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Abstract
We study lower bounds for estimating the spectral density of the normalized adjacency matrix of
a graph. Previously, Cohen-Steiner et al. [KDD 2018] proposed an algorithm for ε-approximate
spectral density estimation in the Wasserstein-1 distance, using 2O(1/ε) random walks initiated from
uniformly random nodes in the graph. Later, Jin et al. [COLT 2023] established a nearly matching
exponential lower bound for weighted graphs, assuming the algorithm has access to samples from
random walks started at random nodes. It was left open whether this lower bound could be extended
to unweighted graphs.

In this paper, we answer this question in the affirmative by proving an exponential lower bound
for unweighted graphs. Specifically, we show that no algorithm can compute an ε-approximation
to the spectrum of a normalized graph adjacency matrix with constant success probability, even
when given the full transcripts of 2Ω(1/ε1/6) random walks, each of length 2Ω(1/ε1/6), started from
uniformly random nodes.
Keywords: Spectral density estimation, Sublinear-time algorithms, Query complexity, Random
walks

1. Introduction

We study the problem of estimating the spectral density of the normalized adjacency matrix of an
undirected graph. Let G = (V,E,w) be an undirected graph on n vertices with positive edge
weights w ∈ RE>0. Let AG ∈ RV×V denote its adjacency matrix and let DG be the diagonal degree
matrix. The normalized adjacency matrix of G is defined as NG = D

−1/2
G AGD

−1/2
G ∈ RV×V . Let

λ1 ≥ · · · ≥ λn be the eigenvalues of NG. The spectral density of NG (or simply of G), denoted by
ρNG

, is the probability measure

ρNG
(x) =

1

n

n∑
i=1

δ(x− λi),

where δ denotes the Dirac delta function. The spectral density estimation (SDE) problem asks for
a probability distribution q that approximates ρNG

under a suitable metric. In this work, we focus
on approximating ρNG

to accuracy ε in the Wasserstein-1 distance (also known as Earth Mover
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distance; see Definition 3). Equivalently (see e.g. Cohen-Steiner et al. (2018)), the goal is to
compute (succinct representations of) estimates λ̃1 ≥ · · · ≥ λ̃n such that

1

n

n∑
i=1

|λ̃i − λi| ≤ ε.

We refer to (the succinct representation of) such a vector λ̃i as an ε-approximation, in Wasserstein-
1 distance (abbreviated as W1-distance below), to the spectral distribution on [−1, 1] induced by
NG. More broadly, spectral density estimation is defined for any symmetric matrix and has found
applications across a wide range of domains, including network science (Farkas et al., 2001; Eik-
meier and Gleich, 2017; Cohen-Steiner et al., 2018; Dong et al., 2019; Chen et al., 2021; Braverman
et al., 2022), numerical linear algebra (Lin et al., 2016; Li et al., 2019) and deep learning (Mahoney
and Martin, 2019).

Sublinear-time algorithms for SDE Several works have developed sublinear-time algorithms for
SDE, i.e., algorithms whose runtime is sublinear in the size of the graph’s representation.

In the random neighbor model (also called the adaptive random walk model in (Jin et al., 2023)),
the algorithm is given access to two operations: (i) sample a uniformly random vertex of G, and
(ii) given any specified vertex v, query a uniformly random neighbor of v. Using these operations,
Cohen-Steiner, Kong, Sohler and Valiant (Cohen-Steiner et al., 2018) gave a randomized algorithm
with query and time complexity 2O(1/ε). Their algorithm relies solely on the transcripts of 2O(1/ε)

random walks of length O(1/ε) starting from uniformly random vertices. It outputs a succinct
representation of approximate eigenvalues with only O(1/ε) distinct values, independent of n.

Moreover, in a stronger model that additionally allows the algorithm to access all neighbors of
a vertex v in time proportional to its degree1, Braverman, Krishnan, and Musco (Braverman et al.,
2022) gave a randomized algorithm for SDE with runtime O(nε−7) that outputs a length-n vector
representing a discrete spectral density. This was improved by Jin, Karmarkar, Musco, Sidford, and
Singh (Jin et al., 2024), who provided a randomized algorithm with O(nε−2) queries and O(nε−3)

runtime, as well as a deterministic algorithm with running time n · 2Õ(1/ε). Their approach can also
be generalized to weighted graphs, though it requires a slightly stronger query model.

Given these two classes of randomized algorithms – one with query complexity 2O(1/ε) and the
other with O(n · poly(1/ε)) – it is natural to ask whether the exponential dependence on ε in the
sublinear-time algorithm of Cohen-Steiner et al. (2018) can be improved, possibly to polynomial,
while still avoiding any dependence on the graph size n.

Answering this question turns out to be quite challenging. From a lower-bound perspective, it
is difficult to construct pairs of graphs whose spectral densities are far apart, yet which are locally
very similar and therefore hard to distinguish using a small number of queries. In this direction, Jin,
Musco, Sidford, and Singh (Jin et al., 2023) proved a lower bound of Ω(1/ε2) queries in the random
neighbor model. They also studied the non-adaptive random walk model, in which an algorithm
observes transcripts of a few random walks of short length starting from uniformly random vertices,
and showed that no algorithm can compute an ε-accurate approximation of the spectral density with
constant success probability even when given 2Ω(1/ε) walks of length 2Ω(1/ε). However, this lower
bound applies only to weighted graphs.

1. This operation can be efficiently supported in the classical adjacency list model – where one can query vertex degrees
and the i-th neighbor. It can also be simulated with high probability in the random neighbor model at an additional
logn factor, provided the degree of the queried vertex is known (see, e.g., Footnote 8 in (Braverman et al., 2022)).
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Our contribution In this paper, we study lower bounds on the query complexity of SDE, with a
particular focus on whether the exponential lower bound of Jin et al. (2023), previously established
for weighted graphs, extends to unweighted graphs. This question is well motivated: most real-
world networks are naturally unweighted, and most sublinear-time SDE algorithms are designed
for this setting (e.g., (Cohen-Steiner et al., 2018; Braverman et al., 2022)), so weighted-only lower
bounds leave open the possibility of much faster algorithms for unweighted graphs. From a the-
oretical perspective, unweighted graphs impose strong structural constraints — in particular, the
low-weight-edge mechanism used in prior weighted lower bounds is entirely unavailable — making
it substantially harder to construct hard instances. Establishing lower bounds in this regime there-
fore clarifies the intrinsic limitations of sublinear access models and isolates the hardness of spectral
estimation itself. Indeed, Jin et al. (2023) explicitly posed this as an open question.

In this work, we provide an affirmative answer to this question. Our result shows that even in
this restricted and practically relevant setting, exponential query complexity barriers persist, thereby
placing fundamental limits on what sublinear-time algorithms for SDE can achieve. Specifically,
we show the following:

Theorem 1 There exists universal constants ε0 > 0 such that the following holds. For any ε < ε0,
no algorithm that is given access to the transcripts of m random walks of length T , each initiated
at a uniformly random vertex of an unweighted graph G, can approximate the spectral density of G
to ε accuracy in Wasserstein-1 distance with probability greater than 3/4, unless

m · T > 2c/ε
1/6

for some universal constant c > 0.

Consequently, even for unweighted graphs, no algorithm can compute an ε-accurate spectral
density estimate with constant probability, even when given the transcripts of 2Ω(1/ε1/6) random
walks of length 2Ω(1/ε1/6) started from uniformly random nodes.

We remark that our lower bound applies only to the non-adaptive random walk model. It remains
an open question whether an exponential lower bound can be established for the random neighbor
model (also called the adaptive random walk model in (Jin et al., 2023)), in which the algorithm is
allowed to start a random walk either from a uniformly random node or from any node of its choice.
At present, the best known lower bound in this adaptive model is the aforementioned Ω(1/ε2).

1.1. Technical overview

We briefly review the lower bound for weighted graphs established by Jin et al. (2023). Their hard
instances are constructed by combining cycles of different lengths. Specifically, they consider two
graph families: R1, consisting of 2n disjoint cycles of length ℓ := Θ(1/ε), and R2, consisting of
n disjoint cycles of length 2ℓ. These two graphs satisfy W1(R1, R2) = Ω(1/ℓ), yet they can be
easily distinguished by short random walks. To overcome this issue, they first pad both R1 and R2

with additional isolated vertices, and then augment the resulting graphs with a low-weight complete
graph on the same vertex set. Since the added edges have very small weights, this modification
does not significantly affect the W1-distance, while simultaneously making the two graphs hard to
distinguish via random walks. Intuitively, although each auxiliary edge has small weight, the total
auxiliary weight incident to any vertex forms a constant fraction of its weighted degree. Conse-
quently, a random walk leaves the original cycle with constant probability at each step, and with
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high probability does not remain long enough to complete a full traversal of the cycle. At the same
time, the spectral perturbation introduced by the auxiliary edges remains controlled, preserving the
W1-distance gap.

Extending this lower bound to unweighted graphs, as noted in (Jin et al., 2023), is “surprisingly
tricky”. For instance, a natural approach might be to replace the weighted complete graph with an
unweighted expander; however, doing so would significantly alter the spectra of the graphs, making
the analysis considerably more challenging.

Our approach. To extend the exponential lower bound to simple unweighted graphs and to by-
pass the difficulties above, we avoid directly augmenting disjoint cycles with unweighted expanders.
Instead, we consider Cartesian products of unweighted expander graphs and cycle graphs. Specifi-
cally, we start with a random d-regular graph H (an expander) and construct two product graphs

G1 = H □ C1 and G2 = H □ C2,

where C1 consists of two disjoint cycles of length ℓ, and C2 is a single cycle of length 2ℓ. Here
ℓ = poly(1/ε). As before, the W1-distance between the spectral densities of C1 and C2 is large, on
the order of Ω(1/ℓ). We next show the following:

1. The graphs G1 and G2 are ε-far in W1-distance.

2. Given access to transcripts ofm non-adaptive random walks of length T withm ·T < 2c/ε
1/6

,
no algorithm can distinguish whether the transcripts were generated from G1 or from G2.

To prove Item (1), we exploit the fact that the spectral density of a Cartesian product satisfies a
convolution property (Fact 9). Combined with recent eigenvalue concentration results for random
d-regular graphs from (Huang et al., 2024) (Lemma 25), this enables us to analyze the Wasserstein
distance between the spectral densities of the two product graphs after convolution:

ρAG1
= ρAH

∗ ρAC1
, ρAG2

= ρAH
∗ ρAC2

,

where ρAK
denotes the spectral density of the adjacency matrixAK of a graphK, and ∗ denotes the

convolution product (Definition 8). By our construction, C1 places two eigenvalues at −2 whereas
C2 places only one, with the next eigenvalue of C2 at−2 cos(π/ℓ) (Fact 5), creating a CDF discrep-
ancy of 1

2ℓ over an interval of width Θ(1/ℓ2). Since W1(ρ1, ρ2) =
∫
|F1−F2| dx is lower bounded

by restricting the integral to any sub-interval, we focus on the interval [−2,−2 cos(π/ℓ)] where only
this multiplicity difference contributes. Through a careful analysis (Lemmas 17 and 18), we show
that a poly(1/ℓ) gap persists after convolution with ρd, despite the fact that ρd vanishes at the end-
point −2

√
d− 1 of its support. Consequently, the spectral densities of our constructed graphs G1

and G2 also exhibit a poly(1/ℓ) gap under the W1 distance. Finally, since G1 and G2 are (d + 2)-
regular graphs by our construction, we show that the gap between the spectral densities of their
normalized adjacency matrix NG1 and NG2 remains: W1(ρNG1

, ρNG2
) = 1

d+2W1(ρAG1
, ρAG2

) ≥
1

10ℓ6d2
. See Theorem 13 and Corollary 15 for details. We ensure Item (1) by setting 2ε = 1

20ℓ6d2
.

To prove Item (2), we construct a coupling D over the distributions of random walk transcripts
(Definition 21) on G1 and G2 such that, with high probability, the two transcripts generated by D
are identical. The claim then follows from the classical coupling lemma. While Jin et al. (2023)
also employ a coupling argument to establish indistinguishability, extending their approach to our
setting presents two key challenges due to the sparsity and lack of uniform local structure in our
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unweighted graphs. First, the base graph H does not exhibit the uniform local connectivity of a
complete graph. Second, after leaving a cycle, a random walk may return and continue exploring
the same cycle, rather than escaping permanently as in (Jin et al., 2023). These issues make both the
construction of the coupling and the analysis of coinciding transcripts substantially more delicate.

To address these challenges, we exploit the natural projection of vertices in the Cartesian prod-
uct onto the base graph (Definition 19) and introduce the notion of projected walks. Using these
notions, we derive sufficient conditions under which the coupling produces identical transcripts,
which ultimately allows us to complete the proof.

Remark Finally, we note that there exists an algorithm that can distinguish G1 from G2 using
poly(1/ε) queries in the adaptive random walk model. This follows from a structural property of
the hard instances: for most vertices u in G1 or G2, there exist two edges e+ and e− incident to u
that each belong to exactly d length-4 cycles. These edges are precisely those lying on the copy of
C1 or C2 containing u. In the adaptive random walk model, such edges can be identified using only
poly(d) queries (by running a breadth-first search of depth 4; since a 1 − o(1) fraction of vertices
in a random d-regular expander are not contained in any length-4 cycles, any such cycle will be due
to e+ and e−); completing the corresponding cycle then requires poly(d, ℓ) = poly(1/ε) queries,
which suffices to distinguish whether u comes from G1 or G2.

1.2. Related work

The matrix SDE problem – computing the full eigendecomposition – requires at least O(nω) time,
where ω < 2.373 is the fast matrix multiplication exponent Parlett (1998); Banks et al. (2023).
For a matrix A, methods for spectral density estimation that run in o(nω) time were first developed
for applications in condensed matter physics and quantum chemistry Skilling (1989); Silver and
Röder (1994); Moldovan et al. (2020). It is shown that for any n × n symmetric matrix A with
spectral density s, the popular Stochastic Lanczos Quadrature (SLQ) method provably computes
an approximate spectral density q satisfying W1(s, q) ≤ ε∥A∥2 using only O(1/ε) matrix-vector
multiplications with A when ε = Ω̃(1/

√
n) (Chen et al., 2021). The same error bound and query

complexity also hold by using the Chebyshev moment matching method (Braverman et al., 2022).
Later, Musco et al. (2025) removed the ε = Ω̃(1/

√
n) assumption; see also (Bhattacharjee et al.,

2025) for further improvements.
Our work is motivated by these advances, by the general importance of sublinear-time graph

algorithms (Rubinfeld and Shapira, 2011), and by recent progress on sublinear-time algorithms
for other spectral problems, including expander testing (Goldreich and Ron, 2011) and spectral
clustering (Peng, 2020; Gluch et al., 2021), etc.

2. Preliminaries

LetG = (V,E) be a graph with vertex set V and edge setE. Its adjacency matrix is denoted byAG,
its diagonal degree matrix by DG, and its normalized adjacency matrix by NG = D

−1/2
G AGD

−1/2
G .

We begin by defining the two types of spectral density functions that will be frequently used in our
analysis.

Definition 2 (Empirical spectral density) Given a graph G and its normalized adjacency matrix
NG with eigenvalues {λi}1≤i≤n, the spectral density function of NG is defined by: ρNG

(x) =
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1
n

∑n
i=1 δ(x− λi), where δ(·) denotes the Dirac delta function, which can be heuristically repre-

sented as
∫∞
−∞ δ(x)dx = 1 with δ(0) =∞ and δ(x) = 0 for all x ̸= 0.

Similarly, the spectral density function of adjacency matrix AG is defined by: ρAG
(x) =

1
n

∑n
i=1 δ(x− λ′i), where {λ′i}1≤i≤n are the eigenvalues of AG.

In this paper we quantify the discrepancy between two density functions using the W1 distance.

Definition 3 Given two distributions ρ1, ρ2, define Ψ to be the set of all couplings ψ(x, y) between
ρ1, ρ2. Then the W1 distance is defined as: W1(ρ1, ρ2) = infψ∈Ψ

∫
R
∫
R |x− y| · ψ(x, y)dxdy.

Compared to the original definition, we use an alternative and more convenient formula for the
W1 distance.

Fact 4 (Panaretos and Zemel (2019)) The W1 distance between two density functions ρ1, ρ2 :
R → R can be expressed by: W1(ρ1, ρ2) =

∫
R |F1(x)− F2(x)|dx, where F1, F2 are the cumu-

lative distribution functions (CDFs) of ρ1, ρ2 respectively.

We will use the following lemma, which characterizes the eigenvalues of the cycle graph.

Fact 5 (Theorem 5.5.1 in Spielman (2019)) The eigenvalues of the adjacency matrix of length ℓ
cycle is 2 cos

(
2k
ℓ π
)

(with multiplicity) for 0 ≤ k < ℓ.

2.1. Cartesian product of graphs

Definition 6 (Cartesian product) The Cartesian product G□H of graphs G and H is the graph
defined as follows:

• the vertex set of G□H is V (G)× V (H) = {(u, v) | u ∈ V (G), v ∈ V (H)};

• two vertices (u, v) and (u′, v′) are adjacent in G□H if and only if either

(a) u = u′ and v is adjacent to v′ in H , or

(b) v = v′ and u is adjacent to u′ in G.

A well-known result states that the eigenvalues of the Cartesian product G□H are obtained by
summing the eigenvalues of G and H respectively.

Fact 7 (Lemma 6.3.2 in Spielman (2019)) Let {λi}1≤i≤n be the eigenvalues of adjacency matrix
AG, {µi}1≤i≤m be the eigenvalues of adjacency matrix AH . Then the adjacency matrix of the
Cartesian product G□H has eigenvalues {λi + µj}1≤i≤n;1≤j≤m.

Definition 8 The convolution between two functions f and g is defined as: f∗g(z) =
∫
R f(x)g(z − x)dx.

We state the following fact about the spectral density ρAG□H
of the product graph G □H: the

spectral density of the product is the convolution of the spectral densities of the factors. We will
defer its proof to Appendix A.1.

Fact 9 (Cartesian product and convolution) It holds that: ρAG□H
= ρAG

∗ ρAH
.
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2.2. Random d-regular graphs and their spectrum

Our hard instances are based on the random d-regular graphs defined as follows.

Definition 10 A random d-regular graph on n vertices is chosen uniformly from the set of all n-
vertex d-regular graphs.

According to classical results, the expected spectral density of the adjacency matrix for a random
d-regular graph with sufficiently large n vertices is the Kesten-McKay distribution (McKay, 1981):

ρd(x) =

d
√

4(d−1)−x2
2π(d2−x2) if x ∈ [−2

√
d− 1, 2

√
d− 1],

0 otherwise

Since ρAH
is a discrete measure, we approximate it by the continuous Kesten–McKay density

ρd, to which the analytic arguments of Lemmas 17 and 18 apply. We now prove that the gap
between density functions ρAH

and ρd is small, where H is the n-vertex random d-regular graph,
using concentration results of Lemma 25. We defer its proof to Appendix A.2.

Lemma 11 It holds that W1(ρAH
, ρd) ≤ 3

√
d− 1 · n−1+o(1) ≤ n−0.99 with probability 1 − n−α

for constant α ≥ 1.

3. The hard instances

We now define our construction of the hard instances. An illustration is provided in Figure 1.

Definition 12 (Hard instances) Let d be some constant, and n and ℓ be integers such that n ≥ ℓ.
Fix H = (VH , EH) to be an n-vertex random d-regular graph. Let C1 = (VC1 , EC1) and C2 =
(VC2 , EC2) be graphs on 2ℓ vertices, where C1 consists of two vertex-disjoint cycles of length ℓ,
while C2 consists of a single cycle of length 2ℓ. We define the hard instances:

• G1 = H □ C1, the Cartesian product of H and C1;

• G2 = H □ C2, the Cartesian product of H and C2.

We remark that in our final construction, we fix d ≥ 7 as a constant, and for a sufficiently small
constant ε, we set ℓ = poly(1/ε) and n = 2Ω(ℓ) (see Section 6 for details).

4. Large W1-distance between spectral densities of G1 and G2

In this section we prove the following theorem, showing that there is a polynomial large gap between
ρAG1

and ρAG2
in terms of Wasserstein-1 distance with high probability.

Theorem 13 Let G1 and G2 be as defined in Definition 12 with constant d ≥ 7 and n ≥ ℓ7d2.
Then it holds that W1(ρAG1

, ρAG2
) ≥ π

20ℓ6d3/4
−O(n−0.99), with probability 1− n−Ω(1).

Remark 14 It is likely that the above W1-distance lower bound of Ω(1/ℓ6) is not optimal. In
fact, the lower bound in Theorem 13 may be improvable to Ω(1/ℓ2); see the simulation results in
Appendix D for supporting evidence. Determining the optimal lower bound of W1(ρAG1

, ρAG2
)

remains an open problem.
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(a) G1 (b) G2

Figure 1: Illustration of our constructions G1 and G2.

We have the following corollary of the W1-distance of ρNG1
and ρNG2

.

Corollary 15 Let G1 and G2 be as defined in Definition 12. Suppose that d ≥ 7 and n ≥ ℓ7d2.
Then it holds that W1(ρNG1

, ρNG2
) ≥ 1

10ℓ6d2
, with probability 1− n−Ω(1).

Proof Note that G1 and G2 are (d + 2)-regular graphs. By the relation between the eigenvalues of
normalized adjacency matrix and eigenvalues of adjacency matrix, the fact that d is constant and
n ≥ ℓ7d2, and Theorem 13, we have

W1(ρNG1
, ρNG2

) ⩾ 1
d+2 ·

π
20ℓ6d3/4

−O(n−0.99) ≥ 1
10ℓ6d2

.

4.1. Proof of Theorem 13

Now we prove Theorem 13. In the following, we assume that d ≥ 7 and n ≥ ℓ7d2. We provide the
following Lemma, where we defer its proof to Appendix A.3.

Lemma 16 With probability at least 1− n−1, it holds that

W1(ρAG1
, ρAG2

) ≥W1

(
ρd ∗ ρAC1

, ρd ∗ ρAC2

)
−O

(
n−0.99

)
.

In the following, we compute the lower bound for the W1 distance W1(ρd ∗ ρAC1
, ρd ∗ ρAC2

). First,
we show two lemmas (Lemma 17 and Lemma 18) that when combined give a lower bound on
W1(ρd ∗ ρAC1

, ρd ∗ ρAC2
). We defer their proofs to Appendix A.4 and A.5, respectively.

Lemma 17 It holds that

W1(ρd∗ρAC1
, ρd∗ρAC2

) ≥
∫ −2

√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ

(t+ 2)2 + 4
√
d− 1(t+ 2) + 4(d− 1)

2
(
2
√
d− 1 + t+ 2

) ·ρd(t+2)dt.
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Lemma 18 For any d ≥ 3, it holds that

ρd(x) ≥
√
x+ 2

√
d− 1

2πd3/4
for all x ∈

(
−2
√
d− 1, −1.99

√
d− 1

)
.

By Lemma 17 and Lemma 18, we have

W1(ρd ∗ ρAC1
, ρd ∗ ρAC2

) ≥
∫ −2

√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ

(t+ 2)2 + 4
√
d− 1(t+ 2) + 4(d− 1)

2
(
2
√
d− 1 + t+ 2

) · ρd(t+ 2)dt.

=

∫ −2
√
d−1+2−2 cos(π

ℓ )

−2
√
d−1

1

2ℓ

t2 + 4
√
d− 1 · t+ 4(d− 1)

2
(
2
√
d− 1 + t

) · ρd(t)dt

⩾
∫ −2

√
d−1+2−2 cos(π

ℓ )

−2
√
d−1

1

2ℓ

t2 + 4
√
d− 1 · t+ 4(d− 1)

2
(
2
√
d− 1 + t

) ·
√
t+ 2

√
d− 1

2πd3/4
dt

=
1

2ℓ

∫ −2
√
d−1+2−2 cos(π

ℓ )

−2
√
d−1

(
t+ 2

√
d− 1

)2
2
(√

t+ 2
√
d− 1

) · 1

2πd3/4
dt

=
1

2ℓ

∫ 2−2 cos(π
ℓ )

0

t2

2
√
t
· 1

2πd3/4
dt =

1

8ℓ · πd3/4

∫ 2−2 cos(π
ℓ )

0
t3/2dt

=
1

8ℓ · πd3/4
· 2
5

(
2− 2 cos

(π
ℓ

))5/2
≥ π

20ℓ6d3/4
.

This finishes the proof of Theorem 13.

5. Indistinguishability of G1 and G2

5.1. Basic tools

Recall from Definition 6 that in G □ H , for any fixed u ∈ V (G), the vertex set {(u, v) | v ∈
V (H)} induces a copy (layer) of H , and symmetrically for G. For the hard instances G1 and G2

(Definition 12), each is the Cartesian product of a d-regular graph H (expander) and a 2-regular
graph (cycle), and hence is (d + 2)-regular. Every vertex lies in a unique H-layer and a unique
cycle layer, which we refer to as the expander and the cycle of the vertex, respectively. We define
the projection accordingly.

Definition 19 (Projection onto the base graph) Let G1 = H □ C1. The projection onto H is the
mapping p1H : V (G1)→ V (H) defined by p1H(u, v) = u for all (u, v) ∈ V (H)× V (C1).

The projection p2H is defined analogously for G2 = H □ C2.

Remark 20 Slightly abusing notation, although we relabel the vertices using a uniformly random
permutation of the integers {1, . . . , 2nℓ}, the projections p1H and p2H are always understood with
respect to the underlying Cartesian product structure, rather than the specific vertex labels.

Now we define the distribution of random walk transcripts on G1 and G2.
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Definition 21 (Transcript distribution) For m non-adaptive random walks, each of length T , a
random walk transcript S is a collection of m individual walks, S = {S1, . . . , Sm}, where each Si
is a sequence of T node labels vi,0, . . . , vi,T corresponding to the nodes visited by the walk. LetDG1

andDG2 denote the probability distributions over transcripts generated by performing the walks on
G1 and G2, respectively, where the nodes are labeled using a uniformly random permutation of the
integers 1, . . . , 2nℓ.

5.2. Indistinguishability via coupling

This section bounds the TV distance between the transcript distributions using the coupling method,
indicating indistinguishability of the hard instances under the non-adaptive random walk model.

Lemma 22 Let ℓ ≥ 10 logd n. For m non-adaptive walks of length T , the TV distance between
DG1 and DG2 is bounded by dTV (DG1 ,DG2) ≤ m2T 3

nc , where c is a small universal constant.

To prove this, we define a coupling D between DG1 and DG2 . The coupling D is a joint distri-
bution over a pair of random walk transcripts S1 and S2, such that the marginal distribution of S1

equals DG1 , and the marginal distribution of S2 equals DG2 . We show that S1 and S2 are identical
with high probability, which establishes the closeness by the classical coupling lemma:

dTV (DG1 ,DG2) ≤ Pr
D
[S1 ̸= S2].

Projected walk. To introduce the coupling, we describe the random walk on the constructed graph
G1. The i-th walk starts from vi,1 chosen uniformly at random from V (G1). At each step, the
current vertex u has d + 2 neighbors: d in its expander and 2 on its cycle. Hence with probability
d
d+2 the walk performs an expander step, and with probability 2

d+2 a cycle step.
We project the walk onto H via p1H (Definition 19), obtaining the projected walk. Starting from

p1H(vi,1), each expander step vi,k → vi,k+1 induces a step p1H(vi,k) → p1H(vi,k+1). In contrast, a
cycle step moves to a vertex u′ aligned with u on H , implying p1H(u) = p1H(u

′), so the projected
walk stays. The walk on G2 can be interpreted analogously. Thus, a random walk on G1 (resp. G2)
corresponds, under projection p1H (resp. p2H ), to a lazy random walk on H with laziness 2

d+2 . This
insight contributes to both the design of coupling and the proof of Lemma 22.

Coupling. We next define the couplingD by describing a random process that explicitly generates
random walk transcripts S1 and S2. The process ensures that S1 and S2 are distributed according
to DG1 and DG2 . To this end, we employ a lazy labeling procedure, which assigns labels to vertices
upon their first visit during the random walks. We maintain dictionaries L1 : V1 → {1, . . . , 2nℓ}
and L2 : V2 → {1, . . . , 2nℓ}; initially Li(v) = NULL for every v ∈ Vi and i ∈ {1, 2}. Once a
label j is assigned to v, i.e. Li(v)← j, all subsequent queries return j. In describing the coupling,
we also refer to the cycle containing a vertex v and to its left and right neighbors on the cycle.

We now describe the process.

1. Choose a uniformly random permutation Π of {1, · · · , 2nℓ}. Let Π(j) denote the j-th label in
the permutation. Initialize j ← 1.

2. For k = 1, · · · ,m:

10
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(a) Choose independent, uniformly random vertices v1k,0 ∈ G1 and v2k,0 ∈ G2. For i ∈ {1, 2}, if
Li(v

i
k,0) = NULL, set Li(vik,0)← Π(j). Increment j ← j + 1.

(b) During this iteration, maintain a variable x tracking the depth of the current vertex. Initialize
x = 0. Every cycle step increments (right) or decrements (left) x by 1.

(c) Define p1k,i := p1H(v
1
k,i) and p2k,i := p2H(v

2
k,i). Initialize H1

k (resp. H2
k ) as a subgraph of H

containing only the isolated vertex p1k,0 (resp. p2k,0).

We use H1
k and H2

k to maintain the subgraphs induced by the projected walks (ignoring self-loops),
updating them after each step. For every i ∈ Z, let H1

k,i (resp. H2
k,i) denote the subgraph induced

by projected walk steps taken at depth x = i.
We aim to maintain that H1

k and H2
k remain isomorphic trees. Accordingly, we maintain a consis-

tent isomorphic mapping fk : V 1
k → V 2

k , initially mapping the two starting vertices. During this
iteration, we maintain the invariant

(⋆) fk(p
1
k,i) = p2k,i for all i.

If this invariant cannot be preserved, we say that the mapping fk fails; otherwiseH1
k andH2

k remain
isomorphic.

(d) For i = 1, · · · , T :

i. If fk fails, choose v1k,i+1 and v2k,i+1 uniformly from the neighbors of v1k,i and v2k,i, respectively.
Otherwise, with probability 2

d+2 perform a cycle step and with probability d
d+2 perform an ex-

pander step, defined as follows.

• (Cycle step)
– With probability 1

2 : set v1k,i+1 (resp. v2k,i+1) to be the left neighbor of v1k,i (resp. v2k,i), and
update x← x− 1.

– With probability 1
2 : set v1k,i+1 (resp. v2k,i+1) to be the right neighbor of v1k,i (resp. v2k,i), and

update x← x+ 1.
• (Expander step) Define

R1 := {u ∈ V1 : (v1k,i, u) ∈ E1 and (p1k,i, p
1
H(u)) ∈ H1

k},

that is, neighbors of v1k,i whose projections have been visited. Define R2 analogously for v2k,i.
Since fk has not failed, fk(p1k,i) = p2k,i and H1

k , H
2
k are isomorphic. Let r := |R1| = |R2|. For

each a ∈ R1, there is a unique b ∈ R2 with fk(p1H(a)) = p2H(b).
The next step is performed as follows:
– With probability r

d : Choose v1k,i+1 uniformly at random from R1. Then, deterministically set
v2k,i+1 to be the unique vertex in R2 satisfying p2H(v

2
k,i+1) = fk(p

1
H(v

1
k,i+1)).

– With probability d−r
d : Choose v1k,i+1 and v2k,i+1 independently and uniformly at random from

the remaining (d− r) expander neighbors of v1k,i and v2k,i, respectively.
If p1H(v

1
k,i+1) /∈ V 1

k and p2H(v
2
k,i+1) /∈ V 2

k , then update fk(p1H(v
1
k,i+1)) := p2H(v

2
k,i+1); other-

wise, say fk fails.

ii. If L1(v
1
k,i+1) = NULL, set L1(v

1
k,i+1) ← Π(j). Likewise, if L2(v

2
k,i+1) = NULL, set

L2(v
2
k,i+1)← Π(j). Update fk, and increment j ← j + 1.

11
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3. Return

S1 = {{L1(v
1
1,0), . . . , L1(v

1
1,T )}, . . . , {L1(v

1
m,0), . . . , L1(v

1
m,T )}},

S2 = {{L2(v
2
1,0), . . . , L2(v

2
1,T )}, . . . , {L2(v

2
m,0), . . . , L2(v

2
m,T )}}.

Since the next vertex is chosen uniformly at random from the neighborhood of current vertex
at every step, the above procedure is a coupling over random walk transcripts. Next we argue that
S1 = S2 with high probability. To achieve this, we define the following good events and show that
S1 = S2 if these events occur simultaneously.

Event 1: For all k ∈ [m], H1
k and H2

k remain trees.
Event 2: For all k ∈ [m] and depth x ̸= y, H1

k,x ∩H1
k,y = ∅ and H2

k,x ∩H2
k,y = ∅ if ℓ | (x− y).

Event 3: For all j ̸= k, H1
j ∩H1

k = ∅ and H2
j ∩H2

k = ∅.

In the following, we assume that Events 1, 2, 3 hold. To show that S1 = S2, it suffices
to establish the following identical labeling property: at each step, the labels of the destination
vertices L1(v

1
k,i+1) and L2(v

2
k,i+1) are either both NULL or are both defined and equal. We begin

by stating a few auxiliary results.

The mapping fk does not fail. Observe that fk can fail only after an expander step (say, on G1),
and only if this step reaches a vertex v1k,i+1 /∈ R1 whose projection p1k,i+1 has already been visited
by the projected walk. Since v1k,i+1 /∈ R1, the projected edge (p1k,i, p

1
k,i+1) has not been visited

before. After taking this step, the edge (p1k,i, p
1
k,i+1) is added to H1

k . As H1
k is already a connected

tree prior to adding this edge, this creates a cycle in H1
k , contradicting Event 1.

Identical labeling. To show the identical labeling property, we use the following claim.

Claim 23 For the k-th random walk, we have v1k,i = v1k,j if and only if v2k,i = v2k,j .

The claim, together with Event 3 (the transcripts of different random walks are disjoint), implies
the identical labeling property. It therefore suffices to prove the claim.
Proof [of Claim 23] We prove one direction. Suppose v1k,i = v1k,j ; the other direction is symmetric.
Let the depths of v1k,i, v

2
k,i be x, and those of v1k,j , v

2
k,j be y. Since v1k,i = v1k,j , we have p1k,i = p1k,j .

By the invariant (⋆) fk(p
1
k,i) = p2k,i, we have

p2k,i = fk(p
1
k,i) = fk(p

1
k,j) = p2k,j .

Now p2k,i is visited at depth x, while p2k,j is visited at depth y, implying H2
k,x and H2

k,y intersect.
By Event 2, this can occur only when x = y. Hence v2k,i and v2k,j lie in the same H-copy and have
the same projection, implying v2k,i = v2k,j .

Finally, we show that all the aforementioned good events occur simultaneously w.p. 1 − m2T 3

nc

and we defer the corresponding analysis and the remaining proof of Lemma 22 to Appendix B.

12
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6. Putting things together: Proof of Theorem 1

In this section, we complete the proof of our main theorem. We first record a standard two-point
reduction showing that transcript indistinguishability, together with a separation in spectral density,
implies a lower bound for SDE.

Lemma 24 (Transcript indistinguishability implies SDE hardness) Let G1, G2 be two labeled
graphs on the same vertex set [N ], and suppose that

W1

(
ρNG1

, ρNG2

)
> 2ε.

Let DGi denote the probability distribution over transcripts generated by performing the walks on
Gi, for i = 1, 2. If

dTV(DG1 ,DG2) <
1

2
,

then no algorithm which receives a transcript from DGi can output an ε-approximation to ρNGi

with success probability at least 3/4 for both i = 1 and i = 2.
More generally, if dTV(DG1 ,DG2) ≤ τ , then every such algorithm has success probability at

most 1/2 + τ/2 on at least one of the two inputs.

We defer the proof of the above lemma to Section C.1. We will apply Lemma 24 to the two
hard transcript distributions induced by randomly labeled versions of G1 and G2. Since relabel-
ing does not change the spectral density, the same two-point argument applies to these mixture
transcript distributions. By Yao’s minimax principle, a distributional lower bound for these hard
input distributions rules out any randomized algorithm that succeeds on every labeled graph in the
corresponding worst-case input class.
Proof [Proof of Theorem 1] For the hard instances in Definition 12, fix any constant d ≥ 7. For any
sufficiently small constant ε > 0, choose ℓ and n such that 2ε = 1

20ℓ6d2
and n = 2ℓ log d/10 ≥ ℓ7d2.

Let G1 and G2 denote the resulting pair of graphs. Substituting ℓ = (40εd2)−1/6 and rearranging
constants, we obtain

n = 2ℓ log d/10 ≥ 2c1/ε
1/6
,

for some constant c1 > 0.
On the one hand, by Corollary 15, we have W1(ρNG1

, ρNG2
) ≥ 1

10ℓ6d2
> 2ε. Therefore, by

Lemma 24, any algorithm that outputs an ε-approximation to the spectral density with probability
at least 3/4 on both inputs must be able to distinguish the corresponding transcript distributions.

On the other hand, Lemma 22 implies that the total variation distance between the corresponding
transcript distributions satisfies dTV(DG1 ,DG2) ≤ m2T 3

nc .
Consequently, by Lemma 24, given access only to the transcripts of m non-adaptive random

walks of length T , no algorithm can distinguishG1 fromG2 with probability at least 3/4, whenever
m · T ≤ 0.01nc/3. Since

0.01nc/3 ≥ 2c2/ε
1/6

for an appropriate constant c2 < c1c/3, this completes the proof.
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Appendix A. Deferred proofs from Section 2 and Section 4

A.1. Proof of Fact 9

By definition, ρAG
(x) = 1

n

∑n
i=1 δ(x− λi) and ρAH

(x) = 1
m

∑m
i=1 δ(x− µi). So the following

holds for any z ∈ R:

ρAG
∗ ρAH

(z) =

∫
R
ρAG

(x) · ρAH
(z − x)dx

=

∫
R

(
1

n

n∑
i=1

δ(x− λi)

)
·

 1

m

m∑
j=1

δ(z − x− µj)

 dx

=
1

nm

n∑
i=1

m∑
j=1

∫
R
δ(x− λi)δ(z − x− µj)dx

=
1

nm

n∑
i=1

m∑
j=1

δ(z − λi − µj).

By Fact 7, the last equality is exactly the spectral density function ρAG□H
(z). ■

A.2. Proof of Lemma 11

We will make use of the following eigenvalue concentration result.

Lemma 25 (Theorem 1.1 in (Huang et al., 2024)) Fix d as constant and n sufficiently large, there
is a constant αd ≥ 1, depending only on d, such that with probability 1 − n−αd , the eigenvalues
{λi}1≤i≤n of the adjacency matrix of a random d-regular graph satisfy

|λi − γi| ≤
√
d− 1 · n−2/3+o(1)(min{i, n− i+ 1})−1/3

for every 2 ≤ i ≤ n, where γi satisfies
∫ 2

√
d−1

γi
ρd(x)dx = i−1/2

n−1 for 2 ≤ i ≤ n.

Remark 26 Compared to the original statement in (Huang et al., 2024), we formulate the result
for the adjacency matrix rather than their normalized matrix A/

√
d− 1.

Next we use Lemma 25 to prove Lemma 11. For notational convenience, let ρλ = ρAH
=

1
n

∑n
i=1 δ(x− λi). Define

ργ =
1

n

(
δ(x− λ1) +

n∑
i=2

δ(x− γi)
)
.

Let Fλ, Fγ , and Fd denote the CDFs of ρλ, ργ , and ρd, respectively. By definition,

Fd(γi) =

∫ γi

−2
√
d−1

ρd(x)dx = 1− i− 1/2

n− 1
.

Fγ(γi) =
1

n
|number of eigenvalues ≤ γi| = 1− i− 1

n
.
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Thus, |Fd(γi) − Fγ(γi)| ≤ 1/n for 2 ≤ i ≤ n. Additionally, for x ∈ (γi, γi−1), we have
Fγ(x) = Fγ(γi) and Fd(γi) ≤ Fd(x) ≤ Fd(γi−1) = Fd(γi) +

1
n . Thus,

|Fd(x)− Fγ(x)| ≤ |Fd(γi)− Fγ(γi)|+
1

n
≤ 2

n
,

which holds for all x ∈ [−2
√
d− 1, 2

√
d− 1]. By the definition of W1 distance,

W1(ρd, ργ) =

∫
R
|Fd(x)− Fγ(x)|dx ≤ 4

√
d− 1 · 2

n
+
d

n
.

Next, by Lemma 25,

W1(ργ , ρλ) =
1

n

n∑
i=2

|λi − γi| ≤
√
d− 1

n
n−2/3+o(1) · 2

⌈n/2⌉∑
i=2

i−1/3 ≤ 2
√
d− 1 · n−1+o(1),

holding with probability 1− n−α.
Combining the two bounds gives

W1(ρd, ρλ) ≤W1(ρd, ργ) +W1(ργ , ρλ) ≤ 3
√
d− 1 · n−1+o(1),

which completes the proof. ■

A.3. Proof of Lemma 16

By Fact 9, we have
ρAG1

= ρAH
∗ ρAC1

; ρAG2
= ρAH

∗ ρAC2
.

Thus,
W1(ρAG1

, ρAG2
) =W1(ρAH

∗ ρAC1
, ρAH

∗ ρAC2
)

We first control the effect of replacing ρAH
by its limit ρd. By Lemma 11 and Fact 9, we have

W1(ρAH
∗ ρAC1

, ρd ∗ ρAC1
) ≤W1(ρAH

, ρd) ≤ n−0.99; (1)

W1(ρAH
∗ ρAC2

, ρd ∗ ρAC2
) ≤W1(ρAH

, ρd) ≤ n−0.99. (2)

Here, the first inequalities in (1) and (2) follow from (Santambrogio, 2015, Lemma 5.2)2.
By the triangle inequality, we have that

W1(ρd ∗ ρAC1
, ρd ∗ ρAC2

) ≤W1(ρd ∗ ρAC1
, ρAH

∗ ρAC1
) + W1(ρAH

∗ ρAC1
, ρAH

∗ ρAC2
)

+ W1(ρAH
∗ ρAC2

, ρd ∗ ρAC2
).

Rearranging, we have

W1(ρAH
∗ ρAC1

, ρAH
∗ ρAC2

)

≥W1(ρd ∗ ρAC1
, ρd ∗ ρAC2

)−W1(ρd ∗ ρAC1
, ρAH

∗ ρAC1
)−W1(ρAH

∗ ρAC2
, ρd ∗ ρAC2

)

≥W1(ρd ∗ ρAC1
, ρd ∗ ρAC2

)−O
(
n−0.99

)
.

■

2. Note that Item 1 of (Santambrogio, 2015, Lemma 5.2) does not require the regularizing kernel assumption; only
Item 2 relies on that assumption.
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A.4. Proof of Lemma 17

Let Fd(x) =
∫ x
−∞ ρd(s)ds be the CDF of ρd. In the following, we let

{λi}0≤i≤2ℓ−1 =

{
2 · cos

(
2πi

ℓ

)}
0≤i≤2ℓ−1

, {ri}0≤i≤2ℓ−1 =

{
2 · cos

(
πi

ℓ

)}
0≤i≤2ℓ−1

be the eigenvalues ofAC1 and ofAC2 , respectively. By the definition of convolution, for any x ∈ R,

ρd ∗ ρAC1
(x) =

1

2ℓ

2ℓ−1∑
i=0

ρd(x− λi)

ρd ∗ ρAC2
(x) =

1

2ℓ

2ℓ−1∑
i=0

ρd(x− ri)

LetF1, F2 be the CDFs of ρd∗ρAC1
and ρd∗ρAC2

respectively. By definition, F1(x) =
1
2ℓ

∑2ℓ−1
i=0 Fd(x− λi)

and F2(x) =
1
2ℓ

∑2ℓ−1
i=0 Fd(x− ri) for any x ∈ R. Therefore,

W1(ρd ∗ ρAC1
, ρd ∗ ρAC2

) =

∫
R
|F1(t)− F2(t)| dt

=

∫
R

1

2ℓ

∣∣∣∣∣
2ℓ−1∑
i=0

Fd(t− λi)− Fd(t− ri)

∣∣∣∣∣ dt. (3)

Next, we use the fact that Fd(x) = 0 for all x ≤ −2
√
d− 1. Consider

t ≤ −2
√
d− 1− 2 cos

(π
ℓ

)
.

For any ri, this implies
t− ri ≤ −2

√
d− 1− 2 cos

(π
ℓ

)
− ri.

In particular, if ri ≥ −2 cos
(
π
ℓ

)
, then t− ri ≤ −2

√
d− 1, and hence Fd(t− ri) = 0. An identical

argument shows that Fd(t− λi) = 0 whenever λi ≥ −2 cos
(
π
ℓ

)
.

Without loss of generality, assume that ℓ is even. Using the identities

λi = 2 cos

(
2πi

ℓ

)
, ri = 2 cos

(
πi

ℓ

)
,

the condition λi, ri < −2 cos
(
π
ℓ

)
occurs only for

λℓ/2 = λ3ℓ/2 = rℓ = 2 cos(π) = −2.

(If ℓ is odd, the condition λi, ri < −2 cos
(
π
ℓ

)
occurs only for rℓ = −2; the argument below remains

unchanged.)
Therefore, we have∫

R

1

2ℓ

∣∣∣∣∣
2ℓ−1∑
i=0

Fd(t− λi)− Fd(t− ri)

∣∣∣∣∣ dt
18
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≥
∫ −2

√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ

∣∣∣∣∣
2ℓ−1∑
i=0

Fd(t− λi)− Fd(t− ri)

∣∣∣∣∣ dt
=

∫ −2
√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ

∣∣Fd(t− λℓ/2) + Fd(t− λ3ℓ/2)− Fd(t− rl)
∣∣ dt

=

∫ −2
√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ
Fd(t+ 2)dt

=

∫ −2
√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ

∫ t+2

−2
√
d−1

ρd(x)dxdt. (4)

We now use Lemma 31, which states that for d ≥ 7 the density ρd(t) is concave. Let α ∈ (0, 1).
By Jensen’s inequality,

ρd

(
(1− α)(−2

√
d− 1) + α(t+ 2)

)
≥ (1− α)ρd(−2

√
d− 1) + αρd(t+ 2)

= αρd(t+ 2),

where the equality uses the fact that ρd(x) = 0 for all x ≤ −2
√
d− 1.

Let
s = (1− α)(−2

√
d− 1) + α(t+ 2).

Solving for α yields

α =
s+ 2

√
d− 1

2
√
d− 1 + t+ 2

.

Substituting this expression back gives

ρd(s) ≥
s+ 2

√
d− 1

2
√
d− 1 + t+ 2

· ρd(t+ 2).

Thus, we have∫ t+2

−2
√
d−1

ρd(s)ds ≥
∫ t+2

−2
√
d−1

s+ 2
√
d− 1

2
√
d− 1 + t+ 2

ρd(t+ 2)ds

=
(t+ 2)2 − 4(d− 1)

2
(
2
√
d− 1 + t+ 2

) · ρd(t+ 2) +
2
√
d− 1 · (t+ 2 + 2

√
d− 1)

2
√
d− 1 + t+ 2

· ρd(t+ 2)

=
(t+ 2)2 + 4

√
d− 1(t+ 2) + 4(d− 1)

2
(
2
√
d− 1 + t+ 2

) · ρd(t+ 2). (5)

Therefore, by Eq. (3), (4) and (5), we have

W1(ρd∗ρAC1
, ρd∗ρAC2

) ≥
∫ −2

√
d−1−2 cos(π

ℓ )

−2
√
d−1−2

1

2ℓ

(t+ 2)2 + 4
√
d− 1(t+ 2) + 4(d− 1)

2
(
2
√
d− 1 + t+ 2

) ·ρd(t+2)dt.

■
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A.5. Proof of Lemma 18

Notice that

ρd(x) =
d
√

4(d− 1)− x2
2π(d2 − x2)

≥ 1

2πd

√
4(d− 1)− x2 for x ∈

(
−2
√
d− 1, −1.99

√
d− 1

)
.

Set λ = x+ 2
√
d− 1, so that λ ∈ (0, 0.01

√
d− 1). Then

ρd(x) ≥
1

2πd

√
4(d− 1)− x2 = 1

2πd

√
4(d− 1)− (λ− 2

√
d− 1)2

=
1

2πd

√
4
√
d− 1λ− λ2 ≥ 1

2πd

√
3.99
√
d− 1λ ≥

√
λ

2πd3/4
.

This completes the proof. ■

Appendix B. Lower-bounding the probabilities of good events in Section 5

We restate the good events defined in Section 5 for convenience, to complete the proof of Lemma 22.

Event 1: For all k ∈ [m], H1
k and H2

k remain trees.
Event 2: For all k ∈ [m] and depth x ̸= y, H1

k,x ∩H1
k,y = ∅ and H2

k,x ∩H2
k,y = ∅ if ℓ | (x− y).

Event 3: For all j ̸= k, H1
j ∩H1

k = ∅ and H2
j ∩H2

k = ∅.

To this end, we apply the following lemma for random d-regular graph.

Lemma 27 (Proposition 4.1 in Bauerschmidt et al. (2019)) Let δ > 0 and ω ≥ 1 be an integer.
There is 0 < c < δ/(2ω + 2) such that, if L ≤ c logd−1 n, then the following holds for a uniformly
chosen random d-regular G on vertex set [n] for sufficiently large n, with probability at least 1 −
o(n−ω+δ).

• Most L-neighborhoods are trees:

|{v ∈ [n] | the subgraph NL(v,G) contains a cycle}| ≤ nδ.

Here, NL(v,G) is the subgraph of G induced by L-hop neighborhood rooted at v.

Bound on Event 1. Consider the i-th projected walk on H , say Wi = (v0, v1, · · · , vT ).

Claim 28 Pr[Wi contains a cycle] ≤ T 2

nc , where c > 0 is a small universal constant.

Proof We define S := {v | NL(v,H) is not a d-ray tree}, for L = 0.01 · log n/ log d. Lemma 27
tells that |S| ≤ n0.1 w.p. ≥ 1 − o( 1n) over randomness of H , by setting δ = 0.1 and ω = 2. We
conditioned on H s.t. |S| ≤ n0.1.

Define event E := {Wi hits at least one vertex in S}. Since Pr[vi = u] = 1
n for every i and

u ∈ VH , a direct argument using Markov’s inequality tells that

Pr[E ] ≤ T · n−0.9,

hence we have

Pr[Wi contains a cycle]

20
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≤ Pr[Wi contains a cycle of length ≤ L] + Pr[Wi only contains cycle of length ≥ L+ 1]

≤ Pr[E ] + Pr[Wi only contains cycle of length ≥ L+ 1]

≤ T · n−0.9 + Pr[Wi only contains cycle of length ≥ L+ 1].

To bound the latter term, we bound the probability that the (t+1)-th step finishes a cycle. Here
we only care for t ∈ [L, T − 1], since any cycle is of length ≥ L+ 1.

We define Ct = {v0, v1, . . . , vt−L} to be vertices visited during the first t− L steps of Wi. We
denote by Ft+1 the event that the (t + 1)-th step of Wi finishes a cycle of length ≥ L + 1, which
occurs only when vt+1 ∈ Ct. Let 1Ft+1 be the indicator of Ft+1, then for any fixed Ct, we have

E[1Ft+1 | Ct] ≤
∑
u∈Ct

Pr[vt+1 = u | Ct]

≤
∑
u∈Ct

evt−L · P
L+1 · eu

≤
∑
u∈Ct

(
1

n
+ λL+1)

≤ T · n−c

The last inequality follows from the fact thatH is a (near) Ramanujan graph (i.e. λ = max{λ2, |λn|} =
Θ(1/

√
d)) and L = Θ(logd n). Furthermore, we have

E[1Ft+1 ] = E
Ct

[E[1Ft+1 | Ct]] ≤ T · n−c.

Hence

Pr[Wi only contains cycle of length ≥ L+ 1]

≤
T−1∑
t=L

E[Ft+1]

≤ T 2 · n−c.

This finishes the proof.

By a union bound over all m projected walks, we have

Pr[Event 1] ≥ 1− mT 2

nc
.

Bound on Event 2. We consider the T -step lazy random walk on H . We denote by vi the vertex
visited at i-th step, and xi the depth. Here, the notion depth is defined analogously in the coupling
process. We define event Ek characterizing the following bad event:

Ek: ∃s < t s.t. xt − xs = kℓ and vs = vt.

In other words, the event that we visit the same node after traversing a cycle of length ℓ for the k-th
time. Note that 1 ≤ |k| ≤ ⌊Tℓ ⌋.
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Claim 29 Pr[Ek] ≤ O(T
2

n ) if ℓ ≥ 10 logd n.

Proof

Pr[Ek] ≤
∑
s<t

s,t∈[T ]

Pr[vs = vt, xt − xs = kℓ]

≤
∑
u∈VH

∑
s<t

s,t∈[T ]

Pr[vs = vt = u, xt − xs = kℓ]

=
∑
u∈VH

∑
s<t

s,t∈[T ]

Pr[vt = u, xt − xs = kℓ | vs = u] · Pr[vs = u]

=
1

n

∑
u∈VH

∑
s<t

s,t∈[T ]

Pr[vt = u, xt − xs = kℓ | vs = u]

≤ 1

n

∑
u∈VH

∑
t−s≥|k|ℓ
s,t∈[T ]

Pr[vt = u | vs = u]

=
1

n

∑
u∈VH

∑
t−s≥|k|ℓ
s,t∈[T ]

eTuP
t−seu

The fourth equality is due to the fact that we are in the non-adaptive random walk setting and thus
the node we visit at the s step is uniformly random. As discussed above, eTuP

t−seu ≤ 1
n + λt−s,

hence

Pr[Ek] ≤
1

n

∑
u∈VH

∑
t−s≥|k|ℓ
s,t∈[T ]

eTuP
t−seu

≤ 1

n

∑
u∈VH

∑
t−s≥|k|ℓ
s,t∈[T ]

(
1

n
+ λt−s)

≤
∑

t−s≥|k|ℓ
s,t∈[T ]

(
1

n
+ λt−s)

≤ T 2

n
+ T ·

∑
T≥t′≥|k|ℓ

λt
′

≤ T 2

n
+O(Tλ|k|ℓ)

≤ 2T 2

n
.

The last equation follows from λ ≈ 1/
√
d, ℓ ≥ 10 logd n and k ≥ 1.

22



AN EXPONENTIAL LOWER BOUND FOR SPECTRAL DENSITY ESTIMATION ON UNWEIGHTED GRAPHS

A union bound over all k and m independent walks gives us the following

Pr[Event 2] ≥ 1− 2mT 3

n
.

Bound on Event 3. Let S be the set of vertices onH visited by first k projected walksW1,W2, · · · ,Wk.
We consider the probability that the (k + 1)-th projected walk Wk+1 visits S.

Claim 30 Pr[Wk+1 visits at least one vertex in S] ≤ T
n · |S|.

Proof Since Wk+1 starts from a stationary distribution, we have Pr[vi = u] = 1
n for every i and

u ∈ VH , where vi is the vertex visited at the i-th step of Wk+1. Hence, the expected number of
visits to S is |S|

n |T |. A straightforward argument using Markov’s inequality finishes the proof.

Since |S| ≤ mT , we have

Pr[Event 3] ≥ 1−m · T
n
·mT = 1− m2T 2

n
,

by a union bound over all m projected walks.

Putting together. Proof [of Lemma 22] By a union bound over Event 1, 2 and 3, we see that the
output of coupling process remains same with probability at least

1− mT 2

nc
− 2mT 3

n
− m2T 2

n
≥ 1− m2T 3

nc
.

This finishes the proof.

Appendix C. Deferred proofs from Section 6

C.1. Proof of Lemma 24

Suppose, for contradiction, that an algorithm A succeeds with probability at least 3/4 on both G1

and G2. We construct a distinguisher D between DG1 and DG2 . Given a transcript S, run A on S,
obtaining ρ̂. Output 1 if

W1(ρ̂, ρNG1
) < W1(ρ̂, ρNG2

),

and output 2 otherwise.
If S ∼ DG1 and W1(ρ̂, ρNG1

) ≤ ε, then by the triangle inequality and the assumption that
W1(ρNG1

, ρNG2
) > 2ε, we have

W1(ρ̂, ρNG2
) > ε ≥W1(ρ̂, ρNG1

),

soD outputs 1. ThusD is correct with probability at least 3/4 when the input comes fromDG1 . The
same argument shows thatD is correct with probability at least 3/4 when the input comes fromDG2 .
HenceD distinguishesDG1 andDG2 with advantage at least 1/4, which implies dTV(DG1 ,DG2) ≥
1/2, a contradiction.

The quantitative version follows from the standard fact that the maximum distinguishing success
probability between two distributions DG1 ,DG2 with equal prior is 1/2 + dTV(DG1 ,DG2)/2. ■
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(a) Eigenvalues of AG1 when ℓ = 10 (b) Eigenvalues of AG2 when ℓ = 10

(c) W1(ρAG1
, ρAG2

) vs. poly 1
ℓ in log scales

Figure 2: Testing W1(ρAG1
, ρAG2

)

Appendix D. Numerical experiments for measuring W1(ρAG1
, ρAG2

)

Given parameters n, d, and ℓ, the eigenvalues of G1 and G2 can be computed exactly from our
construction. In this section, we study the W1 distance between ρAG1

and ρAG2
by varying ℓ.

Specifically, we fix n = 10,000 and d = 7, and let ℓ range from 10 to 300. Figures 2 (a) and (b)
show the eigenvalues of G1 and G2 for ℓ = 10, while Figure 2 (c) plots W1(ρAG1

, ρAG2
) against

1/ℓ2 on a logarithmic scale as ℓ varies.
The results indicate that W1(ρAG1

, ρAG2
) is experimentally between 1/ℓ2 and 1/ℓ3, suggest-

ing that the theoretical lower bound could ideally be improved. Consequently, the exponential
lower bound for spectral density estimation could potentially be strengthened using our construc-
tion. However, due to current analytical limitations, we can only rigorously establish the weaker
bound stated in Theorem 13, namely

W1(ρAG1
, ρAG2

) = Ω(1/ℓ6).

Appendix E. Concavity of ρd(x)

Lemma 31 Let d ≥ 2 be an integer. The Kesten-McKay density function

ρd(x) =
d
√
4(d− 1)− x2
2π(d2 − x2)

, |x| < 2
√
d− 1

is strictly concave on its support if and only if d ≥ 7.
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Proof Let a2 = 4(d− 1), so the support of ρd(x) is |x| < a. Define

g(x) =
√
a2 − x2, h(x) = d2 − x2.

Then

ρd(x) = C · g(x)
h(x)

, where C =
d

2π
> 0.

Since C is a positive constant, the concavity of ρd is equivalent to the concavity of

φ(x) =
g(x)

h(x)
.

We compute:
g′(x) = − x√

a2 − x2
, h′(x) = −2x.

By the quotient rule:

φ′(x) =
g′(x)h(x)− g(x)h′(x)

h(x)2

=
− x√

a2−x2 (d
2 − x2)−

√
a2 − x2(−2x)

(d2 − x2)2

=
−x(d2 − x2) + 2x(a2 − x2)

(d2 − x2)2
√
a2 − x2

.

Simplify the numerator:

−x(d2 − x2) + 2x(a2 − x2) = x
[
−d2 + x2 + 2a2 − 2x2

]
= x

[
2a2 − d2 − x2

]
.

Define constant
B = 2a2 − d2 = 8(d− 1)− d2.

Then

φ′(x) =
x
[
B − x2

]
(d2 − x2)2

√
a2 − x2

.

Next step we compute the second derivative. Let

N(x) = x(B − x2), D(x) = (d2 − x2)2
√
a2 − x2.

Then φ′(x) = N(x)/D(x). By the quotient rule:

φ′′(x) =
N ′(x)D(x)−N(x)D′(x)

D(x)2
.

Since D(x) > 0 on |x| < a, the sign of φ′′(x) is determined by the numerator:

M(x) = N ′(x)D(x)−N(x)D′(x).

We compute:
N ′(x) = B − 3x2.
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To compute D′(x), take logarithms:

lnD(x) = 2 ln
(
d2 − x2

)
+

1

2
ln
(
a2 − x2

)
,

D′(x)

D(x)
= 2 · −2x

d2 − x2
+

1

2
· −2x
a2 − x2

= − 4x

d2 − x2
− x

a2 − x2
.

Thus

D′(x) = −D(x)x

[
4

d2 − x2
+

1

a2 − x2

]
.

Substitute into M(x):

M(x) = (B − 3x2)D(x)− x(B − x2)
(
−D(x)x

[
4

d2 − x2
+

1

a2 − x2

])
= D(x)

[
B − 3x2 + x2(B − x2)

(
4

d2 − x2
+

1

a2 − x2

)]
.

Therefore,

φ′′(x) =
M(x)

D(x)2
=
B − 3x2 + x2(B − x2)

(
4

d2−x2 + 1
a2−x2

)
D(x)

.

Since D(x) > 0, we have φ′′(x) < 0 if and only if

M(x) := B − 3x2 + x2(B − x2)
(

4

d2 − x2
+

1

a2 − x2

)
< 0.

For d ≥ 7, we show that M(x) < 0 for all |x| < a. First, compute B:

B = −d2 + 8d− 8.

For d = 7, B = −1. For d > 7, B < −1 since B is decreasing for d > 4. Now consider the three
terms in M(x):

T1 = B − 3x2,

T2 =
4x2(B − x2)
d2 − x2

,

T3 =
x2(B − x2)
a2 − x2

.

Since B ≤ −1 < 0 and x2 ≥ 0, we have T2 ≤ 0 and T3 ≤ 0. Thus,

M(x) = T1 + T2 + T3 ≤ T1 = B − 3x2 < 0 for all |x| < a.

Therefore, for d ≥ 7, φ′′(x) < 0 for all |x| < a. Hence ρd(x) is strictly concave. Finally we
show that when d ≤ 6, ρd(x) is not concave. Actually for d ≤ 6, we have B > 0. In particular, at
x = 0:

M(0) = B > 0,

so φ′′(0) > 0, meaning ρd is convex near x = 0. Therefore, ρd cannot be concave on the entire
interval.
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