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Abstract

We propose an algorithmic framework, Offline Estimation to Decisions (OE2D), that reduces
contextual bandit learning with general reward function approximation to offline regression. The
framework allows near-optimal regret for contextual bandits with large action spaces with O(log T")
calls to an offline regression oracle over T rounds, and makes O(loglog T') calls when T is known.
The design of OE2D algorithm generalizes FaLcon (Simchi-Levi and Xu, 2022) and its linear
reward version (Xu and Zeevi, 2020, Section 4) in that it chooses an action distribution that we
term “exploitative F-design” that simultaneously guarantees low regret and good coverage that trades
off exploration and exploitation. Central to our regret analysis is a new complexity measure, the
Decision-Offline Estimation Coefficient (DOEC), which we show is bounded in bounded Eluder
dimension per-context and smoothed regret settings. We also establish a relationship between DOEC
and Decision Estimation Coefficient (DEC) (Foster et al., 2021a), bridging the design principles of
offline- and online-oracle efficient contextual bandit algorithms for the first time.

Keywords: offline regression oracle, contextual bandits, optimal experimental design

1. Introduction and Related Work

The online contextual bandit learning problem, a one-step version of online reinforcement learning
(RL), has garnered a lot of attention due to its usage in modern applications such as online advertising,
recommendations, mobile health (Tewari and Murphy, 2017; Li et al., 2010). In this problem, a
learning agent at each time step ¢ receives a context x; from the context space X, takes an action a;
from the action space A, and receives the reward r; of the action taken. The goal of the learning
agent is to take actions adaptively based on its historical information, so as to learn to maximize its
total reward over a time horizon of 7'. At the beginning, the true reward distribution associated with
each context and action is unknown to the learning agent, and thus it needs to take informative actions
for learning the reward function (exploration) while reaping high rewards (exploitation).

Early research in contextual bandits mainly focused on designing algorithms that search over a
class of policies (Auer et al., 2003; Langford and Zhang, 2007; Agarwal et al., 2014), aiming to learn
the optimal policy in the class based on data collected adaptively online. Recently, regression-based
contextual bandit algorithms (Foster and Rakhlin, 2020; Simchi-Levi and Xu, 2022) emerges as a
practical alternative that allows computationally-efficient implementation with impressive empirical
performance (Bietti et al., 2018; Foster et al., 2020b; Foster and Krishnamurthy, 2021). Herein, the
learner has access to a class of regression functions F that predicts reward from context and action
(which approximates the ground truth reward function f*(z,a) = E [r; | 4 = x, a; = a]), maintains
some reward function estimate ft based on historical data, and uses ft to guide the selection of
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action a; to balance between exploration and exploitation. A standard measure of the performance of
a contextual bandit algorithm is its regret, i.e., the difference between the best cumulative reward
achievable had we known f* ahead of time, and the cumulative reward of the learning agent.

To design efficient contextual bandit algorithms, the research community adopted the oracle-
efficiency framework: assuming access to some computational oracles that can solve basic regression
problems and aim to design online contextual bandit algorithms that makes a small number of calls
to them. Such regression oracles can be implemented by standard machine learning libraries in
practice (Varoquaux et al., 2015; Paszke et al., 2019). Two types of regression oracles are of main
interest. First, an online regression oracle receives a stream of (context, action, reward) tuples and
maintains a reward predictor on the fly, such that its online prediction error is small, e.g., o(T).
Second, an offline regression oracle takes a batch of iid (context, action, reward) tuples and outputs a
reward predictor that approximately minimizes its out-of-sample prediction error. Recent research
has designed contextual bandit algorithms whose regret would be small as long as the error of the
online or offline regression problem is small. Comparing these two types of oracles, assuming access
to an offline regression oracle with low error is milder, due to: (1) the richer availability of guarantees
for offline regression from statistical learning (Yang and Barron, 1999; Rakhlin et al., 2017); (2) the
simplicity of algorithms in implementing an offline regression oracle (Foster et al., 2024); on the
other hand, guarantees for offline-oracle efficient contextual bandit algorithms have been established
in the restricted setting that the contexts are iid (Simchi-Levi and Xu, 2022; Xu and Zeevi, 2020).

Despite impressive progress, there still remain quite a few open questions in the design and
analysis of oracle-efficient contextual bandit learning algorithms with general function approximation:

* There lacks a unified framework in designing offline oracle-efficient contextual bandit algorithms,
especially in the presence of large action spaces. It is known that the elegant optimism
principle (Abbasi-Yadkori et al., 2011; Dani et al., 2008; Russo and Van Roy, 2013) may fail to
achieve a sublinear regret under general function approximation (Foster and Rakhlin, 2022,
Example 3.1). Although Xu and Zeevi (2020) provides a unified framework for offline oracle-
efficient contextual bandits, their method makes O(T") calls to the offline regression oracle,
which is known to be suboptimal — for example, in the finite action space setting, Simchi-Levi
and Xu (2022) achieves the same optimal regret by making O(logT") or even O(loglogT')
calls to the regression oracle. How can we design general offline oracle-efficient contextual
bandit algorithms that only makes a few calls to the offline regression oracle?

* Connections between the design principles underlying online- and offline-oracle efficient
algorithms is currently missing. For example, when the action space A is small and discrete, the
inverse gap weighting (IGW) exploration strategy has been analyzed in both the online-oracle
efficient algorithm of Foster and Rakhlin (2020) and the offline-oracle efficient algorithm
of Simchi-Levi and Xu (2022). But their analyses look drastically different: Foster and Rakhlin
(2020) views IGW as an instance of the Estimation-to-Decision (E2D) principle (Foster et al.,
2021a), while Simchi-Levi and Xu (2022)’s analysis draws parallel to a policy search-based
algorithm “Taming the Monster” (Agarwal et al., 2014). This raises the question: are these two
facets of IGW a coincidence, or do the principles driving online- and offline-oracle efficient
contextual bandit exploration actually have some connections?

In this paper, we make significant progress in answering these questions:



OFFLINE-ORACLE EFFICIENT CONTEXTUAL BANDITS

* We design a unified algorithm, OE2D (Offine-Estimation-to-Decision, Alg. 1), for offline
regression oracle-efficient contextual bandits with general reward function classes, which
generalizes FaLcon (Simchi-Levi and Xu, 2022) and its linear-reward extension (Xu and Zeevi,
2020, Section 4). Key to our algorithm design is the computation of an exploration distribution
that satisfies both low-regret and good-coverage properties, implicitly defined for each context
x. It generalizes the pure-exploration-oriented F-design (Agarwal et al., 2024) to accommodate
exploitation, and thus we name our exploration distribution “exploitative F-design”.

* We establish regret guarantees of OE2D (Theorem 4), and show that it not only recovers existing
guarantees of offline-oracle-efficient contextual bandit algorithms (Simchi-Levi and Xu, 2022;
Xu and Zeevi, 2020) but also obtains many new guarantees. To highlight: we obtain the first
offline-oracle-efficient algorithm in the h-smoothed-regret (Krishnamurthy et al., 2020) and
per-context generalized linear reward settings, with O(logT') calls to the offline regression
oracle, using the OE2D framework. In our analysis, we reveal a regret bound of OE2D that
simultaneously holds for every context x, which may be of independent interest. We also show
that our modular theorem statement allows OE2D to handle variants of the contextual bandits
problem, such as model misspecification, reward corruption, and context distribution shifts (See
Appendix D for the exact assumptions).

» Key to our regret analysis is a new complexity measure, Decision-Offline Estimation Coefficient
(DOEC, Definition 2), that characterizes the statistical cost of reducing online contextual bandit
learning to offline regression. Different from the Decision Estimation Coefficient (DEC, Foster
et al., 2021a) which refers to the square error of the central model, DOEC’s definition does not
refer to the square error of the central model, which enables reduction to offline estimation. We
establish new structural results of DOEC (Theorem 7), specifically relating it to a modification of
the Sequential Extrapolation Coeflicient (SEC) (Xie et al., 2022), which we name relaxed e-SEC
(Definition 6). We show that relaxed e-SEC is bounded in many examples. In view that e-SEC is
a “passive” measure of exploration complexity, while DOEC allows active experimental design,
we also present an example that demonstrates e-SEC alone may not be adequate to characterize
when regret-efficient contextual bandit with offline oracle is feasible.

* We establish a general theorem that links DOEC to DEC (Theorem 9): any exploration distribution
p that certifies small DOEC also certifies small DEC, and DEC is at most DOEC, up to lower
order terms. We believe this is an interesting observation, as this bridges the design principles of
offline- and online- oracle efficient contextual bandit algorithms for the first time.

Due to space limits, we discuss additional related work in Appendix A.

2. Preliminaries

Basic Notations Denote by [N] := {1,...,N}. Wesay f = O(g) if f < cg for some constant
c. Wesay f = 6(9) if f = O(g : polylog(g)). When f = 6(9) we also write f S gorg 2 f.
The convex hull of a set S is defined as co(S) = {>, a;s; | s € S, > 0, ", ; = 1}. Denote
A()) the space of all probability distributions over ). For nonnegative measures p, ¢ on a common
measurable space, we write p = ¢ (equivalently ¢ < p) if p(S) > ¢(S) for every measurable set S.

Basic Assumptions The learning agent has access to a class of reward functions F where each
f € F is a mapping from context-action pairs to rewards, i.e., f : X x A — [0, 1]. Throughout the
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paper, unless otherwise specified, we assume realizability and no context-distribution shift unless
specified otherwise, such that the ground truth reward function f* is in F, and the contexts are drawn
iid from a distribution Dx. We assume F does not have any specific structure but we give some
examples of structured reward function classes after presenting the main theoretical results, including
per-context linear reward model (Demirer et al., 2019; Zhu et al., 2022) and per-context generalized
linear model (Xu and Zeevi, 2020), which generalizes the globally linear and generalized linear
reward models (Filippi et al., 2010; Abbasi-Yadkori et al., 2011).

Main Performance Measure: Regret To provide a unified treatment on standard regret and
smooothed regret (Zhu and Mineiro, 2022) in the literature, we consider a general notion of regret
called A-Regret, which measures the performance of a contextual bandit algorithm ArLG against
the best action distribution per context in a predefined benchmark space of distributions A C
A(A): Regret (T, ALc) = .1 Reg(p; | 1), where Reg(p | ) = maxyep Egn [f*(z,a)] —
Ea~p [f*(, a)] is the instantaneous regret of p on context . !

Running Examples. To help illustrate our results, we will frequently refer to the following three
examples throughout this paper:

1. Discrete action space, standard regret (Foster and Rakhlin, 2020; Simchi-Levi and Xu, 2022).
A is the set of all point mass distributions over the action space A, i.e., A = {5a S A}.

2. Per-context generalized linear reward structure (Xu and Zeevi, 2020). Let A = {5a ra € A},
and assume that F = {fy(z,a) = o (¢(z,a) " 0(z)) | 0 € ©}, where o is a known link
function with derivative in [L, L] for constants 0 < L < L (and s := L/L), ¢ : X x A — R?
is a known feature map with ||¢(x, a)||2 < 1, and © is a class of maps X — R? with per-context
diameter supy g cg ||0(x) — 0'(2)|[2 < B for all x € X. Taking o to be the identity recovers
the per-context linear reward structure (Demirer et al., 2019; Zhu et al., 2022; Zhang, 2022).

3. h-smoothed regret (Krishnamurthy et al., 2020; Zhu and Mineiro, 2022) A = A}(A) := {\ €
A(A): %(a) < 1/h,Va € A} denotes the set of all h-smoothed distributions w.r.t. .

Note that Examples 2 and 3 above can be viewed as orthogonal ways to generalize Example 1:
Example 2 with o being the identity function, d = |.A|, and ¢(z, a) = e,, the a-th canonical basis,
recovers Example 1; Example 3 with p being the uniform distribution over A and h = 1/|.A| also
gives back Example 1.

Regression Oracles We consider two types of regression oracles that have been widely used
in contextual bandit literature: 1) an offline regression oracle Oug(F) takes into (context, ac-
tion, reward) tuples drawn i.i.d. from distribution D and outputs a function f € F, s.t., with
probability at least 1 — 6, IED[(f(:v,a) - f*(x,a))Q] < Regog(F,T,9). 2) An online regres-
sion oracle O,, (F) takes as input a sequence of (context, action, reward) tuples generated in an
online manner and outputs a sequence of functions { ft}thl s.t., with probability at least 1 — 4,
E[Zthl(ft(a:t, ar) —1¢)? —infper SO0 (F* (w1, ar) — r1)%] < Regon(F, T, d). It is well-known
that when | F]| is finite, Regog (F, T, ) and Regon (F, T, 0) can be O (log | F|/T) (Agarwal et al.,
2012) and O (log | F|) (Cesa-Bianchi and Lugosi, 2006), respectively. Since most learning algorithms
have better guarantees with larger sample size, we assume that Reg,g is monotonically decreasing in
T and increasing in § in general.

1. Our framework also handles the setting where the benchmark distributions are context-dependent; we present relevant
results in Appendix D.4.
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Decision-Estimation Coefficient (DEC) The Decision-Estimation Coefficient (Foster et al., 2021a)
is a key measure to characterize the complexity of exploration in online decision making problems.
Here we present a version using square loss and benchmark distribution space (Zhu and Mineiro,
2022):

Definition 1 Given a reward function class G mapping from A to R, benchmark distribution space
A, v > 0, reward function §, their Decision-Estimation Coefficient (DEC) is defined as

N . * * A * 2
dec,(G,9,A) = pelil(f 5D Eonp |maxEar(g (a")] = g*(a) — v (9(a) — g*(a)) (1)

and decfy (g, A) = maneg decfy (ga ga A)

It is well-known that the E2D algorithm (Foster et al., 2021a) has a small regret whenever the
dec(Fy, A) is small for every z, and the online regression oracle has a low regret: Reg(7', E2D) <
miny~o (7 max, decy (F,, A) +~vRegon(F, T, 0)). For the above three examples, max, dec, (F, A)
are < lvﬂ’ %, and %h respectively (Foster et al., 2021a; Zhu and Mineiro, 2022). If the class F is finite
so that setting online regression oracle to be exponential weight has Rego, (F, T, d) = O(log |F]),

E2D has regret bounds < /[A[T log ||, \/dT log | F|, and 1/ % log | F| respectively.

Coverage between Distributions Our work will use basic tools in offline policy evaluation (OPE) for
contextual bandits. In the simplest (non-contextual) structured bandit setting, OPE aims to estimate
the expectation of reward function g* over a target action distribution ¢ € A(A), by drawing noisy
measurements of g*(a) for a’s sampled from some behavior action distribution p € A(A). Following
prior works in offline reinforcement learning with function approximation (Song et al., 2022; Xie
et al., 2022) and experimental design (Agarwal et al., 2024), we define the coverage of p over ¢ with
respect to function class G and a constant € > 0 as

—a a 2
Coverage. (p,:0) = 50Dy, rcq =452ty 7 @

A smaller Coverage,(p, ¢;G) indicates that samples from p provides more information in
evaluating the expected reward of distribution ¢. Given function class G and benchmark distribution
A, The nonlinear F-design (Agarwal et al., 2024) aims to find a distribution p such that it minimizes
the worst-case coverage over all possible ¢’s in A: p* = argmin,c .4y MaxgeA Coverage.(p, q; G)
and we denote the optimal objective as V (G, A) 2.

3. The OE2D contextual bandit algorithm and its guarantees

We present our main algorithm, OE2D (Algorithm 1) that efficiently deals with large action spaces and
general reward function classes in contextual bandit problems using a few calls to offline regression
oracles. In addition to standard inputs, it also takes in a relaxed coverage function Coverage, an
upper bound of Coverage; this is for computational efficiency considerations, as we will discuss
shortly. The algorithm proceeds in epochs. At the beginning of each epoch m > 2, we call the offline
regression oracle to obtain a reward function estimate fm by minimizing the square loss over data
collected in the previous epoch m — 1 (lines 4-7); we use the convention that f’l = 0. During epoch

2. Our definition slightly generalizes Agarwal et al. (2024) in that we incorporate a benchmark distribution class A; when
A = {6a : a € A} our definition become theirs.
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m, at each step ¢, we use fm together with the observed context x; to construct an action distribution
p¢ that solves a minimax optimization problem (Eq. (3)) (line 9); we will discuss its rationale in the
next paragraph. We then sample an action a; from p; and observe its reward r; (line 9). This process
is repeated for each round within the epoch, and the algorithm proceeds to the next epoch until the
time horizon is reached.

Relaxed Exploitative F-design The two terms in the objective function in Eq. (3) encourage ex-
ploitation and exploration, respectively. Specifically, minimizing Eq» [ fn(, a)] —Eap| fn(, a)]

encourages p; to be greedy with respect to reward function fm; minimizing ’Yim Coverage. (p, \; Fz,)
encourages p; to provide decent coverage to all distributions A € A. Parameter ~,,, serves as a tuning
hyperparameter: alarger (resp. smaller) y,,, implies a higher degree of exploitation (resp. exploration).
When 7, — 0, minimizing Eq. (3) amounts to minimizing maxcp Coverage, (p, \; F,), which is
equivalent to finding a relaxed variant of the F-design (Agarwal et al., 2024), previously proven useful
for pure exploration in contextual bandits. In light of this connection, we name our optimization
problem (3) “relaxed exploitative F-design” due to its additional encouragement of exploitation. Its
unrelaxed counterpart, the exploitative F-design, in which the original coverage Coverage takes the
place of Coverage, is recovered as the special case of the trivial relaxation Coverage = Coverage.
Finally, the constraint that p; € co(A) allows p,’s expected reward to be evaluated with good accuracy.

Relaxed Coverage and Computational Efficiency Recall Coverage, defined in Eq. (2): obtaining
its value at even a single pair (p, \) requires solving an optimization problem, namely a maximization
over pairs of functions g, ¢’ € G. For general function classes, this is a nonconcave maximization
problem that can be computationally costly to solve, let alone the minimax problem (Eq. (3)) built on
top of it. This motivates our definition of relaxed coverage, Coverage: a tractable upper bound of the
original coverage, i.e., Coverage,(p, \; G) > Coverage,(p, \; G) for all p € co(A) and A € A. An
appropriate choice of Coverage allows us to design a computationally efficient algorithm while not
inflating the coverage value by too much. Such relaxations exist for many settings of interest. For
example, in our three running examples, we can define:

1. Discrete action space, Coverage. (p, A\; Fz) == > _,c4 %;

2. Per-context generalized linear reward, Coverage, (p, ; F,) := £° tr (£, 13), where X, :=
Eqwp [#(2,a)p(x,a) "], Ty is defined analogously;
Aa)

3. h-smoothed regret, Coverage,(p, \; Fy) = +Eq, [W} , where A(a) and p(a) denote the

densities of A and p with respect to the base measure .

The validity of these relaxations is straightforward and we defer the detailed proof to Lemma 22 in
Appendix C.2. In all three running examples, Coverage is convex in p and linear in A, which makes
the induced minimax problem (Eq. (3)) efficiently solvable. Furthermore, the solution to Eq. (3) in
each of the three examples coincides with that of a convex optimization problem (see Lemma 23);
similar observations have been made in prior works (Kiefer and Wolfowitz, 1960; Xu and Zeevi,
2020; Levy et al., 2023). Meanwhile, the trivial relaxation Coverage = Coverage, is always valid,
and remains interesting whenever the original coverage is itself tractable; for instance, in the “tabular”
structured bandit setting (Lattimore and Munos, 2014; Jun and Zhang, 2020a; Tirinzoni et al., 2020) ,
where G is represented by a matrix whose rows are functions in G and columns are actions in A, any
coverage can be computed in time polynomial in the size of the matrix.
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Algorithm 1 OE2D: Offline Estimation to Decision

Input: learning parameter {'ym}%zl, epoch schedule 0 = 79 < 71 < --- < 77, benchmark
distributions A, reward function class F, offline regression oracle O, relaxed coverage
Coverage.

1 fort = 1to 7; /* No historical data for the first epoch, pure exploration only */
2 do
3 Observe context z; € X, and sample action a; from a relaxed F-design distribution:
p: = argmin max Coverage, (p, \; Fy,).
pEco(A) AcA
4 for m = 2 to M /* Construct reward estimator via offline regression oracle */
5 do
6 Compute f,, + O (F)({ (s, ai,ri)}z;”;;_ﬁl).
7 for t = 7, + 1 to 7,41 /* Construct distribution p; which is the solution of relaxed exploitative F-design */
8 do
9 Observe context z; € X'. Let p; be the solution of the following problem:

Coverage, (p, \; fn))

p; = argmin max (an/\ [fm(xt’a)] — Eanp [fm(wt’ a)} + TYm

pEco(A) AeA

3

Sample action a; ~ p; and observe reward 7.

Decision-Offline Estimation Coefficient (DOEC): a New Complexity Measure The minimax value
of the (relaxed) exploitative F-design (Eq. (3)) turns out to be important for establishing the regret
guarantee of OE2D, which we formally introduce as follows:

Definition 2 (DOEC and Relaxed DOEC) Given a class of functions G : A — [0,1], a class of
benchmark distributions A C A(A), a g € G, their Decision-Offline-Estimation Coefficient (DOEC)
is:

doec, - (3, G, A) = mitccon) maxren (Ean [9(a)] = Banp [3(0)] + L Coverage. (n, 1:G) )

and doec, (G, A) = maxyegdoec,(g,G,A). Given a choice of relaxed coverage Coverage,
we define its associated relaxed DOEC, doec, .(§,G, A) and doec, . (G, A) to be their unrelaxed
counterparts with Coverage replaced by Coverage.

With G = F,, and § = fm(x,-), doec,,, ., (§,G, A) is exactly the minimax value of the relaxed
exploitative F-design (Eq. (3)). Since any valid relaxed coverage bounds the original coverage, their
associated relaxed DOEC upper bounds the original DOEC as well. And thus, any minimizer p of
the relaxed DOEC optimization problem certifies an upper bound of the original DOEC.

Our name “Decision-Offline-Estimation Coefficient” is inspired by DEC (Definition 1). Similar to
DEC, the DOEC objective consists of a suboptimality term of decision p, E, [§(a)] — Eq~p [G(a)].
and an estimation term %CoverageE (p, A\; G), measuring the usefulness of p in estimating the ground
truth reward function. We also observe some key differences: DEC takes an additional maximum
over all possible ground truth reward functions g*, and the estimation cost is measured by the central
model §’s error B4y [(9(a) — g*(a))?]. This error term enables a reduction from contextual bandits
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to online regression, and it is not clear how we can use it to reduce contextual bandits to offline
regression. In contrast, DOEC measures the estimation overhead in terms of coverage, which obviates
the reference to the central model g, enabling reduction to offline estimation. For the three running
examples, with the relaxed coverages introduced above, we show in Lemma 23 that doec,, . (., A)
is equal to "yﬂ’ #, and Wl—h, respectively.

We now come back to explain the utility of the relaxed exploitative F-design (Eq. (3)). Define
ﬁe\gm (p | x) = maxyep Egron [fm(x, a)] = Eqnp [fm (z,a)] to be the empirical regret of distri-
bution p in context x, according to reward estimate fm With this notation, the objective function in
Eq. (3) can be equivalently written as the sum of two nonnegative terms >

5 | irgppm— . — Reo
Vin(we,p) = Regy(p | /) + max - Coverage(p, X; 7o) = Regpn(A [ 7)) . ()

The choice of p; makes the objective bounded by doec,,, ., (F%,,A), and thus each of the two
terms is also bounded by the same number. Since relaxed coverage upper bounds the original
coverage, this suggests that p; achieves an exploration-exploitation tradeoff in a precise sense:

Lemma 3 p; € co(A) satisfies the following two properties simultaneously:
P/{e\gm(pt | 2¢) < doecy,, e, (Fay, A) Low Regret (LR)
Coverage. (pt, \; Fz,) < ymdoec,, .. (Fay, A) + fymf/{e\gm()\ | z;),VA € A, Good Coverage (GC)

n

Specifically, LR asserts that p; nearly maximizes the reward estimate fm (x4, -) among all distributions
in A. Meanwhile, GC states that p; “covers” all distributions A in the benchmark class A well in a
heterogeneous manner, with “greedier” distributions covered better. Simchi-Levi and Xu (2022)
and Xu and Zeevi (2020, Section 4) were the first to observe the existence of such a distribution for
discrete action spaces and action spaces with linear reward structure, respectively, given access to a
reward regressor, which enables subsequent regret analysis similar to analysis of policy-search-based
algorithms (Agarwal et al., 2014). Here we generalize their findings to general reward function
classes and benchmark distribution classes. We now present the regret guarantee for OE2D:

Theorem 4  Suppose T, > 27,1 for all m. Let §,, = m. Forany d € (0,1), A C A(A),
with probability at least 1 — 0, the A-Regret of OE2D is bounded as: E [Regret, (T, OE2D)] <
E[d Fo A
_ . 7?61%\3}] "ol [doecy,, =, (Fu, A)]
O|lmn+ max —- 5
me{2,...M} Ym + max v, (Regog(F,Th-1/2,0pn) + n—1)
ne{2,...,M}
where we use the convention that v1 = 0 and ~y1doecy, ¢, (Fz, A) is lim_,g ydoecy o, (Fz, A) =
V:l (Fz, N), the value of the relaxed F-design problem solved in the first epoch.

The regret bound can be understood as follows: in the first epoch, OE2D does pure exploration,
and thus incurs a regret of 7, at most; in the subsequent epochs m > 2, at every time step, OE2D has
an instantaneous regret of

~ (1 S
O - nE d ]::v,A 7% R O! ‘Fv n—1 " In— 7571 n—
(M (ﬁ%” [doec, ., ( )]) +max A (Regon(F Tt = T2, 0n) + € 1))

3. To see why the second term is nonnegative, note that we can choose A = argmaxy,c, Eq/on fm(ac7 a'), so that
Reg,, (A | z¢) = 0.
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which depends on the average context-wise complexity of exploration E [doec,, ., (Fz, A)] and his-
torical reward function estimates’ qualities Regogt (F, 7—1/2, 6). The max,,¢|,) and max,c(o . m}
operators come from the interdependence of the reward estimator and data collection in historical
epochs: fn is trained from data collected in epoch n — 1, which in turn is determined by fn—1, etc. 4

Remark 5 (OE2D with inexact minimizers) Theorem 4 continues to hold when the relaxed ex-
ploitative F-design problem is solved inexactly: as long as for all t, Vi (x4, 1) < Vo, e (Faiy A)
for some function V, its regret guarantee will still hold with doec replaced by V. The proof of
Theorem 4 carries over verbatim by replacing doec by V. We will use this fact in Section 5.

We now discuss the implication of this theorem in our three running examples. For simplicity,
we assume a finite function class F and the offline regression oracle performs ERM; in this
case, Regog(F,Tm—-1/2,60) = 5(%) In addition, all three running examples satisfy that
max, doecy . (Fy, A) = O(%), using the relaxed coverages introduced at the beginning of this
section, for D = | A, x2d, 1/h respectively (see Appendix C.3 for the relaxed DOEC bounds).

And thus:

* Setting 7, = 2™, Vi = VD /Regog (F, Tm—1/2,0m), €m = 1/T gives a regret bound of

O(y/DT log|F|) (Theorem 17).

* If the total horizon T' is known, we use a small-epoch schedule (Theorem 18) with M =
loglog(T), Tm = PTl_TmJ, Ym = VD/Regog(F, Tm—1 — Tm—2,0m)» €m = 1/T to
achieve the same regret guarantee (Theorem 19).

See Appendix B.6 for the detailed calculation of these regret bounds.

Specifically, instantiating the relaxed coverage earlier in this section in each running example
turns OE2D to a tractable and offline-oracle-efficient algorithm, recovering and extending a range of
known guarantees:

* In the discrete action space setting, we recover FaLcon (Simchi-Levi and Xu, 2022) with regret
O(\/ |A|T log \]-'|)

* In the per-context linear reward setting, we recover LINEAR-FaLcoN (Xu and Zeevi, 2020,
Section 4) with regret 5( VdT log |F ) For the per-context generalized linear reward
setting, we obtain a new algorithm, which we name GLM-OE2D. It has a regret bound of
O (m /dT log |F ]) , which matches that of UCCB (Xu and Zeevi, 2020); however, its number
of calls to the offline regression oracle is O(log T'), which is much smaller.

« In the h-smoothed setting, we obtain SmooTHED-OE2D, which has regret O (1/T/h log | F|);
this matches the regret guarantee of SmoothlGW (Zhu and Mineiro, 2022), an online-oracle-
efficient algorithm and is information-theoretically optimal (Krishnamurthy et al., 2020, Remark
under Theorem 3). This is the first time that an optimal h-smoothed regret bound is attained
by an offline regression oracle-efficient algorithm. In Appendix G, we empirically show that
SmooTHED-OE2D has competitive performance with SmoothIGW.

Proof Idea of Theorem 4. Our analysis takes a “virtual policy” view of OE2D: at epoch m, OE2D
implicitly uses a policy 7, to do exploration, whose definition is based on the estimated reward
function f,,,. We then show that the cumulative regret of the sequence of policies on every context

4. For simplicity of presentation, we further relax max,, ¢ () t0 max, (a7 and max,c (2
presenting the regret bound in Theorem 4.

my when

..........
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can be precisely controlled (Lemma 15). Theorem 4 follows immediately by taking expectation over
x ~ Dx and using the linearity of expectation. To this end, we establish per-context concentration
bounds on the empirical regret to the true regret, for any action distribution in A (Lemma 12). We
think our analysis may be of independent interest: this is in contrast to most previous analysis on
offline-regression-oracle efficient contextual bandit algorithms (Simchi-Levi and Xu, 2022), which
establish low-regret and good-coverage guarantees at the policy and population level (averaged across
all 2’s). We speculate that this lemma may have practical usages, e.g., for guaranteeing treatment
quality for every patient. We defer the full proof to Appendix B.

Extensions: Misspecification, Corruption, and Distribution Shifts Beyond the realizable and iid
context setting, we show that our general regret theorem can be used to handle several variants, with
all details defered to Appendix D:

1. In the model misspecification setting (Krishnamurthy et al., 2021) with a misspecification level
B defined as sup,,, x_,a(4) inf fe 7 Bz anpl(f (2, ) — f*(x, a))?], with appropriate setting
of its parameters, the regret bound of Algorithm 1 generalizes the state-of-the-art discrete
action space result of Krishnamurthy et al. (2021) to per-context linear model and smoothed
regret settings (Theorem 26).

2. In the corruption setting (e.g., Kapoor et al., 2019), an adversary is allowed to corrupt the
observed reward in at most C' rounds. In this case, the regret bound of Algorithm 1 achieves
6(\/ TD(C +log (|F| /5)) (Theorem 27). This matches the results of deploying Foster et al.
(2020a)’s approach to this corruption setting using online regression oracles.

3. In the context-distribution shift setting, Algorithm 1 achieves 6(\/ A3TDlog (|F| /6)) regret
(Theorem 28), where A > 1 measures the worst-case density ratio between the context
distribution at every time step and some base context distribution (see Assumption 4). To the
best of our knowledge, this is the first result showing offline-oracle efficient algorithms can
work beyond the iid context setting.

4. Efficient Algorithms for Finding Exploration Strategies Certifying Low Relaxed
DOEC

So far, we have shown that a small relaxed DOEC leads to offline-regression-oracle efficient algorithms
with low regret. This naturally raises the question: under what conditions is the relaxed DOEC
small, and how do we efficiently find exploration strategies that certify this? In this section, we
develop structural results that provide general tools for identifying problem settings in which the
relaxed DOEC admits favorable bounds, along with an efficient algorithm for computing exploration
strategies certifying small relaxed DOEC.

Our key finding in this section is that, a new complexity measure of the reward function class G and
the benchmark class of distributions A named e-sequential extrapolation coefficient (e-SEC) (together
with its relaxed counterpart) can be used to bound the (relaxed) DOEC, and the boundedness of e-SEC
is grounded in several useful examples, including our three running examples above. Moreover, our
proof is constructive: we give an efficient coordinate descent-based algorithm (Algorithm 2) that
finds a distribution certifying it. The guarantee holds for any relaxed coverage satisfying a short list of
structural properties (Assumption 5), which we distill from the convergence analysis of Algorithm 2
and ground in our three running examples as well as the original coverage.

10
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Definition 6 (Relaxed =-SEC) For a class of functions G from A to [0, 1], and a family of benchmark
distributions A, and € > 0, and a relaxed coverage Coverage, (Section 3; extended to take an
unnormalized nonnegative measure as its first argument with cushion parameter €), their relaxed
e-sequential extrapolation coefficient, SEC.(G, A) is defined as (here \1.; = 22:1 Aj):

SEC.(G,A) = SupyenSUPy, . ayeA Zf\il Coveragen. (A1, Ai; G) 5)

Under the trivial relaxation Coverage, = Coverage,, we call the resulting quantity the (unrelaxed)

e-SEC, denoted by SEC.(G, A).

Since Coverage . > Coverage, . pointwise, SEC.(G, A) > SEC.(G, A) for any relaxed cover-
age. Our definition of e-SEC is inspired by SEC (Xie et al., 2022), which was useful to provide a
unified analysis of optimism-based RL algorithms with low coverability and small Bellman Eluder
dimension (Jin et al., 2021). There are a few important differences: first, our “cushion parameter”
Ne for coverage is proportional to N, the number of terms, whereas SEC has a fixed regularization
parameter 1; second, we measure coverage of A1.; on \;, whereas SEC measures the coverage of \1.;_1
to A\;. Such “off-by-1" adjustment turns out to be important for constructing a useful exploration
distribution that certifies a low DOEC, which can provide regret guarantees where optimism-based

approaches are not adequate (Foster and Rakhlin, 2022, Example 3.1).

Examples of small relaxed c-SEC We instantiate the relaxed e-SEC in our three running examples.
It turns out that our relaxed coverages defined before were insufficient, and we need to slightly adjust

them with suitable “cushions”:

1. Discrete action space: Coverage,(p, A\;G) = > ,c4 % gives SEC.(G,A) < |Allog(1 +

|Al/e);

2. Per-context (generalized) linear reward: with ¢’ := ¢/(L?B?), Coverage, (p, \; G) = 2 tr((Z, +
e'I)71%,) gives SEC.(G, A) < k2dlog(1l + 1/¢'); here, 5, := 3, 4 p(a)d(a)d(a) "

3. h-smoothed regret: Coverage,(p,A;G) = +Eqy [p(’\a()a}rs} gives SEC.(G,A) < +log(l +
1/(he)).

We verify the validity of these relaxed coverages (Lemma 38, Appendix E.3) and prove the relaxed
SEC bounds above (Lemma 36, Appendix E.2.2).

An efficient algorithm for certifying small relaxed DOEC We give a coordinate descent-based
algorithm, Algorithm 2, to find a distribution p* certifying that doec, - (§,G, A) < %Sﬁg(g, A),
and show its termination guarantees. To this end, we first use our observation before that the relaxed
DOEC objective (Definition 2) is equivalent to ﬁ(p) + maxyep (%Coveragea(p, X G) — ﬁ()x)),

where R(p) := maxyep Eauy[§(a)] — Eq~plg(a)]. It suffices to find p such that both terms are
< %ﬁs(g, A) simultaneously; following the convention in the preceding section, we name the two
requirements (LR) and (GC).

Algorithm 2 first computes the greedy distribution \ that maximizes the estimated reward function
g over A (line 1) for later use in the final output. It maintains a nonnegative measure p; over time, with
po initialized to be the zero measure (line 2). Then, at each iteration ¢, it first finds the distribution \;
that maximizes the amount of violation of the (GC) property. We extend the definition of Coverage
(and likewise Coverage) so that it can take any nonnegative p (not necessarily normalized) as the

11
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Algorithm 2 Finding p that certifies small relaxed doec

Input: benchmark distributions A, reward function class G, estimated reward function g : A — [0, 1],
relaxed coverage Coverage satisfying Assumption 5 with step-size threshold A, step sizes
A; € (0, A], parameters v > 0 and ¢ € (0, 1).

Output: a distribution p* € A that certifies doec, (G, A) < %sﬁs(g, A), i.e., Eq. (6) holds.

Compute greedy distribution A = argmaxycp Eqa[¢(a)], and denote R(p) = E, zlg(a)] —
Ea~alg(a)]

2 Let pg := 0. /* Initialize with zero distribution */

fort=1,2,...do
Compute A\; = argmaxy¢, [EGNA[Q(a)] + %Coverages(pt_l, A; Q)] ,
if —E(/\t) + %Coverages(pt_l, A; G) > %SECa(g, A) then

‘ Run a coordinate descent step: p; < pr—1 + A¢Ay, /* Update p; ; when not satisfying Eq.(6) */
else

t to <=t — 1, return p* = py, + (1 — ||p,||1)A /* Terminate and return the final distribution */

covering measure>. Then it checks whether the violation of the GC property (on );) exceeds a

threshold (line 5). If so, it performs a coordinate descent update along the direction of \; (line 6).
Otherwise, (GC) is satisfied, it terminates the iteration and returns the final distribution p*, which is a
convex combination of p;, and the greedy distribution h) (line 8).

Algorithm 2 is inspired by previous works in computing exploration distributions over a class of
policies (Agarwal et al., 2014), and linear reward structure setting (Xu and Zeevi, 2020, Section 4).
Different from these works, we make a few key adjustments: 1) we do not scale the distributions
during updates to ensure the (LR) property more easily at each iteration; 2) we initialize pg as the
zero vector rather than a normalized probability measure. A key step in proving Theorem 7 is to
show that our iterates p;’s are always sub-probability distributions and can be extended to a valid
probability distribution p* € co(A).

We show that as long as Coverage, satisfies a few structural properties, Algorithm 2 can efficiently
find a distribution certifying that doec, (G, A) < O(%ﬁs(g ,\)). We call such an Coverage,
an admissible relaxed coverage (formal statement can be found in Assumption 5 in Appendix E).
Importantly, the admissibility assumption is grounded in our “cushioned” relaxed coverages defined
for the three running examples, as well as the original unrelaxed coverage. We defer these checks to
Lemma 38 in Appendix E.3.

The following theorem is the main result of this section; it shows that given any admissible
relaxed coverage, Algorithm 2 efficiently finds a distribution certifying that @%5 (G, A) is at most
%ﬁs(g , \) up to a constant factor; we defer its proof to Appendix E.

Theorem 7  For any reward function class G : A — [0, 1], benchmark distribution class A, relaxed
coverage Coverage satisfying Assumption 5 with step-size threshold A, v > 0, and ¢ € (0,1),
Algorithm 2 with step size Ay = A terminates within |1/A | iterations and outputs a distribution
p* € co(A) such that

maxye (Eava [§(a)] — Eanpr [9(a)] + 1 Coverage, (p*, X;G) ) < 2
¥ v

SEC.(G,A). (6)

5. We still require g to be normalized probability measures.

12
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Applying Theorem 7 with the relaxed coverages with cushion £ of Lemma 38, Algorithm 2
Al

3
certifies relaxed DOEC bounds of O (% log ‘é‘), 0] (% log ESBQ ), and O (7171 log his), respectively
— matching the bounds given by the certificates obtained via convex optimization (Lemma 23) up to a
logarithmic factor. The added value of Theorem 7 is its generality: it provides a certifying procedure
for any admissible relaxed coverage, including the original coverage, for which no closed-form or
convex-optimization-based certificate is available. We also remark that the quantity SEC.(G, A)
in line 5 of Algorithm 2 may be replaced by any upper bound S of it (e.g., the explicit bounds in

Lemma 36); the resulting algorithm then outputs p* that certifies doec, (g, G, A) < %.

. L. L?B? 1 . . . .
terminates within O(£'), O(%==), and O(;=) iterations in the three running examples, and

Specialized to the pure-exploration setting v — 0 and the trivial relaxation Coverage, =
Coverage,, Theorem 7 implies that V. (G, A) < SEC.(G, A); this generalizes (Agarwal et al., 2024,
Theorem 4.2) to allow general benchmark distribution class A. Our result is more general in that we
allow to bound doec, (G, A) with arbitrary v > 0, making it a good fit for the regret minimization
setting.

The proof of Theorem 7 can be found in Appendix E. Its key idea is to construct a potential
function that linearly combines a (negative) sequential extrapolation error term and a regret term, and
show that the potential function decreases steadily while respecting a lower bound. The sequential
extrapolation error serves as the same role as log barrier or log-determinant barrier regularizers in
previous works (Agarwal et al., 2014; Xu and Zeevi, 2020). In Appendix E.4, we show additionally
that when A = {d, : a € A}, we can solve Eq. (6) using Algorithm 2 with a more aggressive step
size and a much lower O (SEC.(G, A)) iterations; this generalizes (Xu and Zeevi, 2020, Section 4) to
nonlinear reward function classes.

As an example, for the per-context generalized linear setting, a single call of Algorithm 2 runs in
0] (|A| /<;2d3) time; see Appendix E.5 for a full account and an end-to-end comparison to the UCCB
algorithm of Xu and Zeevi (2020).

4.1. Bounding DEOC beyond ¢-SEC: the importance of active exploration

Despite Theorem 7’s generality, we observe that the (relaxed) e-SEC has a worst-case nature: it
evaluates the maximum extrapolation error in all sequences. However, the definition of DOEC allows
active experimental design: we can choose action distribution p € co(A) that balances exploration
and exploitation. Does that mean Theorem 7 alone may be insufficient to tightly characterize DOEC?
We show in the following proposition that this is indeed the case:

Proposition 8 Let A = {0, : a € A}. Foranyk > 1, there exists Aand G such thatdoec (G, A) <
\/% + % whereas SEC.(G,A) > min (2872, 1),
We defer the proof and detailed discussions to Appendix E.6 — the proof is based on a “cheating

code” structured bandit instance (e.g., Agarwal et al., 2024). For that instance, Theorem 7 at best can
2k 1
ey
plugging this bound into Theorem 4, this gives a regret bound at least min(7’, v/'2*) for OE2D, which
is vacuous when k = Q(log T). In contrast, using the tight bound doec, (G, A) < \/% + % gives a
nontrivial regret bound of O ((kIn|F NY3T/ 3) for OE2D. In summary, this example reveals that

using worst-case quantities such as SEC to characterize DOEC may not be adequate, and we leave
finer structural characterizations of DOEC as an interesting open question.

give an upper bound on doec, (G, A) of §2 (min( )), much greater than its actual value. When

13
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5. Connecting DOEC to Contextual Bandits with Online Regression Oracles

We bridge DOEC with DEC, a primary statistical complexity measure for contextual bandit with
online regression oracles. Our main finding is that any exploration distribution that certifies small
DOEC should also certify a small DEC:

Theorem 9 For any function class G : X x A — [0, 1], any set of action distributions A C A(A),
any v > 0 and any € > 0, we have that any distribution p that certifies doec (G, A) < V also
certifies that dec, (G, A) <V + % + ve. As a consequence, dec, (G, A) < doec, (G, A) + % + e.

Combining Theorem 9 with Theorem 7, we obtain that dec, (G, A) < inf.~ (w + % + 75) .

A similar result was obtained in (Foster et al., 2021a, Theorem 6.1) using a nonconstructive proof,
via minimax theorem and bounding the dual (Bayesian) DEC. Our proof can be interpreted as
constructive, as we use Algorithm 2 to construct a distribution to certify this upper bound.

Furthermore, when SEC.(G,A) < D - polylog(2) with D > 1, Theorem 9 implies that
dec, (G, A) < %polylog(%), which enables 6(\ /DT In | F]) regret for E2D (Foster et al., 2021b).
In Appendix F.2, we present SQUARECB.F, an online oracle-efficient contextual bandit algorithm in
light of this observation. SQUARECB.F employs Algorithm 2 as a subroutine, and we speculate that it
may sometimes enjoy better computational cost than the original E2D algorithm.

6. Conclusion

We design a unified algorithm, OE2D for contextual bandits with offline regression oracles. Our key
algorithmic innovation is to use an exploitative F-design that generalizes prior works (Simchi-Levi
and Xu, 2022; Xu and Zeevi, 2020) to achieve exploration-exploitation tradeoff. Central to OE2D’s
performance guarantee is a new concept, Decision-Offline Estimation Coefficient (DOEC), which
we show to be small in many examples. Our results not only recover existing works but also
provide new guarantees, while at the same time demonstrating robustness to environmental changes.
For future work, we are interested in investigating: Does the lower bound of DOEC also imply
information-theoretic lower bounds for online contextual bandit learning? Does generalizations of
DOEC exist that enable other guarantees, e.g., efficient first-order contextual bandits with offline
regression oracles (Foster and Krishnamurthy, 2021)? Are there finer structural characterizations
of DOEC, e.g., in terms of the value function star number (Foster et al., 2020b)? Can we extend
the OE2D principle to other applications such as partial monitoring, reinforcement learning, and
RLHF (Wang et al., 2023; Li et al., 2025)?
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Appendix A. Additional Related Work

Contextual Bandits Contextual bandits is one of the most fundamental models for sequential
decision making with side information (Langford and Zhang, 2007; Agarwal et al., 2014; Li et al.,
2010). Our work focuses on the stochastic setting, where the expected cost of taking action a given
context x is governed by some fixed function f*. The adversarial contextual bandit problem has
also been extensively studied (e.g., Auer et al., 2003; Neu and Olkhovskaya, 2020; van Erven et al.,
2026); our analysis has some similarities with Neu and Olkhovskaya (2020), in that we also first
establish a per-context regret bound and conclude the final regret bound via averaging. For stochastic
contextual bandits, most of the early works study a global structure on the reward function class,
such as linear (Dani et al., 2008; Abbasi-Yadkori et al., 2011; Chu et al., 2011), generalized linear
models (Filippi et al., 2010; Li et al., 2017), and general nonlinear (Russo and Van Roy, 2013).
There are two main lines of works for efficient stochastic contextual bandit algorithms with
general function approximation: reduction to cost-sensitive classification (Langford and Zhang,
2007; Dudik et al., 2011; Agarwal et al., 2014; Krishnamurthy et al., 2016, 2020; Majzoubi et al.,
2020) and reduction to regression (Abe and Long, 1999; Agarwal et al., 2012; Russo and Van Roy,
2013; Foster and Rakhlin, 2020; Simchi-Levi and Xu, 2022; Xu and Zeevi, 2020). Langford and
Zhang (2007) first reduces the contextual bandit problem to cost-sensitive classification among
a given policy class and achieves O(T 2/ 3) regret. Dudik et al. (2011) improves the regret to
O(VT) with O(T®) oracle calls per round. Agarwal et al. (2014) further reduces the total oracle

calls to 5(\/ K T). The regression-based approach directly learns a reward model and uses it to
guide exploration, which bypasses the computational hardness of agnostic classification in policy
search-based approaches (Guruswami and Raghavendra, 2009; Feldman et al., 2006).

Contextual Bandits with Online Regression Oracles Online regression oracles have been widely
used in contextual bandit algorithms since Foster and Rakhlin (2020), who proposes the SQuaARECB
algorithm to reduce the contextual bandit problem to online regression by using inverse gap weighting
(IGW) (Abe and Long, 1999) to guide exploration and achieves O(\/ K TRegon) regret, where
Regoy is the online regression oracle’s estimation error. More recent works further improve the
SQUARECB algorithm in various aspects: Foster et al. (2020a) analyzes the linear reward setting with
misspecification error; Foster and Krishnamurthy (2021) extends to first-order regret guarantees
via online log-loss regression; Zhu and Mineiro (2022); Zhu et al. (2022) extend the SQUARECB
algorithm to large action space settings with smooth regret and per-context linear reward structure,
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Algorithm Regression Total # oracle Assumptions
oracle calls
E2D (Foster et al., 2021a) Online T General function classes
Falcon (Simchi-Levi and Xu, 2022) Offline log(T') * Discrete action space
Linear Falcon (Xu and Zeevi, 2020, Sec. 4) Offline log(T) * Per-context linear reward
UCCB (Xu and Zeevi, 2020) Offline T General function classes
E2D.Off (Foster et al., 2024) Offline T General function classes
OE2D (this paper) Offline log(T) * General function classes

Table 1: Performance comparison of /T-regret contextual bandit algorithms with regression oracles.
*: If T is known, the number of oracle calls can be reduced to O(loglog (7)) with a specific
schedule (details can be found in Appendix B.6.2).

respectively; Levy et al. (2025) extends to the delayed feedback setting. Foster et al. (2021a) gives
a unified framework, E2D, that reduces online learning to online estimation in various interactive
learning problems including contextual bandits.

Contextual Bandits with Offline Regression Oracles Offline regression oracles are more practical
in real-world applications (for example, Empirical Risk Minimization and its variants including
regularized least squares or logistic regression). Finding effective exploration strategies is a key
challenge in designing contextual bandit algorithms with offline regression oracles. IGW-based
exploration is sufficient to construct an action distribution that satisfies both the low-regret (LR) and
good-coverage (GC) conditions in the discrete action space setting (Simchi-Levi and Xu, 2022) and
linear reward setting (Xu and Zeevi, 2020, Section 4). Xu and Zeevi (2020) analyzes the contextual
bandit problem under a general reward function class and proposes the upper counterfactual confidence
bound (UCCB) algorithm using counterfactual action divergence to unify exploration strategies in
various function classes. However, their algorithm requires O(T") calls to the offline regression oracle.
Saha and Schapire (2025) solves a linear contextual dueling bandit problem where they merge the LR
and GC conditions into one constraint to design an efficient algorithm. This inspires our definition of
DOEC, where any exploration distribution certifying an upper bound on DOEC satisfies LR and GC
simultaneously. Foster et al. (2024) provides E2D.Off that combines the E2D reduction and a new
reduction from online estimation to offline estimation; their number of calls to the offline oracle is
O(T), and when instantiated to contextual bandits, it has a suboptimal dependence of y/log | F| in
the regret guarantee. We refer the reader to Table 1 for a comparison of the number of oracle calls
required for existing oracle-efficient algorithms.

Experimental Design Experimental design is a classical topic in statistics. The classical result
of (Kiefer and Wolfowitz, 1960) shows that for linear regression, G-optimal design, minimizing
the maximum predictive variance over the space of covariates, is equivalent to D-optimal design,
i.e., designing the data distribution such that the determinant of its covariance matrix is maximized.
Lattimore and Szepesvari (2020, Ch. 22) first uses G-optimal design in the fixed action set linear
bandit setting. Beyond the linear regime, Agarwal et al. (2024) propose nonlinear F-design, which
generalizes G-optimal design to general function classes to guide exploration in many interactive
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learning settings. These works inspire our exploitative F-design for exploration with general function
approximation.

Appendix B. Proofs from Section 3 Part 1: Regret Analysis for OE2D
In this section, we provide the regret analysis for OE2D (Algorithm 1). Before diving into the proof

details, we first summarize the main notations used in this section.

B.1. Basic Notations

* p,q: distributions over the action space .A.
* m(t): the epoch index that time step ¢ belongs to.
* M: total number of epochs up to time 7', i.e., M = m(T).

* p;: the distribution constructed at time step ¢ based on the estimated reward function fm(t) and
context ;.

* T, policy executed in epoch m, which maps from context space X to distributions A.
* Tp,: the terminal time step of epoch m.
* R(p| x) = Eqp[f*(z,a)]: ground-truth expected reward of distribution p under context .

« Rnlp|2) = Eqmp[fm (,a)]: estimated expected reward of distribution p under context z in
epoch m based on the estimated reward function f,,,.

* Reg(p | ) == maxyer R(N | z) — R(p | x), the regret of distribution p under context .

. l:/{e\gm(p | 2) = maxyer Rmn(N | 2) — Ron(p | @), the estimated regret of distribution p
under context = in epoch m based on the estimated reward function fm To avoid clutter, with
a slight abuse of notation, we will use notation P/{e\gm(ﬂ | 2) to denote maxy ey R (N |
z) — Ryn(w(- | ) | x), the estimated regret of policy 7 under context z in epoch m based on
the estimated reward function fm

* SqErr,, (f, ) = Eqor, (o) | (f(7,a) — f*(2, a))?|:the expected estimation error of f mea-
sured by policies executed in epoch m under context x.

B.2. Virtual Policy Viewpoint of OE2D

Our analysis will adopt a “virtual policy” equivalent view of Algorithm 1, that is, Algorithm 3.
Specifically, Algorithm 3 computes a policy 7, at the beginning of epoch m such that for every
x € X, the action distribution 7, (-|x) certifies a small relaxed DOEC, which further implies low
regret and good coverage properties (Egs. (LR,) and(GC,)). We clarify that Algorithm 3 is not
intended to be practical since it needs to compute a separate exploration distribution for each context;
we introduce it only for the sake of analysis — specifically, we will prove online performance guarantees

. T
of policy sequence {ﬂm(t) } 41 On every context .
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Algorithm 3 OE2D: conceptual version

Input: learning parameter {fym,s}nj\le, epoch schedule 0 = 79 < 71 < .-+ < Tp7, benchmark
distributions A, reward function class F, offline regression oracle O, relaxed coverage
Coverage.

1 for epoch m = 1to M do
2 if m = 1 then
3 L Compute 71 (- | ¥) = argmin,c(p) maxyep Coverage(p, A; Fz), Vo € X.

4 else
5 Compute fr + Oor(F)({ (i as,ma) o).
6 Define policy m,, as follows:
7
Tm(+|2) = argmin max (ﬁm()\ | 2) — Rm(p | ) + Coverage(p. /\;}-x)> Ve e X.
pEco(A) A€A Ym
L (7
8 for roundt = 7, + 1 to 7,41 do
9 L Observe context x; € X, sample action a; ~ 7, (- | ), and observe reward 7.

Here we prove a generalization of Lemma 3, namely Lemma 10, that shows the virtual policies
T s satisfies low regret and good coverage properties simultaneously, which will serve as the basis
of our subsequent regret analysis.

Lemma 10

For context x, distribution 7, (-|x) satisfies the following two properties simultaneously for
m > 2:

e Low Regret:
Regp (M | ) < doecy,, <, (Fr, A) (LR,)
* Good Coverage:
Coverage, (T, A; Fu) < ymdoecy,, o, (Faz, A) + ’ymf/{e\gm(/\ | z), VA€eA, (GCyp)
And for m = 1, we have
Coverage,, (1, \; F) < ylﬁw,gl(};, A), VAeA
where we recall the convention that y1 = 0 and ~1doec,, ¢, (Fy, A) is interpreted as V; (Fz, N).
Proof For m > 2, since by Eq. (7), 7, (-|z) minimizes

__ .
Regpn (p | ) + max (% Coverage(p, A; Fz) — Regp, (A | x)) ,
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whose optimal objective is doec.,, ., (Fz, A). Therefore,

_ J e _
Reg,, (mm | ) + max (7 Coverage(m,, \; Fi) — Reg,, (A | m)) < doec,,, e, (Fas A),

where both terms on the left-hand side are nonnegative. Dropping the second term, we get
Rogy, (T | 7) < doecy,, c,, (e, A),
thus proving Eq. (LR;). On the other hand, dropping the first term, we get

max <V%Coverage(wm, A; Fo) — Reg,, () | :(:)) < doec,,, ¢, (Fu, N);
since Coverage, (7, A; Fy) < Coverage(m,, \; F) pointwise, this proves Eq. (GC,) with the
original coverage on the left-hand side.

Form = 1, by the definition of 7r1 in Algorithm 3, we have that p; minimizes maxyec Coverage(p, A\; Fz ),
whose optimal objective is V- (Fz, A), which is equal to lim,_, ydoec, , (Fz, A) by the convention;
the above inequality again follows from Coverage., < Coverage pointwise. |

B.3. Favorable Event

We define an event that the offline regression oracle returns a good estimated reward function for
each epoch m:

o 2
Ep = {ExNDX,awwm1(~|r) [fm(xv a) — f*(=, CL):| < Regoft (F, Tm—1 — Tm—2, 6m)} .

By taking a union bound over all epochs m € [1, M], we have that with probability at least
1-— Z%zl 6m > 1—6,event E = NM_, E,, holds. Throughout the rest of the proof, we condition
on event F happening.

B.4. Results of Per-Context Regret Analysis

Next, we are going to prove the concentration between the true reward and the estimated reward in
the per context manner in each epoch m.

Lemma 11 (Regret Concentration in Coverage Per Context) Foranyd € (0,1), reward function
class F, with probability at least 1 — 6, for all x € X, m € [2, M] and any A € A(A), we have

Rn(A | 2) = RO 2)| < J Coverage.,, _, (Tm—1,\i F | @) (SAErT,p_y (fn, @) + 1
Proof [Proof of Lemma 11] Starting from the squared LHS of the desired inequality, we have:
~ 2 .
(Ra(A | 2) = RO 2)) = (Baon | fna,0) = £*(,0)])
. 2
(Ear [fnla,0) = £z, )] ) :
= - 5 . (SqErrm_l(fm, x) + em,l)
Earr 1) [Fn(@0) = £(2,0)] + o

<Coverage. _ (Tm-1,\;Fz|x)- (SqErrmfl(fm,x) + sm,1> (Definition of Coverage(-))

2
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By taking a square root on both sides of the above inequality, we get the desired inequality. W

Based on above lemmas, we are ready to prove a central result that control the regret and estimated
regret for every z in each epoch m € [2, M| with each other by a threshold G, (). Before we state
the lemma, we first define G, (x):

Gonla) = == 3 (290018086, 40 (Fi ) £ 992 (SaBrn, y(foa) +2ia) ). ®)
m g=2

Here we recall the convention that y; = 0 and ;doec,, ., = V:l (Fz, N).

Lemma 12 (Regret Concentration in All Epochs per Context) For any 6 € (0, 1), with proba-
bility at least 1 — 6, forallx € X, m € [2, M| and A € A, we have

Reg(\ | z) < 2Reg,, (A | 2) + G (x) )
Reg,, (A | 2) < 2Reg(\ | 2) + G () (10)

and consequently, the above two inequalities also hold for all \ € co(A).

Proof To avoid clutter, we use
« SqErr,, | < SqErr,, (fm,x)
* Covyy—1(+) < Coverage. _ (mm—1(-|z), s Fz)
e doec,—1 < doecy, e 1 (Fuy A)
* A = argmaxycp Reg,,, (A | 7)
* \* == argmax,, Reg(\ | z)

for notational simplicity in the following proof.
Denote by

Hp () == ymGm(z) = Z (2y5—1doecs—1 + 97Z(SqErr,_; +£5-1)) .
5=2

We will subsequently use the property that
Hy(x) — Hypo1 () > 29m—1doecy,—1 + 992, (SqErt,, 1 + €m_1) (11)

Base case: For m = 2, Lemma 11 implies that for any A € A,

Ra(A | 2) = R(A | )| < /Covi(A)(SqErr; +&1) < \/(SqErrl +¢e1) - y1doecy, ¢,

where the second inequality is because Lemma 10 guarantees that forall A € A, Coverage_, (m1(-|x), \; F |
x) < V;(fmA) = y1doecy, ¢ (Fz, A).
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Thus, Lemma 13 implies that

Reg(\ | ) — Regy(A | x)’ §2\/(SqErr1 +¢1) - yidoecy, o (Fz, A)

<’Y§(SQEH1 +¢e1) + mdoecy, ¢, (Fa, A)

B V2

< G2 (.’IJ),
where the second inequality is from AM-GM inequality, and the third inequality is by the definition
of G, (). This establishes Egs. (9) and (10) for m = 2.

Inductive step: Assume that Egs. (9) and (10) hold for epoch m — 1. We will show that the same
inequalities hold for epoch m.

Proof of Eq. (9): We will start by upper bounding Reg(\ | z) — ﬁe\gm(A | x):
Reg(A | 2) — Regy, (A | 2)
< ‘R()\* | 2) — Ron(A* | x)‘ + ’73()\ | 2) — Rom( | w)‘ (Lemma 13)

1
ST <\/Covm—1()\*)%2n(SqErrm_1 +em_1) + \/Covm_l(A)fy%nL(SqErrm_1 + gm_1)>

(Applying Lemma 11 and algebra)

1 1 1
<— <37§1(SqErrm1 +em_1) + gCovm,l()\*) + 6Covm1(>\)> (12)
m
where the last inequality is by AM-GM inequality.

Continuing Eq. (12), we now upper bound Cov,,_;(A\*) and Cov,,_1(\) by the good coverage
property of m,,,_1 as well as inductive hypothesis:

Ym—-15—
= doec,,—1

372, (SqErT,, 1 + €m—1) +

Ym—15—

(12) <— g
Regy 1 (A" [ 2) + ——Regy, 1 (A | 2)

Tm +

(Good Coverage property for 7,—1, Lemma 10)

Tm—-17——
doec,,—1

3772n(SqErrm,1 +Em-1) +

m— * m— m— Gm—
m —i-L?)lReg(/\ \x)—i-L:glReg()\\x)—i-—ry ! 3 1(2)

(Inductive hypothesis and algebra)
Ym—15—— Hml(x))

<3’Y72n(SqErrm—l +em_1) + doec,,_1 + 3

IN
)
3

1 1
+ gReg()\* | ) + gReg()\ | )
(7m > Ym—1, Hm—l(x) = ’Ym—le—l(x»

3Ym

:%Gm(x) + éReg(A | z) (Definition of H,,(x) = ¥ Gm(x))

<

+ éReg()\ | ) (Reg(A* | ) = 0 and Eq. (11))
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Solving the inequality for Reg(A | ), we get:

2 . 1 _ 1
“Reg(A | 2) < Regu(A | 2) + 3Gm(2) = Reg(A| 2) < SRog, (A | 2) + 5Gin(a),

thus establishing Eq. (9).
Proof of Eq. (10): We will start by upper bounding ﬁe\gm()\ | z) — Reg(A | x):

Ffetgm(klﬂf)— g(A | z)
‘R A | ) — Ron (o | ‘ ‘RMJ;) m()\|:p)‘ (Lemma 13)

(Applying Lemma 11 and algebra)

1 . 1
— <3~y72n(SqErrm_1 +em_1) + gCovm_l()\m) + 6Covm_1()\)> (13)
m
where the last inequality is by AM-GM inequality.

Continuing Eq. (13), we now upper bound Cov,,,_1(A.,) and Cov,,—1(\) by the good coverage
property of m,,,_1 as well as inductive hypothesis:

-]l
m doec,,,—1

’le

3y (SABrr,, 1 + Emo1) +
(13) <— 7m | —

Tm +

Regy 1 (A | 2) + Reg,,_1(A | 2)

(Good Coverage property for m,,—1, Lemma 10)

Ym—15——
"= doec,,—1

3’ym SqErr,, | +em—1) +

Ym—1 Gm— 1 (.’B)
3
(Inductive hypothesis and algebra)

( '7m 1
Tm—15——
(B'ym SqErr,, 1 + €m—1) + 3 doec,,_1

Reg(Am | 2) +

eg(\ | x) +

’Ym—le—l(l')
3

’leG() ’le

3 Reg(A | ) +

(Eq. (9) for epoch m)
Hm,1 (:L‘) )

TYm—1

doec,,_1 +

<3772n SqErr,, | +em-1) + 5

1
3 )+ 3Reg()\ | )

(Ym = Ym—1, Hm—l(x) = ’Ym_le_l(x>)
Hy, () 1
3vm + G () + gReg(A | 2) (Eq. (11))

2
:gGm(x) + gReg(/\ | z) (Definition of H,,(x) = ¥, Gy (2) and algebra)
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Solving the inequality for ﬁe\gm(w | ), we get:

Reg,,(A | z) < gReg(w | x) + gGm(.T),

thus establishing Eq. (10).
This completes the inductive step. And thus, Egs. (9) and (10) hold/fgr alm=2,..., M.
Finally, since Egs. (9) and (10) are concerned with Reg(\) and Reg,,, (), both of which are
linear in A, they must also hold for all A € co(A) as well. [ |

Lemma 13 For any m > 2 and any X\ in A(A),
Reg(A| 7) — Reg(A | ) < [RO | 2) = RN | 2)| + |R(A | ) = RunA [ @)]  (14)

Regy (A @) = Reg(A | 2) < [R(An | ) = Rn(Am | 2)] + |ROV | @) = Rin(A | @) 15)

Proof We first show Eq. (14):
Reg(A | z) — Regm (A 2)
= (RO | 2) = RO 2)) = (R | 2) = Ren(A | 2))
< (RO | @) — R()\ [2)) = (R | 2) = Rin(A | 7)) (Since Rpn(An | 2) = Ron(A* | 2)
‘ | z) — R (A l’)‘ + ‘R()\ | 2) = Ron(A | ZU)‘ (Regrouping)
Eq. (15) follows from a similar calculation, as we detail below:

Reg,,(\ | ) — Reg(\ | z)
Ron(n | 2) = Run(A | 2)) = (RO | 2) = R(A | 2)

A~

RonOon | ) — Ron(M | a:)) - (R(Xm | 2) = RO\ | x)) (Since ROV | ) > R | 7))

IN

/N N

IN

RO | ) = RonBom | @) + ROV @) = Rin(A | @) (Regrouping)
[ |

We have obtained concentration between the true regret and the estimated regret in a per context
manner. Next, we are ready to present an important intermediate result (Lemma 14) that controls
the true regret at each time step by the exploration difficulty (the relaxed DOEC) and the regression
estimation loss SqErr in each epoch m for each context x.

Lemma 14 (A-Regret Bound per Context for OE2D in Each Epoch) For any 6 € (0,1), with
probability at least 1 — 0, for all x € X, m € [2,T), we have that

Reg(mp, | ) < 1 <Z 3ysdoecy, . (Fu A) + 2975 (SqErr (fs ) + 551)> . (16)

m s=2
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Proof [Proof of Lemma 14] Starting from Lemma 12, we have

Reg(mm | 2) < 2Reg,, (m | 2) + Gm () (Applying Equation (9) in Lemma 12)
< 2doec,,, ¢, (Fz, A) + Gy (2) (Applying LR of 7, (Equation (LR,)))
The lemma follows from the definition of G, (z). [ |

The upper bound on the per-context regret in Equation (16) is a weighted sum among all epochs s <
m. Each epoch s contributes to the upper bound in two ways: the first term doec., ., (F,, A) captures

the exploration difficulty for context z in epoch s; and the second term ~?2 <SqErrs,1 ( fs, x)+e 5_1>

quantifies the squared loss of the regression function fs with respect to the actions taken by the policy
in epoch s — 1, weighted by the exploration parameter v, squared.

B.5. Concluding the Regret Analysis

We are ready to prove the main theorem for OE2D.

Lemma 15 Forany 6 € (0,1), A C A(A), with probability at least 1 — 6, given accessibility to
any offline regression oracle, the A-Regret of Algorithm 1 for every context x is bounded as

T
Z Reg(mm@) | ©)
t=1

M
Z vsdoecy, o, (Faz, A)

<O|n+M- max Tm | o=t )
me{2,...M} Ym M ) .
+ Z’ys (SqErrS_l(fs, x)+ 55_1)
s=2

where we recall that SqErr (f, ) == Eyor, () [(f(z,a) — f*(z,a))?] is square loss of f under
the policy used in epoch s.
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Proof [Proof of Lemma 15] In Lemma 14, we have shown that for any context z € X, the regret of
the in-epoch policy 7, is bounded. We then bound the total regret across all time steps as follows:

Z vsdoec, . (Fu, A)

9
<7_1+Z Tm s=1

Ym M

+ Z 2 (SqErrsfl(fs, x) + 5571)
s=2
(Applying Lemma 14 and relaxing s < mto s < M)
M [
Z ’stoec%ﬁs (./T"x, A)
Tm | s=1

M
+ Z’yg (SqErrsfl(fs, x)+ 53_1)
s=2
(Relaxing 7,,, /v, to the maximum)

If the offline regression oracle provides a guarantee on the estimation error on average over
all contexts x ~ Dx, we can use Lemma 15 to derive an average regret bound over the context
distribution Dx. We restate the theorem here for clarity.

Theorem 4 Suppose 7, > 27,,—1 for all m. Let 6,, = m Forany 6 € (0,1), A C A(A),
with probability at least 1 — 0, the A-Regret of OE2D is bounded as: E [Regret, (T, OE2D)] <

»E |d A Fu, A
_ - 523\)4(]7 [doecy, .. ( )]
O|ln+ max —- 5 ,
me{2,...M} Tm + max v, (Regogr(F,Th-1/2,0pn) + n-1)
ne{2,...,M}

where we use the convention that v, = 0 and yidoecy, ¢ (Fz, A) is lim, o ydoec, ¢, (Fz, A) =
V; (Fz, A), the value of the relaxed F-design problem solved in the first epoch.

Proof [Proof of Theorem 4] Since in Lemma 15, we have a per-context total regret bound, we can
directly use it here to prove this theorem by taking expectation over x ~ Dx, and applying the
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regression guarantee. Therefore, we have

T
ZEthDX [Reg(Tp ey | 24)]
t=1

M
Z’YsEx~Dx [doec,, ., (Fu, A)]
< 6 Im s=1
- n megﬁﬁM} Ym M .
+ Z ’72 (EQCNDX |:SqE1"I‘S_1<fs7.7J)] + 55—1)
m=2
M —
ZVSIEQUNDX [doecy, ¢, (Fz, A)]
SOV 71+ max Tm | st
me{2,....M} Ym M 9
+ Z Vs (Regoff(]:a 7-871/2a 5) + 6871)
s=2
SEQIN d .Fx, A
N - [ maxvEay oecy, e, (Fu, A)]
<O|mn+ max — - 9
me{2,...M} Ym + max v: (Regog(F,7s-1/2,0) + €5-1)

se{2,...,.M}
In the first inequality, we apply Lemma 15 and take expectation over x ~ Dx; in the second inequality,
we apply the regression guarantee that E,.p, [SqErrs(fs, a:)] < Regog (F, Ts—1 — Ts—2,05) <

Regosr (F, Ts—1/2, d5) because event F happens and Reg,g is monotonically decreasing in the sample
size; in the last inequality, we relax Zé\il to M - max,¢(ys and Zi\iz to M -maxseqs - W

B.6. Regret Guarantees under Two Epoch Schedules

In this subsection, we instantiate Theorem 4 under two concrete epoch schedules: a doubling schedule
and a small epoch schedule, which in particular verify the claimed regret bounds of OE2D in the three
running examples. We first present Assumption 1, which is satisfied by all three running examples
with D = A, d and 1/h respectively, as well as when the Eluder dimension of F, is polylogarithmic
in scaling factor ¢ for all z (Proposition 34, under the trivial relaxation Coverage = Coverage,); and
the offline oracle implements ERM with a finite class F (e.g., Agarwal et al., 2012).

Assumption 1 The following hold:
e There exists aconstant D > 0, such that for any contextx € X, we have max,¢cx doecy . (Fz, N)
%polylog (é) .

* The offline regression oracle ensures that Regog(F,T,0) < %'

B.6.1. REGRET BouND wiTH DOUBLING SCHEDULE

Definition 16 (Doubling Schedule) A schedule of T, Ym,€m, m = 1,..., M is called a doubling
schedule, s.t.

D 1

M =10g(T), 7 = 2,71 = 0, = = .
Og( )7Tm » V1 » Ym \/Regoff<]:,7_m—1/2,(5>’€m T
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Corollary 17  If Assumption 1 holds, by using the doubling schedule (Defined in Theorem 16),
OE2D achieves a regret of O(+/DT log | F|).

Proof For every m € [M], by the assumption we have

e T — e Tm\/Regoﬂ(}", Tm-1/2,0) _ ([T 1og(|F]/9)
me[M] Ym me[M] D D
Then according to Theorem 4, we have
T
ZECL%’VDX [Reg(ﬂ'm(t) ’ xt)]
t=1
_ . max_ YmEqpy [doec,,, . (Fz, A)]
<O [ max -2 . | melM] (Applying Theorem 4)
" m + Y (Regot (F, Tin—1/2,6) + 1)
~ 1
<0 < : < max Dpolylog(—) + D>>
€[M] €m
(By the assumption on doec and the choice of ;)
~ T1
<0 ( 8 !f\/ ) Dpolylog(T)> (By Algebra)

o) <\/TD log (| 7| /5))

B.6.2. ReEGRET BounD wiTH SMALL EPOCH SCHEDULE

Suppose that the total time horizon 7' is known in advance, we can further reduce the number of
epochs to O(loglog(T")), for a discrete action space setting, by using the following small epoch
schedule.

Definition 18 (Small Epoch Schedule) A schedule of 1, , Y, Em, m = 1,..., M is called a small
epoch schedule, s.t.

D 1
gt = 7] el
oglog(T), mn ¥ Regot (F, Tm—1 — Tm—2,9) : T

Corollary 19 If Assumption 1 holds, by using the small epoch schedule (defined in Theorem 18),
OE2D achieves a regret of O (/DT log | F|).

Proof For every m € [M], by assumption we have

Tm \/Tznlogaﬂ/a) _ [Tog(F1/9)

max — — max
me[M] Ym  me[M] \| D(Tm—1 — Tm—2) — D
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Then according to Theorem 4, we have

T
ZEQJtNDX [Reg(ﬂ-m(t) ‘ xt)]
t=1
_ max YmEgzwp, |doecy, o (Fz, A)
<O [ max ™. mem) x [docermen (P )
™ m + ’731 (Regoff(fa Tm—1 — Tm—2, 5) + Emfl)
(Applying Theorem 4)
<0 <max — - < max Dpolylog( ) + D)>
o Ym €[M]
(By the assumption on doec and the choice of v,,)
T log(|F
<0 ( ‘ 1/9) Dpolylog(T)> (By the maximum of 7,,, /¥,,)

0 (m)

Appendix C. Proofs from Section 3 Part 2: Relaxations Justification and Regret
Guarantees

C.1. Computational Necessity of Relaxation

We show the following lemma on the computational hardness of calculating coverage, which is
inspired by a computational hardness result of bandit learning (Brukhim et al., 2025).

Proposition 20 (Evaluating the original coverage is NP-hard) There is a polynomial-time map-
ping from 3-CNF formulas ¢ (with m clauses over n variables) to instances (Ag, Gy, D, €) with a
designated action ag € Ay, where Ay has only two actions, p is a distribution over A¢>, e >0, and
Gy C [0, 1]“44’ is a finite, succinctly represented reward class—each g € G is specified by an index
from which g(a) is computable in poly(n, m) time for every action a. The mapping guarantees

1 ,
==, ¢ Satléﬁablev
Coverages(p, 5a0; Q¢) { 61

= 17, ¢ unsatisfiable.

Consequently, unless P = NP, no polynomial-time algorithm evaluates the original coverage
Coverage. (-, -; G) for general succinctly represented classes G.

Proof Given ¢ over variables z1, . .., x,, use just two actions Ay = {ag, a1 } and set
Gy = {0} U{gy: 2 €{0,1}"}, where gg(ao) =1, gz(a1) = 1 [x does not satisfy ¢] .

Each g, takes values in {0, 1} C [0, 1], and given the index z both entries are computable in time
poly(n, m) (testing whether x satisfies ¢); the class is finite. Put p(ap) = 0 and p(a;) = 1, and fix
any € > 0.
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Consider a difference h = g — ¢’ with g, ¢’ € G,. Since g, (ap) = 1 for every « while 0(ag) = 0,
we have h(ag) # 0 if and only if exactly one of g, ¢’ is 0; then h = =g, for some z, so h(ag)? = 1
and

> p(a) h(a)® = p(a1) h(a1)? = 1 [z does not satisfy ¢] .

acAy

(If h(ap) = 0 the numerator h(ag)? vanishes and the pair does not contribute to the supremum.)
Therefore

C age.(p,0ap; Gg) = sup i 0)2 - 1
over ; S '
8€:\P; 9ag; Yo ze{0,1}" € T 1 [x does not satisfy ¢] € + min, 1 [z does not satisfy ¢

Finally, min, 1 [z does not satisfy ¢] = 0 iff some x satisfies ¢, i.e. iff ¢ is satisfiable, in which case
the coverage equals %; otherwise the minimum is 1 and the coverage equals EJ%l A polynomial-time
evaluator of the coverage would thus decide 3-SAT, giving P = NP. |

In particular, the unrelaxed exploitative F-design (Eq. (3) with Coverage = Coverage,) cannot
be run in polynomial time on all classes unless P = NP, in contrast to the relaxed F-design, whose
closed-form coverage makes it a polynomial-time convex program (Lemma 23).

C.2. Validity of the Relaxed Coverages

We first record an elementary linear-algebra inequality, used in the generalized linear case of the
validity argument below.

Lemma 21 (Trace bound for a quadratic form) Forany A = 0, C > 0, and vector u,
u'Cu<tr(A7!C) -u' Au.

Proof Write M := A~1/2CA~1/2 = 0. Then u' Cu = (A" ?u) " M(AY?u) < ||M]||opu" Au, and
[[M|lop = Amax(M) < tr(M) = tr (A~'C), where the inequality holds because M > 0 (its largest
eigenvalue is at most the sum of all eigenvalues) and the last equality is the cyclic property of the
trace. |

Recall from Section 3 that OE2D computes its action sampling distribution by solving the relaxed
exploitative F-design (Eq. (3)), in which the original coverage Coverage, (Eq. (2)) is replaced by a
relaxed coverage Coverage. The only property of Coverage that our regret analysis hinges on is that
it is a pointwise upper bound of Coverage,: any good coverage guarantee with respect to Coverage
then implies the same guarantee with Coverage,. In this subsection, we verify this property for the
relaxed coverages defined in our running examples (Lemma 22). Notably, none of these relaxations
depends on the “cushion parameter” €: each of them upper bounds Coverage, for every € > 0, and
we accordingly write them without the subscript €.

Throughout this subsection, we fix a context x and abbreviate G = F, and ¢(a) = ¢(x,a);
in the (generalized) linear settings, we write O, := {6(x) : § € ©} for the per-context parameter
set. Since the relaxed coverages below may have zero denominators, we adopt the conventions
0

g := 0and § = +oo for ¢ > 0; in the (generalized) linear settings, 3 ! denotes the Moore—Penrose

pseudo-inverse when X, is singular, and tr (3,12 ) := +oo when range(X,) € range(%,) .
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Lemma 22 (Relaxed coverages upper bound the original coverage) Let p be a nonnegative mea-
sure over A, A € A, and € > 0. Then Coverage_(p, \; G) < Coverage,(p, \; G) holds in each of the
Jfollowing settings:

1. (Discrete action space) | A| < oo, G C [0, 1], A = {5, : a € A}, and Coverage_.(p, \;G) =
Aa)
2 aeA pla):
2. (Per-context generalized linear reward) G = {a — o(¢(a)'0) : 0 € ©,}, A = {6, :a € A},
with link function o satisfying 0 < L < o’ < L, and Coverage_(p, \;G) = K% tr (Z;lZA)
with k := L /L.

3. (h-smoothed regret) G C |0, 1]“4, A E AZ (A), p admits a density with respect to u, and

Coverage.(p, \;G) = +Eqay Dgzg], where \(a) and p(a) denote the densities of A and p

with respect to L.

Proof Fix ¢, ¢’ € G and let h := g — ¢’ denote the function difference. By the definition of Coverage,
(Eq. (2)) and since £ > 0, it suffices to show (E,x[1(a)])* < Coverage, (p, \; G) - Eqp[h(a)?] in
each setting. We may assume Coverage,(p, \; G) < 00, as the claim is trivial otherwise.

Setting 1. Finiteness of coverage implies p(a) > 0 whenever A(a) > 0. By the Cauchy—Schwarz
inequality (with sums restricted to the support of \),

acA acA acA acA acA

where the last inequality uses A\(a)? < A(a).

Setting 2. By the mean value theorem, h(a) = o/(&,) ¢(a) " u for some &,, where u := 0 — ¢/,
since L < ¢’ < L, Jensen’s inequality gives

(Basl2(@)))® < Eaex [2(0)?] ST 0 Sau,  Eanp [A(0)?] > L2u Spu.

Then by applying Theorem 21 with C' = ¥ and A = X, we have ul Syu < tr (E;IEA) uTEpu.
Combining the three inequalities gives (Eq[h(a)])? < x2tr (E; '2)) Eqnp [R(a)?]. The per-
context linear reward is the special case 0 = id (x = 1).

Setting 3. Below, h(a) denotes the function difference and h the smoothing parameter. Finiteness
implies p(a) > 0 for p-almost every a with A\(a) > 0. By the Cauchy—Schwarz inequality with
respect to (i,

a)? a
(Earss D) < B | X By [o0) (6] < 3B [ ] - By o007
where the last inequality uses A(a) < + (as A € Al (A)). [ |
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C.3. Relaxed DOEC Bounds for the Running Examples

Having verified that the relaxed coverages are valid (Lemma 22), we now bound the induced relaxed
DOEC in each running example, and in doing so justify that OE2D can implement its per-step
exploitative F-design (line 9, Eq. (3)) by solving a convex program. The key structural fact is that
each relaxed coverage is the directional derivative of a concave barrier, which both turns Eq. (3) into
a barrier-regularized reward maximization and produces the certified bound V' of Table 2 through a
first-order optimality argument.

Lemma 23 (Relaxed DOEC bounds for the running examples) Fix a context x, abbreviate G =
Furandlet g € G, v > 0, and e > 0. In each of the three running examples of Lemma 22, the relaxed
exploitative F-design (Eq. (3)) is solved by the same p* as the concave maximization

> acalogp(a), discrete,

p* e argrr(liic {EaNp [G(a)] + %B(p)} , B(p) = < k?logdet ¥,, generalized linear,
€co
. +Eay [logp(a)],  h-smoothed,

where B is the concave barrier whose directional derivative recovers the relaxed coverage,
Coverage(p, \;G) = (VB(p), A).
-— . = .= 2 ) . . .
Furthermore, doec, .(G,G,A) =V, with V = I'TI’ "7‘1, ,%h in the discrete, generalized linear,
and h-smoothed settings, respectively.

Proof Write ®(p, \) := E,» [§(a)] — Eq~p [G(a)] + %Coverage6 (p, A; G), so that, by Definition 2,
doecy (9, G, A) = min,eeo(n) maxyen S(p, A). It therefore suffices to find one p* € co(A) with
O(p*,\) < Vforall A € A.

A unified barrier. In each setting the relaxed coverage is the directional derivative of a concave
barrier B, in the sense that

Coverage(p, A\;G) = (VB(p), \), and (VB(p),p) = vV is constant in p,

where (-, -) is the Euclidean inner product over A (discrete, generalized linear) or the L? (1) inner
product (h-smoothed). The convex program in Table 2 is exactly maxycp G(p) with G(p) :=
Eavp [3(a)] + 1 B(p).

Certification by first-order optimality. Optimality of p* for the concave program over the
convex set A is the variational inequality (VG(p*),\ —p*) < 0 for all A € A. Substituting
VG(p*) =g+ %VB(p*) and rearranging,

1 1 —
D(p*,A) = (3 A —p") + 5 (VB(p*), A) < 5 (VB(p*),p*) =V  forallX €A,

using Coverage,(p*, \;G) = (VB(p*), ) in the first equality and the constant diagonal value
in the last. Maximizing over A € A proves the displayed certification, and doec, .(§,G,A) =
min, maxy ®(p, \) < maxy ®(p*,\) < V.

Furthermore, for all p, note that ®(p, A) is linear in A, therefore,

max & (p, A) Agg}(ﬁ)q)(p,k)_‘I>(p,p) (VB(p),p) =V
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This implies that doec,, -(§,G,A) > V.
In summary,

doec, (9,G,A) = V.

Instantiating the barrier. The three settings differ only in B and the constant (VB(p), p):

« Discrete (A = A(A)): B(p) = =, logp(a), so (VB(p), \) = 3, 29 and (VB(p), p) =

a p(a)
pla) _ 4
a p(a) Al

* Generalized linear (A = A(A)): B(p) = r*logdet ¥, so (VB(p), A) = % tr (X,'5))

)
(using 575 logdet T, = ¢(a) TS, ¢(a)) and (VB(p), p) = #* tr (£,15,) = £%d.

<VB(p),p> = %EGN,U, [f,(ia)} = %

This gives V = ‘7‘, @, % i.e. the stated bounds. [ |

Based on the above lemma, we can derive the closed-form solutions of the relaxed exploitative
F-design in the discrete and h-smoothed settings, which are the (capped) inverse gap weighting
distributions (Abe and Long, 1999; Foster and Rakhlin, 2020). Especially in the h-smoothed setting,
the closed-form solution is a novel variant of inverse gap weighting that incorporates the smoothing
parameter h into the weights and caps.

Corollary 24 (Closed-form F-design via inverse gap weighting) [In the discrete and h-smoothed
settings of Lemma 23, the certifying distribution p* admits a closed form. Writing A, =
maxgeq g(a’) — g(a) for the estimated suboptimality gap of action a,

1
v+ A,

1 1
(discrete), p*(a) = min { } (h-smoothed),

pla) = h’ v+ ~vyhA,

where in each case the multiplier v is chosen so that p* is normalized.

Proof [Proof sketch] By Lemma 23, p* maximizes the concave objective G(p) = Eq~p [g(a)]+ %B (p)

over A, with barrier B(p) = 3, log p(a) in the discrete setting and B(p) = 3Eq~,, [log p(a)] in the

h-smoothed setting. In the discrete setting, stationarity of GG on the simplex gives a multiplier v for
the constraint ) p(a) = 1 with g(a) + ﬂ/p%w) = v, equivalently p*(a) = - +i ~ after absorbing

max, §(a') into v. In the h-smoothed setting the additional box constraint p(a) < 3 of Ak(A)

enters the KKT conditions and caps the solution at p*(a) = min {%, m }; in both cases v is set

by normalization. The generalized linear program has no closed form but is concave and efficiently
solvable. u
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Discrete Relaxed coverage Coverage_ (P, \;G) = D e 28;
Equivalent convex program maxpea(a) Ea~p [G(a)] + % > acalogp(a)
Solution p*(a) = s vissuchthat 35, p*(a) = 1
Certified DOEC bound V/ 14l

Linear Relaxed coverage Coverage,(p, A; G) = tr (3, 'Ex)

Equivalent convex program
Solution

Certified DOEC bound V

maxpecA(A) Ea,\,p [@(a)] + % log det (Ep)

no closed form (solution of the convex program above)

d
5

Generalized linear

Relaxed coverage
Equivalent convex program
Solution

Certified DOEC bound V

Coverage_(p, \; G) = k* tr (EQIZA)
N w2
maxyea(a) Ba~p [§(a)] + 5 log det ()

no closed form (solution of the convex program above)
£%d
Y

h-smoothed

Relaxed coverage

Coverage_(p, X; G) = +Ea~p [%}

Equivalent convex program max,eak(4) Bavp [p(a)g(a)] + #EGNH [log p(a)]

Solution p*(a) = min {%7 ﬁ} v is such that Eq.,, [p*(a)] = 1

Certified DOEC bound V'

1
~vh

Table 2: Relaxed coverages for the running examples and the induced relaxed exploitative F-design
subproblems; none of them depends on the cushion parameter €. Here, g is the reward
estimate, A, := maxyec4g(a’) — g(a) is the estimated suboptimality gap of action a,
Ep = Y aeap(@)p(a)p(a)T, and v ensures that the solution distributions are properly
normalized. In the h-smoothed setting, p(a) and A(a) denote densities with respect to the
base measure p. The settings and constants L, L, x are as in Lemma 22.

Appendix D. Proofs from Section 3 Part 3: Extensions

In this section, we discuss several extensions of our main regret analysis when using ERM as the
offline regression oracle in Algorithm 1. We will demonstrate how to instantiate our regret bound to
handle model misspecification, corruption-robustness, and context-distribution shift settings. The
key idea is to modify the offline regression oracle guarantees used in our per-context regret analysis to
accommodate these different settings. Specifically, in the finite function class with realizable setting,
the expected squared error E,p, [SqErr,, ( fm, x)] is bounded by < % using standard
concentration inequalities. However, when the realizability assumption does not hold, for example,
in the model misspecification setting, the ERM will not give us a logarithmic squared error bound
since the true model f* may not be in the function class F. Thankfully, we use a lemma from Zhu
and Nowak (2022, Lemma 3) to bound the expected squared error by empirical excess square error
plus an additional logarithmic term O (log(|F|) log(7T'/6)).
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D.1. Model Misspecification

In practice, our function class F may not perfectly capture the true reward function. To quantify
the impact of such model misspecification on our regret analysis, we adopt the universal (uniform)
misspecification level (Lattimore et al., 2020) , which measures the worst-case deviation between the
best in-class approximation and the true reward function over all context-action pairs:

Assumption 2 (Universal misspecification level) There exist a function f € F and a constant
B > 0 such that

sup f(xva)_f*(xva) S\/E’

zEX,acA

i.e. the universal misspecification level inf fc 7 Sup,cx qe 4 | f (2, a) — f*(x,a)| is at most V' B.

Assumption 2 states that some in-class function f € F uniformly approximates f* to within /B
over all contexts and actions. Based on this assumption, we extend our main regret analysis to account
for the misspecification error. The only place realizability enters our analysis is the per-context OPE
bound (Theorem 11), whose proof pairs fm with the out-of-class f* inside the coverage supremunm.
The following misspecified version restores it by pairing fm with the in-class surrogate f and paying
the universal level v/B.

Lemma 25 (Per-context OPE under misspecification) Under Assumption 2, on the same probability-
(1 — 0) event as Theorem 11, for all x € X, m € [2, M], and A € A(A),

Ron(\ | ) = RO | m)‘ < \/ Coverage,  (m_1, A Fx | ) (2SqErrm_1( ) + 2B + gm_l) +VB.

Proof Let f € F be the surrogate of Assumption 2 and write R F(A [ @) == Eqx [ f(x, )} Since

fms f € Fop, the pair ( Fns f f) is admissible in the supremum defining Coverage, so repeating the
proof of Theorem 11 with fin place of f* gives

(ﬁm(A |2) ~ R x)’ < \/ Coverage.,,_, (-1, % Fs | @) (Bar s [(fn = 12| +2mo1).

By (a + b)? < 2a? + 2b% and supgw(f— *)? < B,

Eanrns | (= D] £ 2Banmny [(fn = 242 Banmy [(F = 1)) < 25GB1,, 3 (fons 0) +2B.
Finally, the bias from replacing f by f* is controlled by the universal level: ‘R FA[2) —RA[z)| =

Ea~x [f— f*}
R = R| < |Ro

< \/ a~A [( =712 } < V/B. The claim follows by the triangle inequality

-f-"Rf—R‘. [ ]

Using Lemma 25 in place of Lemma 11, the per-context regret bound (Theorem 15) goes through
verbatim with SqErr,, 1 (fym, z) replaced by 2SqErr,, 1 (fm, ) + 2B and an additional additive
/B per step; both only inflate constants and the B-dependent term, which is absorbed into the bound
below.
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Corollary 26 (Regret Bound under Misspecification) [fAssumptions I and 2 holds, with probabil-

ity at least 1 — 9, under the doubling schedule (Theorem 16) but changing ~y, = \/ Bog(] f@ =t
the total regret of Algorithm 1 satisfies

T
> Eurpy [Reg(mm | )] = O (v/TD (10g(1F1/3)) + TVBD)

t=1

The above corollary is directly derived from our per-context regret bound in Lemma 15 by
incorporating the misspecification error term, which handles the estimation error term SqErr in
a similar manner as in the realizable case but has an additional error term B to account for the
misspecification error.

Proof [Proof of Corollary 26] Denote fm as the best ERM predictor returned by the offline regression
oracle trained on the dataset collected up in epoch m — 1, and let f € F be the universal surrogate of

f@.q) - *(z.0)| < VB.

Assumption 2, i.e. sup,, ,

Tm—1
Z EoinDxammm1 [SqErrm—l(fm’ l‘t)}
t=Tm—2+1
Tm—1 . 2
<2 3 (Ful@na) = re) = (F (@i ar) = 1) + og(IFIT/9)
t=Tm—2+1
(By the second inequality of Zhu and Nowak (2022, Lemma 3))
Tm—1 _ 2 R
<2 Z (f(a?t, ay) — rt> — ([ (zy,a¢) — rt)Q +1og(|F|T/d) (fm is the ERM predictor)
t=Tm—_2+1
Tm—1
~ . 2
<3 Z Ezi~Dxai~mm-1 [(f(ﬁft, ar) — f* (e, at)) ] + 2log(|F[T'/9)
t=Tm_2+1
(By the first inequality of Zhu and Nowak (2022, Lemma 3))
< 3(Tm—1 — Tm—2)B + 2log(|F|T/6) (By the Assumption 2)

Then, we plug this bound into the per-context regret bound in Lemma 15 to get the total regret
bound as follows:

T M
~ Tm A
Z Ez,~oDy [Reg(wm(t)|zt)] <O (mqgux 7— <D + Z ’ySZEINDX [SqErrs_l(fs, ac)} ))
t=1 m 5=2
(From Lemma 15)
~ 1
<0 (;M <Dpolylog(€) + D>> (Ym and Ty, /i, is non-decreasing in m)
M

<0 <\/TD (log(JF[ /9)) + NBD) (ra/vm = O(T/B/D + \/T(log(|FIT/5))/ D))
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D.2. Corruption-Robustness

In practice, the observed rewards may be corrupted by an adversary, which can significantly affect
the performance of contextual bandit algorithms. We extend our per-context regret analysis to the
corruption-robust setting, where the observed rewards may be corrupted by an adversary. Specifically,
we consider a general corruption model:

Assumption 3 (Corruption Model) The generative process of (xy, ar,r¢)’s are: first, the adversary
specifies rounds for corruptions C C [T, where |C| < C. Then for the sequence (i, (R¢(a))aca) ~
D, whent € C, the (1, (R¢(a))aen) can be arbitrarily chosen by the adversary; otherwise, it must
equal (%4, (R¢(a))aca). Then the learner chooses a; and observes ry = Ry(ay).

Under the Assumption 3, we extend our per-context regret analysis to account for the adversarial
corruption in the observed rewards.

Corollary 27 (Regret Bound under Corruption) If Assumptions I and 3 hold, then with proba-

bility at least 1 — 6, under the doubling schedule (Theorem 16) but changing v, = 1/ %,
the total regret of Algorithm 1 satisfies

T
> Eeiny [Reg(mm | 20)] = O (VTD (C +log(17))))

t=1

Proof [Proof of Corollary 27] We follow the proof of Lemma 15 but modify the application of
the offline regression oracle guarantee to account for the corrupted feedback. Denote fm as the
best ERM predictor returned by the offline regression oracle at the beginning of epoch m over the
corrupted data. Denote f,, as the best ERM predictor returned over the uncorrupted data. Denote the

dataset collected up in epoch m — 1 as S;,—1 = {(z¢, as, rt)}Z:T_:L_Q 1> and the uncorrupted subset

as S,y 1 = {(Z4, ay, ft)}g;iﬂ 41~ For every tuple (¢, as,7¢) € Sp,—1, there exists a corresponding
uncorrupted tuple (Z¢, at, 7¢). For every function f € F, we have

Tm—1 Tm—1
Z (f (@, a) —71)? < Z (f(Fr,a0) — 71)* + C.
t=Tm—2+1 t=Tm—2+1

Then, we bound the expected squared error under the corrupted data distribution as follows:
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Tm—1

Z Eﬂ?thx,atNﬂ'm [SqEITm,1 (me xt)]
t=Tm—2+1
Tm—1 . 2
<2 Z <fm($taat) - Tt) — (f*(xe,ar) — 1)? + 1og(|F|T/5)
t=Tm—2+1
(By the second inequality of Zhu and Nowak (2022, Lemma 3))
Tm—1 " 2 R
<2 ( Flae,ar) — rt> — (f* (@, ar) — 1) + 1og(|FIT/S) (fm is the ERM predictor)
t=Tm_2+1
Tm—1 " 2
<2 3 (f@na) —7) — (F (@ ar) - 7)” + 4C + log(|FIT/)
t=Tm—_2+1

(By corruption definition)

= 4C +1og(|F|T/8) (fm is the ERM predictor over uncorrupted data in the realizable setting)

Then, we plug this bound into the per-context regret bound in Lemma 15 to get the total regret bound
as follows:

T M
Z EZtNDX [Reg(ﬂ-m(tﬂxt)] < 5 (max Im <D + Z 'YEEINDX [SqErrsfl(fsa IL‘):| ))

t=1 o m =2
(From Lemma 15)

IN

~ 1
1) <TM ( Dpolylog(=) 4 Tpm_1 D>> (Ym and Ty, /¥, is non-decreasing in m)
™ €

<0 (VTD(C +10g(17)))) (/1 = O(V/T(C +log(1FIT/5))/D))

D.3. Context-Distribution Shift

Another practical challenge in contextual bandit problems is the potential shift in the context
distribution over time. Specifically, we made the following assumption:

Assumption 4 (Context-Distribution Shift) Let context xy be drawn from context distributions Dy
at each time step t. There exists a constant A > 1 and a context distribution D*, such that for all
te[Tlandx € X,

ATID*(z) < Dy(z) < AD*(z).
Under Assumption 4, we extend our per-context regret analysis to accommodate the changing

context distributions. The key idea is to adjust the regression guarantees to account for the distribution
shift, ensuring that our algorithm remains robust to these changes. We give the following corollary:
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Corollary 28 (Regret Bound under Context Distribution Shift) Under Assumptions 1 and 4,
with probability at least 1 — O, under the doubling schedule (Theorem 16) but changing ~,, =

Tm—1AD . .
vV W, the total regret of Algorithm 1 satisfies

T
-5 FIT
ZEItNDt [Reg(ﬂ'm(t) ‘ xtﬂ =0 <\/A3TD log <5>)

t=1

Proof [Proof of Corollary 28] We follow the proof of Lemma 15 but modify the application of the
offline regression oracle guarantee to account for the context-distribution shift. For each epoch m,
denote fm as the ERM predictor returned by the offline regression oracle trained on the dataset
collected in epoch m — 1 over the context distribution D*. Denote fm as the best ERM predictor
trained on the dataset collected in epoch m — 1 but under the original context distribution D;. Then,
by the context-distribution shift definition, we have

Tm—1 Tm—1
Z Ban s [SAEIT g (frms )] < A Z BanDisaimmn [SAEIT 1 (fims %)
t=Tm—_2+1 t=Tm—_2+1
<Alog(|F|T/9) (By the offline regression oracle guarantee in the realizable setting)
Therefore:

T M
Z By~ [Reg(ﬂ-m(t)'ﬁl?t)] < 9 <max o <D + Z VEEJJND* [SqErrs—l(fSa x)} ))

o m 5=2

(From Lemma 15)

~ [ TmuD
<0 (M + v YMEzD+
TM

M A~
Z SqErrs—l(fsa l’)] )
s=2

(Ym and Ty, /i, is non-decreasing in m)

IN

- D T
O <TM + A~ log ('I‘ >)
Y™ o

< 5( ATD <@T))

Then, following the above derivation, we have

T T » ’f’ T
ZExt’\‘Dt [Reg(ﬂ-m(t)lxt)] < AZEthD* [Reg(ﬂ-m(tﬂxt)] <O (\/A?’TD <(5>>

t=1 t=1

D.4. Context-dependent Benchmark Distribution Space

For some applications, each context = may be associated with its own benchmark space of distributions.
For example, in LLM alignment applications (Ouyang et al., 2022), we have a base policy mp,se and it
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is suitable to define A = {)\ : ﬁ?m < %} Our per-context regret analysis can be easily adapted
to handle this context-dependent benchmark space setting. The idea is to modify our per-context
regret result to account for the context-dependent benchmark space. We only need to replace the

per-context lemma 15 with the following lemma:

Lemma 29 Forany ) € (0,1), A C A(A), with probability at least 1 — 0, given accessibility to any
offline regression oracle, the A-Regret of Algorithm 1 for every context x is bounded as

T
ZReg(Wm(t) ’ l’)
t=1

M M
<0 (7'1 + max ™. (Z vsdoecy, o, (Faz, Az) + nyf (SqErrS_l(fs, x) + 55_1>>> ,

me{2,....M} Ym =1 —

The proof will be identical to that of Lemma 15, with the only difference being that we replace the
use of the fixed benchmark space A with the context-dependent benchmark space A, throughout the
proof. Therefore, following similar steps as in Appendix B, we derive the total regret bound under
the context-dependent benchmark space setting of OE2D:

E [Regret(T, OE2D)]

max_vp,E[doecy,, .. (Faz, Az)]
~ Tm me[M]
<O|m+ max —- 5
me{2,...M} Ym + max v, (Regog(F, Tm—1/2,0m) + €m—1)
me{2,..,.M}

Appendix E. Proofs from Section 4

In this section, we prove Theorem 7: for any relaxed coverage satisfying Assumption 5 with step-size
threshold A, Algorithm 2 terminates within | 1/A | iterations, and its output distribution p* certifies
Eq. (17):

doec,(3,G,A) < —SEC.(G,A) (17)

10
Y

This section is organized as follows. We first state the assumption that an admissible relaxed
coverage should satisfy, then prove Theorem 7 via a potential-function argument, relying on two
properties of the potential: a constant per-iteration decrease, proved in Appendix E.1.1 using the
dilution-stability of Assumption 5, and a uniform lower bound, proved in Appendix E.1.2 via the
weighted sequential extrapolation bound Eq. (23), which follows from Lemma 31. Appendices E.2.1
and E.2.2 bound the SEC. in the finite Eluder dimension with trivial relaxation (Proposition 34) and
under the three running examples (Lemma 36); Appendix E.3 verifies the admissible assumption for
the trivial relaxation (Lemma 37) and for the relaxed coverages with cushion parameter € of the running
examples (Lemma 38); Appendix E.4 shows that a more aggressive step size yields faster termination
when A = {J, : a € A} (Proposition 40); and Appendix E.6 proves Proposition 8, showing that the
DOEC can be far smaller than the SEC. Throughout, we write DG := {g — ¢’ : 9,9’ € G}.
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E.0.1. ADMISSIBLE RELAXED COVERAGE

We state the admissibility assumption required of the relaxed coverage Coverage,, distilled from the
convergence analysis of Algorithm 2 below.

Assumption 5 (Admissible relaxed coverage) The relaxed coverage Coverage, (extended to take
an unnormalized nonnegative measure as its first argument) satisfies the following four properties for
every \ € Aande > 0:

(i) (Monotonicity) Coverage.(p, \; G) is non-increasing in ¢, and if p = q, Coverage.(p, \; G) <
Coverage.(q, A; G);

(ii) (Homogeneity) Coverage . (cp, \;G) = L Coverage.(p, X; G);

(iii) (Continuity) Coverage,(p, \; G) is continuous in the covering measure p with respect to the
total variation distance;

(iv) (Dilution stability) there exists a step-size threshold A € (0, 1], for all nonnegative measures p
and ), such that Coverage,(p + A\, \; G) > 1 Coverage.(p, \; G).

All four properties describe the behavior of the relaxed coverage: Monotonicity (i), homogeneity (ii),
and continuity (iii) require the relaxed coverage to be well-behaved in the covering measure p and the
cushion parameter . Dilution stability (iv) controls how fast the coverage of a direction A can decay
as mass is added to the covering measure. By monotonicity (i), augmenting p with mass A\ only
dilutes (i.e., decreases) the coverage Coverage,(p, A; G) of that same direction; the property requires
this dilution to be stable, in the sense that one step of size A shrinks the coverage by at most a factor
of 2. This is exactly the per-step guarantee that the coordinate descent step of Algorithm 2 consumes
when it adds mass A\ (A < A) along a newly selected direction ;.

E.1. Proof of Theorem 7

Theorem 7 For any reward function class G : A — [0, 1], benchmark distribution class A, relaxed
coverage Coverage satisfying Assumption 5 with step-size threshold A, v > 0, and ¢ € (0,1),
Algorithm 2 with step size Ay = A terminates within |1/A| iterations and outputs a distribution
p* € co(A) such that

mase (Eaer [§(0)] — Eanpr [§(0)] + L Coverage. (57, 1:G)) < 19SEC.(G,A).  (6)

Proof [Proof of Theorem 7] The theorem statement consists of two parts: the termination of
Algorithm 2 and p* certifies Eq. (17).
Termination of Algorithm 2: We will use the following potential function in our analysis:

t t
- 1 N
P = — Z Ascoveragea(p& As; g) +7v E iASR(AS)

s=1 s=1

Fy G¢>0
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We give three essential properties of the potential function ®, that help us analyze the termination.
In the proof below, we also extend the definition of I to any nonnegative measures that are not
necessarily normalized. Specifically,

R(p) = |lpll maxEax[3(a)] = Y pla)j(a). (18)
acA

With this notation, G; = %ﬁ(pt), since p; = Z’;:l Ag)hs. We also recall that Algorithm 2 uses
an extended definition of relaxed coverage that does not require the covering measure ps to be
normalized.

1. Zero-Initialization property: ®y = 0. This holds since Fy = 0 and Gy = 0 by definition.

2. Constant-Decreasing (Proposition 30): for every coordinate descent step from p;_; to p; in
Algorithm 2, since A; = A, we have

;1 — ®; > 4A - SEC.(G, N).

3. Lower-Boundedness (Proposition 32): for every ¢ > 0,

Oy > —Fp > —SEC, /)1, , (G, A).

We now take these properties as given and defer the proofs of Propositions 30 and 32 to
Sections E.1.1 and E.1.2, respectively.

We now claim that the end of iteration ¢ = Ll / AJ is never reached. Otherwise, at that iteration,
llpellr = At=A. LI/AJ < 1, and thus ﬁe/HptHl(g,A) < ﬁg(g,A) since € — ﬁe(g,/\)
is monotonically decreasing by the monotonicity property (i) of Assumption 5. Therefore, according
to the Lower-Boundedness property, we have

q)t > _ﬁs/npt\h(gv/\) > _ﬁ6<g7[\)'

On the other hand, since A < 1, we have {1 / AJ > i. According to the Constant-Decreasing
property, we have -
®, < —4SEC.(G,A) - At < —2SEC.(G, A).

Thus, we reach a contradiction. Therefore, Algorithm 2 terminates in tg < Ll / AJ iterations, and
Iptoll1 < toA < 1. In addition, py, is a nonnegative combination of )., which are elements of A.
Therefore,

P = Pro + (1= [Pt [)A

is also a nonnegative combination of elements of A, and since ||p*||; = 1, and all elements in A are
valid probability distributions, the combination is also a convex combination, and thus p* € co(A).

We additionally show that the output distribution p* satisfies the Low Regret (LR) property.
Indeed, since p* is a mixture of p;, and A, we have

~ ~ 2 2 2
R(p ) = R(pto) = ;(Fto + (I)to) < ;Ff/o < ;SECE(Q,A)
(By the lower Boundedness Property)
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where the first equality is because ﬁ(/):) — 0 and we use the extended definition of R (Eq. (18)), the
second equality is by the definition of ®;,, and the first inequality is by the fact that ®;, < 0 by the
Constant-Decreasing property. The second inequality is by the Lower-Boundedness property.
Next, we show that the output distribution p* satisfies Eq. (6). Since the algorithm terminates
at iteration to, py, satisfies that maxyep (%Coverages(pto, A) — ﬁ(A)) < %SEiCS(Q A); since

p* > py,, we also have Coverage, (p*, ) < Coverage,(p,,A) by the monotonicity property of
Assumption 5, and thus,

max <iCoverage€<p*,A) - fz(A)) < iSEcs(g,A)- (19)
Combining this with the fact that R(p*) < %57 (G, ), we have
R(p") + e+ Coverage. (7. 2) ~ BV ) < 2USEC.(6.4),
AEA \ Y Y
i.e., p* certifies that doec, . (§,G,A) < 70 C:(G,A). [

E.1.1. ProPERTY OF POTENTIAL FUNCTION: CONSTANT DECREASING

Proposition 30 (Constant-Decreasing Proposition of Potential Function) Suppose the relaxed cov-
erage Coverage satisfies Assumption 5 with step-size threshold A. For each iteration t in Algorithm 2
such that the condition in line 5 is satisfied, if Ay < A, we have

1 — P, > 47, - SEC.(G, A)

Proof [Proof of Proposition 30] We first examine ®;_; — ®;, which by its definition, is equal to
Q1 — Py = Atmg(m, At) — %Atﬁ()\t) (20)
Since at every iteration ¢, the condition in line 5 is satisfied, we also have
Coverage, (pi—1, At) > vR()\¢) + 8SEC.(G,A) (2D

Although this does not directly help with lower bounding Eq. (20), we now use that with A; > A, by
the dilution stability of Assumption 5, Coverage,(ps, At) > %Coverage8 (Pt—1, At)-
Therefore, Eq. (21) implies that

Coverage, (pi, A¢) > A4SEC.(G, A) + %ﬁ()\t) (22)
Plugging this back to Eq. (20), we have

O, — B > A, (%ﬁ()\t) + 4SEC.(G, A) — %E(At)) — 4A,SEC.(G, A).
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E.1.2. ProPERTY OF POoTENTIAL FUuNCTION: LOWER BOUNDEDNESS

We establish a weighted sequential extrapolation bound (Lemma 31 below) for any relaxed coverage
satisfying the monotonicity, homogeneity, and continuity properties (i)—(iii) of Assumption 5:
monotonicity gives the bound for integer weights via a “repetition” argument, and homogeneity and
continuity extend it to real weights via a limiting argument. Proposition 32 then follows from the
real-weighted sequential extrapolation lemma (Lemma 31) by the definition of the potential function
(I)t.

Lemma 31 (Weighted relaxed SEC bound) Suppose the relaxed coverage Coverage satisfies ad-
missibility (Assumption 5). Then the following weighted sequential extrapolation bound holds: for
every N € N, Ay,...,An € A, and weights m1,...,mny > 0with M := Zf\il m; > 0, and every
cushion parameter § > 0,

N
3" m; Coverage s (23‘.21 MmN, A g) < SEC5(G, A). (23)
i=1

Proof We first prove the claim for integer weights my, ..., my € N. Consider the length-M sequence

of elements of A that repeats A\ for my times, then Ay for mo times, and so on. By monotonicity of
admissible relaxed coverage (property (i)), for every i € [N] and k € [m;],

Coverage s (Zj-:l mjiNj, i g) < Coverage ;s (Z;;ll mjiN; + kXi, Ai; g) ,

since E;;ll mjiN; + kX X 23:1 m;A;. Summing the inequality over k& € [m;] and i € [N] gives

N )

i—1 j=1

evaluated on the repeated sequence; the integer-weight claim follows.
For real weights mq,...,my > 0, fix Z > 0 and apply the integer-weight claim to the weights
w; = |Zm;| with W = Zf\il wj:

N
Zwi Coverageyy s (Z;lej')\j, Ais g) < SECs5(G,A).

i=1

Since W < ZM and Coverage is non-increasing in the cushion parameter (Monotonicity), the
inequality continues to hold with W replaced by ZM . By homogeneity with ¢ = Z,

N N
Zwi Coverage /s (Z;Zl wiNj, As g) = Z % Coverage ;s (Zé‘:l ZNi, A Q)
i=1 i=1

< SECs(G, A).

Letting Z — oo, so that > — m; for every i and hence 23:1 N = Z§:1 mjA\; in total
variation, and using continuity of the coverage in its first argument (property (iii) of Assumption 5),
the left-hand side converges to Zf\il m; Coverage, s (22:1 m;Aj, Ai; G ), which proves the claim.
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Proposition 32 (Lower Boundedness Property of Potential Function) For every iterationt > 0
of Algorithm 2, the following inequality holds:

o, > —F > —ﬁgmpt”l(g,/\). (24)

Proof [Proof of Proposition 32] Starting from the definition of ®;, we have ®; = —F; +vG; > —F}
since G; > 0 by definition. Therefore, it suffices to show that F; < SEC, /|, |, (G,A). To this
end, we use the properties of the relaxed coverage. Since p; = ijl Aj); for every s < ¢,

the sum F; = Zizl A Coverage,(ps, As; G) is a real-weighted sequential extrapolation sum with

weights ms = Ay and total weight M = "' A; = ||pi]|1; by the admissibility of Coverage

(Assumption 5), Lemma 31 above asserts that it obeys the weighted sequential extrapolation bound

Eq. (23). Applying Eq. (23) by setting the cushion parameter 0 therein to be £/||p||1 (so that its
[

cushion parameter M = M - Tpellr equals the cushion ¢ of the coverage terms in F}), we have

Fy < SEC.jjp, 1, (9, A). =

E.2. Relating SEC, to Other Complexity Measures

In this section, we prove upper bounds on the relaxed e-SEC for our settings of interest: the trivial
relaxation under finite Eluder dimension (Proposition 34), and the three running examples: discrete
action space, per-context (generalized) linear reward, and h-smoothed regret, under their cushioned
relaxed coverages (Lemma 36). These bounds, together with the guarantee of Algorithm 2 in
Theorem 7, lead to regret guarantees of OE2D under these settings.

E.2.1. Cask 1: SEC, i~ FiniteE ELUDER DIMENSION CASE

Recall that, for a function class that has a finite Eluder dimension and A is a set of Dirac measures
over the action space, we show that the original e-SEC is bounded. We first recall the definition of
the Eluder dimension:

Definition 33 (Eluder Dimension (Russo and Van Roy, 2013)) Given a function class G mapping
fromadomain Z to R, a point z € Z is said to be e-independent of a set of points {z1, z2, ..., zn} € Z
with respect to G if there exist two functions f, f' € G such that \/> i, (f(z:) — ['(z:))? < &
and |f(z) — f'(2)| > e. The eluder dimension EAim(G, ) is defined as the length of the longest
sequence of points z1, 22, . . . , zm € Z such that each point z; is €' -independent of its predecessors
{z1,22,...,2i—1} with respect to G for some &' > ¢.

Next, we are going to prove Proposition 34, which states that SEC.(G, A) is upper bounded by
the eluder dimension upto some logarithmic factors. We note that this property was already given
by Agarwal et al. (2024, Lemma E.3). However, their proof contains a small typo that relies on
an incorrect lemma (Agarwal et al., 2024, Lemma E.2) in their peeling argument. Specifically, we
need to improve their log T" factors therein to log(1/e). Hence, we provide a corrected proof with a
peeling argument and highlight the difference between the proof of Lemma 35 and Agarwal et al.
(2024, Lemma E.2). The readers are welcome to refer to Agarwal et al. (2024, Lemma E.2 and E.3)
for more context.
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Proposition 34 For A = {6, : a € A}, SEC.(G,A) < Edim(G, \/¢) logQ(%), and thus

docc, (G, A) £ ~Edim(G, V&) log? (),

Q\'—‘

where Edim denotes the Eluder dimension.

Aside from our running Example 2, Proposition 34 enables provable regret guarantee of

OE2D under the per-context generalized linear reward model (Xu and Zeevi, 2020, Example
2). In this setting, for each z, Edim(F,, /) < 6(dlog %) (Russo and Van Roy, 2013), and
doec, (Fz, A) < %log?’(%), and thus OE2D has a regret bound of 5(\/ dT log | F|), which
matches Xu and Zeevi (2020) and improves the number of offline regression oracle calls significantly,
from O(T") to O(log(T')). We also note that small Eluder dimension can capture reward classes
beyond generalized linear models (Li et al., 2022).
Proof [Proof of Proposition 34] For any sequence {\; = J,,, hz}f\i , such that h; € DG, we will split
the interval (0, 1] into multiple small intervals with length increasing exponentially. Specifically, we
split (0, 1] into disjoint intervals (2¥~1,/g, 2%, /e] for k = 1,2, ..., K, where K = [log,(1/+/2)].
Then, we can bound the weighted smooth Eluder summation as

K

o hi(a;)
Z Ne + Z hi(a;)? 2 Ne + 3%, hi(a;)?

i=1 k=1 i€[1,N]:
hi(a;)e(2k1/E,2k /€]

K k=1 /=2
. k-1 o (2" /e)
k§14Edm( L2k1 /)1 g<1+6 >

(apply Corrected Lemma 35 to each small interval)

K
< 4Edim(G, &) Y log (1 + 4’f—1)
k=1
(Edim(G, 2¥~1y/2) < Edim(G, /) for all k)

K
1
< 4Edim(G, ) K log (K Z (1 + 4k1)> (Jensen’s inequality)
k=1

< 16Edim(G, ve) K>

Since the above inequality holds for every N € N, hy,...,hxy € DG and A1,..., Ay € A and
every decomposition of ¢ into weighted distributions in A, we take supremum over them to have
Proposition 34 holds. n

Lemma 35 (Bounding c-SEC in Finite Eluder Dimension Case with Peeling Argument) Forany
function class G : A — R, ¢ > 0, and any sequence {ai,hi}ij\i 1 such that h; € DG and
hi(a) € (0,20] for some 6 > 0. Then, we have the following inequality holds:

2
< Edim(G, v/z) log (1 + 95) (25)

=1

N
ZN€+ZJ  hi(aj)?
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Proof [Proof of Lemma 35] The proof is similar to the proof of Agarwal et al. (2024, Lemma E.2).

N )2 al hi(a;)?
ZN6+Z] L hi(a;)? ZNE—FZZ —3 halag)? + hi(a;)?

=1 =1
N/Edim(G,7)

92
< i R
< 4Edim(g, v2) nZ::l Ne + n?
. N/Edim(G,v/z) 1
< 4Edi _
. Ne N Ne
- a2 (06 (57 + g ) ()
2
< 4Edim(G, v¢) log (1 + 95> (Edim(G, ¢) is at least 1)

The first inequality holds by filling the summation with the maximum possible allocations in the
constructed buckets. The detailed argument is the same as the proof of Agarwal et al. (2024, Lemma
E.2). For each bucket, the maximum number of elements is the eluder dimension Edim(G, ¢) due to
the construction of buckets. The second inequality holds because the summation can be approximated
by an integral. The third inequality holds by relaxing Edim in the denominator to 1. |

E.2.2. Case 2: SEC, IN THE RUNNING EXAMPLES

In this section, we bound the relaxed SEC SEC.(G, A) in the three running examples, using the
cushioned relaxed coverages of Section 3; these are the values quoted in Section 4. Throughout,
Sy =2 eaP(a)p(a)é(a)’, and in the h-smoothed setting A(a), p(a) denote densities with respect

to a base measure 1 € A(A), where A} (A) = {)\ e A(A): %(a) <3iVae A}.

Lemma 36 (Relaxed SEC bounds for the running examples) With the cushioned relaxed cover-
ages below, SEC.(G, A) is bounded as follows:

1. Discrete action space (G C [0, 1], A = {8, : a € A}), with Coverage.(p, \;G) = 3,4 o

C.(G,A) <[ Allog (1 + |;U> ;

2. Per-context (generalized) linear reward (G = {a — o(p(a)T6) } link o with == L/L and
parameter diameter B), with &’ L232 and Coverage_(p, \; G) = K2 tr ((Zp +en! Z)\),.

S 1
EC.(G,A) < k%dlog (1 + ,)
€
(taking o = id, so k = 1, covers the per-context linear reward);
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3. h-smoothed regret (A = A} (A)), with Coverage,(p, \; G) = +Eq~, [p(’\a()ale] :

1 1
SEC A) < -1 1+—.
Proof Fix N € Nand A\q,..., Ay € A, and write \1.; := Z;Zl Aj. Recall that, in the relaxed e-SEC
(Definition 6), the cushion parameter of a length-/NV sequence is Ne. We repeatedly use the scalar

elliptical potential inequality (the one-dimensional case of the elliptical potential lemma (see, e.g.,
Abbasi-Yadkori et al., 2011; Lattimore and Szepesvari, 2020))

N
a; €0 + aq:
;Slogu foray,...,any >0, gg > 0, (26)
— g0+ a1 €0
i=1
which follows by summing soﬁ;u = 14?% <log(l + z;) = log ;ﬂ% with z; := a)ﬁcllﬁ

Discrete: applying Eq. (26) per action with a; = \;(a) and ¢g = ‘Nj‘f‘, and using A1,y (a) < N,

Ai(a) |A| Moy (a) AN
;ZWSZIOZ;(l—FM) S].Alog<1+€>7

acA

taking the supremum over /N and the sequence gives the claimed bound.
o . . _ det(A+B
Per-context generalized linear: by the elliptical potential lemma, tr ((A + B) "' B) < log %
for A >~ 0 and B > 0 (apply 135 < log(1 + z) to the eigenvalues of A~12BA-1/2); with

A=%,,,+NeclTand B=2X,,sothat A+ B =X, , + N&'I, the sum telescopes:

det (Ne'I +Xy,.)
det (Ne'I)

N
23 tr ((zm +NeT) ™! zAi) < k2log < k2dlog (1 + 1) ,
=1

de’

where the last step uses log % = log det (I + N%:‘,E,\I:N) < dlog (1 + tr(fji,la’,N)) <

dlog (1 + %), and Apax (Xx,,4) < tr(Xx,.4) < N (as [|[¢(a)||2 < 1).
h-smoothed: applying Eq. (26) per action under p with a; = \;(a) and &9 = Ne, and using
An(a) < &,

N
1 )\Z(a) 1 N&“—i—)\l:]\[(a) 1 1
=3 Eap |8 | < T By [log — VY < Dog (14— ).
B [/\M(a) +NJ = e [Og Ne nos\ e

In each case, taking the supremum over N and A1, ..., Ay € A gives the stated bound on SEC. (G, A);
the relaxed DOEC bounds then follow from Theorem 7. |

E.3. Admissibility of the Relaxed Coverages in the Running Examples

In this section, we verify Assumption 5 in our settings of interest: first for the trivial relaxation
Coverage, = Coverage, (Lemma 37), and then for the relaxed coverages of three running examples
(Lemma 38, whose step-size thresholds are quoted in Section 4; their relaxed SEC bounds are
established separately in Appendix E.2.2, Lemma 36). The cushioned relaxations are needed only by
Algorithm 2 and its analysis; Section 3 and its supporting Appendix C.2 work with the cushion-free
relaxed coverages throughout and do not depend on this subsection.
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Lemma 37 (Admissibility of the original coverage) The original coverage Coverage, (Eq. (2)),
extended to unnormalized covering measures as in line 3 of Algorithm 2 is admissible with step-size

threshold A\ = ¢.

Proof Recall that Coverage, (p, \; G) = suppepg - +%F§“”; [Zggg]h)zaﬁ , where every h € DG has range
ac

[—1,1].

Properties (i) and (ii). The covering measure p and the cushion parameter ¢ enter each ratio
only through the denominator & + Y, , p(a)h(a)?, which is nondecreasing in (p, €) and scales
by c under (p,e) — (cp, ce); hence the supremum over & is non-increasing in (p, ) and jointly
homogeneous of degree —1 in (p, €).

Property (iii). The numerator (E,[h(a)])? does not depend on the covering measure, while
the denominator & + Y, 4 p(a)h(a)? is bounded below by ¢ and is 1-Lipschitz in p with respect
to the total variation distance (as h(a)2 < 1). Hence each ratio is Lipschitz in p, uniformly over
h € DG, and so is the supremum Coverage, (-, A; G); in particular, the coverage is continuous in its
first argument, as required.

Property (iv). Forevery h € DG, every A € A,andevery) < A < g,since }_ . 4 AX(a)h(a)? =
A anz\ [h(a)ﬂ s

€+ Ygeap(a)h(a)® S € o 1
€+ geab(@h(a)® 4+ AEq,n[h(a)?] ~ e+ AEsun[h(a)?] ~ e+ A~ 2

where the first inequality uses the elementary fact that 458 > g forC' > B >0and A > 0,

A+C
the second uses h(a)? < 1, and the third uses A < e. Taking the supremum over h gives
Coverage.(p + AX, A;G) > 3 Coverage, (p, \; G), i.e., property (iv) holds with A = e. [ |

We now state the main result of this section, referenced in Section 4; the relaxed coverage with
cushion parameter € below are obtained from the cushion-free relaxed coverages of Section 3 by
keeping the cushion parameter when performing the Cauchy—Schwarz relaxation and distributing it
over the relevant directions (actions, eigendirections, or the base measure, respectively).

Lemma 38 (Validity and Admissibility of the relaxed coverages for the running examples) In
each of the following settings, Coverage, is a valid relaxed coverage, i.e., Coverage_(p, \;G) >
Coverage, (p, \; G) for every nonnegative measure p and \ € A, and satisfies Assumption 5 with the
step-size threshold A given below:

1. (Discrete action space) | A| < 0o, G C [0,1]4, A = {6, :a € A}:

Aa) A C

Coverage.(p, \; G) = Z POETIPE W;

acA

2. (Per-context generalized linearreward) A = {5, : a € A}, G = {a+ o(¢(a)'0) : 0 € ©,} C
[0, 1]A with ©, := {0(x) : 6 € O}, link function ¢ satisfying0 < L < o’ < Land k := L/L,
l|¢(a)ll2 < 1, and supy grco, |10 — 0'|l2 < B: with &' := ﬁ,

Coverage.(p, \;G) = K> tr ((Ep - 6’[)71 E,\> , A=min{, 1},

where ¥, := 3", 4 p(a)p(a)¢(a); taking o to be the identity (k = 1, &' = £5) covers the

per-context linear reward;
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3. (h-smoothed regret) G C [0,1]4, A = Al(A):

Coverage_(p, \;G) = }1L a~p [(Z;CL—I)—J . A= he,

where \(a) and p(a) denote densities with respect to the base measure [i.

Two remarks are in order. First, the cushion parameter in these refinements is essential for
admissibility: the cushion-free relaxed coverages of Section 3, albeit valid pointwise upper bounds
of Coverage,, have infinite relaxed SEC — already in the discrete case, taking A; = Unif(.A) for all
1 makes each term in Eq. (5) equal to %, so the sum grows as In N — and they also violate dilution
stability (property (iv) of Assumption 5) at p = 0, where the coverage is infinite. Second, since the
relaxed coverages with cushion are pointwise no larger than their cushion-free counterparts, they
remain valid (indeed tighter) inputs to OE2D, and the certified relaxed DOEC bounds of Table 2 in
Appendix C.2 continue to hold for them.

Proof [Proof of Lemma 38] Throughout, write h := g— ¢’ for g, ¢’ € G, so that Coverage_(p, \; G) =

SUpPyepg H%Z;if%' For each setting, we verify in order: the validity of the relaxation

Coverage, < Coverage,; properties (i)—(iii) of Assumption 5 (monotonicity, homogeneity, and
continuity); and the dilution-stability property (iv) with the stated step-size threshold A.

Validity of the relaxation. Each claim follows by re-running the Cauchy—Schwarz argument of
Lemma 22 (Appendix C.2) while keeping the cushion parameter and distributing it over the relevant
directions.

s Discrete: since h(a)? < 1and A\(a)? < \(a),

(Z )\(a)h(a)>2 < (Z (2)(6_‘32) (Z (p@) + 15) h(a)2>

acA acA p acA

and dividing both sides by £ + Y, p(a)h(a)? and taking the supremum over & gives the claim.
* Per-context generalized linear: by the mean value theorem, h(a) = o’ (£,) ¢(a) " u for some &,,

where u := 0 — §'; hence L2(¢(a) Tu)? < h(a)? < L°(¢(a) Tw)?. Applying Lemma 21 with
A =13, +¢€Iand C = X, together with Jensen’s inequality (Eq~ ,\[qb(a)Tu])2 < u'Xyu,

(Earh(@))? < T2 0 Spu < T2 tr ((Sp + 1) 780 - u (S, + ' T)u

<k*tr((S, +'1)7'%)) <Zp )

acA
where the last step uses L? u' Spu < 3" p(a)h(a)? and L%'||u|3 < L*¢'B? = .
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=

s h-smoothed: by the Cauchy—Schwarz inequality with respect to y, using h(a)? < 1, A(a) <
and that p is a probability measure,

{ A(a)?
“Hlpla) +e

l M a a 2 &g
'E, ., L,(a) +€] (Eavp [p(a)h(0)?] +¢).

(Ea~p [M@)h(a)])*

IN
=

] Eavp [(p(a) + €)h(a)?]

IN

Properties (i) and (ii). In all three settings, the covering measure p and the cushion parameter
¢ enter only through the denominators p(a) + T St ¢'l, and p(a) + €, each of which is
nondecreasing in (p, £); monotonicity follows, in the generalized linear setting via the fact that
A > B > 0implies tr (A_lc) < tr (B_lc) for C' = 0. Moreover, each denominator scales by ¢
under (p, &) — (cp, ce), so Coverage, (p, A; G) scales by 1; i.e. it is jointly homogeneous of degree
—1in (p, €), which verifies property (ii).

Property (iii). In each setting Coverage,(p, \; G) depends on the covering measure p only
through the reciprocal of a denominator. The cushion parameter € > 0 floors each denominator away
from zero, keeping p in the region where these maps are continuous. Hence Coverage, (-, \; G) is
continuous in p with respect to the total variation distance, as property (iii) requires.

Property (iv). Discrete (A = ﬁ): forevery a € Aand 0 < A < A, since A(a) < 1,

so each term of Coverage,(p+ A\, A; G) is at least half the corresponding term of Coverage,(p, A; G).
Per-context generalized linear: since ||¢(a)||2 < 1,wehave X\ < I,sofor A <&, Ep+AZ,\+5’7] =
2(Z, + €'1) and thus tr (X, + AXy +&'1)7I8)) > tr (S, + ') 71E)). h-smoothed (A =

p(a)+e e 1
P@+ANOFE = 25 = 2

he): the density of A\ with respect to 4 is at most % < g, so for every a,
|

E.4. Fast Termination With Large Step Size in Finite Eluder Dimension

We found that when the SEC. (G, A) is small, such as in the finite Eluder dimension case, the step

size A; in Algorithm 2 can be chosen as large as A; = Coverane 1(p 0) and the algorithm will
e \Pt—1,7t;

terminate in a small number of iterations. Underpinning the proposition is a single-action reweighting
bound for the coverage, which we record first.

Lemma 39 (Single-action reweighting of the coverage) Ler Coverage, be the original coverage
Coverage, or one of the discrete and per-context generalized linear relaxed coverages of Lemma 38.
For every measure p, action a € A, and scalar A > 0,

mE(pa da; g)
1+ A Coverage, (p, 34;G)

Coverage,(p + A dg,04;G) > (27)

with equality except for the generalized linear coverage when k > 1.
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Proof

A

* For the original coverage, by the definition of coverage and the monotonicity of x — 1,
X

h(a)? Coverage_(p, d,)
C Aby,6,) = - e\Ps .
overage. (p+ ) hetg &+ Sweap(@) h(a)? + Ah(a)2 1+ A Coverage, (p, 0a)

* For the Discrete and per-context generalized linear. Both relaxed coverages take the form
Coverage, (p,04;G) = K?¢p(a)' S, ¢(a) with £, = ¥, + £'I — the discrete coverage

m being the case ¢(a) = €4, k = 1, &’ = ¢/|A|. The reweighting p — p + Ad, is

the rank-one update ¥, a5, = &, + A d(a)d(a) T, so the Sherman-Morrison formula gives
TH-1 _ @75 ()

$a) ' Bpias,9(a) = 174 @ 519

; multiplying by &2,

Coverage.(p,0a)  _  Coverage.(p,u)

Coverage,(p + Adg,0q) = — == > == ,
Be-(p ) 1+ A Coverage,(p,dq)/x*> ~ 1+ A Coverage,(p, dq)

where the inequality uses x > 1, with equality when xk = 1.

Proposition 40 (Fast termination under the aggressive step) Suppose A = {0, : a € A} and
Coverage, is the original coverage Coverage, or one of the discrete and per-context generalized
linear relaxed coverages defined in Lemma 38. Then Algorithm 2 with the aggressive step size
A = e, ong) terminates in at most |32 SEC.(G, A) | iterations and outputs p* € co(A)
satisfying Eq. (6), certifying doecy (G, A) < % SEC.(G, A). In particular, the iteration count is
|32SEC.(G, A)| for the trivial relaxation Coverage, = Coverage,, and 5(]./4\) and 5(m2d) for the

discrete and per-context generalized linear relaxed coverages, respectively.

Proof Aggressive one-step stability. We first record the consequence of Lemma 39 that drives the
analysis: for every measure p and action a € A, taking A = L in the reweighting

y measur 4 Coverage_ (p,0a)
bound (27) (so A Coverage. (p, ) = 1),

Wrageg(?% a3 G)
1+ A Coverage.(p, 84; G)
> 2 Coverage. (p, 6; G). (28)

Coverage.(p + Abq,04;G) >

= 5 Coverage, (p, 8a; G)

Potential function. We track

t t
B, = — Y A, Coverage.(ps, Asi G) +7 Y A, R(\,),

s=1 s=1

Ft GtZO

which satisfies @ = 0 and ®; > —SEC,_ /|,,|(G, A); both properties hold for any relaxed coverage,
independently of the step size (as in Theorem 7).
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Per-step decrease. Consider an iteration ¢ at which the violation check (line 5) fires, and write

At = Gays 50 Ay = 5 Coveragei(m_h 5.y and Pe = pr—1 + Aida,. Applying (28) at (p, a) = (pi—1, ar)

gives Coverage, (p;, \) > 3 Coverage, (pi—1, \¢), 50

@1 — &y = Ay Coverage, (pi, \i; G) — %At ﬁ()\t)

> Ay (% Coverage. (pt—1, \t;G) — %ﬁ(z\t)) > &t Coverage, (pi—1, \; G) = 1=,

where the second inequality uses Coverage, (pt—1,A\t; G) > v ﬁ()\t) +8SEC.(G,A) >~ ﬁ()\t) ata
violating iteration, and the final equality is the choice of A;.
Termination. Were iteration t = |32SEC.(G, A)] reached, the per-step decrease would give

P, < g — £z < —SEC.(G,A). But A, < ﬁs(g/\) for every s, 50 ||p]|1 = >4, As < 1 and

hence ®; > —SEC, |, |(G, A) > —SEC.(G, A) — a contradiction. The algorithm therefore halts
within |32 SEC.(G, A) | iterations with ||p*||1 < 1, and p* satisfies the (LR) and (GC) properties,
certifying doec, . (G, A) < %’Sﬁg(g, A).

Iteration counts. The general bound |32 SEC. (G, A)| specializes, via the relaxed SEC bounds of
Lemma 36, to |32 SEC.(G, A)| for the trivial relaxation and to 5(|A|) and 6(/4,2d) for the discrete
and per-context generalized linear relaxed coverages, respectively. |

Remark 41 The above proof utilizes the specific structure that A = {d, : a € A} to simplify
AyCoverage,(pe, \t) = 14?332\5:5;2(:)(;1_’31)' This is consistent with the step size used in Xu
and Zeevi (2020, Section 4). In general, we don’t have such inequality and in the proof of
Proposition 30, we instead invoke the dilution-stability property (iv) of Assumption 5; for the
original coverage, this is verified in Lemma 37 by utilizing the “c + ) . 4 pi(a)h(a)?” in the
denominator in the definition of coverage, as well as the small step size A; < € to ensure that
A;Coverage_(ps, A\t) > %At(:overage5 (pt—1, At). This is similar in spirit to the potential decreasing
argument in Agarwal et al. (2014) with each member policy defined by mixing in with some uniform
exploration.

In light of Proposition 34, an important consequence of Proposition 40 is that, when the Eluder
dimension of G is finite, Alg. 2 terminates in O(Edim(g , \@)) iterations.

E.5. Computation Costs of Algorithm 2

The discrete and h-smoothed running examples do not require Algorithm 2: their relaxed exploitative
F-designs are the closed-form (capped) inverse-gap-weighting distributions of Lemma 23, computable
in O(|A|) and O(|A| log |.A|) time, respectively (Abe and Long, 1999; Foster and Rakhlin, 2020; Zhu
and Mineiro, 2022). We focus on the per-context generalized linear example, where the algorithm is
genuinely run, and bound the cost of a single call with its cushioned relaxed coverage (Lemma 38).
We count arithmetic operations, with reading §(a) and a feature ¢(a) € R? costing O(1) and O(d),
and assume line 3 is solved by scanning the |.A| actions.

With %, := 3, +¢'I, the relaxed coverage of a point mass is the quadratic form Coverage, (p, da; G)
K2 ¢(a)" X, ¢(a). Using the Sherman—Morrison formula to maintain 3, each iteration takes
O(].A] d?) time, matching the per-step cost of the linear F-design of Xu and Zeevi (2020, Section 4).
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Since A = {J, : a € A} here, the aggressive step (Proposition 40) applies, with iteration count equal
to the relaxed SEC bound O(x2d) of the linear example (Lemma 36, in the feature dimension d); a
single call of Algorithm 2 therefore costs O(|.A| k2d?).

End-to-end over the full run, and comparison to UCCB. Within OE2D, the relaxed exploitative
F-design is solved once per round, so over a horizon T' the action-distribution cost is 7' times
the per-call cost above, while the offline regression oracle is called only O(logT') times. For the
per-context generalized linear example under the aggressive step (one call in O(|.A| k2d?)), writing
M (n) for one offline-regression solve on n samples, relaxed OE2D spends O(|.A| 2d3T’) on action
computation and O(M (T") log T') on regression. The UCCB algorithm of Xu and Zeevi (2020)
instead spends O(|.A| d*T"?) on action computation since it recomputes counterfactual actions against
all past contexts, and O(M (T") T') on regression as calling the oracle every round. Since d < T,
k = O(1) for well-conditioned links, and M (n) = (n), relaxed OE2D is substantially cheaper
end-to-end, and the design subproblem does not dominate its runtime.

E.6. Proof of Proposition 8 and Discussions

Proof We use the “cheating code” example in Agarwal et al. (2024); Amin et al. (2011); Jun and
Zhang (2020b).
We define the action space A to have two disjoint parts: A; = {ao, ey a2k_1} and Ay =

bo, ..., by_1}. The reward function class G = { ¢', ... 2k , such that:
{ 9,9

g'(aj) = I(i = j), jefo,..., 28 ~1}
g'(b)) = 5 - the I-th bit of number i, j € {0,...,k—1}

We first show the upper bound on doec,, (G, A). For any function § € G, leta = argmax,¢c 4 (a)
be its greedy action. We choose distribution p = (1 — 3)d; + SUniform(.A2) to certify an upper
bound on doec, (G, A).

Specifically, for any distribution A € A,

(Ean lg(a) — g'(a)])®
Coverage_(p, \;G) < sup
: ) 9,966 € + BEqUniform(4,)(9(a) — ¢'(a))?

4k
<
s

where the second inequality uses that for any g, 9" € G such that g # ¢/, Eq Uniform(4,)(9(a) —
() = 3.
Thus, for any A € A,
Coverage.(p, \; G) < 4k

Eqrj(a) — Equri(a) + <B4+ —
Ag(a) Ag(a) S B

and choosing 8 = min <2\/g, 1) implies that ps certifies doec, (G, A) < 4 <\/§ + %)
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We next show the lower bound on SEC. (G, A). Consider the sequence of measures dg, - - - , 5a2k Ly
Then

2k_1

SEC.(G,A) > Z Coverageyk, Zéajaéai

i—0
2k—1
= Z 2’“5—#2
2k
T 2kz 12

> min <2k_2, 1)
2e

Here, the first inequality is by the definition of SEC; the second inequality is by the observation that
Coverage. (Zézo da; (5%.) > ﬁ — this is certified by taking g = g' and ¢’ = ¢ for i = 0 and
g =g'and ¢’ = ¢° for i > 1; the rest of the calculations are by algebra. [ |

Implications to the regret bounds of OE2D. Given that doec, (G, A) < \/E + k., for OE2D,

)3 k:3 so that Theorem 4 gives a nontrivial regret bound of

we can set 7, = 2™, v, = (7
O((kIn |F)VBT?3 4 kIn|F|).

In contrast, suppose we only know that doecy (G, A) < min(

2k 1

~>52), We cannot hope for

Theorem 4 to give a regret bound better than min(v/2%, T'). The reason is as follows:

e If there exists some m > 1 with g, < then the regret bound is at least

2’“

In |F 2k In |F
2o (gl POV v
V2 T1 TYm

Tm—1

e Otherwise, forallm > 1, g, > 2% Then, for every m > 2, the second term of the regret
bound is at least

1, 1,
+ YmEm—1 > " YmEm—1 = Ym,
Em—1 Em—1

where in the first term, we lower bound the maximum by the (m — 1)-th term in max, ¢y,
and in the second term, we lower bound the maximum by the m-th term in the max;,,c(2 . a1
operation. Thus, the regret bound is at least of order

Tm, T
max | 71, rnax — - MAaX Yy | = MAX Ty, > —
2 Vy m>2 m>1 [\4

which is vacuous.
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Appendix F. Proofs from Section 5

F.1. Proof of Theorem 9

Theorem 9 For any function class G : X x A — [0, 1], any set of action distributions A C A(A),
any v > 0 and any € > 0, we have that any distribution p that certifies doecy(G,A) < V also
certifies that dec, (G, A) <V + % + €. As a consequence, dec, (G, A) < doec, (G, A) + % + e.

Proof [Proof of Theorem 9] For notational simplicity, we define Ej [g(-)] :== E,» [g(+)]. Define A\*
as the optimal distribution from A that maximizes the expected reward by the true reward function g*,
i.e., \* = argmax,c Eqon[¢9(a)]. For any p* that certifies doec, (G, A) < V, we decompose the
difference into decision-error and estimation error as

Ex-lg"(a)] = Ep-[g*(a)]
= (Ex-[9(a)] = Ep=[g(a)]) + (Ep-[g(a)] = Ep-[g7(a)]) + (Ex-[g"(a)] — Ex<[g(a)])

For the second difference, by Cauchy-Schwarz followed by AM-GM, we have

Ey- [9(a)] — By [9"(a)] < ﬁ () = 9"(@)?] <=+ 1By [(6(0) — g"@))’]

For the last difference, we use the definition of coverage:

Ex- [g"(a)] — Ex- [9(a)] S\/Coveragea(p*, A% G) - <5 + Ep- [(g(a) — g*(a))QD
< Coverage. (4", X'16) + 1By [(3(0) — g"(@)?] +

Combining the bounds for the last two differences, we have

Ex[g*(@)] - Epr[g*(@)
< Exclgfa)) = B la@)) + 3By [(3l0) = 7(@))"] + ~Coverage. (5", X1 0) + —+ 7¢
<V +9Ep [(g(a) — g (a))ﬂ + i + e (p* certifies doec (G, A) < V)
= Exly"(@)] ~ By lg"(0)] = 1By [(0(0) = g7(@))*] SV + 2+
= dec,(G,A) <V + '1y + e

which implies that p* certifies that dec, (G,A) <V + % + ~e. The second part of the lemma follows
by taking V' = doec, (G, A). [ |

F.2. SQuareCB.F and its Analysis

Since Algorithm 2 finds a distribution p that certifies that doec, (G, A) < %SECE(Q , ), it also

certifies that dec,(G,A) < %SECe(g,A) + % + ~ve. This motivates an online oracle-efficient
algorithm, SQUARECB.F (Algorithm 4), with the following guarantees:
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Algorithm 4 SQuArReCB.F
Input: total time length 7', learning parameter v, = 1/7", function class F, action distributions A,
online regression oracle Ogy,.

fort =1to T do
Compute f; = Oon(F) ((ml, a;, n)f;%) if t > 1, and an arbitrary element in F otherwise.
Observe context x; € X.
Call Algorithm 2 to compute a sampling distribution p; such that:
A A 1 10SEC.(F,, A
max <Ea~/\ [ft(wtaa)} — Eqp, [ft(xha)} + ;Coveragee(pt,A; Fm)) < 6’5 o0 A)

Sample action a; ~ p; and observe reward 7.

Corollary 42 For any function class F : X x A — [0,1], any set of action distributions A,
SouarReCB.F is computationally efficient if step 3 of Algorithm 2 can be implemented efficiently.
In addition, with probability at least 1 — 0, its regret is bounded by: Reg(T,SouareCB.F) <

o(T (% maxgey SEC.(Fy, A) + % + 75) + yRegot (F, T',0))

When SEC.(F, A) = Dpolylog(1) (as in Proposition 34 and Lemma 36), SQuareCB.F achieves
a regret of 9] (\ /DT In |F |) If step 3 of Algorithm 2 can be solved efficiently , SQUARECB.F may
be a computationally attractive variant of E2D, albeit it may suffer from worse regret.
Proof [Proof of Corollary 42] The proof follows directly from Foster et al. (2021a, Theorem 8.1
and Remark 4.1), which gives the regret bound for E2D algorithm with an inexact minimizer in the
contextual bandit setting with general function approximation. According to that theorem, since for
each t, SQUARECB.F’s choice p; certifies that doec, . (F;, A) < %Sﬁs(}"x, A), by Theorem 9, it
also certifies that dec, (F;, A) < %SETE (Fz, A) + % + ~ve. Thus it achieves the following regret
bound:

10— 1
Reg(T, SQuareCB.F) < sup <WSEC€(fz, A)+ 5 + 75) T + yRegon(F, T, 0)
reX

Appendix G. Experiments

We test whether replacing the per-round online regression oracle of SMooTHIGW with a single
offline oracle, refit once per epoch and explored through the closed-form exploitative F'-design,
costs anything in statistical performance. We compare our SMooTHED-OE2D (Section 3) against
SMooTHIGW (Zhu and Mineiro, 2022) on continuous-action contextual bandits built from large
regression datasets.

G.1. Setup

Datasets. We use five OpenML regression datasets under the standard reduction of Majzoubi
et al. (2020): at round ¢ the learner observes features z;, plays an action a; € [0, 1], and earns
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re = 1 — |a; — y| for the normalized target y; € [0, 1]. Reward is maximized at a; = y;, so the
target must be recovered from bandit feedback alone. Each dataset is processed in a single online pass
of length T: auto-price, cpu-act,and wisconsin (IT'~ 10), black-friday (1.7x 109),
and zurich (5.5x10).

Algorithms. We compare SMooTHED-OE2D against SMooTHIGW (Zhu and Mineiro, 2022), which
is the state-of-the-art online regression oracle-efficient algorithm for continuous-action contextual
bandits. Both methods smooth the action space with a smooth-h kernel and share the same
oracle class; they differ only in how the oracle is queried (offline, once per epoch, versus online,
every round) and in the exploration rule.® We try two regression oracles, a linear regression
oracle and a nonlinear regression oracle that lifts the representation with random Fourier features
approximating a Laplace kernel before fitting a linear model. Each smoothing parameter h €
{0.01,0.02,0.04,0.08,0.16,0.32,0.64} yields a distinct smoothed problem instance, and we evaluate
both methods on each.

Hyperparameter Tuning. We run a hyperparameter search over 10 runs with different permutations
on the dataset, selecting for each configuration with the best progressive-validation reward (Blum et al.,
1999), and then evaluate the selected configurations on another 10 runs with different permutations.
The hyperparameter is the inverse-gap-weighting learning-rate multiplier v, which both methods
share and which trades off exploration against exploitation: we search it over a grid of 11 values
and select a separate «y for each (dataset, oracle, h) combination. For SMooTHIGW we follow the
pseudocode of Zhu and Mineiro (2022) rather than their released implementation. This is because
their released codebase runs a Corral-type (Agarwal et al., 2017) method over multiple values
of v to sample an action and optimistically scales the suboptimality gap inside the IGW step as
in Foster and Krishnamurthy (2021); tuning a single v keeps the comparison on equal footing with
SMmooTHED-OE2D.

G.2. Results

The final reported metric is the realized average reward Ry = % 23:1 ¢ over all time steps in each
run (mean=std over the 10 runs) for each dataset and h cell. Tables 3 and 4 report the final realized
reward for the linear and Laplace oracles over all datasets and h values, while Figures 1 and 2 show
the learning curves for each cell.

Overall comparison. Both methods are best at small & and degrade as h grows, but SMooTHED-OE2D
is more sensitive to over-smoothing: at h = 0.64 its reward collapses (to =~ 0.80 on auto-price
and cpu—act) while SMooTHIGW stays near its small-h value. This is because SMoOTHED-OE2D
outputs a policy from an h-smoothed policy class while SMmooTHIGW’s behavior policy is a mixture
of policies from h-smoothed policy classes with the greedy policy (which is not smoothed). The
Laplace oracle consistently helps SMooTHED-OE2D and shrinks the gap with lower variance as well.

Figures 1 and 2 show the average-reward curves for every table cell. SMooTHED-OE2D learns
fastest in the low-data regime, while SMooTHIGW, whose online oracle is updated one round at a
time, frequently drops during its initial exploration before recovering. SMooTHIGW then closes the
gap as t grows.

6. Our implementation builds on the smooTHCB codebase.
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Table 3: Final realized average reward Ry (mean-=£std over the held-out seeds) with the linear
oracle, per dataset (rows) and A (columns). S-OE2D = SmooTHED-OE2D (ours), S-IGW
= SMmooTHIGW; bold marks the larger mean in each h cell. Leading zeros are omitted.

Dataset h =0.01 h =0.02 h =0.04 h =0.08
S-OE2D S-IGW  S-OE2D S-1IGW S-OE2D S-1IGW S-OE2D S-1IGW

auto—price 4871:{:_032 .928i,000 .899;{:,023 .929i,000 .906i_024 .928i,000 .875i,032 .929:&,000
cpu-act 9511 006 9591000 9431014 .959+000 949+.004 -959+.000 9211022 .9591.000
WiSCOl’lSin .843i‘024 .857i,000 ,83635()27 .856i,001 .83935()25 .857i,000 .81735()26 .856i,001
black—friday .832:{:,007 .831i,000 .830;{:,007 .833i,000 .836:&_007 .8313:,000 .835:&_007 .833:{:,000
zurich 951+ 020 .986+.000 .953+.013 9861000 9544019 .986+000 .938+.011 .9864+ 000

Dataset h =0.16 h =0.32 h = 0.64
S-OE2D S-IGW  S-OE2D S-IGW  S-OE2D S-IGW

auto—price .891:&,011 .928:{:,000 ,893;‘;,000 .929:{:_000 .803:{:,000 .928i‘000

cpu-act 939+ 002 .959+.000 906+.000 -959+.000 818+.000 -959+.000
wisconsin .821i,023 .857i,000 .845i_000 .856i‘001 .780i,000 .857i‘000
black—friday .832:‘:,005 .831:{:_000 ,823i,001 .833:{:_000 .772:{:,000 .831i‘000
zurich 930+.000 .986+.000 .886+.006 -986+.000 -801+.001 986+ 000

Table 4: Final realized average reward R with the Laplace (RFF) oracle. Conventions as in Table 3.

Dataset h =0.01 h =0.02 h =0.04 h =0.08
S-OE2D S-IGW S-OE2D S-IGW S-OE2D S-IGW S-OE2D S-IGW

auto-price 8784013 .930+.001 .858+.010 .929+.001 .866+.007 .930+001 .874+.005 929+ 001
cpu—act .916i,005 .960:{:_000 .924i,003 .960:{:_000 .910:&,004 .960:[:_0()0 -903:l:.006 .960;{:_000
wisconsin .864i_002 .863i,001 .859iA004 .862i4001 .858iA008 .863i4001 .852i,010 .862i4001
black-friday .850+.003 .838+.002 .849+.003 .839+.002 .8481.003 .838+.002 -850+.003 .839+ 002
zurich .946:‘:002 .9481_002 .945:‘:003 .9491_003 .945:|:A003 .948:‘:_002 .942:|:A002 .949:‘:_003

Dataset h =0.16 h =0.32 h =0.64
S-OE2D S-IGW  S-OE2D S-IGW  S-OE2D S-IGW

auto-price .871i,004 .930i,001 .895i_000 .929i‘001 .805i,000 .930i‘001

cpu-act 901+ 006 960+ .000 .908+.000 .960+.000 .820+.000 -9604+.000
wisconsin ‘837iA015 .863:|:A001 .849:(:000 .8625:‘001 .784:|:A000 ‘863;‘:‘001
black-friday .848i,003 .838i‘002 .837i_003 .839i‘002 .779i,002 .838i‘002
zurich 934+ 002 948+ 002 8984001 949+ 003 .802+.000 948+ .002
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Figure 1: Average-reward learning curves with the linear oracle.
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Figure 2: Average-reward learning curves with the Laplace (RFF) oracle.
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