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Abstract

We study the fixed-budget best-arm identification (BAI) problem in non-stationary linear bandits.
Concretely, given a fixed time budget 7' € N, finite arm set X C R¢, and a potentially adver-
sarial sequence of unknown parameters {f;}7_, (hence non-stationary), a learner aims to identify

the arm with the largest cumulative reward z, = arg max,cy ' Ethl 0; with high probabil-
ity. In this setting, it is well-known that i.i.d. sampling arms from the G-optimal design yields
a minimax-optimal error probability of exp (—© (T'/H¢)), where H¢ scales proportionally with
the dimension d. However, this notion of complexity is overly pessimistic, as it is derived from
a lower bound in which the arm set consists only of the standard basis vectors, thus masking any
potential advantages arising from arm sets with richer geometric structure. To address this, we
establish an arm-set-dependent lower bound that, in contrast, holds for any arm set. Motivated by
the ideas underlying our lower bound, we propose the Adjacent-optimal design, a specialization of
the well-known X'Y-optimal design, and develop the Adjacent-BAl algorithm. We prove that the
error probability of Adjacent-BAl matches our lower bound up to constants, verifying the tightness
of our lower bound, and establishing the arm-set-dependent complexity of this setting.

Keywords: best-arm identification, lower bounds, linear bandits, experimental design, non-stationary
bandits

1. Introduction

We focus on quantifying the difficulty of fixed-budget best-arm identification (BAI) problem in
non-stationary linear bandits. The linear bandit framework generalizes the classical multi-armed
bandit problem by associating each arm with a feature vector and modeling rewards as linear in an
unknown parameter. Algorithms such as UCB and Thompson Sampling are known to perform op-
timally in the well-studied regret-minimization setting (Lattimore and Szepesvéri, 2020). However,
in the best-arm identification setting, where exploration is more important than cumulative reward,
these algorithms are suboptimal (Bubeck et al., 2009), thus requiring specialized attention. In the
standard BAI setting, a stationary environment is assumed where the rewards of arms are sampled
i.i.d (Audibert and Bubeck, 2010; Soare et al., 2014; Fiez et al., 2019). However, algorithms de-
signed for these environments can completely fail as soon as this assumption is lifted, for example,
in settings where the value of an arm can change at any time step (Abbasi-Yadkori et al., 2018;
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Xiong et al., 2024). An interesting question is exactly how the difficulty of this setting changes once
this stationary assumption is lifted.

In recent work, Xiong et al. (2024) partially answered this question by showing that when the
arm set is restricted to the standard basis, the difficulty of non-stationary BAI scales proportionally
with the dimension. While informative, this result is ultimately unsatisfying as it collapses the lin-
ear bandit model back into a multi-armed bandit. Basis arm sets erase correlations between arms,
precisely the geometric structure that linear bandits are meant to exploit. With this in mind, we aim
to uncover precisely which relationship between arms truly governs the difficulty of non-stationary
BAL Inspired by Soare et al. (2014), a natural conjecture is that the pairwise relationships between
every arm should be considered when measuring difficulty. However, such a characterization im-
plies that any arm set containing a basis is no easier than the basis itself, and thus no progress is
made. To refine this view, we introduce adjacency, a geometric notion that captures which pairs of
arms can compete for optimality. Accordingly, we find that the pairwise relationships between ad-
jacent arms are necessary and sufficient to measure the difficulty of non-stationary BAI. Formally,
by leveraging the adjacent structure of the arm set, we refine the previous notion of difficulty in
non-stationary BAI by establishing a measure of complexity that adapts to the geometry of any arm
set, which we term as arm-set-dependent.

Our contributions.

* Adjacency and Non-Stationary BAI The main novelty of our paper stems from our charac-
terization of non-stationary BAI as a problem of differentiating only between adjacent arms, a
notion we formalize in later sections. The intuition for this restriction stems from our central
Lemma 2, which implies that if an arm is better than its adjacent arms, then it is the optimal
arm. Accordingly, we introduce a new arm-set-dependent complexity measure H a djacent (X)
and show it strictly refines the minimax-optimal complexity Hg.

* Arm-set-dependent lower bound. We show in Theorem 3 that for fixed arm set X', the error
probability of any algorithm must be at least exp (—O (T'/ H adjacent (X))). Our lower bound
builds off of previous works (Kaufmann et al., 2016; Abbasi-Yadkori et al., 2018) concerning
lower bounds in best-arm identification for the multi-armed bandit setting. However, these
methods alone are not sufficient for the linear setting, which we address by characterizing the
lower bound as an optimization problem in Lemma 6, and which we solve in Lemma 7 by
exploiting the adjacent geometry of the arm set.

* Matching upper bound. We introduce the Adjacent-optimal design, a specialization of
the well-known X Y-optimal design (Soare et al., 2014), that instead reduces variance only
between adjacent arms. Using the Adjacent-optimal design, we introduce the algorithm
Adjacent-BAl. Utilizing Lemma 2, we obtain Theorem 8 showing that for fixed arm set
X, the error probability of Adjacent-BAl is at most exp (=€ (T'/ H adjacent (X)), verifying
the tightness of our lower bound, and establishing Hgjacent () as the arm-set-dependent
complexity measure of this setting.

2. Related Work

Best-arm identification (BAI) seeks to identify the optimal arm while ignoring cumulative reward
or regret. Even-Dar et al. (2002) marked the first substantial result in this area and the problem is
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now studied under two canonical settings: (i) the fixed-confidence setting, where the learner attains
a prescribed error probability target using as few pulls as possible, and (ii) the fixed-budget setting,
where the learner minimizes the error probability under a prescribed sampling budget; the latter was
introduced by Bubeck et al. (2009).

Best-arm identification with fixed confidence. For multi-armed bandits, Even-Dar et al. (2002)
established the first sample-complexity upper bound, with a nearly matching lower bound later
given by Mannor and Tsitsiklis (2004). These bounds were subsequently tightened by Karnin et al.
(2013) and Kaufmann et al. (2016). Notably, Kaufmann et al. (2016) derived a general information-
theoretic lower bound that underpins many linear-bandit lower bounds (Fiez et al., 2019; Jedra and
Proutiere, 2020; Camilleri et al., 2021b). In linear bandits, Soare et al. (2014) proposed the seminal
X Y-allocation strategy, which has been refined and generalized in follow-up work (Tao et al., 2018;
Xu et al., 2018; Degenne et al., 2020; Fiez et al., 2019; Jedra and Proutiere, 2020; Katz-Samuels
et al., 2020). Nearly matching lower bounds were also established by Fiez et al. (2019) and Jedra
and Proutiere (2020).

Best-arm identification with fixed budget. For multi-armed bandits, Audibert and Bubeck (2010)
provided nearly matching upper and lower bounds, with improvements due to Karnin et al. (2013)

and Kaufmann et al. (2016). In contrast, comparatively little is known for linear bandits in this set-

ting. Among existing results, Katz-Samuels et al. (2020)—via a Gaussian-width analysis—gave the

only arm-set-dependent upper bound. Methods based on G-optimal design yield arm-set-independent
guarantees (Azizi et al., 2022; Yang and Tan, 2022), as does the Bayesian-style approach of Hoft-

man et al. (2014); similarly, a method based on the X' )-design in Alieva et al. (2021) remains

arm-set-independent. On the lower-bound side, Yang and Tan (2022) proved a minimax bound, but

to date, there is no arm-set-dependent lower bound for stationary linear bandits in the fixed-budget

setting.

Best-arm identification in non-stationary environments. Compared with regret minimization,
non-stationarity has received less attention in BAI In the fixed-confidence regime, non-stationary
multi-armed bandits under models different from ours were studied by Jamieson and Talwalkar
(2016), Li et al. (2018), and Hou et al. (2024). In the fixed-budget regime, Abbasi-Yadkori et al.
(2018) analyzed multi-armed bandits from a best-of-both-worlds perspective and established match-
ing upper and lower bounds in a non-stationary setting; Xiong et al. (2024) extended the upper
bounds to linear bandits. However, Xiong et al. (2024) does not provide lower bounds, and its non-
stationary guarantees are arm-set-independent. Our work adopts a non-stationary model similar to
Abbasi-Yadkori et al. (2018) and Xiong et al. (2024) and, to the best of our knowledge, presents the
first arm-set-dependent lower bound for the fixed-budget setting.

3. Preliminaries

Notation. For n € N, denote [n] = {1,...,n}. For a vector z € R? and a positive semidefinite
matrix A € S, denote ||x| 4 = Vo T Az as the energy norm. For finite set X' C R?, and distribution
A € Ax over X, denote A(\) = >y Azz’. Forn € N, denote II(n) as the set of all
permutations on [n].
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Definition 1 Given a finite set X C RY, Jet P = conv(X) be the convex hull of X, which is a
polytope. We say & € X is an extreme point if there exists w € R? such that

{z} = argrr;axy—rw. (1)
ye

Equivalently, the extreme points of X are the vertices of P. Two distinct extreme points v,x' € X
are adjacent if there exists w € R such that

conv({z,z'}) = argmaxy ' w. (2)
yeP

Equivalently, x and ©' are adjacent if the line segment connecting them is an edge of P.

Let Vx denote the set of extreme points of X'. We denote
Vy = {(x,x/) GVXXVX:x#x'} 3)
as the set of all distinct extreme point pairs of X. Further, we denote
Tx = {(x,a’) € Yy : x is adjacent to 2’ } 4)
as the set of all adjacent pairs of X, and, for z € Vy, we denote
Y= {x’ €Vy:(z,2') € Ix} (5)
as the set of all points adjacent to x. It follows from this notation that
(z,2) €Ty <= JweRst {z,2'} = argérélax y w. (6)
yEVx

We omit the A’ subscript when clear from context.

4. BAI in Non-Stationary Linear Bandits

We adopt a standard model of non-stationary linear bandits with fixed horizon T" € N. In particular,
given a finite arm set X C R? with |X| = K and span(X’) = RY, an adversary fixes the parameter
sequence {Ht}thl, which remains unknown to the learner. Then, at each round ¢t = 1,..., T, the
learner selects arm z; € X’ and observes a reward r; = xtTé?t + €, where each ¢, is independent,
zero-mean, and 1-sub-Gaussian noise. Together, the arm set X, parameter sequence {Gt}thl, and
distribution of {et}?zl form an instance. The learner’s objective is to identify the hindsight best
arm x, = argmax, y 7' 07, where 07 = L Zthl 6;, and for simplicity, we assume that this best
arm is unique.

A central measure of difficulty in bandit problems is the reward gap between the first and second
best arm. Here, we deviate slightly from the standard definition by defining this gap only in terms of
extreme points V. This restriction is natural since by definition, non-extreme point arms can never
be the best arm, and thus do not affect problem difficulty. Formally, we define the min-gap A ;) as
the following:

Ay = me{jn\ia*}(x* — ZC)THT. (7
Finally, for event £, we denote P TRV (€) as the probability of £ under instance with parame-

ter sequence {Gt}thl. Accordingly, we measure algorithmic performance by the error probability
P (07 1(’:E # x,), where Z denotes the arm output by the learner. We omit the dependence on
t=

{6;}]_, when clear from context.
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4.1. Minimax-Optimal Complexity in Non-Stationary BAI

In prior work in the non-stationary setting, Xiong et al. (2024) showed that i.i.d. sampling from the
well-known G-optimal design (Lattimore and Szepesvari, 2020)

A\ = areminmax ||z||%,\\_ 8
vamin o] ®

leads to a minimax-optimal error probability of

T
exp (—8 <HG(A(1)))) ) ©

(10)

where

The relationship between H¢ and the G-optimal design stems from the Kiefer—Wolfowitz Theorem
(Lattimore and Szepesvari, 2020), which states that

: 2

min max ||z -1 =d. 11

ook ] % x)-1 1D

H¢ is minimax-optimal since if the arm set is restricted to the standard basis vectors, Hz matches

the optimal complexity for the multi-armed bandit setting of Hynir = A% (Abbasi-Yadkori et al.,
1

2018). However, this notion of complexity is overly pessimistic in the linear bandit setting as it
ignores potential advantages arising from arm sets with more complex structure. In contrast, we
refine this notion of complexity by establishing an arm-set-dependent complexity that adapts to the
geometry of any given arm set.

4.2. Adjacency and Non-Stationary BAI

The main results of our paper are motivated by the following central lemma.

Lemma 2 (Adjacency Lemma) Let X C R% and 0 € Re. For any x € V, there exists y € X
such that (y — )"0 > 0 if and only if there exists z € I* such that (z — )"0 > 0.

The formal proof of Lemma 2 is given in Appendix B. The idea behind the proof is quite simple: it
is well known (Ziegler, 1995) that for a polytope P and a vertex z € P,

P C x + cone ({x'fx:x'EIz}). (12)

Thus, the quantity (y — 2) ' # must be a conic (non-negative) combination of the points in the set
{(2 —2)70 : 2/ € I*}. Lemma 2 follows immediately from this fact.

One implication of Lemma 2 is that the first and second best arms of any instance must be
adjacent. When constructing hard instances for our lower bound in Section 5, the key strategy is
to construct two instances that are hard to distinguish from each other but have different best arms.
Specifically, we construct one instance with best arm z and second best arm 2/, and another instance
with best arm 2’ and second best arm x. Lemma 2 tells us that to be able to do this, z and 2’ need
to be adjacent. Another implication of Lemma 2 comes from its negation, that is, if an arm is better
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than all its adjacent arms, then it must be the optimal arm. This implies that when identifying the
best arm, we need only accurate comparisons between adjacent arms, a detail we use to design our
algorithm with matching upper bound in Section 6. The main takeaway is that the distinguishability
between adjacent arms solely determines the difficulty of identification. Given this, we introduce
the following complexity measure

. 2
MINXeA , MAX (g 27T ”$ - x/HA()\)*l

Hadjacent (X, A1) = A (13)
(1)
By Eq. (11), we observe that for any arm set X’
Hdjacent (X, Aqy) < 4Ha (A)y) - (14)

Importantly, the above inequality can be arbitrarily loose for dense arm sets, showing that H z gjacent
strictly refines the minimax-optimal complexity of Xiong et al. (2024). For example, let C(K) C R?
represent the arm set consisting of K uniformly spaced arms on the unit circle. It is not hard to see
that

. 112
. L o MINNeA o MAX (g )T ) |z — = HA(/\)*l
lim = lim

since as the circle becomes more crowded, the distances between adjacent arms shrink toward zero.
In the following sections, we establish H p gjacent as the arm-set-dependent complexity of this setting
through a matching error probability lower and upper bound of

T
. ' 16
exp < (HAdjacent (X7 A(l)) ) ) "

5. Lower Bound of BAI in Non-Stationary Linear Bandits

We present, to the best of our knowledge, the first arm-set-dependent lower bound for BAI in the
non-stationary linear bandit setting.

Theorem 3 Fix X C R? and Ay > 0. For any algorithm, there exist parameter sequences
{Qt}thl and {0{}3;1, both with min-gap at least Ay, such that

1 4T
P TA ) Poar @Az > - , 17
max{ {91}?:1 (:U 7& v ) {et}zzl (J? 7& o )} 4 P ( HAdjacent (Xv A(U)) 4

where Hdjacent (', (1)) is given by Eq. (13).

The proof is deferred to Appendix A, of which we include a sketch in the next subsection.
In Section 6, we present an algorithm that achieves the lower bound in Theorem 3, verifying the
tightness of our bound, and establishing HAgjacent as the arm-set-dependent complexity of this
setting.
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5.1. Proof Sketch of Theorem 3

In this section, we give a proof sketch of Theorem 3. We first obtain Lemma 4, which characterizes
the lower bound by the KL divergence between two non-stationary multi-armed bandit instances and
is a generalization of the stationary lower bound proposed in Lemma 15 of Kaufmann et al. (2016).
Generalizing the notation from Kaufmann et al. (2016), the statement of Lemma 4 is as follows:

Lemmad4 Letv = {Vt}z;l and V' = {l/t’}?:1 be non-stationary bandit models with different best
arms. Then

max <IP’,, <7<:\ # k*) Py (E # k‘*)) > iexp (— i XT:IP’,,(At = k)KL (v, I/g’k)> . (18)
k=1 t=1

The proof of this lemma is deferred to Appendix A and very closely follows that of Lemma 15 in
Kaufmann et al. (2016). Applying Lemma 4 requires two instances with different best arms, which
motivates the following definition.

Definition 5 Given fixed arm set X and Ay > 0, two parameter sequences {0, }{_, and {0;}_,
are feasible if they have different best arms, and each has min-gap at least A y).

We now proceed with the proof sketch of Theorem 3.
First step. We use Lemma 4 to obtain Lemma 6 which states the following.

Lemma 6 (Optimization-based Lower Bound) Fix X C R and Ay > 0. For any algorithm,

there exist parameter sequences {Gt}thl and {9,’5}?:1, both with min-gap at least Ay, such that

~ ~ 1
max {P{gt}zﬂ (& # 22) , Prgpyr (T # x*)} > 7o (=T1 (X, Aw)) (19)
where
MaX)e A, MiN (g oycy Ming ,cpd vT AN\
F (X, An) = subjectto (z—y)'0> Ay VyeV\{z} :
(@' —y)T(0+v) > Ay YyeV\{z}
(20)

To prove Lemma 6, the core idea behind our construction is to split the horizon into two distinct
halves, similar to that of Abbasi-Yadkori et al. (2018). Unlike their explicit construction, however,
we characterize the hard instance through an optimization problem. At a high level, the first half
allows us to minimize the KL divergence of the two instances, while the second half ensures feasi-
bility. Concretely, first, we pick a candidate pair of distinct arms (x,z’) € ) as potential best arms
for the two instances. Then, we proceed to construct the parameter sequences {6; }7_; and {6, }]_;.
For ¢t < % we choose 0; = 0' and 0} = v, for perturbation v of our choice. Then for ¢ > % we set
0, = 0, = 0 for some @ of our choice. Further, we use the noise distribution ¢; ~ N (0, 1) for each
t, resulting in a KL divergence between the reward distributions of arm x at time step ¢ of
(7 (0 — 0)))?

KL (N (xTQt, 1) ,N<xjeg,1)) & @1)

1. The choice of §; = 0 is arbitrary, any fixed choice such that §; — ; = v works.
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For such a construction, applying Lemma 4, we obtain the lower bound

T/2

T,7\2
- eXp S S Py (@ =2) (z 2”) : (22)

TEX t=1

An algorithm cannot depend on the future, so for any ¢t < 7T'/2 we have that
]P){et thl(CUt =)= {gt T/2(l’t =1). (23)
Define A € Ay such that foreach x € X

T/2
28t Bzl = )

A = T 24)
Then, with some algebra, we can show that
T2 T N2
(x'v) T
Z Z]P){Ht}T/Q Ty = 1T) 5 = Z’UTA()\)U, (25)
TeX t=1

yielding the objective in f (X , A(l)). The choice of ¢ in the second half enforces feasibility with
respect to (x,2'), giving rise to the constraints of f (X, A(l)). Crucially, since v, 6, and (z, 2’)

are independent of {Gt}Z;/ f, we may choose them freely without affecting A. To obtain the hardest
feasible instance, we minimize over arm pairs (z, 2’), perturbations v, and parameters 6 to make the
KL divergence as small as possible. Finally, maximizing over A ensures the lower bound holds for
any algorithm, concluding the proof of Lemma 6.

Second step. We bound the previous optimization problem by solving the following relaxed ver-
sion of the optimization problem introduced in Lemma 6:

R MAaX\e Ay MiN (g )e7 MiNg 4 cpd v A(M\)v
f(x, A(l)) = subjectto (z —y)'0 > Agy YyeV\{z}
(' — )" (0 +v) > Agy Vye V\{x’}

—~ (26)
This is a relaxation because f (X , A(l)) minimizes only over adjacent pairs (z, z") € Z rather than
all extreme point pairs (x,2’) € Y. Since, Z C ), and hence f(X,A(l)) > (X, Aq), we
can substitute f by fin the bound corresponding to Lemma 6. Requiring (x, 2’) to be adjacent is
crucial: it enables a closed-form solution of the inner (6, v) problem, described by the following
lemma.

Lemma7 Let X C R?and A1) > 0. Consider A € Ay with A(N) full rank and (x,z") € Z. We
have:

ming ,cpd vl A\ 4A2,

subjectto  (z — )TG >Anqy YyeV\{r} = % (27)
(@ — ) (0 +v)>Aq Yyev\{z) 1T hnn

8
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2
4A(1)

The ideas behind the proof of Lemma 7 are as follows. Denote p* . We first lower

= Tle= o -1
bound the optimization problem by p* with a simple Cauchy-Schwarz argument. Then, to upper
bound the optimization problem by p*, we use the key fact that for adjacent (x,z’), by Eq. (6),

there exists some w € R? such that

{z,2'} = argmaxy w. (28)
yey

Thus, there is some & > 0 such that z'w = 2'Tw > yTw +eforally € V\ {z,2'}. We choose
v, u such that vT A(\)~'v = p* and

(x—a)Tu=("—2) (u+v)= Ay (29)
Then we pick # = u + caw, for some « to be chosen. Note that since 2 ' w = 2/ w, we have
(x—2)'0=(x—2)"u, (30)
and thus
(¢ —2)T0= (' —2)T (6 +v) = Aq), 31)
regardless of the value of «, so this constraint is always satisfied. For any y € V \ {x, 2’} we have
g y Yy
(x—y)'0>(x—y) u+ae, (32)
and
(' =) (O +v)> (x—y) (u+v)+ ae. (33)

Hence, we can increase « until all other constraints are satisfied, thus (0, v) is feasible, concluding
the proof of Lemma 7. Combining Lemmas 6 and 7, we obtain Theorem 3.

6. Matching Upper Bound

In this section, we first introduce the Adjacent-optimal design, which is a modified version of
the well-known X Y-optimal design. Based on this new design, we then develop the algorithm
Adjacent-BAl, and show that it achieves an error probability guarantee that matches the lower
bound presented in Section 5, verifying the tightness of our lower bound, and establishing the arm-
set-dependent complexity of this setting.

6.1. The Adjacent-Optimal Design

A central quantity in BAI problems is the X' Y-optimal design (Soare et al., 2014), which aims to
uniformly minimize the variance of predictions in directions defined by the pairwise differences
between all arms. Formally, the X' )-optimal design is defined as

MY = argmin max |z — = HA (34)
Aeny (@)€Y

The relevance of the X' )-optimal design stems from the ranking nature of BAI; identifying the best
arm only requires accurate estimates of the relative ordering between arms. Motivated by Lemma
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2, we refine this idea by introducing the Adjacent-optimal design, which uniformly minimizes the
variance over differences only between adjacent arms. Formally, it is defined as

AAdjacent . — aromin max ||z — $/||124(>\)—1' (33)

AeAy (za')eT

Lemma 2 implies that if an arm is better than all its adjacent arms, then it must be the optimal
arm. Thus, when identifying the best arm, only accurate comparisons between adjacent arms are
needed. The Adjacent-optimal design embodies this principle: reducing the variance of estimation
of the relative ordering between adjacent arms is sufficient for identifying the best arm. Focusing
on fewer, more informative directions leads to stronger estimation, which we make use of in the
algorithm presented in the next section.

6.2. Adjacent-Optimal Best-Arm Identification (Adjacent-BAI)

We now present the algorithm Adjacent-BAl. In the first step, we compute the adjacent set Z, for
which we provide a polynomial-time procedure in Appendix C. We then compute the Adjacent-
optimal design \*; however, we do not proceed by sampling directly from it. In order to obtain
an optimal error rate using random sampling we would require an estimator that (i) admits sub-
Gaussian, variance-only error and (ii) does not require a prespecified confidence level®>. According
to Devroye et al. (2016), this is impossible without stronger distributional assumptions. Instead,
we employ the classical rounding procedure of Pukelsheim (2006) to obtain a static allocation
{xt}thl such that the empirical design matrix % Zthl :L'txtT approximates the optimal design ma-
trix A(\*) = >, Asaa . Specifically, the rounding procedure guarantees that if 7 > d?,® the
following holds:

/12 me
max ||z —zx . <92. max |z — =z L 36
(z,2")€T H ”(% >, xta::) = (z,2')€T ” HA()\ )1 36)

Then, to ensure our estimator is unbiased, we inject the necessary randomness by playing the allo-
cation in a uniformly random order. Finally, we compute the least-squares estimator 67 and output
its corresponding best arm. The complete procedure is summarized in Algorithm 1. We characterize
the error probability of Algorithm 1 in the following theorem.

Theorem 8 (Error probability of Adjacent-BAl) Fix time horizon T > d?. Consider arm set
X C R% and arbitrary unknown parameter sequence {Ht}thl with min-gap Ay > 0. Assume
maxzey [|7|l2 < 1 and maxycip) |02 < 1. If we run Algorithm 1 in this setting and obtain T, then
it holds that

T

P(Z # 2.) <|Z% | exp | — ’ o0
( ) | ‘ 36 - HAdjacent (X7 A(l))

where H pqgjacent (X, A(l)) is given by Eq. (13).

2. This requirement is unnecessary in the fixed-confidence setting, hence the use of Catoni’s estimator in Camilleri et al.
(2021a).

3. We note the existence of a rounding procedure requiring only 7 > Q(d) (Allen-Zhu et al., 2017) at the cost of
significantly looser constants. An insightful discussion on both rounding procedures is provided in Appendix B of
Fiez et al. (2019).

10
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Algorithm 1 Adjacent-BAI
Input: budget T’ € N; arm set X' C R?
Find Z, the adjacent pairs of X
A* 4= argminy e a , MaX (g oye7 |z — 33/“3;()\)4
{z}L | + Round(\*,T)
Sample permutation 7 ~ Unif(II(7"))
fort=1,2,...,T do
Play z(;) and receive reward ry
end for

~ -1
T T T
Or < (Zt:l Tty ) D=1 Tr)Tt

return 7 = argmax,y 7 ' 07

D A A~ > oy

_.
e

The proof of Theorem 8 is deferred to Appendix B, of which we include a sketch in the next subsec-
tion. Notably, the upper bound matches the lower bound presented in Theorem 3 up to constants,
verifying the tightness of our lower bound, and establishing Hagjacent as the arm-set-dependent
complexity of this setting.

6.3. Proof Sketch of Theorem 8

We outline a proof sketch of Theorem 8.

First step. The statistical analysis of Theorem 8§ relies primarily on the following lemma.

Lemma 9 (Sub-Gaussian error of least-squares estimatoQ Lei §T be the estimator computed in
Step 9 of Algorithm 1. For any z € R we have that =" (07 — 0r) is 3 - HzH(2T . IT)A-sub-
t=1 Tt

Gaussian.

To obtain Lemma 9, because the arm choices ;) are dependent, the analysis requires particular
care. Denote A := Zthl zyx] . We begin by expanding the quantity of interest:

T T
2 (0 —0r) =2 Y A Oy — Or)+ 2 Y A ey, (38)
t=1 t=1

I:S =n

where we note that 7~ ~ Unif(I1(7))). Since each €x—1(¢) 1s conditionally independent and 1-sub-
Gaussian given 7771, it is straightforward to show that 7 is conditionally ||z || 4-1-sub-Gaussian given
7!, Analyzing S requires closer attention, since each 0r-1(4) is dependent, so we proceed with a
martingale analysis. We construct the Doob martingale of S, {Z;}1_, with Z; = E[S | F], where
Fi = o(n71(1),...,771(t)). The key observation is that, intuitively, each martingale difference
|Zy— Zy—1]| behaves roughly on the order of ’zTA_lxtx;r Or—1(1) | Given this, an Azuma inequality-
style argument shows that

2

A2 .ig HZTA—lxtxZHz> . (39)

E [exp (AS)] < exp (

11
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Observing that
T 2
S [T A el |, < alh (40)
t=1

we obtain that S is v/8]| z|| 41 -sub-Gaussian, completing the proof of Lemma 9.

Second step. Finally, we combine Lemmas 2 and 9 to obtain the final bound in Theorem 8. We
aim to bound the error probability

P(x#x,) =P (31: €XstaOp> mjé}) ) (41)
However, critically, by Lemma 2, we have
P (EI:L' € X s.t. mTé\T > iL'*Té\T> =P (Elx € I% s.t. xTé\T > :L'I@p) ) (42)
Applying the union bound, we have

P (Elx € IT% s.t. xTaT > ngT) < Z P ((w — x*)T (§T — §T) > A(1)> (43)

reL®*

Fix some z € Z%*. Combining Lemma 9 and Hoeffding’s inequality we have

A2
(1)
- L)
232 ||lx — x.|? _
[ H(ELmZ) )

P ((a: — :c*)T (é\T — §T> > A(l)) < exp

Using that (z, z,) € Z, and incorporating the rounding error from Eq. (36), we have

2

2. max(x’m/)ez H:IZ — .T/Hi()\*)_l

— « _ < 4
I = 2l gy < T @
Observing that, by definition of \*
112 : 112
— = - ., 46
(JE%EIW 4wy = min (;};ggzllfv 2|41 (46)

completes the proof of Theorem 8.

7. Future Work

The most promising future direction is investigating whether adjacency can be leveraged to establish
a stronger notion of complexity for the stationary fixed-budget setting. In the stationary fixed-budget
setting, currently, no lower bound exists outside of a pessimistic minimax-optimal lower bound
derived from a multi-armed bandit reduction (Yang and Tan, 2022). However, in the stationary
fixed-confidence setting, it is well-known (Soare et al., 2014; Fiez et al., 2019; Jedra and Proutiere,
2020) that for arm set X', and parameter vector 6, the instance-optimal sample complexity is of order

. |2+ — xHi()\)_l
min

_ 47
Nebn serifen) (2 — )1 0)2 “7)

Evaluating the above quantity, we obtain the following proposition:

12
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Proposition 10 Given finite set X C R% and 0 € R?, we have

|+ _93"?4()\)71 | _95“?4()\)71

min max —————— = min max

L Yy 4
A R ) (e —a)TOR AR X T (48)

The proof is deferred to Appendix D, which consists of a combination of Eq. (12) and Jensen’s
inequality. Proposition 10 shows that in the stationary fixed-confidence setting, the instance-optimal
sample complexity is determined solely by the arms adjacent to z,. This suggests that adjacency
is fundamentally tied to the difficulty of BAI even in stationary settings. This observation, together
with what we have shown in the non-stationary setting, hints towards the possibility of establishing
a stronger arm-set-dependent complexity in the stationary fixed-budget setting by exploiting the
adjacent geometry of the arm set.
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Appendix A. Lower Bound on Error Probability
A.1. Proof of Theorem 3

Proof Fix an algorithm. By Lemma 6 we have there exists parameter sequences {Ht}tT:l and
{GQ}tT:l, both with min-gap at least A ;) such that

~ 1
max {P{Gt}le (T # xy) ’P{%}fz (Z # x*)} 7P ( Tf (X, A(l))) , (49)
where f (X, A1) is defined in Lemma 6. Denote

. . T
MaxX\e Ay MiN(y ze7 MiNg yepd U A(N)v

fov, Awy) = subjectto (z—y)"0 > Ay VyeV\{z}
(' — )T (0 +v) > Aqy Vye V\{az’}
(50)
It follows that f (X, A(I)) < f(V, A1)). By Lemma 7, it follows that
) 4A7))
f(V,A@)) = max  min W (51)

AeAy (z,2’)ET Ha; — X A1

Thus, we have that for any algorithm, there exist parameter sequences {Ht}z;l and {6’{}?:1, both
with min-gap at least A1), such that

max {]P’{gt}tT:1 (T # x4) ,]P’{eg}tT:1 (T # x*)} > %exp (—Tf (X, An)))
> %exp( Tf V,Any )
1 4 A(l)
=g ( e ngHHA()\)>
1 4TA%)
4eXp< minyeA , MAX(y o eznx—x/n?@)) ‘
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A.2. Technical Lemmas
A.2.1. PROOF OF LEMMA 4

Before proceeding, we generalize the notation introduced in Kaufmann et al. (2016). Fix an al-
gorithm. For T € N, let v = {ut}thl, be a non-stationary bandit with X € N arms, where v, j,
is the distribution of arm k& € [K] at timestep ¢t € [T]. We denote A; and Z; as the action and
reward, respectively, of the algorithm at timestep ¢ under v. We denote F; = o (A1, Z1, ..., A, Zt)
as the information available to the algorithm after time step t. We denote P,, as the law of (Z;)L_;,
and E, as the expectation under P,. We denote k represent the arm returned by the algorithm and
k. = argmax; Y/, v;x as the best arm.

For non-stationary bandit v, and for any k € [K],t € [T] there exists measure );j such that
vy . has density f; ;. (Kaufmann et al., 2016). Under non-stationary bandits v and v/, with each Vt
and V£7 ., mutually absolutely continuous, denote the log-likelihood of (Z)%_; as

K

: s o(Zs
L= Lia-wlog <§:E Z;) , (52)

k=1 s=1

where A; is the arm played by the algorithm at timestep s.
The following is a restatement of Lemma 18 from Kaufmann et al. (2016) generalized to non-
stationary log-likelihood L, :

Lemma 11 Let o be a stopping time with respect to F;. For every event £ € F,
P, (€) =E,[1g exp(—Ly)]. (53)

The proof follows the exact same structure as Lemma 18 from Kaufmann et al. (2016), with a
slight modification to the inductive step.
Proof For any k € [K], let (Y} ;):cn be a sequence such that if A; = k then Z; = Y} ;. First, we
aim to show that for any n € N and measurable function g : R” — R,

E,9(Z1,...,Zn)] =Eulg(Z1,...,Zn) exp (—Ln(Z1, ..., Zy))]. (54)

When n = 1, E[g(Z1)] = E,[g(Z1)exp(—Lq))] from the proof of Kaufmann et al. (2016)
Lemma 18.

Now assume the statement holds for some n € N. We aim to show it holds for n + 1. Let
g : R"1 — R be a measurable function. We have

El/’[g(zh SRR ZTL+1)]
K

=By | Y Lap kB [9(Z0, - Zn, Yasa) | Falexp (—=Ln(Z1, - . Zn))
k=1

=

:EV fn+1,k(2)

!
’k(z)
§ 11An+1:k/g(zl,...,zn,z)”*1 for1.6(2)dAni1kexp (—Ln(Z1, ..., Zy))
k=1
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On the event (4,11 = k), we have L, 1(Z1,...,Zy,2) = Lo (Z1,...,Zy) + log M’“Ez;, thus:

Evlg(Z1,. .. Znt)]
K
]El/ [Z]]- Apy1= k‘/ Zl,...,Zn,Z)eXp(—Ln+1(Zl,...,Zn,Z)) fn—f—l,k(z)d)‘n-l—l,k

k=
[g Zlv n-‘rl)exp( L”+1(Z17"'7ZH7Z7L+1))]'

—_

It follows that this holds for all n € N, and thus for every £ € F,, we have
P, (€) =E,[1g exp(—Ly)]. (55)

Let o be a stopping time with respect to F;. From the proof of Kaufmann et al. (2016) Lemma 18,
it follows that for every event £ € F,:

P, (5) = Eu[]lé' exp(_LU)]' (56)

We can now prove Lemma 4.
Proof Denoting p,,, p,+ the distributions of k£ under v and v/, respectively, from the proof of Lemma
15 from Kaufmann et al. (2016) we have

max (IPV (E # k*> (k #k )) iexp( KL (py, py')) - (57)

From Lemma 11 and the proof of Lemma 19 from Kaufmann et al. (2016) it follows that for any
event &:

P,(€) = exp (=Ey [Lo | E]) P, (E), (58)
and thus,
Py (€)
> .
]EI/ [LO' | 5} - log ]P)V/ (5) (59)
It follows that £, [LT ] k:} > log (( )) So, using the tower rule we obtain:
E,[Lr] = E,[E,[Lr | &]
>E, |log By (li)
PV’(k)
KL (pv, pur)
Now we have
~ 1
max(P, (k ” k) (k oy )) 7 xp (—Ey (L)) (60)
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It follows that:

1
> ZeXP - V[LT])
K T
1 e
=1 exp | —E, Z Z Tea=ry log " (Zy)
k=1 t=1 k.t
K T B
1 (Zt)
= —eX — ]EV 1 = lo .
o (338 1o (4423 )
K T B
1 Tt (Zt)
=—exp|— E, |Ey [Lig,—imylog | =55 | |A
bon (=323 2m o 1o (2420)
K T B
1 St (Zt)
=—exp | — E, |14,-1nE, |lo : A=k
1 ( ;; Raniadhs (f,;,t<zt> t
1 K T
=12 exp (— Z ZE” []I{At:k}KL(Vt,ka Vé,k)])
k=1 t=1
1 K T
= 4 €XP (— Z ZE” []I{At:k}] KL(vt ks v k))
k=1 t=1
1 K T
= Z eXp <_ Z Z ]P)u(At — k:) : KL(Vt,kv Vé,k))
k=1 t=1

A.2.2. PROOF OF LEMMA 6

Proof Without loss of generality, assume 7" is even. For ¢ < %, set 6 = 0 and 6] = v, for some v

to be chosen later. For t > £ set ¢, = 6, = 0, for 0 to be chosen later. Assume {6}, and {eg}le
have min-gap at least Ay and have different best arms. Further, we let ¢; ~ N(0,1) for each t.
Fix an algorithm. Denote

p(ry =) = ]P){Ht}T/z (2 = x). (61)

t=1
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By Lemma 4 we have

max {P{Gt}le (&I\ 7& -’IJ*> {9/} 1’ 7& T }

&L v (x70 —276)?

1
2 go | =2 | 2 Poor, (e = - Z Ployr, (@ =2)——
zeX \ t=1 =T 241
I/ T,\2
! (z7)
= DD Pryr (z=1) 5
rzeX t=1
e T2
- (zTv)
R Z Zp{et}”? =) >
rxeX t=1
I/2 2T0)2
1 v
= e =2 D plw ) ,
rzeX t=1

where the second-to-last equality follows because algorithms cannot depend on the future. Notice
that

T/2 <o T/2
Zzpiﬁt—l‘ ZZp:Et—m v
zeX t=1 zeX t=1
T/2
T 2 =
DI =g
reX t=1
Denote A\, := tT/ f M . It follows that A € A . We thus have
r/2 2T0)2
v)* T
S p(a ) = v AR (62)
zeX t=1

We now have there exist parameter sequences {6 },__, and { 91’5}th1 such that:
max {]P’{et}tT:1 (T # zy) Pt (T # a?*)} > e | = AN |, (63)

subject to {Ot}thl and {HQ}tT:l having different best arms and maintaining min-gap Ajy. The
previous constraints can be written formally as “3(z, ') € ) such that Zt (@ —y) "0 > Ap
forally € V\{z},and & Zthl(x’—y)Té’t > A forally € V\{x’}”. By our construction this is
equivalent to “I(z,2’) € YV suchthat (x—y) "0 > Ay forally € V\{z},and (z'—y) " (¢ +0') >
Ay forall y € V\ {2'}”, where ' = % and v’ = 3. Fix some (z,2') € Y. Since {Gt}tT:/f is
independent of 6’ and v’, we have ) is also independent of 6’ and v/, so we are free to choose any
value of #',v’. Thus, we may choose the &', v such that the right-hand side above is maximized.

20



ON THE COMPLEXITY OF BEST-ARM IDENTIFICATION IN NON-STATIONARY LINEAR BANDITS

Formally, we now have for some (,2’) € Y, there exist parameter sequences {6;};_, and {92}?:1
such that:

~ ~ 1
max {P{gt}tT:l (T # ) ,]P’{Q,S}tT:1 (T # x*)} > 9/3)1/%)11(@ 7 &XP (-T’U'TA()\)U’> 7 (64)

subject to (z —y) "0 > Ay forally € V\ {a},and (z' —y) " (6’ +v') > A forally € V\ {a'}.
Similarly, since \ is independent of (x, z’), we may choose the (x, 2’) pair that maximizes the above
right-hand side. That is, we now have there exist parameter sequences {6;};_, and {9,’5}th1 such
that:

1
o~ o~ > - . 1T /
max {P{et}?ﬂ (@ #2.),Prgyr (T# x*)} = ey owend 4T ( Tv' T A(\)v ) . (65)

subject to (z —y) "0 > Ay forally € V\ {z},and (z'—y) " (¢’ +v') > A forally € V\ {a'}.
Now for this bound to hold for any algorithm, we take a minimum over every possible A that could be
induced by an algorithm, obtaining that for any algorithm there exist parameter sequences {et}?:1

and {92}3:1 such that:

1
~ , ~ . > . - _ 1T /)
max (P, 57 0) Prgyr, (720} > min, max max, g exp (=T A

1
= —exp | —T max min min v'T A\ ),
4 AeAx (z,2')EY 0/ ' €RY

subject to (z —y) "¢ > Ay forally € V\ {z}, and (' —y) " (6' +0') > Agy) forally € V\ {a'}

which is exactly

N R 1
max {P 1 (7 #0.) Py (42} > e (<1f (X,40))). (66)

by definition of f (X, A(l)). |

A.2.3. PROOF OF LEMMA 7

Proof Direct corollary of Lemma 12 and 13. |

Lemma 12 Let X C R? and Ay > 0. Consider positive definite A € R and (x,2') € Y. We

have:
ming , cpd v’ Av AA2

subjectto (z—y)'0> Ay VyeV\{z} > % (67)
@ =T+ = Ay vyevifer 0Tl

Proof From the constraints we have that (z —2) T > A(jy and (2/ —2) T (0 4+v) > A(y). Adding
these constraints together we obtain that feasible v must satisfy (z’ — a:)Tv > 2A(y). Consider
feasible v. We have:

2A(1) < (a:’ — x)Tv
<2 =zl 41 - ||v]la (Cauchy-Schwarz)

=|lz —2'||4-1 - VO T Av.
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Squaring both sides, we obtain

AN} <o — 2|51 - v Ao, (68)
That is )
4A
W <yT A, (69)
I = 2[5
This holds for any feasible v, thus it must hold at the optimum. |

Lemma 13 Let X C R? and Ay > 0. Consider positive definite A € R4 and (z,2") € T.
Suppose (x,2') € I. We have:

ming , cpd v’ Av 4A%1)
subjectto (z—y)'0> Ay VyeV\{z} < (70)
@ - O+0) 2 Ay Vyev\fey 1T

Proof By definition of 7 there exists w € R? such that

{z,2'} = argmaxy w. (71)
yey

So, there exists ¢ > 0, such that 2 "w = 2'Tw >y w + e forally € V\ {z,2'}. Choose:

A
o= ——D AV —2)) +aw, (72)
H:L’ - x/”A—1
for some « to be chosen later, and
2A
v= —%A_l(fn—x’). (73)
|z — 2[5
First, it is clear that:
4AA?
v Ay = —D (74)
|z — 2%

We need only check feasibility now. For the rest of the proof denote:

Aq)

B,,=—"
o |z — 5'3/H124—1

(z—y) A (& -2, (75)

for z € {z,2'} and some y. Let us first analyze the first block of constraints. Consider the case
when y = 2. Since (z — 2/) Tw = 0, we have:

A
(LE—$/)T9_ (1)

R

=Aw

(z—2)T ANz -2 ) +al@—2a) w
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which satisfies the constraint. Consider y € V' \ {z,2'}. Using that (z — y)Tw > ¢, we have:

Aq )
(w—y)0=—D  (z—y) A @ —2) +ale—y) w
Iz — |,
=B,y +a(x — y)Tw
> By + ae,

which we want to be greater than Ay to fulfill the constraint. This tells us o must satisfy:

A(l) — miny B%y

o> (76)
€
Now let’s analyze the second block of constraints. Consider y = z. We have:
Ay — 2A
(' —2)" (0 +v) = (1)7/2(1)(33’ —2) AN e —2)) +a(@ —2)Tw
[l = 2%
= —(=Aw)
=2,
which satisfies the constraint. Consider y € V \ {z, z'}. We have
Ay — 2A
(@ -0 =T 0 ) TA @ — ) +ae! —y)Tw
[l — 2[5
7A(1) ' T 4-1 / / T
=@ —y) A (@ —a) +al@ —y) w
[l — 2[5
= By +al@ —y)w
=By, +az—y) w
> _Bz/,y + aeg,
which we also want to be greater than A ;). This means a must also satisfy:
A1) + maxy, By
o Z (1) Yy =xy ) (77)
€
Choosing:
Ay + max{— min, B, ,, max, B,
C) {= miny By, maxy By} %)
€
completes the proof. |
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Appendix B. Error probability of Algorithm 1

B.1. Proof of Theorem 8

Proof We have
P(Z # x4) =

IN

IN

IN

P
P

Z exp

rELT*

| Z%| - exp (—

(3;;: cT% stz O > x;r@\:r)

dxr € X s.t. xTé\T > x*TgT)

(Lemma 2)

2
Al

T 9,92 lr — .2
2.8 e edlicr Ly

(Lemma 9 and Hoeffding’s inequality)

2
B Al
18 - ||z — =42 -1
(Zthl xw(t)xl(t))
2
B Al
18 - maX(m,x’)GI ||:‘U - $/||2 —1

(ZL Wt)xi(t))

TAY,
_ 5 (Rounding error of \*)
18 - 2max(, pryer |7 — 2 HA()\*)—l
2
- TA(l)
36 - minyeA , MaX(y 21)eT |z — $,||,24(>\)—1
TA?

&
36 - minyen maX(z x)eZ |z — $,||,24(/\)—1

) |

B.2. Technical Lemmas for Theorem 8

B.2.1. PROOF OF LEMMA 2

Proof The backward direction is trivial. We now prove the forward direction. Consider x € X,
6 € RY, such that there exists y € X with (y — 2)'6 > 0. By Lemma 3.6 of Ziegler (1995),
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conv(X) C z +cone({z —z:2€Z%}). Thusy € x +cone ({z —x:z € I%}), thatisy — x €
cone({z—x : z € Z*}). Equivalently 3o, > 0 foreach z € Z%, suchthaty—x = Y 7. a.(z2—2x).
Suppose for contradiction that for every z € 7%, (z — )0 < 0. We have:

(y—2)"0 = Z a(z—2)"0
z€1®
<0.

Which is a contradiction. Thus there exists z € Z% such that (z — x) 70 > 0. |

B.2.2. PROOF OF LEMMA 9

Proof Denote A := Zle zyx] . Expanding 2" (é\T — §T> we have

(o ar) =" ( 3y )
A~ Zx ()Tr t)Qt Or + A” Zazﬂ(t)et>

t=1

( -1 Z xtxt =1(t) — O+ A1 Z :L'teﬁl(t)>
( -1 Z xtxt T=1(t) — A~ Z(L’tl';re’f + A™ Zfl’tﬁﬂ-l(t)>
T(A 1th$t -1 t)—GT )+ A” Zazte —1(t>

t=1

T T
2" Z A~ lxtxt T=1(t) — éT) + Z A_ll‘tEﬂ.—l(t)>

t=1 t=1

T T
ZTZA ll‘th't =1(t) —?T) + ZTZA_IZL‘tEﬂ—1(t).

t=1 t=1
Denote
T —
S==z" Z Ailxtm’tT(Gﬂfl(t) —07), (79)
t=1
and
T
n==z" Z A_lxtewq(t). (80)
t=1

Note that 7= ~ Unif(II(7T)), thus, by Lemma 14 we have S is v/8]|z|| 4—1-sub-Gaussian. Ob-
serve that each e;-1(;) is conditionally independent and 1-sub-Gaussian given 7n~!. Analyzing the
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conditional MGF of 7 for some A, we have:

T
exp ()\ZT Z A_lxteﬂ-l(t)>

t=1

E

T

7r_1] = HE [exp <)\ZTA_1HCt€rl(t)) | W_l]
t=1

(Cond. Ind. given 7~ 1)

T _ _
< Hexp <)\22TA 1?1:?14 1z>
t=1

(Cond. 1-sub-G. given 7~ 1)
_ T _
— exp ()\ZzTA ISz A 12’)

A2z
= exp (H 2||A 1).

So 7 is conditionally ||z|| 4-1-sub-Gaussian given 7. Analyzing the MGF of z " <§T — §T>, for

some \ we have

E |exp (A=" (6r - 07))|

[exp (AS + An)]
[exp (AS) exp (An)]
[exp (AS) E [exp (An) | 7]

E [exp (AS)] - exp (V”Z'i>

E
E
E

2

)\2 2 )\2 2
< exp (8H;HA1> - exp (‘ZQHA1>
A2(1+8

Thus z <9AT - ?T)is V/9]|z|| 4-1-sub-Gaussian. [

Lemma 14 Consider fixed sequences {xt}t 1 spannmg R? and {Ht}t 1, withmax; ||| < B and
max; [|6¢|| < M. Denote 07 = + LS 6, A=S"T wx/), and 6; = 6, — O for each t € [T).
Let m ~ Unif(II(T)). For any z € R% we have that 2" Zt 1A” 11:@?9 is VSMB|| 2| 4-1-
sub-Gaussian.

Proof Fix z € R% and denote S = 2" Y7 | A~ ) 0, (t)- Fort € [T] define Z; = E[S | F],
with F; = o(n(1),...,7(t)). Further define Zy = E[S]. By construction, we have that {Z,}1_,
is a martingale and Zr = S. Also note that Z, = E[S] = 0, since Zt 10 = 0. Denote
Ay = Zy — Zy—1. We begin by bounding |A| for some ¢ < T'. To ease notation, let us denote

a; =z, AL (81)
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and .
My = T _t+1 O (82)
ke[T\{(1),...,m(t—1)}
Lett < T. We have:
t—1 ~ T 1 ~
Zt—l = Z GSTGﬂ-(S) + Z G;r m ak
s=1 s=t ke[TI\{m(1),...,m(t—=1)}

t—1 ~ T
= ZaSTeﬂ'(S) + Z%Tlit
_Za 0#(5 +at:ut+ Z a Ht,

s=t+1
and
Za95)+2a (t Z ék)
s=t+1 ke[T\{=(1),...,m(t)}
-1 . T 1
= Z ag On(s) + af Onry + Z a; T3 Z Ok — O 1)
s=1 s=t+1 ke[T\{m(1),...,m(t—1)}
. -
(T —t+ 1) — 0
_ZaTG —i—at (t)-i-Za;—( T_¢ ()
s=t+1
It follows that:
ANy =2y —Zia

—t+1,ut 0,
_ateﬂ(t) atut+za ()—Mt>
st+1

N —t+1uy—@
= atT (97r(t) - ( ©w_ ,ut)

5= t+1
=a (éﬂ'(t) - Mt) + ﬁ i aj ((T —t+ 1) — 57r(t) — (T - t)Mt)
s=t+1
=a; (éw(t) ,Ut) + %_t i al (Mt 97r(t))
1 ] . s=t+1
= (@t T :Zt;_l as) <é7r(t) Mt)
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T T
[orta 2) o)

ay —

ay —

ay —

ay —

ay —

ay —

= Ct.

Bounding |Ar| we have

Ort) — Mt”2
~ 1 -
keI {r(D)mt=1} ||,
_ 1 _
Or(ty — 01 — T—i+1 Z O + 01
ke[T\{n(1),....m(t—1)} )
1
Orty = Z Ok
T—t+1 ke[T\{r (1), (t=1)} |5
1
6=l + 751 ) 161
ke[T\{r(1),...,m(t—1)}
1
M4 — Z M
T—t+1 ke[T\{r(1),.... m(t—1)}
-2M

|Ar| = |Zr — Zr1|

= a’}—éﬂ(T) - a’}—éw(T)
=0

= cr.
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Note that by construction, E[A; | F;_1] = 0 for any ¢. For some \, we have:

E lexp (AS)] = E [exp (\(Z1 — Z)))]

=E |exp

L t=1
B T-1 )\2
< E |exp /\ZAt exp (2~C%)
L t=1
<.
? 2
< exp 5 Z (on
t=1
It now only remains to bound:
T—1 1 T 2
Do =AMy llar = D a
t=1 t=1 s=t+1 |lg

For each t € [T — 1] denote d; = a; — 72— - 41 @s, and construct the matrices

a:= [al aT]ERdXT

di=[d -+ dpq] eRPTL

Further consider the matrix D € RT*7T-1

1 i=j
Dij:={ —7= i>].
0 i<j

(Induction)

(83)

(84)

(85)

(86)

It follows by construction that aD = d. Let D; denote the ith column of D. Note that for any

i € [T — 1] we have

(1N
D0 =124 (=) ()
1

=1
+T—i

< 2.
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Consider D;, D, for ¢ < j. Note that

D/ D; = (T__lz-> 1t XT: <T_—1i> (T_—1.7>

k=j+1
-1 -1 -1
= — T —
(=) v (7=) (7=5)
=0.
Thus, each column of D is orthogonal. This means
DD = diag (| D1f3,- -, | Dr-1]13)
and so,
IDI12 = Amax (DT D)
= max|| D 3
<2
It follows that
T T-1 1 T 2
Do =AM lar = > as
t=1 t=1 s=t+1 |y
= 4M? - |d||%
= 4M? - |aD| %

<AM? - |al[7 | Dllg,
<2-4M7 - allf

T

2

= 8M* Z llaxll5
t=1

T
= 8M? Z 2T A ey ] A7z
t=1
T
< 8M*B? Z 2T A ] AT 2
t=1
T
= 8M?B?,TA! Z N
t=1
— 8M2B22]%.
It follows that, for all A we have:
2

e I
E [exp (AS)] < exp (2 : ZC?>
t=1

< ex A—Q-SMQBQ 2
S exp 5 HZHAfl .
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Thus S is v/8M B|z|| 4-1-sub-Gaussian. [

Appendix C. Computing The Adjacent Set 7

Consider X C R? with |X| = K. If one has access to the convex hull of X, the adjacent set Z
can be extracted in O(|Z]) = O(K?) time. If one does not have access to the convex hull, one can
compute it in O (K log K + K4/ 2J) time (Chazelle, 1993), which is efficient for small d. When
d is large, one can use the following procedure to compute Z in time polynomial in K and d. First
center X, that is, denoting = = % er v T, compute

X e {z—T:2€X)}. (88)
This shift ensures 0 € int(conv(Xx”)), which will be important later on. For each 2z € X’ solve:

mMaXe, €
subjectto x'w =1 . (LP1)
ylw<l—e YyecX\{z}

Then, check if the resulting € > 0. If so, add x to the set Vy-. It follows that Vy is exactly the set
of all extreme points of X”. Now, for each linearly independent pair z, 2’ € Vyr solve:

maXe, €
subjectto z'w =1
e (LP2)

y'w<l—e VyeVu\{z,a'}

Then, check if the resulting € > 0. If so, add (x, 2’) to the set Zy-. It follows that Zy- is exactly the
set of all adjacent pairs of X”’. Since the structure of a polytope is preserved under translation, we
have

Vy={z+T:2€Vxy}, (39)

and
Ix ={(z+z,2' +7): (z,2') € Tn'}. (90)

The correctness of LP1 is the following. Consider some x € AX”. Since 0 € int(conv(Xx”)), any
hyperplane strictly supporting = must be of the form {y eRY:yTh= c}, for ¢ > 0 and normal
vector h. Thus {y eR?: yT% = 1} also strictly supports z. Hence, to find whether or not x
has a strict supporting hyperplane, it suffices to restrict our attention to normal vectors in the set
W(zx) = {w R ARTES 1}. If € > 0, w corresponds exactly to a strict supporting hyperplane of x,
and the definition of extreme point is satisfied. If € < 0, then no w € W (z) is a strict supporting
hyperplane of x, and the definition cannot be satisfied. The correctness of LP2 follows analogously,
with one extra caveat: checking only linearly independent pairs is sufficient; if x, 2’ are linearly
dependent then for any w we have z'w = 2/"w = 2 w = 0, hence no w strictly supports both
x and 2’ since 0 € int(conv(X”)). Finally, both LP1 and LP2 have d + 1 variables and at most K
constraints, so each can be solved in poly(K, d) time (Karmarkar, 1984). Thus, the extreme point
procedure takes in total K - poly(K, d), and the adjacent procedure takes in total K2 - poly (K, d).
Thus, the total run time remains poly (X, d).
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Appendix D. Proof of Proposition 10

Proof Note that since Z** C X'\ {z.} we have

[ _93"?4()\)71 [ _95“?4()\)71

min max ————— min max —————.
reAx zeX\{z.} ((zx —x)T0)2 — xeAxzezo ((x4 — ) T6)2

By Lemma 15 we have

|+ _93"?4()\)71 |+ _95“?4()\)71

min max —————"— min max —————.
reAx zeX\{z.} ((xx —x)T0)2 ~ xeAxzezo ((x4 — ) T6)2

Lemma 15 Consider § € R% and M ~ 0, and let z, = argmax, v ' 0. Consider v € X \ {x.}.

We have ) -
N o

ciezes ((ze — ') T0)2

Proof By Lemma 3.6 of Ziegler (1995) we have X C z, + cone ({y — x4 : y € Z%*}). Thus
Jay > 0foreachy € 7%, such that z, — x = 7. ay(z« — y). Thus we have

2 2

_aema [P 2yers (@ —0)
2
_ ay(Ts —y)
yeTzx > wezes Oa(Te — )10 u
2
_ ay(z.—y)'o . (z+ —y)
< ez ol —2) 10 (2 —y)T0
yELT* x€L T * o
2
ay(z.—y)'o (s — ) . _
< . : Jensen’s inequalit
- yETT* D wezes Ou(Tx — )10 || (ze —y)TO|[ ( quality)
2
< ay(z. —y) "0 - max (s — ')
- yETT* D wezes Qu(Tx — 2)T0 areze || (ze —2')T0
2
= max M . O‘y(w* - y)TO
d'eTo || (e — ') 10|y, . > ez Qal(Ts — )70
(:L'* _ 1,/) 2
= max .
d'eTe || (e — ') 01|y,
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