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Abstract

We consider the [0, 1]-valued regression problem in the stochastic setting. In a related problem
called cost-sensitive classification, Foster and Krishnamurthy (2021) have shown that the log loss
minimizer achieves an improved generalization bound compared to that of the squared loss minimizer
in the sense that the bound scales with the cost of the best classifier, which can be arbitrarily small
depending on the problem instance. Such a result is often called a first-order bound. For [0, 1]-valued
regression, we first show that the log loss minimizer leads to a similar first-order bound. We then ask
if there exists a loss function that achieves a variance-dependent bound (also known as a second-order
bound), which is a strict improvement upon first-order bounds. We answer this question in the
affirmative by proposing a novel loss function called betting loss. Our result is variance-adaptive
in the sense that the bound is attained by an algorithm without any knowledge about the variance,
which is in contrast to the existing works such as weighted least squares with known variances or
those that model label variance or its distribution such as distributional reinforcement learning.

Keywords: Learning theory, Regression, Loss functions, Second-order bounds

1. Introduction

We consider the [0, 1]-valued regression problem: We are given a dataset D,, = {(x, y¢) }}_, where
x¢ € X is the feature of the t-th data point and y; € [0,1] is its label. We assume the data
(xt,yt) ~ Dx y isii.d., Vt € [n]. The goal is to, given a function class 7 C {X — [0, 1]}, find a
function f such that the prediction f(x) is as close as possible to y on average where (z,y) ~ Dx y.

While being one of the simplest machine learning tasks, this regression task applies to numerous
practical applications. First, classification is a special case of this problem where the label space is
Y ={0,1}. Second, in Reinforcement Learning (RL), the rewards are typically bounded, and when
the episode length is upperbounded, the cumulative reward per episode is also bounded. Thus, in the
function approximation setting, one can easily scale the cumulative rewards from each state-action
to [0, 1] and perform regression. With this regression, one can construct a policy that chooses the
action with the highest predicted value. In goal-oriented RL, regardless of the length of the episode,
the rewards are given only at the end of the episode, so, as long as the reward is bounded in a fixed
interval, [0, 1]-valued regression applies. Finally, human preferences can mostly be expressed as a
value in [0, 1]. For example, 5-star ratings (€ {1,2,3,4,5}) for products can be affine-transformed
to [0, 1]. Furthermore, datasets commonly used for aligning Large Language Models (LLMs) such
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as HelpSteer2 originally contain scores {0,1,2,3,4} (Wang et al., 2024b). Therefore, despite
being simple and rather elementary, [0, 1]-valued regression is still important, and theoretical and
algorithmic advancements can potentially have a huge impact in practice.

However, what do we know about the fundamental performance limits of [0, 1]-valued regression?
In particular, we ask this question under the realizable setting where the regression function belongs
to the given function class F. The standard baseline algorithm for this problem is empirical risk
minimization with the squared loss. In the agnostic setting (i.e., no realizability), classic results
such as localized Rademacher complexity show that squared loss yields fast rates on the excess
loss (Bartlett et al., 2005; Koltchinskii, 2006; Liang et al., 2015). Note that, in the agnostic setting,
the loss function is typically a part of the problem definition, and thus existing algorithms naturally
use the matching loss function. In the realizable setting, however, the loss function is not part of the
problem definition; it is purely an algorithmic choice.

Therefore, in the realizable setting, it is not clear at all if the squared loss is optimal for [0, 1]-
valued regression. In a related problem called cost-sensitive classification, Foster and Krishnamurthy
(2021) have shown that the squared loss is not optimal for [0, 1]-valued costs in the realizable setting.
Instead, they have shown that the log loss achieves a strictly improved performance bound, a rate
that is provably not attained by the squared loss (Foster and Krishnamurthy, 2021, Theorem 2).
Specifically, their bound is of the first-order type, which means that the performance bound scales
with the magnitude of the cost/reward being accumulated by the optimal policy. Such a bound is
never worse than the standard worst-case bound, yet can be much smaller depending on the problem
instance. This has also been called small-loss bound and can be viewed as a problem-dependent
accelerated rate.

Such a first-order bound appeared in various machine learning problems (Freund and Schapire,
1997; Foster and Krishnamurthy, 2021; Wagenmaker et al., 2022). In these problems, there is another
concept called second-order bound (Cesa-Bianchi et al., 2007). While the precise definition can vary
across problems, when making stochastic assumptions about how y is related to x, it means that the
bound scales with the label’s second moment or the variance, which can be much smaller than the
magnitude of the label.! We elaborate more on second-order bounds in Section 5.

Motivated by the fact that Foster and Krishnamurthy (2021) simply switched a loss function
to obtain a first-order bound in cost-sensitive classification, we first report that the same is true in
[0, 1]-valued regression (see Theorem 1 in Section 2). Given this positive answer, we take a step
further and ask the following research question:

Does there exist a loss function whose minimizer leads to a second-order bound?

In this paper, we provide an affirmative answer by proposing a novel loss function inspired by the
betting-based confidence bound (Waudby-Smith and Ramdas, 2023; Orabona and Jun, 2024). We
emphasize that our algorithm does not require conditional variances as input and allows them to be
arbitrarily different depending on . This is in stark contrast to some existing work that either requires
the variance as input (Zhao et al., 2023b) or models variance as part of function approximation (Wang
et al., 2024a; Weltz et al., 2023). In some sense, our result shows that obtaining second-order bounds
(i.e., adapting to unknown variances) is a free lunch, statistically speaking, in the sense that we do
not have to model variance to adapt to it. While there are works that achieve second-order bounds
without knowledge of the conditional variances (Zhao et al., 2024; Jun and Kim, 2024; Jia et al.,

1. In the literature outside online learning and reinforcement learning, the so-called ‘optimistic rate’ can also be seen as a
second-order bound. We discuss this in Section 5.
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2024; Pacchiano, 2025), the tools therein are specialized for their own contextual bandit problem (in
particular, confidence bounds) and do not naturally imply an estimator for [0, 1]-valued regression.

Our result is primarily statistical. It shows that the true conditional variance can enter the leading
finite-sample term through the choice of loss alone, without variance knowledge or explicit variance
modeling. This does not by itself resolve the computational problem of efficiently optimizing the
proposed min-max objective for large classes. In Section 4, we empirically demonstrate that the
proposed loss consistently achieves lower mean absolute error (MAE) than both the log loss and the
squared loss.

2. Preliminaries

Notations. We denote f, := f(x) for any function f and any z € X'. We adopt the nonasymptotic
version of <;i.e., f(x) < g(x) means that there exists a numerical constant ¢ > 0, s.t. f(z) <
c-g(z), Va.

Regression with [0, 1]-valued labels. We consider the standard supervised learning setting with
bounded regression targets. Let X’ denote the input space. We observe a dataset Dy, = {(x¢, y¢) }7 4
where each pair (z¢, y;) is drawn i.i.d. from an unknown distribution Dx y over X x [0, 1]. We denote
by Dy|x the distribution of the label conditioning on the input, and Dx the marginal distribution of
the input.

Let F C {X — [0, 1]} be a class of prediction functions mapping inputs to the unit interval. We
assume realizability, i.e., there exists a function f* € F such that:

Eypy [y | 2] = f(2), forallz € X.

Note that, since we do not have further restrictions on Dy y, the conditional variance o2 =

€T
Eypy x (v — f*())? | 7] can vary across x € X.

Given the observed data D,,, our goal is to find a hypothesis f € F that achieves low expected
absolute error with respect to the ground-truth regression function f*, which we call the L! error:

Eopy [|f7(2) = f(@)]]
This differs from minimizing E; ypy [| f (x) — y\} , which contains irreducible conditional noise
evenat f = f*. Note that if one has an L? bound of Ep, [(f*(:c) — f(2))?| < B then, using

Jensen’s inequality, one obtains E,..p, [| fH(x) — f (3:)]} < v/B. One may argue that analyzing

an L? bound is better in this sense. However, such an L' bound derived from the L? bound can
be loose. In general, whether one aims to obtain tight bounds on L! vs L? is a matter of choice.
Nevertheless, when one performs regression for costs or rewards in reinforcement learning or bandits,
the performance measure therein is bounded in terms of the reward or cost differences without being
squared, so having a tight L' bound is important for these applications, which is our motivation
for choosing the L' error. The emphasis on L' error is consistent with recent work arguing that
mean absolute error is a better prediction objective than mean squared error for controlling the
suboptimality gap of greedy policies (Ayoub et al., 2025).

The goal is to bound such a generalization error of the learned hypothesis in terms of the sample
size n, the function class complexity In |F|, and the confidence level §. The de facto standard
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algorithm for regression is the squared loss minimizer:

f = argmin = > S(f@) -y (D
feEF n
(z,y)€Dn
A classical result on the squared loss minimizer yields the following (for completeness, see Proposi-
tion 9 in Appendix A):
By [117(2) — fl@)]] £ /U202

While this bound is simple and general, it does not incorporate any notion of conditional variance. It
treats all inputs as equally noisy, making it inherently variance-insensitive.

A recent result on the log loss minimizer (Foster and Krishnamurthy, 2021, Theorem 3) immedi-

ately implies the following first-order generalization bound, which scales with the magnitude of the

target regression function f*(x) and its complement 1 — f*(x) in expectation:

(Eo[f*(@)] AEq[l — £*(2)]) - In(|F]/) L n(F1/0)

n n

Erpy ||£*(@) = f@)l] S \/ @

In the following theorem, we further improve the bound above to scale with E,[f*(x)(1 — f*(z))].
Theorem 1 With probability at least 1 — 6,
. p E.[f*(x)(1 — f*(x))] - In(|F|/6) In(|F|/0
B, ['f (x)—f(az)]} 5\/ [f*(2)( (@)]-In(|F1/0) | In(l71/9)

n n
The proof is deferred to Appendix B. We note that this bound strictly improves upon the immediate
implication of Foster and Krishnamurthy (2021, Eqn. (2)), as E,[f* () A (1— f*(2))] < E.[f*(x)]A
E.[1— f*(z)], the gap between these two quantities can be arbitrarily large as we show in Appendix J.

The bound in Theorem 1 depends on the variance proxy f*(z)(1 — f*(z)), which upper bounds
the conditional variance o2 := E[(y — f*(x))? | z], as indicated by the following Lemma.

Lemma 2 Let Y € [0, 1] be a random variable. Then Var(Y') < E[Y]|(1 — E[Y]), and the equality
is attained iff Y is Bernoulli-distributed.

For Bernoulli labels, 02 = f*(1 — f¥), so Theorem 1 already has the same variance factor as
the desired second-order bound. The improvement targeted in this paper is therefore specific to
non-Bernoulli [0,1]-valued labels, where the conditional variance can be much smaller than the
Bernoulli proxy. For example, labels concentrated near their conditional mean can have o2 <
f2(1 — fr). In many applications, such as those mentioned in Section 1, the label distributions are
often heteroscedastic and non-Bernoulli: some inputs yield lower uncertainty on Y conditioning on
X (i.e., low variance), while others are more uncertain (i.e., high variance), and the outputs can take
values other than the boundary points 0 and 1. In such settings, first-order bounds may fail to capture
the true learnability of the problem.

To address this, our objective in this work is to derive second-order generalization bounds that
adapt to the true conditional variance. Specifically, we aim to obtain bounds of the form:

. 5 E;[02] - In(|F|/6)  In(|F|/0

Bavy [|17(0) - F(o)]] 5 yf B A1) | n071/0) ®
which provides tighter guarantees in settings where Dx places a nontrivial probability on = such
that the conditional variance o2 is much smaller than the worst-case upper bound f*(x)(1 — f*(z)),

without requiring the variances as input to the algorithm.
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3. Second-Order Bound via Betting Loss

Although being the de facto standard regression algorithm, empirical risk minimization under
squared loss admits deficiencies in achieving tight generalization bounds. Theorem 2 of Foster
and Krishnamurthy (2021) proves lower bounds showing that in the problem of cost-sensitive
classification in statistical learning, the squared loss minimizer fundamentally fails to achieve the
first-order regret bound. Inspired by that, we provide Proposition 11 in Appendix C showing that
in [0, 1] bounded regression, the squared loss minimizer also fails to achieve the first-order L*
generalization error.

While the log loss achieves the first-order guarantee in Theorem 1, this guarantee cannot in
general be upgraded to a second-order bound depending on the true conditional variance E,.[02]. The
following result makes this obstruction formal. The proof is deferred to Appendix D.

Theorem 3 For every integer n > 2, there exists a realizable |0, 1]-valued regression problem with
a two-function class F, = {f*, g} such that E[o2] = ;L. , but the log-loss ERM
. R
fiog € arg min 3  {—Yilog f(Xi) = (1 = Yi) log(1 — f(X2)}
"=
satisfies

P(Ex\ﬁog(@ — (@) > 1) > 1

Consequently, log-loss ERM cannot satisfy, uniformly over all realizable [0, 1]-valued regression
problems, a high-probability bound of the form in (3). Indeed, for the instance in Theorem 3, the
RHS in (3) is O(n~!), whereas the log-loss ERM has Q(n~'/2) error with constant probability.

This motivates the design of a new objective. In this section, we propose a novel loss function
called betting loss that is inspired by the coin-betting framework. We show that, minimizing the
betting loss leads to an estimator that adapts to the true conditional variance.

Review of betting-based confidence bounds. Let Y7, Y5, ... ~ v bei.i.d. [0, 1]-valued random
variables from some distribution v with mean p := Ey.,[Y]. The betting-based confidence
bound (Orabona and Jun, 2024) states that, with probability at least 1 — 6,
n
Vn > 1, max In(1+ —(b — Wi —p)
be(0,1] = w(l —p)
In practice, one does not know i, so one can collect all ’s that satisfy the inequality above. This
forms a confidence set that contains the mean p with high probability, and Orabona and Jun (2024)
have proven that such a confidence set is essentially a numerically-tight version of the empirical
Bernstein bound, which can be seen as a second-order bound. We realized that the LHS above acts
as some kind of a measure of goodness of fit and would be a good loss function. Indeed, finding
the value of p that minimizes the LHS equals the sample mean fi,, of Y7.,, which is a reasonable
estimator. At this point, it seems natural to extend the loss function of y to the regression setting.

) <In(O(v/n)/6) . )

The betting loss for regression. We now investigate into developing a loss function for regression
that is inspired by the LHS of (4) and seeing if the resulting loss function would provide a second-
order bound. Note that x4 that we minimized above should now be f € F. Our initial attempt was to
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minimize the following loss function over f:

(he — fo)(y — f)
fx(l - f:):)

However, our attempts at proving a second-order bound were not successful. We conjecture
that the loss above does not lead to our targeted second-order bound. The reason is that the naive
objective in Eq. (5) is too rigid to give us a second-order bound because it does not provide sufficient
discriminative power. We increase that power by allowing further scaling h, — f, by ¢ (thus
sensitivity to h, — f, increases). This scaling was not needed in a noninductive setting, because f,
was always constant (i.e., ;). Now that it differs across z, some data points require further scaling
to have sufficient discriminative power. The role of the clipping is that, without it, the analysis has
the coupled term of Eo2(h, — f,)?. Clipping the betting term h, — f, within [—c, c] allows the
coupled term E 02(h, — f,)? to be controlled by ¢ E o2, which helps us factor out E[o2], making a
true conditional-variance factor possible. Concretely, we define:

). 5)

* A fixed parameter ¢ := 7 that controls the magnitude of perturbation.
* A log wealth function:
Hoolh, f) = 3 (14— f)(0(he = f2)) oy )
(z,y)€Dn
where @[a,b] := max{min{z,b},a} and ¢ € [0, ] is a clipping threshold.
We then define the betting loss as (6) and describe the full algorithm in Algorithm 1. Our betting

loss, compared to the initial version (5), has extra maximization over a betting scalar ¢ and also a
clipping level c.

Algorithm 1 Variance-Adaptive Regression via Betting Loss

Require: Dataset D,, = {(x, y¢) }}—;, hypothesis class F
1: Define the betting loss

1
L,(f) :=max max max —Hgy.(h, f). (6)
") heF pel0,¢] c€f0,7] M el S)
2: Compute .
= in L .
f = argmin Lu(f)
3: Return f

Think of our algorithm (Algorithm 1) as finding a hypothesis f that is “unbeatable” by any other
hypothesis h from the same class F. For any data point z, the bettor & makes a “bet” (h, — f.),
essentially wagering that the true label is in the direction of h,. The bet is resolved against the
“outcome” (y — fz). The In(1 + - - - ) term represents the logarithmic growth of wealth for the bettor.
The inner maximization (maxy,) represents an adversary attempting to find the most profitable betting
strategy against f. The learner’s goal (miny) is to find a function f that leaves no room for any A to
consistently accumulate wealth. The key to variance adaptivity lies in the fact that the power of the
adversary to increase the loss depends on the variance. In low-variance regions (i.e., z for which
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o2 is small), the residuals (y — f,) are highly predictable. This makes it significantly easier for an

adversary h to find a betting direction that yields massive profits.

Statistically, this creates a steeper curvature in the optimization landscape where the variance is
low. This means that the loss function has a higher discriminative power, thus making the learning
easier. In contrast, the squared loss treats all residuals equally, failing to adapt to variance. As another
comparison, the log loss is designed to capture the Bernoulli-like behavior of [0, 1] labels, so it treats
the expected value as the primary signal. In regions where the variance is significantly smaller than
f*(x)(1 — f*(x)), such as a distribution that is highly concentrated near 0.5, the log loss lacks the
necessary “pressure” to refine its estimate further.

The following theorem provides a high-probability bound on the expected absolute error of any
f € F in terms of the suboptimality w.r.t. betting loss.

Theorem 4 (Finite class) There exist numerical constants ci, co and cs, such that with probability
at least 1 — 6,

VieF, Exlfa—fi]l <c1-4|Eo2- (:Lln<|];| )—FmaX{L (f)— Ln(f*),0}>

ro nln('ﬂ >+c (La(f) = La(f").

We provide the full proof in Appendix E.

This result provides a high-probability bound on the prediction error E,, | f, — fX| of any f € F,
in terms of the difference in empirical betting loss Ly, () — L, (f*). Crucially, the bound adapts to the
conditional variance o2 in the leading term. The excess betting loss L, (f) — L, (f*) directly controls
the mean absolute error. In particular, applying the theorem to the output f = argminger Ly, (f) of
Algorithm 1, we obtain:

Bolf— fl <oy |Eo <n1 (n )) L (1)

This bound reflects a variance-adaptive fast rate, which improves over convergence bounds that scale
with the Bernoulli proxy f(1 — f¥). In particular, if y = f with probability 1, this is the noiseless
case. The conditional variance o2 = 0 with probability 1, so the expected variance E,[02] = 0. As a
result, the term with E, [02] in our bound vanishes, and we are left with the O(1/n) rate. As the noise
increases, E,[02] grows from 0, and the first term O (\/ «|02]/ n) ‘grows smoothly” to become the
dominant part of the bound. This allows our bound to gracefully and adaptively interpolate between
the fast O(1/n) rate for noiseless problems and the variance-dependent O(1/+/n) rate for noisy
problems, all without needing to know the variance [E,.[c2] in advance. This establishes Algorithm 1
as a variance-adaptive learning procedure for [0,1]-valued regression.

Theorem 4 provides a general excess risk bound that holds uniformly for all f € F over any
finite hypothesis class F. Moreover, by combining this result with complexity control via covering
numbers, we can derive concrete generalization bounds for a broader family of hypothesis classes
characterized by polynomial covering numbers. Following common terminology (see, e.g., Rakhlin
et al. (2017)), we will refer to such VC-type classes as parametric classes.
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Definition 5 (Parametric class) A class of functions F is a parametric class if there exist positive
constants A and v, such that for every 0 < € < 1, the covering number N (g, F,|| - ||oc) satisfies the
inequality:

A
N Tl -lloe) < (2)° ()

Theorem 6 (Parametric class) Assume the covering number of F satisfies Eqn. (7). Then, there
exist constants ¢y and co, such that with probability at least 1 — §, Algorithm 1 satisfies:

E.|fo— fil S e\ [Erodon(5) + e~ In(3) .

This result follows from Theorem 4 by applying polynomial covering numbers of parametric classes.
We present the full proof in the appendix F.

As our work establishes generalization results for classes with polynomial covering numbers,
it is useful to instantiate the abstract condition in standard finite-dimensional models. We give two
examples. The first is a bounded affine linear class, where the constraints ||z||, < 1 and||§]|, < 1/2
ensure that every predictor takes values in [0, 1]. The second is a bounded logistic class, which is
another natural model for [0, 1]-valued regression because the sigmoid link maps arbitrary linear
scores into (0, 1). In both cases, the class has polynomial || - || c-covering number with dimension
parameter v = d, so Theorem 6 yields the following concrete consequences.

Corollary 7 (Linear class) Let F be a linear function class in d-dimensional space: F = {x —
"0+ 3 1|0, < 3} and X be the instance space: X = {x € R? : ||z|, < 1}. Then, there exist
constants ¢, and cs, such that with probability at least 1 — 0, the output f = argminscr Ly (f)
satisfies:

p d. .n d. .n
Eyl|fe—frl < Em[U%]ﬁln(g)—l-Cz-ﬁln(g).

For the linear class, since Y € [0, 1], we always have o2 < 1/4. Hence the leading term in Corollary 7
is at most 5( \/d/n), matching the standard worst-case scaling for d-dimensional linear regression up
to logarithmic factors. This is consistent with classical minimax lower bounds for linear regression,
which show that one cannot improve the O(+/d/n) worst-case L! error in general (Tsybakov, 2004;
Wainwright, 2019). Corollary 7 shows that, on easier instances with smaller average conditional

n

variance E, [02], the leading term improves to 6( E.[02] d> , thereby adapting to the true average

conditional variance.

Corollary 8 (Logistic class) Let F be a logistic function class in d-dimensional space:
F = {x = o(@Tz): |02 < B}, X = {af eR?: |z||p < R},

where o(z) := 1/(1 + exp(—=z)). Then there exist universal constants Cy,C1,Co > 0 such that,
with probability at least 1 — 0, the output f = arg min ez Ly, (f) of Algorithm 1 satisfies

: d_ (Co(2+ BRw i (Co(2+ BR)
Ex [fz — f2] < C1\/E[032:] nlog(W) +02n10g<0(+5)n> ‘




SECOND-ORDER BOUNDS VIA BETTING LOSS

Together, these two corollaries illustrate that the variance-adaptive guarantee is not limited to a finite
hypothesis class. It applies to standard finite-dimensional model classes through their polynomial
covering numbers. In the worst case, the bounds recover the usual O(+/d/n) scaling for L' error,
while in low-variance instances the leading term adapts to the smaller quantity E, 2.

Does it work for nonparametric classes? It is natural to ask whether our guarantees extend to
nonparametric function classes. However, all our attempts based on standard techniques did not lead
to a valid bound. The key difficulty seems to be that the loss function L,, can be O(n)-Lipschitz
in the input f, unlike squared loss, which is O(1)-Lipschitz in the input f. This makes standard
localization and covering-number arguments unable to be used to derive a non-vacuous generalization
bound for nonparametric classes. Relatedly, Srebro et al. (2010) show that for scale-sensitive classes,
even smooth and strongly convex losses can exhibit unavoidable n~Y2 slow rates for excess risk.
Although their setting is not identical to ours, this suggests that obtaining fast variance-adaptive rates
for rich nonparametric classes may require additional structure. Appendix I gives a Lipschitz-class
construction where L, (f*) — Ly (fo) > c1 for another function f; and some constant ¢; with
constant probability. We view fast second-order convergence rates for general nonparametric classes
as an open problem.

4. Experiments

In this section, we provide the empirical results that confirm our theoretical findings. These experi-
ments are controlled finite-class sanity checks. They isolate the statistical effect predicted by the
theory by exactly enumerating a small candidate class. They are not intended to demonstrate scalable
optimization of the betting loss for large classes.

Function class. We consider a d-dimensional regression setting with target function f*. First, we
sample #* € R? from an isotropic Gaussian distribution and normalize it to have Euclidean norm
S =0.5:
0" ~ N(0, I4), 0" ﬁ followed by 6*.
The target function is then defined as
= (z — o(zT%)),

where o(z) := 1/(1 + exp(—=z)) is the sigmoid function.

To avoid the potential complications from the convergence issues from optimization, we consider

a finite function class. Specifically, we sample 20 8’s independently by drawing 7 from the unit
sphere followed by setting

0=0"+¢c-n,

where ¢ = 0.2. Let © be the set of these #’s and #*, which means |©| = 21. Finally, we construct
our function class as

F={zro(z70):0c0}.

Data distribution. Feature vectors are sampled as
1
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For each z, we generate its label from a Beta distribution with mean f; and parameter p € (0, 1):
y~Beta(fr 122, (1 f1)- 2)),
which satisfies that y € [0, 1] with probability 1. Let
1—p 1—-p
a=fro—, B=(1-fr —.

For a Beta(a, 3) distribution, the variance is

af
(a+B)2(a+B+1)

Plugging in « = ;l;pp and 8 = (1 — f;)I;pp gives

of =120 - 1) (152)".

Var(y) =

Also,
2
(a+B8)*a+B+1)= (1;1)’)) (1‘7"+1).
Therefore,

2
-1 (52)
Var(y) = T, )
i=p 1=p
(5) (5 +1)
By simplifying the expression, we obtain the following result:

Var(y) = f7(1 = f7)p.
Therefore, the variance is proportional to p.

Training. Given the candidate set F, we select a function by minimizing either log loss, squared
loss, or betting loss on the training data D,, ~ D% y-. The log loss of f is

L) = — 3 (ylogfut (1-y)los(1 — 1)),

(x,y)€Dn

and the selected function is

8 = arg min L%(f).

Similarly, the squared loss of f is

1 2
L) =~ 3 (- £,
(z,y)€Dn
and the selected function is

Fsquared __ are min quuared ]
f gmin L M(f)

For betting loss, we define

Lzetti“g(f) = maxXx max max l Z 1D<1 + (y - fx) M[—C,CO )

heF »€[0,4] cel0,1] n (.9)eDn

10
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where (2)(, ,; = max{min{z,b},a}, and ¢ = n/4. In our implementation, we discretize ¢ €
{1,2,4,..., F}and c € {%, %, %, ..., 1} to solve the inner maximization, and select

rbetting __ . betting

= argmin L .

f gmin L, (f)

We evaluate the performance of the trained function f using the mean absolute error

Evaluation.
(MAE):

MAE(f) := Exnpy [ f2 — f71]-
We perform Monte Carlo estimate of the MAE using a test set of size m = 10,000.
We fix the feature dimension to d = 2, vary the training sample-to-dimension ratio n/d €
{2,4, 8}, and try p € {0.01,0.02,0.04}. For each configuration (n/d, p), we repeat each experiment
1000 times, and we report the average MAE and its standard error.

n/d p Log loss MAE Squared loss MAE  Betting loss MAE
0.01 0.02289 + 0.00030 0.02291 + 0.00030 0.02045 + 0.00036

2 0.02 0.02509 £ 0.00021 0.02514 £+ 0.00021  0.02340 + 0.00029
0.04 0.02601 4+ 0.00015 0.02606 4+ 0.00015  0.02539 + 0.00020

0.01 0.01824 £ 0.00040 0.01829 £+ 0.00040 0.01391 £ 0.00043

4 0.02 0.02192 +0.00033 0.02182 4+ 0.00033  0.01899 + 0.00039
0.04 0.02398 + 0.00027 0.02413 £ 0.00026  0.02212 + 0.00033

0.01 0.01203 £ 0.00042 0.01203 £+ 0.00042  0.00654 + 0.00037

8 0.02 0.01739 £0.00041 0.01741 £ 0.00041 0.01349 + 0.00043
0.04 0.02162 4+ 0.00034 0.02177 & 0.00033  0.01838 £ 0.00040

Table 1: Comparison of average mean absolute error (MAE) obtained under log loss, squared loss
and betting loss across varying n/d and p. For each configuration, the reported value
corresponds to the average MAE over repeated trials, and the value after the + denotes the
standard error. Best results are marked in bold. Across all comparisons, the betting loss
consistently performs better than the other losses in paired t-tests (p < 0.01).

Results. Table 1 and Figure 1 summarize the average MAE with standard error from function
selection with log loss, squared loss and betting loss across different values of n/d and p. The results
show that all three losses decrease as n/d increases, with betting loss consistently achieving the
lowest MAE. The real-world experiments are described in the Appendix L.

5. Related Work

Regression with heteroscedastic noise. Regression with heteroscedastic noise can be dated back
to (Aitkin, 1935), and has been further developed into Gaussian processes (Kersting et al., 2007;
Goldberg et al., 1997). However, these works typically model the input-dependent noise variance or
impose distributional structure on the noise process. Our setting is different: the learner is not given
a variance model, and the guarantee depends on the true average conditional variance for arbitrary
[0, 1]-valued conditional label distributions.
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p=0.01
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0.0240
0.0200
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< 0.0220
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0.0100 0.0160 0.0200

0.0075 0.0140

0.0180

n/d n/d n/d

Figure 1: Comparison of average mean absolute error (MAE) obtained under log loss, squared loss
and betting loss across varying n/d and p. Error bars denote the standard error.

First- and second-order bounds. From the adversarial setting, to our knowledge, the first appear-
ance of the first-order bound is from the prediction with expert advice setting Freund and Schapire
(1997), which is an adversarial (i.e., nonstochastic) setting. In the same setting, Cesa-Bianchi et al.
(2007) developed a second-order bound with the prod algorithm. Note that the notion of second-order
can be defined in various ways; e.g., Hazan and Kale (2010). In K -armed bandits, Stoltz (2005) and
Allenberg et al. (2006) have shown first-order bound. In linear bandits, obtaining a first-order regret
was an open problem (Agarwal et al., 2017), which was later resolved by Allen-Zhu et al. (2018).
Second-order bounds were developed by Hazan and Kale (2011) and improved by Ito et al. (2020).
We refer to (Neu) for a review of the first-/second-order bounds in adversarial settings.

Optimistic rates and localized generalization bounds. Our work is also closely related to the
literature on “optimistic rates” and “localized generalization bounds,” which primarily focuses
on bounding the excess risk (i.e., L( f ) — L*) and seeks to improve upon worst-case slow rates
(typically O(n_l/ 2)) by exploiting low variance of the excess loss. Foundational work by Bartlett
et al. (2005) and Koltchinskii (2006) developed the machinery of local Rademacher complexities,
showing that under suitable curvature/self-bounding conditions, specifically, if the L? distance
between any function f and the optimal function f* is upper bounded by the excess risk (a condition
satisfied by squared loss), faster rates can be obtained. Srebro et al. (2010) proved that for smooth
non-negative loss functions, the excess risk L( f ) — L* scales with the optimal risk L*. This can
be interpreted as a variance-adaptive bound: in our realizable setting (f* € F), the best achievable
squared loss is precisely the expected conditional variance: L* := minfcr E[(f(z) — y)?] =
E[(f*(x)—y)?] = E[c2]. In conjunction with the fact that the excess risk under squared loss is exactly
the L? generalization error: L(f) — L(f*) = E[(f — f*)?], Srebro et al. (2010)’s main theorem,

which bounds the excess risk for smooth losses, implies a variance-adaptive O(+/L* /n) bound on

n

the L2 generalization error: E[(f — f*)2] < O ( w). After applying Jensen’s inequality, this

n

- 1/4 ~
yields only O<<E[a’23]> > for the L! error, which is much slower than the O(/E[02]/n) rate

targeted here.

Srebro et al. (2010) (Section 3 therein) further summarized the landscape of achievable rates,
showing that the O(1/+/n) dependence is generally unavoidable for non-parametric or non-strongly
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convex settings. They demonstrate that a fast rate of O(1/n) that is independent of L* is possible
only for smooth and strongly convex losses (like squared loss) in parametric settings.

In this vein, Liang et al. (2015) introduced “Offset Rademacher Complexity” to study the
excess risk under squared loss in agnostic settings. They confirmed (e.g., in their Lemma 10)
that for parametric regression, the excess risk scales as O(1/n), recovering the results of Rakhlin
et al. (2017) without assuming boundedness of the noise or functions. Results based on offset
Rademacher complexity and related localized analyses imply fast excess squared-loss rates for
parametric regression. In the realizable setting, these guarantees can be read as E,[(f3l(x) —
f*(x))?] = O(1/n) where the big-O here is w.r.t. n only and f*(x) = E[y|z] is the regression
function. Applying Jensen’s inequality, we obtain an L' bound: E,[|f;)(z) — f*(x)|] = O(1//n).
Although such results achieve a fast L' rate, they do not adapt to the ease of low label noise.

Stochastic bandits with function approximation. We now discuss first-/second-order bounds
in the stochastic bandit problem with function approximation (also known as structured bandits).
Hereafter, unless noted otherwise, the noise model is such that the reward (label) is bounded with a
known range, which can be easily translated to [0, 1]-valued reward. The first-order bound was first
obtained by Foster and Krishnamurthy (2021) for generic function classes. We classify second-order
bounds as follows:

* With known variance: Based on weighted linear regression, Zhou et al. (2021); Zhou and Gu
(2022); Zhao et al. (2023b) have obtained second-order bounds in linear models.

* Unknown variances but with models of variance or distribution: In the pure exploration
setting, Weltz et al. (2023) have considered modeling the variance explicitly with a specific
function class in order to obtain improved sample complexity. Wang et al. (2024a) have shown
that modeling not just mean or variance but the noise distribution itself leads to a second-order
bound. However, note that modeling variance or distribution has a price to pay due to the extra
modeling.

* Unknown variances: The last set of works do not make any effort in modeling the variance or
distribution, and thus there is no extra price to pay, at least in the statistical sense. For the linear
model, Zhang et al. (2022) proposed a second-order regret bound, which was further improved
by Kim et al. (2022). The optimal rate in this setting was first obtained by Zhao et al. (2023a),
and Jun and Kim (2024) obtained the same bound but with improved numerical performance
along with removal of an unnatural technical assumption on the noise. For generic function
class, Jia et al. (2024) and Pacchiano (2025) both independently developed a second-order
bound where the dependence of the function class appears as the eluder dimension (Russo and
Van Roy, 2013).

While the work with unknown variances are the closest to our work, we emphasize that the tools
developed therein do not directly imply any meaningful result for the regression setting, to our
knowledge. Delineating the challenges is left as future work. That said, we believe the estimator
might be useful in obtaining an improved second-order regret bound in bandits with general function
classes, just in the same way that the log loss has played a role in obtaining a first-order bound (Foster
and Krishnamurthy, 2021).

There is another set of work that considers sub-Gaussian noise, which is more general than the
bounded reward. Kirschner and Krause (2018) consider the heteroscedastic noise in linear bandits
for the first time, to our knowledge. Their work assumes that the noise is o%(z)-sub-Gaussian when
pulling arm z and that the value of o%(z) is known to the algorithm. Jun and Kim (2024) considered a
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further generalized setting where the noise is o7-sub-Gaussian at time step ¢, and o7 can be dependent
on anything that happened up to choosing the arm z; at time ¢. Furthermore, they assume that the
algorithm does not have access to o7 but rather an upper bound o3 and have shown that there exists a
computationally efficient algorithm whose performance provably adapts to max; o7 for the leading
term (though there is a lower order term with a ag dependence).

6. Conclusion

We have introduced a new approach to regression that achieves second-order generalization guarantees
by minimizing a novel betting loss function inspired by the betting-based confidence bounds. Our
analysis establishes that minimizing this loss yields estimators whose guarantee adapts to the
conditional variance of the data — without requiring any prior knowledge. Our bound is first-of-its-
kind, to our knowledge.

We further demonstrate that our generalization error bounds scale favorably with the local noise
level and that the guarantee extends from finite to parametric classes, with concrete instantiations
for bounded linear and logistic classes. These results show that, for finite classes and parametric
classes, variance adaptivity is statistically attainable without explicit variance estimation, through
a carefully chosen loss function alone and without adding extra assumptions. The current work
leaves open important algorithmic and statistical questions. The betting loss has a nested min-max
structure, and scalable optimization for large classes remains unresolved. Moreover, our positive
infinite-class result does not cover general nonparametric classes. We view the contribution as a
statistical attainability theorem and as evidence that carefully designed losses can encode variance
adaptivity beyond what is obtained by standard squared or log losses.

This insight suggests several promising directions for extending the betting loss framework
to other domains where adapting to noise is critical, such as active learning and exploration in
reinforcement learning.
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Appendix A. Squared Loss ERM Bound

Proposition 9 Let F C {f : X — [0, 1]} be finite. Suppose the regression problem is realizable,
i.e., there exists f* € F such that

f(x)=E[Y | X =2] forallx € X.
Let

P 1l & 2
fsa € argmmin — > 5 (F(x) = x3)"

=1
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Then with probability at least 1 — 9,

B, (fule) — £1(@))?] < 22817100

3n
Consequently,
; N 281og(|F|/é
Ee | o) — ()] < 1/ Z20BWAA0)

Proof Let L(f) = 2 >0 | (f(z) — w)*
Let f be the ERM estimator under squared loss, and for any f € F, let £(f) := E[|f — f*|?.

Our goal is to find an ¢ such that P(E(f) > ¢) < 4.

If £(f) > &, it must be that we picked a function f with £(f) > ¢ that looks better than f* on
the training set: L(f) < L(f*). The idea is to bound P(L(f) — L(f*) < 0), for any “bad” function
fwith&E(f) > e.

Fix one such “bad” f. For each datapoint (x;, y;), define:
Zi = (f*(xi) —yi)* = (f(zi) —9i)°
The event L(f) — L(f*) < Ois equivalent to  >% | Z; > 0. Note that E Z; = L(f*) — L(f) =
—&(f). So we are to bound

Pl z-Bz> 80
=1

To obtain a fast rate, we aim to apply Bernstein inequality. For independent, zero-mean random
variables X1, ..., X, such that | X;| < M and with the total variance > E X? < V, we have:

P Zn:X‘>t <ex _t?i
=) =P TV g3

i=1
To apply Bernstein inequality, we need to find M and V for the variables Z; — E Z;.
* Since f(x) and y are all in [0, 1], the squared loss is also in [0, 1]. Hence Z; € [—1, 1], and we
can set M = 2.
« Since Var(Z;) < E Z2, it suffices to upper bound E Z?2. Note that

Z7 = [(f*(zi) — v)? = (f(@i) — 9:)*)?
= (f*(@i) = f@:)*(f*(@i) + f @) — 293)°
S A(f* (i) = flx0))?
We take the expectation on both sides,
EZ; <AE(f*(x:) — f(2:))”
=4&(f)
So we canset V = 4n&(f).
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Applying Bernstein inequality with t = nE(f), M = 2 and V' = 4n&(f), we have

P(L() ~ L) <0) =B | 3 (2 ~EZ) > £(f)
=1

e
= ( () + 2(n5(f))/3>

(1522)

<o (-55) E(f) > )

)
Taking a union bound,

PE(f)>e)< > PL() - L) <0)

FEFE(f)>e

3ne
< -
< |F|exp < 5% >
3ne

Solving | F| exp <_W) = ¢ for &, we get

. 281In(|F|/9)
N 3n
That is, with probability at least 1 — ¢,

E[lf - /P <

The L' bound follows from Jensen’s inequality:

. o o [210s(F1/0)
BlIf - £l < VEIF - fop2) < |

281In(|F|/9)
3n

Appendix B. Proof of Theorem 1

Note that if f is O or 1, realizability and Y € [0, 1] imply Y = f almost surely (Y = 0 a.s. or
Y =1 a.s.). All likelihood-ratio expressions below are then interpreted by continuity, equivalently
with the standard conventions 0log(0/¢) = 0 and alog(a/0) = +oo for a > 0. The displayed
quantities extend to the endpoints by this limit argument.

Theorem 10 (Restatement of Theorem 1) Under log loss, we define:

L) = 2w+ (=)
(z,y)EDy, z r

).

Let f = arg mingsc z Li?g(f). Then, with probability at least 1 — 6,

E;|fo — f2l < 8\/1E[f;(1 - f;)]ln(lil/é) +4ln(]];/5)
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Proof For any f € F, define

fa: _fx

. 1 lo. *\ _ rlo _ - _ 1
H) =R~ IR = 3 I + 5 (1= (=)
Inspired by Foster and Krishnamurthy (2021), for a fixed f € F, consider the martingale of
exp(H(f))
Elexp(H(f))]
and apply Markov’s inequality to obtain that
o 1 1 In(|F|/0)
1= 3 <P (LH() < S m@Eesp@E() + =)
Note that
1 1 NS 1-— 11—
Eln(E[exp(H(f))]) = Eln (]E[ H (f;)zy(l_j;)z(l y)])
(z,y)EDn
— fa 1 1—fo 11-y) :
=In <E[( f;‘) Y( - f;) Y ]) (independence)
Taking a union bound over f € F,
1 2\ Ly v In(|F|/6
1—5<P (W €F, —H(f)<In <E[(£)Q (1_}7;) (- y>]> +n<n|/)> .

The rest of the proof conditions on the event that

wpe £ Lty < m (L0 L 20710,

Now taking f = f. By the definition of f, H(f) > 0, which implies that
A:l‘ ]- - Ax 1
0 <In B2yt yta-n)) 4 ROFI/0) ®)
fao 1= JF
Next, we upper bound E[( )% (%)%(1*9)],

i Jey b

N|=

VI = Bexp (;yhmfi) + 50—y (= fw))

(y' ~ Bernoulli(y))

1= fz

(Jensen’s inequality)

_ fm o 1_f:1:
Mﬁ ro-mi
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< EE exp <y’ln(ﬁi) £ 21—y (= f’”))




LI YOON HUANG JUN

Combining with Eqn. (8),
n(F1/)

n

Ely/fr e+ = £)(1 = £)])
= (1~ B[ - /i~ 0 - g0 f)

> Bl -/ fife = /(- f2)(1 = f2)] (In(1+2) < 2)
BT~ VAP + (T -1 £
= E[D*(f3, [)], ©)

where D?(p, q) for scalers p,q € [0,1] denotes the Hellinger distance between two Bernoulli

distributions with parameters p and ¢: i.e., D*(p,q) = 3(\/p — vO)* + 3(VI—p— VI —q)%

From the proof of Proposition 3 of Foster and Krishnamurthy (2021), we know that

D?(p,q) = (xf Va)® \/1— —/1-¢)?

_ -9 1 N 1
2 VP +va?  (VI-p+v1-9g)?

S (p—a)7 1
-2 WP+ VO*NVT=p+ T —q)?

(r—q)? 1
- 4 .<(p+Q)/\(l—p—|-1_q)>' ((a+b)2§2a2+2b2)

Let g(p,q) = (p+q) A (1 —p+ 1 —q). Then, by Eqn. (9),
B[ - f2 ] < 2MEV)

20(f5 fa)d n
Using % = max;~onA — %B for A, B > 0, we have, for any n > 0,
1)
MUV Bl g~ £l - Tots3, £)
> maxnE[Lf; -~ £l - Elg(f3. £) (Jensen)
. 2In(|F|/d
B — A1) < min D Blg(r2, )+ 1 22D
Note that
Eg(f; fo) =El(ff + fo) AL = f5 4+ 1= fo)]
<SE((fr = fol +2F) N f7 = Fol +200 = 1))
=E[f; — fol + 2f; A 201 = £3))]
=Rl f; — foll + 2E[ff A (1 = £3)]
<E[f; - fll +4E[£7(0 - £7)).
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Then,
B[l f; — foll < gEUf; — Ll + 2ME[fE(1— )]+ 71721n(|nﬂ/5)
< SE[: — Bl + 20 B0 - ) + 71721”(‘5'/5) (assume 1) < 1)
; 5
= E[lf; — foll < 4nE[f3 (1~ f7)] + ;‘;hl(lfn!/)

We can choose n = 1 A %, which satisfies the assumption above, to arrive at

n(71/3) |, In(F1/8)

n n

Ellfs - fll < 8\/]E[f3§(1 — f2)]

Appendix C. Squared Loss Fails to Achieve First-Order Bound

Proposition 11 There exists a [0, 1]-valued regression task where the squared loss minimizer fails
to achieve the first-order bound, with at least constant probability.

Proof Consider a dataset D,, = {(z¢,y)}}; and a function class F = {f*, f }. With the
realizability condition: f*(z) = E[y|z].
Let X = {z(),2(?)}. We define the distribution Dy as:
e P(X =2@®))=p, = %
cP(X=2W)=1-1
The Conditional Distribution of Y':
« Atz(M): Y ~ Bernoulli(y, ), where j,, =
« Atz®:Y ~ Bernoulli(1/2).
The Function Class F:
o f(@W) = p, f1(2@) =1/2.

¢ Fla) = /o Fa®) =0

The expected value of the target function) is:

128
=

1Y 128 1
n

L = Bl )] = (L= po)in + 1/ = (1=

For large n, L* = O(1/n). A first-order bound requires the absolute error to satisfy:
* ; L*In(|F|/d In(lFl/68
B[ <x>—f<x>|]go< (71/5) , (7 >>_

n n
With L* = O(1/n), the required first-order rate for this instance is O(1/n).

We define the empirical squared loss as Lpg(f) = LS (flz) —ye)? Letng = [{t: 2y =
M} and ny = |{t : 2; = £(P}| be the number of realizations in the samples for (1) and z(?).
Following the logic in Foster and Krishnamurthy (2021), consider the event £ := £, N & N E3 where:

1. &;: Exactly one sample is drawn at () (ng = 1).
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2. &s: The label for that sample is y = 0.
3. &3 The empirical mean at z(1, ji; = n% > tzi—a(V) Yts is such that fiy < %un
For any function f, we can decompose the sum of squares as
S = fE))? =i — @)+ Y (e — )
tipy=x() tiy=x(1)
The second term is a constant C' for a fixed dataset. We have
* Loss of f*:
Lus(F) =+ [mlin - p)? + 0+ (2 -0 = - 4+ &
n “4dn  n
* Loss of f :

Lis(F) = 2 [m i = V/1756m)2 + €+ (0= 0] = [ — v/1716m)2] + &

by Lemma 12, P(E) > %0. Conditioning on &, ji; < % L , We observe that for sufficiently large n,
f11 is negligible compared to /1/16n. Thus:

2
o ow/. TN ¢ 1 ¢
Mﬂ”Zi(“‘va‘+n<@+n'

Because Lrs(f) < Lzs(f*), the squared loss minimizer picks f;g = f. The resulting expected

absolute error for picking f is:

o s 1\ [128 1 1
B (@)= )] = -pola IOk ml1/2-00> (1= ) 22— Do) —a ().
While a first-order bound demands a rate of O(1/n), the squared loss achieves only €2(1/y/n). This
gap proves that squared loss cannot achieve first-order bounds in this setting. |

Lemma 12 Recall the event defined in Proposition 11. We have, or any n > 256,
1
P& —.
(€)> 10

Proof The number of samples ns follows a Binomial distribution B(n,1/n).

- ()3 (-2 (-2)”

For n > 2, the sequence (1 — 1/n)"~! is monotonically decreasing toward 1/e. Thus:
1

P(ny =1 -.
(712 )>€

Since Y'|z(?) ~ Bernoulli(1/2), the label y = 0 occurs with probability 1/2 independently of the
context selection. Therefore:

1
]P)(gl N 52) > 2— ~ 0.1839.
e

We use the multiplicative Chernoff bound for the sum of n; = n — 1 independent Bernoulli random
variables. For § > 0,

_ 52/Lnn1

P(in > (14 0)pn) < e 24
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SECOND-ORDER BOUNDS VIA BETTING LOSS

Setting § = 1/2,

_1/Ypn(n=1)
2.5 =

_ pn(n—1)
—e 10

,Ufn) <e
Substituting 1, = 128/n:

128(n—1)
e a0n T — p—128(1-1/n)

Forn > 256, (1—1/n) > 255/256. The exponent is roughly —12.75, yielding e 27 ~ 0.0000029.
Thus:

3
P(E5) = 1= P(jir = Spn) > 0.9999.

Taking a union bound,

1
P(g) = P(El N&N 53) > E

Appendix D. Log Loss Fails to Achieve Second-Order Bound

Proof [Proof of Theorem 3]
Fix n > 2. Let the instance space be

X = {a,b},

and define the marginal distribution of X by
1 1
P(X =b)=— P(X=a)=1—-—.
(X=b=", PBX=a)=1-1
The conditional distribution of Y € [0, 1] is defined as follows:

1
Y| X=a= 3 almost surely,
and

1
Y| X=b~ Bernoulli(2> .

Thus the regression function is
1
f1(a) = 1) = 5.
The conditional variances are

and hence

E[ag]:<11>.o+

n

S
e
i

S

Now define a competing function g by

o) =5 tm o) ="
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where
1
=y
Let
Fn = {f*ag}'

Both functions take values in (0, 1), so the log loss is finite.
We will show that g has strictly smaller empirical log loss than f* with constant probability.
Consider the event
E := {exactly one sample has X = b, and its label is Y = 1} .
Since Y | X = b ~ Bernoulli(1/2),

o= (10-3) 410D

Using the standard inequality

we get

1
P(E) > —.
( )_26

On event F, there are n — 1 samples at a, all with label 1/2, and one sample at b with label 1. Let

n

S =Y (0(g; (X3, Ya) — L% (X3, Y7))
=1
where

((f; (z,y)) == —ylog f(x) — (1 —y)log(1 — f(z)).
If S, < 0, then g has strictly smaller empirical log loss than f*, so every log-loss ERM over F,,
selects g.

At point a, where Y = 1/2, the log-loss difference is
da = €(g; (a,1/2)) = £(f7; (a,1/2))

Liog( 2+ Log (2 +log (&
= ——log|( = — —log| = — og| =
) g B n 5 g 5 M g B
1
= —§log(1 —4n?).
Since 7, = 1/(44/n), this becomes

1 1
=——1 1—— .
da 2 0g< 4n>

At point b, on the favorable label Y = 1, the log-loss difference is
df == (g; (b,1)) = £(*; (b, 1))
= —log(3/4) +log(1/2)
= —log(3/2).
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Therefore, on event F,

Sy =(n—1)ds +dj =(n—1) [—; log<1 - 42)] —log(3/2).

We now upper-bound the first term. Using

u
—log(l —u) < —— < 1
og( u)_l_u, 0<u<l,
with u = 1/(4n), we obtain
1 1/(4n)
—Ddy, <n-=.-—L 2
(n=Dda <10 5 777 74
_ 1
- 8(1—1/(4n))
1
<7)
-6

where the last inequality uses n > 1. Since

& <log(3/2),
it follows that
Sp <0
on event E. Hence, on E, the log-loss ERM selects g.

It remains to compute the L' error of g. We have

1\ |1 1 113 1
E X)—fX))=(1--)|= —=|+=1|=-
o0 = 0= (1= 1) [g#m - g+ 1 2=
1 1
=(1-= .
< n>nn+4n
In particular, for n > 2,
1 1 1
Ex|g(X)—f*(X)|>(1-=) —>——.
o) = 012 (1-3) = 2 0
Since flog = g on event F, we conclude that
. 1 1
P (Ex| o0 - P 0| 2 5o2) 2 28) 2
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Appendix E. Proof of Theorem 4

Definition 13 We first provide definitions for new quantities that are used throughout the proof of
Theorem 4.

Ay i=fr— [z
Zh,x,q&,e :(Qs(hx - fx))[_qc]

_Z z,P,C _Z z,p,c
U, ::max{(—f;)#’ (1-— *)#}
1+ AzAh,m,¢,c

Lemma 14 Forany x € X, we have:

1. ngz@,c = sign(f¥ — fz) (qﬁ]f; — fa| A c), and szf*@@,c > 0.
2. U, <4

Proof

*

1. By the definition of Zh’mﬁ,c, one can see Zf*,x,¢,c = (‘f’(f:;ck - fx))[,c d = sign(f —
fo) (O1f5 = fol Ac), and AgAye 4 4 > 0 for all z.

2. Note that
A el =01f5 = ful N e
<c
1 1
SZ' (<9
If Zf*,x,(]ﬁ,c Z 0’
_Zf*f¢c _Zf*ani)c
U, =max{(—fx e T e
: {( x)l + AmAf*yx’(va ( x)l +A$Af*7x>¢7c}
:f* Af*ﬁ,¢,c
1 AA g
SZf*,x,d),c (Va:, Afo*@’(b’c Z O7 0 S f; S 1)
1 _
=T (B mpel <
Similarly, we can show that if A« ;g < 0, then Uy = (1 — f7) G < L
TR f* 2 dc
[ ]

Lemma 15 Leta € (0,1). Then, Vz € [0,a], In(1 — z) > —in(-a) (—x).

a

Proof Given the concavity of In(1 — ), for any = € [0, al, the function lies above the secant line
connecting (0,In(1 — 0)) and (a,In(1 — a)).
The equation of the secant line is:
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By concavity:

In(l1—2z) > Mm.

Lemma 16 Let§ € (0, We have,

)

— 1
1= 75 <P (vhe F, o€ 0.8 ce D]

Houlh £ < In(son )

Proof The plan is to fix h and show
_ 1,1 1.
— < * * — — * ok * < —
1=6 <P (9" €[0,6],¢" € [0, 7]y Hor (b ) < — In(3m%/5) )

and then take the union bound over h € F.
Let ¢ > 0 be a small number to be chosen later. Discretize [0, ¢] x [0, 1] as blocks of length & by

e. The number of such blocks is ;5. For any (¢*, ¢*), there is block, such that (¢*, c*) belongs to
this block. Let U’ be the uniform dlstrlbutlon supported on this block.

We start from the martingale
Eg0)~vrlexp(Hg (R, [7))]
E(,c)tr {z,y3~Dn [€XP(Hy o (R, [*))]

Using Markov’s inequality, we have, w.p. at least 1 — §/ (%),
)

I(Eg,e)vr[exp(Ho,e(h, f1))]) < (g, )ntr {2 y)1~0m [xD(Hp o (R, f7))]) + In(55)

= (g0t (By(agyyonll + (4 = [)((he — f2)) . gD)") +1n(

(independence)

- m&).

Taking a union bound over all ;= blocks we have with probability at least 1 — 4, for any U that is a
uniform distribution on any block
¢

(B0~ [exp(Hp.c(h, f5))) < In(55).
We desire to lower bound the LHS of Equation (10) above as Hy« . (h, f*) plus some extra terms
for any (¢*, ¢*) that belongs to the support of U’.
Note that

10)

B¢y~ [exp(Hp e(h, £7))] = Eg.e)nvr H (1 + (v — f2)(@(he — f;))[_c,c]>

(z,y)

29
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Note that if |[¢* — ¢| < e and |¢* — ¢| < &, then using 1-Lipschitzness of Fi(¢) = 1 + (y —
f;)(¢(hx - f;))[_cd, and 1-Lipschitzness of Fy(c) =1+ (y — f2) ((b(hx — f;))[—qc]’

+(y—f*)( (h —fi))[ cc]
>1+(y—fr (¢* he — f2 )[_C*ycﬂ—%

T 2e
= (14— (0" (ha = f2)) Lo o) - (1 = —_— )
S e = (0 (e — ) e o
* 8 *
> (1L (g = ) (@ = D)) (1 52). (<
Thus,
* Ny 8
In(E 0yt exp(Hs o, D) 2 3010 (14 (= £2) (0 — f2)) e o) + 1l = 52)
(z,y)
> (1 (= £ (0 (e = f2)) Lo o)) =
(z,y)
(Lemma 15; ¢ < %)
This implies that
1 )
_— * k. <
anS ,C (h7f) €+ — 11’1(4 25)
Choosing € = ﬁ, the RHS of above inequality can be upper bounded as:
L n=? ) < Lincgan?
£+ 1n(4€25) - In(8¢pn~/4),
concluding the proof. |
Lemma 17 Let § € (0, |}.‘) Then,

1= 17 <P (¥ € 7, oc 0] ce [0.]]

1 DN Ap e 4

. 1 —
—H N <E — + - 02A%. + —In(24¢n“/d) |.
¢,C(f f) = L 1+ Afo*@,(b’C 3 = f*x,0,c n ( Qb / )>

Proof The plan is to fix f and show

1 1

Sl — S Hye o (FF
4]a n ¢*,c (f 7f)

A Z * * X 4 —-—2 1 —
<E [— et P **}—i——ln% n25>
- 1+ AzAf*,x,d)*,c* 3 B tie n ( (b / )
and then take the union bound over f € F. _

Let e > 0 be a small number to | be chosen later. Discretize [0, ¢] x [0, 1] as blocks of length & by

¢. The number of such blocks is ;5. For any (¢*, ¢*), there is block, such that (¢*, c¢*) belongs to
this block. Let U’ be the uniform dlstr1but10n supported on this block.

1-6 g]P(vgza* € [0,4],¢* €0,
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We start from the martingale

Epo~vrlexp(—Hg o(f*, [))]
E(¢.c)~t" gz 3~ exp(—Hy c(f*, )]

Using Markov’s inequality, we have, w.p. at least 1 — §/ (%),
(B e)vr[exp(—Hp.o(f*, £))])

. I
SIn(Bg o) g y)p~pn [xP(=Ho o (f, ))]) + In(; 5 /9)
Azzf;,x,¢,c _ 1
L+ AzAfp z 0 (14 A2Af 5 00)3(1 —Uy)

_9 b
: UiAf*,:wz),c + ln(@/é)
(11)

<nE(sopur Be |-

where the last inequality is by Lemma 18.

Taking a union bound over all % blocks, we have with probability at least 1 — ¢, for any U that
is a uniform distribution on any block,

In(E(g cyrr[exp(—Hg o (f*, £))])

ApApe e 1
1+ Afo*,x@,c (14 Afo*,z,gb,c)?’(l —Uy)
We upper bound the RHS of (11) as follows:

L 7
<nE (e B |- 2R ] + (5 /).

szf*mw,c 1
I+ Afo*yw,dhc (1 + AmAf*,z,¢>,C)3(1 - Ua:)
AwAf*,z,ch 4 5

72 -
L + — 02 A } By Lemma 14: A_A >0, U, <1
1+ Afo*,I7¢,c 3 A ( Y e = ’ 4)

272
) O—IAf* 7x7¢7c}

E (00 Eo |~

<E(g,0~vr Ex [—

One can see that Ay« ;4. = (0(ff — f2)) e, is 1-Lipschitz in ¢ and 1-Lipschitz in ¢, i.e.,
Fi(¢) = Ap+ 2.4 is 1-Lipschitz, and Fy(c) = A« 4 4 is 1-Lipschitz. Further, F%(¢) and FZ(c)

are 1-Lipschitz since Ap+ ;4. < ¢ < %. In addition, since for z € [0, %}, |£1ix| = ﬁ <1,

AIZ‘)“*,I,¢,C
14+8:Apx 4 g ¢
Note that if |¢* — ¢| < e and |¢* — ¢| < ¢, then using Lipschitzness arguments above, as well as
O'% < i, Vx, we have
AelDprwpe | 4

-2
— L + - . 02A%. <
1 x f*7x7¢7c 3 z f ’$7¢7C

is 1-Lipschitz in ¢ and 1-Lipschitz in c.

AgApe 4o e R —
- 77 ! : + — 0 A * * 26
1 x f*7x7¢*7c 3 ; f 71‘7¢ ?C

AcDpragrer 4 572
- L + = 0iAT i a + el
N 1 + Afo*7m7¢)* 76* 3 * f 7x7¢ 7C

This implies that,

ALA pe 4 _
1 + A'/I:Af*7m7¢7c 3 7 ’ ’
A Z * * Ak 4 —9
<E {— e P A *}4—4{5.
B a: 1 + A'rAf*7z7¢*?C* 3 x f 7$’¢) ,c

E(s 0t Ex |~
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For the LHS of (11),

1
(ot lexp(—Hoel ", )] = Bt BEN—
et Hore ££(1+@—ﬁ»wu;—n»PmQ

Note that if |[¢* — ¢| < ¢ and |¢* — ¢| < ¢, then using 1-Lipschitzness of F3(¢) = 1 + (y —
fz) (d)(f; - fm))[_cjc]’ and 1-Lipschitzness of Fy(c) = 1 + (y — fm)(ﬁb(f; - fm))[_ac]’

1+ (y— fm)m =

§1+(y_fa:)(¢*(f* fx))[—cc €
) (9% (

§1+(y_fr (gb* f* f:t))[ * c*] + 2
— 2e
:(1+(y_f:v) *(f;_fx) —c*c*).(l—i_ — )
( e L (= fo) (6°(f2 = Fo)) oo
S+ (= £~ Fo)e ) (4 59) @ <b
Thus,
1

In(E ,c)r~ /[GX (_H ,c(f*af))] =K ,c)~U’! I —
(B lespl=Hocl D)) =B gl(ruy—nMMf ) o)

~0 (14 (g = f) (07 = fo)) e o) — 201+ 25)

(]

—
&8
<

=

I (1 +(y— fz)m[_c*ﬁ]) - ”gf

(In(1+2z) <x)

Y
—
®
&
&

Combining the bounds for the LHS and RHS of (11),

(Z:) —In (1 + (y - fx)(¢*(f; - fa:))[_c*7c*]> - nge
T,y
cop, [ Apare

2x2 o)
+ = -0 A% **}+4n5—|—ln—(5.
14+ DAy geee 3 010000 (452/)

This implies that

1 * AL ps . 4 )
— ol (f7,F) < Y A

272 b
L + — 02 A **]—I—fln—&_
1 +A$A}“‘,I,¢*,c* 3 T f 7x7¢ ,C n (482/ )

—e+E; [—

Choosing ¢ = -,

4n
1 20 AgApr g gr o V/— 1. &
i Hae o (FFf) < 2 E[— frmd”, 2 2AZ, } S (-2
no e (%0 < 3 €t te L4+ AzApe g g o + 3 OxBfragrer| T n n(452/6)

szf* 7x7¢* 76* 4

A2 1 _
L+ ABpepgrer 3 0 10000 T (249n°/9)

SESC |:_
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Lemma 18 Recall the definition of the loss function Hy . and U, = max{(— f;)ﬁ%, (1-
xS h,xz,p,c

f;)%} Let V be a distribution of (¢, ¢) supported on a subset of [0, ¢] x [0, i] Then for
any h, f € F, we have
n(E(,e)~v.{(@y)}~Dn [xP(=Ho,c(h, ))])
A$Ah7x7¢7c 1 Qz2
N N 3 0B hapel
14+ ApAhzpe  (14+ 8020031 —Us)

<nEeonv Be | =

Proof Letn :=y — f*, thenVz € X, E[ | #] = 0 and E[n? | 2] = 02. We have

1
(E(p,0)V{ (z9)}~Dr [exD(—Hg o (h, f))]) 7
1

e Ly
(¢.0~V{(zy)}~D 1+(yffx)(¢(hx*fx))[—c,c}

1

= E(g.)v,{(w)}~D( o))
(¢,0)~V{(z,y)}~D 1+(f;<+n—f$)(¢(hx_f$))[—c,c]

1
_ )]
1+ AxAh,m,qS,c + UAh,x,@c
1 1
. — E,[ — N =)
14+ Az AR z.¢c L+nAnzge (1+Aclhzg.e)

= E(4,0)~v{(z)}~Dl(

=E@g,o~v E

Using the fact that -— =1 — z + 22 with » = NApzpe (14 szh,xmc)_l, we have

1+x 14z
—9
" nAhage 1+ AuAppge)! T4+ AuBrspe)? 1+nBpage (1+Alpape)™!
N Uﬁzi,z,¢,c 1 .
If Apg¢e > 0, then the RHS < 1 + (21+A:$h,z,¢,c)2 ey v = Else if
J— 0.27
Ahooe <0, then the RHS < 1 4 —Zrohone L

(ltAIZh,w,é,c)Q ’ 1+(17f*)§h,w,q>,c'(1+A1Zh,w,¢,(;)_l ’

. —A v, T, 0, C A x,9,c
Thus, with U, = max{(—f;)iHAz'Zh"i’ " (1-— f;)il“l‘Az%h’(:q& - H

1
- (B4 c)nvi{(@,y)}~Dn [€XD(—Hg o (R, £))])
1 -2 1
<InEyooy By | ————— [ 1+ 024 , 40 —
@0~V 1+ AccAh,:E,(j),c < o, (1 + A:cAh,m,d),c)2(1 - Ux))
1 -2 1
<EyoyEe | ————— [ 1+ 02A7 4. — —1
@)V I+ Aa:Ah,x,(b,c ( T (1 + AxAh,x,¢,c)2(1 - Ux))
) (Inz<x-—1)
1 ) 1 _
=Epoy Be | ———— | 024} L g0 — — Az Azoe || s
Rk N VR ( MO (1 4 AgBhgge)?(1— Uy) o0, )
completing the proof. |
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Theorem 19 (Restatement of Theorem 4) Recall that

L,(f) := max max max 1 Z In (1 +(y — fﬁ)m[fc,d)

heF ¢e(0,] ce[0,5] T (z,y)€Dn

With probability at least 1 — 6,V f € F,

Y )
< |ZEoz (Zm (W) ) = Lol | + S (W) 4 2(a() ~ Lal)
Proof Define the events
)
Ay :=3{Vhe F, ¢ €[0,9], c€ [0, i], %Hqs,c(h, £ < %ln (W) 3}
AQ = {Vf € ]:7 d) € [075]7 ce [07 i]?

1 AgDAps pbe 4 5 1. [ 48|F|¢n? }
< B [ ABrse L e )Ly (876
n ¢7 (f f) 1 + AIAf*,x7¢7c 3 f ) 7¢1 n 6

A=A N As.
By Lemma 16, P(A;) > 1 — g; by Lemma 17, P(43) > 1 — g. Taking a union bound, one can
see that
P(A) >1-4.
The subsequent reasoning conditions on A. Vf € F, we have

Ln(f*) = Lu(f)

1 1
= max min —Hgy o (h, f*) — =Hy (I, f) (definition of L)
heF.¢/€[0,6],¢' €[0,5] W EF $€[0,0],c€(0,5] T n

. 1 X 1 X
S max min *Hqﬁ’,c’(ha f ) - *Hd),c(f 7f) (f* € ]:)
heF,¢'€[0,6],¢'€[0,1] 6€[0,6],c€[0,5] T n
1 1 on?
< max min L (267197
hEF,¢'€[0,4],c'€[0,3] #€[0,8],c€[0,2] T g

szf* x,b,¢ 4 22 1 48’;‘5%2
+E [— e N Ty }—i——ln —_
* 1 + Afo*7I7¢)7C 3 ’ f ’x,qs’C n 5
(definition of Ay, As)

48|.7-"<Z>n2)
)

1 16|F|¢pn? ALA p+ 4 o 1
=  min *1D<M>+Ex [7 2B [z e +7'J§A§*$¢C]+iln<
¢€[07¢})C€[07i} n 6 1 + Aﬂ?Af*,I,(ﬁ,C 3 S n

AN 4 5 2 [ 48|F|pn?
< min E { cam? ML —i-f-azAff*wd,c]—i—fln (‘ (Jdm )
bhadbh ubl n

 ¢€[0,g],c€[0,3] ’ _1+szf*,x,¢,c 3
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That is,
szjw x,p,¢ 4 22 2 48‘?‘&712
max max E s — oo AL }gflni + (Lp(f) — Ln(f1)).
selog 06[0%] x 1+A93Af*,x,¢,c 3 %= f*,z,0,c n S ( n( ) n( ))
=: LHS

Recall that Ay = f — fyand Aps 4 o = (qS(f - fx)) e By Lemma 14, Ay A g 4 4. > 0 for
allzx and U, < %. Therefore,
szf*7x7¢’c é

-2
LHS =E I ~ 2L 02A% }
T _1 _|_ AajAf*7x,¢7c 3 x f ,z,qﬁ,c

4 4o,
>E, EAAJC*M,—?U?A?*MJ oD fenpe >0, [Bpenpel < 5101 <1)

=B, [1A (6~ Sl Ae) — 5 02 (3l — fIne)]
(Af zpe =sign(f* = f) (el f* = fIAc))
—5 . [l

) [1_2 g(“m)h‘

We want to set ¢ and ¢ such that

1 c 5) ¢ \?
E <A, >E= - |A, %02 12
180 (00 ) 2BS AP (0 ) (12)
which will give us the inequality of
4 1. c 2 48| F|pn? .
~FZ < = - _ .
2N (@f’MAH)—nh‘( 1) (L)~ La(r) 13)

We choose ¢ such that ¢ = <& for some A* to be chosen later, we can see that ¢ A ﬁ =

c ( Al* A i Alﬂ ) Using this, the above inequality (12) becomes:

, (1 1 ) 1 1\?
gl (50 ag) 25 el (o)

We choose ¢ := ¢y A 1, where
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we have

o If g < %, then ¢ = cy. Plugging this into (13) along with the fact ¢ A \TCM =c (

%[E%‘A“ZC(é |Alx|)]

5 _
SEZ-|A1205<1/\ 1 > . 2111(W)+(Ln(f)_[m(f*))

-

2
1 1
E Al <A* A \)

=
< %Egg. (iln <48|];’¢> + (Ln(f) Ln(f*))> :

We could lower bound the LHS above by picking out the region with |A;| > A* to arrive at:

2 2 48| F|dn?
E1{ja,)> 2 (A < |DEa. ln<W>+<Ln<f>—Ln<f*>>
-Ifco>i,thenc:1

7-Cc= % < ¢p implies that (12) is true.

Plugging ¢ = % into (13) along with the fact ¢ A ﬁ =c < L

Ar A |Alw‘),wehave
2 5 (1 1 2 48| F|pn? .
= — <=z — — .
5E‘Aﬂc| <A* |Ax’> — n1n< 5 +(Ln(f) Ln(f ))

We could lower bound the LHS above by picking out the region with |A;| > A* to arrive at:

102
SEL{|A. > A4 < 2o (W) (L) ~ Lalf*)

o2
:M“Az‘zmmglm(W> 5
n

5 +§(Ln(f)_Ln(f*))

In either case, we have:

E1{jA> A} 1Al < | D Ea2 (iln (W) +(Lalf) - Ln(f*)))

=
+ %m (48|};|¢> - g(Ln(f) — Ln(f%)).
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We choose A* = % In (W), which gives us,

1 48| F|pn?
E1{|A;] < A*} A, < —In [ —— .
{1As] < A} |A,] nﬂ( 5

Altogether, we have,

E. |A;]
25 2 (48| F|¢n? 6 48| F|pn? 5
<A/ ZEEo2 (Sl (—— — * —In [ —— = — ).
<\ BEo2 (S (FEE) 4 Lal) = La(r) + I [ ) 4 2 (Lalf) — Lalf)
We verify the choice ¢ is valid as follows.
c 1
0= A Sin <2
_ 1
48| F|pn?2
4% In <| 5' )
1 _
——— @=1
1 12|F|n3 4
<o
which validates that ¢ € [0, @].
|

Appendix F. Proof of Theorem 6

Lemma 20 Recall that

L,(f) := max max max 1 Z In (1 + (y — fx)m[_c’d)

heF ¢e(0,] ce[0,5] T (z,y)€Dn

L is §n-Lipschitz w.rt. || - || c.

Proof For fixed (h, ¢, c), define:
1 R —
©(f.hio,0) == 3 (14— fo) (60— £)) )
(m,y)EDn

We first show that ®(f, h, ¢, ¢) is Lipschitz in f w.r.t. || - ||co.

Let 1(t) == (y — t)(¢(hy — t))[_c g fort €[0,1] and @5(t) :=In(1 + 1) fort € [~1/4,1/4].
If o(hy —t) € [—c,c], then | (t)] = |(t—y) + (t —ha)| < d+c < nselseif p(hy —t) & [—c, ],
then |¢} ()] = ¢ < 1. Hence ¢y is n-Lipschitz. |@)(t)| = %th < 3. Therefore, for any (h, ¢, c),
®(f, h,¢,c)is gn-Lipschitzin f w.rt. || - [|oc:

Vi T € F, 007, 6.0) — @ )| < gn 1 e
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Furthermore, Vf, f' € F,

Lo(f) = La(f) = max O(f h,¢,c) — max (f',h, ¢, c)
REF ,$€[0,8],c€[0,1] REF ,$€[0,8],c€[0,1]

S max q)(fa ha ¢7C) _(I)(flvha ¢7 C)
REF ,$€[0,8],c€[0,1]

4
< 50 lF = s

N

By symmetry,
4
La(f) = La(f) < 3n- If = Fle.
Therefore, Vf, f' € F,

4
1Ln(f) = Lu(f)] < g 1 = flloo-
]

Theorem 21 (Parametric class. Restatement of Theorem 6) Assume the covering number of F
satisfies Eqn. (7). Then, with probability at least 1 — 6, the output f of Algorithm 1 satisfies:

5 . 25 v 12(1+ A)nd v, 12(1+ A)n®
Ee|fe — f2] S\/:s Eof—In(——————) + 12 In(————)
Proof
Let F. be a minimum-cardinality proper e-cover of F w.r.t. the metric || - ||s. Then, we can

designate f¢ € F. such thatHfE — fH <e.
oo
Applying Theorem 19 with ' < F. U {f*}, we have

B |f5 - 11 < [Ty Bad (25 + (L) — i) + 60 + SUEU) - L),

/L2
F— <48|f\¢>
0
1

L; (f) := max max max — Z In (1 +(y — f2)(¢(ha — fx))[—c,c]) .

heF" vel0,g] ce[0,4] T (x,y)€Dy,

where

For analysis purposes, we also denote:
1

L,(f) := max max max — ln<1+ y— fo)(p(hy — f )
n( ) heF #€[0,4] ce[D,%] n (:v,y)ZEDn ( x)( ( T x))[—c,c}
Recall that our Algorithm 1 returns f € arg min rer Ln(f). We have,

L5 (f) = La(r) = (L) = La(h) + (250 = La(h) + (Zalh) = La(r) + (Ea(f7) = La(F))

= F|_+0+0+ (Lalr) - L50)). (14)

where the first term is by Ler}lma 20, the second term is by the definition of L¢, and L,,, and the third
term is by the definition of f.

4
S*n-‘
3
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We bound L,,(f*) — L5, (f*) as follows. Let h* be such that
1 -
Ln(f7) = max max — 3 In(1+(y— f)(6(h = f3)) o)
#€(0,4)] 06[07%} n (z,y)E€Dn ( [ )
Let h} € F. be such that ||h* — hf||c < €. Then,
Ln(f*) = Ly ()
1 -
< max max — In (14 (y = f2)(0(hs = f2) e
$€[0,8] c€[0,4] 1 (:E,y)EG:Dn ( ( )[ ) ])
1 *

D DI (RACE S O N §

pel0lecl0.g] ™ T,

Note that for any (¢, ¢),
(=@ 0 = 1) ey — = Fo- (Bt = 1),
=l = )@ 0 = ) = (0 (B2 = F)) Loy

* n n
<Ily—=/I ¢ (¢ €[0,7])
Using ¢ ~ In(1 +¢) is 3-Lipschitz for t € [—1, 1],
4 n
Ln(f*) = Ly (f7) S35 78 Z|y f2)
(=)
< 1na
-3
Plugging back into Eqn. (14),
A 4 ~ ~
L) = L) < gn || = ||+ (Lalr) = L5(5) < 20e (1)
Therefore,
<Eu|fo — fo| +Ea|f5 — f7] (Triangle inequality)

<et \/E02 <2£ T (Ls(fe) - Lg(f*))) F65 4 2(L5(f) ~ L) (Theorem 19)

L L
<e+ —EU <2+2n€)+6+5
n n

5(2ne) (Eqn. (15))

25 2 (1+(A/e))48¢n2 (14 (A/e)v)48¢n?

<(\/—=Ed2(=1
= \/12 o5, 5 5

where the last inequality is because the covering number of F satisfies Eqn. (7), i.e., for every € > 0,

N(e, F |- llso) < (£)".

3

1
)+ 2ne) + 65 In( ) + 6ne,

Choosing € = # gives:

25 12(1 + A)nd

12(1 4+ A)nb
By |fo — f¥] < 71@21( 5 ( )

) + 12%1n(ﬁ).
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Appendix G. Proof of Corollary 7

Corollary 22 (Linear class. Restatement of Corollary 7) Let F be a linear function class in d-
dimensional space: F = {x + 210 + 3 :||0||, < 3} and the instance space X = {x € R? :
|||, < 1}. Then, with probability at least 1 — 0, the output f of Algorithm I satisfies:

25 d .  36n° d . 36n°

E, |f, — f*| <\/ = Eo2-1 122 In(
|fe — fal < 3 %nn( 5 )+ nn( 5)

Proof To make use of Theorem 6, we just need to show that the L., covering number of this class,
N(e,F, |- |loc), grows polynomially in 1/e. The covering number of the linear class is not new (e.g.,
Exercise 20.3 of Lattimore and Szepesvari (2018)), we include the proof for completeness.

Denote by W the parameter space: W := {6 : [|0]|, < 3}.

Let f, and f, be two functions in F. We have,

|fu = follo = sup ‘xTu - JZTU‘

zeX

=sup |z (u— )|
reX

< sup ||lu — vl|2]|z]2 (Cauchy-Schwarz)
reX

< [lu =2 (lzll <1

This implies that an e-cover of the parameter space }V induces an e-cover of the function class F.
Therefore, we can bound the covering number of the function class by the covering number of the
parameter space:

N(&, Fyll - lloe) < N(e, W, [l - 12) (16)

The problem is now reduced to finding the covering number of the parameter space W, which is a
ball of radius % in a d-dimensional Euclidean space. This is a standard geometric result. The number
of e-balls to cover a ball of radius B is bounded by:

2B d 1 d 2 d
New i < (1) = (2+1) < () e <t

Combining with Eqn. (16), we arrive at:

9 d
NeF ) < (2)
Applying Theorem 6 with v = d and A = 2 concludes the proof. |

Appendix H. Proof of Corollary 8

Proof We verify that F has polynomial covering number in || - ||, and then apply Theorem 6.
For 6 € RY, write

fo(z) :==0o(0"x).
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The sigmoid function satisfies

d(z)=0(2)(1—-0(2)) < forall z € R.

e

Therefore, for any 0, 6 with ||6]|2, ||¢’||2 < B,

1o = folloe = sup [o(672) = o((8") )|
reX
< E sup ‘xT(G -0
4 al2<R

R
< =0 — 6.
<o
Thus, if {01, ...,0xn} is a (4e/R)-cover of the Euclidean ball
Op:={#cR?: 6], < B}
9, then { fo,, ..., fo, } is an e-cover of F in || - || . Hence, for R > 0,

de
VT ) < N (o0 i)

By the standard covering-number bound for Euclidean balls,

2B\ *
N oml I < (142

in |-

Taking r = 4¢/ R, we obtain

BR\*
N@FMW@%£Q+>~

2e
For0 < e <1,
1+@ < 1+ BR/2 < 1+BR'

2e — € - €

Therefore,
1+ BR\"
Nerl e < (PR o<est

Thus F satisfies the polynomial || - ||oc-entropy condition with

v=d, A=1+ BR.
Applying Theorem 6 with these parameters gives
Ey |fe — f2] < 01\/153[0%] n10g<0(6)> + Czﬁlog (0(5) :

after absorbing universal constants into Cy, C, Cy. This proves the claim.

Appendix I. A Cautionary Lipschitz-Class Example

This appendix provides evidence that extending Theorem 6 to rich nonparametric classes is nontrivial.
The issue is related to known phenomena in optimistic-rate theory: Srebro et al. (2010) show that,
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for scale-sensitive classes, fast rates can fail even for smooth and strongly convex losses, with n~1/2
excess-risk rates being unavoidable in general. Our construction below is different in nature, but
points in the same direction: for a Lipschitz class, the empirical betting loss can prefer a function
fo # f* over the true regression function f* with constant probability.

We interpret this negative result as evidence that the betting-loss ERM may behave differently
in rich nonparametric classes than in finite or parametric classes. Intuitively, the multiple max
operations that define the betting loss can substantially change the geometry of the optimization in
sufficiently rich classes like Lipschitz, making betting loss behave as if it were minimizing an L'
(median-seeking) criterion. As a result, the predictor is pulled toward the conditional median rather
than the conditional mean f*. We therefore leave fast second-order rates for general nonparametric
classes as open problems.

Theorem 23 Consider the following problem instance. Let X = [0,1], and F C {X — [0,1]}
be the Lipschitz function class with Lispchitz parameter L = 101, ie., Vf € F, Vo, 2’ €
X, |f(:c) — f(x’)‘ < L- |x — 33". Let Dx, the marginal distribution of X, be the uniform dis-
tribution on X, andVx € X, Dy|x—, be the Bernoulli distribution with parameter x.

For this problem instance, the following holds:

there exists fo € F, fo # f*, constants N > 0 and cy, c1 > 0, such that ¥Vn > N,

P(Ly(f*) = Ln(fo) > c1) > co -

Proof In this instance, the true regression function is f; = E[Y | X = x| = z. Note that f* is
1-Lipschitz, so f* € F.
We construct fj as follows:

0 z €[0,1/4]
fo(@) =<2z —1/2 =z €[1/4,3/4]
1 x € [3/4,1]

Recall that Vf € F,
Hyo(h )= 3 (14 (= 1) (0(h — ) Loy

({L‘,y)eDn

1
L, :=max max max —Hgy.(h,
(f) := max By Yoy sl (h, f)

We may overload the notation L,,(f) to L, (f, h, ¢, ), to denote the dependence on h, ¢, c.
Note that on any datapoint (z,y),

Elngx(y — fou) (#(he — fo,x))[,qc] <y~ fozl - c<|y— foul- i

»P,C

Thus,
Lo(f) <= 3 mashn (14 (v~ fou)(@0hs — fou)) o)
n\J0) > n hoéc 0,z T 0,z [—c,d]
(x,y)€Dn
1 1
SE Z In 1+’y_f0,r"1 ::gfo
(2,y)EDn
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As n — o0, by the weak law of large numbers, the sample average converges in probability to its
true expectation:

1\ » 1
ng:E Z ln <1+‘y_f0,x|'4> —>Eln <1+|y—f07$|-4> 200625
By the definition of convergence in probability, for every € > 0,

,}LHQOP(MJ”O —0.0625| < ¢) =1,
which implies that there exists /N1, such that Vn > N,
P(|¢4, —0.0625| < 0.0005) > 0.9
= P(¢s, < 0.0630) > 0.9
= P(L,(fo) < 0.0630) > 0.9 a7

Next, we turn to lower bounding L., (f*) for large enough .

Recall that in our problem, X follows a uniform distribution on [0, 1]. In a sample drawn from
this distribution, let a “gap” be the distance between two adjacent samples, i.e., X(;) — X(;_1) for
any j € [1,n] as well as X (1)» Where X ;y is the increasingly sorted sample.

We call it a “good” gap if it is > &302. By Lemma 24, if n > 10%, then with probability at least
0.9, the number of “good” gaps is at least 0.97n. Suppose the event that “the number of ‘good’ gaps
is at least 0.97n” happens.

We choose (h*, ¢*, ¢*) (not necessarily a maximizer) such that:

o hl — f¥ =sign(y — f¥) - % for only those data points next to a good gap. Indeed, such h*
is (L = 101)-Lipschitz: let z(;) be an observed datapoint next to a good gap, z(;-) be the
immediate previous datapoint that is next to a good gap, then ;) — x(j-) > %, hence,

h‘x<j) —h ‘ = ‘(hx(j) - fx(j>) - (hx(j,) - fx(j,)) + fx(j) - fx

TG (r)‘

sign(y ;) — fx(j>) T sign(y(j-) — fx(v, ) n T — x(j)‘

i7)

(fz =)
2
< Z N — i Trianele i lity: @ — sy >
. + () — () (Triangle inequality; z(;) — z(j-) > 0)
2 0.0202
=< (50202 T V@G —26) @) =2y 2 750)
< 101 (z() = 2-))
which means such hA* exists in F.
e ¢ = i.
. ¢* — %
Thus, L, (f*) > Lo (f*, h*, ¢*, c*).
Let z := |y — f;] and sort z; in increasing order as z(;). We can see that
1 0.97n 1 n 1
Ln(f*,h*,gb*,c*) > ﬁ Z In <1+Z(Z) 4> + Z In <1_Z(i) . 4) = Ef* (18)

=1 1=0.97n
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As n — 00, by the weak law of large numbers,

1 0.97n 1 n 1
lys = Z In <1—|—z(z~).4> + Z In <l—z(i).4>
=1

1=0.9Tn

0.97 1
L)/Oq In <1+z'i> fZ(z)dz+/ In <1—z-1> fz(z)dz, (19)

q0.97
where ¢ g7 is the 97th percentile of the distribution of Z.

We calculate the CDF and PDF of Z:

First note that
PZ<z|X=2)=P(Y -X|<z|X=n1)
=1-2)1{z<z}+z1{l —z <z}
The reasonis: if Z = xthen Z < ziff t < z;if Z =1 —xthen Z < ziff 1 — x < z. Thus for
z €10,1],

2)

Fy(z) =P(Z
[

<
P(Z < z)| X] (law of total probability)

(1—2)l{z<z}+21{l—-2z<z}de

(1—2)1{z <z}+2z1{l -2 <z}dz

1

(1—:U)dx+/ xdx
1

—z

0

= 2/ (1—2z)dz (symmetry)
0

Hence,
Fz(2) =22—2% 2 €0,1]
f2(2) =2(1-2), 2 € [0,1]
Setting F'z(z) = 0.97, the solution that lies within [0, 1] is:

go.or = 1 — /1 —0.97 ~ 0.8268

q0.97 1 1 1
/ ln(1+z-> fZ(z)dz—i-/ 1n<1—z-> fz(z)dz
0 4 q0.97 4
q0.97 1 1 1
:/ ln(l—i—z->2(1—z)dz+/ ln<1—z~>2(1—z)dz
0 4 q0.97 4

=0.0726 — 0.0075
=0.0651 (20)

We have,
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Putting together the above calculations (Eqgns. (19) to (20)), we have, as n — oo,

1 0.97n 1 n 1
lpr=—1> (1 + 2 4) + ) I (1 — 2 - 4) 5 0.0651

i=1 i=0.97n
By the definition of convergence in probability, for every € > 0,
7}1_520@(%‘* —0.0651| <e) =1,
which implies that there exists /N, such that Vn > Na,
P(]¢~ — 0.0651| < 0.0005) > 0.9
= P(¢s~ > 0.0646) > 0.9 @21
Combining L, (f*) > L,(f*, h*, ¢*,c*), Eqns. (18) (21) and taking a union bound with the
event “the number of ‘good’ gaps is at least 0.97n”, which, as we mentioned and by Lemma 24,
happens with probability at least 0.9, we have, Vn > max{10%, Ny},
P(L,(f*) > 0.0646) > 0.8 (22)
Combining Equations (17) and (22) with a union bound, we get Vn > max{104, Ny, No},
P(L,(fo) < 0.0630 < 0.0646 < L, (f*)) > 0.7

Lemma 24 Suppose n > 10*. In a sample set drawn i.i.d. from a uniform distribution on [0, 1], let
a “gap” be the distance between two adjacent samples.i.e., X jy — X(;j_1) forany j € [1,n] as well
as X (1) and where X ; is the increasingly sorted sample.

We call a cap “good” ifit is > %, where k = —1n 0.98 = 0.0202.

With probability at least 0.9, the number of “good” gaps is at least 0.97n.

Proof In a sample drawn from the distribution on [0, 1], by symmetry, all gaps i.e., X () — X(j—1) for
any j € [1,n] as well as X (1) Where X ;y is the sorted sample, have the same probability distribution.
To study the properties of these gaps, we will find the distribution of the first gap, X1, which is
the simplest to compute.
We compute the CDF:

FX(1)(=7:) =P(Xy) <z)
=1-P(Xq) > =)
=1-P(Vi e [n], X; > x)
=1-(1-2)"

Let the random variable G be a gap, that is, G 4x (1)-
Recall that from the CDF of G, we have P(G < t) = 1 — (1 —t)". Hence P(G > &) =

n
1- %)n N7 o=k Since k = — In0.98 = 0.0202, we have w.p. 0.98, any single gap satisfies
G > %0202 i e w.p. 0.98, any single gap is good.

Let I; be an indicator random variable for the i-th gap, where i € [n]. I; = 1 if the i-th gap is
“good”, i.e., G; > % and I; = 0 otherwise. Hence, P(I; = 1) = p = 0.98.
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Let Y be the total number of good gaps: Y = > | I;. By linearity of expectation,
n
E[Y] =E[>_ L] =0.98n.
i=1

Our goal is to find an L such that P(Y > L) > 0.9.
Note that

n n
Var(Y') = Var Z I | = ZVar(Ii) + ZCOV(IZ', I;).
i=1 i=1 i#]
We argue that Cov(I;, I;) < 0 for ¢ # j. The intuitive interpretation is that, since the gaps are not
independent, if one gap is very large, the others must be smaller to compensate, since their total
length is fixed. This means they are negatively correlated, so Cov(I;, I;) < 0 for i # j. More
formally, one can verify (by exchangeability) that for ¢ # 7,

Cov(I;,I;) = E[I;1;] — E[L] E[I;]

Bl = Bl =1)= (1 - 2"
E[l;] =P(I; =1) = (1 - %)"
Bl = B = 1,1 = j) = (1 - 20"

- COV(IZ‘,IJ‘) <0
Thus,

Var(Y) < ZVar(Ii) =np(l —p) = 0.0196n.
i=1
Applying Chebyshev’s inequality,

Py <E[y] —e) < 220

22

np(l—p) 0.0196n
< =
- g2 g2

Solving 0'061# = 0.1, we get ¢ = +/0.196n. Therefore, with n > 104, with probability at least 0.9,
Y > 0.98n — v0.196n > 0.97n.

= P(Y <0.98n —¢)

The implication: Theorem 23 shows that, for sufficiently large samples, with constant probability,
there exists a sufficiently large gap between L,,(f*) and L, (fo).

This theorem may support our conjecture about the inconsistency of the betting loss ERM
estimator for nonparametric classes. The idea is that, if an ERM estimator is consistent, the true
regression function f* should effectively become the minimizer of the loss for large samples.
However, Theorem 23 shows that this is demonstrably not true.

In more detail, let L™ = min e 7 Ly, (f). By definition, L, (f) = L.

By Theorem 23, for all n > N,

P(Ly(f*) = Ln(fo) > c1) > co -
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Since LM" < L, (fo), this implies:
P(Ln(f*) = Ly™ > 1) 2 P(Ln(f*) = La(fo) > c1) > co -

N

We conjecture that the significant difference of Ly, (f*) — Ly (f) will effectively translate to a
notable distance between f and f*.

Appendix J. Comparing the Two First-Order Quantities

In this section, we first show that E,[f*(z) A (1 — f*(x))] < Ez[f*(z)] A Eg[1 — f*(z)], then we
give an example where the difference between these two quantities can be arbitrarily large.

Lemma 25 Recall that f* : X — [0, 1]. We have,
Eo[f*(2) A (1= f7(2))] < Eo[f*(2)] AEg[l = f7(2)]

Proof Note that
Eo[f*(z) A (1 = f(2))] < Eo[f*(2)],
and
Eo[f* (@) A (1 = f*(2))] < B[l — f*(2)].

Hence,

Eo[f*(2) A1 = f7(2))] < Eo[f* ()] ABg[L = f7(2)].

Example 1 Let € > 0 be a small number, Y be of the distribution P(Y =¢) =P(Y =1—¢) = 1.
Then,

E[Y AN1-Y]=¢,

whereas

E[Y] AE[l - Y] = %

Appendix K. Proof of Lemma 2

Proof
Var(Y) = E[(Y — E[Y])’]
= E[Y? — 2Y E[Y] + E2[Y]]
< E[Y — 2Y E[Y] 4+ E?[Y]] Y €10,1))
=E[Y] - E?[Y]
— E[Y](1 - E[Y])
One can see that the equality in the third line is attained iff Y is Bernoulli distributed. |
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Appendix L. Real-World Experiments

For experiments on the real-world datasets, we regenerated the labels to ensure realizability. All
experiment settings are identical to those used in the main paper. We experiment on the Wine Quality
datasets (Cortez et al., 2009), where the feature vectors are normalized via Min-Max scaling. As
shown in Figure 2 and Figure 3, the betting loss consistently achieves the lowest MAE.
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Figure 2: Comparison of average mean absolute error (MAE) obtained under log loss, squared loss
and betting loss across varying n/d and p on the Wine Quality (Red) dataset. Error bars
denote the standard error.
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Figure 3: Comparison of average mean absolute error (MAE) obtained under log loss, squared loss
and betting loss across varying n/d and p on the Wine Quality (White) dataset. Error bars
denote the standard error.
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