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Abstract

We study approximation and statistical learning properties of deep ReLU networks under structural
assumptions that mitigate the curse of dimensionality. We prove minimax-optimal uniform approx-
imation rates for s-Holder smooth functions defined on sets with low Minkowski dimension using
fully connected networks with flexible width and depth, improving existing results by logarithmic
factors even in classical full-dimensional settings. A key technical ingredient is a new memoriza-
tion result for deep ReLLU networks that enables efficient point fitting with dense architectures. We
further introduce a class of compositional models in which each component function is smooth and
acts on a domain of low intrinsic dimension. This framework unifies two common assumptions in
the statistical learning literature, structural constraints on the target function and low dimension-
ality of the covariates, within a single model. We show that deep networks can approximate such
functions at rates determined by the most difficult function in the composition. As an application,
we derive improved convergence rates for empirical risk minimization in nonparametric regression
that adapt to smoothness, compositional structure, and intrinsic dimensionality.

Keywords: ReLU, Intrinsic dimension, Compositional structure, Minimax rates, Nonparametric
regression

1. Introduction

The empirical success of deep neural networks in high-dimensional learning problems suggests
that they can efficiently adapt to the low-complexity structure of the target function. Understand-
ing which structural assumptions enable such behavior and how they can be exploited by concrete
network architectures remains a central question in approximation theory and statistical learning.
A classical structural assumption is the smoothness of the target function. Several authors have
proved sharp approximation and estimation results for ReL.U networks when the target function is
s-Holder smooth (Yarotsky, 2017; Lu et al., 2021; Shen et al., 2022; Ou and Bélcskei, 2024). How-
ever, these results inevitably suffer from the curse of dimensionality: approximation and estimation
rates scale exponentially in the input dimension D. In mean regression problems, this leads to mini-
max rates of order n~2%/(25+P) (Stone, 1982), which quickly become impractical even for moderate
D. Thus, smoothness alone is insufficient to explain the effectiveness of neural networks in high-
dimensional settings. One prominent approach to overcoming the curse of dimensionality is to
assume some compositional structure of the target function. For such models, deep ReLU networks
can achieve approximation and estimation rates that depend on the smoothness and dimensionality
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of the component functions rather than on the ambient dimension, thereby mitigating the curse of
dimensionality (Schmidt-Hieber, 2020; Kohler and Langer, 2021; Danhofer et al., 2025).

An alternative line of work focuses on the intrinsic dimensionality of the input space. Motivated
by the manifold hypothesis, this literature assumes that although the ambient dimension may be
large, the data lie on a set of much lower intrinsic dimension. Under such assumptions, approxi-
mation and learning rates depend on the intrinsic rather than the ambient dimension (Bickel and Li,
2007; Kpotufe, 2011). Several works show that ReL U networks can efficiently approximate smooth
functions restricted to low-dimensional manifolds or, more generally, sets with bounded Minkowski
dimension (Nakada and Imaizumi, 2020; Schmidt-Hieber, 2019; Kohler et al., 2023). However,
these results require very wide and relatively shallow architectures, with some imposing additional
sparsity on the network parameters. This leaves an unsatisfying gap between existing theory and the
architectures used in practice. Jiao et al. (2023) provide similar results for dense, deep networks,
but their approximation and estimation rates are suboptimal by polynomial factors in the network
size.

From both modeling and theoretical perspectives, compositional structure and low intrinsic di-
mensionality should not be viewed as competing explanations for the success of neural networks.
Schulte et al. (2025) impose a combination of both assumptions in a causal inference setting, but
measure intrinsic dimensionality only in the input layer, not in the intermediate layers of the com-
position. This can be inefficient, as component functions often also act on domains of low intrin-
sic dimension. For instance, Ansuini et al. (2019) and Sclocchi et al. (2025) provide empirical
evidence that trained deep networks typically have hidden-layer representations concentrated on
low-dimensional sets. Exploiting this property is crucial for obtaining sharp guarantees.

The main contributions of this paper are as follows.

* Optimal approximation on low-dimensional sets. We prove a new approximation result
for fully connected ReLU networks for s-Holder smooth functions defined on sets with low
Minkowski dimension (Theorem 3.1). The result allows for arbitrary width-to-depth ratios
and uses a network size that is minimax-optimal (up to constants) for this problem (Proposi-
tion 3.3). Even when intrinsic dimension equals ambient dimension, Theorem 3.1 improves
on the best known result for (s > 1)-smooth functions by logarithmic factors in both, width
and depth.

* A new memorization result for deep ReLLU networks. We provide a new memorization
result for deep ReLLU networks with flexible width and depth (Proposition 3.4), which may
be of independent interest. The result improves upon existing results of Vardi et al. (2022) in
terms of network size and forms a key technical ingredient of our approximation results.

* Approximation of compositional models with low-dimensional components. We propose
a new model class of compositional functions, where each component is smooth and is de-
fined on a set with low Minkowski dimension. This class combines two common assumptions
imposed in the deep learning literature, i.e., the compositional structure of the target function
and the low intrinsic dimension of its inputs. In Theorem 4.4, we prove that deep ReLU
networks can approximate functions from this class at rates determined by the intrinsic di-
mensionality and smoothness of the component functions.

* Statistical rates for nonparametric regression. In Section 5, we apply the approximation
results to nonparametric regression and derive improved convergence rates for empirical risk
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minimization with neural networks. The resulting statistical rates adapt simultaneously to
smoothness, compositional structure, and intrinsic dimensionality and improve upon existing
results for deep fully connected networks.

2. Preliminaries

In our analysis, we consider vanilla feedforward neural networks with ReLLU activation function
defined as follows.

Definition 2.1 (Class of fully connected neural networks) Lero : R — R, o(z) = max{z,0} =
()4 be the ReLU activation function, and for v € R denote by 0,,(t) = o(t+v) the v-biased ReLU
function. For vectors & = (x1,...,xp)" € RP andv = (vy,...,vp)" € RP, we apply o, com-
ponentwise, i.e.,

oo(x) = (o(x14+v1),...,0(xp+vp))" = ((x1+v1)4,...,(xp+vp)s) .

A function f : RNo — RNL+1 s called a fully connected neural network with depth L € IN and

width vector (No, N1, ..., Npy1) if it can be written as

f(x) =vp+Wroy,_, - Wioy,Woz, (1)
where for eachi = 0,...,L, W; € RNo+v*Ni i the weight matrix and v; € RNi+1 is the bias
vector. Let B; = max{max; |W; ;| ||vi|o} be the maximum parameter magnitude in layer

i. The class of such networks with depth L, maximum width N € W, and maximum parameter
magnitude B € R is defined as

Faodp (N, L, B) = {f of the form (1) : Ny = do, N1 = dp+1, max N; < N,max B; < B}.
(2 7

To derive non-trivial results, analyses of approximation rates and statistical risk bounds require
structural assumptions on the target function (see, e.g., Gyorfi et al., 2002, Section 3). In this work,
we consider the class of s-Holder smooth functions defined as follows.

Definition 2.2 (Class of Holder smooth functions) Let K € RP, s > 0, and C > 0 be constants.
For a multiindex o = (aq,...,ap) € ]N{)j, define its order as |a| = a1 + -+ + ap, and let
o%f = olelf/oxg - -0x}P. Denote by |s] the integer part of s. Then, the Hélder class of
functions Hs(K, C) is defined as

a O*f(x) — 9% fy
HS(K,C)—{f:K—HR Y 10%flle+ >, sup | (_) S_LSJ( ) gc}. ?)
o o ©,ycK Hx yHOO
|| <s] o =1s] =y

The intrinsic dimensionality of data is measured via its Minkowski dimension, defined as follows.

Definition 2.3 (Covering number) Let (V, || - ||) be a normed space and © C V. {V1,...,Vn}is
an e-cover of © if for each t € © there existsani € {1,..., N} andt' € V; such that ||t —t'|| < e.
The e-covering number is the minimal size of an e-cover, i.e.,

N(e, V.|| - |]) :== min{N : Je-cover over © of size N'}.
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Definition 2.4 (Minkowski dimension) The Minkowski dimension of a bounded set M C RP is

. : log V'(e, M, || - [loo)
d =1 .
imps (M) 1r£1_>s81p log(1/¢)

Note that the Minkowski dimension describes a broader class of low-dimensional sets compared
to other dimensionalities. For instance, the Minkowski dimension equals the (intrinsic) manifold
dimension for smooth manifolds M, but it also applies to less regular sets such as fractals (see
Nakada and Imaizumi (2020) for more details).

Notations. Vectors are denoted in bold letters, i.e., x = (r1,...,2p)T. We write a < b if there
exists a constant C' € (0, 00) such thata < Cb, and a < bifa < band b < a. We write | z] for the
largest integer less than or equal to z € R.

3. Approximation of Smooth Functions on Sets with Low Minkowski Dimension

We start with an approximation result for ReLU networks for Holder classes of functions having
domains with low intrinsic dimension. The numerical constants in such results typically depend
exponentially on dimension and smoothness. To better highlight the key mathematical ideas and
to simplify notation, we do not track the precise values of these constants in the following. In
particular, we write

¢ € F(N,L,B) whenever 3C = C(D,s) € (0,00) such that ¢ € F(CN,CL,CB).

3.1. Main Result

The following theorem shows that networks with variable width and depth can efficiently approxi-
mate s-Holder functions on sets with low intrinsic dimensionality.

Theorem 3.1 Lete >0, S = [aj,bj]le, [ € Hs(S,C), M C S be a set with covering number
NEYS, M, || - loo) S 5. Then for N, L € N with N>L? =< =%/ there is a neural network

(b6]?DJ(N,L—i—L\/logL/logN,N) such that  sup |f(x) — ¢(x)| S e.

reM
In particular, if dimpr (M) = d, it holds supge a4 | f () — ¢(z)] < (NL)—Qs/d.

The result improves and extends the literature in several ways; see Table 1 for a summary. In
particular, when M has a general low-dimensional structure and the network is deep in the sense
that L < €7%, a > 0, most previous results either do not apply or suffer from an exponentially
worse dependence on ¢ ; see, e.g., Jiao et al. (2023). Even in comparatively simple cases, such as
when M is a smooth manifold or when M = [0, 1]P, Theorem 3.1 improves upon known bounds
by at least a logarithmic factor in the network width or depth. Notably, even the strongest existing
results for approximating H, ([0, 1]”, C') with s > 1 using deep, fully connected networks (Lu et al.,
2021) are sharpened by Theorem 3.1, yielding logarithmic improvements in width and depth.

In Theorem 3.1 we only require an upper bound on the covering numbers of M at scale el/s,
which is more general than assuming a bound on the Minkowski dimension. This is important when
the domain M is only approximately low-dimensional, for example, when the input lies close to a
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Reference Structure of M Network Width Depth

This work Approx. Minkowski-d dense N L+ Ly/log L/log N
Schmidt-Hieber (2019); Smooth manifold sparse N2 log N

Chen et al. (2022)

Nakada and Imaizumi (2020) Exact Minkowski-d sparse N? 0(1)

Zhang et al. (2023) Approx. Minkowski-d  sparse N2 o(1)

Kohler et al. (2023) Smooth manifold dense N log N

Jiao et al. (2023) Smooth manifold dense NlogN  LlogL

Approx. manifold dense N€logN LC¢loglL,
Exact Minkowski-d ~ dense N€logN L€logL,
Lu et al. (2021) M =[0,1)? dense NlogN LlogL

Table 1: Comparison of neural network approximation results for s-Holder functions restricted to a
set M C [0, 1]P with target accuracy < (N L)~2%/¢, Here d denotes the intrinsic dimen-
sion of M, L = 1 if unspecified, and C' > 1 is a numerical constant.

low-dimensional set but is perturbed by noise. To illustrate, let M C RP satisfy dim; (M) = d
and define its J-enlargement by M0 = {z € RP: infyen || — ylloo < 6}. Then N(g, M°F || -
lloo) < €7 for all e > 36, but dimy;(M) = D. In Section 4, this property will be essential for
approximating compositions of functions defined on low-dimensional domains.

3.2. Optimality

In the special case of Lipschitz functions on [0, 1], i.e., f € H1(]0,1]?, C), Shen et al. (2022); Ou
and Bolcskei (2024) show that a network of width N/+/log N and depth L can approximate f up
to an error (N L)_Q/ D At first glance, this may suggest that the network sizes in our result could
be improved by eliminating root-logarithmic factors in width or depth. However, such logarithmic
factors are intrinsic to our setting and cannot, in general, be removed. Intuitively, approximating
functions on a low-dimensional subset M C [0, 1] with dimy;(M) = d < D is comparably
difficult as approximating a function on [0, 1]%. This explains why the required width and depth
depend primarily on the intrinsic dimension d rather than the ambient dimension D. However, using
the same function class F to approximate functions uniformly over all sets M with dim; (M) = d
makes the problem slightly more challenging. This is formalized in the following proposition.

Proposition 3.2 Let || f — g||p = supgen | f(x) — g(x)| and d < D.
(i) For any function class F,

sup sup inf [[f—glmSe = logN(e, .| |) 2 e ¥ log(c™").
geM([0,1]P,C) dimpr (M)=d [EF

(ii) For any fixed M with dimy; (M) = d, there is a function class F aq such that

sup inf |f—glmSe and  logN(e, F,| - [loo) S %5
geMs([0,1]P,C) TEFM

Combining Proposition 3.2 (i) with the covering number bounds for neural networks from Ou
and Bolcskei (2024), we obtain the following optimality result for our approximation theorem.
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Proposition 3.3 The network size in Theorem 3.1 is optimal in the sense that

log N'(e, Fp,i(N, L+ L\/log L/Tog N,N), || - |l) S % log(c7").

Up to constants, it is not possible to construct smaller bounded-weight networks that achieve the
same approximation accuracy uniformly over all sets M with dimp; (M) = d.

3.3. Outline and Main Tools for the Proof of Theorem 3.1

The proof of Theorem 3.1, given in Section A, follows the standard approximation strategy for
Holder-smooth functions used throughout the literature. Suppose M C [0, 1]7, fix K ~ e~1/5 and
partition [0, 1]” in a regular grid with mesh size 1/K and grid points Gx = {zg = B/K : B €
{0,...,K — 1}P}. For x € [0,1]P, define B(x) := (LKach)jD:1 and let zg = B(x)/K denote
the grid point of the cell containing x. By Taylor’s theorem,

sup |f(x) — Z W(m—mg)a <e.

x€[0,1]P lafl 1< s]

Thus, uniformly approximating f over [0, 1]” reduces to approximating piecewise polynomials of
degree |s], with coefficients given by derivatives of f evaluated at the grid points. The network
construction proceeds in stages: first approximating the map x — xg, then implementing the trun-
cated Taylor polynomial. Proposition 4.1 of Lu et al. (2021) (see also Lemma C.3) provides an
efficient approximation of the monomial basis, reducing the remaining task to fitting coefficients
0 f(xg)/a! at the grid points x 3. Constructing networks that memorize these values and combin-
ing all parts yields the desired approximation.

Differences to previous proof strategies. Compared to prior work, our proof systematically uses
recent tools for approximating functions with dense, bounded-weight networks with flexible width
and depth (Lu et al., 2021; Ou et al., 2024; Ou and Bélcskei, 2024). In particular, approximating the
map x — xg and the associated monomials is straightforward (Lemma B.1, Lemma C.3) and can
be achieved with networks significantly smaller than the final network in Theorem 3.1. Moreover,
we adapt the median smoothing technique of Lu et al. (2021) to sets of low intrinsic dimension
(Proposition B.4), allowing an approximation that was initially valid only on the set where x — xg
is computed exactly to be extended to the entire set M.

The main challenge lies in efficiently solving the point fitting problem. When M = [0,1],
this is typically handled by re-indexing the grid points zg to {1,..., K DY and using bit-extraction
techniques to memorize the corresponding coefficients (e.g., Shen et al., 2022; Lu et al., 2021; Ou
et al., 2024). For a general set M with Minkowski dimension d < D, this approach becomes
inefficient. Only grid cells Qg = zg + [0,1/K]” intersecting M need to be stored, and there
are only O(K?) such 3. However, there is no simple reindexing from the full grid {0,..., K —
1}? that uniquely identifies these relevant cells. Nakada and Imaizumi (2020) circumvented this
problem by embedding the Taylor coefficients directly into the network weights using extremely
wide architectures. While effective in theory, this results in sparse, very wide and shallow networks
that are far from practical implementations.

Our key technical innovation is a new result on network memorization that solves the problem
efficiently with dense networks of flexible width and depth.
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Proposition 3.4 Let N, L,s € IN, § > 0, and suppose we are given samples
(1,91),..., (x5, y5) €[0,1)P x {0,...,2" — 1},
where ||x; — x| > & for every i # j and J < N?L?. Denote R = 2J?D /6. Then there is

Vlog L log(6~") +r N+ 2(r+log(R))/L>

+ )
Viog N V1og N'log(NL)

such that (x;) =y; forj=1,...,J.

¢eFpi (N,L+L

The proof is given in Section A and outlined as follows. First, implement an affine map z: [0, 1] —
[0, 1] that keeps the values z(x;) sufficiently separated. Then implement a piecewise linear map that
assigns the z(x;) to crafted numbers u, w. These numbers encode the necessary binary digits of
nearby z(xj) values along with the corresponding vy, values in a reduced-alphabet ternary expan-
sion. Using techniques developed in Ou et al. (2024), the values z(x}) and y, can then be decoded
from u, w using flexible bounded-weight networks (Lemma B.5). It remains to compare z(x;) to
the stored z(xy) values and return the corresponding y; when a match is found.

Our proof strategy shares some similarity with the best previous result on network memoriza-
tion (Vardi et al., 2022, Theorem 5.1), but makes more efficient use of network width and weight
magnitude. In particular, Proposition 3.4 improves their result from width N2 to N, reduces the
depth by a /log N factor, and the weight magnitude from about 2£(rt108(R)) o N  2(r+log(R))/L

The constants C'(D, s) hidden in the F notation can be taken cubic in D and s for the width
and depth, and independently of D and s for the weight magnitude. As in previous works (Lu
et al., 2021; Jiao et al., 2023), the median smoothing technique (Proposition B.4) introduces an
additional 3 factor in the width, but is only necessary for the final sup-norm approximation and
can be skipped for Lo- and intermediate bounds.

4. Compositional Models with Low Minkowski Dimension

In this article we consider a model which combines the compositional model introduced in Kohler
and Langer (2021) with the low Minkowski dimension assumption considered in Nakada and Imaizumi
(2020). More precisely, we consider a class of compositional functions in which each component
function either depends on only a small number of input coordinates or is defined on a set of intrin-
sically low dimension, quantified via its Minkowski dimension.

Definition 4.1 (Class of compositional models on sets with low Minkowski dimension) A func-
tion f: RP 5 M — R is called a compositional model of level ¢ € N with dimension vector
(Do, ..., Dy), where Dy = D and Dy = 1 and smoothness and intrinsic dimension parameter set

’P:{(di]‘,szj)ENXRZliiZO,...,E,jZl,...,DZ‘},

if there exist functions g;: [—C,C|Pi — [~C,C|Pi+1, i = 0,...,4, for some C > 0, such that
go = id and

f=giogi—10---0go, 3)

where g; is a vector-valued function with components g; = (g1, - - -, 9iD, )T satisfying the follow-
ing conditions.
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(C) (Coordinate sparsity) There exists a subset S;; C {1,...,D;} such that g;j(x) = gi; o
s, (), where ms, (x) = (k)re|s,,;| denotes the coordinate projection.

(S) (Smoothness) It holds g;; € H.,, ([-C, c11%ul, o).

(M) (Low Minkowski dimension) The set M;; := mg,;0g;—10- - -0ogo(M) satisfies dim s (M;;) <
dl‘j.

The corresponding class of compositional models is defined as
G, P,D) = {f of the form (3)}.

Remark 4.2 While condition (C) is trivially satisfied with S;; = {1,...,D;}, the condition is
useful when the sets S;; can be chosen much smaller. Then each component g;; acts only on a
low-dimensional coordinate projection, and the assumptions in (S) and (M) are imposed only on
this reduced set of variables and on the corresponding projected image of M. The function classes
considered in Kohler and Langer (2021); Schmidt-Hieber (2020) arise as special cases of Defini-
tion 4.1 in which only coordinate sparsity (C) and smoothness (S) is imposed on the component
functions. Conversely, Nakada and Imaizumi (2020) studies smooth function classes characterized
by low Minkowski dimension, which are a special case of Definition 4.1 with ¢ = 1.

The modeling assumption in Definition 4.1 is motivated by the structure of many real-world
data-generating processes. In many applications, the target function can be decomposed into a se-
quence of simpler transformations, where at each stage of the hierarchy the component functions
may depend only on a small subset of coordinates, reflecting sparse or localized interactions. At the
same time inputs are often constrained to intrinsically low-dimensional sets due to latent factors,
dependencies among covariates, or physical and biological constraints. By allowing either coordi-
nate sparsity or low Minkowski dimension at each component or both, Definition 4.1 captures these
common structural features of regression functions while remaining flexible enough to encompass
classical additive and index models as well as more complex hierarchical dependencies.

Example 4.1 (Sparse feature extraction with latent factor aggregation) Let X C R” be a com-
pact set. Consider a function of the form

f(m) = h(gl(w&)v s vgm(wsm))v

where each S; C {1,...,D} with |S;| < d and xs; = (x1)res;. If all component functions
gj: RIS — R are Lipschitz, the feature map

r— G(z) = (91(zs,), - gm(s,,)) € R™
is Lipschitz and, by standard properties of Minkowski dimension under Lipschitz maps, we have
dimps(G(X)) < min {dimp,(X), m}.

Hence, G(x) takes values in a set of intrinsically low dimension. As the second-level function h
acts on this set, it therefore satisfies the low Minkowski dimension condition (M).
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Approximating a compositional model reduces to approximating its individual component func-
tions. The global approximation error can be controlled by the largest component-wise approxima-
tion error, as shown in the following lemma.

Lemma 4.3 (Error propagation lemma) Leth = hyo---o hg be a compositional model defined
as in Definition 4.1. Let h be obtained by replacing each h;; by h;;. Define partial compositions

Hi::hio'--ohg, ﬁi::iLiO"'OiL(),
and the accumulated errors and

S =0, & :=sup ||Hi(x) — Hi(@)|loo, i>1.
reEM
For eachi = 0,...,0,5 = 1,...,D;, let /\/l;;&*1 be the 0;_1-enlargement of M;; defined as
./\/l;fi‘l = {x ¢ R% : infyenm,, (®,y) < 0;—1} and assume that

sup  |hy(2) — hij(2)] < ey “)
ze(M;;) i1

Then 6; < Cé;—1 + max; €;; and

¢
— I 0o = 0¢ < 7'maxei-_ max 5, 1 maxe;;.
h—h s <) o i < tmax{C" 1 ;
i=1 J g

Proof Fix x € M. For each ¢ > 1 and component j, let

A~

U =T, (HZ,1($)) € Mij, U= TS, (Hlfl(w))

Then |ju — |00 < ||Hi—1(w) — Hi_1(u)||oo < 61,50 @ € (M;;)H0-1. Using triangle inequality
together with the Lipschitzness of h;; and (4), yields

~

[hij(w) = hij(@)| < |hij(w) = hij(@)] + [hij(@) = hij(@)] < Cllu =@l + e < Ot + €35,
yielding §; < C'd;,—1 + max; €;;. Unrolling the recursion proves the bound. |

We note that many functions can be expressed as a composition of simpler functions and thus
form a compositional model of corresponding level ¢ according to Definition 4.1. For instance,

(z+y)* - (x—y)?
4

9(z,y) = zy = = g1 ° 9o,
where go1(2,y) = (z + ) and goa(2,y) = (z — y)* and g1(z1,22) = (21 — 22)/4. Here
D =Dy =2and Dy = dyp1 = dg2 = 2. In turn, xy can be considered as a compositional model
of level 1. The previous lemma shows, that if we have given approximators for every function
in the composition, then the composition of these approximators forms also an approximator for
the composition model. In general, most constructive approximation results for neural networks
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employ an underlying compositional structure, even when the target function is not explicitly rep-
resented in this form. Such a structure is also used to propagate approximation errors in the proof
of Theorem 3.1.

For approximating compositional functions as defined in Definition 4.1, we now combine The-
orem 3.1 with Lemma 4.3. The following theorem shows that the networks required to approximate
the compositional model are only slightly larger than those for a single, s*-smooth function g;; with
d*-dimensional domain. To clearly capture the enlargement, we leave constants depending on ¢
explicit.

Theorem 4.4 Lete >0, S = [a;, bj]le, MCS,geG,P,D), and

(d*,s*) € arg maxpd/s.

,8
Then there are N, L € IN with N?L? < sad*/s* = (e/4(C +1)") “5" and a neural network

o€ ]?D,l(maxDiN,ﬂ(L + Ly/log L/log N),N) suchthat sup |g(x)— ¢(x)| S e.
¢ reM

Proof sketch Fix a target accuracy ¢ > 0. Fix ¢g > 0 to be chosen later and define a
geometrically increasing error target &; := eo(C + 1)%,i = 0,...,£. Assume ¢, < 1 and set
L' := L+ Ly/log L/log N. As in Lemma 4.3, define

G;:=gjo---0gp, Gz :=g;o---04gy, 00:=0, ¢ := sup ||Gi(x)— Gz(w)‘\oo
reEM

Step 1: Approximation on fixed enlargements. For each level i = 0, ...,/ and each component g;;,
approximate g;; uniformly on the enlarged set (M;;) "¢ with accuracy ;. Using Theorem 3.1, this
is possible with networks

Gi; € Fp._,1(N,L/,N), st N2L2 =g, %/

. . o . .. —d*/s* o
Since ¢; increases in 7 and g < 1, the single condition N2L? =< €9 /*" works for all ,].

Step 2: Error propagation. We show inductively that foralli =0, .../,

51' < Eitl, Gl € j:D,Di(m’?XDkN7 iL/, N)

The base case i = 1 follows since §y = 0 and the approximation of g;; applies on (My;)**!. For
the inductive step, assume 0;_1 < &;. Then the inputs to g;; produced by G;_1 lie in (/\/lij)+5i,
where the local approximation error is at most €;. By the error propagation lemma (Lemma 4.3),

0; <Coi_1+¢ < (C + I)Ei = E€i41-

The stated network size follows from standard parallelization and composition arguments.

Step 3: Choice of 9. Lemma 4.3 yields

¢
e <Y C"e < U(C+ 1)'eg.
=1

10
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Choosing &g := £/£(C + 1)¢ ensures

5 = sup [Go(@) — Ge()]) = sup |g(@) — é(a)] < =,
xeM reM

as claimed. Full details can be found in Section A. [ |

Remark 4.5 The network size in Theorem 4.4 is sharp in its dependence on the effective parameters
(d*, s*): indeed, simple instances, for example models in which all but one component are the iden-
tity map, reduce to the non-compositional setting and are covered by the matching lower bounds
in Proposition 3.3. On the other hand, the bound grows exponentially in the depth £ of the hierar-
chical model. This depth dependence can be improved under additional stability assumptions; for
instance, if the maps g; are sufficiently contractive, say with Lipschitz constants at most 1/2, then
one can choose a decreasing sequence of intermediate error tolerances ¢;, exploiting the reduced
accumulation of errors across layers.

5. Application to Nonparametric Regression

We finally apply our approximation results to derive statistical rates in a nonparametric regression
problem. Suppose we observe n independent and identically distributed pairs of covariates and
corresponding responses (X, Y;) from the model

YL:fO(XZ)+€l7 izlv"'vn

with ¢; ~ N(0, 02) independent of X;. We want to learn the regression function fy : RP? - R
by empirical risk minimization over a class of neural networks. To keep the proofs simple, we
only consider the square loss and Gaussian noise, noting that the same rates can be derived in more
general loss and noise settings with Van der Vaart and Wellner (2023, Theorem 3.4.1).

Theorem 5.1 Lets > 0, d € N, and define €, = n~5/(25+d) log(n)s/(25+d). Choose N,,, L,, € N
such that N,%L% = 5T_Ld/s and assume the class F,, = Fp1(Ny, Ly, + Ln+/log Ly, / log Ny, Ny,)
satisfies inf rc 7, || f — folloo S €n- Then any f satisfying

=N W f(X))P < inf =) (Vi - f(X0) + el (5)
j i=1
satisfies

E [IF = foll2aey| S €%

Remark 5.2 Condition (5) allows for optimization errors up to size 2. This accounts for the fact
that practical deep learning optimizers do not usually find exact minima of the empirical risk.

Proof Theorem 4.1 of Ou and Bolcskei (2024) gives the oracle inequality

1+ log/\/(é?%,]:n, |- lloo)

B[IF - follfaen] S i+ n

11
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By Proposition 3.3, we have

~

1Og./\/-(€,21,}—n, ” ’ HOO> S Egd/s log(€;1)>

and it holds

2s+d)/s

log(e,,!) = eney, log(e, ') = ney, log(e;, 1)/ log(n) < ney,.

Combining the displays and noting £2 > 1/n, the claim follows. |

In case that fo is s—smooth, applying Theorem 3.1 with M = [0,1]” gives a statistical
rate e, = n~2%/(254D) Jog(n)?s/(25+D) " which matches the minimax optimal rate up to a small
log(n)zs/ (25+D) factor (Stone, 1982). Notably, even in this classical setting, our result improves
the best known results for fully connected networks by at least a (logn)* factor (Jiao et al. (2023);
Kohler and Langer (2021); Kohler et al. (2023)). This improvement is more relevant than it may
seem: for example, taking s = 1 and D = 10, the sequence &/, = n~2%/(2s+D)(logn)* increases
until n > 100, while the rate ,, implied by Theorem 5.1 decreases for all n > 3. When the domain
M has Minkowski dimension d < D, however, we obtain a much faster statistical rate of order
n~2s/(25+d) 10g(n)25/ (25+d) " also matching the minimax rate up to log factors. Several previous
works achieve a similar rate (with worse log-factors), but do not apply to deep networks.

Lastly, combining Theorem 5.1 with Theorem 4.4 gives even faster statistical rates for com-
positional models. The rate e, = n~2°"/(25"+d") Jog(n)2s"/(25"+d") depends only on the pair
(s*,d*) € P attaining the maximal ratio d*/s*. Especially if the input map ¢; is very smooth
(e.g., affine) and the composition is sparse, this rate can be way faster than a general model for
g € Humin; s;; (M, C) ignoring this structure. This shows that deep neural networks can adapt ef-
ficiently to compositional structures and low intrinsic dimensionality, providing further explanation
for their practical success.

6. Discussion

A recurring theme in neural network approximation theory is the close alignment between archi-
tectural design and structural assumptions on the target function. Feedforward neural networks are
inherently compositional objects, and Lemma 4.3 makes explicit how approximation guarantees
for compositional target functions can be obtained by combining approximation bounds for their
individual components. From this perspective, depth enables a controlled propagation of approxi-
mation errors across hierarchical representations, allowing the overall approximation complexity to
be governed by the most challenging components in the composition.

The compositional model class introduced in Definition 4.1 is sufficiently flexible to capture
structural properties commonly associated with convolutional architectures. In image classification
tasks, target functions are often assumed to exhibit locality and hierarchical aggregation, where de-
cisions are based on features extracted from spatially localized regions and progressively combined
across layers. Within our framework, such behavior can be modeled by component functions de-
pending only on subsets of input coordinates, corresponding to spatial locality, while low intrinsic
dimensionality reflects the empirical observation that intermediate feature representations concen-
trate on low-dimensional sets. Similar structural assumptions have previously been used to derive

12
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sharp statistical guarantees for convolutional classifiers (Kohler and Langer, 2025). While our anal-
ysis focuses on fully connected networks, it suggests that comparable approximation guarantees
may be attainable for convolutional architectures under suitable notions of local compositionality.

A related perspective applies to transformer-based models for language tasks. In this setting,
inputs are sequences of tokens rather than spatial grids, and interactions between tokens can span
long ranges. Nonetheless, many language understanding tasks appear to admit a compositional
structure in which representations are constructed from local token interactions and subsequently
refined through increasingly global contextual integration. Empirical studies indicate that interme-
diate representations in transformer models often concentrate on low-dimensional sets and that only
a limited subset of token interactions effectively contributes to each representation (Valeriani et al.,
2023). Extending the present framework to this setting would require replacing spatial locality with
appropriate structural constraints on token interactions, providing an interesting direction for future
theoretical work.

Overall, many modern learning architectures rely on feedforward networks as core building
blocks, and many learning problems exhibit structural properties such as compositionality and low
intrinsic dimensionality. The approximation theory developed in this work for flexible-width-and-
depth feedforward networks provides a powerful foundation for analyzing such settings. At the
same time, the proposed compositional model class offers a way to formalize prediction tasks that
combine hierarchical structure with geometric constraints, suggesting several directions for extend-
ing approximation and learning guarantees to more specialized architectures.
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Appendix A. Proofs of the Main Results
Throughout our proofs, we frequently make use of the following properties of ReLU networks:

Identity. We repeatedly use the fact that the identity function on R can be represented using ReLLU
activation as ¢ = max{z,0} — max{—z,0} = o(x) — o(—x) € F1,1((2,1),2,1). Accordingly,
forxz € RP,

x = (o(x1) —o(—1),...,0(x1) —o(—21))" = fia(x) € Fp.p((2D, D), 2,1).

Depth alignment. We can align the depth of two networks f € Fy,4,(Ny,Ly,B) and g €
Faody(Ng, Ly, B) with Ly < L, by using that

f=fiao-o fiagof € Faga;(NyV2dys, Ly, B).
—_—
Lg—Ly

Parallelization. After depth alignment, we have (f, g) € Faq.d,+d,((Ny V 2dL) + Ny, Ly, B).
Composition. Composing f and g leads to f o g € Fy, a,(max{Ny, Ny}, Ly + Ly, B). Here we
do not need to apply depth alignment before.

A.1. Proof of Theorem 3.1

The affine rescaling A(x) = ((z; —a;)/(bj — aj))f.)zl can be implemented exactly by a zero-
hidden-layer network. Since this transformation introduces no approximation error, and since ap-
proximating f/C' with error ¢ is equivalent to approximating f with error C'e, we may assume
without loss of generality that f € H,([0,1]”, 1). The proof proceeds in four steps.
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1. We partition [0, 1]” in a regular grid of cubes

D Bi+117
e [3]

of side length 1/K. We choose K ~ (N2L?)!/4 ~ £=1/5 5o that M is covered by at most
K¢ ~ 795 such cubes. For ¢ € Qg, we denote by z3 = B/K the lower left corner of
the cube containing « and let m,’g be an element on the line segment between x and xg. By
Taylor’s theorem, we have

fly= Y W(w—wm% >

llell1<Ls] ' lleelli=Ls]

, Befo,..., K -1}P

=1

0% f(x) — 0% f(wp)

ol

(x —xg)“.
In turn, approximating f(x) reduces to approximating the truncated Taylor polynomial on
each cube, with a remainder term controlled by the Holder smoothness of f.
2. We now approximate the truncated Taylor sum by a neural network.
(i) By Lemma C.3, for every a = (a1, ..., ap)” there is a neural network
¢pa € Fpi(N,L,1),
such that

sup [ppa(@) — 2l -2l | S NT S (NPLP) T S e
xe€[0,1]P

(ii) Set & = e/4. By Lemma B.1, there exists a network
¢5 c .%171(]\7, L, N),

such that

+1
¢ﬁ(l’):,3/K forx € %,BT—(SHQSK,Q s 6:O,K—1,

and ¢g(x) = 0 for z < 0 and ¢g(z) = (K — 1)/K for x > 1. By parallelizing these
networks, i.e., computing (¢g, , . .., ¢3,,), we construct a network

¢p € Fpa1(N,L,N),

such that
ﬁi 61 +1 b D
= fi — — 0l < =[0,1 Q
¢g(33) ) orr ¢ |:K7 K Bi<K—=2 1 [Ov ] \ K65
where
P K=t /g, k
_ D. .. A
QK(;_]Ul {we[O,l] L xj € kL_Jl <K 5’K)}' (6)
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(iii) Define {50 = 0*f(B/K)/a! for all B € {0,..., K — 1}P such that Qg N M #
(). We want to approximate these values by a neural network up to accuracy ¢ using
Proposition 3.4. Set

Mlog(e™1)] =< log(NL),
E*d/s N2L2,
/ - (N2L2)_1/d
log(R) = log(2DJ?/8) = log(NL).
Observe that log(61)+7 < log(NL) and log(NL)/+/log N1log(NL) < 1++/log L/log N.

Then according to Proposition 3.4, there exists a neural network

b € oo (N, L+ Ly/log L] Tog N, N + 27 +hstR/L)

)(

7
J
6=

such that
bealxg) = 277L2?§@,aj for every B s.t. Qg N M # 0.
Which implies
|be.0(8) — EB,a] S 27" =¢ forevery Bs.t. Qg N M # 0.
Since
log(R)/L $log(NL)/L $log N,
we have
bea € Fpi (N, L+ L\/logL/log N, N) :

3. Combining the above, we construct a neural network

é e Fpa (N, L+ Lylog L/ log N, N) :
defined as
> opa(beal@s), dpalz — da())).

lel1<ls]

By Lemma 4.3 and the error bounds on the individual networks, we have

sup | f(2) — ()| S e,

wEMK\QK75

4. Finally, Proposition B.4 implies that there is ¢ € Fp 1 (N, L+ L/log L/log N, N) such
that

sup [f(x) —o(z)| Se.
rEMg

The final claim follows since M C M.
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A.2. Proof of Proposition 3.2

We start with an auxiliary lemma used for the first part of the proposition. The following is a
modified version of Proposition 3.1 of Ou and Bolcskei (2024).

Lemma A.1 Let G be a class of functions and S be a collection of sets S C [0,1]P such that

inf  supl|f —glls > 3e.
[9€9,f#9 ses | |

Then any function class F with

supsup inf || f —g|ls < e,
sup SestfH |

must satisfy N'(e, F, || - |loo) > |G].

Proof We prove this by contradiction. Suppose there exist f1,..., fxy € F with N < |G| such
that for any f € F, there exists an i with ||f — fi]lcc < €. Then for every g € G, there is an
i € {1,..., N} such that

sup |lg — fills < sup inf ||f — glls + ¢ < 2e.
Ses Ses feF

This implies that fi, ..., fx are centers of an e-covering of G with respect to the metric supgcs || -
||s. This is a contradiction since N < |G| and all elements in G are at least 2¢ apart in this metric. l

We proceed to the main proof.
(i) We construct a set G C H;[0,1]P, C) satisfying

inf sup || —glm e, log|g| 2 e log(e 7).
1:9€6,579 dimp (M)<d

The lower bound then follows from Lemma A.1 above.

For a € (0, c0), define the polynomial bump ¢: [0, 1] — R as
¢(z) = a[astt (1 —ay)"*".

By straightforward computations, we can verify that ¢ € H([0,1]”, aC") for some C’ < oo,
and all derivatives up to order |s] vanish on the faces of [0, 1]”. Next, let K = [¢~/*] and
define half-open cubes

D . .
QB:H[%,ﬁzgl), Belo,... K—1)P.

i=1

For any 3, define

pa.i(x) = K *¢(K(z — B/K)), x € [0,1]P.
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Then for every multi-index  with |a| < [s],
10%¢p,k |loo < aK|*7* < a,
and for |a| = |s| and =,y € [0,1]",
0%p,x (@) — 0dp.i(y)| S aK*) 7| K(z — y)|5 1) < allz -yl
For any function o': {0,..., K — 1}? — {0,1}, define

fo@)= Y. oBesx(x), xecl0,1”.

Be€{0,...,.K—-1}P

Further, for any B C {0,..., K — 1}, define

S={0:{0,.... K -1}P 5 {0,1}: 0(B) =0forB¢ B}, ©= |]J Zp

|B<e—d/s

Choosing a small enough, we have G = {f,: o € X} C H,([0,1]7, O).
for any o # ¢’ € 3, it holds that

sup  |[f —gllm = K¢l 2 &
dimp (M)<d

Finally, by standard combinatorial arguments,
KP d/ 1
log |G| = log |X| ZIOg<Lg—d/8J> =€ log(™").

(ii) Cover M by N = N (eV/5, M, || - |loo) < =% hypercubes Q1, ..., Qy of side-length £/,
For each hypercube )y, let xj, be its center and define the function class

N
Fm=R[f:f(x)= Z]le(:c) Z Cha(® —xp)%, Cha € R, |chal <C
k=1 lee|<[s]

Then, by standard Taylor approximation arguments, for any g € H,([0, 1], C) there is an
f € Faq such that

sup [g(x) — f(z)] < e
reM

Moreover, the number of parameters in F is at most N - ( < e~4/3_ which implies
the desired bound on the covering number by Theorem 2.7.17 of Van der Vaart and Wellner
(2023).

D+|s] )
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A.3. Proof of Proposition 3.3
Theorem 2.1 Ou and Bolcskei (2024) implies that the covering number of Fp 1 (XN, L, B) satisfies

log N (e, Fp1(N,L,B),|| - |lc) S N*Llog((N + 1)*B" /e).
Therefore,

log N (e, Fp,i1(N, L+ Ly/log L/1og N,N°),| - |ls)
< N?L2(1 +log L/ log N)log(N) + N2L(1 + v/log L/ log N) log(s 1)
< N2L%log(NL) + N2L%log(s ™).

Combined with Proposition 3.2, we have
N2L%1og(NL) + N?L*log(e™!) = e~ log(e ™),
which implies the claim.

A.4. Proof of Proposition 3.4

By Lemma 13 of Park et al. (2021) there is a unit vector w € R such that for all i # j,

8 1
Vg gl — sl < (- )] < i — .

Defining u = u/\/f), we have

8 1

Wﬁ = and |’&/T$l| S 1.

@’ (@ — ;)| >

Define ¢, € fDJ(l, 1,1) by
d.(x)=[l+o(@ x)+o(—u'x)]/2=01+a x)/2 € 0,1].

Define z1 = ¢.(x1),...,25 = ¢.(xs). We may assume without loss of generality that they are in
ascending order, otherwise reorder them. Let s = log(R) + 1. Since |z; — zj| > R™1/2 > 27 for
1 # j, we can apply Lemma A.2 below to construct a network ¢,,, € ]?1,1(N, L+ L[log L+ (s+
r)/\/1og(NL)]/\/log N, N + 2(r+loe(F))/L) such that

dm(zj) =y; forj=1,...,J.

The final network is ¢ = ¢, o ¢,. Since log(R) < log(NL) + log(6~1), and

og(NL) __ /log(NL) _ ViogL

- <1+ 7
V/log Nlog(NL) Viog N Viog N

the proof is complete.
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Lemma A.2 Let N, L,s € IN with and suppose we are given numbers 1 < T9 < --- < Tj €
[0,1) withand y1, ...,y € {0,...,2" — 1}, where |x; — x;| > 27° and J < N2L>. Then there is
a neural network

¢ € Fii(N, L+ L\/log L + (s +7)//1og(NL)]/\/log N, N + 2(+7/1L)
such that
cb(xj) =y; forj=1,...,J.

Proof Without loss of generality we assume .J = N2L2, otherwise add arbitrary pairs (x,95)
to the set. Further let n = |logs N | and assume for simplicity that L' = L+/n/log(NL) and

M = N?Ly/log(NL)/n are integers.

1. Observe that J = ML'. Construct M disjoint intervals I, = [Z(m—1)1/4+1,Tmr],m =

1,..., M, each containing exactly L' ofthe z;. Let s’ = s+2,definez; = Y ;_, s 2-ibit; i(x )
and observe that |#; — ;| < 2 and, for j # k,

|25 — k| > |wj — xp| — op — @] > 270 — 27 > 27 F,

2. Letc = max{r,s'}. Form = 1,..., M, define the numbers
. fZZblt mtyprg)3 0
Jj=11i=1
L' ¢ '
D 3 DI Pt
j=1i=1
The number u,, encodes all the digits of Z(,, 1)1/ 41, - ., Zmr and the number v,, encodes

all the digits of y,, DLALs - -+ YmL - We apply Lemma C.1 withy = 1, § = 27 to construct
neural networks ¢,,, ¢, € .7-"1 1(N, L\/log(N L) /n, (2 M?Y) I/L such that

Pu(T) = U, Gu(z) =W, forz € Iy,

Choosing L > 4s ensures that (24M°)/F < 2N(NL)'*L. For L > 12, we have have
(NL)'?/E < 12N and therefore ¢y, ¢, € Fi1.1(N, L\/log(NL)/n, N).

3. We next construct a decoder network that decodes y; from x;, u,, wy, for x; € Ip,. This
networks implements an iterative procedure, decoding Z; and y; from u,,, checking whether
Z; matches x;, and outputting y; if they match, and 0 otherwise.

We illustrate the main mechanism for the first step of the iteration. Apply Lemma B.5 to
construct a network 1 = (¢1,12) € F1,2(3", [¢/n], 3™) such that

— (Z bit;(z)277, > bitc+i(:v)3i> .
=1 =1
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Denote wék) the k-th iteration of applying s, i.e.,

(@) =va(@), vi (@) = va(uf V@), k=23,

and observe that for k = 1, ..., L/, it holds that

Yy o ?ﬁék_l)(um) = T(m-1)L'+k> (e @bé’“_”(wm) = 2""Y(m-1)L k-
Next define a piecewise linear function ¢ () interpolating the points

(_2’ 0)7 (_27(5+1)’ 0)7 (_27(s+2)’ 273)’ (27(s+2)’ 275)7 (2f(s+1)7 0)’ (27 0)'
Then for any j, k, it holds

b1y — ) = 27 Ly,
and, by Lemma C.1, we can realize this function by ¢1 € .7?1,1 (1,1,1). Define € € ]?3,1(1, 1,1)
by
§(a, &,y) =0y + du(z — &) —27°).

Then for any y € [0,27 %] and 1 < 5,k < J, it holds that
y ifj=k,
0 otherwise.

§(wj, B, y) = {

In particular,

24y, if j = (m — 1)L’ + &,
0 otherwise.

& (g1 008" (), 271 0 v (w) ) = {

. Equipped with these building blocks, we can now the final decoder network. We show by
induction over k = 1, ..., L' that there is ¢/ € F4 4(3", k[s'/n], 3™) computing
Zj
gk) (um)
¢§k) (wm)
27Ty 0 1y L < () L

(N

¢,($j7 Um,, Wimy y) =

The base case is straightforward: the first coordinate is constant, the second and third coor-
dinates are computed by ¢ € Fj 2(3", [¢/n],3"™), and the last coordinate is 0. Now suppose
the claim holds for & — 1, and let ¢" € Fy4(3", (k — 1)[¢/n],3"™) be the corresponding
network. Define
L
/!
/ T, w, _ ¢2(¢ (:Ejau)w’y)Z)
o (@ v) P2(¢" (w5, u, w,y)3)
Y+ & (x5, 1(u), 1 (w))

The function can be implemented by a network ¢/ € F(3", k[c/n],3") by stacking and
chaining the networks for ¢” and v and & appropriately. Further it satisfies the desired prop-
erty (7), completing the induction.
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5. Finally, let p(z) = 2(5+7)/L 1 and define p(") as its L-fold iteration. Then p{)(z) = 2(+7)y
and p(I) € Fy 1(1, L, 27)/L), The final network is

d(x) = pP) (¢ (2, pu(), pu(x),0),) -
The stated network size follows upon noting that 3" < N,
L'[e/n] = L\/n/log(NL)[c/n] < L(s +1)/+/log Nlog(NL),

and

V1og(NL)/n <1+ +/logL/logN.

A.5. Proof of Theorem 4.4

Lemma A.3 (Covering number on e-enlargement) Let A C R™, r > 0 and n > 0. Define the
e-enlargement by

At = {x € R™ : distoo(z, A) < €}. (8)

Then
€ € "
N, AT o) SN A - o) <1 - n) :
Consequently, if N'(n, A, || - |oo) < 1% for small n, then

_ e\™
N, A7 - loe) < 77 (1 ; n) .

Proof Let NV (1, A, ||-]lc) = N and denote by {V7, ..., Vn} the corresponding n-cover of A. Then
N
ATE ¢ U(Vk)+6'
k=1

Each (V) "€ is contained in a translate of [—e — 7, € + 77]™, which can be covered by less or equal
than ((e +n)/n)™ = (1 + €/n)™ boxes of side length 7. Multiplying by N yields the claim. W

We proceed to the proof of the theorem. Fix €9 > 0 and set
g = ego(C + 1)1, i=0,...,¢,

so that ;41 = (C' + 1)g;. Assume e < 1 and set L' = L + Ly/log L/log N. Denote partial
compositions

G'L:g7,00907 GZ:gZOO‘gO?
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for functios g; to be chosen, ¢ = ég, and the cumulative errors

60:=0, &= sup |Gi(@) = Gi(@)||oo, i>1.

reM
Step 1: construction on a fixed enlargement. For each level ¢ = 0,..., ¢ and each component
j=1,...,D;, we construct g;; so that
sup |gi(2) — 9i(2)] < & ©)
ZE(Mij)+Ei

1/s45
%

By Lemma A.3 withn = ¢ and enlargement radius ¢;,

di;
1/s45 . 1/sij o
/\/’(si/ (M)t Hoo> 5N<5z‘/ RECE ”°°> <1 " 51/%‘>

< efdij/sij (1 +€1_1/5ij>dij < Efdij/sij

~ <7 1 ~ <1 ’

where in the last step we used s;; > 1 and £; < 1 so that 5371/8” <1
Therefore, by Theorem 3.1, there exist networks g;; € Fp,_,1(N, L', N) satisfying (9), pro-
vided
N2L% < e %9755 foralli, j.

In particular, it suffices to choose

%
—d*/s* d di;
N2L? = € /s , where - = max —2.

Define §; := (i1, - .., 9ip,) and G := g; o - - - 0 o.
Step 2: Induction for the propagated error. We claim that forall i =0, ..., ¥,
0i < €iv1 (10)
and G; € ]:-D7Di (maxy DpN,iL', N).
Base case i = 1. Since § = 0, we have (M1;)*% = My; C (My;)*51. Thus (9) yields

IG1(@) = Gi(@)]oo = sup  |g1;(2) —G15(2)| < sup  |g1(2) — du;(2)| < en
z€(My )10 z€(My;)TeL

Applying Lemma 4.3 gives 01 < C'dg + €1 = €1 < €2 and using parallelizing of the networks g;;,
we have G1 = (G11,...,91p,) € Fp,p,(D1N,L',N).

Inductive step. Assume ;1 < g;. Then for any € M and any j, with u := 75, (G;—1(x)) €

A~

M;j and @ := 7, (Gi—1(x)), we have [[u — ]| < d;—1 < ¢; and hence
@ € (M)t C (M)t

24
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Therefore (9) applies at w and gives |g;; (@) — gij(@)| < e;, where g;; € Fp, ,1(N,L’, N). Using
Lemma 4.3 we conclude
0; <Coi1+¢e; <Cei+¢e =¢iq1

and

8; = sup ||Gi(x) — Gi(x)]|oo < it1,
reM

where G; = (Gits---+9ip;)(Gi—1(x)) € Fp,p,(maxy Dy N,iL', N). This proves the assertion.
Step 3: Choice of (. Finally, unrolling the recursion (or applying Lemma 4.3) yields
sup |Gy(x) — Go(a)| =6, <Y Ce; = C'H(C +1)'s0 < £(C + 1)<
zEM i=1 i=1
With the choice .
0C+ 1)
we obtain &; < ¢ and Gy € Fp,1(max; D;N,¢L’, N'), completing the proof.

g =

Appendix B. Auxiliary Results
B.1. Step-Function Approximation

Lemma B.1 For any N,L,r € Nt and K = NZ2L?, there exists a one-dimensional function
¢ € Fi1(V'N,rL, N) such that

k E+1  Tp<kx—o
K K 4K"

¢(z) =

e ifxe[ ], fork=0,1,... K —1.

Proof Let K’ = NL and observe that a piecewise linear function satisfying ¢(x) = 0 for x < 0,
¢(x) = k/K' forx > (K’ — 1)/K’, and otherwise interpolating the points

ULE NS (s L b
K K’ K’ 4K" K' '
k=0 k=0
Applying Lemma C.1 withy = 1,6 = 1/(4K"), this can be realized as ¢ € ]?171(\/]?, L, (K")o/L g4/l C
F11(V/N,rL, N). Based on this, we can construct a network ¢ € F1(v/N,rL, N) computing

o(x) = () + P(K'(x — p(x))) /K.

Fix k € {0,1,...,K —1}andletz € [k/K,(k+1)/K — 1/(4K?®)]. Define k¥’ := |K'z| and
observe that | Kz | = k. Then it holds

K |Ke-K'¥| K¥ |Ke|-KF¥ Kk

or) =15+ K K K K’

as desired. [ |
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B.2. Median Smoothing

Define the modulus of continuity of a function f as

wy(8) = sup (@) - fy)l. 5>,
z,y€[0,1]P: |lz—ylleo <o

The following is a direct consequence of Lemma 3.4 of Lu et al. (2021) (restated in Lemma C.6)
upon reparametrization.

LemmaB.2 Lete >0, M,K € N*,§ € (0,1/(3K)], BC{0,...,K — 1}, and

s B+ 117

Assume f € C([0,1]°) and g : R — R is a general function with

, PBeB.

=1

lg(x) — f(x)] <e, forany x € U Qs \ QK 5,
BeB

with Qg s and M defined as in Lemma C.6. Then

|My(x) — f(x)| < e+ Dwg(6) foranyx € U Qs-
BeB

Proof Fix B € B and reparametrize
fx) = f(B/K +z/K), §(z) = g(B/K +=/K), M§(z) = M¢(z/K), K =1, § = 0K.

Observe that & € (0,1/(3K)], and

wi(6) = sup Af(@) = Fy)l,
z,y€[0,1]P: lz—ylloo <o
= sup |f(k/K +2/K)— f(k/K +y/K)|,
z,y€[0,1]P: ||lz—y||co<IK
< sup |f(x) = f(y)]
z,y€[0,1]P: [lz—ylloo <
= wy(0).

Then Lemma C.6 implies that

sup |Mj(x) — f(x)| < e+ dwf(g) < e+ Dwy(0).
zeQ

Since 3 € B was arbitrary, the proof is complete. |

The next result follows from iterative application of Lemma C.4.

Lemma B.3 Suppose N,L,B € N, ¢ € Fp1(N, L, B), and define My as in Lemma C.6. Then
My € Fpi(3P(N +4),L +2D, B).
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Proof We follow the proof Theorem 2.1 of Lu et al. (2021). Implement the function

D1 (x) = (¢(x — der), p(x), p(z + der)) ",

by a ReLU network with width 3N and depth L and weights bounded by B. By Lemma C.4, the
function My ; = mid o ®; can be implemented by a ReLU network with width max{3N, 14} <
3(N + 4), depth L + 2, and weights bounded by max(B,1) = B. Repeating this procedure D
times, we obtain that My = My p can be implemented by a ReLU network with width 3P(N +4),
depth L 4 2D, and weights bounded by B. |

Together, we have the following proposition.

Proposition B4 Letc >0, M, K € Nt,§ € (0,1/(3K)], BC {0,...,K —1}?, and

s Bi+1]"
o [f47"

Assume f € C([0,1)P) and g € Fp1(N, L, B) are such that

g(@) - f(m)| <&,  foranyw € | ] Qp\ Ny,
BeB

, PBeB.

=1

with Q¢ 5 defined as in Lemma C.6. Then there ¢ € Fp1(3P (N +4), L + 2D, B) such that

|p(x) — f(x)| < e+ Dwy(9) forany x € U Qs-

BeB

B.3. Bit Decoding

Lemma B.5 Letn, ¢ € N*. There exists a function
¢ € F12(3", [¢/n],3")

such that given any 01,05, ... € {0,1}, and i € IN, it holds that

00 L 00
¢ (Z 9k3—k> = | D 6,277 03"
k=1 j=1 k=1

Proof Let M = [¢/n] and write

¢ M n
326,27 =31 On-1ynri2 " 1<
Jj=1 m=1 \ j=1

Let ¢ be the function in Lemma C.2 and write it as ¢(x,i7) = (¥(x,i)1,v¢(z,i)2). For m =
1,..., M, define ¢n, = (Pm,1, Pm,2) a8

Pma(y, ) =y + ZW(ﬂ%j)l — gz, — D1]27 I e,
=1
¢m,2(y7 I‘) = 1/}(*7:7 min{”v l— (m - 1)’0})2
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The function ¢;(z) = [¢(x, j)1 —%(x, j—1)1] can be implemented by parallelizing and subtracting
two networks in ]-'171(2”, 1,3™) by Lemma C.2. The summation over j can be implemented by
parallelizing n such networks and adding their outputs together with fixed weights, all of which
bounded by 1. A final layer is required to add the result to y. Thus, ¢, € }32(”2”’ 1,3™) for all
m=1,..., M. Since n2" < 2 x 3" for all n > 1, we can also write ¢,,, € ]?(3”, 1,3™).

We prove the lemma by induction on M. For M = 1, define ¢ = ¢1(0,) € .7?1,2(3", 1,3™),
which satisfies

n ) [e.e]
D027 <, Y 00a37F |
j=1 k=1

as required. Now suppose M > 2 and there is a function ¢’ € .7?1,2(3", M — 1,3"™) such that

oo (M-1)n
y (Zek?f’“) - (X o S
k=1

Then, the function ¢ = ¢p; 0 ¢’ € ]?172(3”, M, 3™) satisfies

00 (M-1)n
¢’ (Z 0k3k> = oM Z 0,27 29 M-1n4k3 "
=1 )
(M=1)n
Z 0,277 + ZQ(M Dnti2 _l)n_]]l(M—l)n-l—jSZ

= Z 0;277,
j=1

and
‘ (Z 9’“3_k> =ou | D 0270 Bar-yund™
k=1 2 j=1 k=1 9
oo
= Z Owminfn, 0 (M—1)n}+(M—1)ntk3 "
k=1
oo
= Z 9£+k3_k.
k=1
This completes the induction and hence the proof. |

Appendix C. Useful Results from Other Papers

Lemma C.1 (Proposition C.1 in Ou et al. (2024)) Let M, N, L € Nwith3 < M < N 2L, and
x1 <x2<---<axpyandyi,...,yn € R. Denote § = minj<;<ps |zi—xi—1|/(max{1l, maxi<;<p |zi|}
and § = maxo<i<nr |yi|. Then there is ¢ € Fy1(N, L, (M®5~*%)YL) such that
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(ii) @ is affine on each interval [x;_1,x;| for 2 < i < M and constant elsewhere.
Lemma C.2 (Lemma D.1 in Ou et al. (2024), simplified) Let n € NT. There exists a function
¢ S ﬁl,l(zna 17 Sn)

such that given any 01,05, ... € {0,1}, and i € IN, we have

00 min{i,n}
o(Soats) - [T m X
k=1 j=1

Lemma C.3 (Proposition 4.1 of Lu et al. (2021)) Let o € NP with lal; < k € N*. For any
N, L € N, there exists ¢ € Fp1(9(N + 1) + k — 1, 7k?L, 2) such that

lp(z) — 2 a? - 23P| < 9k(N + 1)~ for any = € [0,1)7

Lemma C.4 (Lemma 3.1 of Lu et al. (2021)) The median function mid: R? — R satisfies mid €
F31(14,2,1).

Remark C.5 The weight bounds are not stated in the original versions of the two previous results,
but can easily be traced back from their proofs.

Lemma C.6 (Lemma 3.4 of Lu et al. (2021)) Givenanye > 0, K € N, and 6 € (0,1/(3K)],
define

D

QK@:U{weOl a;jeU( )}

j=1
and assume f € C([0,1]P) and g: RP — R is a general function with
9(@) — f@)| <e, foranym € [0,1°\ (0, 7, K, ).

Then
|My(x) — f(z)| < e+ D-wp(d) foranyx € |0, 1]D

where M := M p is defined by induction through M, o = g and

Mg’i_,_l(:c) = mld(Mg’l(w — 5ei+1), Mg,i(:c), Mgl(:c + (5€i+1)), 1= 0, 1, ce 7l) — 1, (34)

)

where {e;}2 , is the standard basis in RP.
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