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Abstract
We study the minimax sample complexity of ε-best arm identification in linear bandits, a classical pure-

exploration problem. Given a compact action set X that spans Rd and an unknown reward vector θ ∈ Rd,
the goal is to output an arm x̂ ∈ X such that ⟨x̂, θ⟩ ≥ maxx∈X ⟨x, θ⟩ − ε with probability at least 1 − δ,
using as few samples as possible. Our aim is to better understand the power and limitations of adaptivity in
this setting.

We begin with non-adaptive algorithms. We present a non-adaptive fixed-design method with sam-
ple complexity O

(
d log(1/δ)

ε2 + w(X )2

ε2

)
, where w(X ) is a Gaussian width term dependent on X , and we

prove a matching lower bound Ω
(

d log(1/δ)
ε2 + w(X )2

ε2

)
for all non-adaptive fixed-design methods. Moreover,

w(X ) ≤ O(d) for general X , which is tight for sets such as the unit ℓ2 ball, and w(X ) ≤ O(
√
d log |X |)

when X is finite, which is tight for the canonical basis {e1, . . . , ed}.
We then turn to adaptive sampling. For any finite action set X , we prove the existence of an adaptive

algorithm with sample complexity O
(

d log(1/δ)
ε2 + d log(|X |/d)

ε2

)
via a generalization of Median Elimination,

which is known to yield a log d improvement for the canonical basis. This raises a structural question:
beyond the canonical basis, are there structured action sets for which adaptivity yields only logarithmic-
factor improvements over the optimal non-adaptive rate? We answer in the affirmative for several natural
action sets, namely the hypercube, the ℓ2 ball, m-sets, and multi-task multi-armed bandits.

Finally, we show that logarithmic improvements are not the whole story. To our knowledge, we provide
the first construction of an action set X for which adaptivity yields a polynomial-factor improvement over
every non-adaptive algorithm. A key ingredient behind this separation is an ℓ2-norm estimation subroutine:
we design an adaptive algorithm that uses O

(
d log(1/δ)

ε2

)
samples from the unit ℓ2 ball in Rd and outputs an

estimate r̂ satisfying |r̂ − ∥θ∥2| ≤ ε with probability at least 1− δ, where θ is the unknown reward vector.
Taken together, these results illustrate when adaptivity can offer only modest savings and when it can

enable genuine polynomial gains, sharpening our understanding of the role of adaptivity and geometry in
pure exploration and experimental design.
Keywords: linear bandits, ε-best arm identification, adaptive vs non-adaptive designs, minimax sample
complexity, polynomial gap, action set geometry, experimental design and pure exploration

1. Introduction

Experimental design is a classical and widely studied topic dating back to Fisher’s foundational work
(Fisher, 1935), with applications spanning clinical trials, A/B testing, engineering, and scientific discov-
ery. A major part of its appeal is that it allows one to commit in advance to a fixed set of measurements
to collect, that is, a non-adaptive design; in many linear settings, there is a rich theory for constructing
such designs (Pukelsheim, 2006). Such non-adaptive designs also offer practical advantages over adap-
tive approaches, including computational simplicity and the ability to parallelize or batch data collection.
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Moreover, in certain linear settings, such non-adaptive approaches are known to be near-minimax optimal
(Arias-Castro et al., 2012; Even-Dar et al., 2002; Fan et al., 2025). Motivated by these advantages, we revisit
a fundamental sequential decision problem in a linear setting, namely pure exploration in linear bandits, and
ask how much adaptivity can help beyond the best non-adaptive design. In particular, we study the mini-
max complexity of non-adaptive designs and ask whether the structure of the action set confines adaptive
sampling to logarithmic gains, or allows polynomial improvements over any non-adaptive design.

In this paper, we study the ε-best arm identification problem (i.e., pure exploration) in linear bandits. We
are given a compact arm set X ⊂ Rd with span(X ) = Rd and an unknown reward vector θ ∈ Rd. At each
round t = 1, 2, . . . , an algorithm selects an arm xt ∈ X and observes yt = ⟨xt, θ⟩+ηt, where ηt ∼ N (0, 1)1.
Given ε ∈ (0, 1) and δ ∈ (0, 1), the objective is to design an algorithm, consisting of a sampling rule and a
stopping time, such that upon stopping it outputs x̂ ∈ X satisfying P(maxx∈X ⟨x− x̂, θ⟩ ≤ ε) ≥ 1− δ. We
call an algorithm non-adaptive if its sampling rule does not depend on the observed rewards yt, and adaptive
otherwise. Our goal is to characterize the power and limitations of adaptivity in this problem setting.

When X = {e1, e2, . . . , ed}, the problem reduces to the classical stochastic multi-armed bandit setting.
A simple non-adaptive algorithm samples each arm O

(
log(d/δ)
ε2

)
times and outputs the arm with the largest

empirical mean. A union bound shows that, with probability at least 1− δ, the returned arm is ε-best. One
way to extend this approach to linear bandits is via a fixed design. In optimal experimental design, a design
distribution λ is a probability distribution over X . Using a finitely supported λ, one can construct a fixed
design, that is, a deterministic sequence of arms, in various ways. Typically, the number of times an arm
x ∈ X appears in the sequence is chosen proportional to λ(x), though other constructions are also possible.
The sampling rule then pulls the arms in this predetermined order and observes the corresponding rewards.
Using these observations, one typically forms an unbiased estimator θ̂ and outputs the empirically best arm.
We refer to such procedures as non-adaptive fixed-design algorithms.

One can view the non-adaptive multi-armed bandit algorithm discussed above as a fixed-design method
induced by the uniform design distribution over the arms. This procedure is already near-optimal for multi-
armed bandits: adaptive algorithms such as Median Elimination (Even-Dar et al., 2002) achieve the optimal
minimax sample complexity O

(
d log(1/δ)

ε2

)
, improving over the optimal non-adaptive rate only by a loga-

rithmic factor. This motivates the following question for the more general linear bandit setting:

What is the minimax sample complexity of non-adaptive fixed-design algorithms for ε-best
arm identification in linear bandits? Moreover, can adaptivity improve over the optimal non-
adaptive rate only by logarithmic factors, as in multi-armed bandits, or are polynomial-factor
improvements possible?

1.1. Notations

Before we address the question raised above, we would like to mention a few notations. The unit ℓ2 ball
refers to the set Bd := {x ∈ Rd : ∥x∥2 ≤ 1}. If λ is a distribution over the set X , we say λ ∈ △X and will
denote A(λ;X ) := Ex∼λ

[
xx⊤

]
. We define the gaussian width term w(X ) depending on X as

w(X ) := inf
λ∈△X

Eη∼N (0,Id)

[
max
x∈X
⟨x,A(λ,X )−1/2η⟩

]
. (1)

For any matrix W ∈ Rd×d and a vector x ∈ Rd, we will denote ∥x∥2W := x⊤Wx. For any positive scalar x
define (x)+ = max{1, x} as the maximum of x and one, not zero. Define x∗ = argmaxx∈X ⟨x, θ⟩.

In this paper, we focus on (ε, δ)-PAC algorithms that, for any ε ∈ (0, 1] and δ ∈ (0, 1), use
H1 log(1/δ)+H2

ε2
samples, where 0 < H1 ≤ H2, and output x̂ ∈ X such that P(⟨x∗ − x̂, θ⟩ ≤ ε) ≥ 1− δ.

1. All our algorithmic results extend to independent mean-zero subgaussian noise with bounded variance proxy. We restrict
attention to Gaussian noise for simplicity of presentation.
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1.2. Our Contributions and Techniques

We now address the question posed above by summarizing our main contributions and techniques. We first
present a non-adaptive algorithm based on a fixed design with sample complexity O

(
d log(1/δ)

ε2
+ w(X )2

ε2

)
,

where w(X ) is the Gaussian width term defined by (1) depending on X . Our fixed design has length
O
(
d log(1/δ)

ε2
+ w(X )2

ε2

)
and is constructed using two design distributions, λ1 and λ2. Here, λ1 minimizes

maxx∈X ∥x∥2A(λ;X )−1 , while λ2 minimizes Eη∼N (0,Id)

[
maxx∈X

〈
x,A(λ;X )−1/2η

〉]
. Given the resulting

samples, we form the unbiased least-squares estimator θ̂ and output an arm x̂ ∈ argmaxx∈X ⟨x, θ̂⟩. Using
the Borell-TIS inequality, we show that x̂ is an ε-best arm with probability at least 1− δ.

We then prove a matching minimax lower bound of Ω
(
d log(1/δ)

ε2
+ w(X )2

ε2

)
for any non-adaptive fixed-

design algorithm. We first show a lower bound of Ω
(
d log(1/δ)

ε2

)
for any algorithm (possibly adaptive). For

the Ω
(
w(X )2

ε2

)
lower bound, our proof reduces ε-best arm identification to bounding the minimax simple

regret after T rounds. We then select a Gaussian prior over the reward vector θ tailored to the fixed design
(xt)t∈[T ], more precisely to the design matrix

∑T
t=1 xtx

⊤
t , and use it to derive a lower bound on the simple

regret.
We can make our algorithm adaptive as follows. We partition the arm set into d regions and attempt

to identify a candidate good arm from each region. We then run Median Elimination on these d candidate
arms to obtain an ε-best arm. In certain cases, this yields a log d improvement, since the analysis can be
localized to the region containing the best arm and the Borell–TIS inequality inequality is applied only over
that region.

This observation also motivates us to ask whether there are structured action sets beyond the multi-armed
bandit case for which adaptivity yields at most logarithmic factors improvement over our non-adaptive al-
gorithm. Towards that we study several structured action sets of interest, namely the hypercube, the unit
ℓ2-ball, m-sets, and multi-task multi-armed bandits (MAB), and characterize the corresponding Gaussian
width terms w(X ). For each of these sets, we show, by establishing an adaptive lower bound, that adap-
tive algorithms can improve over our non-adaptive fixed-design sample complexity by at most logarithmic
factors only. Our main technical contributions in this part are the lower bound arguments for m-sets and
multi-task MAB. We begin by constructing a family of hard instances that is oblivious to the algorithm:
each instance specifies a reward vector whose coordinates are chosen as ε times coordinate-specific scaling
factor. We then show that, unless the algorithm collects sufficiently many samples, it must incur simple
regret Ω(ε). To analyze the simple regret, we localize the KL-divergence-based argument. Concretely, we
restrict attention to a structured subset of instances in which a portion of the reward vector is fixed and
any two instances differ in exactly two coordinates within the remaining portion. This reduction enables a
KL-divergence analysis closely analogous to the classical multi-armed bandit setting. Finally, a global av-
eraging argument lifts the localized bound to the full family, yielding simple regret Ω(ε) and, consequently,
a minimax sample complexity lower bound.

The above result leads us to our main question: does adaptivity in linear bandits improve over non-
adaptive approaches by only logarithmic factors? We answer this in the negative by constructing an action
set X for which adaptivity yields a polynomial-factor improvement over all non-adaptive algorithms. We
take X to be the union of k = poly(d) unit ℓ2-balls, each contained in a distinct d-dimensional subspace.
A naive non-adaptive approach allocates on the order of d2/ε2 samples to each ball to form an unbiased
estimator and identify an ε-best arm, leading to total sample complexity kd2/ε2. In contrast, an adaptive
strategy can save a factor of d by first identifying a ball that contains a near-optimal arm and then allocating
additional samples to that ball to recover a near-optimal arm using just on the order of kd+d

2

ε2
samples.

A key step in identifying such a “good” unit ball is an ℓ2-norm estimation subroutine, which aims to
estimate the best value over the unit ball, namely the ℓ2-norm of the reward vector. Specifically, we design
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an adaptive algorithm that takes O
(
d log(1/δ)

ε2

)
samples from the unit ℓ2-ball in Rd, observes noisy rewards

of the form ⟨x, θ⟩+ η for an unknown vector θ ∈ Rd, and outputs an estimate r̂ such that, with probability
at least 1− δ, r̂ ∈ [∥θ∥2 − ε, ∥θ∥2 + ε]. A key technical component of our algorithm is to sample multiple
Rademacher unit vectors uniformly at random and take multiple observations along each sampled direction.
We then construct an ℓ2-norm estimator by squaring the empirical mean reward along each direction and
aggregating these squared estimates. This squaring step leads to a subexponential-tail analysis, which is the
main non-trivial part of our proof required to establish the stated sample complexity.

By constructing such a set X , we highlight a key technical insight: accurately estimating the best value
over a region Z ⊂ X , namely maxx∈Z⟨x, θ⟩, plays a crucial role in achieving improved performance. In
the special case where Z is a unit ℓ2-ball, this task reduces to ℓ2-norm estimation. More generally, this
observation suggests that region-wise value estimation is a fundamental ingredient in the design of near-
optimal policies in related settings.

1.3. Related Works

Our work is closely related to a line of research on instance-dependent sample complexity for best arm
identification (Soare et al., 2014; Karnin, 2016; Xu et al., 2018; Tao et al., 2018; Fiez et al., 2019; Jedra
and Proutiere, 2020; Katz-Samuels et al., 2020; Degenne et al., 2020). A key distinction between instance-
dependent and minimax guarantees is the role of θ. In the instance-dependent regime, one seeks sample
complexity bounds of the form H1 log(1/δ) + H2, where H1 and H2 depend on the arm set X and the
reward vector θ. In contrast, minimax characterizations aim for bounds of the same form with H1 and H2

depending on the arm set X and the accuracy parameter ε, but not on θ, since the guarantee is worst-case
over θ. While several instance-dependent algorithmic ideas extend to the minimax setting, lower bounds are
less transferable since they typically hinge on simple-regret arguments, and minimax complexity character-
izations remain relatively sparse (Even-Dar et al., 2002; Shamir, 2015; Chen et al., 2024).

One approach to designing algorithms in the instance-dependent regime is through experimental design.
Early works such as Soare et al. (2014) and Karnin (2016) used G-optimal designs. Later, Fiez et al. (2019)
proposed an algorithm based on sequential experimental design that is near-optimal for the first term H1, but
can incur a large second term H2. This motivated Katz-Samuels et al. (2020) to design an algorithm whose
design distribution minimizes certain Gaussian width terms, thereby reducing H2. Such a Gaussian-width
based approach to experimental design is also used in a related regret minimization setting by Wagenmaker
et al. (2021). For a detailed discussion of experimental design and its connection to linear bandits, we refer
the reader to Lattimore and Szepesvári (2020).

Our work is also related to the literature on norm estimation and value estimation. Kong et al. (2020)
studied optimal policy value estimation in contextual bandits. In a different direction, Cai and Low (2011)
studied estimating 1

n

∑
i |θi| from an observation Y ∼ N (θ, In), and Collier et al. (2020) later generalized

this to estimating 1
n

∑
i |θi|γ for γ > 0. Han et al. (2020) studied Lr-norm estimation in Gaussian white

noise models. More recently, Cleanthous et al. (2025) studied adaptive estimation of the L2-norm of a
probability density on Rd.

2. Results on the Power of Adaptivity

In this section, we analyze the power of adaptivity for ε-best arm identification in linear bandits. In Sec-
tion 2.1, we present a non-adaptive fixed design algorithm with sample complexity O

(
d log(1/δ)

ε2
+ w(X )2

ε2

)
,

where w(X ) is a Gaussian width term depending on X . We then prove a matching minimax lower bound
of Ω

(
d log(1/δ)

ε2
+ w(X )2

ε2

)
for non-adaptive fixed-design algorithms in Section 2.2. In Section 2.3, we study

the Gaussian width term w(X ) and characterize it for the structured sets of interest: the hypercube, the unit
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ℓ2-ball, m-sets, and multi-task multi-armed bandits. For each of these sets, we show in Section 2.4 that
adaptivity improves upon the minimax sample complexity of our non-adaptive algorithm by at most loga-
rithmic factors only. Finally, in Section 2.5, we construct a set X for which an adaptive algorithm yields a
polynomial-factor improvement over all non-adaptive algorithms.

2.1. Non-Adaptive Fixed Design Algorithm

In this section, we present a non-adaptive fixed design algorithm that uses O
(
d log(1/δ)

ε2
+ w(X )2

ε2

)
samples

and returns an ε-best arm with probability at least 1 − δ. Our analysis relies on several standard technical
results, which are stated in Appendix B.1.

Let λ1 be a distribution over X that minimizes the quantity Eη∼N (0,Id)

[
maxx∈X ⟨x,A(λ;X )−1/2η⟩

]
.

Similarly, let λ2 be a distribution over X that minimizes maxx∈X ∥x∥2A(λ;X )−1 . Assume that both λ1 and λ2
have finite support (such minimizers always exist due to Carathéodory’s theorem ). Finally, define λ0 to be
the mixture distribution that samples from λ1 with probability 1/2 and from λ2 with probability 1/2.

Since 1
2A(λ2;X ) ⪯ A(λ0;X ), it follows that for every x ∈ X , x⊤A(λ0;X )−1x ≤ 2x⊤A(λ2;X )−1x.

Because λ2 is G-optimal, we obtain ∥x∥2A(λ0;X )−1 ≤ 2d for all x ∈ X .

Similarly, since 1
2A(λ1;X ) ⪯ A(λ0;X ), the Sudakov–Fernique inequality yields

Eη∼N (0,Id)

[
max
x∈X
⟨x,A(λ0;X )−1/2η⟩

]
≤
√
2Eη∼N (0,Id)

[
max
x∈X
⟨x,A(λ1;X )−1/2η⟩

]
=
√
2w(X ).

Now consider a fixed design x1, x2, . . . , xT ∈ X such that τ(AT ) ≤ 2 τ(A(λ0;X )), where

AT :=
1

T

T∑
i=1

xix
⊤
i and τ(A) := Eη∼N (0,Id)

[
max
x∈X

x⊤A−1/2η

]2
+ 2max

x∈X
∥x∥2A−1 log(2/δ).

Such a fixed design exists for any T ≥ 180d (Katz-Samuels et al., 2020; Allen-Zhu et al., 2021). By the
bounds established above, it follows that τ(AT ) ≤ 4w(X )2 + 8d log(2/δ).

Let yt = ⟨xt, θ⟩ + ηt denote the noisy rewards under the fixed design, where ηt ∼ N (0, 1) are i.i.d.
Define the least-squares estimator θ̂ =

(∑T
t=1 xtx

⊤
t

)−1∑T
t=1 xtyt. Note that θ̂ is distributionally equivalent

to θ +
(∑T

t=1 xtx
⊤
t

)−1/2
η, where η ∼ N (0, Id). Consequently, applying the Borell–TIS inequality to the

Gaussian process Vx = x⊤(θ̂ − θ), we obtain the following with probability at least 1− δ:

∣∣∣max
x∈X
⟨x, θ̂ − θ⟩

∣∣∣ ≤ 1√
T
· Eη∼N (0,Id)

[
max
x∈X

x⊤A
−1/2
T η

]
+

1√
T
·
√
2max
x∈X
∥x∥2

A−1
T

log(2/δ) ≤
√

2 τ(AT )

T
.

We select x̂ ∈ argmaxx∈X ⟨x, θ̂⟩ and output it as our candidate ε-best arm. If we set T =

360
(
d
ε2

log(2/δ) + w(X )2

ε2

)
, then with probability at least 1 − δ we have

∣∣maxx∈X ⟨x, θ̂ − θ⟩
∣∣ ≤ ε/2. It

follows that, with probability at least 1− δ, ⟨x̂, θ⟩ ≥ maxx∈X ⟨x, θ⟩ − ε.
Hence, we have the following theorem.

Theorem 1 There exists a non-adaptive fixed-design algorithm that first selects a deterministic sequence
of arms x1, x2, . . . , xT ∈ X with T = 360

(
d log(1/δ)

ε2
+ w(X )2

ε2

)
, then observes the corresponding noisy

rewards yt = ⟨xt, θ⟩ + ηt, where ηt ∼ N (0, 1) are i.i.d., and outputs an arm x̂ ∈ X such that, with
probability at least 1− δ, maxx∈X ⟨x− x̂, θ⟩ ≤ ε.
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2.2. Lower Bound for Non-Adaptive Fixed Design Algorithms

In this section, we prove a lower bound of Ω
(
d log(1/δ)

ε2
+ w(X )2

ε2

)
on the sample complexity of any non-

adaptive algorithm that commits to a fixed design x1, x2, . . . , xT ∈ X , then observes the corresponding
noisy rewards y1, y2, . . . , yT , and finally outputs an arm x̂ ∈ X that is ε-best with probability at least 1− δ.

We begin by stating the following theorem, which follows from a hypothesis-testing reduction and stan-
dard KL-divergence arguments. We refer the reader to Appendix B.2 for the complete proof.

Theorem 2 Any algorithm (possibly adaptive) that outputs x̂ ∈ X satisfying P(maxx∈X ⟨x− x̂, θ⟩ ≤ ε) ≥
1− δ for all θ ∈ Rd must, for some worst-case θ, use Ω

(
d log(1/δ)

ε2

)
samples.

We next present our proof idea for establishing a lower bound of Ω
(
w(X )2

ε2

)
. Towards that we look at a

simple regret minimization problem. Consider a deterministic sequence (xt)
T
t=1 with xt ∈ X . Recall that

we observe
yt = ⟨xt, θ⟩+ ηt, ηt

i.i.d.∼ N (0, 1), t = 1, . . . , T.

Define the matrix

A :=

T∑
t=1

xtx
⊤
t = X⊤X,

where X ∈ RT×d has rows x⊤t . Assume that A is invertible (the other case is considered in Appendix B.4).
An algorithm A observes the full sequence D = {(xt, yt)}Tt=1 and outputs x̂A ∈ X . The simple regret is

r(x̂A, θ) := max
x∈X
⟨x− x̂A, θ⟩ .

Fix a prior θ ∼ N (0, τ2A−1) independent of the noise η = (η1, . . . , ηT ) ∼ N (0, IT ) and (if the
algorithm is randomized) an internal random seed U , also independent of (θ, η). Let y = Xθ + η, D =
{(xt, yt)}Tt=1, and let the (possibly randomized) non-interactive rule output x̂A = x̂A(D, U) ∈ X . We study
the minimax expected regret

R(A;X ) := inf
A

E
[
r(x̂A, θ)

]
,

where the infimum is over all (possibly randomized) non-interactive proceduresA usingD. Throughout this
proof, E[·] denotes expectation over all randomness in (θ, η) and in the algorithm (if randomized), unless
stated otherwise.

We define the gaussian width term w(X ;A) := Eg∼N (0,Id)

[
supx∈X

〈
x, A−1/2g

〉]
. If we establish that

R(A;X ) ≥ c0w(X ;A) for some absolute constant c0, then combining this with the inequality w(X ;A) ≥
w(X )/

√
T and the straightforward calculations in Appendix B.3 yields the following theorem.

Theorem 3 Consider any non-adaptive fixed-design algorithm that first selects a deterministic sequence
of arms x1, x2, . . . , xT ∈ X , then observes the corresponding noisy rewards yt = ⟨xt, θ⟩ + ηt, where
ηt ∼ N (0, 1) are i.i.d., and outputs an arm x̂ ∈ X such that maxx∈X ⟨x − x̂, θ⟩ ≤ ε with probability at
least 1− δ. Then T ≥ Ω

(
w(X )2

ε2

)
.

For the remainder of this section, we lower bound R(A;X ). Fix any (possibly randomized) non-
interactive rule x̂A(D, U) ∈ X . By the definition of simple regret,

E[r(x̂A, θ)] = E
[
max
x∈X
⟨x, θ⟩

]
− E[⟨x̂A(D, U), θ⟩] .
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Applying the tower rule and conditioning on (D, U), we have

E[⟨x̂A(D, U), θ⟩] = E[E[⟨x̂A(D, U), θ⟩ | D, U ]] .

Since x̂A(D, U) is measurable with respect to (D, U) and U is independent of θ, we can pull it outside the
inner expectation, which gives

E[⟨x̂A(D, U), θ⟩] = E
[〈
x̂A(D, U), E[θ | D]

〉]
.

Under the Gaussian prior θ ∼ N (0, τ2A−1) and likelihood y | θ ∼ N (Xθ, IT ), the posterior mean is
E[θ | D] = τ2

1+τ2
A−1X⊤y. Substituting this expression yields

E[r(x̂A, θ)] = E
[
max
x∈X
⟨x, θ⟩

]
− τ2

1 + τ2
E
[〈
x̂A(D, U), A−1X⊤y

〉]
.

Using y = Xθ + η and A = X⊤X , we obtain

E[r(x̂A, θ)] = E
[
max
x∈X
⟨x, θ⟩

]
− τ2

1 + τ2
E
[〈
x̂A(D, U), θ +A−1X⊤η

〉]
.

Next, for any vector v, we have ⟨x̂A(D, U), v⟩ ≤ maxx∈X ⟨x, v⟩. Applying this bound gives

E[r(x̂A, θ)] ≥ E
[
max
x∈X
⟨x, θ⟩

]
− τ2

1 + τ2
E
[
max
x∈X
⟨x, θ +A−1X⊤η⟩

]
.

As maxx∈X ⟨x, θ +A−1X⊤η⟩ ≤ maxx∈X ⟨x, θ⟩+maxx∈X ⟨x,A−1X⊤η⟩, we get

E[r(x̂A, θ)] ≥ E
[
max
x∈X
⟨x, θ⟩

]
− τ2

1 + τ2

(
E
[
max
x∈X
⟨x, θ⟩

]
+ E

[
max
x∈X
⟨x,A−1X⊤η⟩

])
.

Since θ ∼ N (0, τ2A−1), we have θ
d
= τA−1/2ξ for ξ ∼ N (0, Id), and thus E[maxx∈X ⟨x, θ⟩] =

τ Eξ∼N (0,Id)

[
maxx∈X ⟨x,A−1/2ξ⟩

]
. Similarly, since η ∼ N (0, IT ) and A = X⊤X , we have A−1X⊤η

d
=

N (0, A−1), and hence A−1X⊤η
d
= A−1/2ξ for ξ ∼ N (0, Id). Therefore, E

[
maxx∈X ⟨x,A−1X⊤η⟩

]
=

Eξ∼N (0,Id)

[
maxx∈X ⟨x,A−1/2ξ⟩

]
. Substituting these two identities yields

E[r(x̂A, θ)] ≥
τ(1− τ)
1 + τ2

Eξ∼N (0,Id)

[
max
x∈X
⟨x,A−1/2ξ⟩

]
.

Finally, the function τ(1−τ)
1+τ2

is maximized at τ =
√
2−1, which yields a universal constant of approximately

0.207.

2.3. Properties of Gaussian Width

In this section, we study basic properties of the term w(X ). First, we present the following proposition.

Proposition 4 For any X ⊂ Rd, we have w(X ) ≥ Ω(
√
d log d) and w(X ) ≤ O(d). Moreover, if X is

finite, then w(X ) ≤ O(
√
d log |X |).

7
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These bounds are tight for suitable choices of X . For instance, in the classical multi-armed bandit
setting, w(X ) = Θ(

√
d log d) (as discussed in the introduction). In contrast, for structured sets such as the

hypercubes {−1,+1}d and {0, 1}d, as well as the unit ℓ2 ball in Rd, one can verify that w(X ) = Θ(d). A
more nuanced example is the class of m-sets, defined by X := {x ∈ {0, 1}d : ∥x∥1 = m}, for which one
can show w(X ) ≥ Ω(

√
md); this matches the finite-set upper bound of O(

√
d log |X |) up to logarithmic

factors. We provide formal proofs of these claims and Proposition 4 in Appendix F.
These observations raise a natural question: does there exist a set X ⊂ Rd of dimension Θ(d) for which

w(X ) is polynomially smaller than what the upper bounds in Proposition 4 might suggest? We answer
this question in the affirmative. To this end, we introduce the multi-task multi-armed bandit problem, a
well-known generalization of the classical multi-armed bandit setting that has been studied in prior work
(Cesa-Bianchi and Lugosi, 2012; Cohen et al., 2017; Maiti et al., 2025; Fan et al., 2025).

Informally, in the multi-task multi-armed bandit (MAB) problem, we are given m bandit problems,
where the i-th problem contains di ≥ 2 arms. In each round, the learner selects one arm from every problem
simultaneously and observes as feedback the sum of the corresponding rewards plus Gaussian noise.

We now formalize the multi-task MAB problem. Let d =
∑m

i=1 di, and define d1:i =
∑i

j=1 dj with the
convention d1:0 = 0. The arm set X is defined as follows:

X =

x ∈ {0, 1}d : ∀j ∈ [m]

d1:j∑
i=d1:j−1+1

xi = 1

 .

For this set X , we show that its dimension is d −m + 1 = Θ(d) and that its Gaussian width satisfies
w(X ) ≤ O

(∑m
i=1

√
di log di

)
; the proof appears in Appendix G. Now suppose that di = 2 for all i ∈ [m−1]

and dm = m2. Then dim(X ) = Θ(m2) and min{d,
√
d log |X |} = Θ(m3/2). On the other hand, the

Gaussian width can be upper bounded as:

w(X ) ≤ O

(
m∑
i=1

√
di log di

)
= O

(
m+

√
m2 logm

)
= O

(
m
√
logm

)
,

which is polynomially smaller than Θ(m3/2). We summarize the above discussion in the following theorem.

Theorem 5 There exists a finite set X ⊂ Rd such that dim(X ) = Θ(d) and w(X ) ≤ O(
√
d log d), while√

d log |X | ≥ Ω(d3/4).

This example shows that w(X ) can be genuinely non-trivial, and in particular need not scale as Θ(d) nor as
Θ(
√
d log |X |) even when X is finite.

2.4. Structured Sets X for Which Adaptivity Yields Only Logarithmic-Factor Improvements

For classical multi-armed bandits, Median Elimination, an adaptive algorithm, improves upon the non-
adaptive approach described in the introduction by a factor of log d. In the same spirit, we can make our
algorithm from Section 2.1 adaptive as follows. We partition the arm set into d regions and attempt to
identify a candidate good arm from each region. We then run Median Elimination on these d candidate arms
to obtain an ε-best arm. The analysis of this adaptive approach can be localized to the region containing the
best arm, and the Borell–TIS inequality is applied only over that region. This can lead to a log d improvement
in certain regimes. In particular, for a finite set X ⊂ Rd, our adaptive algorithm satisfies the following
guarantee.

Theorem 6 There exists an (ε, δ)-PAC adaptive algorithm for ε-best arm identification with sample com-

plexity O
(
d log
(
(|X |/d)+/δ

)
ε2

)
for any finite set X ⊂ Rd.

8
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Table 1: Sample complexity bounds for different structured action sets for which the adaptivity only yields
logarithmic improvement.

Set Non-adaptive upper bound Adaptive lower bound

unit ℓ2 ball, {−1, 1}d, {0, 1}d O
(
d log(1/δ)

ε2
+ d2

ε2

)
Ω
(
d log(1/δ)

ε2
+ d2

ε2

)
m-sets (m ≤ d/21) O

(
d log(1/δ)

ε2
+ md log(d/m)

ε2

)
Ω
(
d log(1/δ)

ε2
+ md

ε2

)
Multi-task MAB O

(
d log(1/δ)

ε2
+

(∑m
j=1

√
dj log dj

)2
ε2

)
Ω

(
d log(1/δ)

ε2
+

(∑m
j=1

√
dj

)2
ε2

)

Consequently, for those finite sets X ⊂ Rd for which a lower bound of Ω
(
d log(|X |/δ)

ε2

)
is known to

hold for (ε, δ)-PAC non-adaptive algorithms, our adaptive approach improves the sample complexity to

O

(
d log
(
(|X |/d)+/δ

)
ε2

)
. We refer the reader to Appendix C for formal details. This raises a natural question

of whether there are structured settings beyond multi-armed bandits in which adaptivity yields at most log-
arithmic improvements, or even no improvement at all. We answer this question in the affirmative for the
structured sets studied in the previous section, namely the unit ℓ2-ball, the {−1,+1}d and {0, 1}d hyper-
cubes, m-sets, and multi-task MAB.

For these structured sets, the optimal minimax sample complexity takes the form H1 log(1/δ) + H2.
Combining the results of Sections 2.1 and 2.2, we conclude that H1 = Θ

(
d
ε2

)
. The more interesting term

is H2, which can dominate when δ is an absolute constant. We now establish lower bounds on H2 for the
various structured sets; these bounds are also summarized in Table 1.

For the unit ℓ2 ball, the simple-regret lower bound of Chen et al. (2024), which is based on a Gaussian-
prior construction, together with the straightforward calculations in Appendix I, implies that H2 ≥ Ω

(
d2

ε2

)
.

For the finite sets {−1,+1}d hypercube, {0, 1}d hypercube, m-sets, and multi-task MAB, we prove
lower bounds via a different approach, based on constructing a finite family of hard instances rather than
using a continuous prior. To illustrate this approach, we provide high-level intuition for the hard-instance
construction in the multi-task MAB setting. We defer the formal proofs of the lower bounds to Appendix H.

Intuition: It is well known that in the K-armed bandit problem, if the total number of samples satisfies
T ≤ cK

ε2
for a sufficiently small universal constant c, then no algorithm can identify an ε-best arm with

constant success probability. A standard hard family consists of spiked instances indexed by i⋆ ∈ [K],
where the unique optimal arm has mean µi⋆ = 10ε and all other arms have mean 0, together with an
alternative instance in which all arms have mean 0. Under the uniform distribution over these hard instances,
a KL-divergence based argument implies that when T ≤ cK

ε2
, any deterministic algorithm outputs î with

E[µî] ≤ 7ε, and Markov’s inequality yields constant-probability failure; Yao’s minimax principle extends
the conclusion to randomized algorithms.

For the multi-task setting with m MAB problems, where problem j has dj arms, we take the cartesian-
product hard family obtained by choosing one arm ij per problem j and setting its mean to 10εj while all
other arms have mean 0, yielding

∏m
j=1 dj spiked instances, with the corresponding alternative instances

formed by zeroing out a single problem j while keeping the others fixed. Conditioning on the spiked
choices in problems k ̸= j, the j-th problem reduces to the standard dj-armed problem, so if T ≤ c dj

ε2j
then

E[µîj ] ≤ 7εj . Summing over j gives E
[∑

j∈[m] µîj

]
≤ 7

∑
j∈[m] εj , while choosing the spiked arm from

each problem leads to a total value 10
∑

j∈[m] εj , and Markov’s inequality again yields constant-probability

9
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failure to achieve additive error
∑

j∈[m] εj , with extension to randomized algorithms by Yao’s minimax
principle.

Now set εj :=
ε
√
dj∑

s∈[m]

√
ds

. Then dj
ε2j

=
(
∑

s∈[m]

√
ds)

2

ε2
for all j ∈ [m], and

∑
j∈[m] εj = ε ·

∑
j∈[m]

√
dj∑

s∈[m]

√
ds

=

ε. Hence, if an algorithm takes at most T ≤ c(
∑

s∈[m]

√
ds)

2

ε2
samples for a sufficiently small constant c, then

it fails to identify an ε-best arm with high constant probability.

2.5. A Structured Set X for Which Adaptivity Yields a Polynomial-Factor Improvement

In the previous section, we showed that for several well-known structured sets, adaptivity can yield only
logarithmic-factor improvements. This raises an important question: can adaptivity lead to polynomial-
factor improvements? We answer this question in the affirmative by constructing an action set X for which
adaptivity yields a polynomial-factor improvement.

Consider positive integers k, d with d ≤ k ≤ d2. For each i ∈ [k], define

Xi :=
{
x ∈ Rkd : supp(x) ⊆ {(i− 1)d+ 1, . . . , id}, ∥x∥2 ≤ 1

}
,

and let X :=
⋃k
i=1Xi. We first claim that, for the set X , any non-adaptive algorithm has minimax sample

complexity at least Ω
(
kd log(1/δ)

ε2
+ kd2

ε2

)
for the ε-best arm identification problem. The term Ω

(
kd log(1/δ)

ε2

)
follows directly from Theorem 3 together with the fact that span(X ) has dimension kd. The Ω

(
kd2

ε2

)
term

arises from the block structure of X . Each set Xi is a unit ℓ2-ball in a d-dimensional coordinate subspace,
and a non-adaptive algorithm does not know in advance which block contains the optimal arm. As a result,
the sampling budget must be spread across all k blocks, requiring on the order of Ω

(
d2

ε2

)
samples per block

to ensure that, regardless of which Xi contains the best arm, the algorithm can identify an ε-best arm within
that block upon termination. We prove this claim formally in Appendix J.

We now discuss how an adaptive approach can improve upon the above non-adaptive lower bound. A
natural strategy is to first identify an index i such that the best arm in Xi is ε/2-close to the best arm in X ,
and then find an ε/2-best arm within Xi. To identify such an index i, we can proceed as follows: for each
j ∈ [k], estimate the quantity maxx∈Xj ⟨x, θ⟩ to within additive error ε/4, and output the index with the
largest estimated value. After selecting this “good” set Xi, we allocate additional samples to Xi in order to
identify an ε/2-best arm in that set.

Let θ(i) := (θ(i−1)d+1, θ(i−1)d+2, . . . , θid)
⊤. Then maxx∈Xi⟨x, θ⟩ = ∥θ(i)∥2. This motivates us to

consider the following ℓ2-norm estimation problem: given an arm set Bd := {x ∈ Rd : ∥x∥2 ≤ 1}, estimate
the ℓ2-norm of the reward vector using as few samples as possible while observing the corresponding noisy
rewards.

Assume that we can solve this ℓ2-norm estimation problem with an algorithm whose minimax sample
complexity is O

(
d log(1/δ)

ε2

)
. Then, using O

(
kd log(k/δ)

ε2

)
samples and a union bound, we can find an index

i ∈ [k] such that, with probability at least 1 − δ/2, maxx∈Xi⟨x, θ⟩ ≥ maxx∈X ⟨x, θ⟩ − ε/2. Next, using
our non-adaptive algorithm, we can find an ε/2-best arm in Xi with probability at least 1 − δ/2 using an
additional O

(
d log(1/δ)

ε2
+ d2

ε2

)
samples. Since k ≥ d, this yields an ε-best arm in X with probability at

least 1 − δ using at most O
(
kd log(1/δ)

ε2
+ kd log k

ε2

)
samples, yielding a polynomial improvement over all

non-adaptive algorithms. We summarize the above discussion in the following theorem.

Theorem 7 Fix positive integers k and d satisfying d ≤ k ≤ d2. There exists a set X ⊂ Rkd such that
any non-adaptive (ε, δ)-PAC algorithm for ε-best arm identification requires Ω

(
kd log(1/δ)

ε2
+ kd2

ε2

)
samples,

10
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while there exists an adaptive (ε, δ)-PAC algorithm with sample complexity O
(
kd log(1/δ)

ε2
+ kd log k

ε2

)
, yield-

ing a polynomial improvement over all non-adaptive approaches.

The only remaining task is to design an algorithm that solves the ℓ2-norm estimation problem using at most
O
(
d log(1/δ)

ε2

)
samples, which we do in the next section.

3. An Algorithm for ℓ2-Norm Estimation

In this section, we address the ℓ2-norm estimation problem, a key ingredient underlying the polynomial
gap between adaptive and non-adaptive algorithms in Theorem 7. Recall that we are given the arm set
Bd := {x ∈ Rd : ∥x∥2 ≤ 1} and wish to estimate the ℓ2-norm of an unknown reward vector θ ∈ Rd using
as few samples xt ∈ Bd as possible, while observing noisy rewards yt = ⟨xt, θ⟩+ ηt, where ηt ∼ N (0, 1).
We solve this problem in three steps. First, we test whether λ0ε ≤ ∥θ∥2 ≤ λ1

√
d for some positive

constants λ0 and λ1. If so, we obtain a constant-factor (within 2) multiplicative estimate of ∥θ∥2. Finally,
we use this coarse estimate to refine our estimate of ∥θ∥2 to within an additive error of ε. The final step is
the most technically involved part of the analysis, and we outline its high-level ideas here. We formalize the
guarantee of the ℓ2-norm estimation procedure in the following theorem, and defer the complete description
of the procedure and its analysis to Appendix D.

Theorem 8 Let θ ∈ Rd be an unknown reward vector. At each round, a learner selects an action xt ∈ Bd
and observes yt = ⟨xt, θ⟩ + ηt, where ηt ∼ N (0, 1) are i.i.d. There exists an adaptive algorithm that uses
O
(
d log(1/δ)

ε2

)
such observations and returns an estimate r̂ such that |r̂ − r| ≤ ε with probability at least

1− δ, where r := ∥θ∥2.

Begin by defining r := ||θ||2 and assuming that we are given a value ε < r0 < 2
√
d such that r2 < r0 ≤

2r. We now describe an algorithm that takesO
(
d log(1/δ)

ε2

)
samples from Bd and outputs an estimate r̂ such

that with probability 1− δ/2, we have |r̂ − r| ≤ ε.
Algorithm 1: ε-additive error ℓ2-norm estimation algorithm

Input: δ ∈ (0, 1), ε > 0, s = c0d
r20
, K = c1r

2
0 · ε−2 log(4/δ) where c0, c1 are large absolute constants.

1 for k = 1, . . . ,K do
2 Draw a Rademacher unit vector x(k) = (ε1,...,εd)√

d
where εi

iid∼ {±1}.
3 Take s samples along this direction and observe:

yk,ℓ = µk + ηk,ℓ, where µk = ⟨x(k), θ⟩, ηk,ℓ
iid∼ N (0, 1), ℓ = 1, . . . , s.

4 Let ȳk := 1
s

∑s
ℓ=1 yk,ℓ and define Zk := d

(
ȳ2k −

1
s

)
.

5 end

6 Define Z̄ := 1
K

∑K
k=1 Zk and output r̂ :=

{
0 if Z̄ < 0√
Z̄ otherwise

We now begin with some high-level analysis. Recall x(k) = (ε1,...,εd)√
d

where εi
iid∼ {±1} and µk = ⟨x(k), θ⟩.

Then we have the following:

E[µ2k] = θ⊤E
[
x(k)(x(k))⊤

]
θ = θ⊤

(
1

d
Id

)
θ =

r2

d
.

Now conditioning on x(k) (hence µk), we have

ȳk ∼ N
(
µk,

1

s

)
⇒ E[ȳ2k | µk] = µ2k +

1

s
⇒ E[Zk | µk] = dµ2k.

11
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We will now aim to bound

Z̄ − r2 =

(
1

K

K∑
k=1

dµ2k − r2
)

︸ ︷︷ ︸
Term 1

+

(
1

K

K∑
k=1

(
Zk − dµ2k

))
︸ ︷︷ ︸

Term 2

.

Bounding Term 1: Let Xk := dµ2k − r2. With the help of Hanson–Wright inequality, we can show that Xk

is sub-exponential and show the following for some absolute constant c:

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Xk

∣∣∣∣∣ > t

)
≤ 2 exp

(
−c ·Kmin

(
t2

r4
,
t

r2

))
. (2)

Choosing t = rε
4 , and K = c1r

2
0ε

−2 log 4
δ for some large constant c1, we get:∣∣∣∣∣ 1K

K∑
k=1

dµ2k − r2
∣∣∣∣∣ ≤ rε

4
with probability ≥ 1− δ

4
.

Bounding Term 2: Let Wk := Zk − dµ2k = d
(
ȳ2k −

1
s − µ

2
k

)
. Conditioning on µk, we have:

√
d · ȳk | µk ∼ N (

√
d · µk, σ2), with σ2 =

d

s
.

Hence Wk | µk is sub-exponential and therefore conditioning on µ1:K := µ1, . . . , µK , we get:

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

∣∣∣∣∣µ1:K
)
≤ 2 exp

(
−cKmin

(
t2

V̄
,
t

b

))
.

where V̄ := 8
(
d2

s2
+ d2

s ·
1
K

∑K
k=1 µ

2
k

)
and b = 4d/s. Using Eq. (2), we have V̄ ≤ τ := 8

(
d2

s2
+ 3dr2

2s

)
with probability at least 1 − δ

8 . Hence, substituting the values of τ and b, choosing t = rε
4 and K =

c1r
2
0ε

−2 log 4
δ for a sufficiently large constant c1, and using r/2 < r0 ≤ 2r, we obtain:

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

)
≤ δ

8
+ Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

∣∣∣∣∣ V̄ ≤ τ
)
≤ δ

8
+ 2 exp

(
−cKmin

(
t2

τ
,
t

b

))
≤ δ

4
.

Final guarantee: Combining the above results, we have, with probability at least 1 − δ
2 ,
∣∣Z̄ − r2∣∣ ≤ rε

2 .
Let us now assume that

∣∣Z̄ − r2∣∣ ≤ rε
2 . As Z̄ ≥ 0 we have r̂ =

√
Z̄, which implies the following:

|r̂ − r| =
∣∣∣√Z̄ − r∣∣∣ = ∣∣Z̄ − r2∣∣/(√

Z̄ + r
)
≤

rε
2

r
=
ε

2
< ε.

4. Conclusion and Future Works

In this paper, we studied the power of adaptivity for pure exploration in linear bandits. We established match-
ing upper and lower bounds on the minimax sample complexity of non-adaptive fixed-design algorithms.We
then identified structured action sets for which adaptivity yields at most a logarithmic improvement over
our non-adaptive approach, and we constructed a structured action set for which adaptive sampling attains
a polynomial improvement over any non-adaptive approach. To obtain the polynomial separation, we de-
velop an ℓ2-norm estimation procedure that uses O

(
d log(1/δ)

ε2

)
samples. As a consequence, we also obtain

12
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a polynomial separation between the sample complexity of identifying an ε-best arm and that of estimating
the optimal value maxx∈X ⟨x, θ⟩ when X is the unit ℓ2 ball.

Our work raises several open questions. Is there an intrinsic and interpretable property of X that de-
termines whether adaptivity can yield at most logarithmic improvements or instead enables polynomial im-
provements over non-adaptive approaches? Is the minimax sample complexity of estimating maxx∈X ⟨x, θ⟩
always O

(
d log(1/δ)

ε2

)
for all action sets X ⊂ Rd? Can our value-estimation-based adaptive approach be

extended to other structured sets to obtain polynomial improvements, and can our adaptive lower-bound
techniques be generalized beyond the classes considered in this paper?

Finally, we hope these results help connect various lines of work: for experimental design, they suggest
that pure exploration in linear bandits can exhibit polynomial advantages from adaptivity under suitable
action-set geometry; for reinforcement learning through a PAC-learning lens, they suggest that the structure
of the feature mapping in linear function approximation (see, e.g., Bradtke and Barto (1996); Jin et al.
(2020)) may fundamentally determine when adaptive exploration across episodes is beneficial.
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Appendix A. Technical Lemmas

Lemma 9 If X ∼ N (µ, σ2) and Y := X2 − E[X2], then for all |λ| ≤ 1
4σ2 , we have:

logE(eλY ) ≤ 4
(
σ4 + µ2σ2

)
λ2

Proof:
Let X ∼ N (µ, σ2). For |λ| ≤ 1

4σ2 , we compute:

E
[
eλX

2
]
=

1√
2πσ2

∫ ∞

−∞
exp

(
λx2 − (x− µ)2

2σ2

)
dx

Now, complete the square in the exponent:

λx2 − (x− µ)2

2σ2
= − 1

2σ2
[
(1− 2σ2λ)x2 − 2µx+ µ2

]
= −1− 2σ2λ

2σ2

(
x− µ

1− 2σ2λ

)2

+
µ2λ

1− 2σ2λ

Hence:

E
[
eλX

2
]
=
eµ

2λ/(1−2σ2λ)

√
2πσ2

∫ ∞

−∞
exp

(
−(1− 2σ2λ)

2σ2

(
x− µ

1− 2σ2λ

)2
)
dx

This integral is Gaussian:

=
eµ

2λ/(1−2σ2λ)

√
2πσ2

·
√

2πσ2

1− 2σ2λ

= (1− 2σ2λ)−1/2 exp

(
µ2λ

1− 2σ2λ

)
As

λE[X2] = λ(µ2 + σ2)

logE[eλY ] = −1

2
log(1− 2σ2λ) +

µ2λ

1− 2σ2λ
− λ(µ2 + σ2)

Let ν := 2σ2λ. As λ ≤ 1
4σ2 , we have |ν| ≤ 1

2 .

⇒ logE[eλY ] =
(
−1

2
log(1− ν)− ν

2

)
+ µ2λ

(
1

1− ν
− 1

)
For any ν ∈ [−1

2 ,
1
2 ], we have:

1.
−1

2
log(1− ν)− ν

2
≤ ν2

2. ∣∣∣∣ 1

1− ν
− 1

∣∣∣∣ = ∣∣∣∣ ν

1− ν

∣∣∣∣ ≤ |ν|
1− |ν|

≤ 2|ν|

Hence we have:
logE[eλY ] ≤ ν2 + µ2|λ||2ν| = 4σ4λ2 + 4µ2σ2λ2
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Lemma 10 If U1, . . . , UK are independent mean-zero, sub-exponential random variables with parameters
(V1, b), . . . , (VK , b) respectively, then we have the following:

Pr

(∣∣∣∣∣ 1K
K∑
s=1

Us

∣∣∣∣∣ > t

)
≤ 2 exp

(
−cKmin

{
t2

V̄
,
t

b

})

where V̄ = 1
K

∑K
k=1 Vk and c > 0 is some absolute constant.

Proof Let U be a mean-zero sub-exponential random variables with parameters (V, b). First, we show the
following:

Pr(|U | > t) ≤ 2 exp

(
−cmin

{
t2

V
,
t

b

})
For any t ≥ 0 and any λ ∈

[
0, 1b
]
,

Pr[U ≥ t] = Pr
[
eλU ≥ eλt

]
≤ e−λtE[eλU ]

≤ exp

(
−λt+ λ2V

2

)
Now we minimize over λ ∈

[
0, 1b
]
. Observe that the unconstrained minimizer is:

λ∗ =
t

V

If t ≤ V
b , then λ∗ ≤ 1

b , so we get:

Pr(U ≥ t) ≤ exp

(
− t2

2V

)
If t > V

b , the minimum occurs at λ = 1
b :

Pr(U ≥ t) ≤ exp

(
− t
b
+

V

2b2

)
≤ exp

(
−1

2
· t
b

)
If U1, . . . , UK are independent mean-zero, sub-exponential random variables with parameters

(Vs, b) (same b for all),

then for any |λ| ≤ K
b , we have:

E

[
exp

(
λ

K

K∑
s=1

Us

)]
=

K∏
s=1

E
[
e

λ
K
Us

]
≤ exp

(
λ2

2K2

K∑
s=1

Vs

)

⇒ Ū :=
1

K

K∑
s=1

Us is sub-exponential with parameters

(
1

K2

K∑
s=1

Vs,
b

K

)

⇒ Pr

(∣∣∣∣∣ 1K
K∑
s=1

Us

∣∣∣∣∣ > t

)
≤ 2 exp

(
−cKmin

{
t2

V̄
,
t

b

})
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where

V̄ =
1

K

K∑
k=1

Vk

Lemma 11 (Hanson–Wright inequality) Let X = (X1, . . . , Xn) ∈ Rn be a random vector with inde-
pendent components Xi satisfying:

E[Xi] = 0, ∥Xi∥ψ2 ≤ K

Let A be an n× n matrix. Then for every t ≥ 0,

Pr
(∣∣∣X⊤AX − E[X⊤AX]

∣∣∣ > t
)
≤ 2 exp

(
−cmin

(
t2

K4∥A∥2F
,

t

K2∥A∥

))
where

∥X∥ψ2 = sup
p≥1

p−1/2 (E|X|p)1/p

Lemma 12 (Chain Rule) Let f(x1, x2, . . . , xn) and g(x1, x2, . . . , xn) be two joint PDFs for a tuple of
random variables (Xi)i∈[n]. Let the sample space be Ω = Rn. Then we have the following:

KL(f, g) =

∫
ω∈Ω

f(ω)

(
KL(f(X1), g(X1)) +

n∑
i=2

KL(f(Xi|X−i = ω−i), g(Xi|X−i = ω−i))

)
dω

where X−i = (X1, . . . , Xi−1), ω−i = (ω1, . . . , ωi−1).

Proof

KL(f, g) =

∫
ω∈Ω

f(ω) log

(
f(ω)

g(ω)

)
dω

=

∫
ω∈Ω

f(ω) log

(
f(ω1)

∏n
i=2 f(ωi|ω−i)

g(ω1)
∏n
i=2 g(ωi|ω−i)

)
dω

=

∫
ω∈Ω

f(ω)

(
log

(
f(ω1)

g(ω1)

)
+

n∑
i=2

log

(
f(ωi|ω−i)

g(ωi|ω−i)

))
dω

=

∫
ω∈Ω

f(ω) log

(
f(ω1)

g(ω1)

)
dω +

n∑
i=2

∫
ω∈Ω

f(ω) log

(
f(ωi|ω−i)

g(ωi|ω−i)

)
dω

=

∫
ω1∈R

f(ω1) log

(
f(ω1)

g(ω1)

)
dω1 +

n∑
i=2

∫
ω∈Ri

f(ω) log

(
f(ωi|ω−i)

g(ωi|ω−i)

)
dω

= KL(f(X1), g(X1)) +

n∑
i=2

∫
ω−i∈Ri−1

f(ω−i)

∫
ωi∈R

f(ωi|ω−i) log

(
f(ωi|ω−i)

g(ωi|ω−i)

)
dωidω−i

= KL(f(X1), g(X1)) +
n∑
i=2

∫
ω−i∈Ri−1

f(ω−i)KL(f(Xi|X−i = ω−i), g(Xi|X−i = ω−i)) dω−i
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=

∫
ω∈Ω

f(ω)KL(f(X1), g(X1)) dω +

n∑
i=2

∫
ω∈Ω

f(ω)KL(f(Xi|X−i = ω−i), g(Xi|X−i = ω−i)) dω

=

∫
ω∈Ω

f(ω)

(
KL(f(X1), g(X1)) +

n∑
i=2

KL(f(Xi|X−i = ω−i), g(Xi|X−i = ω−i))

)
dω

Appendix B. Non-Adaptive Fixed Design Bounds

B.1. Technical Lemmas for Non-Adaptive Fixed-Design Algorithm

In this section, we state various technical lemmas and explain how they are used in Section 2.1.

Lemma 13 (Carathéodory’s theorem) Let S ⊂ Rp and let x ∈ conv(S), where conv(S) denotes the
convex hull of S. Then there exist points s0, . . . , sp ∈ S and coefficients α0, . . . , αp ≥ 0 with

∑p
i=0 αi = 1

such that

x =

p∑
i=0

αisi.

In particular, every point in the convex hull of S can be expressed as a convex combination of at most p+ 1
points of S.

Since, Eη∼N (0,Id)[maxx∈X ⟨x,A(λ;X )−1/2η⟩] depends on λ through A(λ;X ) = Ex∼λ[xx⊤], applying
Carathéodory’s theorem on S = {xx⊤ : x ∈ X} yields a finite supported minimizer λ1.

Lemma 14 (G-optimal design) Consider a compact set X ⊂ Rd such that it spans Rd. There exists a
distribution λ∗ over X such that maxx∈X ∥x∥2A(λ∗;X )−1 = d and |supp(λ∗)| ≤ d(d+ 1)/2.

Applying the above lemma yields a finite supported minimizer λ2.

Lemma 15 (Sudakov–Fernique inequality) Let (Xt)t∈T and (Yt)t∈T be two mean-zero Gaussian pro-
cesses. Assume that for all t, s ∈ T , we have

E
[(
Xt −Xs

)2] ≤ E
[(
Yt − Ys

)2]
.

Then

E
[
sup
t∈T

Xt

]
≤ E

[
sup
t∈T

Yt

]
.

Define Xx = ⟨x,A(λ0;X )−1/2η⟩ and Yx =
√
2 ⟨x,A(λ1;X )−1/2η⟩ with η ∼ N (0, Id). Then for

any s, t ∈ X , Xs − Xt = ⟨s − t, A(λ0;X )−1/2η⟩, so by E[ηη⊤] = Id we have E[(Xs − Xt)
2] = (s −

t)⊤A(λ0;X )−1(s − t) (and similarly E[(Ys − Yt)2] = 2(s − t)⊤A(λ1;X )−1(s − t)). Thus the increment
condition of Sudakov–Fernique holds, yielding E supx∈X Xx ≤ E supx∈X Yx.

Lemma 16 (Linear image of a standard Gaussian) Let A ∈ Rm×n be a fixed matrix and let η ∼
N (0, In). Then Aη is distributionally equivalent to a mean-zero Gaussian vector in Rm with covariance

matrix AA⊤. That is Aη d
= ξ where ξ ∼ N (0, AA⊤).
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We used the above lemma to conclude that θ̂ is distributionally equivalent to θ + (
∑T

t=1 xtx
⊤
t )

−1/2η where
η ∼ N (0, Id).

Lemma 17 (Rounding lemma (Katz-Samuels et al., 2020; Allen-Zhu et al., 2021)) Let Z ⊂ Rd be fi-
nite with m := |Z|, and let N ∈ N. Define

SN :=
{
κ ∈ Nm :

∑
x∈Z

κx ≤ N
}
, CN :=

{
π ∈ [0, N ]m :

∑
x∈Z

πx ≤ N
}
.

For any weight vector v ∈ Rm+ , define the (design) matrix

A(v) :=
∑
x∈Z

vx xx
⊤ ∈ S+d .

Let F : S+d → R satisfy: (i) if A ⪯ B then F (A) ≥ F (B), and (ii) for all A ∈ S+d and t ∈ (0, 1),
F (tA) = t−1F (A). Fix ϵ ∈ (0, 1/6]. If m ≥ N ≥ 5d/ϵ2, then for every π ∈ CN there exists an algorithm
running in Õ(md2) time that outputs κ ∈ SN such that

F
(
A(κ)

)
≤ (1 + 6ϵ)F

(
A(π)

)
.

Moreover, for any set V ⊂ Rd, the functions FV , GV : S+d → R defined by

FV (A) := Eη∼N (0,I)

[
max
v∈V

v⊤A−1/2η

]
, GV (A) := max

v∈V
v⊤Av

satisfy conditions (i) and (ii).

For any T ≥ 180d, we used the above lemma to show the existence of a fixed design
x1, x2, . . . , xT ∈ X such that τ(AT ) ≤ 2τ(A(λ0;X )) where AT := 1

T

∑T
i=1 xix

⊤
i and τ(A) :=

Eη∼N (0,Id)

[
maxx∈X x

⊤A−1/2η
]2

+ 2maxx∈X ∥x∥2A−1 log(2/δ). In the lemma, we set Z as the finite sup-
port of λ0, N = T , and π as πx = T · λ0(x).

Lemma 18 (Borell-TIS inequality) Let S ⊂ Rd be bounded. Let (Vs)s∈S be a Gaussian process such that

E[Vs] = 0 for all s ∈ S.

Define

σ2 = sup
s∈S

E[V 2
s ].

Then, for all u > 0,

P
(∣∣∣∣sup

s∈S
Vs − Esup

s∈S
Vs

∣∣∣∣ ≥ u) ≤ 2 exp

(
− u2

2σ2

)
.

We applied Borell-TIS inequality on the gaussian process Vx = x⊤(θ̂ − θ). We then used the facts that
Vx is distributionally equivalent to ⟨x, (

∑
t=1 xtx

⊤
t )

−1/2η⟩ where η ∼ N (0, Id) and supx∈X E[V 2
x ] =

maxx∈X x
⊤(
∑

t=1 xtx
⊤
t )

−1x.
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B.2. Adaptive Lower Bound

Theorem 19 Assume X ⊂ Rd is compact, span(X ) = Rd, and d ≥ 2. Consider the Gaussian linear
observation model

yt = ⟨xt, θ⟩+ ηt, ηt ∼ N (0, 1) i.i.d.,

where the (possibly adaptive) actions satisfy xt ∈ X . Any algorithm that outputs x̂ ∈ X satisfying, for all
θ ∈ Rd,

⟨x̂, θ⟩ ≥ max
x∈X
⟨x, θ⟩ − ε with probability at least 1− δ,

must use

n = Ω

(
d log(1/δ)

ε2

)
samples for some worst-case θ and δ ∈ (0, 1/16).

Proof Let
B := conv(X ∪ (−X )).

Let E be the Löwner ellipsoid of B, the minimum-volume ellipsoid containing B. Since B is centrally
symmetric and full-dimensional, E is an origin-centered ellipsoid and there exists an invertible linear map
A such that

A(E) = Bd2 and hence A(B) ⊆ Bd2.

Define
K := A(B), X ′ := A(X ),

so X ′ ⊆ K ⊆ Bd2.
We work in the transformed instance (X ′, θ′) where θ′ := (A−1)⊤θ. Indeed, ⟨Ax, θ′⟩ = ⟨x, θ⟩, so any

lower bound for X ′ implies the same X . Hence it suffices to prove the statement for X ′, and we now drop
primes and write X ⊆ Bd2 with

K = conv(X ∪ (−X )) ⊆ Bd2,

such that Bd2 is the Löwner ellipsoid of K.
Since Bd2 is the minimum-volume ellipsoid containing K, By applying John’s theorem on the polar

K◦ (see Theorem 3.1 from Ball et al. (1997)), there exist points u1, . . . , um ∈ K ∩ Sd−1 and weights
c1, . . . , cm > 0 such that

m∑
j=1

cj uju
⊤
j = Id, and hence

m∑
j=1

cj = tr(Id) = d. (3)

We now note that these uj actually belong to X ∪ (−X ). Fix j. Because uj ∈ Sd−1 and K ⊆ Bd2, we
have

max
x∈K
⟨x, uj⟩ ≤ max

x∈K
∥x∥2∥uj∥2 = 1.

On the other hand, uj ∈ K implies maxx∈K⟨x, uj⟩ ≥ ⟨uj , uj⟩ = 1. Hence

max
x∈K
⟨x, uj⟩ = 1.

Since K = conv(X ∪ (−X )) and the objective is linear, the maximum over K equals the maximum over
X ∪ (−X ). Thus there exists v ∈ X ∪ (−X ) such that ⟨v, uj⟩ = 1. By Cauchy-Schwarz, ⟨v, uj⟩ ≤
∥v∥2∥uj∥2 ≤ 1, so equality forces v = uj . Therefore uj ∈ X ∪ (−X ).
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Define

vj :=

{
uj , uj ∈ X ,
−uj , uj ∈ −X ,

so that vj ∈ X ∩ Sd−1 for every j. Since vjv⊤j = uju
⊤
j , the same weights c1, . . . , cm satisfy

m∑
j=1

cj vjv
⊤
j = Id, and

m∑
j=1

cj = d. (4)

Let D be the distribution on [m] such that PJ∼D(J = j) = cj/d. Then (4) implies

E[vJv⊤J ] =
1

d
Id. (5)

We first prove the following lemma.

Lemma 20 Any algorithm that outputs x̂ ∈ X ⊆ Bd2 satisfying, for all θ ∈ Rd,

⟨x̂, θ⟩ ≥ max
x∈X
⟨x, θ⟩ − ε with probability at least 1− δ,

must use

n ≥ 2−
√
2

32 ε2
log
( 1

4δ

)
= Ω

(
log(1/δ)

ε2

)
samples for some worst-case θ and δ ∈ (0, 1/16).

Proof Recall that J ∼ D is a random index with PJ∼D(J = j) = cj/d. Hence, we have:

E[vJv⊤J ] =
1

d
Id.

Fix v1. Then, we have:

E
[
(v⊤1 vJ)

2
]
= v⊤1 E[vJv⊤J ]v1 =

1

d
∥v1∥22 =

1

d
.

Hence there exists k ∈ [m] such that (v⊤1 vk)
2 ≤ 1/d, and thus v⊤1 vk ≤ 1/

√
d ≤ 1/

√
2 (since d ≥ 2).

Therefore
∥v1 − vk∥22 = 2− 2v⊤1 vk ≥ 2−

√
2. (6)

Set a := v1, b := vk, and denote ρ := ∥a− b∥2. Then (6) gives ρ2 ≥ 2−
√
2.

Let u := (a− b)/∥a− b∥2 ∈ Sd−1 so that ⟨a, u⟩ − ⟨b, u⟩ = ρ. Define

θ+ :=
4ε

ρ
u, θ− := −4ε

ρ
u.

Consider an algorithm that uses n samples and outputs x̂ under each of the hypothesis above while
satisfying the conditions in the theorem statement. Let pmax := maxx∈X ⟨x, u⟩ and pmin := minx∈X ⟨x, u⟩.
Note that pmax ≥ ⟨a, u⟩ and pmin ≤ ⟨b, u⟩.
Under θ+, the optimal value is maxx∈X ⟨x, θ+⟩ = (4ε/ρ) pmax. If x̂ is ε-optimal for θ+, then

4ε

ρ
⟨x̂, u⟩ = ⟨x̂, θ+⟩ ≥

4ε

ρ
pmax − ε ⇒ ⟨x̂, u⟩ ≥ pmax −

ρ

4
≥ ⟨a, u⟩ − ρ

4
.

Similarly under θ−, the optimal value is (4ε/ρ)(−pmin) and ε-optimality of x̂ implies

−4ε

ρ
⟨x̂, u⟩ = ⟨x̂, θ−⟩ ≥

4ε

ρ
(−pmin)− ε ⇒ ⟨x̂, u⟩ ≤ pmin +

ρ

4
≤ ⟨b, u⟩+ ρ

4
.
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Let

s :=
⟨a, u⟩+ ⟨b, u⟩

2
.

Since ⟨a, u⟩ − ⟨b, u⟩ = ρ, the two implications based on ε-optimality of x̂ become:

Under θ+ : ⟨x̂, u⟩ ≥ s+ ρ

4
, Under θ− : ⟨x̂, u⟩ ≤ s− ρ

4
,

each with probability at least 1− δ. Therefore the decision rule

Ĥ =

{
θ+, if ⟨x̂, u⟩ ≥ s,
θ−, otherwise,

distinguishes θ+ from θ− with error at most δ under each hypothesis.
Let P+ and P− be the probability laws under θ+ and θ−. By Bretagnolle–Huber inequality, we get

P+(Ĥ = θ−) + P−(Ĥ = θ+) ≥ 1
2 exp

(
−DKL(P+∥P−)

)
.

Since each error is at most δ, the left-hand side is at most 2δ, hence

DKL(P+∥P−) ≥ log
( 1

4δ

)
.

For Gaussian noise and adaptive actions xt ∈ X ⊆ Bd2,

DKL(P+∥P−) =
1

2

n∑
t=1

E+

[
⟨xt, θ+ − θ−⟩2

]
=

1

2

n∑
t=1

E+

[〈
xt,

8ε

ρ
u
〉2]

≤ 1

2

n∑
t=1

(8ε
ρ

)2
=

32nε2

ρ2
,

using |⟨xt, u⟩| ≤ ∥xt∥2∥u∥2 ≤ 1. Combining the last two inequalities, we have

n ≥ ρ2

32ε2
log
( 1

4δ

)
.

Finally, ρ2 ≥ 2−
√
2 by (6) yields

n ≥ 2−
√
2

32ε2
log
( 1

4δ

)
.

Define the alternatives
θ(j) := 3ε vj , j = 1, . . . ,m,

and consider the hypothesis test

H0 : θ = 0, H1 : θ = θ(J) where J ∼ D.

Let P0 be the law under H0, P1 the law under H1, and Pθ(j) the law under θ = θ(j). For Gaussian noise,
convexity of KL and the chain rule yield, for any (possibly adaptive) choice of actions xt ∈ X ,

DKL(P0∥P1) ≤
m∑
j=1

cj
d
DKL(P0∥Pθ(j)) =

1

2

N∑
t=1

E
[〈
xt, θ

(J)
〉2]

,
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where N is the total number of samples used by the algorithm solving the hypothesis testing problem, and
the expectation is under P0 and the distribution D. Using (5) and θ(J) = 3εvJ ,

E
[〈
xt, θ

(J)
〉2]

= 9ε2 E
[
⟨xt, vJ⟩2

]
= 9ε2 x⊤t E[vJv⊤J ]xt

= 9ε2 x⊤t

(1
d
Id

)
xt =

9ε2

d
∥xt∥22 ≤

9ε2

d
.

Therefore, we have

DKL(P0∥P1) ≤
9Nε2

2d
. (7)

By Bretagnolle–Huber inequality, we have

P0(Ĥ = H1) + P1(Ĥ = H0) ≥ 1
2 exp

(
−DKL(P0∥P1)

)
≥ 1

2 exp

(
−9Nε2

2d

)
.

In particular, if N ≤ 2d
9ε2

log
(

1
10δ

)
, then the sum of the two errors exceeds 4δ, so at least one error exceeds

2δ. Hence any algorithm with error at most 2δ under both H0 and H1 requires

N = Ω

(
d log(1/δ)

ε2

)
. (8)

Consider an algorithm Alg that satisfies the conditions of our theorem statement. We now solve the
above hypothesis test using Alg.

Run Alg for n rounds to obtain x̂ ∈ X . Then take

nest :=
8 log(2/δ)

ε2

additional samples using the constant action xt = x̂ and let v̂ be the empirical mean of these additional
observations. Output Ĥ = H1 if v̂ > ε and Ĥ = H0 otherwise.

Gaussian concentration implies

|v̂ − ⟨x̂, θ⟩| ≤ ε/2 with probability at least 1− δ.

Under H0, ⟨x̂, θ⟩ = 0, so v̂ ≤ ε/2 with probability at least 1 − δ, hence Ĥ = H0 with probability at
least 1− δ.

Under H1, let us condition on J = j. Since vj ∈ X ∩ Sd−1,

max
x∈X
⟨x, θ(j)⟩ ≥ ⟨vj , 3εvj⟩ = 3ε.

Therefore Alg outputs x̂ such that with probability at least 1− δ,

⟨x̂, θ(j)⟩ ≥ 3ε− ε = 2ε.

Therefore, with probability at least 1− 2δ, we have v̂ ≥ 3ε/2 > ε and therefore Ĥ = H1.
Thus we solve the hypothesis testing problem with probability at least 1 − 2δ under both H0 and H1

using
N = n+ nest

samples.
Finally, Lemma 20 implies n ≥ c log(2/δ)/ε2 for an absolute constant c > 0. Hence nest ≤ (8/c)n

and so N ≤ (1 + 8/c)n. Combining with (8) yields

n = Ω

(
d log(1/δ)

ε2

)
.
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B.3. Gaussian Width Lower Bound

Fix ε ∈ (0, 1], δ ∈ (0, 1) and an (ε, δ)-PAC algorithm. Let the algorithm run for T := H1 log(1/δ)+H2

ε2
rounds

and output x̂ ∈ X . Define the simple regret for any θ as

RT (θ) := max
x∈X
⟨x, θ⟩ − ⟨x̂, θ⟩ ≥ 0.

Also define the quantity
Z(θ) := max

x,y∈X
⟨x− y, θ⟩,

Since x̂ ∈ X , we have RT (θ) ≤ Z(θ) for every θ.
As the algorithm is (ε, δ)-PAC, we have P(RT (θ) > ε) ≤ δ. Hence, taking expectation over θ ∼

N (0,Σ) where Σ = τ2A−1, we have

Eθ∼N (0,Σ)[RT (θ)] ≤ ε+ δ · Eθ∼N (0,Σ)[Z(θ)] = ε+ 2τ · δ · w(X ;A)

Recall that for any T and any algorithm, we have:

Eθ[RT (θ)] ≥
τ(1− τ)
1 + τ2

w(X ;A)

Hence, using the above two inequalities and the facts that w(X ;A) ≥ w(X )/
√
T and H1 ≤ H2, we have

the following by setting δ = 0.1

0.12 · w(X )√
T

≤ ε ⇒ H2 ≥
0.0144

log(10) + 1
· w(X )2

B.4. Singular Case of the Gaussian Width Lower Bound

In this section, we prove the following result.

Theorem 21 Assume X ⊂ Rd is finite with span(X ) = Rd. Consider δ ∈ (0, 1/2) and a fixed design
x1, . . . , xT such that

∑T
t=1 xtx

⊤
t is singular. Then for every (possibly randomized) non-adaptive procedure

A that outputs x̂ ∈ X based on this fixed design, there exists a θ ∈ Rd such that

P(max
x∈X
⟨x− x̂, θ⟩ > ε) > δ.

Proof Since A :=
∑T

t=1 xtx
⊤
t is singular, pick v ̸= 0 such that Av = 0. Then we have:

0 = v⊤Av =
∑T

t=1
(v⊤xt)

2.

Therefore, for all t ∈ [T ], we have:
⟨xt, v⟩ = 0

Consider two reward vectors
θ+1 = αv, θ−1 = −αv,

with α > 0. Then for every t and s ∈ {−1,+1}, we have

yt = ⟨xt, θs⟩+ ηt = s · α⟨xt, v⟩+ ηt = ηt

Hence the distribution of the algorithm’s output x̂ is identical under θ+1 and θ−1.

26



ON THE POWER OF ADAPTIVITY FOR ε-BEST ARM IDENTIFICATION IN LINEAR BANDITS

Define
a := max

x∈X
⟨x, v⟩, b := min

x∈X
⟨x, v⟩.

We claim a > b. For the sake of contradiction, assume a = b. In this case ⟨x, v⟩ is constant over X .
However, ⟨xt, v⟩ and xt ∈ X which implies that ⟨x, v⟩ = 0 for all x ∈ X . This implies v ⊥ span(X ),
contradicting span(X ) = Rd. Thus

∆(v) := a− b > 0.

Let us define regret as r(x̂, θ) = maxx∈X ⟨x − x̂, θ⟩. We now compute regret under each θs for s ∈
{−1,+1}.
• For θ+1 = αv,

r(x̂, θ+1) = max
x∈X
⟨x− x̂, αv⟩ = α

(
a− ⟨x̂, v⟩

)
,

• For θ−1 = −αv,
r(x̂, θ−1) = max

x∈X
⟨x− x̂,−αv⟩ = α

(
⟨x̂, v⟩ − b

)
,

Adding the two bounds gives

r(x̂, θ+1) + r(x̂, θ−1) = α(a− b) = α∆(v).

Therefore, if α = 4ε
∆(v) , we have

max
{
r(x̂, θ+1), r(x̂, θ−1)

}
≥ α∆(v)

2
= 2ε.

This implies that maxs∈{−1,+1} P(maxx∈X ⟨x− x̂, θs⟩ > ε) ≥ 1
2 > δ.

Appendix C. Adaptive Version of Our Non-Adaptive Algorithm.

In this section, we make our non-adaptive algorithm from Section 2.1 adaptive. Let R = (R1, R2, . . . , Rd)
be a partition of X into d regions. Let us define

w(λ,X ,R) = max
i∈[d]

Eη∼N (0,Id)

[
max
x∈Ri

⟨x,A(λ;X )−1/2η⟩
]

Let i∗ ∈ [d] be the index such that x∗ ∈ Ri∗ .
Let λ1 be a distribution over X that minimizes the expression Eη∼N (0,Id)[maxx∈X ⟨x,A(λ;X )−1/2η⟩].

Similarly let λ2 be a distribution over X that minimizes the expression maxx∈X ∥x∥2A(λ;X )−1 . Assume that
λ1 and λ2 are finite supported (such minimizers always exist). Let λ0 be a distribution over X such that we
sample from λ1 with probability 1/2 and we sample from λ2 with probability 1/2.

As 1
2A(λ2;X ) ≺ A(λ0;X ), for all x ∈ X , we have x⊤A(λ0;X )−1x ≤ 2x⊤A(λ2;X )−1x. As λ2 is a

G-optimal design, we have ∥x∥2A(λ0;X )−1 ≤ 2d.
As 1

2A(λ1;X ) ≺ A(λ0;X ), due to Sudakov-Fernique inequality, we have

w(λ0,X ,R) ≤
√
2 · w(λ1,X ,R) ≤

√
2 · w(X ).

Now consider a fixed design x1, x2, . . . , xT ∈ X such that τ(AT ,R) ≤ 2τ(A(λ0;X ),R) where AT :=
1
T

∑T
i=1 xix

⊤
i and τ(A,R) := maxi∈[d] Eη∼N (0,Id)

[
maxx∈Ri x

⊤A−1/2η
]2

+ 2maxx∈X ∥x∥2A−1 log(4/δ).
Such a fixed design exists for any T ≥ 180d due to Lemma 17. Due to the calculations above, we have
τ(AT ) ≤ 4w(λ1,X ,R)2 + 8d log(4/δ).
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Let yt = ⟨xt, θ⟩ + ηt denote the noisy rewards for our fixed design where ηt ∼ N (0, 1). Let θ̂ =
(
∑T

t=1 xtx
⊤
t )

−1
∑T

t=1 xtyt. Now we observe that θ̂ is distributionally equivalent to θ+ (
∑T

t=1 xtx
⊤
t )

−1/2η

where η ∼ N (0, Id). This enables us to apply Borell-TIS inequality on the gaussian process Vx = x⊤(θ̂−θ)
over Ri∗ and obtain the following with probability 1− δ/2:

∣∣∣ max
x∈Ri∗

⟨x, θ̂− θ⟩
∣∣∣ ≤ 1√

T
·Eη∼N (0,Id)

[
max
x∈Ri∗

x⊤A
−1/2
T η

]
+

1√
T
·
√
2max
x∈X
∥x∥2

A−1
T

log(4/δ) ≤
√

2τ(AT )

T

Let us compute x(1), x(2), . . . , x(d) such that x(i) ∈ argmaxx∈Ri⟨x, θ̂⟩. If we choose T =

1440( d
ε2

log(4/δ) + w(λ1,X ,R)2/ε2), then |maxx∈Ri∗ ⟨x, θ̂ − θ⟩| ≤ ε/4 with probability 1 − δ/2. This
implies that ⟨x(i∗), θ⟩ ≥ ⟨x∗, θ⟩ − ε/2 with probability 1− δ/2.

If we run the Median Elimination algorithm from Even-Dar et al. (2002) by treating each x(i) as an arm
of a stochastic MAB instance with mean ⟨x(i), θ⟩, we get an index î after additional

(
d log(1/δ)

ε2

)
samples

such that with probability 1− δ/2, we have maxi∈[d]⟨x(i) − x(̂i), θ⟩ ≤ ε/2. We output x(̂i) as the candidate

best arm for X and due to union bound, we have ⟨x∗ − x(̂i), θ⟩ ≤ ε.
In certain cases, if the partition is chosen appropriately, our adaptive algorithm can improve the sample

complexity by logarithmic factors. For instance, consider a finite setX ⊂ Rd. For simplicity of presentation,
let us assume that |X | is multiple of d. Let R = (R1, . . . , Rd) be a partition of X such that for all i ∈ [d],
we have |Ri| = |X |/d. Using Proposition 25, we can show that w(λ1,X ,R) ≤ O(

√
d log(|X |/d)). This

implies that our adaptive algorithm has an improved sample complexity of O
(
d log((|X |/d)/δ)

ε2

)
.

Appendix D. ℓ2 Norm Estimation Algorithm

Let X denote the unit ℓ2 ball in Rd, and let θ ∈ Rd be the reward vector. Our goal is to estimate r := ∥θ∥2
using only samples obtained by querying points in X . In Appendix D.1, we analyze Algorithm 1. In
Appendix D.2, we study how to estimate ∥θ∥2 up to a constant multiplicative factor. In Appendix D.3, we
consider the regime where ∥θ∥2 ≥

√
d. Finally, in Appendix D.4, we analyze a meta-algorithm that handles

all regimes and provides a universal guarantee.

D.1. Estimating with the Help of a Multiplicative Estimate r0

Begin by defining r := ||θ||2. We now assume that we are given a value r0 such that ε < r0 < 2
√
d and

r
2 < r0 ≤ 2r. In the next section, we show how to satisfy these assumptions. Now we analyse Algorithm 1.

In this section we work with sub-exponential random variables. A mean zero U is sub-exponential with
parameters (V, b) if

E[eλU ] ≤ exp

(
λ2V

2

)
for |λ| ≤ 1

b

If X ∼ N (µ, σ2) and Y := X2 − E[X2], then Y is a sub-exponential with parameters (V, b) =
(8
(
σ4 + µ2σ2

)
, 4σ2) due to Lemma 9.

If U1, . . . , UK are independent mean-zero, sub-exponential random variables with parameters
(V1, b), . . . , (VK , b) respectively, then we get the following due to Lemma 10:

Pr

(∣∣∣∣∣ 1K
K∑
s=1

Us

∣∣∣∣∣ > t

)
≤ 2 exp

(
−cKmin

{
t2

V̄
,
t

b

})

where V̄ = 1
K

∑K
k=1 Vk and c > 0 is some absolute constant.
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We now begin with some high-level analysis. Recall x(k) = (ε1,...,εd)√
d

where εi
iid∼ {±1} and µk =

⟨x(k), θ⟩. Then we have the following:

E[µ2k] = θ⊤E
[
x(k)(x(k))⊤

]
θ = θ⊤

(
1

d
Id

)
θ =

r2

d

Now conditioning on x(k) (hence µk), we have

ȳk ∼ N
(
µk,

1

s

)
⇒ E[ȳ2k | µk] = µ2k +

1

s
⇒ E[Zk | µk] = dµ2k

We will now aim to bound

Z̄ − r2 =

(
1

K

K∑
k=1

dµ2k − r2
)

︸ ︷︷ ︸
Term 1

+

(
1

K

K∑
k=1

(
Zk − dµ2k

))
︸ ︷︷ ︸

Term 2

Bounding Term 1: Note that if r = 0, then Term I = dµ2k − r2 = 0. Hence, the non-trivial case is
when r > 0 which we focus on below. Let Xk := dµ2k − r2. We now show that Xk is sub-exponential with
parameters

(V, b) =
(
Cr4, Cr2

)
for some absolute constant C with the help of Hanson–Wright inequality (see Lemma 11).

Recall that

µk =

〈
1√
d
ε(k), θ

〉
, ε

(k)
i

iid∼ {±1}

Now observe that:
dµ2k =

(
ε(k)
)⊤

Aε(k), where A := θθ⊤.

As E[dµ2k] = r2, we apply the Hanson–Wright inequality (we apply Lemma 11 with K = 1, as
Rademacher variables have unit ψ2-norm) to get:

Pr (|Xk| > t) ≤ 2 exp

(
−cmin

(
t2

∥A∥2F
,
t

∥A∥

))
As A = θθ⊤, we have

∥A∥2F =
∑
i

θ4i + 2
∑
i<j

θ2i θ
2
j =

(∑
i

θ2i

)2

= ∥θ∥42 = r4

Note that A is a rank-1 matrix, and

Aθ = θθ⊤θ = ∥θ∥22θ

Hence, θ is an eigenvector of A with eigenvalue ∥θ∥22.
As the operator norm is equal to the largest eigenvalue, we have

∥A∥ = ∥θ∥22 = r2

Hence, we have:

Pr (|Xk| > t) ≤ 2 exp

(
−cmin

(
t2

r4
,
t

r2

))
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Using the above inequality and applying Lemma 22, we get that Xk is sub-exponential with parameters
(Cr4, Cr2) for some constant C.

Hence, we have:

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Xk

∣∣∣∣∣ > t

)
≤ 2 exp

(
− c

C
·Kmin

(
t2

r4
,
t

r2

))
(9)

Choosing t = rε
4 , and K = c1r

2
0ε

−2 log 4
δ for some large constant c1, we get:∣∣∣∣∣ 1K

K∑
k=1

dµ2k − r2
∣∣∣∣∣ ≤ rε

4
with probability ≥ 1− δ

4

Bounding Term 2: Let Wk := Zk − dµ2k = d
(
ȳ2k −

1
s − µ

2
k

)
. Conditioning on µk, we have:

√
d · ȳk | µk ∼ N (

√
d · µk, σ2), with σ2 =

d

s

Hence Wk | µk is sub-exponential with parameters:

V (µk) = 8

(
d2

s2
+ µ2k ·

d2

s

)
, b =

4d

s

Conditioning on µ1:K := µ1, . . . , µK , we get:

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

∣∣∣∣∣µ1:K
)
≤ 2 exp

(
−cKmin

(
t2

V̄
,
t

b

))

where V̄ := 1
K

∑K
k=1 V (µk) = 8

(
d2

s2
+ d2

s ·
1
K

∑K
k=1 µ

2
k

)
. We now aim to upper bound V̄ .

Recall that Xk = dµ2k − r2 is sub-exponential with parameters (Cr4, Cr2).
Hence, plugging t = r2/2 into Eq. (9) yields the following, for a sufficiently large constant c1:

Pr

(∣∣∣∣∣ 1K
K∑
k=1

dµ2k − r2
∣∣∣∣∣ > r2

2

)
≤ δ

8

Hence, with probability at least 1− δ
8 , we have V̄ ≤ τ := 8

(
d2

s2
+ 3dr2

2s

)
.

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

)
= Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t, V̄ > τ

)
+ Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t, V̄ ≤ τ

)

≤ Pr(V̄ > τ) + Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

∣∣∣∣∣ V̄ ≤ τ
)
· Pr(V̄ ≤ τ)

≤ δ

8
+ Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

∣∣∣∣∣ V̄ ≤ τ
)

︸ ︷︷ ︸
Term III
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Now we have:

Term III = Pr

(∣∣∣∣∣ 1K
K∑
k=1

Wk

∣∣∣∣∣ > t

∣∣∣∣∣ V̄ ≤ τ
)
≤ 2 exp

(
−cKmin

(
t2

τ
,
t

b

))
(10)

As s = c0d
r20

, we have the following for some absolute constant C ′:

b =

(
4d

s

)
=

(
4

c0
· r20
)

and τ = 8

(
r40
c20

+
3r2r20
2c0

)
≤ C ′r40

Also, with

K = c1r
2
0ε

−2 log
4

δ
, t =

rε

4
and

r

2
≤ r0 ≤ 2r

we get that the Term III is at most δ8 after plugging the above parameters into Eq. (10).

Hence, with probability at least 1− δ/2, we have
∣∣Z̄ − r2∣∣ ≤ rε

2 .

Let us now assume that
∣∣Z̄ − r2∣∣ ≤ rε

2 . As Z̄ ≥ 0 we have r̂ =
√
Z̄, which implies the following:

|r̂ − r| =
∣∣∣√Z̄ − r∣∣∣ = ∣∣Z̄ − r2∣∣/(√

Z̄ + r
)
≤

rε
2

r
=
ε

2
< ε
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D.2. Estimating r up to a Constant Factor

Algorithm 2: Adaptive multi-scale test for r = ∥θ∥2
Input : ε ∈ (0, 1], δ ∈ (0, 1/3), dimension d, large absolute constants c0, c1 > 0
Output: An estimate r0

1 Function Statistic(tj , δj)

2 sj ← c0
d

t2j

3 Kj ← c1 log

(
1

δj

)
4 for k ← 1 to Kj do
5 Draw a Rademacher unit vector x(k) = (ε1,...,εd)√

d
where εi

iid∼ {±1}
6 for ℓ← 1 to sj do
7 Observe yk,ℓ = ⟨x(k), θ⟩+ ηk,ℓ where ηk,ℓ ∼ N (0, 1) i.i.d.
8 end

9 ȳk ←
1

sj

∑sj
ℓ=1 yk,ℓ

10 Zk ← d

(
ȳ2k −

1

s

)
11 end

12 U(tj)←
1

Kj

∑Kj

k=1 Zk

13 return U(tj)

14 end

15 Function Test(tj , δj)
16 U(tj)← Statistic(tj , δj)

17 if U(tj) ≥
3

2
t2j then

18 return H1 // H1 is the hypothesis that r ≥ 2tj
19 else
20 return H0 // H0 is the hypothesis that r ≤ tj
21 end
22 end

23 j ← 0

24 while 2j · ε < 2
√
d do

25 tj ← 2j · ε

26 δj ←
δ

2j+2

27 outcome← Test(tj , δj)
28 if outcome = H0 then
29 break
30 end
31 j ← j + 1

32 end
33 r0 ← tj
34 return r0
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We aim to output r0 such that, with high probability, it satisfies meaningful properties that depend on
the value of r. We discuss these properties in detail toward the end of this section.

Now we analyse the algorithm. Fix j ≥ 0. Recall that under Test(tj , δj), we return the hypothesis
H1 (r ≥ 2tj) if U(tj) ≥ 3

2 t
2
j otherwise we return the hypothesis H0 (r ≤ tj).

We now compute the probability of error under the hypothesis H0 (r ≤ tj). Error under the hypothesis
H0 (r ≤ tj) means:

U(tj) ≥
3

2
t2j whereas E[U(tj)] = r2 ≤ t2j

This requires an upward deviation of at least:

U(tj)− E[U(tj)] ≥ ∆0 :=
3

2
t2j − r2 ≥

1

2
t2j

Recall:

U(tj)− r2 =

(
1

Kj

∑
k

dµ2k − r2
)

+
1

Kj

∑
k

(Zk − dµ2k)

Let:
a0 :=

1

8
t2j , ν0 :=

1

8
t2j

Then the error under H0 satisfies:

{error under H0} ⊆

{∣∣∣∣∣ 1Kj

∑
k

dµ2k − r2
∣∣∣∣∣ > a0

}
∪

{∣∣∣∣∣ 1Kj

∑
k

(Zk − dµ2k)

∣∣∣∣∣ > ν0

}

Recall that Xk := dµ2k − r2 is sub-exponential with parameters

(V, b) =
(
Cr4, Cr2

)
for some absolute constant C. Now observe that

Hence, we have the following for some absolute constant c:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Xk

∣∣∣∣∣∣ > a0

 ≤ 2 exp

(
−cKj min

(
a20
r4
,
a0
r2

))
Note that:

min

{
a20
r4
,
a0
r2

}
= min

{
t4j

64r4
,
t2j
8r2

}
≥ 1

64

As Kj = c1 log
(

1
δj

)
, then for a large universal constant c1, we have the following:∣∣∣∣∣∣ 1Kj

Kj∑
k=1

dµ2k − r2
∣∣∣∣∣∣ ≤ a0 with probability ≥ 1− δj

4

Let Wk := Zk − dµ2k
Conditioning on µk, we have:

√
d · ȳk | µk ∼ N (

√
d · µk, σ2), with σ2 =

d

sj
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Recall Wk | µk is sub-exponential with parameters:

V (µk) = 8

(
d2

s2j
+ µ2k ·

d2

sj

)
, b =

4d

sj

and therefore we had the following for some absolute constant c:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Wk

∣∣∣∣∣∣ > ν0

 ≤ Pr(V̄ > τ) + 2 exp

(
−cKj min

(
ν20
τ
,
ν0
b

))
︸ ︷︷ ︸

Term I

where

V̄ :=
1

Kj

Kj∑
k=1

V (µk), ν0 =
t2j
8
, b =

4t2j
c0
, τ := 8

(
d2

s2j
+

3dr2

2sj

)
≤ C ′t4j

for some absolute constant C ′.
Recall that Xk = dµ2k − r2 is sub-exponential with parameters (Cr4, Cr2). As Kj = c1 log

(
1
δj

)
, we

have for some absolute constant c and for a large universal constant c1:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

dµ2k − r2
∣∣∣∣∣∣ > r2

2

 ≤ 2 exp(−cKj) ≤
δj
4

Hence, we have Pr(V̄ > τ) ≤ δj
4 .

As ν0
b = c0

32 ,
ν20
τ ≥

1
64C′ , and Kj = c1 log

(
1
δj

)
, then for a large universal constant c1, we have the

following:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Wk

∣∣∣∣∣∣ > ν0

 ≤ Pr(V̄ > τ) + Term I ≤ δj
4

+
δj
4

=
δj
2
.

Hence, we have the following:

Pr(error under H0) ≤ Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Xk

∣∣∣∣∣∣ > a0

+ Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Wk

∣∣∣∣∣∣ > ν0

 ≤ 3

4
δj

We next compute the probability of error under the hypothesis H1 (r ≥ 2tj). Error under the hypothesis
H1 (r ≥ 2tj) means:

U(tj) ≤
3

2
t2j whereas E[U(tj)] = r2 ≥ 4t2j

This requires a downward deviation of at least:

E[U(tj)]− U(tj) ≥ ∆1 := r2 − 3

2
t2j ≥

5

8
r2

Recall:

U(tj)− r2 =

(
1

Kj

∑
k

dµ2k − r2
)

+
1

Kj

∑
k

(Zk − dµ2k)
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Let:
a1 :=

1

8
r2, ν1 :=

1

8
r2

Then the error under H1 satisfies:

{error under H1} ⊆

{∣∣∣∣∣ 1Kj

∑
k

dµ2k − r2
∣∣∣∣∣ > a1

}
∪

{∣∣∣∣∣ 1Kj

∑
k

(Zk − dµ2k)

∣∣∣∣∣ > ν1

}

Recall that Xk := dµ2k − r2 is sub-exponential with parameters

(V, b) =
(
Cr4, Cr2

)
for some absolute constant C. Now observe that

Hence, we have the following for some absolute constant c:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Xk

∣∣∣∣∣∣ > a1

 ≤ 2 exp

(
−cKj min

(
a21
r4
,
a1
r2

))

Note that:

min

{
a21
r4
,
a1
r2

}
= min

{
r4

64r4
,
r2

8r2

}
=

1

64

As Kj = c1 log
(

1
δj

)
, then for a large universal constant c1, we have the following:∣∣∣∣∣∣ 1Kj

Kj∑
k=1

dµ2k − r2
∣∣∣∣∣∣ ≤ a1 with probability ≥ 1− δj

4

Let Wk := Zk − dµ2k
Conditioning on µk, we have:

√
d · ȳk | µk ∼ N (

√
d · µk, σ2), with σ2 =

d

sj

Recall Wk | µk is sub-exponential with parameters:

V (µk) = 8

(
d2

s2j
+ µ2k ·

d2

sj

)
, b =

4d

sj

and therefore we had the following for some absolute constant c:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Wk

∣∣∣∣∣∣ > ν1

 ≤ Pr(V̄ > τ) + 2 exp

(
−cKj min

(
ν21
τ
,
ν1
b

))
︸ ︷︷ ︸

Term II

where

V̄ :=
1

Kj

Kj∑
k=1

V (µk), ν1 =
r2

8
, b =

4t2j
c0
≤ r2

c0
, τ := 8

(
d2

s2j
+

3dr2

2sj

)
≤ C ′r4
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for some absolute constant C ′.
Recall that Xk = dµ2k − r2 is sub-exponential with parameters (Cr4, Cr2). As Kj = c1 log

(
1
δj

)
, we

have the following for some absolute constant c and for a large universal constant c1:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

dµ2k − r2
∣∣∣∣∣∣ > r2

2

 . ≤ 2 exp(−cKj) ≤
δj
4

Hence, we have Pr(V̄ > τ) ≤ δj
4 .

As ν1
b ≥

c0
8 ,

ν21
τ ≥

1
64C′ , and Kj = c1 log

(
1
δj

)
, then for a large universal constant c1, we have the

following:

Pr

∣∣∣∣∣∣ 1Kj

Kj∑
k=1

Wk

∣∣∣∣∣∣ > ν1

 ≤ Pr(V̄ > τ) + Term II ≤ δj
4

+
δj
4

=
δj
2
.

Hence, we have:

Pr(error under H1) ≤
δj
2

+
δj
4

=
3

4
δj

We now establish the guarantees of our algorithm. We divide it into 4 cases.
Case 1: r ≤ ε: In this case, for j = 0, we have r ≤ tj which implies that the hypothesis H0 holds.

Which implies with probability at least 1− 3δ
16 , we return r0 = ε.

Case 2: ε < r <
√
d: In this case, for all j such that 2tj ≤ r, H1 always holds. Consider the index j∗

such that tj∗ ≤ r < 2tj∗ . If we return r0 = tj∗ , then r/2 < r0 ≤ r. If we instead proceed the index j∗ + 1,
then H0 holds and if we terminate and return r0 = tj∗+1 = 2tj∗ , then r < r0 ≤ 2r. Hence, with probability
at least 1−

∑∞
j=1 3δj/4 = 1− 3δ

8 , we return r/2 < r0 ≤ 2r.
Case 3:

√
d ≤ r < 4

√
d: In this case, for all j such that 2tj ≤ r, H1 always holds. If there exists

an index j∗ such that tj∗ < 2
√
d and tj∗ ≤ r < 2tj∗ and if we return r0 = tj∗ , then r/2 < r0 ≤ r. If

we instead proceed to the index j∗ + 1, then H0 holds and if we terminate and return r0 = tj∗+1 = 2tj∗ ,
then r < r0 ≤ 2r. Hence, in this scenario, with probability at least 1 −

∑∞
j=1 3δj/4 = 1 − 3δ

8 , we return
r/2 < r0 ≤ 2r.

On the other hand, if there is no index j∗ such that tj∗ < 2
√
d and tj∗ ≤ r < 2tj∗ , then H1 always holds

for all j such that 2jε < 2
√
d. This implies that with probability at least 1 −

∑∞
j=1 3δj/4 = 1 − 3δ

8 , we
return r0 ≥ 2

√
d.

Case 4: r ≥ 4
√
d: In this case, for all j such that 2jε < 2

√
d, H1 always holds. This implies that with

probability at least 1−
∑∞

j=1 3δj/4 = 1− 3δ
8 , we return r0 ≥ 2

√
d.

Now we establish the sample complexity of our algorithm. The sample complexity is upper bounded as

⌈log2(2
√
d/ε)⌉∑

j=0

sjtj ≤ O

 ∞∑
j=0

(d/ε)22−j log(2j+2/δ)

 = O
(
d log(1/δ)

ε2

)
.

D.3. Estimation in the Large-Norm Regime

Recall that observe
yt = ⟨xt, θ⟩+ ηt, t = 1, . . . , n,

where θ ∈ Rd and the noise variables are i.i.d. ηt ∼ N (0, 1). Let r := ∥θ∥2. In this section we assume the
“large norm” condition

r2 ≥ d. (11)
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Our goal is to construct an estimator r̂ such that, for suitable absolute constant C > 0,

n ≥ C
d

ε2
log

1

δ
and Pr

(
|r̂ − r| > ε

)
≤ δ

for all θ satisfying (11). We first describe out algorithm below.

Algorithm 3: Algorithm for Large-Norm Regime
Input : dimension d, sample size n

1 for t← 1 to n do
2 Draw a Rademacher unit vector xt =

(ε1,...,εd)√
d

where εi
iid∼ {±1}.

3 Observe yt from the model yt = ⟨xt, θ⟩+ ηt with ηt ∼ N (0, 1) i.i.d.
4 end
5 Form X ∈ Rn×d whose t-th row is x⊤t , and y ← (y1, . . . , yn)

⊤

6 if X⊤X is invertible then
7 θ̂ ← (X⊤X)−1X⊤y

8 Σ← (X⊤X)−1

9 end
10 else
11 r̂ ←

√
d

12 return r̂
13 end

14 r̂ ←
√
max{∥θ̂∥22 − tr(Σ), 0}

15 return r̂

We now start analysing our algorithm. Let us consider the case when X⊤X is invertible. We later show
that this holds with high probability. Recall that the least-squares estimator is defined as:

θ̂ := (X⊤X)−1X⊤y.

Define
Σ := (X⊤X)−1, ∆ := θ̂ − θ = ΣX⊤η.

Conditioning on X and using that η ∼ N (0, In), we have

∆ | X ∼ N (0,Σ). (12)

Conditioning on X and using (12), we get

E[∆ | X] = 0, E[∥∆∥22 | X] = tr(Σ).

We wish to estimate r2 = ∥θ∥22. We first have the following:

∥θ̂∥22 = ∥θ +∆∥22 = ∥θ∥22 + 2θ⊤∆+ ∥∆∥22 = r2 + 2θ⊤∆+ ∥∆∥22.

Define the debiased estimator
R̂ := ∥θ̂∥22 − tr(Σ). (13)

Then, we have
E[R̂ | X] = r2, E[R̂] = r2.
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Let
Z := R̂− r2 = 2θ⊤∆+

(
∥∆∥22 − tr(Σ)

)
. (14)

We will now derive a tail bound for Z conditional on X . Let g ∼ N (0, Id), and observe that ∆ is
distributionally equivalent to Σ1/2g. Then (14) becomes distributionally equivalent to

Z̃ = 2θ⊤Σ1/2g +
(
g⊤Σg − tr(Σ)

)
.

Define
L := 2θ⊤Σ1/2g, Q := g⊤Σg − tr(Σ),

so that
Z̃ = L+Q.

Conditioning on X , the random variable L is Gaussian with mean zero and variance

Var(L | X) = 4∥Σ1/2θ∥22 = 4θ⊤Σθ.

Therefore for any u > 0,

Pr
(
|L| ≥ u

∣∣X) ≤ 2 exp
(
− u2

8θ⊤Σθ

)
. (15)

We now bound the term Q. We use the Hanson–Wright inequality in the Gaussian case: if g ∼ N (0, Id)
and A ∈ Rd×d is symmetric, then there exists an absolute constant c0 > 0 such that for all u > 0,

Pr
(
|g⊤Ag − tr(A)| ≥ u

)
≤ 2 exp

(
−c0min

{
u2

∥A∥2F
,

u

∥A∥op

})
. (16)

Applying (16) with A = Σ, and using ∥Σ∥2F = tr(Σ2), we obtain

Pr
(
|Q| ≥ u

∣∣X) ≤ 2 exp

(
−c0min

{
u2

tr(Σ2)
,

u

∥Σ∥op

})
. (17)

For any t > 0,

{|Z̃| ≥ t} = {|L+Q| ≥ t} ⊆
{
|L| ≥ t

2

}
∪
{
|Q| ≥ t

2

}
,

hence, by the union bound and the distributional equivalence between Z̃ and Z, we get

Pr
(
|Z| ≥ t

∣∣X) ≤ Pr
(
|L| ≥ t

2

∣∣∣X)+ Pr
(
|Q| ≥ t

2

∣∣∣X). (18)

Using (15) with u = t/2, we get

Pr
(
|L| ≥ t

2

∣∣∣X) ≤ 2 exp
(
− (t/2)2

8θ⊤Σθ

)
= 2 exp

(
− t2

32θ⊤Σθ

)
.

Using (17) with u = t/2, we get

Pr
(
|Q| ≥ t

2

∣∣∣X) ≤ 2 exp

(
−c0min

{
t2

4 tr(Σ2)
,

t

2∥Σ∥op

})
.

Thus (18) implies

Pr
(
|Z| ≥ t

∣∣X) ≤ 2 exp
(
− t2

32θ⊤Σθ

)
+ 2 exp

(
−c0min

{
t2

4 tr(Σ2)
,

t

2∥Σ∥op

})
. (19)
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Define

A1 :=
t2

32θ⊤Σθ
, A2 := c0

t2

4 tr(Σ2)
, A3 := c0

t

2∥Σ∥op
.

Then (19) can be written as

Pr(|Z| ≥ t | X) ≤ 2e−A1 + 2e−min{A2,A3} ≤ 4e−min{A1,A2,A3}.

For any a, b > 0 we have

min

{
t2

a
,
t2

b

}
=

t2

max{a, b}
≥ t2

a+ b
.

Applying this with a = 32θ⊤Σθ and b = 4
c0
tr(Σ2), and absorbing constants, we obtain for some absolute

c > 0:

Pr(|Z| ≥ t | X) ≤ 4 exp

(
−cmin

{
t2

4θ⊤Σθ + 2 tr(Σ2)
,

t

∥Σ∥op

})
. (20)

Standard results on sub-Gaussian random matrices from the Section 4.7 of Vershynin (2018) gives the
following. Since E[xtx⊤t ] = Id/d and the rows are i.i.d. sub-Gaussian, there exists an absolute constant
C0 > 1 such that if

n ≥ C0

(
d+ log 2

δ

)
, (21)

then with probability at least 1− δ/2,

1

2d
Id ⪯

X⊤X

n
⪯ 2

d
Id. (22)

Multiplying (22) by n and inverting the inequalities yields

d

2n
Id ⪯ Σ ⪯ 2d

n
Id. (23)

From (23) we obtain, on this “good event” for X ,

∥Σ∥op = λmax(Σ) ≤
2d

n
, (24)

θ⊤Σθ ≤ ∥Σ∥op∥θ∥22 ≤
2d

n
r2, (25)

tr(Σ2) =

d∑
i=1

λ2i ≤ dλ2max ≤ d
(
2d

n

)2

=
4d3

n2
. (26)

We now use (25) and (26) in (20). On the good event for X ,

4θ⊤Σθ + 2 tr(Σ2) ≤ 4 · 2d
n
r2 + 2 · 4d

3

n2

=
8d

n
r2 +

8d3

n2
.

Using r2 ≥ d and n ≥ d, we have
d3

n2
≤ d2

n
≤ d

n
r2,

hence
8d3

n2
≤ 8

d

n
r2.
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Therefore
4θ⊤Σθ + 2 tr(Σ2) ≤ 8d

n
r2 + 8

d

n
r2 = 16

d

n
r2. (27)

Let us choose
t = εr.

On the good event,

min

{
t2

4θ⊤Σθ + 2 tr(Σ2)
,

t

∥Σ∥op

}
≥ ε2r2

16 d
nr

2
=
nε2

16d
.

Using (20) we obtain the following for some absolute constant c′ > 0:

Pr
(
|Z| ≥ εr | X

)
≤ 4 exp

(
−c′ nε

2

d

)
on the good event for X. (28)

If we choose
n ≥ C1

d

ε2
log

4

δ

for a sufficiently large absolute constant C1, then the right-hand side of (28) is at most δ/2. Combining
with (21) and the fact that the good event for X has probability at least 1− δ/2, we conclude that

Pr
(
|R̂− r2| ≥ εr

)
≤ δ. (29)

Recall that our estimator for r is
r̂ :=

√
max{R̂, 0}. (30)

On the event
|R̂− r2| ≤ εr

and assuming ε ≤ r/2 (which trivially holds for d ≥ 4), we have

R̂ ≥ r2 − εr ≥ r2 − r2

2 = r2

2 > 0,

so r̂ =
√
R̂, and therefore

|r̂ − r| =
∣∣√R̂−√r2∣∣ = |R̂− r2|√

R̂+ r
≤ |R̂− r

2|
r

≤ ε.

Hence {
|R̂− r2| ≤ εr

}
⊆
{
|r̂ − r| ≤ ε

}
.

Combining with (29), we obtain

Pr
(
|r̂ − r| > ε

)
≤ Pr

(
|R̂− r2| > εr

)
≤ δ.

Finally, we needed

n ≥ C0

(
d+ log 2

δ

)
and n ≥ C1

d

ε2
log

4

δ
,

so for some absolute constant C2 > 0,

n ≥ C2
d

ε2
log

1

δ
=⇒ Pr

(
|r̂ − ∥θ∥2| > ε

)
≤ δ

for all θ satisfying r2 ≥ d.
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D.4. Meta Algorithm for ℓ2-Norm Estimation

In section, we describe a meta algorithm that uses Algorithms 1, 2, and 3.

Algorithm 4: Meta-algorithm to estimate ∥θ∥22
Input : dimension d

1 Run the Algorithm 2 and receive the estimate r0
2 if r0 = ε then
3 r̂ ← r0
4 return r̂
5 end
6 if r0 ≥ 2

√
d then

7 Run the Algorithm 3 and receive the estimate r̂
8 return r̂
9 end

10 if ε < r0 < 2
√
d then

11 Run the Algorithm 1 and receive the estimate r̂
12 return r̂
13 end

Now we claim that Algorithm 4 takes O
(
d log(1/δ)

ε2

)
samples and returns an estimate r̂ such that with

probability at least 1− δ we have |r − r̂| ≤ ε, where r := ∥θ∥2.
First, consider the case where r ≤ ε. We showed in Appendix D.2 that with probability at least 1 − δ,

we have r0 = ε. Hence, probability at least 1− δ we have |r − r̂| ≤ ε.
Next, consider the case where ε < r <

√
d. We showed in Appendix D.2 that with probability at least

1 − δ/2, we have r/2 < r0 ≤ 2r and r0 < 2
√
d. Conditioned on this good event, if r0 = ε, we have

ε < r < 2ε and therefore |r̂ − r| ≤ ε. On the other hand, conditioned on this good event, if r0 > ε
Algorithm 1 is run and it returns r̂ such that probability at least 1− δ/2 we have |r − r̂| ≤ ε. Due to union
bound, we return r̂ such that with probability at least 1− δ we have |r − r̂| ≤ ε.

Next, consider the case where
√
d ≤ r < 4

√
d. Due to the analysis in Appendix D.2, with probability at

least 1− δ/2 we either run Algorithm 1 with an estimate r0 satisfying r/2 < r0 ≤ 2r or run the Algorithm
3. In either case, the algorithm being run returns r̂ such that probability at least 1− δ/2 we have |r− r̂| ≤ ε.
Due to union bound, we return r̂ such that with probability at least 1− δ we have |r − r̂| ≤ ε.

Finally, consider the case where r ≥ 4
√
d. Due to the analysis in Appendix D.2, with probability at

least 1 − δ/2 we have r0 ≥ 2
√
d. Hence, conditioned on this good event, Algorithm 3 is run and it returns

r̂ such that probability at least 1− δ/2 we have |r− r̂| ≤ ε. Due to union bound, we return r̂ such that with
probability at least 1− δ we have |r − r̂| ≤ ε.

The sample complexity guarantee follows as each algorithm run in the meta-algorithms takes
O
(
d log(1/δ)

ε2

)
samples.

Appendix E. Tail to Sub-Exponential Technical Lemma

Lemma 22 Assume U is mean-zero and for all t ≥ 0 and some absolute constant c > 0, we have:

Pr(|U | > t) ≤ 2 exp

(
−cmin

(
t2

V
,
t

b

))
.

Then there exists an absolute constant C > 0 such that U is sub-exponential with parameters(
C(V + b2), Cb

)
,
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i.e.

E
[
eλU
]
≤ exp

(
λ2C(V + b2)

2

)
for all |λ| ≤ 1

Cb
.

Proof First, observe that for all t ≥ 0, we have:

Pr(|U | > t) ≤ 2e−ct
2/V + 2e−ct/b. (31)

For any integer k ≥ 2,

E|U |k = k

∫ ∞

0
tk−1 Pr(|U | > t) dt,

so by (31), we have:

E|U |k ≤ 2k

∫ ∞

0
tk−1e−ct

2/V dt + 2k

∫ ∞

0
tk−1e−ct/b dt.

Using the definition of gamma function, we have the following:∫ ∞

0
tk−1e−ct

2/V dt =
1

2

(
V

c

)k/2
Γ

(
k

2

)
,

∫ ∞

0
tk−1e−ct/b dt =

(
b

c

)k
Γ(k).

Hence

E|U |k ≤ k
(
V

c

)k/2
Γ

(
k

2

)
+ 2k

(
b

c

)k
Γ(k). (32)

Using the properties of gamma function from Gubner (2021), we have the following for all x ≥ 1:

Γ(x) ≤ 3xx−
1
2 e−x. (33)

Apply (33) to x = k/2 ≥ 1 and x = k ≥ 2:

Γ(k/2) ≤ 3

(
k

2

) k
2
− 1

2

e−k/2, Γ(k) ≤ 3 kk−
1
2 e−k.

Plugging into (32) and taking k-th roots gives:

(E|U |k)1/k ≤

[
k

(
V

c

)k/2
Γ(k/2)

]1/k
+

[
2k

(
b

c

)k
Γ(k)

]1/k
≤ 2

√
V k

c
+ 2

bk

c
(34)

From (34) we also get, using (x+ y)k ≤ 2k−1(xk + yk),

E|U |k ≤ 2k−1
(
(2
√
V k/c)k + (2bk/c)k

)
(35)

Since EU = 0,

EeλU = 1 +
∑
k≥2

λkE[Uk]
k!

≤ 1 +
∑
k≥2

|λ|kE|U |k

k!
.
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Using (35), we get

EeλU ≤ 1 +
1

2

∑
k≥2

(4|λ|)k
(
(V/c)k/2kk/2 + (b/c)kkk

)
k!

= 1 + S1 + S2,

where

S1 :=
1

2

∑
k≥2

(
4|λ|

√
V/c

)k
kk/2

k!
, S2 :=

1

2

∑
k≥2

(
4|λ|b/c

)k
kk

k!
.

First, we bound the term 1 + S2. Use k! ≥ (k/e)k, so kk/k! ≤ ek. Then

S2 ≤
1

2

∑
k≥2

(
4e|λ|b/c

)k
.

If
|λ| ≤ c

8eb
, (36)

then r := 4e|λ|b/c ≤ 1/2, so

S2 ≤
1

2

∑
k≥2

rk =
1

2
· r2

1− r
≤ r2 ≤ 16e2

λ2b2

c2
.

Hence, using 1 + x ≤ ex, we get:

1 + S2 ≤ exp

(
16e2

λ2b2

c2

)
. (37)

Next, we bound the term 1 + S1. Let
a := 4|λ|

√
V/c.

For k ≥ 2, letting m = ⌊k/2⌋, we have:

k! ≥ m!

(
k

2

)k−m
.

This implies
kk/2

k!
≤ kk/2

m!(k/2)k−m
≤ 2⌈k/2⌉

m!
≤ 2k/2+1

m!
. (38)

Now we consider both case on k, one where k is odd and one where k is even:
• k = 2m with m ≥ 1: by (38), we have

a2m(2m)m

(2m)!
≤ a2m2m

m!
.

• k = 2m+ 1 with m ≥ 1: by (38), we have

a2m+1(2m+ 1)m+1/2

(2m+ 1)!
≤ a2m+12m+1

m!
.
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Therefore

S1 ≤
1

2

∑
m≥1

(2a2)m

m!
+ a

∑
m≥1

(2a2)m

m!
=
(
a+

1

2

)(
e2a

2 − 1
)
. (39)

Using the inequalities (x− 1
2)

2 + 1
4 ≥ 0 and ex ≥ 1 + x, we have the following:

a+
1

2
≤ 1 + a2 ≤ ea2 . (40)

Combining (39) and (40), we get:

S1 ≤ ea
2
(e2a

2 − 1) = e3a
2 − ea2 ≤ e3a2 − 1,

so

1 + S1 ≤ e3a
2
= exp

(
48
λ2V

c

)
. (41)

Since S1, S2 ≥ 0,

1 + S1 + S2 ≤ (1 + S1)(1 + S2).

Using (37) and (41), whenever (36) holds, we have

EeλU ≤ exp

(
48
λ2V

c

)
exp

(
16e2

λ2b2

c2

)
= exp

(
λ2

2

(96
c
V +

32e2

c2
b2
))

.

Define

b′ :=
8e

c
b, V ′ :=

96

c
V +

32e2

c2
b2.

Then (6) is exactly |λ| ≤ 1/b′, and we have shown

E
[
eλU
]
≤ exp

(
λ2V ′

2

)
for all |λ| ≤ 1

b′
.

So U is sub-exponential with parameters (V ′, b′).
Finally, if one desires a single constant multiplying both (V + b2) and b, one can take

C := max

{
96

c
,
32e2

c2
,
8e

c

}
,

so that V ′ ≤ C(V + b2) and b′ ≤ Cb. This gives exactly the stated form:

E
[
eλU
]
≤ exp

(
λ2C(V + b2)

2

)
for |λ| ≤ 1

Cb
.
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Appendix F. Gaussian Width Properties

For a design distribution λ over the set X , let

Σ(λ) := Ex∼λ[xx⊤], f(λ) := Eg∼N (0,Id)

[
sup
x∈X
⟨x,Σ(λ)−1/2g⟩

]
.

Equivalently, we have
f(λ) = Eg∼N (0,Id)

[
sup
x∈X
⟨Σ(λ)−1/2x, g⟩

]
.

Recall that w(X ) := infλ∈△X f(λ). Now we prove the following propositions.

Proposition 23 w(X ) ≤ d.

Proof
Let λG be a G-optimal design, that is a distribution that minimizes supx∈X x

⊤Σ(λ)−1x.

λG ∈ argmin
λ

sup
x∈X

x⊤Σ(λ)−1x.

For compact X with span(X ) = Rd, we have the following:

sup
x∈X

x⊤Σ(λG)
−1x ≤ d.

Equivalently,
sup
x∈X
∥Σ(λG)−1/2x∥2 ≤

√
d.

For any fixed g, we have the following:

sup
x∈X
⟨x,Σ(λG)−1/2g⟩ = sup

x∈X
⟨Σ(λG)−1/2x, g⟩ ≤

(
sup
x∈X
∥Σ(λG)−1/2x∥2

)
∥g∥2 ≤

√
d ∥g∥2.

Take expectation:

f(λG) ≤
√
d E∥g∥2 ≤

√
d
√

E∥g∥22 = d.

Therefore, we have the following:

w(X ) = inf
λ∈△X

f(λ) ≤ f(λG) ≤ d.

Proposition 24 For a finite set X with |X | = m, we have w(X ) ≤ O(
√
d logm).

Proof Define ux := Σ(λG)
−1/2x. Then ∥ux∥22 ≤ d for all x ∈ X .

If g ∼ N (0, Id), then for each x ∈ X , Zx := ⟨ux, g⟩ is Gaussian with variance ∥ux∥22 ≤ d, so for t ≥ 0,

Pr(Zx ≥ t) ≤ exp

(
− t

2

2d

)
.

Now by applying the union bound, we get the following:

Pr
(
max
x∈X

Zx ≥ t
)
≤ m exp

(
− t

2

2d

)
.
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Using the fact E[maxx∈X Zx] =
∫∞
0 Pr(maxx∈X Zx ≥ t) dt and choosing t0 =

√
2d logm, we get the

following:

E[max
x∈X

Zx] ≤ t0 +
∫ ∞

t0

me−t
2/(2d) dt ≤ t0 +m · d

t0
e−t

2
0/(2d) = t0 +

d

t0
≤ O(

√
d logm).

Therefore, we have the following:

w(X ) = inf
λ∈△X

f(λ) ≤ f(λG) ≤ O(
√
d log |X |).

Next, recall the definition of λ1,R, w(λ1,R,X ) for the finite set X in Appendix C.

Proposition 25 For a finite set X with |X | = m ≥ d, we have w(λ1,R,X ) ≤ O(
√
d log(m/d)).

Proof For simplicity of presentation, assume that m is a multiple of d. Fix an index i ∈ [d]. Define
ux := Σ(λG)

−1/2x. Then ∥ux∥22 ≤ d for all x ∈ X .
If g ∼ N (0, Id), then for each x ∈ X , Zx := ⟨ux, g⟩ is Gaussian with variance ∥ux∥22 ≤ d, so for t ≥ 0,

Pr(Zx ≥ t) ≤ exp

(
− t

2

2d

)
.

Now by applying the union bound, we get the following:

Pr
(
max
x∈Ri

Zx ≥ t
)
≤ (m/d) exp

(
− t

2

2d

)
.

Using the fact E[maxx∈Ri Zx] =
∫∞
0 Pr(maxx∈Ri Zx ≥ t) dt and choosing t0 =

√
2d log(m/d), we

get the following:

E[max
x∈Ri

Zx] ≤ t0 +
∫ ∞

t0

(m/d)e−t
2/(2d) dt ≤ t0 + (m/d) · d

t0
e−t

2
0/(2d) = t0 +

d

t0
≤ O(

√
d log(m/d)).

Therefore, we have the following:

w(λ1,R,X ) ≤ max
i∈[d]

E[max
x∈Ri

Zx] ≤ O(
√
d log(m/d)).

Proposition 26 w(X ) ≥ Ω(
√
d log d).

Proof Fix any λ with Σ := Σ(λ) ≻ 0. Define the set

T := {Σ−1/2x : x ∈ X} ⊂ Rd,

and define the Gaussian process Zt := ⟨g, t⟩ for g ∼ N (0, Id) over T . Then we have:

f(λ) = E
[
sup
t∈T

Zt

]
.

46



ON THE POWER OF ADAPTIVITY FOR ε-BEST ARM IDENTIFICATION IN LINEAR BANDITS

Let U := Σ−1/2X where X ∼ λ. Since E[XX⊤] = Σ,

E[UU⊤] = Σ−1/2 E[XX⊤] Σ−1/2 = Id.

Letm := ⌊d/2⌋ and r :=
√
d/2. We now claim that there exists t1, . . . , tm ∈ T such that ∥ti−tj∥2 ≥ r

for all i ̸= j.
We construct them greedily. First pick t1 arbitrarily. Now assume that t1, . . . , tk have been chosen

for some 1 ≤ k < m. Let Vk := span{t1, . . . , tk}, let Pk be the orthogonal projection onto Vk, and let
Qk := I − Pk be the orthogonal projection onto V ⊥

k . Then Qk is symmetric and idempotent (Q2
k = Qk).

Moreover, for an orthogonal projection, the trace equals the dimension of the subspace it projects onto. Note
that Qk projects onto V ⊥

k , which has dimension d− dim(Vk). Therefore

tr(Qk) = dim(V ⊥
k ) = d− dim(Vk) ≥ d− k,

since dim(Vk) ≤ k.
Since Qk is an orthogonal projection,

∥QkU∥22 = U⊤Q⊤
k QkU = U⊤Q2

kU = U⊤QkU.

Using tr(ab) = ab for scalars and cyclicity of trace, we have the following:

E∥QkU∥22 = E[U⊤QkU ] = E[tr(QkUU⊤)] = tr
(
QkE[UU⊤]

)
= tr(QkId) = tr(Qk) ≥ d− k.

Therefore there exists a point tk+1 ∈ T with

∥Qktk+1∥22 ≥ d− k.

For any i ≤ k, we have ti ∈ Vk, which implies Qkti = 0. As orthogonal projections cannot increase the
norm, we have the following:

∥tk+1 − ti∥2 ≥ ∥Qk(tk+1 − ti)∥2 = ∥Qktk+1∥2 ≥
√
d− k ≥

√
d/2 = r.

This completes the proof of our claim.
Let S := {t1, . . . , tm}. Recall that ∥ti − tj∥2 ≥ r for all i ̸= j. Now define Zi := ⟨g, ti⟩ where

g ∼ N (0, 1). Then (Zi)
m
i=1 is a centered Gaussian vector and for i ̸= j, we have:

E[(Zi − Zj)2] = ∥ti − tj∥22 ≥ r2.

Let ξ1, . . . , ξm be i.i.d. N (0, 1) and set Yi := (r/
√
2)ξi. Then for i ̸= j, we have:

E[(Yi − Yj)2] =
r2

2
E[(ξi − ξj)2] =

r2

2
· 2 = r2.

Due to Sudakov–Fernique inequality, we have the following:

E
[
sup
t∈T

Zt

]
≥ E

[
max
1≤i≤m

Zi

]
≥ E

[
max
1≤i≤m

Yi

]
=

r√
2
E
[
max
1≤i≤m

ξi

]
≥ Ω(

√
d log d).

This implies that w(X ) ≥ Ω(
√
d log d).

Proposition 27 When X is {−1,+1}d, {0,+1}d or a unit ℓ2-ball, we have w(X ) ≥ Ω(d). For m ≤ d/21,
we have w(X ) ≥ Ω(

√
md) when X is an m-set.

Proof Recall that in Section 2.1, we described an algorithm with an upper bound ofO
(
d log(1/δ)

ε2
+ w(X )2

ε2

)
.

When X is {−1,+1}d, {0,+1}d or a unit ℓ2-ball, our adaptive lower bound results in Table 1 imply that
w(X ) ≥ Ω(d). Similarly when X is an m-set, our adaptive lower bound results in Table 1 imply that
w(X ) ≥ Ω(

√
md) for m ≤ d/21.
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Appendix G. Gaussian Width Calculations for Multi-Task MAB

Recall that d =
∑m

j=1 dj . Consider the blocks Bj := {d1:j−1 + 1, . . . , d1:j}. Recall that the action set is

X :=
{
x ∈ {0, 1}d : ∀j ∈ [m],

∑
i∈Bj

xi = 1
}
.

Let r := d − m + 1. Since X is r-dimensional, it is contained in an r-dimensional linear subspace
span(X ) ⊆ Rd. Let U ∈ Rd×r be a matrix whose columns form an orthonormal basis of span(X ), that is
U⊤U = Ir and range(U) = span(X ). Define the coordinate representation of X in Rr by

Xr := {U⊤x : x ∈ X } ⊆ Rr.

Then the maps
x 7→ U⊤x and z 7→ Uz

are inverse to each other on X and Xr, respectively. In particular, for every x ∈ X ,

x = U(U⊤x),

so U⊤x is the unique coordinate vector of x w.r.t the orthonormal basis {U1, . . . , Ur} where Uj is the j-th
column of U .

We now construct one such matrix U . Define the vector µ ∈ Rd by setting, for each i ∈ {1, . . . , d},

µi :=
1

dj
where j is the unique index such that i ∈ Bj .

Then, we have:

S := ∥µ∥22 =
d∑
i=1

µ2i =
m∑
j=1

dj

(
1

dj

)2

=
m∑
j=1

1

dj
,

and we define the unit vector:
u0 :=

µ

∥µ∥2
=

µ√
S
.

We now define a matrix Hn ∈ Rn×(n−1). For n ≥ 2, define (Hn)r,k for ℓ ∈ [n], k ∈ [n− 1] by

(Hn)ℓ,k =


1√

k(k+1)
1 ≤ ℓ ≤ k,

− k√
k(k+1)

ℓ = k + 1,

0 ℓ ≥ k + 2.

Then, we have:

H⊤
n Hn = In−1, H⊤

n 1n = 0n−1, HnH
⊤
n = In −

1

n
1n1

⊤
n . (42)

Let sj := d1:j−1. We define the entries of the matrix Qj ∈ Rd×(dj−1) as:

(Qj)i,k =

{
(Hdj ) i−sj , k i ∈ Bj ,
0 i /∈ Bj ,

k ∈ [dj − 1]. (43)
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Now we define:

U :=
[
u0 Q1 · · · Qm

]
∈ Rd×r, r := 1 +

m∑
j=1

(dj − 1) = d−m+ 1.

As Qj , Qℓ have disjoint supports for j ̸= ℓ and due to Eq. (42), we get:

Q⊤
j Qj = H⊤

dj
Hdj = Idj−1, Q⊤

j Qℓ = 0 (j ̸= ℓ).

For any matrix A, let Ai,: denote the i-th row of the matrix A. Since u0 is constant on block Bj , we have:

u⊤0 Qj =
∑
i∈Bj

(u0)i(Qj)i,: =
1/dj√
S

dj∑
r=1

(Hdj )r,: =
1/dj√
S

1⊤djHdj = 0n−1.

Hence
U⊤U = Ir.

Next, we prove that range(U) = span(X ). Towards that, define

Rj :=
{
v ∈ Rd : supp(v) ⊆ Bj , 1⊤Bj

v = 0
}
.

where 1Bj is the indicator vector of the block Bj . From (42)–(43), we get:

range(Qj) = Rj .

Also µ ∈ span(X ) and ∀j, ∀k ∈ [dj ], esj+k − esj+1 ∈ span(X ), so Rj ⊆ span(X ) (since {esj+k −
esj+1}

dj
k=2 spans Rj). Thus

span(µ)⊕
( m⊕
j=1

Rj

)
⊆ span(X ).

where ⊕ means direct sum of vector spaces.
Conversely, for any x ∈ X , we have:

∀j ∈ [m] : 1⊤Bj
(x− µ) = 1− 1 = 0 ⇒ x− µ ∈

m⊕
j=1

Rj , ⇒ x ∈ span(µ)⊕
( m⊕
j=1

Rj

)
.

Hence

span(X ) = span(µ)⊕
( m⊕
j=1

Rj

)
= range(U), and indeed dim(span(X )) = r = d−m+ 1.

Now the gaussian width term w(X ) is defined using the coordinate representation of X in Rr as follows:

w(X ) := inf
λ∈△Xr

Egr∼N (0,Ir)

[
sup
x∈X
⟨U⊤x, A(λ;Xr)−1/2gr⟩

]
Fix a probability distribution λ on Xr such that, if Z ∼ λ and we map to X via

X := UZ ∈ X ⊆ Rd,

then the following holds: for each block Bk, exactly one coordinate index jk ∈ Bk is selected uniformly
at random, and the selections {jk}mk=1 are independent across blocks. In other words, viewed in Rd, X
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is distributed as a vector obtained by choosing one coordinate uniformly within each block, independently
across blocks. Now define:

Σr := Ex∼λ[xx⊤],

where Σr ∈ Rr×r. Now the Gaussian width of X is upper bounded as follows:

w(X ) ≤ w(Xr; Σr) := Egr∼N (0,Ir)

[
sup
x∈X
⟨U⊤x, Σ−1/2

r gr⟩
]

Observe that Σr := U⊤ΣU where Σ := Ex∼λ[Ux(Ux)⊤]. Due to the definition of λ, for i ∈ Bj , k ∈ Bℓ,
we have:

Σik =


1
dj
1{i = k} j = ℓ,

1
djdℓ

j ̸= ℓ.

Let v ∈ Rj (1⊤Bj
v = 0, support in Bj). For i ∈ Bj ,

(Σv)i =
∑
k∈Bj

1

dj
1{i = k}vk +

∑
ℓ̸=j

∑
k∈Bℓ

1

djdℓ
vk =

1

dj
vi + 0,

so Σv = 1
dj
v. Therefore

Q⊤
j ΣQj =

1

dj
Q⊤
j Qj =

1

dj
Idj−1, Q⊤

j ΣQℓ = 0 (j ̸= ℓ).

For i ∈ Bj ,

(Σµ)i =
∑
k∈Bj

1

dj
1{i = k} 1

dj
+
∑
ℓ̸=j

∑
k∈Bℓ

1

djdℓ

1

dℓ

=
1

d2j
+
∑
ℓ̸=j

1

djdℓ
=

1

dj

m∑
ℓ=1

1

dℓ
= S µi.

Thus Σµ = Sµ and, since ∥u0∥ = 1,

u⊤0 Σu0 = S, u⊤0 ΣQj = 0.

Hence, in the explicit basis U ,

Σr := U⊤ΣU = diag
(
S,

1

d1
Id1−1, . . . ,

1

dm
Idm−1

)
, Σ−1/2

r = diag
(
S−1/2,

√
d1 Id1−1, . . . ,

√
dm Idm−1

)
.

(44)

D) Gaussian Width in r = d−m+ 1 Dimensions and Evaluation

Let gr ∼ N (0, Ir), write gr = (g0, g
(1), . . . , g(m)) with g(j) ∼ N (0, Idj−1) independent. Recall that

w(X ) ≤ Egr∼N (0,Ir)

[
sup
x∈X
⟨U⊤x, Σ−1/2

r gr⟩
]
.

Also, we have

⟨u0, x⟩ =
⟨µ, x⟩√
S

=

∑m
j=1

1
dj√

S
=
√
S, ∀x ∈ X ,

50



ON THE POWER OF ADAPTIVITY FOR ε-BEST ARM IDENTIFICATION IN LINEAR BANDITS

so, from (44), we have

⟨U⊤x,Σ−1/2
r gr⟩ = S−1/2g0⟨u0, x⟩+

m∑
j=1

√
dj ⟨g(j), Q⊤

j x⟩

= g0 +

m∑
j=1

√
dj ⟨g(j), Q⊤

j x⟩.

Therefore

w(X ) ≤ E[g0] +
m∑
j=1

√
dj E

[
max
k∈[dj ]

⟨g(j), H⊤
dj
ek⟩
]
=

m∑
j=1

√
dj E

[
max
k∈[dj ]

⟨g(j), H⊤
dj
ek⟩
]
. (45)

Let h(j) := Hdjg
(j) ∈ Rdj . Then we have

⟨g(j), H⊤
dj
ek⟩ = e⊤kHdjg

(j) = (h(j))k,

and by (42),

h(j) ∼ N
(
0, HdjH

⊤
dj

)
= N

(
0, Idj −

1

dj
11⊤

)
.

If Z(j) ∼ N (0, Idj ) and Z̄(j) := 1
dj
1⊤Z(j), then(

Idj −
1

dj
11⊤

)
Z(j) = Z(j) − Z̄(j)1 ∼ N

(
0, Idj −

1

dj
11⊤

)
,

so
max
k≤dj

(h(j))k
d
= max

k≤dj

(
(Z(j))k − Z̄(j)

)
= max

k≤dj
(Z(j))k − Z̄(j).

Taking expectations and using E[Z̄(j)] = 0,

E
[
max
k≤dj

(h(j))k

]
= E

[
max
k≤dj

Zk

]
≤ O(

√
log di), Zk

iid∼ N (0, 1).

Thus, due to Eq. (45) and the calculations above, we have

w(X ) ≤ O

 m∑
j=1

√
dj log dj

 .

Appendix H. Lower Bounds for Structured Sets

First, in section H.1, we present the lower bound for the multi-task MAB problem. Next, in section H.1, we
present the lower bound for hypercubes. Finally, in section H.3, we present the lower bound for m-sets.

H.1. Lower Bound for Multi-task MAB

Recall that in the Multi-task MAB, the set of arms X is defined as follows:

X =

x ∈ {0, 1}d : ∀j ∈ [m]

d1:j∑
i=d1:j−1+1

x[i] = 1


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where di ≥ 2, d =
∑m

i=1 di, d1:j =
∑j

i=1 di and d1:0 = 0 for all j ∈ [m].
We first focus on the case when dj ≥ 100 for all j ∈ [m].
Let us fix one regret minimizing algorithm, say A and assume that A is deterministic given the reward

realizations. Let us assume that A terminates after taking T :=
(
∑m

i=1

√
di)

2

20000ε2
samples (if the algorithm

terminates before this, we can take additional dummy samples). Let x̂ ∈ X be the arm recommended by A
after sampling the arms x1, . . . ,xT and terminating.

Later in this section, we construct a set of input instances I. Each instance I ∈ I is associated with a
reward vector θI ∈ Rd such that the following hold:
• If A samples an arm x ∈ X , it observes ⟨x, θI⟩+ η where η ∼ N (0, 1).
• For all x ∈ X , we have ⟨x, θI⟩ ≥ 0.
• We have maxx∈X ⟨x, θI⟩ = 10ε.

Suppose we show that EI∼Unif(I)[⟨x̂, θI⟩] ≤ 7ε, where EI [·] is the expectation under the instance
I . Then by Yao’s lemma, we have for any randomized algorithm, the recommended arm x̂ satisfies
minI∈I EI [⟨x̂, θI⟩] ≤ 7ε. Then due to markov’s inequality, we have that with probability at least 0.1,
there exists an instance on which the randomized algorithm does not recommend an ε-best arm.

Now we focus on showing that EI∼Unif(I)[⟨x̂, θI⟩] ≤ 7ε. We begin with construction instances I with
their corresponding reward vector θI . These instances include both the set of all input instances and a set of
alternate instances that will be used to argue the performance of the algorithm A.

Let X̃ =
{
x ∈ {0, 1}d : ∀j ∈ [m]

∑d1:j
i=d1:j−1+1 x[i] ≤ 1

}
. First we describe an instance Ix̃, where

x̃ ∈ X̃ . In this instance, we define the associated reward vector θIx̃ as follows. For all j ∈ [m] and

i ∈ {d1:j−1 +1, . . . , d1:j}, we have θIx̃ [i] = 10εj · x̃[i] where εj =
ε·
√
dj∑

s∈[m]

√
ds

. Observe that for all x ∈ X ,

we have ⟨x, θIx̃⟩ ≥ 0. Also observe that maxx∈X ⟨x, θIx̃⟩ = 10ε if x̃ ∈ X .
Let r(j)x̃ := EIx̃ [

∑d1:j
i=d1:j−1+1 x̂[i] · θIx̃ [i]]. Observe that EIx̃ [⟨x̂, θIx̃⟩] =

∑m
j=1 r

(j)
x̃ .

Let I =
⋃

x∈X Ix. Fix an index j ∈ [m]. We now show that EIx′∼Unif(I)[
∑d1:j

i=d1:j−1+1 x̂[i] · θIx′ [i]] ≤
7εj . Let

X (j) :=

{
x ∈ {0, 1}d : ∀i ∈ [m] \ {j}

d1:i∑
s=d1:i−1+1

x[s] = 1,

d1:j∑
s=d1:j−1+1

x[s] = 0

}
.

For any x ∈ X (j), let x(i) be the vector in X such that x(i)[s] = x[s] for all s /∈ {d1:j−1 + 1, . . . , d1:j} and
x(i)[d1:j−1 + i] = 1.

Let us fix x ∈ X (j). Now we claim that there is a set Sx ⊆ [dj ] with at least dj/3 indices such that for
each i ∈ Sx, we have r(j)

x(i) ≤ εj .
Before we prove our claim, we first show that if our claim holds true, then we have that

EIx′∼Unif(I)[

d1:j∑
i=d1:j−1+1

x̂[i] · θIx′ [i]] ≤ 7εj .

Now we have the following:

EIx′∼Unif(I)[

d1:j∑
i=d1:j−1+1

x̂[i] · θIx′ [i]] =
1∏m

s=1 ds

∑
x∈X (j)

dj∑
i=1

r
(j)

x(i)

=
1∏m

s=1 ds

∑
x∈X (j)

∑
i∈Sx

r
(j)

x(i) +
∑

i∈[dj ]\Sx

r
(j)

x(i)


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≤ 1∏m
s=1 ds

∑
x∈X (j)

(
dj
3
· εj +

2dj
3
· 10εj

)
≤ 1∏m

s=1 ds

∑
x∈X (j)

7djεj

=
7εj∏m
s=1 ds

·
∏
s̸=j

ds · dj

= 7εj

Now we prove our claim. We use the adaptive KL chain rule (Lemma 12) in our analysis.
Let PI denote the probability law instances under an instance I . For an instance Ix(i) , let fi(ℓ1, . . . , ℓT )

denote the joint PDF for the tuple of reward values observed by A in each round under the probability law
PI

x(i)
. Observe that our sample space is Ω = RT . This is a valid sample space as A is deterministic and the

probability density function of the reward values in round t only depends on the reward values it observed
in the previous rounds. Similarly for the alternate instance Ix, let f0(ℓ1, . . . , ℓT ) denote the joint PDF for
the tuple of loss values observed by A in each round under the probability law PIx .

First observe that the instances Ix(i) and Ix only differ at index d1:j−1 + i. For each ω ∈ Ω, let
x1,ω,x2,ω, . . . ,xT,ω be the sequence of arms chosen by A on ω. Conditioning on a set of outcomes X1 =
ω1, X2 = ω2, . . . , Xt−1 = ωt−1, we have Xt ∼ N (µi, 1) for the instance Ix(i) and Xt ∼ N (µ0, 1) for the
instance Ix where µi − µ0 = 10εj · xt,ω[d1:j−1 + i]. Let Ti =

∑T
t=1 xt[d1:j−1 + i]. For each ω ∈ Ω, let

Ti,ω =
∑T

t=1 xt,ω[d1:j−1 + i]. Note that Ti is a random variable and Ti,ω is a fixed value. Let X−t denote
X1, . . . , Xt−1 and ω−t denote ω1, . . . , ωt−1. Now we have the following:

KL(f0, fi) =

∫
ω∈Ω

f0(ω)

(
KL(f0(X1), fi(X1)) +

T∑
t=2

KL(f0(Xt|X−t = ω−t), fi(Xt|X−t = ω−t))

)
dω

= 50ε2j

∫
ω∈Ω

f0(ω)
T∑
t=1

xt,ω[d1:j−1 + i] dω

= 50ε2j

∫
ω∈Ω

f0(ω)Ti,ω dω

= 50ε2j · EIx [Ti]

Now observe that
∑dj

i=1 EIx [Ti] = T . Hence, there exists a set S(1)x ⊆ [dj ] with at least 2dj/3 indices
such that for each i ∈ S(1)x , we have EIx [Ti] ≤ 3T

dj
. Similarly, there exists a set S(2)x ⊆ [dj ] with at least

2dj/3 indices such that for each i ∈ S(2)x , we have PIx [x̂[d1:j−1 + i] = 1] ≤ 3
dj

. Now we define Sx :=

S(1)x ∩S(2)x . Observe that |Sx| ≥ dj/3. Next for each i ∈ Sx, we have EIx [Ti] ≤ 3T
dj

and PIx [x̂[d1:j−1+ i] =

1] ≤ 3
dj

. Now for each i ∈ Sx, we have KL(f0, fi) ≤
150ε2jT

dj
= 3

400 .
Fix i ∈ Sx. Let Ai be the event that x̂[d1:j−1 + i] = 1. Now due to Pinsker’s inequality we have the

following:

PI
x(i)

(Ai) ≤ PIx(Ai) +
√
KL(f0, fi)

2

≤ 3

dj
+

√
3

800
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≤ 3

100
+

√
3

800
(as dj ≥ 100)

<
1

10

Hence, we have r(j)
x(i) <

1
10 · 10εj = εj .

Now, we conclude the proof by showing that EI∼Unif(I)[⟨x̂, θI⟩] ≤ 7ε:

EI∼Unif(I)[⟨x̂, θI⟩] =
m∑
j=1

EIx′∼Unif(I)[

d1:j∑
i=d1:j−1+1

x̂[i] · θIx′ [i]]

= 7
m∑
j=1

εj

= 7ε ·
∑m

j=1

√
dj∑m

s=1

√
ds

(as εj =
ε·
√
dj∑m

s=1

√
ds

)

= 7ε

H.1.1. dj < 100 CASE

For the simplicity of presentation let us focus on the case dj = 2. This analysis can be easily extended to
the other cases easily. For the case dj = 2, the construction of the hard instances remain exactly the same
as that of the dj ≥ 100 case. The analysis for this case only differs at the end. Consider an index i ∈ {1, 2}.
Observe that KL(f0, fi) ≤ 50ε2jT = 1

200 . Recall that Ai is the event that x̂[d1:j−1 + i] = 1. Now due to
Pinsker’s inequality we have the following:

PI
x(i)

(Ai) ≤ PIx(Ai) +
√
KL(f0, fi)

2
≤ PIx(Ai) +

1

20

Recall that r(j)x̃ := EIx̃ [
∑d1:j

i=d1:j−1+1 x̂[i] · θIx̃ [i]]. Now we have the following:

EIx′∼Unif(I)[

d1:j∑
i=d1:j−1+1

x̂[i] · θIx′ [i]] =
1∏m

s=1 ds

∑
x∈X (j)

2∑
i=1

r
(j)

x(i)

≤ 10εj∏m
s=1 ds

∑
x∈X (j)

(PIx(A1) + PIx(A2) + 0.1)

=
10εj∏m
s=1 ds

· 1.1
2
·
∏
s̸=j

ds · dj

= 5.5εj

H.2. Hypercubes

For the {0, 1}d hypercube, we consider the family of hard instances {Ix}x∈{0,1}d with corresponding reward
vectors {θx}x∈{0,1}d . For each x ∈ {0, 1}d, define θx ∈ Rd coordinate-wise by (θx)i = 1{xi = 1} · 10εd −
1{xi = 0} · 10εd . An analysis analogous to our dj = 2 argument for multi-task MAB yields a lower bound
of Ω(d2/ε2). The only minor difference is that, in the multi-task setting, we reasoned about the expected
value of ⟨x, θ⟩, whereas here one must instead work with the expected gap ⟨x, θ⟩ −minx∈{0,1}d⟨x, θ⟩.
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For the {−1,+1}d hypercube, we similarly consider the family of hard instances {Ix}x∈{−1,+1}d with
corresponding reward vectors {θx}x∈{−1,+1}d . For each x ∈ {−1,+1}d, define θx ∈ Rd coordinate-wise
by (θx)i = xi · 5εd . An analysis analogous to our dj = 2 argument for multi-task MAB again yields a
lower bound of Ω(d2/ε2). As above, the only difference is that the argument proceeds via the expected gap
⟨x, θ⟩ −minx∈{−1,+1}d⟨x, θ⟩ rather than expectation of ⟨x, θ⟩ itself.

H.3. m-Sets Lower Bound

Theorem 28 Let us denote the m-sets by

X = {x ∈ {0, 1}d : ∥x∥0 = m}.

In each round t = 1, . . . , T , the learner chooses xt ∈ X and observes

yt = ⟨xt, θ⟩+ ηt, ηt ∼ N (0, 1) i.i.d.

Suppose d−m+1 ≥ 20m. Then there exists a universal constant c > 0 such that for any (possibly adaptive
and randomized) algorithm, if

T ≤ c m(d−m+ 1)

ε2
,

then there exists an instance θ for which the algorithm fails to output an ε-optimal arm with probability at
least 2/9.

Proof We first describe the family of hard instances. For each S ⊂ [d] with |S| = m, define

θ
(S)
i =

{
∆ i ∈ S,
0 i /∈ S,

where ∆ :=
10ε

m
.

Let S be uniform over all m-sized subsets of [d] and the environment parameter be θ = θ(S). For any output
x̂ ∈ X , write Ŝ := supp(x̂) so |Ŝ| = m. Then

⟨x̂, θ(S)⟩ = ∆ |Ŝ ∩ S|.

The optimal value is maxx∈X ⟨x, θ(S)⟩ = ∆|S| = m∆ = 10ε. Thus on any instance, ε-success implies
⟨x̂, θ(S)⟩ ≥ 9ε.

By Yao’s lemma it suffices to fix an arbitrary deterministic algorithm and analyze its error under the
random draw of S.

Given S, let I be uniform on S (an auxiliary random variable), and defineB := S \{I} so |B| = m−1.
Conditioning on (S, Ŝ),

P(I ∈ Ŝ | S, Ŝ) = |Ŝ ∩ S|
|S|

=
|Ŝ ∩ S|
m

,

so by the tower rule
E[|Ŝ ∩ S|] = mP(I ∈ Ŝ). (46)

Therefore,
E[⟨x̂, θ(S)⟩] = ∆E[|Ŝ ∩ S|] = m∆P(I ∈ Ŝ) = 10ε · P(I ∈ Ŝ). (47)

So it is enough to show P(I ∈ Ŝ) ≤ 0.7, which would imply E[⟨x̂, θ(S)⟩] ≤ 7ε.
We now prove the following technical lemma.
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Lemma 29 (Equivalent sampling) The joint law of (B, I, S) defined above is the same as: (i) draw B
uniformly among all (m − 1)-subsets of [d], (ii) draw I uniformly from [d] \ B, (iii) set S = B ∪ {I}. In
particular, conditional on B, I ∼ Unif([d] \B).

Proof Fix b ⊂ [d] with |b| = m− 1 and i /∈ b. Under the original procedure,

P(B = b, I = i) = P(S = b ∪ {i}) · P(I = i | S = b ∪ {i}) = 1(
d
m

) · 1
m
.

Under the alternative procedure,

P(B = b, I = i) = P(B = b) · P(I = i|B = b) =
1(
d

m−1

) · 1

d−m+ 1
=

1(
d
m

) · 1
m
.

Hence, both sampling procedures have the same joint law.

Fix any B and define the alternative instance θ(B) by θ(B)
j = ∆ if j ∈ B and 0 otherwise. For each

i /∈ B, define

Ni :=
T∑
t=1

xt(i) and Ai := {i ∈ Ŝ}.

Because every played action has exactly m ones,

d∑
i=1

Ni = mT ⇒
∑
i/∈B

Eθ(B) [Ni] ≤ mT.

Because |Ŝ| = m always, ∑
i/∈B

Pθ(B)(Ai) ≤ m.

Let n := d −m + 1 = |[d] \ B|. Due to the above two inequalities, there exists a set GB ⊆ [d] \ B with
|GB| ≥ n/2 such that for all i ∈ GB ,

Eθ(B) [Ni] ≤
4mT

n
, Pθ(B)(Ai) ≤

4m

n
. (48)

Fix i ∈ GB . Compare θ(B) with θ(B∪{i}). They differ only in coordinate i by ∆.
Let PB and PB∪{i} be the probability law under θ(B) and θ(B∪{i}), respectively. For Gaussian noise

with variance 1, the one-step KL between N (µ, 1) and N (µ +∆, 1) equals ∆2/2. Using the adaptive KL
chain rule (Lemma 12) in the same way as we did the multi-task MAB, we get

KL(PB∥PB∪{i}) =
∆2

2
Eθ(B) [Ni] ≤

∆2

2
· 4mT

n
= 2∆2mT

n
, (49)

where we used (48). Pinsker’s inequality gives, for the event Ai,

Pθ(B∪{i})(Ai) ≤ Pθ(B)(Ai) +
√

1
2 KL(PB∥PB∪{i}).

Combining with (48) and (49),

Pθ(B∪{i})(i ∈ Ŝ) ≤
4m

n
+∆

√
mT

n
. (50)

56



ON THE POWER OF ADAPTIVITY FOR ε-BEST ARM IDENTIFICATION IN LINEAR BANDITS

Assume n ≥ 20m so that 4m/n ≤ 0.2. Also assume T ≤ 1
2500 ·

mn
ε2
. Since ∆ = 10ε/m, we have

∆

√
mT

n
=

10ε

m

√
mT

n
≤ 10ε

m

√
m

n
· 1

2500

mn

ε2
= 0.2.

Plugging into (50) yields, for every i ∈ GB ,

Pθ(B∪{i})(i ∈ Ŝ) ≤ 0.4. (51)

Due to Lemma 29, conditional on B, I is uniform on [d] \B, and if I = i then the instance is θ(B∪{i}).
Therefore, we have:

P(I ∈ Ŝ | B) =
1

n

∑
i∈[d]\B

Pθ(B∪{i})(i ∈ Ŝ). (52)

Split the sum into GB and its complement. As |GB| ≥ n/2, applying (51) for each i ∈ GB , and using the
trivial upper bound of 1 for i /∈ GB , we get:

P(I ∈ Ŝ | B) ≤ 1

n

(n
2
· 0.4 + n

2
· 1
)
= 0.7.

Averaging over B gives
P(I ∈ Ŝ) ≤ 0.7. (53)

From (47) and (53), we get:
E[⟨x̂, θ(S)⟩] ≤ 10ε · 0.7 = 7ε.

On the other hand, success implies ⟨x̂, θ(S)⟩ ≥ 9ε, and the value is always nonnegative, hence

E[⟨x̂, θ(S)⟩] ≥ 9ε · P(success).

Therefore P(success) ≤ 7/9, so P(fail) ≥ 2/9 under uniform distribution over the hard instances. By Yao’s
principle, there exists a fixed instance θ on which the algorithm fails with probability at least 2/9. This
proves the theorem with a suitable universal constant c (for instance c = 1/2500).

Appendix I. Unit Ball Lower Bound

Fix ε ∈ (0, 1], δ ∈ (0, 1) and an (ε, δ)-PAC algorithm. Let the algorithm run for T := H1 log(1/δ)+H2

ε2
rounds

and output x̂ ∈ X := Bd. Define the simple regret for any θ as

RT (θ) := max
x∈X
⟨x, θ⟩ − ⟨x̂, θ⟩ ≥ 0.

Observe that RT (θ) ≤ 2∥θ∥.
As the algorithm is (ε, δ)-PAC, we have P(RT (θ) > ε) ≤ δ. Hence, taking expectation, we have

E[RT (θ)] ≤ ε+ 2∥θ∥ · δ (54)

Consider a small enough ε such that T ≥ d2. Now due to Chen et al. (2024), there exists a θ ∈ Rd
such that ∥θ∥2 ≤ c0d/

√
T and E[RT (θ)] ≥ c1d/

√
T for some absolute constants c0, c1 ∈ (0, 1). Let us

consider now consider such a θ. If we choose δ = c1/4, we have ε ≥ c1d
2
√
T

due to (54). As H1 ≤ H2 and

T = H1 log(1/δ)+H2

ε2
, we have H2 ≥ c2d2 for some absolute constant c2 > 0.
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Let us also consider the case where stopping time τ is randomized as it will be used in the next section.
Due to Chen et al. (2024), there exists a θ ∈ Rd such that ∥θ∥2 ≤ c0d/

√
T and E[RT (θ)] ≥ c1d/

√
T for

some absolute constants c0, c1 ∈ (0, 1). Consider one such θ. Let assume that E[τ ] = T0 := H1 log(1/δ)+H2

ε2

with 0 < H1 ≤ H2. Let us consider T = 1
δ · T0. If the algorithm terminates before T rounds, we pad the

remaining rounds using dummy samples. Now we have the following due to Markov’s inequality:

E[RT (θ)] ≤ ε+ 2∥θ∥(P(τ > T ) + P(RT (θ) > ε, τ ≤ T )) ≤ ε+ 4δ · ∥θ∥

Hence, for small enough absolute constant δ, we have H2 ≥ c3 · d2 for an absolute constant c3.

Appendix J. Polynomial Separation Instance’s Non-Adaptive Lower Bound

Recall X =
⋃k
i=1Xi ⊆ Rkd, where for each i ∈ [k] we define the i-th block of coordinates as Bi :=

{(i− 1)d+ 1, . . . , id} and

Xi :=
{
x ∈ Rkd : supp(x) ⊆ Bi, ∥x∥2 ≤ 1

}
.

Consider any (possibly randomized) non-adaptive (ε, δ)-PAC algorithm that uses T = H1 log(1/δ)+H2

ε2
sam-

ples with 0 < H1 ≤ H2, and let τi :=
∑T

t=1 1{Xt ∈ Xi} denote the (random) number of samples allocated
to block i, so that

∑k
i=1 τi = T and hence there exists i⋆ ∈ [k] with Ti⋆ := E[τi⋆ ] ≤ T/k. Fix such an i⋆

and define a hard instance θ ∈ Rkd supported only on block Bi⋆ as follows: set θj = 0 for all j /∈ Bi⋆ , and
on the coordinates in Bi⋆ set (θj)j∈Bi⋆

= ϑ where ϑ ∈ Rd is chosen according to the unit-ball lower bound
from the previous section (Chen et al. (2024) together with the padding and Markov’s inequality argument),
so that for some absolute constants c0, c1 ∈ (0, 1) one has ∥ϑ∥2 ≤ c0 ·

√
δ · d/

√
Ti⋆ and any algorithm that

receives Ti⋆/δ informative samples on this block satisfies

c1 ·
√
δ · d/

√
Ti⋆ ≤ E[RTi⋆/δ(ϑ)] ≤ ε+ 4δ · ∥ϑ∥

For our chosen θ, any action x ∈ Xj with j ̸= i⋆ satisfies ⟨x, θ⟩ = 0, so samples taken outside block i⋆ are
uninformative; moreover, if the algorithm outputs x̂ ∈ Xj with j ̸= i⋆, then ⟨x̂, θ⟩ = 0, which is the same
value as outputting the zero vector on block i⋆. Therefore the (ε, δ)-PAC requirement for sufficiently small
absolute constant δ forces H2 ≥ c3 · kd2 for an absolute constant c3 > 0.

H1 ≥ Ω(kd) follows directly from Theorem 3.

58


	Introduction
	Notations
	Our Contributions and Techniques
	Related Works

	Results on the Power of Adaptivity
	Non-Adaptive Fixed Design Algorithm
	Lower Bound for Non-Adaptive Fixed Design Algorithms
	Properties of Gaussian Width
	Structured Sets X for Which Adaptivity Yields Only Logarithmic-Factor Improvements
	A Structured Set X for Which Adaptivity Yields a Polynomial-Factor Improvement

	An Algorithm for 2-Norm Estimation
	Conclusion and Future Works
	Technical Lemmas
	Non-Adaptive Fixed Design Bounds
	Technical Lemmas for Non-Adaptive Fixed-Design Algorithm
	Adaptive Lower Bound
	Gaussian Width Lower Bound
	Singular Case of the Gaussian Width Lower Bound

	Adaptive Version of Our Non-Adaptive Algorithm.
	2 Norm Estimation Algorithm
	Estimating with the Help of a Multiplicative Estimate r0
	Estimating r up to a Constant Factor
	Estimation in the Large-Norm Regime
	Meta Algorithm for 2-Norm Estimation

	Tail to Sub-Exponential Technical Lemma
	Gaussian Width Properties
	Gaussian Width Calculations for Multi-Task MAB
	Lower Bounds for Structured Sets
	Lower Bound for Multi-task MAB
	dj<100 Case

	Hypercubes
	m-Sets Lower Bound

	Unit Ball Lower Bound
	Polynomial Separation Instance's Non-Adaptive Lower Bound

