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Abstract

Recent work on provably efficient algorithms for learning with distribution shift has focused on
two models: PQ learning (Goldwasser et al., 2020) and TDS learning (Klivans et al., 2024a). Al-
gorithms for TDS learning are allowed to reject a test set entirely if distribution shift is detected.
In contrast, PQ learners may only reject points that are deemed out-of-distribution on an individual
basis. Our main result is a surprising equivalence between these two models in the distribution-free
setting. In particular, we give an efficient black-box reduction from PQ learning to TDS learning for
any Boolean concept class. This equivalence implies the first hardness results for distribution-free
TDS learning of basic concept classes such as halfspaces. The main technical contribution under-
lying our equivalence is a method for boosting, via branching programs, the weak distinguishing
power of TDS learners that have rejected the target domain.

We also show that giving a learner access to membership queries sidesteps these hardness
results and allows for efficient, distribution-free PQ learnability of halfspaces. Our algorithm iter-
atively recovers large-margin separators obtained by applying successive Forster transforms on the
training data.

Keywords: Computational Learning Theory, Complexity Theory

1. Introduction

One of the most fundamental models for learning with distribution shift is domain adaptation,
where a learner is given access to a labeled training set drawn from a source distribution D, an
unlabeled test set drawn from a potentially different target distribution D’, and the goal is to output
a classifier that performs well with respect to the test set. The relationship between D and D’
may be arbitrary, and prior work established conditions under which a classifier trained on some
source distribution will generalize to a different target distribution (Ben-David et al., 2006; Blitzer
et al., 2007; Mansour et al., 2009; Ben-David et al., 2010; David et al., 2010). In particular, these
works prove generalization bounds assuming that some notion of distance between the source and
target domains is bounded (e.g., discrepancy distance). These distances, however, are not efficiently
verifiable and do not give algorithmic guarantees.

Motivated by these concerns, Goldwasser et al. (2020) defined the model of Pointwise-Qualified
learning (PQ learning), where a learner produces a classifier that may abstain on points from the
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test domain that it believes are out-of-distribution relative to the source domain. For points that are
in-distribution the classifier is guaranteed to achieve low error. They give an algorithm that succeeds
even under potentially extreme distribution shift but requires access to an oracle for empirical risk
minimization (ERM). It is well known, however, that performing ERM is NP-hard for very simple
function classes. In fact, their reduction requires an ERM oracle even when the training distribution
is nicely structured (e.g., a Gaussian).

In search of truly efficient algorithms, Klivans et al. (2024a) introduced the model of Testable
Distribution Shift learning (TDS learning), where an algorithm may abstain at the population level,
either outputting a classifier with low error on the test set or rejecting the test set entirely. The
rejection criterion of TDS learning is therefore much coarser than in PQ learning, where rejection
is performed individually on test points. Klivans et al. (2024a) gave the first efficient algorithms
for learning well-studied concept classes in this model (such as halfspaces), whenever the training
distribution is nicely structured (e.g., log-concave or uniform on the hypercube). Their algorithms
make no assumptions on the test distribution and do not require oracles for ERM. Extensions and
improvements on these initial TDS results have appeared in multiple recent works (Klivans et al.,
2024a,b; Chandrasekaran et al., 2024; Goel et al., 2024; Chandrasekaran et al., 2025).

1.1. Our Main Result

In this paper, we prove, surprisingly, that distribution-free TDS learning and PQ learning are equiv-
alent. Our main result is a computationally efficient black-box reduction from PQ learning to TDS
learning, which shows that a learning algorithm that rejects distributions at the population level can
be converted into one that makes per-example decisions about whether test points are in or out of
distribution. At a high level, our reduction uses the method of boosting by branching programs,
viewing TDS learners that reject as weak distinguishers of samples drawn from source and target
domains.

This equivalence has strong implications: it immediately gives the first set of hardness results
for distribution-free TDS learning of halfspaces (even halfspaces with a margin) and other basic
concept classes, as these are known to be computationally intractable in the PQ setting (Kalai and
Kanade, 2021). It further shows that assumptions on the training distribution are necessary for
efficient TDS learnability, even for simple concept classes.

1.2. PQ Learning with Queries

Given these negative results, a natural question is whether there is some other way to circumvent
hardness. As mentioned above, prior work on TDS learning has shown that assumptions on the
training distribution such as log-concavity yield positive results for TDS learning and in some cases
PQ learning (Klivans et al., 2024a,b; Chandrasekaran et al., 2024; Goel et al., 2024; Chandrasekaran
et al., 2025).

Here we explore a different path: can we design efficient, distribution-free PQ learning algo-
rithms by giving the learner membership query access. That is, the learner can query the labels of
arbitrary points in the support of the training distribution before seeing the test set. We make no
assumptions on either the training or the test distributions. This setup provides more power to the
learner but still preserves the core difficulty of distribution shift.

Recent work by Lange and Qiao (2025) shows that membership queries do not help in the related
model of testable learning, suggesting that query access may not be helpful in our setting. Perhaps
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unexpectedly, we show that queries do help in this setting and present an efficient, distribution-free
PQ learner for halfspaces. Our algorithm works in stages, first using Forster transform to convert
the halfspace into one with large enough margin, and then using queries to recover the parameters
of the transformed halfspace. These results demonstrate a clear separation between testable learning
and TDS learning. While membership queries fail to help in testable learning, they can circumvent
hardness in the presence of distribution shift.

1.3. Technical Overview

Reducing PQ Learning to TDS Learning. Before describing our reduction, we briefly review
the TDS and PQ learning models (see Definition 1 and Definition 2). In both models, the learner
has access to labeled samples from a training distribution D" and unlabeled samples from a test
distribution Dest,

* A TDS learner either accepts or rejects. Upon acceptance, it must output a hypothesis whose
error on D! is at most ¢. In addition, the learner is required to accept with high probability
in the case where D3N = ptest,

* A PQ learner outputs a hypothesis h together with a selector g, which determines whether a
given point should be classified. The selector must reject at most an € fraction of points drawn
from D" Furthermore, for a random a ~ D'®S!, the probability that g(x) accepts while
h(z) misclassifies « must be at most €.

Suppose we are given a TDS learning algorithm A. If we run A on samples from D" and
DSt and it accepts, then with high probability the hypothesis A it outputs has error at most € on
DS In this case, we immediately obtain the guarantees of PQ learning by taking the selector
g =1 (i.e., rejecting no test points) together with the hypothesis h.

If, on the other hand, A rejects, then it distinguishes between D" and DSt using m samples.
In this regime, we may use a hybrid argument to obtain a weak distinguisher WD that, given a
single sample, can distinguish whether it was drawn from D"" or DSt with advantage ©( 1),
Our main objective is then to boost this weak distinguishing advantage, producing an algorithm that
still operates on a single sample but distinguishes between D3 and DSt with high probability.

Before describing how we do this, we start by explaining why a black box boosting algorithm
will not be sufficient for our purposes. In particular, consider using an algorithm such as AdaBoost
to accomplish our goal. Running the AdaBoost algorithm with our weak distinguishing algorithm
WD results in new distributions (D")" and (D'®S!)’. We can then run A on samples from (Dan)’
and (D'®s!)’. We have the following cases:

 If A rejects, we get a weak distinguisher between these two distributions and can continue
with the boosting procedure.

* However, if A accepts, we get a hypothesis with good accuracy under (D'%!)’ rather than
a distinguisher. Unfortunately, i could have large error under D't as (D) could be
significantly different. Moreover, since we don’t have a weak distinguisher between (Dan)’
and (D'®S!Y it is unclear how to continue to make progress towards distinguishing D" and
'DteSt.
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To circumvent this issue, we will show that a modification of the martingale boosting algorithm
of Long and Servedio (2005) will allows us to prove our result. In particular, using this scheme, we
will partition the domain into disjoint regions R, . . ., Ry such that for each region R; either (i) A
accepts on D" | and D'®S!|. where -|. denotes the distribution conditioned on 2 € R, (ii)
points in R; are primarily from D!, i.e. Pr, puan[® € R;] < € Prpest[x € R;], or (iii) points
in R; are primarily from D", meaning Prpest [ € R;] < € Pry, _puan[T € R].

Notably, given such a decomposition, we can set our selector function to reject on regions
satisfying (i), i.e. those containing many more points from D'®S! than D", In particular,

g($) . {O E'Rl X e Rl A PI‘ZNDtrain [Z € Rl] < €PI'ZNDtest [Z € Rz]

1 otherwise

Notably, such a selector on rejects a small fraction of D" as

PI‘mNDtrain [g(m) = O] = Z PrwNDtrain {113 € RZ] < Z EPI':DN'Dtest [33 S Rl] <e¢
i€[k]: ic[k):
R, satisfies (i) R, satisfies (%)

With such a selector, we can then set our hypothesis h(z) as follows: If z is contained in a
region R; satisfying (i) set h(z) := h;(x), where h; is the hypothesis output by .A on D@1 | and
D't . On the other hand, for all z in regions R; satisfying (iii) we set h(z) = 1.

By an analogous computation as done for the selector, we have that points from DSt lie in a
region R; satisfying (7i7) with probability at most £. On the other hand, each h; has error at most &
under D'®S!| . Since the selector rejects any point lying in a region satisfying (i4), it then follows
that the probability that g(x) = 1 and h makes an error is then at most 2¢, yielding the desired PQ
learner.

PQ Learning Halfspaces with Queries. To prove our result on PQ learning halfspaces, we start
by noting that it essentially suffices to prove the statement for homogenous halfspaces, i.e. those
of the form sign(w - x) with w € R™. In this homogenous setting, we’ll assume, without loss of
generality, that D'a" Dtest € §7~1 and that the vector w € R™ defining the halfspace satisfies
[Jw]| = 1.

The key idea is then to simply notice that if w - x has many points with margin at least -, i.e.
satisfying |w - x| > +, then any halfspace sign(w - x), where w has Euclidean distance at most
7/3 from w, agrees with w on these high margin points. In particular, any point z € S"~! with
|@ - x| > 2v/3 has sign(w - x) = sign(w - x). Moreover, any point x € S*~! with |w - z| > v
must satisfy |w - x| > 27/3. Thus, if we could compute a high accuracy estimate @ of w, we could
use the selector function g(x) = I{|w - x| > 2v/3} and hypothesis h(z) = sign(w - =) to correctly
label all high margin points. On the other hand, computing such an estimate w can be done easily
with queries by noting that the center of mass under N (0, I,) of the points {z € R™ : w - x > 0}
points in the direction of w.

Of course, since the distribution D" is arbitrary, it’s possible that no points have large margin.
As such, our algorithm first applies a Forster transform to transform the point set into one where
there is a non-trivial fraction of points with a margin. We can then run the above high margin PQ
learning algorithm to correctly label all points with a high margin. Afterwards, we can recurse on
the unlabeled points until only an & fraction of points from D" are unlabeled.
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Given a point & ~ DSt we apply the transformations and classifiers computed for D" to
x. If any of the high margin PQ learners that we trained accepts, we accept and label the point
according to the learner. Otherwise, we reject. Notably, since our high margin PQ learner correctly
labels all points accepted by its selector, our hypothesis will have low error over DSt whenever
the selector accepts. On the other hand, since our transformations and classifiers label most of our
training set, we expect only an ¢ fraction of points from D" to be rejected by our selector, as
desired.

1.4. Related Work

Learning via Refutation Recall that the first step of our proof is to obtain a weak distinguisher
between the training and test distributions using a hybrid argument. Similar hybrid arguments have
appeared in prior work on learning via refutation (Vadhan, 2017; Kothari and Livni, 2018). In
particular, Kothari and Livni (2018) use such an argument to derive a weak PAC learner from a
distinguishing algorithm that can tell whether (i) there exists a concept in a given class achieving
nontrivial advantage on a labeled distribution, or (ii) the labels are completely random. This weak
learner is then converted into a strong agnostic learner via a black-box boosting procedure.

In contrast, standard black-box boosting does not apply in our setting, since the TDS learner may
accept and output a hypothesis rather than explicitly distinguish the two distributions. To address
this, we build on the boosting framework of Long and Servedio (2005) and develop a new analysis
that accommodates weak distinguishers that are allowed to abstain.

Domain Adaptation Domain adaptation has been extensively studied over the past two decades
(Ben-David et al., 2006; Blitzer et al., 2007; Mansour et al., 2009; Ben-David et al., 2010; David
et al., 2010; Redko et al., 2020). As in our setting, this line of work considers learners that observe
labeled samples from a source distribution and unlabeled samples from a target distribution, and
aim to achieve low error on the target distribution—without the option to reject.

A classical approach (Ben-David et al., 2006; Blitzer et al., 2007; Mansour et al., 2009) bounds
the target error of an empirical risk minimizer trained on source data by the sum of a joint opti-
mal error term and a measure of divergence between the source and target marginals, such as the
discrepancy or d 4 distance. These divergences can be estimated statistically from unlabeled data,
yielding statistically efficient guarantees. However, computing discrepancy-based distances is com-
putationally intractable in general, requiring exponential time even for simple concept classes such
as halfspaces (Chandrasekaran et al., 2024).

PQ Learning PQ learning was introduced by Goldwasser et al. (2020), who showed that access
to an agnostic ERM oracle suffices to solve the problem. Kalai and Kanade (2021) subsequently
established that PQ learning is computationally equivalent to reliable agnostic learning Kalai et al.
(2012). Reliable agnostic learning is strictly easier than standard agnostic learning; for example,
parities over the Boolean hypercube admit efficient reliable agnostic learners. In contrast, reliably
learning conjunctions—and hence PQ learning for this class—is at least as hard as PAC learning
DNFs, a long-standing open problem that serves as a canonical barrier in computational learning
theory.

Goel et al. (2024) later studied a distribution-specific variant of PQ learning and obtained the
first efficient algorithms for several concept classes under Gaussian training distributions.
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Testable Learning Testable learning with distribution shift (TDS learning) was introduced by
Klivans et al. (2024a) and is closely related to the model of testable agnostic learning of Rubinfeld
and Vasilyan (2023). Both frameworks require the learner to certify its own performance. In testable
agnostic learning, there is no distribution shift, and the learner must either output a hypothesis with
near-optimal error or reject upon detecting a violation of a target distributional assumption. TDS
learning generalizes this framework to settings where the training and test distributions may differ.

A substantial line of work has developed computationally efficient algorithms for testable ag-
nostic learning (Rubinfeld and Vasilyan, 2023; Gollakota et al., 2023, 2024b; Diakonikolas et al.,
2024; Gollakota et al., 2024a; Diakonikolas et al., 2023a; Slot et al., 2024; Klivans et al., 2025) and
for TDS learning (Klivans et al., 2024a,b; Chandrasekaran et al., 2024; Goel et al., 2024; Chan-
drasekaran et al., 2025), primarily in distribution-specific settings such as the Gaussian distribution
or the uniform distribution over the Boolean hypercube.

In the distribution-free setting, testable agnostic learning coincides with standard agnostic learn-
ing. Prior to our work, the strongest known relationship was that TDS learning is no harder than
PQ learning, and hence no harder than reliable agnostic learning. In particular, it was unknown
whether TDS learning of halfspaces admits an efficient algorithm, even in the presence of margin
assumptions. Our results resolve this question by showing that TDS learning is computationally
equivalent to reliable agnostic learning: strictly easier than agnostic learning, yet harder than re-
alizable PAC learning. As a consequence, TDS learning of halfspaces (even with margin) inherits
hardness barriers such as PAC learning DNFs.

Finally, Lange and Qiao (2025) showed that membership queries do not provide additional
power for testable agnostic learning. In contrast, we show that membership queries can be leveraged
in the TDS setting by giving an efficient TDS learner for halfspaces that uses membership queries
prior to observing any test examples.

2. Preliminaries

Notation We let X’ be some domain. A concept class C over X is a set of functions ¢ : X — {£1}.
For a distribution D over X, we denote with D the corresponding labeled distribution, where the
marginal distribution on the labels as well as their coupling with D will be clear by the context. In
particular, when we say that D is labeled by some f € C, then the distribution D is the distribution
over pairs (x, f(x)), where © ~ D. Finally, we will use boldface to denote random variables.

2.1. TDS and PQ Learning

Definition 1 (TDS Learning (Klivans et al., 2024a)) Let C be a concept class over X. The algo-
rithm A is a TDS learner for C up to error € probability of failure § if, provided labeled sample
access to a training distribution D@7 labeled by some unknown f € C, and unlabeled sample
access to a test distribution D! algorithm A either outputs REJECT or outputs ACCEPT and
returns a hypothesis h : X — {£1} such that, with probability at least 1 — 0, the following hold:

(a) (soundness) Upon acceptance, the test error is bounded as Pr, prest[f(x) # h(x)] < e.

(b) (completeness) If D3N = DSt then the algorithm accepts.

Definition 2 (PQ Learning (Goldwasser et al., 2020)) Let C be a concept class over X. The al-
gorithm Ais a PQ learner for C up to error ¢ and probability of failure 0 if, provided labeled sample
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access to a training distribution D@ [abeled by some unknown f € C, and unlabeled sample ac-
cess to a test distribution D, algorithm A outputs, with probability at least 1 — 6, a hypothesis
h: X — {1} and a selector g : X — {0, 1} such that:

(a) (accuracy) The test error is bounded as Pr, pest|[f(x) # h(x) and g(x) = 1] < e.

(b) (rejection rate) The probability of rejection is bounded as Pr, puwan[g(x) = 0] < .

3. A Reduction from PQ Learning to TDS Learning
3.1. Getting a Weak Distinguisher

Let A be the TDS algorithm and suppose that it draws at most m samples from D" and D'est,
We begin by noting that if A is likely to reject a set of samples from DSt then it is clearly able to
distinguish between D" and DSt using m samples. To formalize these statements, we make the
following definitions.

Definition 3 (“Rejecting” TDS Algorithm) Given distributions D" and DSt we say that a
TDS learning algorithm A is rejecting if A outputs REJECT with probability at least 0.02.

Definition 4 (Distinguishing Advantage) We say that an algorithm A distinguishes D and D' with
m samples and advantage -y if
|Pra,...an~plA(ai,as,...,an) =1 — Pry, b, [Ab1,bs, ... . by) =1]| >~

Notably, a rejecting TDS algorithm, A, has (1) distinguishing advantage using m samples.
Our main goal in this section will be to show, by a hybrid argument, that this implies the existence
of an algorithm that distinguishes between D"@" and D's! using only a single sample and with
distinguishing advantage Q(1/m).

Indeed, we show this precisely with the following lemma, proven in Appendix C.

Lemma 5 Let D@7 and D! be distributions, A be an (£,0.01)-TDS learner for a class C that is
rejecting algorithm and uses at most m samples from D' and § € (0,1/3), then with probability
1 — 6, GETWEAKDISTINGUISHER (DN DSt A (cf. Appendix C) outputs an algorithm with
distinguishing advantage Q2(1/m) that only uses a single sample.

3.2. Boosting the Weak Distinguisher to Obtain a PQ Learner

Our main result is to provide a PQ learning algorithm that has access to a TDS learning oracle and
runs in time polynomial to the oracle’s run time. In particular, we prove the following result.

Theorem 6 (PQ learning via TDS learning) Ler A be an (¢,0.01)-TDS learner for some class C
that runs in time T 4(g) and has total (training plus test) sample complexity m 4(¢). Then, Algo-
rithm 1 is a PQ learner for C up to error and rejection rate O(e) and probability of failure 6. In
particular, Algorithm 1 calls A poly(m.y,1/e,log1/§) times, uses poly(my,1/e,log1/§) addi-
tional samples from the training and test distributions, and runs in time T 4-poly(m 4, 1/e,log 1/4).

Before describing the algorithm and the idea of the proof, we make the following observations.
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Remark 7 The output of TDSBOOST (Algorithm 1) consists of a hypothesis and a selector. Their
evaluation requires access to (frozen(i,t));, (label(i,t));+, and to the functions (nextg‘}t)i’t. Be-
cause evaluating nextg‘}t requires oracle access to A, the representations of the hypothesis and
selector must encode sufficient information to invoke this oracle, e.g., by including the code of A.
Moreover, the hypothesis and the selector are both randomized functions.

Remark 8 In the premise of Theorem 6, we assume that A is a distribution-free TDS learning
algorithm, i.e., it satisfies the guarantees of Definition 1 for every training distribution D1, This
assumption can be relaxed. Indeed, Algorithm 1 invokes A only on samples drawn from truncated
versions of D3N Since truncation preserves any property I that holds almost surely (e.g., bound-
edness or the existence of a margin with respect to a target concept f), the same argument yields a
PQ learner under any distribution D" satisfying I, provided that A is a TDS learner for distri-
butions satisfying T.

Algorithm Idea TDSBOOST (Algorithm 1) is an extension of the Martingale boosting algorithm
of Long and Servedio (2005), which was proposed in the context of boosting a weak PAC learner
to obtain a strong PAC learning algorithm with favorable noise tolerance properties compared to
prior work. Here, we are building on these ideas in the context of learning with distribution shift,
by using them to boost the distinguishing advantage provided by a rejecting TDS learner according
to Lemma 5.

In particular, we consider the following contrived learning problem. Suppose that we wish to
learn a function g : X x {0,1} — {0, 1}, where g(z,b) = b, under a distribution G. To draw (x, b)
from G, with probability %, we draw  ~ D; and set b = 1. Otherwise, we draw x ~ Dy and set
b = 0. Due to Lemma 5, as long as the TDS learner A rejects with probability at least £2(1) when
run on the distributions Dy, Dy, we have that Algorithm 3 is a weak learner for the above learning
problem, i.e., outputs a hypothesis WD : X — {0, 1} such that:

1
Pr( g | WD (@) = g(2,b)] > 5+,

where v = Q(1/m_4) and m4 is the total sample complexity of A. For the remainder of this
subsection, we will use the notation D; to denote the training distribution D"ai”, and Dy to denote
the test distribution DSt !

Note that since A is a distribution-free TDS learner, at a first glance, one might think that
Algorithm 3 is a distribution-free weak learner for the problem of learning g. If that were indeed the
case, then we could apply Martingale boosting in order to obtain a strong learner for g whose output
g only depends on « and not b.> This, in turn, would give a PQ learner, because § would strongly
distinguish between the training and test distributions and we would, therefore, have the following
high-probability bounds on the error and rejection rates:

PrwNDo[l i f(a:),gi(w) = 1} < Prg~p, [/g\(w) # 0] <e .
(Here we used the trivial hypothesis h = 1)

Prop, [§(@) = 0] = Prop, [§(@) # 1] <

1. This notation is convenient because we can use Dy, for b € {0, 1} to refer to either the training distribution (b = 1,
and also g(x, b) = 1) or the test distribution (b = 0, and also g(x,b) = 0).

2. The same would be true if we applied any boosting algorithm that outputs a hypothesis g with the following property:
If the outputs of the weak learners only depend on @« and not b, then g is a junta on @ as well.
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Algorithm 1 TDSBOOST(A, D1, Dy, €, §)
Input: TDS learning oracle A for some class C, sample access to (training) distribution D; realiz-

able by C, sample access to unlabeled (test) distribution Dy, and €, € (0, 1)
Output: A hypothesis 24 : X — {£1} and a selector g4 : X — {0,1}

1 Let m 4 be the sample complexity of A with parameters (e, 0.01)

2 Let C' > 1 be a sufficiently large constant and let T' = Cm?4 log % and &' = %,r =
C 10g 5, pmin = ﬁaamin = 0.95,M = g2 = ﬁ

3SetVig(e) =1, Vig(x)=0for2<t<T,1<i<t > Vi +(x) = 1{a reaches node (i,%)}.

4 Set nextf}t(m) =lforalll <i<t < Ty > Routing functions of the branching program

5 Set label(i,T) «— 1{i > T/2} forall 1 <i < T} > Assign node to Dy, (by giving label b)

6 Seth;(x)=1foralll <i<t<T; > Each node corresponds to some hypothesis
/% Constructing the Branching Program P = (next?,label) */

7fort=1,2,...,Tdo

8 fori=1,2,...,tdo

9 Compute (1, 6')-estimates p?, of p!, = Pryp, p[Vi(x) = 1] for b € {0,1}

10 if either of these estimates is less than pyin and t < T then

1 Set label(i,t) < 1 — b, with ﬁft < Prmin; > If one distribution rarely visits a node,

assign the node to the other distribution

12 end

13 else

14 Set ggt to be the conditional distribution D, | V; 4(x) = 1 for b € {0,1}

15 Compute (0.01,0")-estimate a;; of the probability that algorithm A accepts when run

on inputs (Gi{t, ggt, g,0)

16 if @; 1 > amin then

17 Set label (i, t) + 1

18 Run algorithm A on inputs (Q_it, ggt, ¢,0) independently r times and let h; ; be the

majority function of the hypotheses produced by accepting runs

19 end

20 elseif ¢ < T then

21 Set WDy} + GETWEAKDISTINGUISHER(G),, G2;, A, &)

22 Set G; + to be the mixture %g}’t + %ggt

23 Compute (72, ¢’)-estimate g, ; of probability that WD;‘}t(w) =1loverx ~ G;;

24 Set @;‘jt to be the randomized function fu\ﬂ(a:) = BALANCE(q; +, WD;f‘t(a:))

25 Set nextgf‘t to be the randomized function next;flt(w) =(i+ @é(ac), t+1)

26 Update the function Vjip;i1(x) to take the following values: Vjip,i1(x) +

Vm(w)ﬂ{@ﬁ(w) = b} forallb € {0,1}

27 end

28 end

29 end

30 end

31 We set the hypothesis hA and the selector g* to be evaluated as follows:

We begin from N = (1,1) € [T]? and move to nexti(z) recursively until we reach

N € [T)? with nexts (z) =1. We set EA(:E) = hy(x) and g4 (z) = labely

9
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However, the above attempt fails, because Algorithm 3 is not really distribution-free. In partic-
ular, Algorithm 3 is guaranteed to work only when the distributions D; and Dy are such that the
algorithm A rejects with non-trivial probability when run on samples from these distributions (see
Definition 3). Fortunately, if A rejects with very small probability, then we may use it to obtain a
hypothesis with low test error. Moreover, we can incorporate this case in the Martingale boosting
algorithm without introducing any technical complications, thereby obtaining the desired result.

Algorithm Description The algorithm TDSBOOST creates a branching program and uses it to
partition the domain X into a collection of regions for each of which it is either safe to abstain
(selector takes the value 0) or to predict (selector takes the value 1).3

The branching program consists of nodes of the form (i, t) € [T]? with i < ¢, routing functions
for each node next;f‘t X = {(i,t+1),(i+1,t+ 1), L}, labels label;; € {0,1} for leaf nodes
(i.e., nodes with nextgf‘t =1), and auxiliary functions h;; : X — {£1} for leaf nodes.

A point z € X starts from node N = (1,1) and is routed through the branching program
by applying the function next# () recursively until it reaches a leaf node N with nexty(z) =_1.
The aforementioned partition contains one region for each leaf node /N consisting of the points
x that are routed to N. The label labely of a leaf node corresponds to the suggested value of the
selector, and the hypothesis h corresponds to the suggested classifier for the elements of the region
corresponding to node N.

The algorithm creates the branching program using an iterative top-down approach. It considers
for each node (i,t) the distributions gi{t and Qgt which correspond to D; and Dy, respectively,
conditioned on visiting node (i, ¢) through the branching program constructed so far.

If sampling from either of these distributions (through rejection sampling) is too costly, then at
least one of Dy, Dy rarely visits the node (i, ¢) and we make (7, t) a leaf node, with label opposite to
the distribution that rarely visits it. Recall that the labels of the leaf nodes determine the values of
the selector. This step is safe to do because it is always safe to abstain on regions of low probability
under D, as well as give predictions on regions of low probability under Dy (see Definition 2).

The aforementioned conditioning defines a new TDS learning problem. If the given TDS learner
A is very likely to accept, then we use it to obtain a hypothesis h;; with high accuracy on ggt and
set its label to 1. Otherwise, the algorithm .A rejects with non-trivial probability and, by Lemma 5,
we may use Algorithm 3 to obtain a weak distinguisher WD;‘?t for the distributions git and ggt.
Having WDf}t at hand, we are able to construct the routing function nextfj by using the rebalancing
trick of Long and Servedio (2005), which is given by Algorithm 2.

Algorithm 2 BALANCE(q, w)
Input: ¢ € [0,1], w € {0,1}
Output: A random variable w over {0, 1}

1 Let b = argming¢g 1) |b) — ¢q| and £ be Bernoulli random variable that is 1 with probability

1
1+2[b—q]
2 Setw +—wé+ (1-0)(1—-¢)

3. The branching program, and hence the corresponding partition of the domain X, is randomized, as its routing func-
tions next;-f‘t are randomized.
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Comparison to Martingale Boosting Similarly to standard Martingale boosting, the routing
functions are chosen so that samples from the distribution D; are biased to move towards nodes
(i,t) where i is large, and samples from the distribution Dy are biased towards nodes with i small.
This is accomplished by using the weak distinguishers provided by Algorithm 3 to construct the
routing functions. In particular, we inherit the following result from Long and Servedio (2005)
which essentially shows that nodes of the form (¢, T") with ¢ < T'/2 are rarely visited by samples of
D, and nodes (7, t) with ¢ > T'/2 are rarely visited by samples of Dy.

Lemma 9 (Implicit in Theorem 3 from Long and Servedio (2005)) Let G be the following dis-
tribution over X x {0,1}. To draw (z,b) from G, with probability %, we draw z ~ Dy and set
x = zand b = 1. Otherwise, we draw z ~ Dy and set x = z and b = 0. Suppose that we
obtain the randomized branching program P by running TDSBOOST(A, D1, Dy, €, ) where A is
an (g,0)-TDS learner. Then we have:

Przp)~g,pr [ac reaches node (i,T') in P and label(i,T') # b] < g

The main difference between Algorithm 1 and the Martingale boosting algorithm of Long and

Servedio (2005) is that our algorithm creates some additional leaf nodes at levels ¢ < T. However,

this does not change the analysis of Lemma 9, as the routing functions of the internal nodes are
created based on valid weak distinguishers given by Algorithm 3.

Sketch of the Proof As we have mentioned, Algorithm 1 creates a branching program P that
partitions the domain &’ into regions { Ry } neleaves(p) cOrresponding to the leaves leaves(P) of P.
For each such region Ry, we either abstain if label(N) = 0 or predict according to hypothesis h
if label(N') = 1. There are three types of leaf nodes:

1. The first type 71 C leaves(P) includes nodes N at level ¢ < T that are rarely visited by D,
for some b € {0,1} and label(N) = 1 — b. If b = 1, then the training distribution assigns
negligible mass to Ry and hence abstaining on this region does not increase the rejection
rate significantly. If b = 0, then the test distribution assigns negligible mass to R 5y and hence
even if we make wrong predictions, the error rate is not increased significantly.

2. The second type T2 C leaves(P) includes the nodes at level ¢ = T'. Due to Lemma 9, these
nodes have a similar property, i.e., Przp, p[x reaches 73 at node with label 1 — b] < O(e).

3. Finally, the third type 73 C leaves(P) are those nodes N where the TDS learner accepts with
probability at least 0.9, which enables us to learn a hypothesis with low test error conditioned
on reaching node N, by amplifying the acceptance probability through the majority vote of
several repetitions of the TDS learner (based on Proposition C.1 of Klivans et al. (2024a)).

Following this sketch, we provide a formal proof for Theorem 6 in Appendix D.

4. Learning Halfspaces with Distribution Shift with Queries

We note that a simple corollary of Theorem 6 is that it is unlikely that there is a polynomial time
algorithm in n and e~ to TDS learn halfspaces in the distribution-free setting. Indeed, combining
Theorem 6 with Kalai and Kanade (2021), which proves that PQ learning and reliable learning are
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equivalent, implies that TDS learning of halfspaces to accuracy ¢ is at least as hard as learning
an intersection of €2(1/¢) halfspaces in the distribution-free PAC model. Notably, whether there
exists a polynomial-time algorithm for learning even an intersection of even two halfspaces is a
long standing open question. Moreover, under suitable cryptographic assumptions (Klivans and
Sherstov, 2009; Tiegel, 2024), learning an intersection of polynomially many halfspaces requires
sub-exponential time. Even for halfspaces with a margin, it is unlikely there is a polynomial time
algorithm for TDS learning. In particular, if we consider learning conjunctions over {0, 1}", then
every point has an inverse polynomial margin. By Theorem 6 and Remark 8, it then follows that we
can reduce TDS learning of conjunctions over {0, 1}" to PQ learning of conjunctions. In turn, Kalai
and Kanade (2021) showed PQ learning conjunctions is as hard as PAC learning DNFs, another long
standing open problem in learning theory believed to not have polynomial time algorithms.

All that said, in this section, we will show that if we allow ourselves membership queries, then
we can PQ and thus TDS learn halfspaces in polynomial time. In particular, we define a PQ learner
with membership queries as follows:

Definition 10 (PQ Learning with Membership Queries) Let C be a concept class over X. An
PQ learning algorithm with membership queries, A, for the class C up to error € and probability
of failure § operates as follows. First, the algorithm is given labeled sample access to a training
distribution Dy labeled by some unknown f € C and can query arbitrary points x € X to
receive the value f(x). Afterward, the algorithm is given unlabeled samples access to D! and
must (without making any further queries) output, with probability at least 1 — 6, a hypothesis
h: X — {£1} and a selector g : X — {0, 1} such that:

(a) (accuracy) The test error is bounded as Pr, pest[f(x) # h(x) and g(x) = 1] < e.

(b) (rejection rate) The probability of rejection is bounded as Pr,  puain[g(x) = 0] < €.

In this setting, we will then prove

Theorem 11 There exists a PQ learning algorithm for halfspaces over R™ with membership queries
that runs in time poly(n, 1,log(1/9)).

The proof of the theorem is shown in Appendix E. To prove the statement, we first show that we
can essentially reduce to homogeneous halfspaces. Afterwards, we give a PQ learning algorithm
for homogenous halfspaces with a margin. Finally, we combine our algorithm for PQ learning
high-margin halfspaces with the Forster transform to prove Theorem 19.

Remark 12 Our upper bound for learning halfspaces with membership queries holds even un-
der the stronger reliable and probably useful (RPU) model Rivest and Sloan (1988); El-Yaniv and
Wiener (2010, 2012). Unlike PQ learning, an RPU learner is only given (labeled) training exam-
ples, and outputs a selector g and a classifier h such that: whenever a point x is selected (g(x) = 1),
the prediction is always correct, i.e., h(x) = f*(x).

At first glance, this may appear to contradict prior exponential lower bounds for RPU learning
with membership queries Hopkins et al. (2020). However, those results assume that queries are
restricted to a bounded-radius ball, whereas our algorithm allows arbitrary queries in R".
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Discussion

We have shown that PQ and TDS learning are equivalent in the distribution-free setting, where
learners are required to succeed for arbitrary training distributions. A natural open question is
whether this equivalence extends to the distribution-specific setting, in which PQ or TDS learners
are only required to succeed when the training distribution equals a fixed reference distribution D*,
while no assumptions are made on the test distribution.

Existing work in distribution-specific learning establishes positive results for both models, but
does not always yield matching guarantees. For example, there exists an efficient TDS learner for
AC? circuits when D* is the uniform distribution on the Boolean hypercube, whereas no efficient
PQ learner is currently known for this setting. Nevertheless, no formal separation between the two
models has been established.
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Appendix A. Useful Facts from Probability Theory

Lemma 13 (Reverse Markov Inequality) Suppose that x is a random variable satisfying x < B
and E[x] > 0, then

Pr [:c > ;E[w]] > %E[w]
Proof Note that
Elz] < Pr [w > ;E[m]] B+ %E[az}.
Rearranging yields the result. n
We will also need the VC inequality.

Theorem 14 (VC Inequality) Ler C denote a concept class over X, D be a distribution over X,
and e € (0,1). If d is the VC dimension of C and S ~ D is a set of size m, then

Corollary 15 Let C denote a concept class over X, D be a distribution over X, and €, € (0,1/3).
If d is the VC dimension of C and S ~ D is a set of size €} (%), then with probability 1 — 6,

Prg [sup

ceC

Pryple(@) = 1] - 77 3 Hels) = 1}
seS

<e

Pro-plc(@) = 1] — % S e(s) = 1}

seS

forall c € C.

Appendix B. Halfspaces and Forster Transform

Recall that we call a halfspace homogeneous if is of the form sign(w - x), i.e. it goes through the
origin. A crucial notion will be

Definition 16 (Margin) Given a halfspace f(x) = sign(w - z) and a point x, we say that the
margin of x with respect to f is
|w - x|
[w]l2]l]2

Another notion we’ll need is

Definition 17 We say that a set of points S C S*~! is in e-approximate radial isotropic position if

1 1+€
n_’S’Zx:): <
zeS

Notably, such a condition is useful as it implies an anti-concentration bound for any halfspace.
In particular,
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Lemma 18 Suppose that S C S"~ ! is a set of points in 1/2-approximate radial isotropic position
and w € S"1, then

P \ | > L1

rg~s ||lw-x| > — —

o5 =2y/n| = in

Proof Note that

1
o < w! Bposlzew = Egus(w - x)?]
Since (w - x)? < ||w||3||z||3 = 1 by Cauchy Schwartz, the result follows from the Reverse Markov
inequality applied to (w - )?. [ |

Crucially, there exists efficient algorithms to place points into e-radial isotropic position.

Theorem 19 (Diakonikolas et al. (2023b)) There exists a randomized algorithm that given a set
S C R" of sizemandan e € (0,1), runs in time strongly polynomial in mn /e and has the following
high probability guarantee: either the algorithm finds a matrix A such that {Ax /|| Az|| : © € S}
is in e-approximate radial isotropic position, or it finds a proper subspace W ¢ R"™ such that

1S AW| > (dim(W)/n) - |S].

Corollary 20 Given a set of points S C R™ and parameter § € (0, 1), there exists an algorithm
FORSTER(S, §) that outputs a subspace V and matrix A : V. — V such that {APyz/||APyzx| :
x € V'} is in e-approximate radial isotropic position in RI™V) ywhere Py : R™ — V denotes the
projection matrix onto V.. Moreover, the algorithm runs in time strongly polynomial in mn log(1/9)
and |SNV|> (dim(V)/n) - |S].

Proof We now start by noting that we can boost the failure probability of the algorithm in Theo-
rem 19 to §/n by repeating it log(n/d) times and checking whether the points are in radial isotropic
condition or the subspace W contains enough points. As such, we’ll assume throughout that it has
failure probability J/n.

Our procedure is then the following: Let V' = R™ and S” = S. Loop at most n times: Run the
algorithm from Theorem 19 on S” C V with ¢ = 1/2 to either get a matrix A or subspace W C V.
If we get a matrix, output A, V. Otherwise, update V < W and S’ + Py (S’ NW).

We claim that if the first nn calls to the algorithm in Theorem 19 all succeed, then the above algo-
rithm satisfies the corollary. Indeed, the process will eventually return a matrix since the dimension
of V' decreases in each iteration. Thus, we indeed have that { APy x/||APyz| : x € SNV} isin
1/2-radial isotropic position. Moreover, if R := Wy O Wy O Wy --- D W, are the subspaces in
each iteration of the loop, then

. l . .
dim(Wy) dim(W;) dim(Wy)
Wen S| > ——= W1 NS| > |S = - 1S].
Wen S dim(Wg,l)‘ NSz ’gdim(Wi_l) il
Finally, the statement on the runtime follows from the polynomial runtime of Theorem 19. |

Remark 21 Note that applying a Forster transform preserves the property of a point being labeled
by a homogeneous halfspace. In particular, let S C R™ and suppose that we are given labeled pairs

(z,y), where x € S and y = sign(w - x) for some w € R™. We then observe that for x € V we

have that the labeled point set (M, y), where y = sign(w - x), are labeled by a halfspace in

[APy ]
: -1\T APy
the transformed space, namely sign ( (A™")" Pyw - TAPoal )
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Appendix C. Missing Proofs from Section 3.1

Throughout this section, we will denote by A(Syain, Xtest) the result of running A on the appro-
priate number of labeled samples Syin drawn from Dy, and a test set Xiggt of m samples drawn
from D!, We now start by proving the following lemma.

Lemma 22 Consider distributions D@ and D! and let A be a rejecting algorithm
drawing m samples from Dte""‘t and 6 € (0,1/3), then with probability 1 — /3,
GETWEAKDISTINGUISHER (D@ DSt A §) will find a set T such that

Prx (prainyem [A(T, X) accepts] — Prx.prestyom [A(T, X)) accepts| > 0.003
Proof We’ll assume that

p1 — Prxprainjem [A(Strain, X)) accepts] + Prx.__ . (prestyom [A(Strain, X ) accepts]| < 0.001

in every iteration of the loop on Line 4, which holds with probability at least 1 — /6 by a Hoeffding
bound. Notably, when this event occurs, we will output a set 7" satisfying the statement of the lemma
so long as T' # (). Thus, it remains to show that the probability of 7' # () is at most 4 /6.

Since A is rejecting and rejects samples from D" with probability at most 0.01, we have that

Pr§train,x~(D‘fain)®m [A(gtraim X') accepts] — Prgtraimx,\,(']_)test)®m [A(gtrain, X') accepts] > 0.01
So we conclude that

Eg . [Pr X ~(Dlain)®m [A(Strain, X) accepts] — Pr X~ (Dtest)@m [A(Strain, X) accepts]] > 0.01
Since the quantity in the expectation is at most 1, it follows by reverse Markov that

Prg [Pr X ~(pranyem [A(Strain, X)) accepts] — Prx _(prestyom [A(Syrain, X ) accepts] > 0.005} > 0.005

We now note that if we draw a set Sy4in satisfying the event above, then T # (). However, since
the algorithm repeats C’ log(1/4d) times, this happens with probability at most /6, completing the
proof.

|

Proof of Lemma 5. We will assume throughout that

|92 — Pry, puan [ Ay () accepts | + Pry, pust[Af, 5 () accepts]| < Tm

in every iteration of the loops on Line 11, which holds by a Hoeffding bound with probability at
least 1 — §/3. Moreover, we will assume that the set T satisfies

Prx,pranyom [A(T, X) accepts] — Prx (prestyom [A(T, X) accepts] > 0.003

which again happens with probability 1 — 6/3 by Lemma 22. Assuming both these events hold, it
remains to prove that we output FAIL with probability at most /3.
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Algorithm 3 GETWEAKDISTINGUISHER (Dan_ptest 4 5)

Input: Sample access to DM and DSt a rejecting TDS learning algorithm A that uses at most m

samples from D!, and failure probability § € (0, 1)

Output: An algorithm A’ that distinguishes D" and D't with advantage 2(1/m), or FAIL

3 Let C > (" > 1 be sufficiently large constants and set T < (), r + Clog(1/6), and £ <+

4
5

6

10

11
12
13
14
15

16
17

18
19
20
21

22

Cm?log(m/9)

/+ Find a training set T witnessing a noticeable acceptance gap
*/
fort =1,2,...,C"log(1/4) do

Sample a set Sigin from Dyain

(1) (r) (1)
Sample sets Xigqy, - - -, Xioqr and Xirains + -+ X trains
spectively

Compute

~ ]- . = 1 — i
Pl o= . Z (ﬂ{A(Straith(ra)lin) accepts} — ]l{A(Straith(e)st) accepts}) :
i=1
if p1 > 0.004 then
Set T < Siain and break

end

end

/* Search for a single-sample weak distinguisher
for:=1,2,...,mdo

fort=1,2,...,C"mlog(1/6) do

Sample a1, ..., Qy_; ~ Diran

Sample by, ..., b;_1 ~ DSt

Define the (randomized) algorithm A’a’ p: oninput z € R™, output

A(T,{bl, e ,bi_l,m,al, .. .,am_i}) N

Sample ¢i,...,co ~ D@ and dy, ..., dy ~ DSt
Compute

¢
Py = %Z (Il{AﬁLb(cj) accepts} — 1{Aj, ,(d;) accepts}) ;
j=1

e 1
lfp2 > 5000m then

/
‘ return Aa,b
end

end

end

return FAIL

X each of size m, from DSt and Dlrain re.

*/
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For brevity, we will assume that .4 outputs 1 when it accepts and 0 when it rejects. To start, we
argue that there exists an ¢* € [m/] such that

_ 1
PI‘{A(T, {bl, ce ,bi*,l,ai*, e am}) = 1]—PI‘[A(1, {bl, ceey bl-*,aiurl, .. am}) = 1] > %

where a1, ..., a, ~ D" and by, ... b, ~ Dt To see this, we apply a hybrid argument.
0.003 < Pr[A(T,{a,...,an}) = 1] — Pr[A(T,{b1,...,by}) = 1]

= ZPr[A(T, {b1,...,bi1,a4,...am}) = 1] = PrlA(T, {b,... b, ait1,...an}) = 1].
=1

An averaging argument then implies that an ¢* as in Equation (1) exists.
We now consider the iteration of the loop on Line 11 where i = 7*. Note that for random
variables ¢, a1, ...,a;_1 ~ D" and d, by, ..., b,_; ~ D®! we have that
Eqp.cdlAnp(c) — Agp(d)]
= PI'[.A(T, {bl, ey bi*—17 c,aj... am_i}) = ” — PI‘[.A(T, {bl, ey bi—17 d, ai, ... am_,-}) = 1]
1

>
— 500m

On the other hand, we have
EabcdlAgp(c) = Agp(d)] = Eap [Eca [Agp(c) — Ag p(d)] ]

Since ’Eqd [A;vb(c) - A, b(d)} ‘ is at most 1, reverse Markov then yields that with probability
1/1000m over a, b, we have that

1
Pr,, puan [Ala,b(m) =1] = Pry_pes [A;yb(l‘) =1] 2 1000m

Note that if we sampled such values a, b then we would output A/, , as

R 1 1 1
> — > .
P2 = 9000m ~ 105m = 2000m

by our assumption on the accuracy of ps. Thus the probability of failure is bounded by

1 C'mlog(1/6)
(1 > <6/3

~1000m

as desired. |

Appendix D. Missing Proofs from Section 3.2

Proof of Theorem 6. We assume that we are in the event that happens with probability at least 1 — 9
such that the following conditions hold:
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* Qur estimates ]32“ Q.+, @i+ are within 71, 0.01, v of their expected values respectively.
* Any time we call Algorithm 3, it outputs a valid weak distinguisher.

* The majority boosted TDS learner never fails when called, i.e., it outputs ACCEPT and gives
a hypothesis h; ; with error at most 4 on G7,.

For the first property, we may use standard Hoeffding bounds to show that our estimates — which
we obtain through averaging — are concentrated around their expectations. To show that the last
property holds with high probability, we combine Proposition C.1 of Klivans et al. (2024a) with the
observation that majority boosting amplifies the probability of acceptance as long as the probability
of acceptance is larger than 1/2.

We will first bound the rejection rate on the training distribution. We have the following:

Pryp, plg(x) = 0] < Prgy.p, p[AN € leaves(P) : x reaches N A label(N) = 0]
< (Pmin +7)T* + ¢ (first and second type leaves)
< O(e)

To obtain the above bound we used the property that each leaf N € 77 with label(i, ) = 0 satisfies
Pryp, plx reaches N| < pmin + 71, as well as Lemma 9 for leaves of the form (4, 7).

For the error rate we obtain similar bounds for the contributions of the first and second types of
leaf nodes, but we also need to account for the leaves of third type. Fortunately, any such node N
corresponds to hypothesis with low error on the test distribution conditioned on reaching node .
We have the following:

~

Proop, plh(z) # f(x) Ag(e) = 1]
< Prgp, p[3N € leaves(P) : x reaches N A label(N) =1 A hy(x) # f(x)]
(Pmin +71)T 21 e+4e (first, second and third type leaves)

Finally, the bound on the run time follows from the fact that the boosting procedure runs in time
poly(1/7, %, log(1/8),m4) - T(C,¢), where v = Q(1/m_) is the advantage of the weak learner
from Lemma 5. |

Appendix E. Deferred Proofs from Section 4

E.1. A Reduction to Homogeneous Halfspaces

In this section, we show that PQ learning halfspaces with a margin reduces to a restricted class of
query algorithms for homogeneous halfspaces. In particular, we define

Definition 23 (Respectful Algorithm) Suppose that we are given a query algorithm A to PQ learn
a halfspace f(x) := sign(w - z) in R". We say that A is respectful if whenever D" is supported
on {(z,1) : x € R" 1}, we have that A almost surely never queries a point of the form (x,0) for
some x € R" 1,
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We then have that

Lemma 24 Suppose that there exists a respectful PQ learning algorithm for homogeneous halfs-
paces over R™ with membership queries that runs in time poly(n, %, log(1/9)), then Theorem 11
holds.*

Proof Let .4 denote our respectful algorithm for homogeneous halfspaces and suppose that we are
tasked with learning an unknown halfspace f(x) = sign(w - 2 — ) with distributions D" and
D't Let ® be the map that sends a point z € R” to (1,z) € R™*! and denote by &(D'an)
and ®(D'®S) denote the distributions resulting from drawing from D" and DSt respectively and
then applying ®. Note that after applying this transformation, the target halfspace can be written as
sign((w, —0) - ®(x)) and thus correspond to a homogeneous halfspace after our transformation.
We will now run A on ®(DI"a") and ®(D'®s!). To do so, we must argue that we can simulate
membership queries in this new space. Indeed, suppose that A queries a point (z, ¢) for some ¢ € R
and x € R"™. If ¢ = 0, we simply output FAIL. Otherwise, we can output f(z/c) - sign(c). Since

f(z/c) - sign(c) = sign(w - (z/c) — 0) - sign(c) = sign(w - = — ) = sign((w, —0) - (z, c)),

this correctly answers the membership query.

We now note that we fail with measure zero as A is respectful, thus this process almost surely
outputs a hypothesis h and selector g. Using h o ® and g o @, then yields the hypothesis and selector
for PQ learning f. |

E.2. PQ Learning Homogeneous Halfspaces with a Margin

We now turn to showing how to PQ learn a homogenous halfspaces, i.e. those of the form f(z) =
sign(w - z), with a margin (cf. Definition 17). As is standard in this setting, we will assume without
loss of generality that D"@" and D't are supported on the unit sphere S*~! and ||w||z = 1.

Algorithm 4 LEARN-HIGH-MARGIN-HALFSPACE( f, 7, )

Input: Query access to f, a margin parameter v € (0, 1), and failure parameter § € (0, 1/3)
Output: A hypothesis h : X — {£1} and a selector g : X — {0,1}

Let £ < 2%)20” log(%)

Sample Mz ~ N(O, g[n)

Compute @ + ¥ Zle f(@) 2@

Set h(x) + sign(w - z) and g(x) + ]I(|@ cx| > 2%)
return (h, g)

Our main lemma in this section will then be

4. We quickly remark that while we will work in the real model of computation for simplicity, we note that if there is
a respectful homogenous halfspace PQ learning algorithm that only queries points with polynomial bit complexity
then the algorithm obtained for arbitrary halfspaces via the reduction will also only query points of polynomial bit
complexity.
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Lemma 25 Let f denote an unknown halfspace, them with probability at least 1 — §, we have
that LEARN-HIGH-MARGIN-HALFSPACE( f,y, §) outputs a hypothesis h such that for all for all
x € S"1 (i) if v has margin at least ~y with respect to f, then g(x) = 1 and (ii) if g(z) = 1 then
h(w) = f(x) and (iii) |6 > 2

Proof We will show that the lemma follows from the following claim

Claim 1
Pr | — wlls > /3] < 6

Proof By rotational symmetric, we can let w = e; without loss of generality. We then note that
E[f(z®) - 2@] = ¢

Indeed, by symmetry the expectation of of the jth coordinate is O for all j # 1. We can then compute
the first expectation of the first coordinate as

2 s
E.onvomlzll = \/; \/; =1

We now note that for all j € [n], ( f (az(i)) () — ei)j is sub-gaussian with variance proxy at most
10. Thus it follows that for any 7, we have that

Pr(|w; — (e;)] > v/3v/n] < exp(—€72/2000n) < %

Thus, applying a union bound then yields that for all j € [n]
@5 = (ea);| < 7/3v/n
with probability 1 — d. Notably, this implies that
[ — eill2 < /3
with probability at least 1 — § as desired. |

We will now show that conditioned on ||@w — w|l2 < /3, properties (i), (i), and (éi7) hold.
Indeed, the triangle inequality immediately implies w > 1 — /3 > % Next, for property (i), note
that

w-z— @] < w— Bl < 7/3

Thus it follows that if |w - | > ~y then |@w - x| > 27/3 and thus g(z) = 1. Similarly, we can observe
that if |@ - x| > 2+/3, we have that sign(w - z) = sign(@ - x), yielding property (i). [
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Algorithm 5 LEARN-HALFSPACE(Syin, €, 9)

Input: A set examples Sygain drawn i.i.d. from D", a rejection parameter ¢, and a failure proba-
bility &
Output: A hypothesis h : X — {£1} and a selector g : X — {0,1}

RO — Strain, ’L — 0

Set go(x) = 0 and ho(z) =1
while ISE;L\ > %E and i < 4n log% do
(A;,V;) + FORSTER (RZ», Wg(%))
if R; N V; = () then
‘ break
end
(4;, 8;) + LEARN-HIGH-MARGIN-HALFSPACE f(Pg/;Aflﬂf), ﬁa Wg@/s))
A; Py,
Rt <—R1\{$ER@ﬂwsz(ﬁ> :1}
Define
AiPVx
; %-\/(]le‘/-/\’iz>f11
gz-i—l(x) gz(x> {x Z} SZ(HAjP\@SUH) orallw
Define
hila) if gs(w) = 1,
hiyi(z) < AiPy,x -
¢ (m) otherwise
14— 1+1
end

return (h;, g;)

E.3. Proof of Theorem 11

In this section, we give an algorithm to prove Theorem 11. To do so, our algorithm LEARN-
HALFSPACE will apply a Forster transform to ensure that a non-trivial fraction of points have a
large margin. We can then run LEARN-HIGH-MARGIN-HALFSPACE to classify these points. Af-
terwards, we can repeat these steps for the points in Siajn that were not labeled.

To analyze LEARN-HALFSPACE, we start by showing that we typically terminate when we have
labeled all but an £/2 fraction of the data set.

Lemma 26 With probability 1 — 6 /3, when LEARN-HALFSPACE(Syain, €, §) terminates we have

‘Ril < £
that |Strain‘ - 2

Proof We’ll assume that no call to FORSTER or LEARN-HIGH-MARGIN-HALFSPACE fails, which
by a union bound happens with probability at least 1 — 4 /3. Notably, in this case by Corollary 20,
we will never have V; N R; = () and thus never execute Line 5.
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Now applying Lemma 18, it then follows that

[Ai Py |

p W S 1 S 1
Yo~ R: . - -
R T = 2y/n] = 4dim(V;)

Since ||@|| > % by the promise of Lemma 25, it follows that

P —~ AZPVZI‘ > 1 - 1
Ty R.AV: | 20 -
eV [A:Py.z][| = 3y/n] ~ 4dim(V))
Note that the points in R; N V; satisfying the above event also satisfy I(z € V;) A s; <”2f£7&i”).
So, it follows that '
[Rival oy 1 0oVl 1 dim(Vy)|R] _, 1
(Rl — 4dm(V;)  [R| ~ 4dim(V;) n |Ri an

The result now follows by noting that

‘R‘ 1 4nlog(2/5)
=< <1 - ) <
’Strain’ 4n

IR

62
with probability at least 1 — §/2 the hypothesis h outputted by LEARN-HALFSPACE(Syn, €, 9)
satisfies

Lemma 27 Suppose that Sy.jn is a set of size (Tnz log(nT) log(1/ 55)) samples from D" then

Pr, pran[g(x) = 0] < &

Proof Let 7' denote the number of iterations of the while loop. We will argue that g;,..., g7
come from a class of VC dimension O(Tn? log(nT)). Towards this, we first show that the function

I(x e Vi) As; (”‘3%”) has VC dimension at most O(n?). Indeed, the indicator of a subspace has

VC dimension at most O(n). Using the definition of s; as appearing in LEARN-HIGH-MARGIN-
HALFSPACE, we have that

< AZP%x ) I (,\ AIPV1$ > 1 >
silio o) =1(w- Z
14s Py, | 14 Prz]| = 3v/n

Notably, this can be rewritten as a conjunction of a degree 2 PTF and a halfspace, namely

1
sign ((@ - A;Py.x)* — o HAiPVZ.x||2> NAsign (W - A; Py,x) .
n

. AiPVZ-ﬂC
As such, it follows that [(z € V;) A s; (W
degree 2 PTF. Using standard results, it thus follows that it has VC dimension O(n?) as desired.

Since each g; is a decision list of length at most 7" over features of the form I[(z € V;) A s; (Hﬁiﬁﬂ) s

) is the conjunction of a subspace, halfspace, and

it follows from standard techniques that the functions g; for ¢ < 71" have VC dimension at most
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O(Tn?log(nT)) (see e.g. Theorem 3.6 of Kearns and Vazirani (1994)). By Corollary 15, it then
follows that with probability 1 — §/6

|Rr| | €
PrN train |G\ L =0 = + —.
x~D [ ( ) } |Strain| 9
Thus, if Pr_,_pwan[g(x) = 0] > ¢ either \‘sﬁ,h > 5, which happens with probability at most 0/3

by Lemma 26, or the VC inequality fails. So, by a union bound, the lemma statement holds with
probability 1 — §/2, as desired. [ |

With this we can complete the proof of Theorem 11.
Proof of Theorem 11. We start by noting that the LEARN-HALFSPACE successfully PQ learns
a homogeneous halfspace assuming |Syin| is sufficiently large so as to satisfy the hypothesis of
Lemma 27. Indeed, with probability 1 — §/2, the rejection probability of g under D" is at most
€ by Lemma 27. Moreover, so long as no call to LEARN-HIGH-MARGIN-HALFSPACE fails, which
happens with probability at least 1 — §/6 by a union bound, we have that our algorithm has zero
error on points with g;(x) = 1 by Lemma 25. In particular, LEARN-HIGH-MARGIN-HALFSPACE
outputs a hypothesis ¢; such that £;(z) = sign(Py,w - Aj_la:) for all z € S"~! N V; such that

A]'PVj(E . . .
sj(x) = 1. As such we conclude that ¢; APl ) = sign(w - x) for all z € Vj satisfying

5 (Wij];%) = 1. Thus, it follows that with probability 1 — §/6, we have that the hypothesis we
output, h;, makes no errors on points where g;(z) = 1, as desired.

To complete the proof of the theorem, it now remains to show that LEARN-HALFSPACE is
respectful. Towards this, note that all queries are made in our calls to LEARN-HIGH-MARGIN-
HALFSPACE. Notably, we query f(P‘gAi_lx) on points drawn from A (0, 5 Iy;). Since R;NV; # 0,
it follows that there must exist a point z € V; such that z,, # 0. Thus, querying f on a point of
the form (z,0) is a measure zero event and LEARN-HALFSPACE is respectful as desired. Using
Lemma 24 then yields the result. |

Appendix F. The Agnostic Setting

In our main theorem (Theorem 6), we have shown that PQ learning can be reduced to TDS learning.
However, the premise of our result requires that the training and test distributions are both realizable
by the same function f € C. We will now focus on the agnostic setting where neither the training
not the test labels need be realizable.

Definition 28 (Agnostic Setting (Ben-David et al., 2006; Blitzer et al., 2007)) Let C be a con-
cept class over X. In the agnostic setting, the learner has labeled sample access to a training
distribution D" and unlabeled sample access to the X-marginal of a test distribution D*S!
and the goal is to produce a hypothesis whose on the test distribution competes with the following
benchmark:

A\ = )\(@train’ ﬁteSt; C) = I}]éél(PI‘(wjy)Nﬁtrain [f((l?) ?é y] + Pr(az,y)wﬁwﬂ [f(.’L') 7é y])
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The parameter A quantifies the relationship between the training and test labels and, in the
absence of test labels, a dependence of the output’s test error on A is unavoidable (Klivans et al.,
2024a). We may now define the agnostic versions of TDS and PQ learning.

Definition 29 (Agnostic TDS Learning (Klivans et al., 2024a)) Let C be a concept class over X.
The algorithm A is a TDS learner for C up to error O(\) + € and probability of failure § in the
agnostic setting if it either outputs REJECT or outputs ACCEPT and returns a hypothesis h :
X — {£1} such that, with probability at least 1 — 9, the following hold:

(a) (soundness) Upon acceptance, the test error is Pr, ) prest[y # h(z)] < A- X+ ¢, where
A > 1 is some constant.

(b) (completeness) If D3N = DSt then the algorithm accepts.

Definition 30 (Agnostic PQ Learning (Goldwasser et al., 2020)) Let C be a concept class over
X. The algorithm A is a PQ learner for C up to error O(\) + €, rejection rate 1 and probability of
failure § in the agnostic setting if it outputs, with probability at least 1 — 0, a hypothesis h : X —
{+1} and a selector g : X — {0, 1} such that:

(a) (accuracy) The test error is bounded as Pr, pest[f(x) # h(x) and g(x) = 1] < A- A +¢,
where A > 1 is some constant.

(b) (rejection rate) The probability of rejection is bounded as Pr,  puain[g(x) = 0] < 1.

The following theorem states that efficient agnostic TDS learning up to error O(\) implies
efficient agnostic PQ learning with error rate O(\/n) and rejection rate O(n), where 1 can be
chosen freely. Note that no PQ learner can attain error better than {2(\/n) and rejection rate at most
n even if given an unbounded number of samples and runtime. (This follows from a straightforward
modification of Lemma D.1 in Goldwasser et al. (2020)).

Theorem 31 (PQ learning via TDS learning: The Agnostic Case) Let A be an agnostic TDS
learner for some class C that achieves error O(X) + ¢, runs in time T 4(g) and has total sample
complexity m 4 (). Then, there is a PQ learner for C that receives the parameters (¢,1, ) as inputs
and achieves error O(% +¢), rejection rate O(n + €) and probability of failure §. In particular, the
algorithm runs in time TA-6575(m?4)+poly(mA, 1 %, log 3) and uses poly(m,1/e,1/n,log1/§)
samples from the training and test distributions.

Proof The algorithm for the agnostic case is very similar to Algorithm 1, with one modification.
In particular, after computing the estimates ﬁ?,t up to error y; = % and ensuring that they are
both at least equal to pnin, the algorithm checks whether @% <n- ﬁ? ;» in which case the node (i, t)
becomes a leaf node with label(i, ) = 0.

Recall that in the realizable case we had three types of leaf nodes of the branching program P
constructed by Algorithm 1 (see Appendix D). The modified algorithm described above creates one
additional type of leaf nodes 7; C leaves(P) for which we have ensured that 1711\7 <n- ﬁ?\, For the
following, suppose that we are in the event that holds with probability at least 1 — O(d) where the
estimates ﬁ?,t are y;-close to their expected values pf’t.

Observe that the distribution D; is a mixture distribution with components {ng\r} Neéleaves(P)-
Each component G, corresponds to weight pj. Similarly, Dy is a mixture of {GR } Neleaves(p) With

weights {p?\/}NGIeaves(P) .
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Rejection Rate For the rejection rate, the only difference between the agnostic case and the proof
of Theorem 6 is the existence of nodes N of the new type 74, where we have ﬁ}v <n- ]39\, The
additional term of the rejection rate that corresponds to these nodes is bounded by the following
quantity:

Y o SOMMTH+ Y By 0T +n- > P} <OMmTH+n- > sy <O0(n)
NeTy NeTy NeTy Neleaves(P)

Therefore, the overall rejection rate is O(n + ¢).

Error Rate For the error rate on the test distribution, we focus on the nodes of type 73 (see
Appendix D), i.e., the nodes N where the TDS learner has produced hypotheses hpy for which:

Prig g0 plhn(z) #y] < A- ?ég(Pr(m,y)Ng}v [f(x) # y] + Prigy)q [f(®) # y]) +e

'

AN

The total error incurred by these nodes is bounded as follows by using the fact that 73N 74 = () and

=1
therefore for any N € 73 we have ﬁ?v < pTN.

> o Pr (g y~gy, . p I (x) # y] < O(e) + > P Pr g0 .phn(z) # Y]

NeTs NeTs
~
: =0 _ Py -
<A 1pig <pN Prig g [f(@) #y] + o Prig g0 [fl) # y]) + O(e)
NEeTs
< é 3 0 P _ 1 —
= - 111n PN - r(a:,y)rwg]l\, [f(ﬂﬁ) 75 y] + PN Pr(a:,y)wg?\, [f(il}) 75 y] + 0(5)
oI ieT
A
< -mig > <p9v Prg o [f(®) # y] + o5 Prig g [f(2) # y]) + O(e)
U Ne€leaves(P)
A.
< A +0(e).

3 ‘

The error incurred by the leaf nodes that lie outside 73 remains unchanged, which concludes the
proof of Theorem 31. |

Remark 32 Goldwasser et al. (2020) showed that access to an agnostic ERM oracle in the stan-
dard (i.e., no distribution shift) setting suffices to construct an agnostic PQ learner using only a

polynomial number of oracle calls. However, our result is not implied by theirs for the following
reasons:

1. Upon acceptance, our TDS learner is allowed to output a constant-factor approximate hy-
pothesis, whereas the reduction of Goldwasser et al. (2020) requires a hypothesis achieving
optimal error.

2. Their approach further requires the learning algorithm to be proper (i.e., an ERM), whereas
our reduction does not impose such a requirement.
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