Proceedings of Machine Learning Research vol :1-30, 2026 39th Annual Conference on Learning Theory

Online Market Making and the Value of Observing the Order Book

Davide Maran DAVIDE.MARAN @ POLIMI.IT
Politecnico di Milano, Piazza Leonardo da Vinci, 32-36 - Citta Studi, Milano (MI)

Marcello Restelli MARCELLO.RESTELLI@ POLIMI.IT
Politecnico di Milano, Piazza Leonardo da Vinci, 32-36 - Citta Studi, Milano (MI)

Editors: Steve Hanneke and Tor Lattimore

Abstract

We study an online market-making problem in which a learner sequentially posts bid and ask prices
for a single asset while interacting with traders holding private valuations. Unlike existing online
learning formulations that assume fully censored feedback, we introduce an action-dependent feed-
back model inspired by real limit order books: when a trade occurs, the trader’s valuation remains
hidden, whereas when no trade occurs, informative feedback about supply and demand is revealed.
We show that this additional information fundamentally changes the learnability of the problem.
In the stochastic setting with i.i.d. market prices, we propose an elimination-based algorithm that
achieves O(\/T ) regret with high probability, without requiring any smoothness assumptions on
the distribution of trader valuations. We then extend this result to a broad class of mean-reverting
price processes by considering both local, autoregressive dynamics and a weaker global drift con-
dition based on cumulative deviations from the mean. Under either assumption, we establish high-
probability O(v/T) regret bounds, relying on a new concentration inequality of independent in-
terest. Finally, in the adversarial setting with oblivious prices, we design an explore-then-perturb
algorithm that guarantees @(Tz/ 3) regret in expectation. Our results quantify the value of observ-
ing the order book in online market making and demonstrate that even limited, action-dependent
feedback can substantially improve regret guarantees compared to standard bandit feedback mod-
els.

Keywords: Online learning; Bandits with partial feedback; Action-dependent feedback; Elimina-
tion algorithms; Mean-reverting processes

1. Introduction

Market making is the activity performed by intermediaries who provide liquidity to an asset by
simultaneously quoting buying prices (bid) and selling prices (ask). This function is essential for the
efficiency of financial markets, as it reduces transaction costs and facilitates the immediate matching
of supply and demand (Amihud and Mendelson, 1986). Without market makers, investors would
face wider spreads and increased price volatility (Glosten and Harris, 1988; Madhavan, 2000).

In the context of online learning, market making is framed as an iterative game between the
agent, “maker”, and a taker (which models the rest of the market). The agent decides sequentially
one bid/ask pair B, A;, without knowing the taker’s private valuation V; or the future market value
of the asset My, aiming to minimize regret relative to the best fixed strategy in hindsight. This per-
spective introduces a fundamental exploration-exploitation trade-off, where the agent must balance
learning the latent distribution of trader valuations with the goal of maximizing immediate profit.
Previous work in this domain (Cesa-Bianchi et al., 2024) focused on a restricted feedback model
where the agent only observes the market value M; and a binary indicator of whether a transaction
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occurred (i.e., V; < By or V; > A;). Under such limited information, only weak regret guarantees,
typically sublinear only under restrictive assumptions, can be achieved.

This feedback accurately reflects the fact that, whenever the agent makes a deal, it is not possible
to understand which was the true valuation V; of the taker. Nonetheless, we observe that, in the
opposite case, when no deal happens, it is fair to assume the V; is revealed to the learner. In fact,
this assumption aligns with the operational reality of modern electronic exchanges, where the Limit
Order Book (LOB) serves as a public ledger of intent. While a completed transaction only reveals
that a price was met, the absence of a trade at the maker’s spread allows the agent to observe the
surrounding “resting” limit orders, which explicitly represent the buy and sell valuations of other
market participants. Observing the book of limit orders is vital for every modern market maker. This
information is so valuable that industry leaders such as Jane Street, Citadel Securities, and Hudson
River Trading invest hundreds of millions of dollars annually in high-speed, ”Level 3”” market data
feeds to gain full visibility into these unexecuted orders. Global spending on financial market data
reached a record $44 billion in 2024 (Burton-Taylor International Consulting, 2025), reflecting the
industry’s consensus that observing the order book is not a luxury, but a fundamental requirement
for effective market making.

1.1. Original contribution

The main contribution of this paper is the introduction of a novel action-dependent feedback model
for online market making that closely reflects the information structure of real limit order books.
Unlike classical formulations, where feedback is either fully censored (bandit feedback) or fully
revealed (full feedback), we propose a feedback mechanism in which the information received by
the learner depends continuously on the chosen bid—ask spread. This feedback structure captures a
fundamental feature of real-world market making: information about demand and supply is revealed
precisely when liquidity is not consumed. From an Online Learning perspective, this setting gives
rise to a previously unexplored regime in which: (i) the feedback is partial and censored, (ii) the
type of feedback depends on the learner’s action, and (iii) informative feedback is obtained exactly
when the instantaneous reward is zero. To the best of our knowledge, this is the first formalization
of such a feedback structure in the field of Online Learning. Building on this model, we establish
regret guarantees in three progressively more challenging environments:

1. Stochastic prices. When the market price process is i.i.d. with unknown mean, we design an
algorithm that achieves O(+/T') regret with high probability.

2. Mean-reverting prices. We extend the stochastic analysis to a broad class of mean-reverting
price processes, significantly relaxing the i.i.d. assumption. Under a mild martingale-type
condition, we show that the same O(+/T) regret rate can still be achieved. This result is
based on a simple yet novel concentration inequality of independent interest.

3. Adversarial prices. When market prices are allowed to be an arbitrary oblivious sequence, we
. 2 . .
propose an explore-then-perturb algorithm that guarantees O(7'3 ) regret in expectation.

In contrast, lower bounds for the setting with bandit feedback (Cesa-Bianchi et al., 2024) show that
aregret of Q(Tg) in the stochastic case, and of Q(7') in the adversarial unless a Lipschitz condition
on the c.d.f. of V; is met. Our results quantify the value of observing the order book in online market
making and show that even a limited, action-dependent form of feedback can dramatically improve
theoretical guarantees.
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2. Setting

In this paper, we model the market-making problem as a discrete-time online learning interaction
between an agent (the “maker”) and a sequence of “takers”. Formally, the Online Market Making
setting is defined by two main components: first, a sequence of takers who, at each round ¢ =
1,...,T, hold a private valuation V; for a single unit of the underlying asset; second, a sequence of
market prices M, representing the asset’s objective value at the end of each round. At each round,
the market maker selects a pair of bid and ask prices (B, A;) from the available action space,
without prior knowledge of either V; or M;. Consequently, three scenarios may arise:

* Maker Buys: If V; < B, the taker sells the asset to the maker at price B;, resulting in a
reward of M; — By for the agent.

* No Trade: If B; < V; < A4, no transaction occurs, and the agent receives a reward of 0.

» Maker Sells: If V; > A;, the taker purchases the asset from the maker at price A;, yielding a
reward of A; — M, for the agent.

Importantly, in real markets, the agent does not interact with a single taker at a time, and no taker
is willing to buy or sell at the same V;. Focusing on a single private valuation V; per round is a
necessary simplification, somewhat close to the Glosten-Milgrom model (Das*, 2005; Touzo et al.,
2021), which serves as a powerful abstraction that captures the idea of ’best opportunity of the
market”. In mathematical terms, the reward function of the agent writes as

r(b,a;v,m) = 1(v < b)(m —b) + L(a < v)(a—m) (1)

for v = V; and m = M. The following assumptions, introduced by Cesa-Bianchi et al. (2024), will
be always considered:

Assumption 1 (Bounded price) At any time step Vi, M, € [0, 1].

Assumption 2 (Stochastic evaluation) The evaluations Vi are sampled from a probability distri-
bution with c.d.f. F : [0,1] — [0, 1] independently at any time step. By convenience, we always call
S(z) :=1— F(x) the corresponding survival function.

From Assumption 1, it follows that the agent has no need to choose any pair (b, a) outside of the
following set U := {b,a : 0 < b < a < 1}. The former thus defines the agent’s action space. We
do not yet need explicit assumptions on M;. Different results apply when M; is stochastic, i.i.d.,
and independent of V; (stochastic case) versus when it is an arbitrary sequence, as shown by Cesa-
Bianchi et al. (2024). Our main novelty relative to that paper is the following order book access”
assumption.

Assumption 3 (Order book access) At the end of the round, if the agent observes

Vi, My, otherwise only M.

In other words, information arrives exactly when reward does not. The former assumption reflects
a real problem of market makers: if V; falls outside of (B, A¢), the deal occurs at one of the
extrema, and the agent has no possibility to infer the value at which the taker was willing to buy or
sell; if V; falls within the spread, its value becomes observable through the clearing of limit orders,
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allowing the agent to capture the transaction price resulting from the interaction between other
market participants. From an Online Learning perspective, this feedback structure is particularly
noteworthy. Specifically, it yields full feedback when V; € (B, A;) and bandit feedback otherwise.
Given that the agent receives zero reward whenever V; falls within this interval, such a hybrid
feedback mechanism significantly complicates the exploration-exploitation trade-off. The agent’s
goal is to minimize regret, measured w.r.t. the optimal bid-ask choice in hindsight. Calling

Ji(a,b) := F(b)(My — b) + S(a)(a — M), 2)

Assumption 2 allows us to write the regret as follows

Rr= sup E > r(ba,Vi, M) —r(Bi, Ay, Vi, M) 3)
ba€l0,1) Ve |
T
= sup Ji(b,a) — J¢(By, Ay). 4)
b,a€l0,1] ;5

Given the particular structure of J; in Equation (2), the supremum of the sum which appears in
Equation (3) may be written in closed form as

1< 1 &

sup —= » Ji(b,a)= sup (ur —>b)F(b)+ (a — ur)S(a), pr == M;. (5)
b,ac0,1] ; ' b,ac[0,1] T tz:; !

As already noted, the former definition says nothing about the sequence M;. In the following
section, we are going to explore the theoretical guarantees that correspond to some assumptions on
the market price. The following sections consider different scenarios in order of generality. First,
the case of a sequence of independent random variables (section 3), then a generalization which
introduces different forms of temporal correlation which formalize the concept of mean reversion
(section 4) and, finally, the one when M is an arbitrary sequence which cannot adapt to the choices
of the agent (section 5).

3. Stochastic Independent Market Prices

We begin by examining the case where M, is an independent stochastic process. In this section, we
assume the market price follows an independent process with unknown mean p.

Assumption 4 (Stochastic independent market price) The evaluations M, are an independent
sequence with mean (1.

Under Assumption 4, the environment is fully stochastic. In this setting, the most natural approach
is to estimate p with a sample mean estimator fi; and plan the bid-ask spreads in order to be a
near-maximizer of a surrogate reward function which takes the form F (b)(7i; — b) + S(a)(a — fiy).

Dealing with the estimator for the mean is the easy part. Indeed, by a relatively standard version
of Azuma-Hoeffding’s inequality that we show in appendix B, with probability at least 1 — ¢,

Vi<t<T ﬂt_MS\/W' ©6)
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Since the sample mean converges quickly to the true mean, in this setting there is essentially no
difference between measuring the regret Equation (5) with respect to y or ji7. In similar stochastic
settings, one therefore often uses the following notion of regret (pseudo-regret) as the objective.

Rp=T- b su[l(:))l] J(b,a) =Y J(Bi, Ay)  J(b,a) =F(®)(—b)+S(a)(a—p). (7)
a€l0, t=1

In the stochastic setting, pseudo-regret is close to the regret with high probability, as formalized
in Proposition 6. The other ingredient to perform this step is an estimator F' for the c.d.f. of V;.
Define the empirical c.d.f. as follows:

~ L1V, <
Ft(l’) — ZT:I i = (L‘) (8)

By the Glivenko-Cantelli theorem (see Chapter 19 in (Van der Vaart, 2000)), this estimator is known
to converge to I’ uniformly. Unfortunately, in our interaction F} cannot always be built, as the agent
is only aware of clip(V;; By, A¢) at any step ¢, by Assumption 3. When playing a spread A; — B, that
is too narrow, the agent gathers no information to improve this estimate. On the other hand, when
the agent receives information, i.e., By < V; < Ay, no trade occurs; therefore, the agent receives no
reward. To address these two problems, we will propose an algorithm that is both elimination-based,
to ensure that the c.d.f. of all active prices is estimated at each time step, and optimistic, to ensure
that the optimal pair a, b is not discarded with high probability.

3.1. Algorithm

The learner faces a tension between narrowing the spread to gain reward and widening it to gain
information. OPSR (algorithm 1) resolves this by shrinking the action set only when confidence
intervals certify suboptimality, while always playing the most conservative surviving quotes. This
algorithm keeps in memory the value of the e.c.d.f. for all "interesting” prices, which need to be in
a discrete set. Therefore, define the following uniform quantization

n
= :n:O,l,...,[ﬁ}}.
(v
At any time-step, our algorithm is going to choose a pair B;, A; € A and we will call A; :=

AU[By, A;]. While the agent cannot always access the value V;, which is formally required to build
eq. (8), the observation is sufficient to build this surrogate

Bt V;g < Bt
v =Ly, B<Vi<A4,  xi(x) =1V <uz).
A, 4001 V> A,

If z € [By, Ay, then {thip < z} corresponds to {V; < x}, whichever the value of V; (in fact, the
choice of 0.01 is arbitrary, any positive number would work for for purposes). Taking any price x
that belongs to the whole sequence of spreads, the following proposition holds.
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Proposition 1 Foranyt € [T],z € (._, A, ﬁt(ac) = %Zizl X~ (x) and, for any § > 0,

P <E|t €T], Iwe () A |Fi(z) - F(z) > W) < 4.

=1

The former proposition shows that the estimated c.d.f. concentrates nicely, almost as fast as i
for x € ﬂizl A.. Outside of this set, the estimation of ft gets more difficult, if not impossi-
ble. Therefore, the idea of our algorithm is to let the sets .4; be monotonically decreasing, so that
ﬂizl A; = A;. In this way, the agent is guaranteed to have all the information available for all
“interesting” prices at any time step. Once x ¢ A; at one time step, meaning x < B; or z > A,
there is no chance this price is played again. This idea is the same as elimination-based algorithms
(Even-Dar et al., 2006). Eliminating an arm is risky and may lead the agent to pay linear regret.
Therefore, we define the following optimistic/pessimistic estimators for the c.d.f.

~

F{?(z) = min{ F}®, (), Fy(2)+¢(t,0)},  F*(2) = max{F}*(2), Fy(x) — ¢(t,8)} (9)

3log(31/6
u(t,8) = | BB (10)
where ﬁ(;lp(:p) := 1 and ﬁ(lf’w (x) := 0. When dealing with asks instead of bids, it is more nat-
ural to talk about the survival function than the cumulative distribution. Indeed, to get its op-
timistic/pessimistic estimators, one just needs to define 5’\1'3 P(z) = 1 — F°Y(x) and @f’w(:p) =
1 — E;P(x). The same can be done for 1, exploiting eq. (6),
i = min{f? e+ ¢t 0)) ™ = max{ iy, i - (¢, 6)) (n
log(3log(T)/6
O(t,6) = \/g( s(/0) (12)

where ﬁgp =1, ﬁlé’w := 0. The algorithm presented in algorithm 1 leverages all available estimators
to eliminate sub-optimal bid-ask pairs until it converges to a quasi-optimal solution. Its scheme
alternates between optimistic and pessimistic estimates for each element in 4;_1. At the beginning
of each round, optimistic estimates for (z — u)F(x) and (u — x)S(z) are computed in lines 6 and
7, respectively. Subsequently, pessimistic estimates are calculated for every element in A;_1 (line
8 and line 9), from which the respective maxima I'};; and I, are derived. Finally, the spread
is narrowed in lines 13 and 14 by increasing B; until an element satisfying Opiq(x) > D'y is
encountered, with A; being decreased analogously. This last step is crucial: even if heavily sub-
optimal bid-ask pairs remain within .4;, they do not increase the regret, as the played values are
always the extreme points of the interval.

This structure allows OPSR to have a regret guarantee under our assumptions. First, we show
that these guarantees hold outside the following failure event. Define

T
E=J { U IF(@@) - F(z)| > w(tﬁ)} U{|fie — p| > ¢(t,0)}. (13)

t=1 \acA;

This event corresponds to the fact that at least one of our confidence bounds in Equation (9) and
Equation (12) fails. As already proved in Equation (6) and Proposition 1, P(E) does not exceed 20.
The following theorem shows that, as long as E does not hold, the regret is under control.
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Algorithm 1: Optimistic/Pessimistic Successive Rejects (OPSR)

Data: Time horizon 7.

Set Bg 0,49 + 1

fort=1,...T do

Play (Bt—la At—l)

Update Equation (9) and Equation (12)

for v € A;_1 do
Obia(z) « (A —2) " (x)
Ousk(z) < (z — t") S (2)
Dhia(x) < (A — ) FjoY ()

Tu(2) + (2 — A7)0 (@)

end

Ty ¢ maxged, , Doia()

Fask < MmaXge A, 4 Lask ()

B, <~ min{a € A;_1 : Opia(a) > i}
Ap + max{a € Ar—1 : Oa(a) > Iy}

end

Theorem 2 Under Assumptions I and 3. Under E° (the failure event in Equation (13)), the pseudo-
regret suffered by Algorithm 1 is bounded by Rt < T + 2+ 4 Zz:ll (t,9) + ¢(t,0) which, for
¢, Y as in Equations (12) and (9), writes as

Ry < \/A8T log(3T/8) + © ( Tlog(log(T))) :

Building on the previous result, we derive an upper bound on the regret by bounding the failure
probability and the gap between the regret and the pseudo-regret. By Theorem 2, Proposition 1, and
Proposition 6, for Algorithm 1 we have, with probability at least 1 — 9,

Ry < /48T Tog(9T/3) + O ( Tlog(log(T))) .

This result mirrors several bounds for stochastic bandits Lattimore and Szepesvari (2020). In-
terestingly, while continuous bandits with an action space in the interval [0, 1]? suffer a regret of
O(T?3/*) under Lipschitz reward assumptions Kleinberg (2004), or O(v/T) under much stronger
assumptions Bubeck et al. (2011); Liu et al. (2021), our algorithm achieves (5(\/T) regret without
requiring any smoothness assumptions on the cumulative distribution function.

Computational complexity In the domain of market making, latency is a critical bottleneck
for any algorithmic framework. The high-frequency nature of modern markets necessitates near-
instantaneous decision-making, as liquidity opportunities often vanish within a few milliseconds.
Consequently, there is significant interest in designing algorithms that simultaneously provide ro-
bust no-regret guarantees and maintain low per-step computational complexity. Our proposed algo-
rithm 1 involves updating the estimates ﬁt(x) for all x € Ay, followed by extracting the maxima
I, and T, . These operations entail a per-step complexity of O(].A|) = O(v/T). Notably, despite
the bivariate nature of the optimization problem, we avoid O(].4]?) complexity due to the additive
separability of the reward function with respect to bid and ask prices.
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To improve computational efficiency without affecting the regret bound, we introduce the LAZY-
OPSR algorithm (Algorithm 3, detailed in the Appendix). This variant stores V; and updates ﬁt only
at time steps ¢ that are powers of two. For most iterations, the per-step complexity is O(1). In the
remaining O(log T') iterations, F, is reconstructed from all past data in O(T + |A|) = O(T') using
prefix sums. Thus, the amortized per-step complexity is O(log T').

4. Stochastic Prices with Temporal Correlation

In the former section, we covered the stochastic independent case. The proof of the regret bound
relies on the definition of a failure event and ensures small regret whenever that event is not verified.
By its definition (see Equation (13)), whenever one can ensure that the event

T
Ut —ul > 6.0 ole.) = 20 (1)
t=1

does not happen, Theorem 2 ensures small (pseudo) regret. Assuming that M; forms an independent
sequence is a good way to say that the event in Equation (14) has low probability, but there do exist
many other processes with this quality. For example, let

M; = Unif(0, 1), My =1— M,. (15)
This sequence is not independent. Nonetheless, their sample mean i is always either 1/2, for
t = 2n or ]\2{111{1, for t = 2n + 1. In both cases, |1 — p| < 1/t, a rate that is even faster than

the i.i.d. case. Stochastic processes of this nature, characterized by a negative correlation between
the current value and its preceding deviations from the long-term equilibrium, informally defined
as mean-reverting processes. These models are of paramount importance in the field of quantitative
finance, as a vast array of algorithmic trading strategies is predicated on mean-reverting assumptions
about asset price dynamics. We formalize this phenomenon with two assumptions: one based on the
Ornstein-Uhlenbeck process, capturing short-term mean reversion, and another with a martingale
viewpoint, capturing mean reversion relative to the process’s entire history.

Assumption 5 (Local mean reversion) For some arbitrary initial conditions {M;})___ C [0, 1],
the market price evolves according to the following AR(k) process:

k-1

Vt e N Mt+1 = ZVTMt—T + (1 - ’Y)"?t+17
7=0

where 1,11 is a random variable with support in [0, 1] and such that B[n+1|F:] = . {7+ ]j;(l) are

non-negative real numbers such that Zf;é Y=y <1

For k = 1, the former assumption covers the discrete Ornstein-Uhlenbeck process (Grimmett and
Stirzaker, 2020), which is often used to model mean reversion. In that case, assumption 5 may be
written as AM; 1 = (1 — ) (41 — My), with E[ney1|Fe] = p.

Assumption 6 (Global mean reversion) There is some constant i, such that, given X; := My —
and Sy = Zizl X, one has, for everyt <T

E[Xt41]F] - S¢ <0.
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Assumptions 5 and 6 represent two possible formalizations of the mean-reverting mechanism;
indeed, analogous definitions have been established in the literature (see, e.g., (Vasicek, 1977;
Bouchaud and Potters, 2003)). While the scope of the two assumptions differs slightly, they both
capture interesting scenarios. If the market prices are independent as in the previous section, As-
sumption 5 holds for k£ = 1, = 0 and Assumption 6 is satisfied with y = E[M;] as E[ X1 |F] =
0. On the other side, only Assumption 6 covers the sequence of random variables in Equation (15).
In both cases, we can prove concentration inequalities that allow to generalize the independent case.

Theorem 3 Under Assumption 1 and one between Assumptions 5 and 6.
The event Uthl {|ﬁt — p| > o(t, 5)} has a probability not larger then §, where the specific form of
¢ depends on the assumption.

1. Under Assumption 5, ¢(t,6) := log(itT/a) + ?ﬁi};z

2. Under Assumption 6, (t, ) := w_

In the second case, the proof follows by a novel martingale argument of independent interest, The-
orem 7. To our knowledge, this is the first concentration result that exploits global mean-reversion
expressed through cumulative deviations rather than mixing or spectral assumptions. The formed
value of ¢ is worse than ¢ that we used in section 3, by only logarithmic factors (log log T’ becomes
log T'). After Theorem 3, nothing more needs to be proved to show the bound on the pseudo-regret.
Indeed, Theorem 2, which does not assume any specific form for ¢, can be applied for the two
values of ¢ <— ¢ in Theorem 3 giving, under E°,

T-1
Rr < VT +24+4) (t,6) + é(t,0)
t=1

/36 - Tlog(3T/6) + % + O(VT) under Assumption 5

<

/526 - Tlog(3T/5) + O(VT) under Assumption 6

At this point, Theorem 3 shows that P(E) < 24, so the former result is a valid high-probability
pseudo-regret bound. Interestingly, with respect to the analogous result in the stochastic case, there
is only some constant change, not the regret order, even when comparing the logarithmic terms.

To pass from the former result to an upper bound for the regret Ry is not trivial. In fact,
Proposition 6, which bounds the discrepancy between R and Rp is only valid in the stochastic
setting. For this reason, we have to slightly modify Algorithm 1, by performing action eliminations
only at times-steps ¢ such that t = 2P for some p € N. After employing this technique, sometimes
called the doubling trick (Besson and Kaufmann, 2018), we refer to the algorithm as LAZYOPSR.
For a detailed implementation of this algorithm, see the Appendix A.

Theorem 4 Under Assumptions 1, 2, 3 and one between 5 and 6, the regret suffered by LAZYOPSR
is bounded, with probability at least 1 — 9, by

/2007 - Tlog(6T/6) + % + O(T) under Assumption 5

Rr <

/20783 - T'log(67/5) + O(VT) under Assumption 6
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Algorithm 2: Explore Then Perturb (ETP)
Data: Time horizon 7', number of exploratory rounds k.
By + 0, Ag+ 1
fort=1,...xdo
‘ Play (Bt—la At—l) By + 0, At +—1
end

Compute F with Equation (8)
5() 1= F()
it <0
Sample € ~ Unif(0, 7~1/2)
fort=x+1,...T do

Play (B;_1, At—1)

(t—ﬁ—l)ﬁt,1+]\/[t
t—K

B + argmaxbeAﬁ(b)(ﬁt +e-0b)
Ay argmax, 4S(a)(a+ ¢ — fiy)
end

Ly

The motivation for employing a scheme such as LAZYOPSR in this setting stems from the partially
adversarial nature of the environment. Given that Assumption 6 is considerably weaker than the
standard i.i.d. assumption on the sequence {Mt}le, it is prudent to restrict the algorithm to a
limited number of action switches, specifically O(log T') in our case. This ”lazy” update schedule
serves as a regularization mechanism, preventing the agent’s choice from correlating with M, in an
unpredictable way. Despite this doubling mechanism, which slows down learning, the regret is only
a constant worse than the stochastic case (note v/20783 ~ 144 while v/48 ~ 7).

5. Adversarial Market Values

After discussing the stochastic case and its generalization, in this section, we focus on the case where
no assumption is put on M;, which is allowed to be any sequence of values in [0, 1]. This regime
introduces significantly greater challenges: under such agnostic conditions, the historical realization
of the sequence {M; };>1 provides no predictive information regarding its future evolution. Conse-
quently, the empirical mean price [i;, which exhibited relative stationarity in the stochastic setting,
may now undergo substantial fluctuations throughout the learning process. This volatility necessi-
tates continuous exploration across the entire bid-ask action space, precluding any strategy aimed at
a monotonic narrowing of the spread.

Our strategy, Algorithm 2, is to split the two problems, the first being the partial feedback,
which allows to estimate F'(z) only for = € [By, A;], and the other being that 7i; is not guaranteed
to converge to any specific value. To begin with, Algorithm 2 utilizes the first x iterations with
the environment to estimate the function F (x) across the entire interval, maintaining B; = 0 and
Ay = 1 during this phase. Selecting bid and ask prices at the boundaries of the interval causes the
regret to grow rapidly; however, it is the only way to ensure a uniformly good estimate of F'. This
initial phase, which continues until line 6, is essentially based on the principles of the EXPLORE-
THEN-COMMIT algorithm (Garivier et al., 2016). The subsequent part of the algorithm no longer

10
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attempts to improve the estimate F'; instead, it focuses entirely on minimizing the regret. The frame-
work we draw inspiration from is the FOLLOW-THE-PERTURBED-LEADER algorithm (Kalai and
Vempala, 2005), the core idea of which is to inject random noise to perturb the cumulative reward
function, thereby stabilizing the optimizer’s decisions. This is implemented in line algorithm 2,
where the noise ¢ is sampled from the distribution Unif(0,7~'/2). The utility of this seemingly
counterintuitive choice lies in the need to prevent the sequence of chosen {By, A;} from being
excessively volatile. In non-convex contexts such as ours, a minimal variation in the cumulative
reward function (which, in our case, is essentially F'(b)(7i; — b) + S(a)(a — Ji¢)) can cause abrupt
shifts in its maximizer. The inclusion of noise allows us to prove that, on average, this instability
remains bounded for any sequence of market prices { M, }; that cannot adapt to .

Interestingly, the noise applied here differs from the usual implementations of FTPL. Here,
instead of adding the noise to >_"_, r,(b, a), where 7, is the reward relative to any pair b, a at step
t, the noise is added to fi;. This choice is suited to the particular structure of our problem, and we
do not know if a more standard implementation of FTPL could achieve a similar regret bound.

Theorem 5 Under Assumptions 1, 2 and 3 and let { M}, be any unkown oblivious sequence.
For k = {log(BT)éTﬂ, the regret suffered by Algorithm 2 is bounded, in expectation, by

E[R7] < 5log(T)3T5 + O (ﬁ log(T)> .

Theorem 5 shows that ETP is capable of doing a sublinear regret in the adversarial case. With
respect to the previous results for the stochastic case, this performance guarantee has two drawbacks.
First, the bound scales roughly with 7%/3, which is worse than v/7. Second, the guarantees only
hold in expectation, not with high probability. This fact is a consequence of the use of ¢: for
unfortunate choices, the regret distribution could in principle have heavy tails. Lastly, note that
the regret bound holds for any sequence {1, }; that is oblivious, meaning that its values must not
depend on the sampled €. An assumption of this form is often called oblivious adversary, and is
standard in the literature. Generalizing to a sequence that can adapt to the agent’s actions may be
even more difficult.

6. Related Work

Online market making has been extensively studied in financial economics and market microstruc-
ture, with classical models such as Glosten—Milgrom capturing the interaction between market mak-
ers and traders with private information (Das*, 2005; Touzo et al., 2021). Cesa-Bianchi et al. (2024)
recently introduced a regret-minimization framework for market making under fully censored (ban-
dit) feedback, where the learner only observes whether a trade occurred. They show that under such
feedback, sublinear regret is achievable only under restrictive smoothness assumptions on the dis-
tribution of trader valuations, and that regret lower bounds are significantly worse in more general
settings. Notably, the extension of their framework to richer feedback models is explicitly identified
as an important direction for future work. A summary of the best-known regret guarantees for online
market making under different feedback models and assumptions on the price process is reported in
Table 1.

The feedback structure studied in this paper concerns bandit problems with partial or censored
observations. In most existing work, however, the censoring mechanism is exogenous and indepen-
dent of the learner’s action. Action-dependent feedback has been studied in other online learning

11
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Table 1: Comparison of regret guarantees for online market making under different feedback mod-
els. The mixed feedback model captures order-book observability when no trade occurs.

Price dynamics Stochastic Mean-Reverting Adversarial
Bandit feedback (Cesa-Bianchi et al., 2024) T3 N/A T3+
Mixed (Assumption 3, This paper) T2 T2 T3

* assumes that the c.d.f. in Assumption 2 is Lipschitz continuous

settings, such as feedback graphs, in which selecting an action reveals losses for neighboring ac-
tions. In contrast, our model exhibits a continuous and asymmetric form of action-dependent feed-
back: the informativeness of the observation depends on the chosen bid—ask spread, and informative
feedback is obtained precisely in rounds where the instantaneous reward is zero. To the best of our
knowledge, this specific feedback structure has not been previously analyzed.

From a bandit perspective, our problem is a continuous-action bandit with a two-dimensional
action space. Classical continuum-armed bandits typically need Lipschitz or smoothness assump-
tions on the reward to achieve @(\/T ) regret; weaker assumptions give slower rates (Kleinberg,
2004; Bubeck et al., 2011; Liu et al., 2021). In contrast, we obtain @(ﬁ) regret in stochastic
and mean-reverting settings without smoothness assumptions, instead leveraging richer, action-
dependent feedback. Mean-reverting price dynamics are central in quantitative finance and are
commonly modeled by autoregressive or Ornstein—Uhlenbeck processes (Vasicek, 1977; Bouchaud
and Potters, 2003). We adopt a learning-oriented perspective, imposing both local autoregressive
dynamics and a weaker global mean-reverting drift condition based on cumulative deviations from
the mean. This abstraction relaxes the classical i.i.d. assumption while remaining compatible with
standard mean-reverting models, and yields high-probability regret guarantees in settings not cov-
ered by existing online market-making analyses.

Relation with Partial Monitoring An interesting connection of this work lies within the frame-
work of online learning with partial monitoring (Cesa-Bianchi et al., 2006; Bartok et al., 2011;
Lattimore and Szepesvdri, 2019). In standard partial monitoring games, the feedback received by
the agent is decoupled from the reward, creating a delicate trade-off between exploitation and infor-
mation acquisition. In our market-making formulation, this structure manifests in a specific manner:
our feedback allows the learner to see the exact private valuation of the trader whenever an order
remains unexecuted. While the setting could resemble the “easy” class presented in the classic par-
tial monitoring literature (Lattimore and Szepesvari, 2019), where a regret of @(\/T ) is achievable,
the key distinction is that here we consider a continuous set of arms without any global smoothness
assumption. In the finite outcome and action settings characterized by Lattimore and Szepesvari
(2019), “easy” games rely on strict geometric observability conditions to reconstruct unobserved
losses. In contrast, by moving to an infinite action space standard partial monitoring techniques
would need to employ discretization techniques, which typically lead to a @(Tz/ 3) regret bound.
From this perspective, our main result for the stochastic case may be seen as a way to show that
the agent can play good arms while ensuring to always have full feedback for the candidate optimal
arm, effectively bypassing the exploration-exploitation dilemma.

12
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7. Conclusions

Motivated by a key feature of real limit order books, private valuations are revealed precisely when
no trade occurs, we design a novel action-dependent feedback structure for Online Learning. Under
this feedback, we prove substantially improved regret guarantees over standard bandit assumptions.
In the stochastic independent setting, OPSR Algorithm 1 attains regret /7" log(7") (Theorem 2).
A minor modification that slows the update (LAZYOPSR) yields the same bound in a more gen-
eral mean-reverting price setting. Finally, (ETP) Algorithm 2, combining an explore-then-commit
scheme with the FTPL approach, achieves regret TS log(T)% in the adversarial case.

Future works While this work focuses on a stylized market-making model, we view it as a foun-
dational step toward understanding how information structure affects learnability in online market-
making. In particular, our analysis isolates the role of action-dependent feedback by deliberately ab-
stracting away additional sources of complexity. A natural next direction is to incorporate inventory
constraints, which play a central role in practical market making. Extending the proposed frame-
work to settings in which the learner must control bid and ask quotes while maintaining a balanced
inventory would allow one to study the interaction between risk management and action-dependent
feedback, and to quantify the additional learning cost induced by inventory control. Another key
extension concerns the symmetry of the trading mechanism. The current model summarizes inter-
action with the market through a single private valuation and a reference price, enabling a clean
analysis of feedback. A more realistic approach would model buy and sell pressure separately,
matching bids and asks to distinct order streams and rewarding the market maker through the real-
ized spread.
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Appendix A. LAZYOPSR

In this section, we present LAZYOPSR, which is a modification of our main algorithm OPSR (see
Algorithm 1) with a lazy update and a doubling-trick schedule. The rest of the structure follows
exactly the same logic, so it does not need any particular comment.
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Algorithm 3: LAZYOPSR
Data: Time horizon 7.
1 Set By < 0,49 + 1
2p+0
3fort=1,...T do

4 | Play (By—1, Ai—1)

5 Update Equation (9) and Equation (12)

6 if t = 2? then

7 for r € A;_1 do

8 Opia(z) + (™ — )ﬁup(x)

9 Ousk(7) = (z = Ai{P)SP ()

10 Fbld(x) . ( ~low )FIOW((IZ)

1 Lok () < (z — 7iy7) SI¥ ()

12 end

13 Ifg ¢ maxgeq, Cpia(x)

14 PZsk < MmaxXge A, ; Fask(x)

15 By <~ min{a € A;—1 : Opig(a) > I}t
16 Ay <~ max{a € Ai—1 : Ou(a) > FZsk}
17 p—p+1
18 end
19 end

Appendix B. Proofs from Section 3

We start proving Equation (6).
Proof )M, is an independent process bounded in [0, 1] by Assumption 1. Therefore, Theorem 9.2 by
Lattimore and Szepesvari (2020), for any € > 0 ensures that, for any n,

¢
22
P<3t<n, E MT—tu>5><exp<—€>.
n

T=1

Fixing 0 > 0 and calling ¢ = /nlog(1/0)/2 gives

<E|t<n ZM oty > n10g£1/5)>§5.

Making a union bound for n = 2,4,8...2 [log(T)] gives

t Mog()]
P (at <T, S M- tu> \/ 2 st/ ‘”) < 6log(T)].

=1

At this point, we note that 2[log(t)] < 2t, so the former writes as

P <3t <T, Y M, —ipz \/m) < 6[log(7)1,

T=1
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which, by definition of the sample mean, corresponds to

P <3t <T, [—p> log(tl/6)> < d[log(T)]
Flipping the sign proves that also
P (Elt <T, pw—jy> log(tl/5)> < d[log(T)].
and then § < §/(2[log(T")]) ends the proof. [ |

Proposition 1 Foranyt € [T),x € (._, A, Fy(z) = %Zizl X~ (x) and, for any § > 0,

P <3t eT), we (A |Rx) - F(a) > W) <5
T=1

Proof Let us fix 2 € ()._, A,. Then, by Equation (8)

t
~ (V. <z
Ft(l’) — 2771 ( )
_ th=1 ]l(VTCIip <)
N t
1 t
= t;XT(x)'

The second equality for the follows because x € ﬂi:l A;, so
1. If V. < B, then VTCHP = B,, so thp < x always holds.
2. If B, <V, < A, then VS = V.
3. IV, > A, then VS > A_and VP < & never holds.

At this point, by Assumptions 1 and 2, E(m) is the sample mean of a sequence of i.i.d. random
variables bounded in [0, 1]. Thus, Hoeffding’s inequality ensures that, with probability at most 1 — ¢

log(2/9)

Fi(w) - Flo) < | 2012,

To obtain a uniform bound, we use a union bound. Indeed, ._, A, C A, with |A] < VT + 1.
Therefore, at the same time for every ¢, x € ﬂizl A, with probability at least 1 — §,

|Ey(z) — F(z)] < \/log(2T<ﬁ+ 1)/8) _ [3log(3T/9)
N 2t - 4t )

which completes the proof. |
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Proposition 6 Under Assumptions 1, 2 and 4, for any choice Bi, Ay as a F;—1 measurable se-
quence, with probability at least 1 — 0

|Rr — Rr| < /8T log(4/0).

Proof By definition of regret and Equations (3) and (),

T

RT = Sup Z Jt(b, CL) — Jt(Bt, At)
bac0,1] s

T

Z (Bi, Ay).

=T | sup (a7 —b)F(b) + (a —pur)S

b,a€(0,1]

To bound the discrepancy with R;, we are going to compare the two parts with the corresponding
parts of Equation (7). First, by Hoeffding’s inequality, with probability at least 1 — 9,

T | sup (ur—0b)F(b) + (a —pr)S(a)

b,a€(0,1]

—T- sup J(b,a)
b,a€(0,1]

<T| sup (ur—p)F )+ (1 —Er)S(a)

b,a€(0,1]

log(2/3)
< oT|fir — p| < 2T Og / — /2T 10g(2/9).

Let us focus on the second one.

T
Z Ji(By, Ay) — Z J(Bt, Ay) = Z F(B)(My — p) + S(Ae) (1 — My)
=1

Thanks to Assumption 4, M; is sampled at each time step independently from the past. Therefore,
as By, A; form a F;_1 measurable sequence, the previous sum is a martingale, whose increments
are bounded by
max |F(b)(m — 1) + S(a)(u — m)| < 2.
b,a,me[0,1]
Therefore, another application of the Azuma-Hoeffding’s inequality gives, with probability at least
1—-90

T T
D By, A) =Y J (B, Ay) < /2T log(2/9).
t=1 t=1
The union of the former two events completes the proof. |

Theorem 2 Under Assumptions I and 3. Under E° (the failure event in Equation (13)), the pseudo-
regret suffered by Algorithm 1 is bounded by Ry < VT +2+4 ZZ;I W(t,0) + ¢(t, d) which, for
¢, Y as in Equations (12) and (9), writes as

Ry < \/A8T log(3T/8) + © ( Tlog(log(T))) :
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Proof As our algorithm works on the discrete set A4, it is necessary to reduce the supremum over
the continuous interval to a maximum over A. Let b, a such that

J(b,a) > sup J(b,a)—T7 L
b,a€(0,1]

The existence of such a pair follows by definition of supremum. Now, let
b* ;= min{z € A:z > b}, a* :=max{r € A:z <a}.

By definition of A, b* — b<T Y2anda— a* < T /2. Then,

where the first inequality comes from the fact that /'(x) is non-decreasing and S () is non-increasing,

and the second by the bound on the differences b* — b, @ — a*. This entails that
T sup J(b,a)>T-Jb* a*)>T- sup J(b,a)—2VT —1.
b,acA b,a€0,1]

This fact allows us to focus on the regret w.r.t. the optimum within A. As A is a finite set, there
exists

b*,a* € argmax J(b,a).
b,ac A

We still name them in this way, with a small overload of notation. Under our assumptions, Lemma 2
ensures that b*, a* are in 4, at any step ¢t. The following inequality holds by design of the algorithm

(A1 — ") 8P (Ar41) = Ouski(Ary1)
> 1_‘ask,t(a*)

= (a* — ") (a”). (16)
Where the inequality comes from the fact that a* € 4;. In a symmetric way, one also has
(™ = By FyP(Biy) = (™ = 0 F™ () (17)
At the same time, by definition of F, one also has
(A1 = ") S (Arr) = (Arpr — ) S(Ar) < $(t,0) + 6(t, 6)

(a* — p)S(a*) — (a* — ARSI (a*) < (¢, 8) + ¢(t, 8),

and analogous equation holding for the bids. Replacing these results in equations (17) and (16)
gives
(k= )F (%) = (b — Big1) F(Big1) < 2¢0(t,6) + 29(¢,6), (18)

(a* — WS(@*) — (A — WS (Aesr) < 20(t,8) + 26(1,6). (19)
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Putting together all previous passages gives

Rp=T- sup J(b,a) ZJBt,At
b,a€(0,1]

J(b*,a*) — J(By, A) + VT + 1

M’ﬂ

1

-+
I

M’ﬂ

(1 = B41)F(Biy1) — (A1 — 1) S(Agy1)
t=1

T-1
<f+2+241/;t5 ) 4 4¢(t, 6).

The last sums can be upper-bounded in an explicit way:

T-1 T-1
S 0(t,0) 3log 3T/ 318GT/0) /2T 1oa(3T/0),
t=1

t=1
and T—1 T—1
NOESS J s8N < /T osE108(T)/0).
t=1 t=1
This completes the proof. |

Lemma 1 (Elimination scheme monotonicity) Foreveryt =1,...T—1wehavel ., <TI7 ;.
and I, < T

task — ~ t+1,ask

Proof We prove I'f;; < I'}| 4> as the other part is analogous. By definition,

Ftbld = mjx (:U’}tow - x)ﬁtlow(x)~
t—1

Call z* the arm realizing this maximum. As z* had the highest lower bound at ¢, it is still active at
t+1,

Dpia > (A — ) FS (27)
~] * *
> (™ — ") F (@) = T,
where the second inequality comes from the monotonic structure of eq. (9) and eq. (12). |

Lemma 2 Under Assumptions 1, 2, 3, and 4. Let

b*,a* € argmax J(b,a).
b,ac A

Under E€, the failure event in Equation (13), the optimal arms b*,a* € ﬂthl A; while running
Algorithm 1.
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Proof We prove that for any time step ¢, A; > a*. The proof for the optimal bid is equivalent to
reversing the signs. This completes the statement: as b* < p < a*, proving that, at any time-step ¢,
Ay > a* and b* > B, implies that both are always in A;.

By design of algorithm 1, a necessary condition to eliminate a* is that at some ¢ there is a < a*
such that

@ask(a*) < Ft,ask = I‘ask(a)-

We first note that for this condition to occur, it is necessary that a > ﬁ;’ P Indeed, if this condition
is not satisfied, applying lemma 1 gives

0= F0,ask < Ft,ask = Fask(a) < 0.

We can therefore continue the proof assuming a — fi;" to be positive.
The condition O, (a*) < Tysk(a) wites as

(@~ A8 (") < (0 — ") ()

By definition of event E and :S’\;lp, :S\l’tow we have Sﬂtow (a) < S(a) < §5p(a) and p < ;7. Tt follows
that

(a— PS5 (a) < (a — AP)S(a) (20)
= (a—p)S(a) + (n — ;") S(a) @21
< (a* = p)S(a*) + (p — 13;")S(a) (22)
< (a* = p)S(a*) + (p — 11;")S(a*) (23)
= (a" — )8 (a") (24)
< (a* = 7i,") 5" (). (25)

Passage (22) comes from the optimality of «*, while (23) from the fact that a < a*, s0 S(a*) < S(a)
and p — [i;" is negative. [ |

Appendix C. Proofs from Section 4

Theorem 7 Let X,, for n € N be a stochastic process bounded in [—o /2,0 /2] (for some o > 0),
and Sy, := Y | X; such that for any n

E[Xnt1|Fn] - Sn < 0. (26)

Ifno? > 2, with probability at least 1 — 6,

|Sn| < v/2no?log(2n/4).

Proof For any A € R, the following inequalities hold

Elexp(ASi11)|Fi] = Elexp(AS; + AE[Xiy1|Fi] + M Xiv1 — E[Xi1]F]))|Fi]
= Elexp(AS; + AE[Xit1|Fi])|F]
- Elexp(M(Xit1 — E[Xi41|F]))[Fi]

o2

< exp(AS;) exp(AE[X 41| Fil)e 2
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The last steps follow from the fact that X; 1 — E[X;+1|F;] is zero-mean, independent from the past
(by definition of conditional expectation), and bounded in [—o, ], so also 0 —sub-Gaussian.
By definition,

exp(AS;) exp(AE[Xi1|Fi]) = (1{Si < 0} + 1{S; > 0}) exp(AS;) exp(AE[Xiy1|Fi])-

Using Equation (26) it follows that only one between .S; and X1 can be positive. Therefore,
the first term is

]l{SZ S 0} exp(/\Si) exp(/\ E[Xz—&—l‘fz]) S ]l{SZ S 0} exp(/\ E[Xz—&—l‘fz])
On the other side,
]l{Sz > 0} exp(/\SZ-) eXp()\E[Xi+1|fiD < ]l{Sz > O} exp()\Si).

Together, the two inequalities imply

2,2
Elexp(ASi+1)|Fi] < e max{exp(AS;),exp(A)}

2,2

< et (exp(ASp) + exp(N)) .

Which, by induction, means

n—1

n/\202 A mA202 nA202 A
Elexp(ASp)] <e 2 +e Z e 2 <ne 2z +ne.
m=0
Letus A = t/no?, so that
nA2o2 2t _ ¢ t—t2
e 2 — e 2no? eA(lit) — e no?

and Markov’s inequality:

n 2027 m 2(72
P(S, > t) < exp(—M) Elexp(ASy)] < e™ 7 + 3 o5 (1)
m=0

nA202_2xt _
e 2 + nmax{, e*179}

IN

_ 2 =2
S ne 2no2 —|— ne no?
t>2 2

< 2ne” 202,

Fixing t = /2no?log(2n/4), the former passages show that

_ 2no? log(n/§)

P (Sn > +/2nc? log(n/5)) < 2ne o2 = 4.

Changing the sign X; — —X; in the whole proof shows the bound the other way round and com-
pletes the proof (note that eq. (26) does not change) |
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Theorem 3 Under Assumption 1 and one between Assumptions 5 and 6.
The event UtT:1 {Ifit — p| > ¢(t,8)} has a probability not larger then 6, where the specific form of
& depends on the assumption.

10g(2T/6) 4+ kD)

1. Under Assumption 5, (t,6) = Gt

2. Under Assumption 6, ¢(t,0) \/m

Proof We prove the two parts separately. -
(Part 1) By superposition of the effects, we can write M; = M, + M,, where, calling ¢; :=
m — M,

k—1

]\ZH Z%Mt r — 7)€t41 My = Z%Mt—T + (1 —7)p.
=0

By convention, we assume My = 0 for ¢ < 0, moving the initial conditions to the deterministic
part.
The stochastic part satisfies the following equations

no__ n—1k—1
= ZMt = Z Z’Yth 7' — Y)€tt1
t=1 t=0 7=0
k—1n—1 N
= (1 - 7)£n + Z Z ’}/TMth
7=0 t=0

k—1
= (1 - 7)571 + ZfYTSn—l—TJ
7=0

where
n

En 1= Zet

t=1

We can prove by induction that, for any ¢ < n, S, is \/n/2—subgaussian. For S; the result holds
trivially as €; € [0, 1]. For general t + 1 < n, denoting || - ||, the Orclidz norm, we have

k-1

1S 1llys < (1= Dl€erillpn + D rllSe—rlls
7=0

< (1= D(VIF1/2) +7max|S, v,
<A =N(WVE+1/2) +y(VEF+1/2) = Vi +1/2.

As the Orclidz norm corresponds to the sug-Gaussian parameter, this shows that, at any time-step ¢,

~ t
Vi e N Sy is \2[—sub—Gaussian. 27
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A similar decomposition holds for the deterministic part

n
= ZM
t=1

1k—
Z M+ (1—7)u
k—1n-1

= (L=ynu+ > > M,

7=0 t=0
1_ WH'Z% n17+ZM

This time, we want to prove by induction that

gM'

Yipt+k)
=0

St —tu| <
gl

Indeed,

k-1

Sepr— (t+ Dl < |1 =E+Dp+ D v | S T+ZM — (t+ p
7=0 q=1

k-1

= (1=t +Dp+Y 72— (t+ 1
7=0

where .
ZT:Stfr"i'ZM*(p ZTE[(t_T)M_Ca(t_T)M+C+T]a
q=1

since, by induction, |S;—; — (t — 7)u| < C'and 0 < 2521 M_, < 7. For this reason,

k—1
Yt =k)p—C) <D v Z: <yltp+k+C).
7=0
Taking the two extrema, we have
k—1
A=NE+Dp+ Y yZe =+ Dp< A=)+ Dp+y(tu+k+C)
7=0
-+ 1p
=7k +C —p).
and
k—1
Q=N+ D+ Y %Ze —(t+ D> 1=t + Dp+y((t —k)u—C)
7=0
-+ 1u
= —y(p+Ek+C).
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Replacing C' = W{‘f?k), gives the same quantity. As p < 1, this proves that

_ k1
VteN |St—tu|§’Y(1_+). (28)

It is now possible to recollect the previous formulas to give an upper bound to the discrepancy
between p and fi;. From eq. (27), it follows that, w.p. at least 1 — ¢,

S - log(2T'/6)

Vi<t<T < .
t 4t

From eq. (28), we get that, with the same probability

. ~
. L M, S+ S
=Pl = u—ztl Z‘u—ttt

yk+1)  |Se| _ A(k+1) log(2T°/6)

(1=t t| = (1=t 4

which completes the proof.
(Part 2) The former theorem 7 applies with o = 1. At any time-step ¢ > 2, with probability at
least 1 — 4,

t
=N 1
e — pl = ;Z(Mt—,u)
=1
‘St < 2log(2t/9)
B t '

For ¢t < 2, we note that the inequality is immediately verified by the fact that S;/t € [—1,1] a.s..
Making a union bound over ¢t = 1, ...7T" ends the proof. |

Theorem 4 Under Assumptions 1, 2, 3 and one between 5 and 6, the regret suffered by LAZYOPSR
is bounded, with probability at least 1 — 9, by

/2007 - T'log(67/5) + % + O(T) under Assumption 5

Ry <

/20783 - T'log(6T/5) + O(VT) under Assumption 6

Proof The proof is done under E¢, for E defined as in eq. (13) in ¢ < ¢ and p coming from
assumption 6. Thanks to assumptions 1 2 and 6, proposition 1 and theorem 3 show that P(E) < 2.

Letus call p = 0,... |logT| the current phase of the algorithm. By design, the sequences of
bids and asks can be written as sequences By, A(,) each repeated 27 times.
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By equation (3), the regret writes as follows

T

Rr < VT + sup ZJt(b, a) — Ji(Bt, At)
b,aG.A t=1

|logT| 2P —1

< \/74— Z Sulil Z J2p+7— b a J2P+7—(B2P+7—,A2p+7—)
=0 bacA o

\_log T| 2P—1

< VT + Z bSUI?4 Z Jov 4+ (b, a) J2p+7—(B(p),A(p))
p=0 acA 1o

[log T']
= VT + Z Ry .
p=0
Where (x) follows from the structure of LAZYOPSR, which only switches arms when p changes.
When this happens, that is, for ¢ = 2P, we can apply Equations (18) and (19):

S J(b,a) — J(Bpy, Ap)) < 49(27,6) + 4¢(2P,6) =: k1(p, d) (29)
,a€

Coming back to the regret, the following upper bound holds for any p:

2P—1
< sup Z M2P+T - b) + S(a)(a - M2P+7')
bacA
2P—1
N Z )(Maetr = Be)) + S(A) ) (Ag) — Marr)
2P—1 2P—1
= bsuflt F(b) <Z M2p+7 - 2pb> + S(CL) <2pa — Z M2p+—r>
€ =0 =0

2P—1 2P—1
— F(B,) (Z Map 7 — 2pB(p)> +S(Ap) <2pA Z M2p+7>
=0

=27 | sup F(b) (fip) = b) + S(a) (a — figy))
b,ac A
21
=2 [F(Bgy) (i) — Bay) + S(A) (Ap) = )] By =27 Y Morr.
7=0

In the previous result, i(,) corresponds to the sample mean of the prices M; during phase p. Cru-
cially, when compared to the global sample mean at the beginning of the phase, fizr and the one at
the end, fiyp+1, the following equation holds true.

. Hap =+ [i(p) N N .
Porsr = ——5—— = [i(p) = 2figp+1 — figp.

By definition of event E, both igr and Jigp+1 are at most ¢(t, &)-far from the true mean, with t = 2P
/ 2P*1 respectively. Therefore,

[y — 1l < 20(2PF1,6) + ¢(2P,6) = ka(p, 6) (30)
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We can use Equations (29) and (30) to complete the regret bound on Ry . In fact

Rrp <27 | sup F(b) () —b) + S(a) (a — )
— 2 [F(By)) (fip) — Bip)) + S(Aw) (A — )]
eq. (30)
< 2P| sup F(b)(u—0b)+ S(a)(a—p)+ 2k2(p, 5)]

b,ac A
— 2 [F(Bg)) (1 — By)) +S(Ag)) (Ag) — 1) — 2k2(p, 9)]

= 2""25y(p, 8) + 2 | sup J(b,a) — J(Bg), Ag)

b,ac A

eq. (29)
< 2p+2/€2 (p7 6) + 2p/{1 (p7 5)

The whole term R, is thus bounded by

27 2k5(p, 0) + 2Pk (p, 8) = 2P (2P, 8) + 2PH99(2P, 6) + 27 F3g(2P T, §).

From this point on, the proof depends on the exact definition of 1) and ¢. In both cases of
assumption 6 and assumption 5, the former writes as eq. (9). Therefore,

3log(37/6)
op+2

2P+ 2y(2P§) = = /12 -271og(3T/9).

The latter instead corresponds, by theorem 3, to

V16 - 2P log(2T/6) + 8?;545)1) Assumption 5

\/256 - 27 1og(2T'/6) Assumption 6,

2PT3H(2P, 6) = {

and

/16277 log(27/6) + S5 Assumption 5

/256 - 2P+t 1og(277/6) Assumption 6.

G20, 6) = {

Replacing this values in the total regret achieves, for

Cy = /1210g(3T/5) + \/1610g(2T/8) + \/3210g(2T/6), Cy = 831(]{;_—1:”1)

in assumption 5 and

Cy = /1210g(3T/8) + \/25610g(2T/5) + \/51810g(2T/8),  Cy =0,
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the following expression

[logT'|
Rr<VT+ > Rpy
p=0
[log T')
SVT+ )7 2 T2(2r,5) + 2015520, ) + 203201 §)
p=0
[log T']

V2T
SVT+ Y ?PC+C < VT + % ; + Cy log(T).

p=0

Replacing the constants ends the proof. |

Appendix D. Proofs from Section 5

Theorem 5 Under Assumptions 1, 2 and 3 and let { M}, be any unkown oblivious sequence.
For k = [log(?)T)%T%-‘, the regret suffered by Algorithm 2 is bounded, in expectation, by

E[Rr] < 51og(T)iT5 + O (VT log(T))

Proof By definition and Equation (2), the regret can be written as follows, for J;(a, b) := F'(b)(M;—
b) + S(a)(a — M)

T

Rr = sup Ji(b,a) — Ji(Bi-1, At—1)
b,acl0,1] ;4

T
= VT +sup Y F(b)(M; —b) — F(By—1)(M; — By_1)

beA
Ris
T
+ sup Z S(a)(a — M) — S(Ar—1)(As—1 — My).
acA —1
Rk

Below, we show how to bound the Rt%id part, relative to bidding. The result for R%?k follows anal-
ogously by just flipping the signs. As Algorithm 2 starts choosing B; = 0, A; = 1 in the first &
rounds, Proposition 1 ensures that for A; = A, with probability at least 1 —

vre A |Fz) - Fx) < V?’lz‘fﬁ?m

Fixing § = T1, since the bids belong to [0, 1],
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T
E[RY] <E [sup > FO)(M; = b) = F(B-1)(M; — Byy) o

:|+O()
be‘Atl

NG

_. pbid
=R

We now need to bound ét:’pid.

T T
Rt = sup 3 FO)(My — 1) = 3~ F(Bi-1)(M; = Bios)
A =1

t=1
T R T R
<r+sup Y FO)(M —~b)— > F(B)(M— By)
beA Lt t=rkt1
P2
T R T R
+ Y F(B)(My—B))— > F(Bi1)(M,— By1).

t=r+1 t=r+1

P2

In the former equations, we have split between the first x rounds, which are devoted to pure ex-
ploration, and the following T' — «, where the interesting parts of the algorithm take place. After
this, the regret is split into two terms, 71 taking into account the difference between the clairvoyant
and By, and T2 measuring the difference between B; and B;_;. This decomposition, is relatively
standard in the analysis of follow-the-leader algorithms.

Let us examine the first part. As0 < e <1/ VT almost surely, one has

T T
Pl—sup >  F(b)(My+e—b)+ > F(B)(M +e—B)| <2VT.
beA, T t=r+1

We are going to prove by induction that for any k < K < T,

T T
sup Y F(b)(My+e—b)— Y F(B)(M;+e—By) <0.
beA, t=rt1

Now, we perform the inductive step, assuming the thesis holds for K

K+1 K+1

sup Y F(b)(My+e—b)= Y F(Bgi1)(M+e— Brya)
beA
t=r+1 t=r+1
K
= Y F(Bg1)(My+e— Biy1) + F(Biy1) (Mg 11+ € — Bry1)
t=r+1
K

<sup Y F(b)(M;+e—b)+ F(Bgi1)(Mgi1+¢— Biy1)
beA,

K

< Y F(B)(M;+e— By) + F(Bgs1)(Mi 41+ — Bisa).
t=r+1

28



ONLINE MARKET MAKING

which completes the inductive part. This proves that
Pl < 2VT. 3D

Then, we work on P2. This part is a random variable, and we start proving the following expectation
upper bound. Let f : [0, 1] — [0, 1] be any fixed function and Ay := fi;41 — fi¢. Since € has uniform

law on (0,1/v/T),
T-1/2 R
Elf(B)] = VT /0 f(argmax, B(b) (figr + & — b)) de

—1/2

T
= \/T/ f(argmax, F (b) (7i + Agy1 + 2 — b)) da
0

T2 4 Ay N
=T f(argmax, F'(b)(fir + = — b)) dz
Agq
—1/2

T ~
= \/T/O f(argmax, F'(b)(fir + = — b)) dz

E[f(bt)]
T2 4 A g1

+VT / f(argmax, F'(b)(fiy +  — b)) da
T—l 2

Agq =N
—VT / f(argmax, F(b)(fis +  — b)) da
0

< E[f(B)] + VT A1 <E[f(B)] + \/E’

where the key step is the fact that the sample mean change A; does not exceed 1/(t + 1) from step
tto t + 1, a consequence of assumption 1. If one is interested in the sum over ZtT:K 41> We get, for
any sequence of functions f; that are independent on the noise,

T
<y VT < VTlog(T).

t—kKr

T
> fiB) = fi(Bi-)

t=k+1

E

t=k+1

Taking f,(b) := F(b)(M; — b), that is bounded in [0, 1], this shows that

T T
E [ Z F(By)(M; — By) — Z F(Bi—1)(M; — B—1)| < VTlog(T),

t=rk+1 t=rk+1

i.e. E[P2] < v/T log(T). Toghether with Equation (31), this proves that
E[RYY] < k + 2VT + VT log(T).

As anticipated, the same passages show that E[é“fk] < Kk + 2VT + /T log(T). Putting every-
thing together,
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E[R7] < VT +E [R§] + E [R3]

6log(37)T Hbid Task

_ \/6log(3T)T ‘

< VT 2 +2+E B + B[R]
6log3T)T

< VT 4 YOIBBDT o o 4 4T + 2VT log(T).

VE
Replacing the value of K = {log(BT)%Tﬂ , one gets,

Ry < 510g(37)3T% + 0 (VT 10g(T)> .
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