2017, Theorem 4.9). For Lemma 4, expand A = <I>TD(I — vPH")® and
symmetrize. Then Lemma 23 gives Lp;, = 0, while Assumption 1 gives ®' D® > 0.
Remark 5 For Theorem 6, the curvature conclusion in Lemma 4 is not needed. The bounded-
iterates argument only requires a sample-path independent reference point 0 satisfying A" = b;
in more singular settings, this may be replaced by an appropriate reference set. In the discounted
full-rank MRP setting above, the reference point exists uniquely. If v = 1 or if ® is not full column
rank, its existence requires additional regularity conditions. Whenever such a reference point exists,
the robust O(1/~/T) rate continues to provide control in terms of the Dirichlet semi-norm.

Poisson Equation. A critical tool for handling Markovian noise is the Poisson equation associ-
ated with a bounded measurable function h : Z — RY. Define the stationary mean 7z (h) =
Ez~r,[h(Z)] and let h := h — 7z (h) be the centered function. The Poisson equation associated
with Py is
uw— Pgu=h, ie., u(z) — Z Py(z, 2 u(?') = h(2), z€Z. (6)
Z'eZ

In Appendix A, we will prove that this Poisson equation admits a solution u* : Z — R such that
[ [loo < 167mix || hl] o, where |[f|oo = sup.ez [|A(2)].

4. Main Results

In this section, we present our main results. We first establish a high-probability uniform bound on
the iterates, which is a key step in our convergence analysis. We then derive a simultaneous high-
probability convergence rate that is both curvature-free/robust and curvature-aware/fast convergence
rate for the Polyak—Ruppert averaged iterate.

4.1. High-Probability Boundedness of the Iterates of Unprojected TD(0)

Our first result shows that, even without any projection, the iterates of TD(0) remain bounded by a
constant multiple of max{||@o — 7|, |6 |, 5>} under a simple stepsize schedule that exploits the
update structure of TD(0).
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Theorem 6 (High-probability bounded iterates) Under Assumption 1, let ¢, 70 and Tyix be
the constants introduced in Lemmas 2 and 3. Consider the following stepsize schedule:

1
)
CTmix (f%o
2

for some numerical constant ¢ > 0, and a non-increasing positive sequence (az) such that Y ;~ ; az
is finite and ag < 1. Fix any 6 € (0, 1) and let

(N

Nt = Tbaset, where TIbase =

* * T'oo
Rbase = maX{|00_0 ||7||0 ||7} . (8)

o)

Define A1(8) i= 1536,/ af /2 log 2 + 2304, Ap i= 2706 3%, o,

2
_ Al((S) + A1(5) + 4A2, and p = 2c .
2 V2 — A1(6)e — A,

Cmin (5> : (9)

Then, provided that ¢ > cyin(0), with probability at least 1 — §, we have
sup ||0t”2 < prase .
t>0

1

Note that a simple choice of a; that satisfies the assumptions of the theorem is a; = I (3) VT

We provide the complete proof in Appendix B and a proof sketch below.

Proof Sketch. Fix § > 0 and suppress the §-dependence in the concentration bounds for simplic-
ity. Starting from the definition of the TD(0) update, we have

lgell = [ + 1{@(st1)-80) — ((s1). 1)) dlsi) | < Il (i)l + 11+ (i)l 16l
(10)

Thus, in each iteration, the update magnitude is at most 7o, g0 + 202 |04, which is of the same

order as ||6g]|-

Next, expand ||@; — 6*||* using the TD(0) update and sum from & = 1 to ¢, to obtain

t t
16 — 6"11> = 1160 — 6> + > i _1llgi1 1> +2Y_ m—1(gr—1 —(O1-1), 611 — 6")
k=1 k=1

t
+2Z77k—1<§(0k:—1)79k—1 —0%). (11)
k=1

To build intuition, suppose for the moment that g;, = g(6y). Then, equation (11) simplifies to

t t
10— 6711 — 160 — 0711° < >, llg(6x—1)|I* = 0<Z iy (1161 + |rek_1||2)> ,
k=1

k=1

where we use (g(0x_1),0x_1 — 0*) < 0 from equation (4). Hence, ||0; — 6*||? is governed by a

term of the form C’)(Zzzl m_1 ([|0k—1] + \|0k_1|\2)). Since (1) is square-summable, if ||@} || is

2. We keep track of all numerical constants because future work may focus on sharpening the minimal value of c.
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bounded by Ry, forall & < t — 1, then ||@; — 8™|| is also bounded by a constant multiple of Rpase.
Moreover, by the triangle inequality, ||0;| < ||@; — 0| + ||0||. In other words, a bound on |||
for all £ < t — 1 implies a bound at time ¢. This motivates the following induction hypothesis for
some p > 2:

0._1|| < pR .
1;225{71 || k 1|| = Plibase

The core of the proof then becomes to choose the stepsize parameter ¢ (and hence p) so that
16211 < 2(16: — 67[|* +2[[6"||* < p*Ri e

where we use the induction hypothesis to control ||@; — 6™ ||.

We now return to the Markovian bias term > % _; 7r_1(gs_1 — (0x_1), 051 — 6*) in (11). In
general, for 7y := o(Zo,...,Z), E[gy_1 — §(Ok—1) | Fr—2] need not be zero: g, _; depends
on the fresh randomness in Zj_1, and the conditional distribution of Z;_; given Zj;_o does not
necessarily coincide with the stationary distribution 7z. To control this bias, freeze the past iterate
0)._1 and define the centered scalar forcing term hy_1(z) == (g(0x—1,2) — g(Ok_1),0,_1 — 6%).
For this forcing term, consider the Poisson equation on the transition chain Z;:

_1: Z— R, uk,l(z) — E[uk,l(Zl) ‘ Z() = Z] = hk,l(z) . (12)

By Lemma 8, the equation (12) is solved by uj_;(2) == > 2 E[hg—1(Z;) | Zo = =], and we also
have
it = 5P fk1 (2)] < 16%imi it = O (T 011 ]) - (13)
4

The solution u;_, provides a convenient decomposition of Z',;:l Mk—1hk—1(Zk—1) into a martin-
gale term M, plus a remainder term ?;:

an 1hi—1(Zk—1) an 1 (i1 (Zk) = E[uj_y(Zk) | Zi—1] + i1 (Zi—1) — uj_1(Z1))
= Mt + Ry, (14)

where AMk = nk,1(u;;_l(Zk)—E[uZ_l(Zk)’Zk,1]> and Mt = 22:1 AMk Note that HAMM‘OO
O (Mk—1Tmix HOk_lHQ) = O(ak_1 H0k_1|]2) from (13). Consequently, the accumulated bounded
difference for M; is controlled by O(maxg<; ||6_1]|?). Assuming again that maxj<; |01 <
pRpase, Pinelis’ inequality (Pinelis, 1994) for martingale concentration (Lemma 11) yields |M;| =
O(p*RE,.) with high probability.

To control the remainder term R, = Y% me_1(uf_(Zx_1) — ul_,(Zk)), we rewrite it (see
Lemma 10) as

t

t
Ry = noug(Zo) — i (Ze) = > (k-1 — m) i1 (Ze) = > i (uji1 (Z1) — ui(Zi)) -
k=1 k=1

Since Huz —up_, HOO is controlled by O(1—1 Tmix ||@k—1 HQ) (because 0y, — 0,1 = Nx—19;_1), the
induction hypothesis again implies |R;| = O(p*RZ,_. ). Combining the bounds for M, and R;, we
obtain 3% mk_1he—1(Zk_1) = O(p*RE,..), which fits perfectly with our inductive proof, since
|0; — 6*||* remains the same order O(p 2RZ. ) as in the idealized case g;, = g(0y).
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4.2. High-Probability Convergence Rate for Polyak—Ruppert Averaging

Our second result studies the convergence rate of the Polyak—Ruppert (PR) averaged iterate. Let

T ) L T
St = Znt—l Or = - Znt—lot—l -
=1 T35

Recall the following potential defined in (2):

f0) = f(0)=(1-Ve—-Velp+7IVe—Verlii-

We have the following high-probability guarantees for the PR average 07

Theorem 7 (High-probability rate for PR averaging) Under Assumption I, let oo, 700, Tmix and
w be the constants introduced in Lemmas 2—4. Consider the same stepsize schedule (n;) as in (7)
and the same Ryase in (8). Also, define H == > 7 n?. Fix any § € (0,1) and let A1(5) =

1536,/300% aF /2o § + 2304 and Ay = 2706 3%, a. Define

Conin (0) = A1(9) + \/m ) 2c

> P E 0 A

Suppose ¢ > cpin(6). Then, with probability at least 1 — 6, we have for all T > 1,

f(éT) - f(g*) < min { Canst Crobust} ’

WS% ’ ST

where

8
Chast = pRpase |2 + 2Tmix (264770 + 176V H/2log 5) + 192702 H |

8
Crobust = p°R2 o 0.5 + 2Tmix b, (288770 + 192V H 1/ 2log 5) + (6727mix + 4.5) qﬁ‘goH] .

A choice of the stepsize that satisfies the assumptions of the theorem is (see Appendix D)
ne = (cd Tmix) ‘ag, where a; = (log(t+3)vVt+1)7". (15)

The logarithmic correction in a; is used at the square-summability boundary: it ensures that >, n?
is finite while keeping St = Ethl n—1 within a logarithmic factor of v/7". Such a choice results in

~ * (12 . 2 ~ * |12 2‘ 4 . . .
a robust rate of O(”e’ll%’%) and a fast rate of O(HOHW%M‘”) with high probability.
In Appendix E, we also show an alternative stepsize choice that does not require knowledge of
Tmix. at the cost of a doubly exponential dependence on i« in the constants.

10
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Proof Sketch of Theorem 7. By Theorem 6, with high probability we have sup,>( [|0:[/, <
p Rpase. It then follows that Zthl i H g1 H2 is of order O(R?, ), using the gradient bound (10).

Moreover, the cumulated Markov bias term Zthl Me—1(gs—1 — g(01—1),0:—1 — ") is also of order
O(R%ase), by applying the Poisson equation and Pinelis’ inequality.
Rearranging (11), we obtain

QZm 1(9(0:-1),0" — 01_1) = |80 — 67> — |67 — 67||?

T T
+ Z -1 llgs|® +2 Z N-1(g¢—1 — G(0r—1), 011 — 07)
t=1
- O<Rbase) :
The robust rate then follows from the convexity of f together with the equation (4):
_ RQ
FOr) — F0) < =3 1 (g(811).6~ 8, 1) — O (;)
T
t 1 77t 1 t=1

To derive the fast rate, recall that the TD update can be written as g(6;—1, Z;—1) = — Az, ,0:-1+
bz, ., . Then the centered error e; := 6; — 8" can be shown (see (24)) to evolve as

et = Tg—m—1A)es—1 +n—1&_1 + N—10i—1€4-1 . (16)

Rearranging yields

€1 — €
Aep 1= " +& 1+ 1e1.
M—1

Define et := é Ethl MNt_1€¢_1. Then Aep = I + I + I3, where

1 T 1 T 1 T
I := ng 1_6t Iy = ng t— 1£t—1> I3 := S—g 1 104_1€4—1 -

By Lemma 4, we have (A + A")/2 > wI,. Combining this with the equation (4) again, we obtain
0 * — — — —_ 1 _
f(0r) - £(67) = (Aer, er) < || Aer||[ler| < ~ lAer|*.

The fast rate follows by controlling || 11|, ||11]| is bounded
using the telescoping sum. For Lemma 8 with forcing terms &;_;
and 6;_1e; 1, respectively. Therefore, by Pinelis’ inequality and the normalization by S, both
| I2|| and ||Z3|| are of order O(Rpase/S7) With high probability, which completes the proof sketch
for the fast rate.

5. Detailed Comparison with Prior Results

In this section, we compare Theorems 6 and 7 with prior finite-time results for TD(0) with lin-
ear function approximation. This comparison is delicate because prior papers use slightly different

11



LEE ORABONA

assumptions on the problem and the algorithm. We therefore compare the results on a common
footing, while emphasizing which unknown quantities are needed to set the algorithmic hyperpa-

rameters. For simplicity, in this section we assume ¢, = 1.

1
¢ TmixVt+1log(t+3)°
where c satisfies the assumptions of Theorem 6. Under this choice, TD(0) with Polyak—Ruppert

averaging simultaneously achieves the following three guarantees:

First, we recall our guarantees under the stepsize schedule in (15): 7 =

* bounded iterates, independent of w,

mixR2_ . logT+/log(1/8
* the w-robust rate (’)(T base Oﬁf os(1/ )),

7_2 R2

) log? T'log(1/6
¢ the fast w-aware rate O( mixFlhase 108" T'1og(1/9)

wT

), with probability at least 1 — 4.

Importantly, all guarantees use a single stepsize schedule that is independent of the curvature pa-
rameter w.

Prior work on bounded iterates. To the best of our knowledge, our result is the first to show that
TD(0) with Markovian sampling has bounded iterates with high probability without using w in the
stepsize or in a curvature-based stability argument.

The closest result is Lee and Orabona (2025), but they only provide expectation bounds, whose
rate we match. While one would expect that it is relatively easy to convert expectation results
to high-probability ones for well-behaved random variables, here it requires completely different
machinery based on the Poisson equation.

Our proof proceeds by establishing the boundedness of the iterates via a carefully designed in-
ductive argument. This argument uses only the condition (g(6),0 — 8*) < 0. We then control
the Markovian bias pathwise using a Poisson-equation-based decomposition. This approach is fun-
damentally different from the Linear Stochastic Approximation (LSA)-stability-based analyses in
Srikant and Ying (2019); Mou et al. (2020); Chen et al. (2022); Patil et al. (2023); Li et al. (2024);
Samsonov et al. (2024); Durmus et al. (2025) that result in a bound on the norm of the iterates that
depends on w, hence incompatible with the robust rate.

Our approach is also very different from using projections, that is, projecting 8 onto the ball
B(0,||6%||) (see, e.g., Bhandari et al., 2018; Liu and Olshevsky, 2021; Sun et al., 2021; Prashanth
et al., 2021; Patil et al., 2023).

Such projections play an analytic rather than algorithmic role: they guarantee that |g(8, )|~
is always bounded by a constant depending on ||@*||, so that the following terms can be controlled
easily using concentration inequalities:

S nilgnl? ) melgs — 9(6k), 0, — 6%).
P p

These terms scale with ||0*||? instead of an unknown bound on ||@}||*. We remark that this kind of
modification of TD(0) is not used in practice, and it would require an additional hyperparameter.
Moreover, simply bounding ||@*|| with the loose bound (Bhandari et al., 2018, Lemma 7) ||0*| <

\/g(fj 3) once again breaks the w-independent result required for the robust rate.

12
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Prior work on robust rates. To the best of our knowledge, ours is the first result to achieve the
robust rate 5(%) with high probability, without any algorithmic modification and with a
simple stepsize schedule independent of w. Once one considers the implicit dependence of 1" on
Tmix 10 some prior work, we match the rate in expectation from prior results (see, e.g., Bhandari
et al., 2018; Liu and Olshevsky, 2021; Lee and Orabona, 2025), up to polylog factors. On the other
hand, we require knowledge of Tyix to set the stepsizes. Instead, prior work, either implicitly or
explicitly, requires the number of iterations 7' to be large enough with respect to some function of
Tmix for the rate to be O (ﬁ)

Our analysis is fundamentally different from previous ones,with the notable exception of the
expectation result of Lee and Orabona (2025) that we already discussed. Indeed, the stability-based
approach commonly used in the literature, which relies on (16) to unroll 8; — 8, would typically
result in a bound on [|@; — 8*|| that scales like S"i_,(1 — Apin7)’ using inequalities similar to
(17), which only controls ||6;| at the scale O(1/Amin). This dependence is incompatible with the

w-independent bounded-iterates guarantee in Theorem 6.

Prior work on fast rates. The most relevant prior works on fast rates are Samsonov et al. (2024);
Durmus et al. (2025).> These papers view TD(0) with linear function approximation as a special
case of LSA. They prove that there exist constants a > 0, s, > 0, and «, o > 0 (depending on p
and possibly on T;ilx) such that pay, o < 1/2 and TD(0) satisfies the following exponential stability
condition: for any moment order p > 0 and any stepsize o € (0, ap o0 )

El/P T null’] < 5(1 — ca)™ ||ul|, foranyu € Rd, 1<m<n, a7n

where I'%,... = [[;_,,(I — «Agz,) is a product of random matrices. This condition allows one to
unroll the recursion and decompose 8; — 6* as

t

0, —0" = (I-aAyz) (0i-1 —0") +afy, =700 — ") +a) Tfi.éyz, .
i=1

Then, one can use p-th moment bounds on I'S,.,, to control ||6; — 0% ||s.
Under this approach, and recalling that w > (1 — 7)Apin(® T D®), Samsonov et al. (2024,
Theorem 6) shows that, with high probability, a data-dropping modification of TD(0) (Nagaraj

et al., 2020) achieves the rate O(Tmi?yﬁy;/”)z;%gQ(;:/ %)) for ||@7 — 6*||%. Their bound also includes
I2.

min

an additional exponentially decaying term that depends on |6y — 6* The fixed stepsize « in
Samsonov et al. (2024) is w-agnostic, but the data-dropping strategy requires knowledge of Tix,
and it is not commonly used in practice.

In parallel, Durmus et al. (2025, Corollary 2) considers a varying stepsize 1y = O(t_Q/ 3) that
depends on A, and Tyix and obtains a better high-probability guarantee in which |67 — 0*”%
decays at rate O(%W 7.
To compare these results with our bounds, we can use equation (5) to translate our bound on f

— ~ 2 2
into a bound on ||@7 — 6*||%. Hence, we obtain the fast rate O( ;miXRbase ) in Theorem 7. Up

( _'Y)zAminT
to logarithmic factors, this rate matches the best-known high-probability results in the Markovian
sampling regime (Samsonov et al., 2024; Durmus et al., 2025) and the i.i.d. stationary sampling

), plus an exponentially decaying term depending on |6y — 6*

3. As observed by Durmus et al. (2025, p. 7), the results in Mou et al. (2020) are based on restrictive assumptions that
do not allow a fair comparison with ours and previous results, so we omit them here.

13
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regime (Li et al., 2024) for all relevant non-mixing quantities. Indeed, our Rﬁase has the same order
of magnitude as |@*|? that appears in the other bounds. However, our Téix dependence is worse by
one factor of 7y« than the linear 7,,;x dependence obtained in the Markovian bounds of Samsonov
etal. (2024); Durmus et al. (2025). In addition, our initial-error term ||@o —6*||> decays ata 1/7 rate
rather than exponentially, since we avoid relying on a contraction-based argument in our analysis.

The worse dependence on 7,ix could be a side effect of our Poisson-equation-based analysis. On
the other hand, it could also be due to the fact that we do not use a data-dropping method (Samsonov
et al., 2024) or knowledge of A\pi, (Durmus et al., 2025).

More generally, it is unclear whether any of the above results are optimal in their respective

settings. To the best of our knowledge, the closest lower bound is Q(%) due to Li et al.
(2024, Theorem 2), which considers TD(0) with linear function approximation under the easier
setting of i.i.d. sampling. Thus, when data dropping is not allowed, projections are not used, and
Amin 18 unknown, the optimal dependence of our rate on 7,ix and 1 — ~ remains open.

A reason one might expect such a dependence on T,ix in the convergence rate or stepsize is
that the TD fixed point 8 is defined with respect to the stationary distribution, and a slowly mix-
ing Markov chain can require more samples to accurately estimate stationary expectations (Nagaraj
et al., 2020). At the same time, tabular results show that one should not expect a multiplicative
mixing-time dependence to be necessary in all settings: Li et al. (2020) show that, for asynchronous
Q-learning and hence tabular TD, the leading statistical term can match the i.i.d. sampling setting,
with only an additive transient 7y,;x cost. In the linear function approximation setting, existing re-
sults still account for the mixing time in various ways: stepsize conditions that explicitly depend
on Tmix appear in (Srikant and Ying, 2019; Mitra, 2025; Durmus et al., 2025); data-dropping ap-
proaches that retain only one out of O(7yix) samples are studied in (Patil et al., 2023; Samsonov
et al., 2024); and several results require the total sample budget 7' to be sufficiently large relative to
Tmix (Lee and Orabona, 2025; Li et al., 2026).
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Appendix A. Poisson Toolkit for Markov Noise

In this section, we develop a Poisson-equation toolkit for Markov concentration. Throughout, let
(Z4)¢>0 be the Markov chain on

Z:={(i,j) € S xS : P*(i,j) > 0}
with kernel Pz and stationary distribution 7z, as defined in Section 3. The state space Z is finite.

A.1. Poisson Equation under Geometric Mixing

We start with a standard Poisson equation lemma for geometrically mixing chains in R¢ (Meyn and
Tweedie, 2012, Theorem 17.4.3).

Lemma 8 (Poisson solution under geometric mixing) Let h : Z — R% be a bounded measur-
able function with stationary mean zero, i.e., E,[h(Z)] = 0. Then, the Poisson equation

u— Pzu=h, on Z, (18)

where (Pzu)(z) := E[u(Z1) | Zo = z|, admits a solution

u*(2) = Y (PEh)(2),

k=0
where (PER)(2) := E[h(Zk) | Zo = 2]. Moreover,
[0 [loo < 167mix|hlloc,  where [|hjoo := sup [|A(2)] -
2€Z

Proof Define u*(2) := > 32 ((P5h)(2). Since E,, [h(Z)] = 0, for every k > 0 and every z € Z,

(PE:) = [ )P (2. d') = ma(d)}.
Using the geometric mixing bound from Lemma 3, we have for all £ > 0,

1(PZR) o0 = sup [E[1(Z5) | Zo = 2] < sup 2||hlloo | PE(2, ) = mzllrv < 8- 27/ Tmix o
FAS] S

Thus, the series defining u* converges absolutely and uniformly with

> 8
* k — .
[0 < kzo [(PZh)]lo0 < T o 1hlloo = C(Tmix) | Plloo -

Moreover,
oo
(Pzu*)(z) = Py™h(z),
k=0
SO

u*(2) = (Pzu*)(2) = (Pzh)(2) = h(2),

18
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that is, u* solves (18).
Let © = 1/Tmix. We scale the function C(7yix) by 1/7mix and consider the new function C'(x):

C(x) = 1 C<1>:%.8'29C 8x

T\ @ 20 —1 1-277

We claim that C'(z) is monotonically increasing on (0, 1]. Let t = 2 In 2. Then C/(z) can be written
as 125 —L—. Consider the derivative of f(t) = ;L= fort > 0:
11— —tle?) 1—(1+te?
!
t — =
f ( ) (1 _ eft)Z (]_ _ 671‘/)2

Using the elementary inequality el > 1+tfort > 0, we have 1 > (1 + t)e” !, which implies
f'(t) > 0. Thus, C(z) is strictly increasing on (0, 1]. Consequently, the maximum value of C'(x)
on the interval (0, 1] occurs at x = 1:

~ - 8.1
Ox) < C1) = 75 = 75 = 16.

Therefore, we have C'(Tpix) < 167mix, which completes the proof. |

A.2. Bounds for TD-type Poisson solutions

We now specialize Lemma 8 to the functions arising from TD. For z = (s, s') € Z, define the scalar
function

hg.g—o-(z) == (g(0,2) —g(0), 6 — 6%),
and the vector-valued functions

h(z) :=e.p(s) € RY, where we recall e, = (s, s') + vo(s') 0" — ¢(s) " 6",
he(z) =4, (9 - 0*) e R%, where we define §, .= A — A, € R¥?,

By construction, hg g_g+, h, and hg all have stationary mean zero under wz. We study properties
of the corresponding Poisson-equation solutions in the following lemma.

Lemma 9 (Bounds and Lipschitz properties of TD Poisson equation solutions) In the setting of
Section 3, let oo, Too and Tmix be the constants introduced in Lemmas 2 and 3. Then the following
statements hold.

(1) Growth bounds. Forall z € Z,

[ho.0-0%(2)] < (2roctoo + 495,[161)) (16 — 67,
1h(2)]] < rootoo + 2651167,
lho(2)]| < 49316 — 6]
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(i) Bounded Poisson solutions. Let up 4 o« : Z — R be the infinite series solution of the
Poisson equation
* *
ugg_g — Pzugg_g = hoo-0"

and let v* : Z — R? be the infinite series solution of
uw* — Pyu* = h,
and let uy : Z — R? be the infinite series solution of
ug — Pzug = hg .
Then,

11,66+ lloo < 167mix[lh9,0-6+ lloc < 167mix (270000 + 405,611 10 — 671,

4|00 < 16Tmix|[Alloo < 16Tmix (TooPoo + 2¢§o||0*”)7
HUZHOO < 167—mixHh0Hoo < 64Tmix¢c2>oH0 — Q*H .

(iii) Local Lipschitz continuity in @ and 6'. With the definitions in the previous point, we also

have
H%,o-e* - “Z’,e’—e* oo < 16'rmiXHh0,9—9* —ho o6 lloc
< 167mix (2700 + 462 [6]) |6 — €]
+ 647mix 3, |0 — 67| |0 — 6],
and

lug — g lloe < 64Tmixd%, 10 — 6] .
Proof (i) Growth bounds. By the feature and reward bounds in Lemma 2, for z = (s, s’) we have
lg(8, 2)I| = [r(s,5") +7o(s') 10 — d(s) 6] - [|op(s)]
< (roo + (7 + )00 18]]) oo < (roo + 26016]]) boo -

Taking expectations under 7 yields the same type of bound for ||g(0)||, hence

19(8,2) = (O)I| < 2(ros + 260]|0]]) G0 = 2700 + 405,16 -

Therefore,
lhg.o—0-(2)| = |(g(6,2) — G(6),0 — 6%)| < (2recdoe + 4¢%,116]) |6 — 6% .

For h, recall that
e, =7(s,5) +v0(s) 0" — p(s)T0".
Then,
1h(2)l = lle=(s)| < Tootoo + 205167
For hg, recall that

A, = ¢(s)(d(s) —vo(s) .
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Then,
1A:llop < l@() 1 (Io()]| + N B(s ) < (1 + )% < 202, -
Consequently, | Allop < 2¢% and
18-llop < 1 Allop + | Alop < 463, -
Thus,
lhe ()] = 1|8(6 — 67| < 463, (|6 — 67| .
(ii) Poisson solution sup-norm bounds. It follows from Lemma 8 applied to the real-valued function
he g—e+ and the R? functions h and hg.

(iii) Lipschitz continuity in 0. Scalar case hg g_g+. For each z = (s,s") and 6 € R? recall that

A, = ¢(s)(p(s) —v9(s)) |, b.i=1r(s,5)p(s),
and
A=E. [Az], b=E.[bs],

sothat g(@) = —A0 +band g(0,z) = —A.0 + b,. Also, recall that
0,=A— A,, and let ¢,:=b,—-b.
Then
9(6,2) —g(6) =0.0 + (.,
and hence
he.g_g~(2) = <620 +¢,, 0 — 0*> .
As above, ||, ]|op < 462, and ||b. || < Tocoo implies [|C, || < 2700 poo. We have
|ho.o—0+(2) — her g _g+(2)| = (0.0 + (., 0 —0") — (8.6"+ (., 6 —0")|
=(6:0+(,,0-0"—6 +6")+(6.0+¢,— (5.0 +(,), 6 —6")]
< 116:6+¢.[|[|6 6’| + [|5-(6 — 6")]|[|6"— 6"
< (462, 10]| + 2rectec) |0 — O'|| + 402, ||6' — 6*|| |6 — || -
The second inequality follows from applying Lemma 8 and linearity of the Poisson equation:
ug g_g+ — g g_g=lloo < 16Tmix[|hg.0-6" — hor 67— [loc -
Vector case hg. For hyg,
ho(z) — he/(2) = 6.(6 — ),
SO
lhe(2) = hr (2)]| < [|8:]lopllO — O'I] < 402.[16 — €] .
Taking the supremum over z gives

lhe — herlloc < 465,110 — 6] .

Thus, by Lemma 8 and linearity of the Poisson equation,

[ug — tpy]loo < 64Tmix3 [0 — 6']] .
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A.3. Poisson Martingale decomposition of additive Markov noise

Recall F; := o(Zy,...,Z;). Let uy—1 be the infinite series solution of the Poisson equation with
forcing function ;1 defined as one of hg, | g, ,—g*, I, or hg,_,, that is

w1 — Pzug1 = hyq.

Then, we have
Znt 1hi—1(Zi-1) Zm 1(u-1(Zi-1) = (Pzug-1) (Zi-1))

= Zntfl(utfl(ztfl) —w—1(Zs) + w-1(Z;) — (Pgug—1) (Z4—1))
t=1

T
= Z’Ot—1(ut—1(zt—1) —w—1(Zr)) + Z n—1AM;,

where AM; = u;—1(Zy) — (Pzug—1) (Z;—1) is a martingale difference with respect to F; :=
o(Zy,...,7Z) since uy_1 € Fr—1 and

Elut—1(Z:) | Fie1] = Elue—1(Zt) | Fer, we—1] = (Pzup—1) (Z4—1) .

We will use this Poisson decomposition repeatedly throughout the paper.
Thus, for all 7" > 1, we obtain

T T
My = " 1AMy, Rp:=Y m1(uw-1(Zi1) —u-1(Z)), 19)
=1 =1

and (M7)7r>1 is a R?-valued martingale with respect to (Fr)r>1. Moreover, Ry enjoys the fol-
lowing representation:

Lemma 10 (Summation by parts)

T

T
Rt = nouo(Zo) — nrur(Zr) — Z(m—1 —ne)ue—1(Z¢) — Zm (wi—1(Zy) — ue(Zy)) -

Proof Let Rt = Zthl Me—1(u—1(Zi—1) — ug—1(Z;)) and write

RT—Z% 1ut—1(Z-1) Zﬁt 1ut—1(Z)
=1

1 (2
T T

Reindex the first sum as TT(,I) = Z?:_ol nju;(Zj). For the second sum, add and subtract the terms

neuy(Zy) and nyug—1(Zy):
Ne—1Ui—1(Zt) = meue(Zg) + (Me—1 — ne)ue—1(Ze) + me(we—1(Z) — ue(Zy)) -
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Summing overt = 1, ..., T yields

T T
= Zﬁtut(Zt +Z Ne—1 — M) ue—1(Zt) +Z77t ui—1(Zt) —Ut(Zt))
t=1 t=1

Hence,

T

Ry = nouo(Zo) — nrur(Zr) =Y (-1 — n)ur—1(Z) Znt w—1(Zt) — ut(Zy)) -
=1 =1

Appendix B. Bounded Iterates: Proof of Theorem 6

B.1. Markov noise and localization

Let e; := 6; — 0 denote the error at time ¢. From the TD update, expanding e; gives

el = 16 — 6"[1* = 61—1 + 1—19(81-1, Ze—1) — 6"
= 10e-1 — 0°|* + 171 1lg(O1-1, Ze—1)|* + 201-1(g (011, Z4-1), 011 — 607)
= 601 = O°(1” + 071119 (Be—1, Ze—1)I|” + 2m-1(g(Bs—1, Ze—1) — G(B-1), 011 — 67)
+21-1(9(0¢-1),0,-1 — 07) .
Summing from ¢ = 1 to 7" yields

T T

lerl? = lleol® + > i1 llg(Ber, Ze-1)I* +2)  m-1(g(6:-1),6¢1 — 6") + Br,  (20)
t=1 t=1

where the Markov bias term is
Br —2Zm 1(9(01-1, Ze-1) — §(0¢-1), 0,1 — 07). 1)

By (4) and the nonnegativity of f(6) — f(8™),

(g(0:-1),0,—1 —0") = —(f(6,—1) — f(6%)) <O

Thus, we have
T

ler|* < lleoll* + > ni-1llg(8:-1, Ze1)|I* + Br .
t=1

To localize the process, we define

Texit = inf{t >0: Het” > prase}7
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where Teyit is a stopping time with respect to (F;) because 8, is F;-measurable. The number p > 2
will be specified later. Define

o= {100 = 0" 1671 5 . R =
¢oo
and the stopped iterates and stepsizes by

. _ Mt t < Texita
0; := Onr . =
t tA exit ? nt {O’ t Z Texit °

We define the stopped Markov bias term
Br = 227% {g(Oi1,Zi1) —g(0:_1), 0,1 — 7).

In particular, on the event {7y, = oo} we have 0, =0, ne = 1, and B, = B, for all t.

B.2. Poisson representation and bounds for the localized Markov noise

Let u;—1 be the infinite series solution of the Poisson equation with forcing function h;_; :=
hétfl,étfl—g* € Fi_o, thatis,
ut—1 — Pzug—1 = hy—1.

Then, from Section A.3, we have

Mﬂ

Znt 1hi—1(Zi—1) =) 1 (w—1(Zi—1) — (Pzug—1) (Z4—1))

i
I

I
M%

-1 (w—1(Zi—1) — w—1(Zs) + w—1(Zs) — (Pgus—1) (Ze-1))

i
I

T
1 (w1 (Zia) —wa(Z0) + D i 1AM,
t=1

Il
M’i

o~
I
MR

where AM; = u;—1(Zy) — (Pzug—1) (Z;—1) is a martingale difference with respect to F; :=
o(Zoy,...,7Z) since ug—1 € Fy—1 and

Elut—1(Z:) | Fie1] = Elwe—1(Zt) | Fer, we—1] = (Pzup—1) (Z4—1) .

Thus, for all T > 1, we obtain

T T
Br =2Mrp+2Ry,  Mp:=)Y 1AMy, Rp:=> i1(w-1(Zi1)—w1(Z)), (22)
t=1 t=1

and (MT)T21 is a real-valued martingale with respect to (Fr)r>1.
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Moreover, if 7;_1 > 0, we have Hét_lH < Rmax and Hét_l — 0"|| < 2Rpax. Thus, Lemma 9
implies that
||ut—1Hoo < 167Tmix (zroo(boo + 4¢go Hét—lH) (Hét—l - O*H) < 16Tmix¢(2>o(4R12nax + 8Rr2nax)
< 1927mix % R

max °

Also,
HAMtHoo < ”ut—lHoo + HPZUt—IH < 2”Ut 1HOO < 3847—m1x¢2

max

Since 7j;—1 = 0 for all t > Tit, the increments 7,1 A M, satisfy

[7—1 AM]| o < 7—1384Timix o0 R - (23)
We now use Pinelis’ inequality in Lemma 22. Applying it to the increments
Xt = 1AM, t>1,
with (23), we obtain the following anytime high-probability guarantee.

Lemma 11 (Pinelis’ inequality for the stopped martingale) Let My := ZtT:1 Xy with Xy =

Nt—1AM; as above. Then, for all § € (0, 1),
=~ 5 [ 2
an 2log5 > 1-4.
t=0

Proof Setting r > Db,4/2log % in Lemma 22, we have 2 exp <—%> < 4. Since R? with /£ is
a (2,1)-smooth Banach space, choosing b? = >7° 17 (38472 R

P < sup |MT| < 384Tm1x¢) R?
T>1

max

2 finishes the proof. M

o0 max )

B.3. Bound on the remainder term

We now bound the deterministic remainder Ry defined in (22) using Lemma 10 and the Lipschitz
continuity of u;_1.

Lemma 12 (Bound on the localized remainder) In the setting of Section 3, with the constants
from Lemmas 2 and 3, for any T’ > 1,

|RT’ < 5767707_mlx¢oo max T 6727—mix¢§o max Z M—1 -

Proof Using Lemma 10, we have

Ut 1(Z) —Ut(Zt))

IIMH

T
Ry = fiouo(Zo) — firur(Zr) = Y (-1 — f)u-1(Zy) —
=1

If 7,1 > 0, we have ||ét_1H < Rpmax, hence Hét_l — 0"|| < 2Rpax. Lemma 9 implies

”ut 1HOO < 192Tmlx¢oo max °
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Therefore
0o (Zo)| + |irur (Zr)| < 38410 Tmix e Rz ax -

Since (7;—1) is non-increasing, we have thl -1 — ] = thl(ﬁt_l — 1) < 1o, SO
’Z Te—1 — T ) Ut — I(Zt)’ < 19210 Timix @20 Ronay -

For thf:~ u; — ug—1 term, when ¢ satisfies 7, > 0, we expand the TD recursion ét — ét,l =
Mt—19(0¢—1, Z;—1) and use Lemma 9(iii) to conclude
lur — wi—1|| oo < 16Tmix (27“oo¢oo + 492, HétH) Hét - ét—lH + 64Tmix ¢ Hét—l — G*H Hét — ét—lH

< ﬁt—1167—mix(2roo¢oo + 4¢20Rmax)(roo¢oo + 2¢goRmax)
+ 6477t—17-mix¢go 2Rmax(roo¢oo + 2¢20Rmax)
<A 13 R2. (16 X 18 + 64 X 2 X 3)Tiix

< 67277t 17—mlx¢oo max *

Thus,

!

Zm u-1(Zy) — w(Zy)) Z e — -1l < 6727mixd5 mamem 1
t=1 t=1 t=1

< 6727—mix¢§o max Z Me—1-

Combining the three bounds, we have

|RT’ < 5767707_1111)((1500 max T 672Tmix¢go max Z Me—1 -

B.4. High-probability bound on the localized Markov noise
Combining Lemmas 11 and 12 with the decomposition (22) yields the following high-probability

control of BT.

Lemma 13 (Localized high-probability bound for Br) In the setting of Section 3, with the con-
stants from Lemmas 2 and 3, for any 6 € (0, 1), we have

1
P{ = sup |By| < 38412 R
27>

max

where C' = 57600 Tmix ¢ B2 o + 672Tmix % R2,.. Yoo nz.
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Proof From (22), Br = 2Mr + 2Ry. By Lemma 11, with probability at least 1 — 6,

sup |MT| < 384Tmlx¢ R?
T>1

max

By Lemma 12, we also have the deterministic bound

;up |RT| < 5767]07—mix¢go max T 6727—m1x¢oo max Z M -
>1

Combining these two bounds yields the desired result. |

B.S. High-probability bounded iterates via bootstrap

We can now bootstrap on R,,« to prove high-probability bounded iterates, completing the proof of
Theorem 6.

Lemma 14 (Bootstrap inequality for the radius) In the setting of Section 3, with the constants
from Lemmas 2 and 3, for all § € (0, 1), with probability at least 1 — ¢, we have

2
Z T]t 2log — 5 + 11527707—m1x¢oo max

+ 134470 B2, Z n? + 968 R Z s

oo™ "max

sup HéTH2 < HeoH2+768Tmix¢2 R?
>0

where ép := 07 — 0*.

Proof Using inequality (20) and dropping the nonpositive 2 Z,f:l Mt—1(g(0¢—1),0:—1 — 0") term
by (4), we obtain

ler|® < ||60”2+Z77t 119(0e—1, Z-1)|* + Br .
t=1

Lemma 2 implies

||g(ét—1a Zt—l)” S Too¢oo + 2¢goRmax S 3¢goRmax .

Thus,
T ~
Z ﬁt2—1 ||g(0t*15 Zt*1)||2 < 9¢§o max Z Mt -
t=1
Combining this with Lemma 13 finishes the proof. |

We are now ready to give the proof of Theorem 6.
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Proof By the triangle inequality,

sup [|07[* < 2/|6*||* + 2sup ||ér|?
T>0 T

< 26|12 + 2/|6* — 0¢||* + 15367mix 2 R>

max

+ 23047707_mlx¢oo max (26887—1111)( + 18 éoR?nax Z N

o0

2

< RPe | 2+ 2 + 1536Tmix 2 p° \Ig 2log
t=0

+ R, (2304nonlx¢oop + (2688Tmix + 18) 2 p? Z m) :
Recall that 7, = m and /> 2 nf = m\ />0 a2 Tt follows that

p? p?
Zat,/zlog 5 23047 + 2706 Zat =

5 2
sup 072 < R%,. | 4+ 15362
T>0 t=0

c

There exists a sufficiently large ¢ such that

2
Zat\/ﬁmwﬂ + 2706 (Zat> 5o

t=0

2
44 1536%

For such ¢, we have
Hé ||2 < 2R2 _R2
sup T S P Lipaee
T>0

max °

On the event {supy 107]2 < R2,.} we must have Tpy; = oo by the definition of Thyi;. Thus
01 = @7 forall T, and

max *

sup ||Q9TH2 < R?
T>0

Appendix C. Convergence Rates: Proof of Theorem 7

Recall that the TD update can be written as
g(gt—17 Zt—l) = _AZt_10t—1 + bZt—l’
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Therefore, the centered error e; := 0; — @* evolves as

e, =e1+m-1(bz,_, —Az,_,0:_1)
=e1+n-1(—Az_, (0" +e—1)+by_,)
=e1+m1(—Az_e—1+&_)
= Tg—n—1A)es—1 +n-1& 1 +1—10-1€41, (24)

using Az, , =A—90;—1and§, |, =by, , — Az ,0". Rearranging yields

€1 — e
Aey 1 = % +& 1+ 0 1e . (25)
t—1

Define the following quantities:

T T
_ 1 = v
St = § -1, er = STT § M—1€t—1, Or:=60"+er.
-1 t=1

Multiplying (25) by 7;—1 and summing from ¢ = 1 to 7" yields

T

T T T
Z N—1Ae_1 = Z(et—l —e)+ Z Ne—1&,_1 + Zm—ust—let—l .
=1 =1 =1

t=1

Dividing by St and recalling the definition of et yields
Aer =1 + Ir + I3, (26)

where

1 & 1 & 1 &
= — Iy = — _ I3 = — _10+_1€4_1.
I Sy get 1 et 2 Sthlnt 15}:—17 3 Sthlﬁt 10¢t—1€¢—1

Notice that, by Lemma 4, (A + AT)/Z > wly, so for any « € R,

A+ AT
2

(Ax,x) = x> wlx|?.

Combining this with Cauchy—Schwarz,
wlz|? < (Az,z) < || Az]||]],

we obtain, for « # 0,
1
]| < —[[Az|.
w

In particular, for x = er,

1
f(Or) = f(0") = (Aer,er) < || Aer|sler| < ~ [ Aer|*. 27
We now bound || I1]| , || I2||, and ||Z3]| in turn to control f(87) — f(6*).
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C.1. Bound on the telescoping term [;

The first term is purely deterministic.

Lemma 15 (Bound on [1) On the bounded-iterates event Er := {sup, ||0+|| < Rmax} we have,

2Rmax
Ll € 77—
t=1"-1

forall T > 1.

Proof By telescoping,

Mﬂ

~1—€t) = ey — er,
t:l

SO
€y — er

St

On &g, |leg — er|| = ||@o — 0" — 07 + 67| < 2Ry ax. Therefore, ||| < 21%%. [
2t=1 M1

I =

C.2. Bound on /5 via vector-valued Martingale Inequality

Lemma 16 (Bounds for I5) In the setting of Section 3, with the constants from Lemmas 2 and 3,

let
L I
Iy i = — _
2 ST;m 1§,

where €, := &(Z;—1) and the stepsize sequence (1;—1) is non-increasing. Then, with probability
at least 1 — ¢, forall T > 1, we have

0

2 x
Z ’)7t2 2 log g + 3770 167'mix<7aoo¢oo + 2¢go Ho H) '
t=0

1

T
t=1"Tt-1

2]} <

Proof By Lemma 8, we have
u—Pru=§€, and |[ufloo < 167mix(roodoo + 26%, [167[]) .

Then, reasoning as in Section A.3, we obtain

Znt 1§41 —Znt 1 (u(Zi-1) = (Pzu) (Zi-1))

= Znt 1 (u(Zi—1) —u(Zy) +u(Zy) — (Pzu) (Zi-1))
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where

My me 1AM;, Ry me 1 (u(Zi1) —u(Zy)) -

Since [|ulloo < 167mix(rocPoo + 202, |0

), we have
[AM][oo < [Jufloo + HPZUHOO < 2[ulloe < 327mix(TooPoo + 2@%0 167]]) -

Using Lemma 22, for any § € (0, 1), we have with probability at least 1 — 4,

00
. [ 2
2};1; HMTH < 327—mix<roo¢oo + 2¢c2>o Ho HQ) 277152 210g g :
2 t=0

For the remainder term R7, we have

1Rl = u(Zi-1) = u(Zy))|| < 310 [|ulle < 487mix(rootoo + 263, 11670,

since 7;—1 is non-increasing. Thus, with probability at least 1 — 9,

oo

2 *
> n\[2108 5 + 30 | 167mix(rocdo +20% 67]).
t=0

Hence, with probability at least 1 — ¢,

sup ||Mr + Ryl < | 2
T>1

\MT—I-RTH2 1

|
2]l = <
St Zt 1Me=1

2

> 2 x
> iy 2108 5 + 30 | 167mix(roc oo + 265 [67])

t=0

C.3. Bound on /3 via localized vector-valued Martingale Inequality

Recall the stopping time and stopped process:

Texit := inf{t > 0 : ||0¢|| > Rmax}, 0 = O;n1... é =0, — 0",

exit ?

and the stopped stepsizes
~ U2 t < Texit’

N =
{07 t> Texit .

For T > 1, define the localized multiplicative-noise term

T
~ 1 _ B
Liri= o ; 101 1841 . (28)

On the event {Texit > T — 1} we have 7,1 = m;—1 and &, = e;—; forall 1 < ¢t < T, so
I3 = I3.
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Lemma 17 (Localized bounds for I3) In the setting of Section 3, with the constants from Lem-
mas 2 and 3, consider the stopped process defined above. Fix § € (0,1). We have, with probability
atleast 1 — ¢, forany T > 1,

256 Tnix 02 Ry S5 17 /2108 3 + 3840 T 62 R
St
1927 08 R 5020 17
St '

72 <

Proof Recall
4, =A—A,, hg(z) :=6.(0 — 0%),

and ||8;[lop < 4¢2% for all z. Thus, for each @, there exists a Poisson solution ug : Z — R?
satisfying
ug — Pzug = he,

and Lemma 9 gives
[uplloo < 64Tmixd 16 — O°[,  |lup — ugr[loc < 647mixd3 16 — €|

Reasoning as in Section A.3 with héz_1 yields, forall T' > 1,

—
~~
Il

—

T
MT = ZﬁtflAMh
t=1
~ T
Rr = Zﬁt*l (Uét_l(Zt—l) - Uét_l(Zt)) :
t=1

If 7,—1 > 0, then Hét_lu < Rmax and we have
[7t—1 AMl2 < 27— Hugt_l H < 2567t 1 Tmix P Rimax -
o0

Using Lemma 22, for any § € (0, 1), we have with probability at least 1 — 4,

sup HMTH < 2567—mix¢goRmax
T>1 2
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For the remainder term ET, using Lemma 10, we have

'LLet 1 Zt Gt(Zt)) .

IIMH

T
RT = 770% (Zo) 77TU9 ZT Z Ni—1 — 77t Ug, Zt
t=1

Since ng > nr—_1, we obtain

lii0wg, (Z0)ll2 + l[irug, (Zr)|l2 < 25600 Tmix @ Rmax
For the second term, we have

T

Z(ﬁt—l —i)ug, ,(Zt)

t=1

T
< 12872 Rinax O _ |7it—1 — 7] -
9 t=1

Since the stopped stepsizes (7};) are non-increasing and satisfy ZtT:1(77t—1 — ) = 1o — T < No,
we have

< 1 287)07_mix¢go Rmax .
2

T
Z -1 — ) ug,  (Zt)

For the last term, by the Lipschitz property of ug in part (iii) of Lemma 9, we have

ug, , — ug,lloo < 64Tmix 32 |01 — 042
Expanding the TD recursion, we have
10 — 0i1l2 = T-1]1g(81-1, Zi—1) |2 < Mt—1(roo + 2¢oo”ét—1H2)¢oo < 3102 Rimax -

Therefore,
T

Z ’uet 1 uétHOO

7 (uét—l(Zt) — ug

T
< 192ijx¢ioRmax Z ﬁtﬁt—l
t=1

oo
< 1927 Runax O 17
t=0

since (7;) is non-increasing. Combining all the estimates finishes the proof. |

C.4. Proof of Theorem 7
Proof Fix 0 € (0, 1) and choose (c, p) with p > 2 satisfying

8 2
Za”/mogé +2304p + 2706 (Zat> 5o

t=0

2
441536
C
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Then, with probability at least 1 — §/4, running TD(0) with the stepsize schedule (7;) defined in
Theorem 6 guarantees

o0

)
sup [0, < pmax{ueo o). ||0*H,°°},
t>0

where we define the corresponding event £ := {SUPQO |60:]] < pmaX{HHO — 07,07, ;%:}}

Next, we apply Lemma 16 with confidence parameter §/4 to obtain an event £ such that

= 8 *
E T]t2 2log 5 + 310 87mix(roo¢oo+2¢go HO H) :
t=0

Similarly, apply Lemma 17 with the same ¢/4 to obtain an event & such that

d 2
P{&} >1——, andon & : || ]| < — [ 2
4 St

P{&} >1— g, and on &3 :

- 2 Rl 8
HI3,T|| < - 1287—mix¢2oRmax 77t2 210g <+ 1927707—mix¢goRmax
St — )
00

2
+ Si’T <967-mix¢goRmax Z n?) .

t=0

Moreover, from the proof of Lemma 14, we can also obtain an event £4 such that

P{&} >1— %, and on &y :

o0
8
Z 77]52 2 log g + 11527707_mix¢c2>oR12nax

T
~ 2 ~
> it 901 Zi) |+ Br < 76870 R
t=1 t=0

[o'e) o
+ 134471 B R D 17 + 908 B2 D -
t=0 =0

In particular, if we choose Rpax = pmax{”@o —-0*|,10% , ;%‘:} we have Tyt = 0o on
Er. Hence, forall T > 1,71 = m—1 and é;_1 = e;_1 for 1 <t < T, so I~3,T = I3 and
- 2
S ‘g(gtfla thl)‘ +Br =Y n?1119(8:-1,Zi—1)|* + Br. Define

E=ErRNENEINE,.

By a union bound, we have

o 6 o6 0
> — — — —_ — = — .
P{E} > 1 <4+4+4+4> 1-6
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Moreover, on &,

[Aep|| = Iy + I + I3]| < [[Iu]| + (2]l + || Zs]]

2Rmax 2 = 2 8 2 *
Z?’]t 210g g + 3770 STmiX(Tm¢w + 2¢oo ||0 H)

T
Zt 1Mt-1 thl Nt—1 —0

2 = 5 [y, 8
+ 1287—mix¢2 Rmax 77152 2log
Zthl N1 - tZ:; 0

S
+1927707mix¢goRmax + 967—mix¢ioRmax Z 77t2> .
t=0

2

Thus, using (27), on &, we have

_ C?
0+ — (%) < fast ,
J0m) = J107) = W(Z?ﬂ Ni-1)>

oo
/ 8
Chast = 2Rmax + | 2 @ 2log 5 + 3no 487'm1x¢>goRmaX
t=0
> / 8
Z 77t2 2 log 5 + 3847707-mix¢goRmax
t=0

oo
+ 1927imix o Runax D 717 -
t=0

where

+ 2567—mix¢go Ruax

On the other hand, using (20), we also have

ler|* = ||60||2+Z77t 11901, Ze1)|? +2Zm 1(g(6:-1),6:1 — 07) + Br.
t=1 t=1

Rearranging terms yields

2E M-1(g(01-1), 0" — 0:_1) = |leo|” — [ler|? +§ n?_1119(8+-1, Zi—1)||> + Br
t=1
> 8
> nfy\/2log <
1)
t=0

+ 13447—m1x¢ Rmax Z ntQ + 9¢4 max Z Mt -

< R?

max

+ 7687‘mlx¢> R?

max

+1 1527707_m1x¢oo max
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Using the convexity of f and (4), we also have

T

F(0r) - £(67) < (ﬁ) S 1(g(6i1),6" — 6, 1)
t=1"Tt—1

t=1

R2 s 8
< o | 05 4 38dmidlo | D7/ 20g 5 + 5760 Tmix 0
>t -1 t=0
R2 4 > 2 4 = 2
+ ﬁ 672Tmix @ s Z N + 450 Z Ml
t=1 t—1 t=0 t=0
< Crobust
= T ’
Die1 M1

where

[o¢]
8
Crobust = Ry | 0.5+ 3847mixd% | S 24 /2log ()
t=0 0
o0 o0

ST + 672 S +4.5¢§oznz) |
t=0 t=0

Combining the two upper bounds for f(07) — f(6*), with probability at least 1 — &, we have

F(67) — £(6°) <min{ Clu Cropus }
B WL )2 ST

Appendix D. Explicit Derivation of Stepsize Schedules

In this section, we consider specific stepsize schedules (7;) and derive corresponding corollaries of
Theorem 6 and Theorem 7.

Corollary 18 (High-probability bounded iterates) In the setting of Theorem 6, consider the fol-
lowing stepsize schedule:

1
— L WE>0,
1 CTmix P2Vt + 1log(t + 3) -

for some numerical constant ¢ > 0. Fixany § € (0,1) and let Ryase = max {||6g — 0%, 10| s 700/ Poo }»

A1(0) = 15364/ 5oq/2l0g 5 + 2304, and Ay = {J5. Then, provided that ¢ > cuin(8) =
A1(8)++/A3(8)+442
2

, with probability at least 1 — §, we have

2c
V2 —A(6)c— Ay

sup HOtHQ < pRyase, where p =
t>0
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Proof Fix § € (0, 1). We substitute a; =

1 . N
Vi Tos(t13)’ Vvt > 0 into Theorem 6. Lemma 24(i) gives
Sgaz < log 5- Thus, a sufficient requirement for ¢ and p translates to

3 2 p? 3 p?
2log — +2304— 4+ 2706——— <
log 2 og5+ c * log2c¢? —
We now derive an explicit relationship between ¢ and p for the above inequality to hold. Denote

A1(d) = 1536,/ 10:;2 \/2log %—i— 2304 and Ay = 2706%. Then, the above inequality is equivalent
to

2
4415367

P’ P’
A4+ = A1(0) + 5 A < p°.
C C

(29)
For any fixed ¢ > 0, rearranging (29) yields

4 2
2 —A1(6)c— Ag > p—é,

which requires ¢ — A;1(d)c — Ag > 0 since the right-hand side is positive. In particular, for any

, choosing

S (©) 2c

in(c) =
P Z Pmin \/62 — A1(5)C — A2
guarantees the condition. This completes the proof

Corollary 19 (High-probability rate for PR averaging) Under Assumption I, with ¢, oo, Tmix
and w as in Lemmas 2—4, consider the following stepsize schedule:

1
. WE>0,
CTmix P2Vt + 1log(t + 3) -

for some numerical constant ¢ > 0. Fixany 0 € (0, 1) and let Ryase := max {||0o — 0|, |07 , 700/ Voo }

Riax = pRuase, A1(8) = 1536,/ 1251 /2log § + 2304, and Ay = 325, Then, provided that
2
¢> coin(8) = A1(8)+4/A2(8)+4 Az

Ui

n 3 , with probability at least 1 — 6, the following upper bound holds
for f(07) — f(67):
2
4 log*(T + 2 264 176 288
Rznax . n’ux(z5 Og ( + ) 1 f 210g + ’
w(VT+1-1)2 cy/log 2 C2Tinix log 2

fast rate

+ 21o § + 74059
c cy/log 2 & §  PTixlog 2

robust rate

CTmix @2 log(T + 2) | 1152 768v/3
4(VT+1-1)

where p = m. That is, f(07) — f(6%) = min{O(log*(T)/(wT)),

up to constants depending on ¢, Tmix, Poo, and 6.

O(log(T)/VT)}
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Proof The condition for (¢, p) can be derived as in Corollary 18. We now focus on simplifying the

constants Ciohust and Cragt. Lemma 24(i) gives Z?io 77t2 < m. Thus, we have
mix o0

2 —
+384Tmlx¢> 2.2 ¢4 Tog 2\/210g +5767]07'm1x¢00

Crobust < Rmax

le
b (672mm +A5) L O
T
i *c2r2. ¢ log?2
1 384 576 2029.5
R?nax v3 2lo g < + B S
cy/log 2 C?Tpnix log 2
where we used 179 < 1/(cTmix®?,) and Tmix > 1, so that CQTi?jfow + 02713113(-51’%2 < 6231212)(91-3{%2.
Similarly,
[ ) ) 3 8
Chast < Rmax |2 + 52810 Tmix @50 + 352TmixP5, m 2log 35
+192 o2 3 ]
Tle o 9 A 1. _a
_ P05 log 2
528 352v/3 | 576
<R 2 2log— 4+ —-—| .
S fmax |24 = c c\/lo 2log 1) + C2Tmix log 2]
Recalling Ry ax = pRpase, We obtain
264 176v/3 288
Chrast < 20R 1 2log _—
fast > 4P1Llbase < + — C\/l()? + i 10g2>
2R} 1152 768 4059
Cropusy < —obase (1 4 V3 2log +27 .
2 c c\/log C*Tix lOg 2
Next, let S = Zthl N1 = Zzz_ol ns. By Lemma 24 with p = 1 and k = cTixd>, ST >
2(vT+1-1)
m. Therefore,
1 cranddlog(T+2) 1 _ rdidslog®(T+2)
S~ 2(WT+1-1) S2 = 4T +1-1)2
Substituting the above bounds into Theorem 7 yields the claimed result. |

Appendix E. Removing the dependence on 7,,;, in the stepsize

The choice in (15) depends on the unknown mixing parameter 7,,ix, which may make the algorithm
impractical. This dependence of the stepsize on Tix can be avoided by running TD(0) with the
modified stepsize schedule

1
cg2 A/t + 1log?(t +3)’

n = vt > 0, 30)
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for some numerical constant ¢ > 0. For T' > 1, let

T T
_ 1
ST = E Ni—1, 0T = Sf g nt—let—l . (31)
t=1 T t=1

Lemma 20 (Deterministic bound on the finite prefix) Assume the feature and reward bounds in
Lemma 2. For any nonnegative stepsizes (1:)¢>0 and any integer m > 0, the TD(0) iterates satisfy

m—l
Too 2 f'oo

In particular, for the stepsize (30), define

— Too ey L+7 f'oo
B, = <H90” + (1"'7)¢0<J> H) ( c\/ﬁlog (t+3)> - (1 +'7)¢oo.

Then maxo<s<m ||0s|| < Bm. Furthermore,

Too 2(1+~)v/m Too
Bmg(”‘%”ﬂlﬂ)%o)ex‘)( Clog3 >‘<1+v>¢m'

Proof The bounds in Lemma 2 imply

1g(Or, Zt)|| = |re + v (P(st+1),0t) — (D(st), Or)| || P(st) ]l
< oot + (1+7)05 1104 -

Therefore,
16411 < (14 (14 7)0%m) [10¢]l + roctoots -

Let b = ro0/((1 + 7)doo) and u; == ||0¢]| + b. Then ugr1 < (14 (1 + v)p2 m:)uy. Iterating this
inequality yields, for every s < m,

m—1

u5<u0H L+ 7)¢2m) <uo [ (1+ (1 +7)¢%m) .-
t=0

Taking the supremum over 0 < s < m and subtracting b proves the first claim. Substituting (30)
gives the displayed formula for B,,,. Finally, using 1 4+ < ¢* and

IR
= t—i—llog 2(t+3) ~ log?3

gives the closed-form bound. |

Corollary 21 (Mixing-free stepsize) Under Assumption 1, with ¢oo, oo, Tmix and w as in Lem-
mas 2—4, run TD(0) with the stepsize schedule:
1

= 9 t> 0’
" c @2/t + 1log?(t + 3) -
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for some numerical constant ¢ > 0, and form the PR average O as in (31). Let
m* = min{m > 0 : log(m + 3) > Tmix} -

For m > 0, define the deterministic prefix bound

m—1

— T'oo 1+v — oo
o= (10004 1555 ) T (0 i)~ e

Fix any 0 € (0,1) and set

* * =)
R = max{Bm* e, el ¢>} |

3 8 8118
Ay (6) == 1536,/ og2 2log < +2304,  Agi= Tog?

Cmin(8) = Al@)""\/M 2c

Define

2 P A0 A
Then, provided that ¢ > cyin(9), with probability at least 1 — §, we have

Rmax = prase .

sup ||0t” < Rmaxa
t>0

and for every T > 1, f(07) — f(0*) is upper-bounded by

2

264 log*(T + 2 2647 176737 8 2887y

R?nax min & ¢oo og ( + ) 1 7_r2nlx + meIX 210g7 + - Tmix :
wVT+1-1)2 clog®3 cy/log 2 0 ?log2

fast rate
C(ﬁgo log2 (T +2) 1 11527mix 7683 Tmix 91 8 + 4032Tmix + 27
og o
4VT+1-1) clog?3 cv/log 2 &5 c2log?2

robust rate

Equivalently, since tnix > 1, the horizon dependence is

0 *\ s A RIQHaXTI%liXQSéO A R?nameixgbgo
f(aT) - f(e ) - mln{o<wT> ,O(\/T>}’

where the (5() notation hides logarithmic factors in T and 1/6, as well as numerical constants de-
pending on c. Moreover, the prefactor depends doubly exponentially on Tyix through its dependence
on Ry,se using m* < e™ix and Lemma 20,

Too 2(1 + )emmix/2 T'oo
B+ < | 160]| + —— - ‘
@oH u+7ww)wp< clog?3 (1+7)¢e0
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Consequently, for fixed ¢, 7, $oo, T'oo, 00, 0%, and 0, there is a constant Cyy independent of Tix such

that
) 41 + y)emmi/2\ —
Riax < Co exp ( ClOg2 3 = exp (O(@ )) .

Thus the total fast and robust prefactors are both of doubly exponential order exp(O(e™/2)) up

to polynomial factors in Tyix.
8 o0
Ls = /2log = H = 2
5=/ 2log 5, t;m

We first prove the bounded-iterates event. Consider the shifted process

Proof Let

;g = 0m*+k7 Z]’{ = Zm*Jrka 772 = Nm*+k -
The shifted chain has the same transition kernel, hence the same mixing constant 7y,;x. Then

1 / /. Tmix
ag., ak

CTmix@% a Vm* + k+1log?(m* +k+3)°

Me =

By the definition of m™, for every k > 0,
1
vm* ¥k + Llog(m* + k+3)’

and (a;)kzo is non-increasing. Moreover, Lemma 24(i) gives

[o.¢]

I\N2 _ 2
Z(ak) = Tmix
k=0 k=0
> 1 3
k=

0<aj < ap <1

Y

[e.o]

1
(m* +k +1)log*(m* + k +3)

<

< .
. (m* 4+ k + 1) log?(m* + k +3) ~ log?2

Conditioning on Fp,» = o(Zp,...,Zmn+) and applying Theorem 6 to the shifted recursion with
confidence parameter 0 /4, we obtain an event EE such that

0
P{EL | Fns} > 1— 1 @

+
and on &},

(e 9]

* ) T
zup ||0m*+k” < pmax {Hem* -0 H ) ||0 H s — } < prase = Rmax -
>0

The constants A;(d), Ag, and cyin(d) are exactly those obtained from the last square-summability
bound and the confidence parameter 0 /4. Taking expectations in the preceding conditional proba-
bility bound gives P{€}/} > 1 — §/4. On the finite prefix, Lemma 20 gives supg< <+ [|0s]| <
B+ < Rpase < Rmax. Therefore the event -

ER = {SUP ||0tH < Rmax}
t>0
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satisfies 5
P{Er} >1— 1

We next follow the proof strategy of Theorem 7 in Section C, spelling out the high-probability events
needed for the present mixing-free stepsize. For every T > 1, the energy decomposition (20), which
will be used for the robust-rate bound, gives

T

lex|® = lleoll* + > ni1llg(8:-1, Zi1) -I-QZ??t 1(g(0:-1),0:-1 — 0") + Br, (32)
=1

where e; = 0; — 0" and

QZTH 1(9(01-1,Z-1) — g(0-1), 611 — 07) .

Similarly, the PR decomposition (26), which will be used for the fast-rate bound, gives

Aer =L+ DL+ 137, (33)
where
1 T
er = S*Z t—1€t—1,
and
1 L 1 T 1 T
I = Sy Z 1 —ey), Lr= 5 z_: 181, Isp = 5 ;ntlétletl.

We now introduce three additional high-probability events, £, &, and &4, to control the terms
appearing in the two decompositions above. First, applying Lemma 16 with confidence parameter
§/4 and using 7o oo + 202 ||0* || < 362, Rimax, We obtain an event £ such that

0
P{&}>1— -,
4
and, on &, forall T > 1,

48 mix 2 Rm X
[Z2,r|| < % (2\/1'7% +3770) :

Next, to control I3 7 in (33) and the Markov-bias term Br in (32), we use the stopped process at
radius R ax:

Texit = inf{t > 0:||6¢|| > Rmax}» 0; = Oirt,r €= 0; — 0, i = m1{t < Toexit } -

Define the corresponding localized quantities:
3 1 E s _
Iy = St > 161181,  Br:= QZnt 1(9(0i-1,Z11) — G(6:1), 6,1 — 67).
t=1
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Applying Lemma 17 with confidence parameter 6 /4 gives an event &3 such that
d
]P){gg} Z 1 - Z’

and, on &3, forall T > 1,

~ 1
, H < Sf (2567—mix¢goRmax \% HL6 + 3847707—mix¢goRmax + 1927—mix¢goRmaxH> .
T

Finally, Lemma 13 with confidence parameter ¢ /4, together with the deterministic quadratic-term
bound used in the proof of Lemma 14, gives an event £, such that

4]
]P’{g;i} 2 1 - 17

and, on &4, forall T > 1,

Z’?t . Hg (O11, Zi1 H + By < 7687mixd’ R, VH Ls + 1152000 Tani 62 B2, . an

+ 134471 R%. H + 9¢* R?

oo™ "max o0 max

Define
E=ErNENEINE,.

Since each of Eg, &, &3, and &, has probability at least 1 — §/4, the union bound gives P{E} >
1 — 4. On &g, we have Toyiy = 00, so the stopped and original processes coincide. Hence, on &,
I~3,T = I3 7 and BT = Br forevery T > 1.

We now derive the fast-rate control on £. By Lemma 15,

2Rmax
< .
- S

Combining (33) with the preceding bounds on Iy 7, I> 7, and I~37T = I3, forallT > 1,

R
lAer| < ==

[2 52810 T2 + 352Tmixd 2 VH Ls + 192mmicd® H| . (35)

For the present stepsize,

1 3
SR — < : 36
o cp?, log? 3 625254 Z (t+1) log (t+3) ~ ¢t log2 %6)
where the last inequality follows from log(t 4+ 3) > log 3 > 1 and Lemma 24(i). Hence

2 + 52810 Tmix P + 352Tmix 2 VH Ls + 1927 mix ¢ H
Y (1 %647 176/ 3mix 2887mix>

clog?3 cy/log 2 o clog 2
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Using (27), (35), and the preceding simplification,

2
_ 4AR? 264 i 176v/37m; 2887 i
0 . 0* max 1 mix mle mix ) 37
f(0r) - 1(67) < wS2 < - clog?3 cy/log 2 T 10g2> G7

We next derive the robust-rate control on £. Using the robust rate decomposition (32), the
identity By = Br on &, and (34),

2Znt 19 et 1 0 - 075 1> < Rmax + 7687—H11X¢2 max\/iL(s + 11527707—mlx¢oo max

+ 1344Tmix¢io maxH + 9¢4 maxH

By convexity of f and (4),
2

R 1
f(oT) - f(g*) < SLTaX 5 + 384Tmix¢go\/ﬁl/5 + 5767707—mix¢go

9
+672Tmix s H + 2¢§OH] .

Using (36),
1 > H 2 4 9 4
5 T 384Tmix 5o VIH L + 57610 Tmix P50 + 672Tmixboo H + 5000 H
1 11527mix 768V 37imix L. 4 30327imix + 27
2 clog?3 cy/log 2 0 c2log 2
Therefore,
Hor) — 1(67) < R2 . - 11527 mix N 768v/3Tmix et 40327 iy + 27 38)
T — 2Sp clog?®3 cy/log 2 ’ c2log2 '
Finally, Lemma 24 with p = 2 and k = c¢?, gives
2(WT+1-1)
ST Z 2 )
cp2 log”(T + 2)

and hence

1 _ cpdlog®(T +2) 1 _ Pl log!(T +2)
S~ 2(WT+1-1)" SZ = 4(VT +1-1)2
Substituting (39) into (37) and (38) gives the displayed explicit rates. The big—@ statement follows

directly from the displayed formula, and the doubly-exponential dependence on Tpy,ix follows from
Lemma 20 and m™* < emix, |

(39)
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Appendix F. Technical Lemmas

F.1. Pinelis’ Inequality

Lemma 22 (Pinelis 1994, Thm. 3.5) Let (f;);>0 be amartingale in a (2, D)-smooth Banach space

(X, ) with fo = 0. Let ds = f; = fi1, [* = sup,zg |fs] and |d;loc = esssup ;]|
D1 |d;]|2, < b2, then for all r > 0,

P(f*>r) < 2€Xp<—2D2b2> .

F.2. Miscellaneous lemmas
Lemma 23 (Dirichlet matrix) The Dirichlet matrix

Lpy =D — %(DP“ + (P")T D)
is symmetric and positive semidefinite. More precisely, if

Py = %(P“ n D‘l(P“)TD>,

then, for every x € R",

1 1

z ' Lpyx = 3 Zw( VPoym (i, ) (2 — 24)% = 3 Zw(i)P“(i,j)(xi —z;)%>0.

Proof First, Lp;, is symmetric because DT = D:
T 1 T ’ 1 T
Ly, =(D- §(DP“ +(P*)'D)) =D- 5((P#) D + DP") = Lp;; .
Define the time-reversal kernel

P*

rev

=D (P")'D,  Pl,(i,j)=

Since 7 P* =71, P*

r. 1s row-stochastic:

1
ZPifeVZ] mzﬂ— PML =1.
J

Hence Py, = 5(P" + P

k ) is also row-stochastic and satisfies detailed balance:

7(0) Paym(i 1) = 5 (x0)PX(G, ) + 7(§)P(5,9)) = () Poym(, ).

Moreover,

DPg,, = -(DP" + (P")' D),

| =
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so Lpi; = D — D Pgy,y,. Therefore, for any x € R",

x' Lppx = Z (i)a? — Zw(i)Psym(i,j)xixj

’.7

*Z symZ]( —ﬂfj)QZO,

where the second equality uses that Py, is row-stochastic and satisfies detailed balance. Finally,
using the displayed identity for 7 (i) Py (7, j) and swapping indices in the second term gives

—Z Pagm (i) — 23 = 5 3wV PH( ) (i — )7

7:7‘7‘

This proves the claimed identity and Lps, > 0. |

Lemma 24 (Logarithmic stepsize estimates) The following estimates hold, where log(-) denotes
the natural logarithm.
(i) Square summability. Let (a;)¢>0 be defined by

1
ay = Vt>0.

Vit +1 log(t + 3) -

Define the tail sums
o
= > af, TeNu{0}.
t=T

Then, for all integers T' > 0,
3

Qr < log(T+2) (40)

In particular,

Zat < < 00.
= 10g2

(i) Partial-sum lower bound. Let p > 0, k > 0, and let (1;)¢>0 be defined by

1
t>0.

"= kvt + 1 logP(t +3)’ -

For every integer T' > 1, define

T
St = Zntfl .
=1

Then
2WT+1-1)
7= klog?(T+2)
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Proof For (i), by definition,
1

(t+1)log?(t+3)°

For every t > 0, we have t + 1 > % hence

2 _
at_

1 3
<

(t+1)log?(t +3) ~ (t+3)log?(t +3)

Therefore,

[oe)
Z (t+3) log t+3)
Letn =t + 3. Then

B e I D
= (t+3) log?(t + 3) wTs T log?n

Now define f(z) =
all N > 3,

TTog 2 for z > 1. Since f is decreasing on (1, c0), the integral test yields, for

> o0 00 1 1
fln) < fa:da:—/ ——dr = —.
20 E IO e e )
Applying this with N = T' + 3 gives

o0

> o S
2n ~ log(T+2)°

noTeg 1logTn

Substituting back proves (40). Taking 7' = 0 gives the claimed finite upper bound on »_;° az.
For (ii), let s = t. Then

1 1
S s
K 4= /s log"(s +2)
Since p > 0, log(-) is increasing, and s + 2 < T'+ 2 forall 1 < s < T,

1 1
> .
Vs logP(s+2) = /s logP(T + 2)

Therefore,

N
>
~ rlogP( T+2 Z NZE

s:l

The function = +— x~'/2 is decreasing on [1, c0), hence
T 1 T+1 1 \/7
> dr=2(T¥1-1).

Combining the last two displays proves the claim. |
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