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Abstract
We study distributed adversarial bandits, where N agents cooperate to minimize the global average
loss while observing only their own local losses. We show that the minimax regret for this prob-

lem is rΘ
´
b

`

ρ´1{2 ` K
N

˘

T
¯

, where T is the horizon, K is the number of actions, and ρ is the
spectral gap of the communication matrix. Our algorithm, based on a novel black-box reduction to
bandits with delayed feedback, requires agents to communicate only through gossip. It achieves an
upper bound that significantly improves over the previous best bound rO

`

ρ´1{3pKT q2{3
˘

of Yi and
Vojnovic (2023). We complement this result with a matching lower bound, showing that the prob-
lem’s difficulty decomposes into a communication cost ρ´1{4

?
T and a bandit cost

a

KT {N . We
further demonstrate the versatility of our approach by deriving first-order and best-of-both-worlds
bounds in the distributed adversarial setting. Finally, we extend our framework to distributed lin-

ear bandits in Rd, obtaining a regret bound of rO
´
b

`

ρ´1{2 ` 1
N

˘

dT
¯

, achieved with only Opdq

communication cost per agent and per round via a volumetric spanner.
Keywords: distributed bandits, bandits with delayed feedback, linear bandits.

1. Introduction

Distributed online optimization (Yan et al., 2013; Hosseini et al., 2013; Wan et al., 2024) studies
how multiple agents can cooperate to minimize regret in a decentralized fashion. The core chal-
lenge in this setting is the misalignment between the global objective and the local information:
agents aim to minimize the average loss across the entire network, yet they only observe their own
local loss functions. To bridge this gap, agents must exchange information over a communication
network, typically interacting only with their immediate neighbors via gossip protocols (Xiao and
Boyd, 2004; Boyd et al., 2006; Liu and Morse, 2011). This framework is naturally motivated by
applications in federated learning with heterogeneous clients (Blaser et al., 2024) and decentralized
collaborative learning (Zantedeschi et al., 2020). In this work, we investigate distributed online op-
timization under the challenging regime of bandit feedback: unlike full information settings, where
agents observe the local losses for all actions, here agents only observe the local loss of their chosen
action at each round, which they must propagate to optimize the global objective.

* Equal contribution, in alphabetical order.
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In distributed online convex optimization (D-OCO), the regret scales with the connectivity of
the network, formalized by the spectral gap ρ of the gossip matrix. A small ρ indicates network
bottlenecks, which typically slow down the propagation of local losses. In the full information
setting, the cost of this decentralization is well understood: the pioneering work of Yan et al. (2013);
Hosseini et al. (2013) extends classical OCO algorithms to the distributed online setting, achieving
an OpN1{4ρ´1{2

?
T q regret, whereN is the number of agents and T is the horizon. Building on this,

Wan et al. (2024) utilized an accelerated variant of gossip to establish regret bounds of rOpρ´1{4
?
T q,

which are optimal up to logarithmic factors.1 However, for distributedK-armed bandits, the picture
is less clear. The current state-of-the-art (Yi and Vojnovic, 2023) achieves rOpρ´1{3pKT q2{3q regret,
which is significantly worse than the

?
T rate achieved in the full-information case. Moreover, the

bound of Yi and Vojnovic (2023) does not reveal how the regret should depend on the number of
agents N . Seldin et al. (2014) show that K-armed bandits with N observations per round have
minimax regret Θp

a

KT {Nq, suggesting that multiple bandit observations can in principle lead to
improved rates. Although distributed K-armed bandits differ from this setting, they also generate
N local observations per round. These contrasts motivate the following question:

What is the minimax regret rate for distributed K-armed bandits?

Contributions and technical challenges. In this work, we answer this question by providing

a regret upper bound of rO
`

b

`

ρ´1{2 ` K
N

˘

T
˘

, thus significantly improving upon the previous
rO
`

ρ´1{3pKT q2{3
˘

bound of Yi and Vojnovic (2023). We complement this with a matching lower
bound, characterizing the minimax rate as a combination of a communication cost of order ρ´1{4

?
T

and a bandit information cost of order
a

KT {N . A key technical obstacle—leading to the T 2{3-
type behavior in existing analyses—is the seemingly natural round-by-round update paradigm: each
agent updates immediately from its local importance-weighted bandit estimate while gossiping. Due
to the high variance of these estimates, the information exchanged through local gossip cannot be
sufficiently mixed within a single round. Consequently, the local updates made by each agent are
not close to those based on the global average loss estimate, causing a large error term in the regret.
We resolve this obstacle by explicitly decoupling learning from communication via a block-based
approach that intentionally introduces delayed feedback. Specifically, agents freeze their action dis-
tributions and buffer local bandit observations for the duration of a block. Within this block, they
execute accelerated gossip iterations to ensure that, when the next block starts, every agent pos-
sesses a high-precision approximation of the global average loss from the previous block. Crucially,
we incorporate a small Θp1{T q uniform exploration term to ensure that the importance weights
remain uniformly bounded. This allows the gossip protocol to achieve an accurate approximation
of the global average loss estimate in only O

`

ρ´1{2 logpKTNq
˘

rounds. Ultimately, this construc-
tion yields a black-box reduction from distributed bandits with local gossip to standard adversarial
bandits with delayed feedback (Cesa-Bianchi et al., 2019; Thune et al., 2019; Bistritz et al., 2019;
Gyorgy and Joulani, 2021; van der Hoeven et al., 2023). Furthermore, because our reduction is
algorithm-agnostic, instantiating it with adaptive delayed-bandit algorithms (Van Der Hoeven and
Cesa-Bianchi, 2022; Masoudian et al., 2022) immediately confers adaptive guarantees to the dis-
tributed setting, including small-loss and best-of-both-worlds bounds. Finally, we extend our frame-
work to distributed d-dimensional linear bandits with K actions, a setting that—to the best of our

knowledge—has not been previously studied. Specifically, we provide a rO
`

b

`

ρ´1{2 ` 1{N
˘

dT
˘

1. We use rOp¨q and rΘp¨q to suppress logarithmic factors in T,N,K.
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upper bound and a Ω
`

b

`

ρ´1{2 ` d{N
˘

T
˘

lower bound. Crucially, we achieve this using only gos-
sip communication with Opdq-sized messages per round, matching the communication efficiency of
established D-OCO protocols (Yan et al., 2013; Hosseini et al., 2013; Wan et al., 2024; Wan, 2025).

1.1. Related works

Distributed optimization and gossiping. Our framework builds on the established line of work
on gossip protocols (Xiao and Boyd, 2004; Boyd et al., 2006). Gossip is used to aggregate informa-
tion over a communication network when each agent can only exchange information with its neigh-
bors. Due to their simplicity, gossip algorithms have become a standard technique in distributed
optimization. Early work on distributed convex optimization leveraged gossip (peer-to-peer) com-
munication to achieve consensus and optimize a global objective. In classic setups, each agent holds
a local convex cost and they seek to minimize the sum of costs without a central coordinator. For
example, Nedic and Ozdaglar (2009) developed a distributed method where agents repeatedly take
gradient steps on local functions and gossip their updates with neighbors, guaranteeing convergence
to the global optimum. Building on such consensus ideas, Duchi et al. (2011) proposed a distributed
dual averaging algorithm using gossip at each iteration to share gradient information. This method
provided rigorous convergence rate bounds in terms of the network spectral properties (e.g., the
second-largest eigenvalue of the gossip matrix). In distributed optimization Scaman et al. (2019)
identified optimal algorithms and matching lower bounds for decentralized convex optimization,
including the convex and strongly convex.

Distributed online convex optimization. Distributed online convex optimization (D-OCO) stud-
ies a network of agents that sequentially make decisions and incur convex losses, with the ob-
jective of collectively minimizing regret with respect to the global average loss function. In the
full-information setting, each agent observes the entire loss function (or gradient) after making their
decision, allowing the use of powerful online learning algorithms in a decentralized manner. The
pioneering work of Yan et al. (2013); Hosseini et al. (2013) extend OGD and dual average into
the D-OCO setting and achieve OpN1{4ρ´1{2

?
T q regret bound. Nearly optimal regret bounds

rOpρ´1{4
?
T q for convex functions have been established by Wan et al. (2024) using an accelerated

gossip strategy, see also Liu and Morse (2011); Ye et al. (2023b). They also provide Ωpρ´1{4
?
T q

lower regret bounds for convex loss functions. For comprehensive surveys on D-OCO, we refer the
readers to Li et al. (2023) and Yuan et al. (2024).

Distributed K-armed bandits. The problem becomes significantly more challenging under ban-
dit feedback, where each agent observes only the scalar loss of their chosen action rather than the
full loss vector. Prior literature has investigated this setting in both the stochastic environment,
where losses are drawn i.i.d. from fixed distributions, and the adversarial environment, where the
loss sequences can be chosen arbitrarily. In a stochastic setting, previous works Zhu et al. (2021);
Zhu and Liu (2023); Xu and Klabjan (2023); Zhang et al. (2025); Liu et al. (2025) study distributed
K-armed bandits where agents run a gossip protocol augmented with additional communication,
achieving regret guarantees of Oplog T q. The closest work to ours is Yi and Vojnovic (2023), which
studies distributed K-armed bandits using only a gossip protocol in the adversarial setting, and
proves a suboptimal regret bound of rO

`

ρ´1{3pKT q2{3
˘

. They also prove a lower bound for a spe-
cific family of communication graphs and for an arbitrary gossip matrix supported on these graphs.
Our lower bound construction in Theorem 8 is an adaptation of theirs.
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Cooperative adversarial bandits. Our work is also closely related to the literature on cooperative
adversarial bandits (Cesa-Bianchi et al., 2019; Bar-On and Mansour, 2019; Ito et al., 2020). This
setting can be viewed as a special case of distributed bandits where the local loss functions are
identical for all agents at each time step. However, a key distinction lies in the communication
protocol. While we rely on a gossip protocol, Cesa-Bianchi et al. (2019); Bar-On and Mansour
(2019) employ a message-sending protocol, in which agents broadcast their local information rather
than mixing information through gossip. Because the local loss functions are identical across agents,
each agent can achieve Op

?
T q regret even without communication, whereas ΩpT q regret would be

unavoidable in the distributed bandits problem.

2. Preliminaries

For a positive integer K, we use the notation rKs fi t1, 2, . . . ,Ku. For a finite set S, we denote
with ∆pSq the probability simplex over S, defined as ∆pSq fi

␣

p P R|S| :
ř|S|

k“1 ppkq “ 1, ppkq ě

0,@k P r|S|s
(

. If S “ rKs, then we write ∆pKq instead of ∆prKsq. We use boldface to denote
vectors u,vpiq and upjq, vpi, jq to denote their components. We let 1 to be the all-one vector in
an appropriate dimension and, given a set S, we let 1S to be the vector with entries 1Spiq “ 1 if
i P S and 1Spiq “ 0 otherwise. Agents are the vertices V “ rN s of an undirected, connected
communication graph G “ pV,Eq with neighbors N piq fi tj P V : pi, jq P Eu Y tiu for i P V .

Distributed K-armed bandits. We consider an oblivious adversary, specifying vectors ℓtpiq P

r0, 1sK denoting the local loss of agent i P V at time t. At each round t P rT s, each agent i P V
maintains a distribution ptpiq P ∆pKq and samples an action Atpiq „ ptpiq P rKs. After playing
Atpiq, each agent i observes its realized local loss ℓt

`

i, Atpiq
˘

. Define the global average loss at
time t by sℓt fi 1

N

řN
j“1 ℓtpjq, so that sℓtpkq “ 1

N

řN
j“1 ℓtpj, kq. Then the expected global average

loss of agent i P V at round t is E
“

sℓt
`

Atpiq
˘‰

“
@

ptpiq, sℓt
D

.

After observing local feedback, each agent i may communicate with neighbors in N piq—
according to the gossip protocol—and perform the update ptpiq Ñ pt`1piq. The performance
of agent i P V is measured by the (pseudo) regret

RegT piq fi E

«

T
ÿ

t“1

sℓt
`

Atpiq
˘

ff

´ min
kPrKs

E

«

T
ÿ

t“1

sℓtpkq

ff

“ max
kPrKs

E

«

T
ÿ

t“1

@

ptpiq ´ ek, sℓt
D

ff

, (1)

where te1, . . . ,eKu is the canonical basis of RK and the expectation is with respect to the agents’
internal randomization. We also define RegT fi maxiPV RegT piq. Without loss of generality, we
assume T ě 3 and K ě 2.

Distributed linear bandits. In the linear bandits case, agents have a common set of K actions
with feature vectors Ω “ ta1, . . . ,aKu Ă Rd. The oblivious adversary specifies local loss coeffi-
cients θtpiq P Rd such that for any agent i P V , action ak P Ω, and round t P rT s, the linear local
loss satisfies ℓtpi, kq “ xθtpiq,aky P r´1, 1s. At each round t P rT s, each agent i P V maintains a
distribution ptpiq P ∆pKq and samples an action index Atpiq „ ptpiq P rKs. After playing Atpiq,
agent i observes its realized local loss ℓt

`

i, Atpiq
˘

. The regret is still defined by Eq. (1), with sℓt

formed from the linear losses: sℓtpkq “ 1
N

řN
i“1xθtpiq,aky “

@

1
N

řN
i“1 θtpiq,ak

D

.
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Algorithm 1 Reduction from distributed bandits to bandits with delay
1 Input: Agent index i, time horizon T , block length B, mixing coefficient κ, gossip matrix W ,

delayed bandit algorithm A.
2 Initialization: Set z´1

1 piq “ z0
1piq “ 0 P RK , exploration parameter α “ 1

T .
3 for τ “ 1, . . . , T {B do
4 Receive p1

τ piq from A and compute pτ piq “ p1 ´ αqp1
τ piq ` α

K1
5 Set b “ 0
6 for t “ pτ ´ 1qB ` 1, . . . , τB do
7 Play Atpiq „ pτ piq and observe ℓtpi, Atpiqq

8 Compute the estimate pℓtpiq: for each k P rKs, pℓtpi, kq “
ℓt pi, kq

pτ pi, kq
1tAtpiq “ ku

9 Update zb`1
τ piq “ p1 ` κq

ř

jPN piq W pi, jqzbτ pjq ´ κzb´1
τ piq and set b Ð b` 1

end
10 if τ ě 2 then send

`

τ ´ 1,zBτ piq
˘

to A ;
11 Set z´1

τ`1piq “ z0
τ`1piq “

řτB
t“pτ´1qB`1

pℓtpiq

end

Gossip protocol. We assume that agents exchange information only through a gossip protocol
(Yan et al., 2013; Hosseini et al., 2013; Yi and Vojnovic, 2023; Wan et al., 2024). A gossip matrix is
any symmetric and doubly stochastic matrix W P RNˆN supported on the graph G, i.e., W pi, jq ą

0 only if pi, jq P E or i “ j and
ř

iW pi, jq “
ř

jW pi, jq “ 1. We use 0 ď σ2pW q ă 1 to
denote the second largest singular value of W (as W is doubly stochastic, the largest singular value
is 1). The spectral gap is ρpW q fi 1 ´ σ2pW q; when the dependence on W is clear, we write ρ. In
each gossip step, every agent i P V sends a message to its neighbors N piq on the communication
network G and updates its local state by forming a weighted average using a common gossip matrix
W supported on G. In the K-armed setting, messages are K-dimensional; in the linear bandit
setting, agents exchange Opdq-dimensional vectors. As in prior work, W is a parameter shared
among agents and not individually learned. To describe gossip more formally, suppose each agent
i P V holds a vector xpiq P RK (or ROpdq in the linear case) and the goal of the agents is to
compute an approximation of the global average sx fi 1

N

ř

iPV xpiq. Depending on the learning
problem, xpiq may represent, e.g., (local) loss gradients (Hosseini et al., 2013; Wan et al., 2024) or
loss estimates (Yi and Vojnovic, 2023). To do so, agents run B rounds of (accelerated) gossip (Liu
and Morse, 2011) where the update is defined by

xb`1piq “ p1 ` κq
ÿ

jPN piq

W pi, jqxbpjq ´ κxb´1piq b ě 0, (2)

with initialization x´1piq “ x0piq “ xpiq for all i P V , and mixing coefficient κ ě 0. When κ “ 0,
this reduces to standard gossip (Xiao and Boyd, 2004): xb`1piq “

ř

jPN piq W pi, jqxbpjq.

3. Distributed K-armed Bandits: A Black-Box Reduction to Delayed Feedback

In this section, we present a black-box reduction that transforms a distributedK-armed bandit prob-
lem into a K-armed bandit problem with delayed feedback. The reduction, stated in Algorithm 1,
can be combined with any bandit algorithm A that enjoys a regret guarantee under delayed feedback.
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A central difficulty in distributed adversarial bandits is that agents observe only noisy estimates
of their local losses. If agents attempt to (i) update their policies every round and simultaneously
(ii) aggregate these noisy estimates via insufficient gossip steps, the resulting local approximations
remain far from the true global average loss estimate, leading to large regret. Previous work by Yi
and Vojnovic (2023) attempts to mitigate this by maintaining explicit ΩpT´1{3q uniform exploration
to control variance, but this comes at the cost of a suboptimal T 2{3 regret rate. Algorithm 1 resolves
this issue by decoupling learning from communication:

• Blocking (allowing time for mixing). Inspired by (Garber and Kretzu, 2020; Wan et al., 2024),
we introduce a delay of one block to ensure sufficient information mixing across the network. By
keeping the action distribution fixed for a block of length B (to be defined later) and executing B
rounds of accelerated gossip within each block, we ensure that the local approximation of global
average loss estimate fed to A at the end of the block is close enough to the true global average
estimate.

• Small uniform exploration (bounded variance). We mix in a 1
T -amount of uniform explo-

ration to ensure pτ pi, kq ě 1{pKT q. This guarantees that the importance-weighted estimates
are uniformly bounded by KT , which allows the gossip protocol to control the consensus error
uniformly across all blocks without degrading the regret rate.

More specifically, we partition the time horizon T into T {B blocks indexed by τ , where Tτ fi

tpτ ´ 1qB ` 1, . . . , τBu denotes the time steps in block τ . The algorithm operates iteratively over
these blocks as follows:
• First, at the beginning of block τ , each agent i queries its local instance of the delayed bandit

algorithm A to obtain a base policy p1
τ piq. It then mixes in a 1

T -amount of uniform exploration
(see Line 4) to form the strategy pτ piq, which is then played for all time steps t P Tτ .

• Second, while playing these actions, the agent performs two parallel tasks: (i) it computes the sum
ř

tPTτ
pℓtpiq of its local loss estimates for the current block; and (ii) it runsB rounds of accelerated

gossip (see Line 9) to mix the estimators collected in the previous block, τ ´ 1.
• Finally, at the end of block τ (for τ ě 2), the result of this gossip process, denoted zBτ piq, is fed

back to A. This vector serves as a local approximation of the global average loss estimate szτ for
block τ ´ 1, where

szτ fi
1

N

N
ÿ

i“1

ÿ

tPTτ´1

pℓtpiq, τ ě 2 . (3)

Since the information from block τ ´ 1 is processed during block τ and delivered only at its con-
clusion, the learner effectively operates with a constant delay of one block.
As our reduction is agnostic to the choice of the delayed bandit algorithm, we choose a general ap-
proach and instantiate A as Algorithm 2 using the technique of Joulani et al. (2013), which converts
any non-delayed OLO algorithm B into an OLO algorithm robust to delay. While this framework
typically requires maintaining dmax parallel instances to handle a maximum delay of dmax, our re-
duction imposes a fixed delay of only one block. Consequently, Algorithm 2 needs to instantiate
only two independent copies of B (alternating between even and odd blocks), so each instance ef-
fectively observes non-delayed feedback. Specifically, we employ Follow-the-Regularized-Leader
(FTRL) as the base learner B (Algorithm 3). While in this section we instantiate ψ with the negative
entropy regularizer, in the next section we derive adaptive regret bounds using different regularizers.
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Algorithm 2 Reduction from delayed OLO to OLO
Input: Agent index i P V , time horizon T , base OLO algorithm B
Initialization: Instances Bp0qpiq,Bp1qpiq of B with initial distributions qp0q

1 piq, q
p1q

1 piq P ∆pKq.
for τ “ 1, ¨ ¨ ¨ , T {B do

Query Bpτ mod 2qpiq and receive q
pτ mod 2q

tpτ`1q{2u
piq

Send p1
τ piq “ q

pτ mod 2q

tpτ`1q{2u
piq to Algorithm 1

if τ ě 2 then
Receive

`

τ ´ 1,zBτ piq
˘

from Algorithm 1 and send zBτ piq to Bpτ´1 mod 2qpiq
end

end

Algorithm 3 Follow the Regularized Leader for MAB
Input: regularizer ψt for t P rT s

Initialize: q1 “ 1
K1

for t “ 1, . . . , T do
Output qt and receive zt
Update qt`1 “ argmin

qP∆pKq

␣

ÿ

sPrts

xzs, qy ` ψtpqq
(

end

It remains to specify the block length B and the mixing coefficient κ. Our choice is driven
by the convergence properties of the accelerated gossip protocol (Ye et al., 2023a, Proposition 11),
included as Lemma 11 for completeness. That result shows that, for an appropriate choice of κ, the
approximation error to the global average loss estimate shrinks exponentially fast with the number
of gossip rounds B, scaled by the norm of the initial gap to the global average loss estimate. Note
that the 1

T uniform exploration ensures that the importance-weighted loss estimates have an ℓ2-
norm bounded by KT . Consequently, we can drive an initial error of magnitude OpKT q down to
poly

`

pKT q´1
˘

with a number of rounds logarithmic in KT . B and κ are thus set as follows:

B “

S

ln
`

pKT q6
?
14N

˘

p1 ´ 1{
?
2q
a

1 ´ σ2pW q

W

and κ “
1

1 `
a

1 ´ σ22pW q
. (4)

With these choices, the following lemma shows that the gossip process leads to a local approxima-
tion of global average loss estimate with only a OppKT q´5q error. The full proof is deferred to
Appendix B.1.

Lemma 1 If all agents i P V run Algorithm 1 with gossip matrix W and parameters κ,B defined
in Eq. (4), then

max
iPV

max
τPrT {Bs

›

›zBτ piq ´ szτ
›

›

2
ď

2B

pKT q5
, (5)

where szτ fi 1
N

řN
i“1

ř

tPTτ´1
pℓtpiq is defined in Eq. (3) for all τ P rT {Bs.

We now present our main result for distributedK-armed bandits. The following theorem shows that
our algorithm achieves a regret bound of rOp

a

pρ´1{2 `K{NqT q.

7
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Theorem 2 Let A be Algorithm 2 run with base OLO algorithm B set to Algorithm 3 with

ψtpqq “ 1
η

řK
k“1 qpkq log qpkq for all t P rT s where η “

c

logK

2pB` 3K
N

qT
. Assume all agents i P V

run Algorithm 1 with bandit algorithm A, gossip matrix W , and parameters κ and B defined
in Eq. (4). Then the regret is bounded as

RegT “ 2

d

2plogKq

ˆ

B `
3K

N

˙

T ` 10 “ rO

˜

d

ˆ

ρ´1{2 `
K

N

˙

T

¸

.

Theorem 2 significantly improves over the state-of-the-art by Yi and Vojnovic (2023), which ob-
tained a suboptimal regret of rO

`

ρ´1{3pKT q2{3
˘

. Moreover, we show that our bound is minimax
optimal up to logarithmic factors, as we provide a matching lower bound in Theorem 8. To gain
a better understanding of this result, note that our regret guarantee decomposes into two distinct
terms: a communication cost of rO

`

a

ρ´1{2T
˘

, which scales with the block length B (and thus
inversely with the spectral gap), and a bandit information cost of rO

`
a

KT {N
˘

, accounting for the
acceleration provided by N cooperating agents. The full proof is deferred to Appendix B.

Proof Sketch of Theorem 2. The proof follows by combining two key ingredients. The first
ingredient is the lemma showing that if, for all i P V , the instance of A run by i enjoys a bounded
regret with respect to the one-block-delayed estimates zBτ piq, then the regret of each agent with
respect to the true global average loss is also bounded, up to a constant additive overhead. Formally,
this reduction is stated as follows:

Lemma 3 Suppose that every agent i P V runs an instance of Algorithm 1 using a base algorithm
A that guarantees

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl ď Rdel , (6)

for some Rdel ě 0, then we have RegT ď Rdel ` 4 .

The full proof of Lemma 3 is deferred to Appendix B.2, here we only sketch the main argument.
A direct calculation shows that the overall regret is bounded by the regret of A (the left-hand side
of Eq. (6)) plus two residual error terms: (i) p1 ´ αqEr

řT {B
τ“1

@

p1
τ piq ´ ek, szτ`1 ´ zBτ`1piq

D

s, rep-

resenting the gossip approximation error; and (ii) αEr
řT {B
τ“1 xq ´ ek, szτ`1ys, representing the cost

of uniform exploration. To control the first term, we utilize our key concentration result Lemma 1,
which guarantees that the gossip error }szτ`1 ´ zBτ`1piq}2 is bounded by OpB{pTKq5q. Since
}p1

τ piq ´ ek}2 ď
?
2, summing this error over all T {B blocks yields a total contribution of Op1q.

To control the second term, we recall that szτ`1 is an unbiased estimator of the cumulative global
average loss over a block 1

N

řN
i“1

ř

tPTτ ℓtpiq, which has magnitude OpBq. Summing over T {B
blocks, and recalling that α “ OpT´1q, the total expected cost becomes OpαpT {BqBq “ Op1q.
Combining these bounds proves Lemma 3.

The second ingredient is to show that our subroutine A defined in Theorem 2 satisfies Eq. (6)
with Rdel “ rO

`

a

pρ´1{2 `K{NqT
˘

, formally stated in Lemma 4.
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Lemma 4 Under the same assumptions as Theorem 2,

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl ď 2

d

2

ˆ

B `
3K

N

˙

plogKqT ` 6 . (7)

The proof of Lemma 4 is deferred to Appendix B.3 and we provide a sketch here. Fix an agent
i P V . Recall that Algorithm 2 handles the one-block delay by alternating two FTRL instances
across odd and even blocks. This mechanism ensures that each instance of B receives the feedback
from its previous execution before it is queried again, so each instance effectively observes non-
delayed feedback. Consequently, we can decompose the analysis by considering the sequences
generated by the two instances separately and then summing their regrets.

Focusing on the odd blocks, let tp1
2τ´1piqu

T {2B
τ“1 denote the sequence of action distributions

generated by the first instance, Bp1qpiq, based on the feedback zB2τ piq. For the analysis, we intro-
duce a ghost sequence tsp2τ´1u

T {2B
τ“1 , generated by a hypothetical FTRL instance receiving the true

global average loss estimates sz2τ . We then decompose the regret of Bp1qpiq into three parts: (i)
Er
ř

τ xp1
2τ´1piq ´ sp2τ´1, sz2τ ys, capturing the discrepancy between the actual and ghost policies;

(ii) Er
ř

τ xp1
2τ´1piq ´ ek, z

B
2τ piq ´ sz2τ ys, which is the approximation error of the global average

loss estimate; and (iii) Er
ř

τ xsp2τ´1 ´ ek, sz2τ ys, which is the regret of the ghost policy on the true
global average losses.

We bound these terms as follows. For term (i), Lemma 1 together with the stability properties
of FTRL imply that }sp2τ´1 ´ p1

2τ´1piq}1 is bounded by OpB{pT 4K5qq. Since uniform explo-
ration ensures }pℓtpiq}2 ď KT (and thus }sz2τ }2 ď BKT ), summing these over the blocks yields
an Op1q bound. Similarly, term (ii) is bounded by Op1q as the approximation error }zB2τ piq ´

sz2τ }2 is negligible by Lemma 1. For term (iii), a standard FTRL analysis leads to a bound of
OplogK{η ` η

ř

τ

ř

k sp2τ´1pkqErsz2τ pkq2sq. A key deviation from the classic analysis is that sz2τ
is constructed using actions sampled from the actual policy p2τ´1piq, instead of the ghost policy
sp2τ´1. Fortunately, we show in Lemma 12 (using Lemma 1 again) that sp2τ´1pkq ď 3p2τ´1pi, kq

for all i P rN s and k P rKs. This constant-factor bound on the importance weight mismatch results
in an OplogK{η ` ηpB ` K{NqT q upper bound on term (iii). Picking η as defined in Theorem 2
and summing the contributions from both subsequences yields the stated bound.

4. Adaptive Bounds for Distributed K-armed Bandits

To demonstrate the versatility of our black-box reduction beyond worst-case minimax guarantees,
we show in this section that our framework naturally yields adaptive regret bounds for distributed
bandits. The underlying principle is straightforward: if Algorithm 1 is instantiated with a delayed
bandit algorithm A that achieves a specific adaptive regret guarantee under delayed feedback (im-
plying that Lemma 3 holds with Rdel being a data-dependent quantity), then this same bound carries
over to the distributed setting via our reduction. For illustration, we continue to use Algorithm 2 as
our subroutine A, but we modify its base algorithm B to target specific guarantees. We explore two
regimes: small-loss guarantees in Section 4.1 and best-of-both-worlds guarantees in Section 4.2.

To obtain small-loss guarantees, we follow Van Der Hoeven and Cesa-Bianchi (2022) who de-
rived small-loss bounds for delayed adversarial bandits using FTRL with a hybrid negative entropy
and log-barrier regularizer. To obtain best-of-both-worlds guarantees, we use FTRL with a negative
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Tsallis entropy and log-barrier regularizer, as proposed by Masoudian et al. (2022). These examples
highlight a general principle: as long as an adaptive bound is achievable in the delayed-feedback
model, our reduction automatically transfers it to the distributed bandit setting. The full proof is
deferred to Appendix C.1.

4.1. Small-Loss Bound

We first formalize our small-loss guarantee. In this regime, our goal is to improve the regret bound
by replacing the worst-case dependence on the horizon T with the cumulative global average loss
of the optimal action, L‹, defined as L‹ fi minkPrKs

řT
t“1

sℓtpkq “ minkPrKs

řT
t“1

1
N

řN
i“1 ℓtpi, kq.

Since ℓtpi, kq P r0, 1s, we have L‹ ď T . Therefore, replacing T with L‹ keeps the worst-case
guarantee while offering better bounds in benign environments, where the optimal action incurs
low cumulative loss. The following theorem establishes that instantiating Algorithm 2 with FTRL
(Algorithm 3) using a hybrid negative entropy and log-barrier regularizer achieves an optimal small-
loss guarantee for distributed bandits.

Theorem 5 Let A be Algorithm 2 run with base OLO algorithm B set to Algorithm 3 with ψtpqq “

1
η

řK
i“1 qpiq log qpiq ´ 1

γ

řK
k“1 log qpkq for all t P rT s where η “ min

␣

1
4B ,

b

logK
BL‹

(

and γ “

min
␣

N
12 ,

b

KN log T
L‹

(

. Assume all agents i P V run Algorithm 1 with bandit algorithm A, gossip
matrix W , and κ and B defined in Eq. (4). Then

RegT “ O
´

a

BL‹ logK `

c

KL‹ log T

N
`B logK `

K log T

N

¯

“ rO
´

b

ρ´1{2L‹ `

c

KL‹

N
` ρ´1{2 `

K

N

¯

.

To the best of our knowledge, Theorem 5 provides the first small-loss regret guarantee for distributed
K-armed bandits. We remark that while Theorem 5 requires tuning the learning rates η and γ based
on the unknown quantity L‹, this restriction can be removed using a standard doubling trick, since
the approximation error of the global average loss estimate is negligible—of order OpB{pTKq5q.
We refer the reader to Wei and Luo (2018); Lee et al. (2020) for a detailed exposition on adapting
to unknown L‹.

4.2. Best of Both Worlds

In this section, we extend our results to provide simultaneous guarantees for both adversarial and
stochastic environments. Specifically, for the stochastic setting, we assume that for each agent i P V
and arm k P rKs, the loss ℓtpi, kq P r0, 1s at each round t P rT s is drawn i.i.d. from a distribution
with mean µpi, kq “ Erℓtpi, kqs. We define the global average mean loss as µ P r0, 1sK , where
µpkq fi 1

N

řN
i“1 µpi, kq. Following previous works (Zimmert and Seldin, 2020), we assume there

exists a unique optimal arm k‹ fi argminkPrKs µpkq and define the sub-optimality gaps δ P r0, 1sK

as δpkq fi µpkq ´ µpk‹q. In this environment, the regret defined in Eq. (1) can be equivalently
written as RegT “ maxiPV E

“
řT
t“1 xptpiq, δy

‰

.
The following theorem shows that by instantiating the base algorithm B with FTRL using a

hybrid regularizer, specifically a combination of Shannon entropy and Tsallis entropy, we obtain
bounds that are optimal up to logarithmic factors in the adversarial setting, while also enjoying
logarithmic instance-dependent regret in the stochastic setting.

10
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Theorem 6 Let A be Algorithm 2 run with base OLO algorithm B set to Algorithm 3 with ψtpqq “

1
ηt

řK
i“1 qpiq log qpiq´ 2

γt

řK
k“1

a

qpkq where ηt “ min
!

1
B ,

b

logK
tB2

)

and γt “

b

N
tB and. Assume

all agents i P V run Algorithm 1 with bandit algorithm A, gossip matrix W , and parameters κ and
B defined in Eq. (4), Then, in the adversarial environment, the agents’ regret is bounded as

RegT “ O
´

a

BT logK `

c

KT

N
`B logK

¯

“ rO
´

b

ρ´1{2T `

c

KT

N
` ρ´1{2

¯

.

In the stochastic environment, the regret of the agents is bounded as

RegT “ O
´B

N

ÿ

k‰k‹

logpT {Bq

δpkq
`

ÿ

k‰k‹

B2

δpkq logK
`B2 logK

¯

.

Since B “ Θpρ´1{2logpKNT qq, the bound for the stochastic setting is dominated by the second
term, which scales as Op

ř

k‰k‹
log2pKTNq

ρ¨δpkq logK q. To the best of our knowledge, no prior work estab-
lishes minimax rates for best-of-both-worlds guarantees in distributed bandits, not even for the
pure stochastic setting with heterogeneous losses and gossip-only communication. Specifically, in
the pure stochastic setting, Zhang et al. (2025) achieve Op

ř

k‰k‹
log T
Nδpkq

` K
?
N

ρ q; however, their
protocol requires additional communication overhead beyond the standard gossip permitted in our
framework. Similarly, Martı́nez-Rubio et al. (2019) obtain Op

ř

k‰k‹
log T
Nδpkq

` ρ´1{2K logNq, but
their result is restricted to the homogeneous setting where µpi, kq “ µpkq for all agents. Determin-
ing the tight minimax rate for distributed stochastic bandits with heterogeneous losses remains an
interesting open direction.

5. Distributed Adversarial Linear Bandits

In this section, we extend our black-box reduction to the setting of adversarial linear bandits with
K actions in Rd. To adapt the importance-weighting estimator (Line 8 in Algorithm 1) from K-
armed to linear bandits, a standard approach is to construct a local loss coefficient estimator pθtpiq “

M´1
τ piqaAtpiqℓtpi, Atpiqq at each round t P Tτ , where Mτ piq “

ř

jPrKs pτ pi, jqaja
J
j denotes the

correlation matrix of the sampling distribution.
A naive strategy to estimate the global average loss would be to directly gossip pθtpiq. However,

unlike the MAB setting where the estimator’s norm is bounded by KT due to the uniform explo-
ration, pθtpiq may have an arbitrarily large ℓ2-norm, preventing the direct application of Lemma 1
to control the consensus error. Alternatively, one could explicitly control the scale of the loss esti-
mator by forcing exploration on a certain basis, and then gossiping the reconstructed loss estimate
pℓtpi, kq “ xak, pθtpiqy for all k P rKs. While this ensures boundedness of pℓtpiq, it will incur an
OpKq communication cost per agent per round, which is prohibitive in linear bandits, where K
is typically large. Therefore, in order to achieve Opdq communication cost, matching the com-
munication efficiency of previous D-OCO protocols, we exploit the linear structure of the losses.
Specifically, we restrict the gossip process to loss estimates defined only on a volumetric spanner
S Ď Ω. As formalized below, this spanner forms a good basis for Ω, ensuring that any action can
be represented as a linear combination with bounded coefficients.

Definition 1 (Volumetric Spanner (Hazan and Karnin, 2016)) A subset S “ tb1, b2, . . . , b|S|u Ă

Rd is a volumetric spanner of Ω “ ta1,a2, . . . ,aKu Ă Rd if S Ď Ω and for every ak P Ω, ak can
be expressed as ak “

ř|S|

j“1 λ
pkqpjq bj for some coefficients λpkq P R|S| satisfying }λpkq}2 ď 1.

11
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Algorithm 4 Black-box reduction for linear bandits
Input: Agent index i, time horizon T , block length B, mixing coefficients κ, gossip matrix
W , delayed bandit algorithm A, action set Ω “ ta1,a2, . . . ,aKu, volumetric spanner S “

tb1, b2, . . . , b|S|u Ď Ω, exploration parameters β.
Initialization: Set z´1

1 piq “ z0
1piq “ 0 P R|S|, exploration parameters α “ 1

T .
for τ “ 1, ¨ ¨ ¨ , T {B do

Receive p1
τ piq from A and compute pτ piq “

`

1 ´ α ´ β
˘

p1
τ piq ` α

K1 `
β

|S|
1S

Compute Mτ piq “
ř

jPrKs pτ pi, jqaja
J
j

Set b “ 0
for t P tpτ ´ 1qB ` 1, . . . , τBu do

Play Atpiq „ pτ piq and observe ℓt
`

i, Atpiq
˘

“ xaAtpiq,θtpiqy

Compute pθtpiq “ Mτ piq´1aAtpiqℓt
`

i, Atpiq
˘

Compute the estimator pℓtpiq P R|S|: For each k P
“

|S|
‰

, pℓtpi, kq “ xbk, pθtpiqy

Update zb`1
τ piq “ p1 ` κq

ÿ

jPN piq

W pi, jqzbτ pjq ´ κzb´1
τ piq and set b Ð b` 1

end
if τ ě 2 then send

`

τ ´ 1,zBτ piq
˘

to A ;
Set z´1

τ`1piq “ z0
τ`1piq “

řτB
t“pτ´1qB`1

pℓtpiq

end

This property allows us to reduce the communication complexity from K to Opdq. Specifically,
agents need only gossip the estimated losses for the basis vectors in S. Using the linear relation in
Definition 1, each agent can then locally reconstruct an approximation of the global average loss
estimate for any action ak P Ω. Crucially, the constraint }λpkq}2 ď 1 ensures that the consensus
error does not grow during this reconstruction. The following proposition guarantees that such a
spanner set has size at most 3d and can be found efficiently. In light of this, we assume that all
agents pre-compute a common spanner S during initialization.

Proposition 2 (Bhaskara et al. (2023)) Given a set Ω Ă Rd of size K, there exists an efficient
algorithm to compute a volumetric spanner S of Ω of size |S| ď 3d in time OpKd3 log dq.

With the volumetric spanner S in hand, we present our distributed linear bandit algorithm in Al-
gorithm 4. While the overall structure mirrors the MAB reduction (Algorithm 1), we introduce
three specific modifications to leverage the linear geometry and control communication costs. First,
in each block τ , the sampling distribution pτ piq mixes the base policy not only with 1

T -uniform
exploration over the action set Ω but also with an explicit exploration term over the spanner S
(controlled by parameter β). This ensures the second moment matrix Mτ piq is well-conditioned,
making the estimated loss xak, pθtpiqy for k P rKs bounded by |S|{β (as shown in Lemma 17 in
Appendix D). Second, after playing an action Atpiq and observing the feedback, the agent con-
structs the standard unbiased local loss coefficient estimate pθtpiq. Instead of communicating this
potentially unbounded pθtpiq directly, the agent projects the loss onto the spanner basis and com-
putes pℓtpiq P R|S| where pℓtpi, kq “ xbk, pθtpiqy. Finally, the agents run B rounds of accelerated
gossip on these |S|-dimensional vectors. When the delayed feedback zBτ piq (an approximation of
the global average loss estimate over the spanner) is finally passed to the base learner B, we em-

12
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ploy a modified base FTRL algorithm (Algorithm 5 deferred to Appendix D.1). Specifically, the
learner first reconstructs the estimated loss for every original action ak P Ω using the coefficients
λpkq from Definition 1, and then performs a standard FTRL update with entropy regularizer over
Ω (Dani et al., 2007; Cesa-Bianchi and Lugosi, 2012; Bubeck et al., 2012). The following theorem
shows the guarantee of Algorithm 4 for the linear bandits setting.

Theorem 7 Let A be Algorithm 2 run with base OLO algorithm B set to Algorithm 5 with ψpqq “

1
η

řK
k“1 qpkq log qpkq and η “ min

!

1
6Bd ,

b

logK{pdTB ` dT
N q

)

. Assume all agents i P V run
Algorithm 4 with linear bandit algorithm A, action set Ω, volumetric spanner S Ď Ω, gossip matrix
W , β “ 3Bdη, and exploration parameters κ and B defined in Eq. (4). Then, the regret of each
agent is bounded as

RegT “ O
ˆ

c

plogKq

´

B ` 1
N

¯

dT ` dB logK

˙

“ rO
ˆ

c

´

ρ´1{2 ` 1
N

¯

dT ` dρ´1{2

˙

.

The proof is deferred to Appendix D. To the best of our knowledge, Theorem 7 provides the
first regret guarantee for adversarial distributed linear bandits using only gossip communication.
Crucially, our algorithm achieves this rate with Opdq communication per round and a dependence
on the action set size K that is merely logarithmic. In Section 6, we complement this result with a
lower bound of Ωpρ´1{4

?
T `

a

dT {Nq. Comparing the two results reveals a gap of
?
d logKNT

in the communication-dependent term. This is likely an artifact of our block-based approach, and
we leave closing this gap as an open problem.

6. Lower Bound

In this section, we provide lower bounds for both distributedK-armed and distributed linear bandits.
Recall that these bounds feature the sum of a communication cost term and a bandit cost term. For
each setting, the proof shows that there exist problem instances forcing either term in the bound.
Hence, the overall lower bound is asymptotic to the sum of these two terms. We start with the lower
bound for K-armed bandits, which is a combination of the lower bound construction for the K-
armed bandits with NT observed losses (Seldin et al., 2014) and the one in Yi and Vojnovic (2023).
The full proof is deferred to Appendix E.

Theorem 8 For any distributed K-armed bandit algorithm with K ě 2, and for any N,T large
enough, there exists a communication graph G with N nodes, a gossip matrix W , and a sequence

ℓ1, . . . , ℓT of loss matrices ℓtp¨, ¨q P r0, 1sNˆK such that RegT “ Ω
´
b

ρ´1{2T logK ` KT
N

¯

.

Next, we state the lower bound for the linear setting. The proof is a direct combination of the K-
armed lower bound and a lower bound for cooperative linear bandits (Ito et al., 2020). The full proof
is deferred to Appendix E.

Theorem 9 For any distributed linear bandit algorithm, and for any N,T large enough, there
exists an action set Ω Ă Rd with |Ω| “ K ě 2, a communication graph G with N nodes, a gossip
matrix W supported on G, and local loss coefficients θtpiq P Rd for t P T and i P V such that

RegT “ Ω
´
b

plogKq
`

ρ´1{2 ` d
N

˘

T
¯

.
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Nicolò Cesa-Bianchi and Gábor Lugosi. Combinatorial bandits. Journal of Computer and System
Sciences, 78(5):1404–1422, 2012.
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Appendix A. Auxiliary Results

Lemma 10 Let ψ : ∆pKq Ñ R Y t`8u be a proper, convex function that is µ-strongly convex
with respect to } ¨ }2 on ∆pKq, i.e., for all x,y P ∆pKq and all g P Bψpxq,

ψpyq ě ψpxq ` xg,y ´ xy `
µ

2
}y ´ x}22 .

Let ξ : RK Ñ ∆pKq be the argmin map

ξpaq “ argmin
uP∆pKq

xa,uy ` ψpuq .

Then the argmin map is 1{µ-Lipschitz w.r.t. the ℓ2-norm,

}ξpaq ´ ξpbq}2 ď
1

µ
}a ´ b}2 .

Proof Pick a, b P RK and let x “ ξpaq and y “ ξpbq. By first-order optimality of x,y, there exist
gx P Bψpxq and gy P Bψpyq such that

xa ` gx,u ´ xy ě 0 and xb ` gy,u ´ yy ě 0 @u P ∆pKq .

Taking u “ y in the first inequality and u “ x in the second inequality, and adding them together
gives

xa ´ b,y ´ xy ě xgx ´ gy,x ´ yy .

Direct calculation shows that strong convexity implies strong monotonicity of the subgradient map-
ping:

xgx ´ gy,x ´ yy ě µ}x ´ y}22.

Hence xa´b,y´xy ě µ}x´y}22. By Cauchy-Schwarz inequality, we know that xa´b,x´yy ď

}a ´ b}2 }x ´ y}2. Dividing }x ´ y}2 on both sides yields the claim.
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A.1. Convergence properties for accelerated gossip

Given a set of vectors denoted as xp1q,xp2q, . . . , zpNq P RK and let x0piq “ x´1piq “ xpiq
for all i P V . To approximate the average sx “ 1

N

ř

iPV xpiq, Liu and Morse (2011) considers the
following accelerated gossip process:

xb`1piq “ p1 ` κq
ÿ

jPN piq

W pi, jqxbpjq ´ κxb´1piq , (8)

for all b ě 0, where κ is the mixing coefficient. LetXb fi
“

xbp1qJ,xbp2qJ, . . . ,xbpNqJ
‰

P RNˆK

and sX fi
“

sxJ, sxJ, . . . , sxJ
‰

P RNˆK . According to iteration in Eq. (8), it is not hard to verify that

Xb`1 “ p1 ` κqWXb ´ κXb´1 ,

for all b ě 0. Ye et al. (2023a) shows the following convergence property.

Lemma 11 (Proposition 1 in Ye et al. (2023a)) For B ě 1, the iterations of Eq. (8) with gossip
matrix W and parameters κ defined in Eq. (4) ensure

›

›XB ´ sX
›

›

F
ď

?
14

ˆ

1 ´

ˆ

1 ´
1

?
2

˙

a

1 ´ σ2pW q

˙B
›

›X0 ´ X̄
›

›

F
.

Appendix B. Omitted Proof Details for Distributed K-armed Bandits

B.1. Omitted proof details for Lemma 1

For completeness, we restate Lemma 1 and provide its proof as follows.

Lemma 1 If all agents i P V run Algorithm 1 with gossip matrix W and parameters κ,B defined
in Eq. (4), then

max
iPV

max
τPrT {Bs

›

›zBτ piq ´ szτ
›

›

2
ď

2B

pKT q5
, (5)

where szτ fi 1
N

řN
i“1

ř

tPTτ´1
pℓtpiq is defined in Eq. (3) for all τ P rT {Bs.

Proof Fix an epoch index τ and define Xb
τ fi

“

zbτ p1qJ, zbτ p2qJ, . . . ,zbτ pNqJ
‰

P RNˆK for any
integer b ě ´1. Let Tτ fi tpτ ´ 1qB ` 1, pτ ´ 1qB ` 2, . . . , τBu be the round index in epoch τ .
Recall that for each i P V ,

z´1
τ piq “ z0

τ piq “
ÿ

tPTτ´1

pℓtpiq ,

which means that

X´1
τ “ X0

τ “

»

–

ÿ

tPTτ´1

pℓtp1qJ, . . . ,
ÿ

tPTτ´1

pℓtpNqJ

fi

fl . (9)

According to the dynamic of zbτ piq defined in Algorithm 1, it is straightforward to verify that for all
b P t0, 1, . . . , B ´ 1u,

Xb`1
τ “ p1 ` κqWXb

τ ´ κXb´1
τ . (10)

In order to bound }szτ ´ zBτ piq}2, we define sXτ fi
“

szJ
τ , . . . , sz

J
τ

‰

. When τ “ 1, since sz1 “

zB1 piq “ 0, the conclusion holds trivially. When τ ě 2, by definition of XB
τ and sXτ , we know that
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›

›zBτ piq ´ szτ
›

›

2
ď

›

›XB
τ ´ sXτ

›

›

F
. Then, according to Ye et al. (2023a, Proposition 1) (included in

Appendix A as Lemma 11), we have

›

›XB
τ ´ sXτ

›

›

F
ď

?
14

´

1 ´ c
a

1 ´ σ2pW q

¯B ›

›X0
τ ´ sXτ

›

›

F
, (11)

where c “ 1 ´ 1{
?
2. Further plugging in the definition of B in Eq. (4) leads to the following

?
14

´

1 ´ c
a

1 ´ σ2pW q

¯B ›

›X0
τ ´ sXτ

›

›

F

ď
?
14

´

1 ´ c
a

1 ´ σ2pW q

¯

lnpK6T6?
14Nq

c
?

1´σ2pW q
›

›X0
τ ´ sXτ

›

›

F

ď
?
14

´

1 ´ c
a

1 ´ σ2pW q

¯

lnpK6T6?
14Nq

´ lnp1´c
?

1´σ2pW qq
›

›X0
τ ´ sXτ

›

›

F

“

›

›X0
τ ´ sXτ

›

›

F

T 6K6
?
N

, (12)

where the first inequality is because of the definition of B and the second inequality is due to
´ lnx ě 1 ´ x for any x ą 0.

Combining Eq. (11) and Eq. (12), for any i P V and τ ě 2, we have

›

›zBτ piq ´ szτ
›

›

2
ď

›

›X0
τ ´ sXτ

›

›

F

T 6K6
?
N

ď

›

›X0
τ

›

›

F
` } sXτ }F

T 6K6
?
N

(triangle inequality)

ď

2

c

řN
i“1

řK
k“1

´

ř

tPTτ´1
pℓtpi, kq

¯2

T 6K6
?
N

, (13)

where the last inequality uses Eq. (9) and the fact that } sXτ }F ď }X0
τ }F due to Jensen’s inequality.

To further bound the right-hand side of Eq. (13), since ℓtpi, kq P r0, 1s and pτ pi, kq ě 1{pKT q

for all t P rT s, i P V , k P rKs, and τ ě 1, and pℓtpiq has at most one nonzero coordinate, we know
that that }ℓtpiq}2 ď KT . Therefore, by triangular inequality,

›

›

›

›

›

ÿ

tPTτ

pℓtpiq

›

›

›

›

›

2

ď
ÿ

tPTτ

›

›

›

pℓtpiq
›

›

›

2
ď |Tτ |KT ď BKT, (14)

where B is an upper bound on the block length (i.e., |Tτ | ď B). Substituting Eq. (14) into Eq. (13)
yields the final conclusion:

›

›zBτ piq ´ szτ
›

›

2
ď

2B

T 5K5
.
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B.2. Omitted Proof Details for Lemma 3

In this subsection, we present the proof for Lemma 3, which formalizes the connection between the
performance of the subroutine A used in Algorithm 1 and our global regret objectives. The result
shows that a regret guarantee for A on the given loss vectors implies a corresponding bound on the
target regret, subject only to a small additive constant.

Lemma 3 Suppose that every agent i P V runs an instance of Algorithm 1 using a base algorithm
A that guarantees

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl ď Rdel , (6)

for some Rdel ě 0, then we have RegT ď Rdel ` 4 .

Proof Recall that Algorithm 1 uses pτ piq “ p1´αqp1
τ piq `αq where q “ 1

K1, α “ 1
T , and p1

τ piq
is the distribution over ∆pKq received by A. Let

k fi argmax
k1PrKs

E

»

–

T {B
ÿ

τ“1

C

pτ piq ´ ek1 ,
ÿ

tPTτ

sℓt

G

fi

fl .

Then, we decompose the regret as follows:

RegT piq “ E

»

–

T {B
ÿ

τ“1

C

pτ piq ´ ek,
ÿ

tPTτ

sℓt

G

fi

fl

“ E

»

–

T {B
ÿ

τ“1

xpτ piq ´ ek, szτ`1y

fi

fl (by definition of szτ`1 in Eq. (3))

“ E

»

–

T {B
ÿ

τ“1

@

p1 ´ αqp1
τ piq ` αq ´ ek, z

B
τ`1piq ` szτ`1 ´ zBτ`1piq

D

fi

fl

(by definition of pτ piq)

“ p1 ´ αqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl

` p1 ´ αqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, szτ`1 ´ zBτ`1piq

D

fi

fl

` αE

»

–

T {B
ÿ

τ“1

xq ´ ek, szτ`1y

fi

fl

ď Rdel (using Eq. (6))
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` p1 ´ αqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, szτ`1 ´ zBτ`1piq

D

fi

fl (15)

` αE

»

–

T {B
ÿ

τ“1

xq ´ ek, szτ`1y

fi

fl . (16)

We now bound Eq. (15) and Eq. (16) respectively.

Bounding Eq. (15). By Cauchy-Schwarz inequality, for each block τ ě 1,
@

p1
τ piq ´ ek, szτ`1 ´ zBτ`1piq

D

ď
›

›p1
τ piq ´ ek

›

›

2
¨
›

›

szτ`1 ´ zBτ`1piq
›

›

2
.

Since p1
τ piq P ∆pKq, }p1

τ piq ´ ek}2 ď
?
2. Moreover, by Lemma 1, we know that the second term

is bounded as follows:
›

›

szτ`1 ´ zBτ`1piq
›

›

2
ď

2B

T 5K5
.

Therefore,
@

p1
τ piq ´ ek, szτ`1 ´ zBτ`1piq

D

ď
2
?
2B

T 5K5
.

Taking summation over τ “ 1, . . . , T {B yields

p1 ´ αqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, szτ`1 ´ zBτ`1piq

D

fi

fl ď
T

B

2
?
2B

T 5K5
“

2
?
2

T 4K5
ď 3, (17)

where the last inequality uses the fact that T ě 1 and K ě 1.

Bounding Eq. (16). Since ℓtpi, kq P r0, 1s for all i P rN s, t P rT s, and k P rKs, we know that
each coordinate of szτ`1 is non-negative. Therefore, xq ´ ek, szτ`1y ď xq, szτ`1y , which leads to

E

»

–

T {B
ÿ

τ“1

@

q ´ ek, szτ`1

D

fi

fl ď

T {B
ÿ

τ“1

E
“

xq, szτ`1y
‰

“

T {B
ÿ

τ“1

1

K

K
ÿ

k“1

E
“

szτ`1pkq
‰

.

Since E
”

pℓtpi, kq

ı

“ ℓtpi, kq via a direct calculation, we know that

E
“

szτ`1pkq
‰

“
1

N

N
ÿ

i“1

ÿ

tPTτ

E
”

pℓtpi, kq

ı

ď
1

N

N
ÿ

i“1

ÿ

tPTτ

1 “ B

and hence E
“

xq, szτ`1y
‰

ď B. This implies that

αE

»

–

T {B
ÿ

τ“1

xq ´ ek, szτ`1y

fi

fl ď α

T {B
ÿ

τ“1

B “ αT “ 1 (18)

where we used α “ 1
T in the last equality. Finally, plugging in Eq. (17) and Eq. (18) into the regret

decomposition proves the statement.

21



QIU ZHANG CESA-BIANCHI

B.3. Omitted Proof Details for Lemma 4

In this section, we present the proof for Lemma 4, which provides the concrete regret guarantee for
Algorithm 2 with base OLO algorithm B set to Algorithm 3, using the entropy regularizer and η
defined in Theorem 2.

Lemma 4 Under the same assumptions as Theorem 2,

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl ď 2

d

2

ˆ

B `
3K

N

˙

plogKqT ` 6 . (7)

Proof Let M fi T {B denote the number of blocks and define the parity sets

P0 fi tτ P rM s : τ is evenu , P1 fi tτ P rM s : τ is oddu.

Let mr “ |Pr| for r P t0, 1u, i.e.,

m0 “

Z

M

2

^

, m1 “

R

M

2

V

.

Define the local-to-global index maps as follows:

π0psq fi 2s´ 1, s “ 1, . . . ,m0 and π1psq fi 2s, s “ 1, . . . ,m1 (19)

so that Pr “ tπrpsq : s P rmrsu for each r P t0, 1u. Fix an agent i P V and k P rKs, we decompose
the regret as follows:

E

«

M
ÿ

τ“1

A

p1
τ piq ´ ek, z

B
τ`1piq

E

ff

“ E

«

m0
ÿ

s“1

A

p1
π0psqpiq ´ ek, z

B
π0psq`1piq

E

ff

looooooooooooooooooooooomooooooooooooooooooooooon

fiRegP0
piq

`E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, z

B
π1psq`1piq

E

ff

looooooooooooooooooooooomooooooooooooooooooooooon

fiRegP1
piq

.

We now analyze RegP1
piq, the analysis for RegP0

piq is analogous.
According to the update rule of qt in Algorithm 3, we know that p1

π1psq
piq is computed as

follows:

p1
π1psqpiq “ argmin

qP∆pKq

s´1
ÿ

s1“1

A

zBπ1ps1q`1piq, q
E

`
1

η

K
ÿ

k“1

qpkq log pqpkqq (20)

To analyze RegP1
piq, we recall the definition of szτ defined in Eq. (3)

szπ1psq`1 “
1

N

N
ÿ

i“1

ÿ

tPTπ1psq

pℓtpiq

22



NEAR-OPTIMAL REGRET FOR DISTRIBUTED ADVERSARIAL BANDITS

and define spπ1psq as follows

spπ1psq fi argmin
qP∆pKq

s´1
ÿ

s1“1

@

szπ1ps1q`1, q
D

`
1

η

K
ÿ

k“1

qpkq log pqpkqq , (21)

which is the strategy output by FTRL with loss vectors tszπ1ps1q`1us1Prs´1s. Now we decompose the
regret into the following three terms and bound each term separately.

RegP1
piq “ E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, z

B
π1psq`1piq

E

ff

“ E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ spπ1psq, szπ1psq`1

E

ff

loooooooooooooooooooooooomoooooooooooooooooooooooon

♣

` E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, z

B
π1psq`1piq ´ szπ1psq`1

E

ff

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

♡

` E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

looooooooooooooooooomooooooooooooooooooon

♠

. (22)

Bounding the term ♣. By Cauchy-Schwarz inequality, for each s P rm1s, we have
A

p1
π1psqpiq ´ spπ1psq, szπ1psq`1

E

ď }p1
π1psqpiq ´ spπ1psq}2 ¨ }szπ1psq`1}2 .

Since p1
π1psq

piq and spπ1psq follow the update rule of Eq. (20) and Eq. (21) and using ψpqq “
řK
k“1 qpkq logpqpkqq is 1-strongly convex w.r.t. ℓ2-norm, Lemma 12 yields that

}p1
π1psqpiq ´ spπ1psq}2 ď

2ηB

T 4K5
.

Moreover, since each pℓtpiq has at most one non-zero coordinate and pπ1psqpi, jq ě α
K “ 1{pKT q

for all j P rKs, we know that }pℓtpiq}2 ď KT , and hence

}szπ1psq`1}2 “

›

›

›

›

›

›

1

N

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpiq

›

›

›

›

›

›

2

ď
1

N

ÿ

tPTπ1psq

N
ÿ

i“1

}pℓtpiq}2 ď BKT .

Therefore,

♣ ď

m1
ÿ

s“1

E
”

}p1
π1psqpiq ´ spπ1psq}2 ¨ }szπ1psq`1}2

ı

ď

m1
ÿ

s“1

2ηB

T 4K5
¨BKT “

2ηm1B
2

T 3K4
ď 2 (23)

where the last inequality uses m1 ď T {B, B ď T and η ď 1.
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Bounding the term ♡. By Cauchy-Schwarz inequality, for each s P rm1s, we have
A

p1
π1psqpiq ´ ek, z

B
π1psq`1piq ´ szπ1psq`1

E

ď
›

›p1
π1psqpiq ´ ek

›

›

2
¨
›

›zBπ1psq`1piq ´ szπ1psq`1

›

›

2
.

Since p1
π1psq

piq P ∆pKq and ek is a vertex of the simplex, we have }p1
π1psq

piq ´ ek}2 ď
?
2.

Moreover, according to Lemma 1, we know that

›

›zBπ1psq`1piq ´ szπ1psq`1

›

›

2
ď

2B

T 5K5
.

Therefore,

♡ “ E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, z

B
π1psq`1piq ´ szπ1psq`1

E

ff

ď

m1
ÿ

s“1

2
?
2B

T 5K5
ď

3m1B

T 5K5
ď 1, (24)

where the last inequality uses m1 ď T and B ď T .

Bounding the term ♠. Recall that the definitions of szπ1psq`1 and pℓtpi, jq are as follows

szπ1psq`1 “
1

N

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpiq, pℓtpi, jq “
ℓtpi, jq

pπ1psqpi, jq
1tAtpiq “ ju .

Since spπ1psq follows the update rule shown in Eq. (21), using the standard analysis of FTRL
(e.g. Theorem 5.2 in Hazan (2016)), we obtain

♠ “ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď
logK

η
` 2η

m1
ÿ

s“1

K
ÿ

j“1

E

»

–

spπ1psqpjq

¨

˝

1

N

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpi, jq

˛

‚

2fi

fl (25)

Let Fπ1psq be the filtration of all random events observed up to the beginning of block π1psq.
Since spπ1psqpjq is Fπ1psq-measurable, we know that

E
”

spπ1psqpjqsz
2
π1psq`1pjq

ı

“ E
”

E
“

spπ1psqpjqsz
2
π1psq`1pjq | Fπ1psq

‰

ı

“ E
”

sp2π1psqpjqE
“

szπ1psq`1pjq | Fπ1psq

‰

ı

. (26)

Conditioned on Fπ1psq, for all t P Tπ1psq, direct calculation shows that

E
”

pℓtpi, jq | Fπ1psq

ı

“ ℓtpi, jq and E
”

pℓtpi, jq
2 | Fπ1psq

ı

“
ℓ2t pi, jq

pπ1psqpi, jq
.

Since Atpiq are independently drawn across t P Tπ1psq and i P V conditioned on Fπ1psq, direct
calculation shows that

E

»

–

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpi, jq

˛

‚

2 ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl
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“

¨

˝E

»

–

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpi, jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

˛

‚

2

` E

»

–

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ppℓtpi, jq ´ ℓtpi, jqq

˛

‚

2 ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

“

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, jq

˛

‚

2

`
ÿ

tPTπ1psq

N
ÿ

i“1

E
„

´

pℓtpi, jq ´ ℓtpi, jq
¯2

| Fπ1psq

ȷ

“

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, jq

˛

‚

2

`
ÿ

tPTπ1psq

N
ÿ

i“1

ˆ

ℓ2t pi, jq

pπ1psqpi, jq
´ ℓ2t pi, jq

˙

(27)

ď pNBq2 `
ÿ

tPTπ1psq

N
ÿ

i“1

1

pπ1psqpi, jq

where the second equality uses E
”

pℓtpi, jq | Fπ1psq

ı

“ ℓtpi, jq and the conditional independence of
Atpiq among t P Tπ1psq and i P V , and the last inequality holds because ℓtpi, jq P r0, 1s. Hence,

E
“

zπ1psq`1pjq2 | Fπ1psq

‰

“
1

N2
E

»

–

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpi, jq

˛

‚

2 ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

ď B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

1

pπ1psqpi, jq
. (28)

Combining Eq. (26) and Eq. (28) yields

♠ ď E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď
logK

η
` 2η

m1
ÿ

s“1

K
ÿ

j“1

spπ1psqpjq

¨

˝B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

1

pπ1psqpi, jq

˛

‚

ď
logK

η
` 2η

ˆ

m1B
2 `

3KBm1

N

˙

(29)

where the last inequality uses
řK
j“1 spspjq “ 1 and the fact that for all s P rm1s, i P rN s, j P rKs,

with α “ 1
T ,

spπ1psqpjq

pπ1psqpi, jq
“

spπ1psqpjq

p1 ´ αqp1
π1psq

pi, jq ` α{K
ď 3, (30)

where the equality is by the definition of pπ1psqpi, jq, and the inequality is due to Lemma 12.
Substituting Eq. (29), Eq. (23), and Eq. (24) into the decomposition Eq. (22), we obtain

RegP1piq ď
logK

η
` 2η

ˆ

m1B
2 `

3KBm1

N

˙

` 3.
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The analysis for RegP0
piq is identical. Summing the bounds over the two parity subsequences and

using m1 `m2 “ M “ T {B yields

E

«

M
ÿ

τ“1

A

p1
τ piq ´ ek, z

B
τ`1piq

E

ff

ď
logK

η
` 2η

ˆ

TB `
3KT

N

˙

` 6

ď 2

d

2 logK

ˆ

B `
3K

N

˙

T ` 6 (31)

where the second inequality follows by choosing

η “

d

logK

2pTB ` 3KT
N q

.

B.4. Omitted Proof Details for Lemma 12

Lemma 12 Let A be Algorithm 2 and B be an instance of Algorithm 3 with a regularizer ψ that is
1-strongly convex w.r.t. the ℓ2-norm. Suppose that each agent uses an instance of Algorithm 1 with
κ and B defined in Eq. (4). Define sq

p1q
s and q

p1q
s piq for all i P rN s as follows

qp1q
s piq “ argmin

qP∆pKq

#

s´1
ÿ

s1“1

A

zBπ1ps1q`1piq, q
E

`
1

η
ψpqq

+

sqp1q
s “ argmin

qP∆pKq

#

s´1
ÿ

s1“1

@

szπ1ps1q`1, q
D

`
1

η
ψpqq

+

where szτ is defined in Eq. (3) and π1 is defined in Eq. (19). Then we have

}sqp1q
s ´ qp1q

s piq}2 ď
2ηB

T 4K5
for all i P rN s. (32)

and
sq

p1q
s pkq

p1 ´ αqq
p1q
s pi, kq ` α{K

ď 3 for all i P rN s and k P rKs

where α “ 1
T ď 1

2 .

Proof Since ψ is 1-strongly convex w.r.t. } ¨ }2, we have

›

›

sqp1q
s ´ qp1q

s piq
›

›

2
ď η

›

›

›

›

›

s´1
ÿ

s1“1

szπ1ps1q`1 ´

s´1
ÿ

s1“1

zBπ1ps1q`1piq

›

›

›

›

›

2

(Lemma 10)

ď η
s´1
ÿ

s1“1

›

›

szπ1ps1q`1 ´ zBπ1ps1q`1piq
›

›

2
(triangle inequality)

ď
2ηB

T 4K5
(Lemma 1)
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ď
2

KT
. (B ď T )

To prove the second inequality, using } ¨ }8 ď } ¨ }2 we obtain
ˇ

ˇ

ˇ
sqp1q
s pkq ´ qp1q

s pi, kq

ˇ

ˇ

ˇ
ď

2

KT
for all k P rKs.

Now direct calculation shows that

sq
p1q
s pkq

p1 ´ αqq
p1q
s pi, kq ` α{K

ď
q

p1q
s pi, kq ` 2

KT

p1 ´ αqq
p1q
s pi, kq ` α{K

“ 1 `
α q

p1q
s pi, kq ` 2

KT ´ α{K

p1 ´ αqq
p1q
s pi, kq ` α{K

ď 1 ` max

"

α

1 ´ α
,
2

αT

*

“ 3

where the last inequality uses the fact that α “ 1{T ď 1
2 .

Appendix C. Omitted Details for Adaptive Bounds for Distributed K-armed Bandits

C.1. Omitted Proof Details for Theorem 5

In this section, we present the proof for Theorem 5, which provides the small- loss guarantee. For
completeness, we restate Theorem 5 and provide its proof as follows.

Theorem 5 Let A be Algorithm 2 run with base OLO algorithm B set to Algorithm 3 with ψtpqq “

1
η

řK
i“1 qpiq log qpiq ´ 1

γ

řK
k“1 log qpkq for all t P rT s where η “ min

␣

1
4B ,

b

logK
BL‹

(

and γ “

min
␣

N
12 ,

b

KN log T
L‹

(

. Assume all agents i P V run Algorithm 1 with bandit algorithm A, gossip
matrix W , and κ and B defined in Eq. (4). Then

RegT “ O
´

a

BL‹ logK `

c

KL‹ log T

N
`B logK `

K log T

N

¯

“ rO
´

b

ρ´1{2L‹ `

c

KL‹

N
` ρ´1{2 `

K

N

¯

.

Proof We only show the steps that differ from the proof of Theorem 2, or more specifically
Lemma 3 and Lemma 4. Note that the only algorithmic change compared to Theorem 2 is to
use Algorithm 3 with a different regularizer as the subroutine B. Since Lemma 1 and Lemma 3 is
independent of the choice of B, the conclusion from Lemma 1 and Lemma 3 still hold. To analyze
the three terms ♣, ♡, and ♠ shown in the regret decomposition Eq. (22), since ψ is still 1-strongly
convex with respect to ℓ2-norm and zπ1psq`1piq still follows the accelerated gossip dynamic, we still
have ♣ ď 2 and ♡ ď 1. Therefore, we have

RegP1
piq ď E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

looooooooooooooooooomooooooooooooooooooon

♠

`3 . (33)

27



QIU ZHANG CESA-BIANCHI

It remains to analyze ♠ term E
“
řm1
s“1

@

spπ1psq ´ ek, szπ1psq`1

D‰

. Let Dψp¨, ¨q be the Bregman di-
vergence based on ψ, and define rpπ1ps`1q fi argminqPRd

ě0

@

q, szπ1psq`1

D

`Dψpq, spπ1psqq. Picking

p‹ “
`

1 ´ 1
T

˘

ek ` 1
TK1 and using Lemma 7.16 in Orabona (2025), we obtain

♠ “ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

“ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek ` p‹ ´ p‹, szπ1psq`1

D

ff

ď E

«

m1
ÿ

s“1

@

p̄π1psq ´ p‹, szπ1psq`1

D

ff

` 2

ď ψpp‹q ´ ψpspπ1p1qq ` 2

`

m1
ÿ

s“1

K
ÿ

j“1

˜

ηγy2π1psq
pjq

γyπ1psqpjq ` η

¸

E
”

sz2
π1psq`1

ı

ď
logK

η
`
K log T

γ
` 2

`

m1
ÿ

s“1

K
ÿ

j“1

˜

ηγy2π1psq
pjq

γyπ1psqpjq ` η

¸

E
”

sz2
π1psq`1

ı

(34)

where yπ1psq lies on the line segment between spπ1psq and rpπ1ps`1q, and the last inequality is because
spπ1p1q is the uniform distribution. According to the update rule of rpπ1ps`1q, we know rpπ1ps`1q

satisfies that for all j P rKs,

rpπ1ps`1qpjq` log rpπ1ps`1qpjq´
η{γ

rpπ1ps`1qpjq
“ spπ1psqpjq` log spπ1psqpjq´

η{γ

spπ1psqpjq
´ηszπ1psq`1pjq,

Since x ÞÑ x` log x´ c{x with c ą 0 is strictly increasing on p0,8q, szπ1psq`1pjq ě 0 implies that
for all j P rKs,

rpπ1ps`1qpjq ď spπ1psqpjq,

meaning that yπ1psqpjq ď spπ1psqpjq. Plugging this inequality to Eq. (34) and using the fact that
x2

γx`η is increasing in x for x P p0, 1q, we have that

♠ ď
logK

η
`
K log T

γ
` 2 `

m1
ÿ

s“1

K
ÿ

j“1

˜

ηγsp2π1psq
pjq

γspπ1psqpjq ` η

¸

E
”

sz2
π1psq`1

ı

ď
logK

η
`
K log T

γ
` 2 (35)

` E

»

–

1

N2

m1
ÿ

s“1

K
ÿ

j“1

˜

ηγsp2π1psq
pjq

γspπ1psqpjq ` η

¸

¨

˝

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, jq

˛

‚

2

`
ÿ

tPTπ1psq

N
ÿ

i“1

ˆ

ℓ2t pi, jq

pπ1psqpi, jq

˙

˛

‚

fi

fl

(using Eq. (27))
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ď
logK

η
`
K log T

γ
` 2 ` E

»

–

B

N

m1
ÿ

s“1

K
ÿ

j“1

ηspπ1psqpjq

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, jq

˛

‚

fi

fl

` E

»

–

m1
ÿ

s“1

K
ÿ

j“1

γsp2π1psqpjq

¨

˝

1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

ℓ2t pi, jq

pπ1psqpi, jq

˛

‚

fi

fl

ď
logK

η
`
K log T

γ
` 2 ` E

»

–

B

N

m1
ÿ

s“1

K
ÿ

j“1

ηspπ1psqpjq

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, jq

˛

‚

fi

fl

` 3E

»

–

m1
ÿ

s“1

K
ÿ

j“1

γspπ1psqpjq

¨

˝

1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, jq

˛

‚

fi

fl

ď
logK

η
`
K log T

γ
` 2 `

ˆ

Bη `
3γ

N

˙

¨ E

«

m1
ÿ

s“1

@

spπ1psq, szπ1psq`1

D

ff

, (36)

where the fourth inequality holds by using Eq. (30) induced by Lemma 12. Rearranging Eq. (36)
and using definition of szπ1psq`1, we have

p1 ´Bη ´
3γ

N
qE

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď
logK

η
`
K log T

γ
` 2 `

ˆ

Bη `
3γ

N

˙ m1
ÿ

s“1

ÿ

tPTπ1psq

sℓtpkq.

Picking η ď 1
4B and γ ď N

12 and rearranging the terms lead to

E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď
2 logK

η
`

2K log T

γ
` 4 `

ˆ

2Bη `
6γ

N

˙ m1
ÿ

s“1

ÿ

tPTπ1psq

sℓtpkq.

The analysis for RegP0
piq is identical. Summing the bounds over the two parity subsequences,

usingm1`m2 “ M “ T {B and picking η “ min

"

1
4B ,

b

logK
BL‹

*

and γ “ min

"

N
12 ,

b

KN log T
L‹

*

,

we obtain that

E

»

–

T {B
ÿ

τ“1

xspτ ´ ek, szτ`1y

fi

fl ď

ˆ

4 logK

η
`

4K log T

γ
` 8

˙

` 2

ˆ

Bη `
3γ

N

˙ T
ÿ

t“1

sℓtpkq

ď O

˜

a

BL‹ logK `

c

KL‹ log T

N
`B logK `

K log T

N

¸

.

Combining the bounds for ♡ and ♣, we have

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl
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ď O

˜

a

BL‹ logK `

c

KL‹ log T

N
`B logK `

K log T

N

¸

.

Combining Lemma 3 with the above inequality finishes the proof.

C.2. Omitted Proof Details for Theorem 6

In this section, we present the proof for Theorem 6, which provides the Best of Both Worlds guar-
antee. For completeness, we restate Theorem 6 and provide its proof as follows.

Theorem 6 Let A be Algorithm 2 run with base OLO algorithm B set to Algorithm 3 with ψtpqq “

1
ηt

řK
i“1 qpiq log qpiq´ 2

γt

řK
k“1

a

qpkq where ηt “ min
!

1
B ,

b

logK
tB2

)

and γt “

b

N
tB and. Assume

all agents i P V run Algorithm 1 with bandit algorithm A, gossip matrix W , and parameters κ and
B defined in Eq. (4), Then, in the adversarial environment, the agents’ regret is bounded as

RegT “ O
´

a

BT logK `

c

KT

N
`B logK

¯

“ rO
´

b

ρ´1{2T `

c

KT

N
` ρ´1{2

¯

.

In the stochastic environment, the regret of the agents is bounded as

RegT “ O
´B

N

ÿ

k‰k‹

logpT {Bq

δpkq
`

ÿ

k‰k‹

B2

δpkq logK
`B2 logK

¯

.

Proof We only show the steps that differ from the worst-case bound for distributed bandits. Chang-
ing B does not affect Lemma 1 and Lemma 3. Becauseψtpqq is 1-strongly convex w.r.t. the ℓ2-norm,
all the proof steps in Lemma 4 are the same , except ♠ terms in RegP0

and RegP1
. We consider

spπ1psq fi argmin
qP∆pKq

s´1
ÿ

s1“1

@

rzπ1ps1q`1, q
D

` ψtpqq

where

rzπ1ps1q`1pkq “
1

N

N
ÿ

i“1

ÿ

tPTπ1psq

´

pℓtpi, kq ´ ℓtpi, k
‹q

¯

(37)

and

ψtpqq “
1

ηπ1psq

K
ÿ

k“1

qpkq log qpkq ´
2

γt

K
ÿ

k“1

a

qpkq .

Note that rzπ1ps1q`1pkq ě ´B for all k P rKs and s1 P rm1s. This centering does not change the
argmin, hence we also have

spπ1psq`1 “ argmin
qP∆pKq

s´1
ÿ

s1“1

@

szπ1ps1q`1, q
D

` ψtpqq.
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We now analyze RegP1
piq, and the analysis for RegP0

piq is analogous. LetDψp¨, ¨q be the Bregman
divergence based on ψ, and define rpπ1ps`1q fi argminqPRd

ě0

@

q, rzπ1psq`1

D

`Dψ

`

q, spπ1psq

˘

. Using
Lemma 7.16 in Orabona (2025), we obtain

♠ “ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, rzπ1psq`1

D

ff

(38)

“ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď ψπ1pm1qpekq ´ ψπ1p1qpspπ1p1qq `

m1´1
ÿ

s“1

`

ψπ1psq

`

spπ1ps`1q

˘

´ ψπ1ps`1q

`

spπ1ps`1q

˘˘

`

m1
ÿ

s“1

K
ÿ

j“1

¨

˝

2ηπ1psqγty
3{2
π1psq

pjq

γt
b

yπ1psqpjq ` ηπ1psq

˛

‚E
”

rz2
π1psq`1pjq

ı

(39)

where yπ1psq lies on the line segment between spπ1psq and rpπ1ps`1q. Moreover, yπ1psq has the fol-
lowing update expression:

log yπ1psqpjq ´
ηπ1psq{γπ1psq
b

yπ1psqpjq
“ log spπ1psqpjq ´

ηπ1psq{γπ1psq
b

spπ1psqpjq
´ηπ1psqrzπ1psq`1pjq, for all j P rKs.

Rearranging the terms leads to

log yπ1psqpjq ´ log spπ1psqpjq ď
ηπ1psq{γπ1psq
b

yπ1psqpjq
´
ηπ1psq{γπ1psq
b

spπ1psqpjq
´ ηπ1psqrzπ1psq`1pjq.

We claim that this implies yπ1psqpjq ď 3spπ1psqpjq. To see this, we consider the following two cases.
If yπ1psqpjq ď spπ1psqpjq, then we surely have yπ1psqpjq ď 3spπ1psqpjq. Otherwise, we know that
log yπ1psqpjq ´ log spπ1psqpjq ď ´ηπ1psqrzπ1psq`1pjq ď ηπ1psqB, leading to the following

yπ1psqpjq ď eηπ1psqB ¨ spπ1psqpjq ď 3spπ1psqpjq

where the last inequality holds because ηπ1psq ď 1{B. This concludes that yπ1psqpjq ď 3spπ1psqpjq.
Plugging this inequality to Eq. (39), we have

♠ ď ψπ1pm1qpekq ´ ψπ1p1qpspπ1p1qq `

m1´1
ÿ

s“1

`

ψπ1psq

`

spπ1ps`1q

˘

´ ψπ1ps`1q

`

spπ1ps`1q

˘˘

` 6
m1
ÿ

s“1

K
ÿ

j“1

¨

˝

ηπ1psqγtsp
3{2
π1psq

pjq

γt
b

spπ1psqpjq ` ηπ1psq

˛

‚E
”

rz2π1psq`1pjq.
ı

(40)

Next, we derive our regret guarantees for the adversarial and the stochastic environment separately.
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Adversarial environment guarantees. We first analyze the first summation of Eq. (40).

ψπ1pm1qpekq ´ ψπ1p1qpspπ1p1qq `

m1´1
ÿ

s“1

`

ψπ1psq

`

spπ1ps`1q

˘

´ ψπ1ps`1q

`

spπ1ps`1q

˘˘

ď
logK

ηπ1p1q

`
2
?
K

γπ1p1q

´
2

γπ1pm1q

`

m1´1
ÿ

s“1

`

ψπ1psq

`

spπ1ps`1q

˘

´ ψπ1ps`1q

`

spπ1ps`1q

˘˘

ď
logK

ηπ1p1q

`
2
?
K ´ 2

γπ1p1q

` 2
m1´1
ÿ

s“1

ˆ

1

γπ1ps`1q

´
1

γπ1psq

˙

˜

K
ÿ

j“1

b

spπ1ps`1qpjq ´ 1

¸

´

m1
ÿ

s“2

ˆ

1

ηπ1psq

´
1

ηπ1ps´1q

˙ K
ÿ

j“1

spπ1psqpjq log spπ1psqpjq. (41)

We first consider the first summation in Eq. (41). Recall the definition of γt and π1psq “ 2s for all
s P rm1s , we have

1

γπ1ps`1q

´
1

γπ1psq

ď

c

B

N
¨
π1ps` 1q ´ π1psq

a

π1ps` 1q
ď

c

B

N
¨

2
a

π1ps` 1q
.

and

1

ηπ1ps`1q

´
1

ηπ1psq

ď
B

?
logK

¨
π1ps` 1q ´ π1psq

a

π1ps` 1q
ď

B
?
logK

¨
2

a

π1ps` 1q
.

Hence, we have

2
m1´1
ÿ

s“1

ˆ

1

γπ1ps`1q

´
1

γπ1psq

˙

˜

K
ÿ

k“1

b

spπ1ps`1qpkq ´ 1

¸

ď
4

?
B

?
N

m1´1
ÿ

s“1

1
a

π1ps` 1q

˜

K
ÿ

k“1

b

spπ1ps`1qpkq ´ 1

¸

ď
4

?
B

?
N

m1
ÿ

s“1

1
a

π1psq

˜

K
ÿ

k“1

b

spπ1psqpkq ´ 1

¸

(42)

ď O

˜

c

TK

N

¸

. (43)

Regarding the second summation in Eq. (41), we have

´

m1
ÿ

s“2

ˆ

1

ηπ1psq

´
1

ηπ1ps´1q

˙ K
ÿ

j“1

spπ1psqpjq log spπ1psqpjq

ď ´

m1´1
ÿ

s“1

B
?
logK

¨
2

a

π1psq

K
ÿ

j“1

spπ1psqpjq log spπ1psqpjq (44)
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ď O
´

a

BT logK
¯

, (45)

where the last inequality is because ´
řK
j“1 spπ1psqpjq log spπ1psqpjq ď logK. Plugging Eq. (43) and

Eq. (45) to Eq. (41), we have

ψπ1pm1qpekq ´ ψπ1p1qpspπ1p1qq `

m1´1
ÿ

s“1

`

ψπ1psq

`

spπ1ps`1q

˘

´ ψπ1ps`1q

`

spπ1ps`1q

˘˘

ď
logK

ηπ1p1q

`
2
?
K ´ 2

γπ1p1q

` O

˜

a

BT logK `

c

TK

N

¸

ď O

˜

B logK `

c

BK

N
`

c

TK

N
`
a

BT logK

¸

ď O

˜

B logK `

c

TK

N
`
a

BT logK

¸

, (46)

where the last inequality uses B ď T .
Next, we analyze the second summation of Eq. (40). Let Fπ1psq be the filtration of all random

events observed up to the beginning of block π1psq. Since spπ1psqpjq is Fπ1psq-measurable, we know
that

E
”

rz2π1psq`1pkq

ˇ

ˇ

ˇ
Fπ1psq

ı

“ E

»

–

¨

˝

1

N

N
ÿ

i“1

ÿ

tPTπ1psq

ppℓtpi, kq ´ ℓtpi, k
‹qq

˛

‚

2ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

“
1

N2
E

»

–

¨

˝

N
ÿ

i“1

ÿ

tPTπ1psq

ppℓtpi, kq ´ ℓtpi, kqq

˛

‚

2ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

`
1

N2

¨

˝E

»

–

N
ÿ

i“1

ÿ

tPTπ1psq

ppℓtpi, kq ´ ℓtpi, k
‹qq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

˛

‚

2

(using Erx2s “ Erpx´ Erxsq2s ` Erxs2)

“
1

N2

N
ÿ

i“1

ÿ

tPTπ1psq

E
”

ppℓtpi, kq ´ ℓtpi, kqq2
ˇ

ˇ

ˇ
Fπ1psq

ı

`
1

N2

¨

˝

N
ÿ

i“1

ÿ

tPTπ1psq

pℓtpi, kq ´ ℓt pi, k‹qq

˛

‚

2

(since Atpiq are drawn independently over i P rN s)

“
1

N2

N
ÿ

i“1

ÿ

tPTπ1psq

ℓ2t pi, kq

ˆ

1

pπ1psqpi, kq
´ 1

˙

`
1

N2

¨

˝

N
ÿ

i“1

ÿ

tPTπ1psq

pℓtpi, kq ´ ℓt pi, k‹qq

˛

‚

2
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“
1

N2

N
ÿ

i“1

ÿ

tPTπ1psq

ˆ

ℓ2t pi, kq

pπ1psqpi, kq
´ 2ℓtpi, kqℓtpi, k

‹q ` ℓ2t pi, k
‹q

˙

`
1

N2

ÿ

pi,tq‰pj,t1q
t,t1PTπ1psq

i,jPrNs

pℓtpi, kq ´ ℓt pi, k‹qq pℓt1pj, kq ´ ℓt1 pj, k‹qq . (47)

Plugging Eq. (47) and Eq. (46) in Eq. (40), we obtain

♠ ď O

˜

B logK `

c

TK

N
`
a

BT logK

¸

`
6

N2

m1
ÿ

s“1

γπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq

N
ÿ

i“1

ÿ

tPTπ1psq

ˆ

ℓ2t pi, kq

pπ1psqpi, kq
´ 2ℓtpi, kqℓtpi, k

‹q ` ℓ2t pi, k
‹q

˙

` E

»

—

—

—

—

—

—

–

6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq
ÿ

pi,tq‰pj,t1q
t,t1PTπ1psq

i,jPrNs

pℓtpi, kq ´ ℓt pi, k‹qq pℓt1pj, kq ´ ℓt1 pj, k‹qq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

(48)

Regarding the first summation in Eq. (48), we have

6

N2

m1
ÿ

s“1

γπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq

N
ÿ

i“1

ÿ

tPTπ1psq

ˆ

ℓ2t pi, kq

pπ1psqpi, kq
´ 2ℓtpi, kqℓtpi, k

‹q ` ℓ2t pi, k
‹q

˙

“
6

N2

m1
ÿ

s“1

γπ1psq

K
ÿ

k“1

N
ÿ

i“1

ÿ

tPTπ1psq

ˆ

sp
3{2
π1psq

pkq
ℓ2t pi, kq

pπ1psqpi, kq
´ sp

3{2
π1psq

pkqℓtpi, kqℓtpi, k
‹q

˙

`
6

N2

m1
ÿ

s“1

γπ1psq

K
ÿ

k“1

N
ÿ

i“1

ÿ

tPTπ1psq

sp
3{2
π1psq

pkq
`

ℓ2t pi, k
‹q ´ ℓtpi, kqℓtpi, k

‹q
˘

. (49)

For the first summation of Eq. (49), the terms corresponding to k ‰ k‹ are together bounded by

18B

N

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

b

spπ1psqpkq (50)

by ignoring the second negative term and using the fact that
spπ1psqpjq

pπ1psqpi,jq
ď 3 according to Lemma 12

and the fact that ℓtpi, kq P r0, 1s; the term corresponding to k “ k‹ is bounded as follows:

6

N2

m1
ÿ

s“1

γπ1psq

N
ÿ

i“1

ÿ

tPTπ1psq

ˆ

sp
3{2
π1psq

pk‹q
ℓ2t pi, k

‹q

pπ1psqpi, k‹q
´ sp

3{2
π1psq

pk‹qℓ2t pi, k
‹q

˙
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“
6

N2

m1
ÿ

s“1

γπ1psq

N
ÿ

i“1

ÿ

tPTπ1psq

sp
3{2
π1psq

pk‹q

pπ1psqpi, k‹q

`

1 ´ pπ1psqpi, k
‹q
˘

ℓ2t pi, k
‹q

ď
18B

N2

m1
ÿ

s“1

γπ1psq

N
ÿ

i“1

`

1 ´ pπ1psqpi, kq
˘

(according to Lemma 12 and |Tπ1psq| ď B)

“
18B

N2

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

N
ÿ

i“1

pπ1psqpi, kq

ď
18B

N

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

ˆ

spπ1psqpkq `
2ηB

K4T 5

˙

(using Lemma 12)

ď
18B

N

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

b

spπ1psqpkq ` 36 . (51)

Similarly, for the second summation of Eq. (49), the terms corresponding to k ‰ k‹ are together
bounded by

6B

N

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

b

spπ1psqpkq (52)

again by ignoring the second negative term; the term corresponding to k “ k‹ is simply 0.

Regarding the second summation in Eq. (48), using ℓtpi, kq P r0, 1s we have

E

»

—

—

—

—

—

—

–

6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq
ÿ

pi,tq‰pj,t1q
t,t1PTπ1psq

i,jPrNs

pℓtpi, kq ´ ℓt pi, k‹qq pℓt1pj, kq ´ ℓt1 pj, k‹qq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ď 6B2
m1
ÿ

s“1

ηπ1psq

ÿ

k‰k˚

spπ1psqpkq . (53)

Plugging Eq. (49), Eq. (50), Eq. (51), Eq. (52) and Eq. (53) in Eq. (48), we have

♠ “ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď O

˜

B logK `

c

TK

N
`
a

BT logK

¸

`
42B

N

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

b

spπ1psqpkq ` 6B2
m1
ÿ

s“1

ηπ1psq

ÿ

k‰k˚

spπ1psqpkq ` 36 . (54)
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The analysis for RegP0
piq is identical. Summing the bounds over the two parity subsequences,

using m1 `m2 “ M “ T {B and using ηt “ min

"

1
B ,

b

logK
tB2

*

and γt “

b

N
tB , we obtain

E

»

–

T {B
ÿ

s“1

xspπs ´ ek, szs`1y

fi

fl ď O

˜

B logK `

c

TK

N
`
a

BT logK

¸

`
42B

N

T {B
ÿ

s“1

γs
ÿ

k‰k‹

a

spspkq ` 6B2
T {B
ÿ

s“1

ηs
ÿ

k‰k˚

spspkq

ď O

˜

a

BT logK `

c

K

N
T `B logK

¸

, (55)

where the last inequality holds by bounding
ř

k

a

spspkq by
?
K. Combining the bounds for ♡ and

♣, we have

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl ď O

˜

a

BT logK `

c

K

N
T `B logK

¸

Combining Lemma 3 with the above inequality finishes the proof of the adversarial bound.

Stochastic environment guarantees. When the losses are stochastic, we still analyze the terms
in Eq. (40). For the first three terms in Eq. (40), according to Eq. (42), we know that

2
m1´1
ÿ

s“1

ˆ

1

γπ1ps`1q

´
1

γπ1psq

˙

˜

K
ÿ

k“1

b

spπ1ps`1qpkq ´ 1

¸

ď
4

?
B

?
N

m1
ÿ

s“1

1
a

π1psq

˜

K
ÿ

k“1

b

spπ1psqpkq ´ 1

¸

ď
4

?
B

?
N

m1
ÿ

s“1

1
a

π1psq

ÿ

k‰k˚

b

spπ1psqpkq . (56)

We also have the following according to Eq. (44)

´

m1
ÿ

s“2

ˆ

1

ηπ1psq

´
1

ηπ1ps´1q

˙ K
ÿ

j“1

spπ1psqpjq log spπ1psqpjq

ď ´

m1´1
ÿ

s“1

B
?
logK

¨
2

a

π1psq

K
ÿ

j“1

spπ1psqpjq log spπ1psqpjq

ď

m1
ÿ

s“1

´
B

?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq log spπ1psqpkq

`

m1
ÿ

s“1

B
?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq , (57)
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where the second inequality holds using

´spπ1psqpk
‹q log spπ1psqpk

‹q ď p1 ´ spπ1psqpk
‹qq “

ÿ

k‰k‹

spπ1psqpk
‹q .

Therefore, we know that

ψπ1pm1qpekq ´ ψπ1p1qpspπ1p1qq `

m1´1
ÿ

s“1

`

ψπ1psq

`

spπ1ps`1q

˘

´ ψπ1ps`1q

`

spπ1ps`1q

˘˘

ď
logK

ηπ1p1q

`
2
?
K ´ 2

γπ1p1q

`
4

?
B

?
N

m1
ÿ

s“1

1
a

π1psq

ÿ

k‰k˚

b

spπ1psqpkq

`

m1
ÿ

s“1

´
B

?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq log spπ1psqpkq

`

m1
ÿ

s“1

B
?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq . (58)

Plugging Eq. (49), Eq. (50), Eq. (51), Eq. (52), Eq. (53), Eq. (58) and Eq. (47) in Eq. (40), we
obtain

♠ “
logK

ηπ1p1q

`
2

?
K ´ 2

γπ1p1q

`
4
?
B

?
N

m1
ÿ

s“1

1
a

π1psq

ÿ

k‰k˚

b

spπ1psqpkq

`

m1
ÿ

s“1

´
B

?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq log spπ1psqpkq

`

m1
ÿ

s“1

B
?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq `
42B

N

m1
ÿ

s“1

γπ1psq

ÿ

k‰k‹

b

spπ1psqpkq

` E

»

—

—

—

—

—

—

–

6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq
ÿ

pi,tq‰pj,t1q
t,t1PTπ1psq

i,jPrNs

pℓtpi, kq ´ ℓt pi, k‹qq pℓt1pj, kq ´ ℓt1 pj, k‹qq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(59)

Then we analyze the last summation of Eq. (59), we have

E

»

—

—

—

—

—

—

–

6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq
ÿ

pi,tq‰pj,t1q
t,t1PTπ1psq

i,jPrNs

pℓtpi, kq ´ ℓt pi, k‹qq pℓt1pj, kq ´ ℓt1 pj, k‹qq

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ď
6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq
ÿ

pi,tq‰pj,t1q
t,t1PTπ1psq

i,jPrNs

pµpi, kq ´ µ pi, k‹qq pµpj, kq ´ µ pj, k‹qq
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“
6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq

«

´

ÿ

tPTπ1psq

N
ÿ

i“1

`

µpi, kq ´ µpi, k‹q
˘

¯2
(60)

´
ÿ

tPTπ1psq

N
ÿ

i“1

`

µpi, kq ´ µpi, k‹q
˘2

ff

“
6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq

«

|Tπ1psq|
2
´

N
ÿ

i“1

`

µpi, kq ´ µpi, k‹q
˘

¯2
(61)

´ |Tπ1psq|

N
ÿ

i“1

`

µpi, kq ´ µpi, k‹q
˘2

ff

ď
6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq |Tπ1psq|
2

˜

N
ÿ

i“1

`

µpi, kq ´ µpi, k‹q
˘

¸2

“
6

N2

m1
ÿ

s“1

ηπ1psq

K
ÿ

k“1

sp
3{2
π1psq

pkq|Tπ1psq|
2N2δpkq2

ď 6B2
m1
ÿ

s“1

ηπ1psq

ÿ

k‰k‹

spπ1psqpkqδpkq (62)

Plugging Eq. (62) in Eq. (59), we have

♠ “ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď
logK

ηπ1p1q

`
2

?
K ´ 2

γπ1p1q

`
46

?
B

?
N

m1
ÿ

s“1

1
a

π1psq

ÿ

k‰k‹

b

spπ1psqpkq ` 36

`

m1
ÿ

s“1

´
B

?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq log spπ1psqpkq

`

m1
ÿ

s“1

B
?
logK

¨
2

a

π1psq

ÿ

k‰k‹

spπ1psqpkq

` 6B
m1
ÿ

s“1

d

logK

π1psq

K
ÿ

k‰k‹

spπ1psqpkqδpkq (63)

The analysis for RegP0
piq is identical. Summing the bounds over the two parity subsequences,

using m1 `m2 “ M “ T {B, we obtain that

E

»

–

T {B
ÿ

s“1

xsps ´ ek, szs`1y

fi

fl ď
logK

ηπ0p1q

`
2
?
K ´ 2

γπ0p1q

`
logK

ηπ1p1q

`
2
?
K ´ 2

γπ1p1q

` 72

`
C

2

˜?
B

?
N

T {B
ÿ

s“1

1
?
s

ÿ

k‰k‹

b

spπ1psqpkq
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`

T {B
ÿ

s“1

´
B

?
logK

¨
1

?
s

ÿ

k‰k‹

spspkq log spspkq

`

T {B
ÿ

s“1

B
?
logK

¨
1

?
s

ÿ

k‰k‹

spspkq

`B

T {B
ÿ

s“1

c

logK

s

ÿ

k‰k‹

spspkqδpkq

¸

,

where C ą 0 is a universal constant. Note that by definition of δpkq, we have

E

»

–

T {B
ÿ

s“1

xsps ´ ek, szs`1y

fi

fl “

T {B
ÿ

s“1

ÿ

k‰k‹

spspkqδpkq .

Therefore, we are able to rewrite the regret as follows:

E

»

–

T {B
ÿ

s“1

xsps ´ ek, szs`1y

fi

fl (64)

“ 2E

»

–

T {B
ÿ

s“1

xsps ´ ek, szs`1y

fi

fl ´ E

»

–

T {B
ÿ

s“1

xsps ´ ek, szs`1y

fi

fl

ď O

˜

B logK `

c

BK

N

¸

` C

?
B

?
N

T {B
ÿ

s“1

1
?
s

ÿ

k‰k‹

b

spπ1psqpkq ´
1

4

T {B
ÿ

s“1

ÿ

k‰k‹

spspkqδpkq

` C

T {B
ÿ

s“1

´
B

?
logK

¨
1

?
s

ÿ

k‰k‹

spspkq log spspkq ´
1

4

T {B
ÿ

s“1

ÿ

k‰k‹

spspkq∆pkq

` C

T {B
ÿ

s“1

B
?
logK

¨
1

?
s

ÿ

k‰k‹

spspkq ´
1

4

T {B
ÿ

s“1

ÿ

k‰k‹

spspkqδpkq

` CB

T {B
ÿ

s“1

c

logK

s

K
ÿ

k‰k‹

spspkqδpkq ´
1

4

T {B
ÿ

s“1

ÿ

k‰k‹

spspkqδpkq. (65)

Next, we analyze the four summations in Eq. (65) separately.

Bounding the first summation in Eq. (65). Direct calculation shows that
T {B
ÿ

s“1

ÿ

k‰k‹

˜

C

c

B

N

1
?
s

b

spπ1psqpkq ´
1

4
spπ1psqpkqδpkq

¸

ď

T {B
ÿ

s“1

ÿ

k‰k‹

BC2

Nsδpkq

ď O

˜

B

N
ln

ˆ

T

B

˙

ÿ

k‰k‹

1

δpkq

¸

. (66)

where the first inequality holds by using 2
?
xy ´ y ď x for all x, y ě 0.
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Bounding the second summation in Eq. (65). We define

bs fi
CB

4
?
s logK

.

Fix k ‰ k‹ and δpkq ą 0. Define gpzq fi ´bsz log z ´ δpkqz. Direct calculation shows that gpzq is
concave and z‹ fi argminz gpzq “ expp´δpkq{bs ´ 1q, hence

´bsz log z ď δpkqz ` gpz‹q “ δpkqz ` bs exp

ˆ

´
δpkq

bs
´ 1

˙

.

Summing over all s ď T {B shows that

T {B
ÿ

s“1

´bsz log z ´ δpkqz

ď

T {B
ÿ

s“1

ÿ

k‰k‹

bs exp
´

´
δpkq

bs
´ 1

¯

“

T {B
ÿ

s“1

ÿ

k‰k‹

BC

4
?
s logK

exp
´

´
4δpkq

?
s logK

BC
´ 1

¯

ď
ÿ

k‰k‹

ż 8

0

BC

4
?
x logK

exp
´

´
4δpkq

?
x logK

BC
´ 1

¯

dx

ď O

˜

ÿ

k‰k‹

B2

δpkq logK

¸

(67)

where the last inequality holds by using
ş8

0
a?
x
expp´

δ
?
x
a ´ 1q dx “ 2a2

eδ with a “ BC
4

?
logK

and
δ “ δpkq.

Bounding the third summation in Eq. (65). Define s‹pkq fi

Q

16C2B2

δpkq2 logK

U

. Then, we know that
for all s ě s‹pkq,

C ¨
B

?
logK

¨
1

?
s
spspkq ´

1

4
spspkqδpkq ď 0

Therefore, it suffices to bound the third summation for s from 1 to s‹pkq for each k ‰ k‹. Then
direct calculation shows that

ÿ

k‰k‹

s‹pkq
ÿ

s“1

ˆ

CB
?
logK

¨
1

?
s

´
1

4
spspkqδpkq

˙

ď
ÿ

k‰k‹

s‹pkq
ÿ

s“1

CB
?
logK

¨
1

?
s

“
ÿ

k‰k‹

Q

16C2B2

δpkq2 logK

U

ÿ

s“1

CB
?
logK

¨
1

?
s

ď O

˜

ÿ

k‰k‹

B2

δpkq logK

¸

. (68)
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Bounding the fourth summation in Eq. (65). Define s‹ “
P

16C2B2 logK
T

. Since when s ě s‹,
we have

BC

c

logK

s
spspkqδpkq ´

1

4
spspkqδpkq ď 0 .

Therefore, it suffices to bound the fourth summation for s from 1 to s‹. Direct calculation shows
that

s‹
ÿ

s“1

ÿ

k‰k‹

˜

BC

c

logK

s
spspkqδpkq ´

1

4
spspkqδpkq

¸

ď

r16C2B2 logKs
ÿ

s“1

ÿ

k‰k‹

BC

c

logK

s
spspkqδpkq

ď

r16C2B2 logKs
ÿ

s“1

BC

c

logK

s

ď O
`

B2 logK
˘

. (69)

Plugging Eq. (66), Eq. (67), Eq. (68) and Eq. (69) in Eq. (65) and combining the bounds for ♡
and ♣, we have

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, z

B
τ`1piq

D

fi

fl

ď O

˜

B

N
ln

ˆ

T

B

˙

ÿ

k‰k‹

1

δpkq
`

ÿ

k‰k‹

B2

δpkq logK
`B2 logK

¸

Combining Lemma 3 with the above inequality finishes the proof.

Appendix D. Omitted Proof Details for Distributed Linear Bandit

D.1. Omitted Algorithm Description

In this section, we provide the omitted details regarding the description of the base algorithm B in
Theorem 7. We utilize an instance of FTRL that first reconstructs the estimated loss for every orig-
inal action ak P Ω using the spanner decomposition coefficients λpkq, and subsequently performs a
standard FTRL update with entropy regularization.

D.2. Omitted Proof Details for Lemma 13

We begin by proving a consensus error bound for Algorithm 4, analogous to Lemma 1 in the MAB
setting. Specifically, we first demonstrate that the local gossip vector at the end of each block
concentrates around the network-wide averaged loss defined on the volumetric spanners. This result
then implies a corresponding concentration for the reconstructed losses of the original actions.

41



QIU ZHANG CESA-BIANCHI

Algorithm 5 FTRL for Linear Bandits
Input: Regularizer ψ, K-sized action set Ω, volumetric spanner S Ă rKs of Ω
Initialize: q1 “ 1

K1 P ∆pKq.
for t “ 1, ¨ ¨ ¨T do

Output qt and receive zt P R|S|

Construct rzt P RK where rztpkq “
ř|S|

j“1 λ
pkqpjqztpjq for all k P rKs

Update qt`1 “ argmin
qP∆pKq

ÿ

τďt

xrzτ , qy ` ψpqq

end

Lemma 13 Assume all agents i P V run Algorithm 4 with an arbitrary linear bandits algorithm
A. Then, under the same assumptions as Theorem 7,

max
iPV

max
τPrT {Bs

›

›zBτ piq ´ szS
τ

›

›

2
ď

2

T 2K3
, (70)

where szSτ pkq “ 1
N

řN
i“1

ř

tPTτ´1

A

bk, pθtpiq
E

for all k P r|S|s. Moreover, we also have

max
iPV

max
τPrT {Bs

›

›

rzBτ piq ´ szτ
›

›

2
ď

1

K1.5T 2
,

where we recall that rzBτ pi, kq “
ř|S|

j“1 λ
pkqpjq zBτ pi, jq and with an abuse of notation, we define

szτ pkq fi

|S|
ÿ

j“1

λpkqpjqszSτ pjq, (71)

for all k P rKs.

Proof Following the analysis of Lemma 1 and Eq. (13), we know that

›

›zBτ piq ´ szS
τ

›

›

2
ď

2

c

řN
i“1

›

›

›

ř

tPTτ´1
pℓtpiq

›

›

›

2

2

T 6K6
?
N

.

According to Lemma 17, we have

pℓpi, kq “

ˇ

ˇ

ˇ

A

bk, pθtpiq
E
ˇ

ˇ

ˇ
ď

|S|

β
for all k P r|S|s. (72)

Using |S| ď K, we have

›

›zBτ piq ´ szS
τ

›

›

2
ď

2BK

T 6K6β
ď

2B

T 6K5β
ď

2

T 2K3
.

For the last inequality, it suffices to show that β ě B
2T 4K2 . Since we pick β “ 3Bdη and η “

min
!

1
6Bd ,

b

logK{pdTB ` dT
N q

)

, using d ď K, B ď T , N ě 1, and K ě 2 (so logK ě log 2),
we have

β “ 3Bd

d

logK

dTB ` dT
N

ě 3Bd

c

log 2

KT 2 ` TK
.
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Moreover, for T ě 2 and K ě 2, we have
b

log 2
KT 2`TK

ě
log 2
2T 2K

, hence β ě
3Bd log 2
2T 2K

ě B
2T 4K2 .

Next, we bound the reconstruction error on the original action space. Recall from Algorithm 5
that

rzBτ pi, kq “

|S|
ÿ

j“1

λpkqpjq zBτ pi, jq, @k P rKs .

Note that rzBτ piq P RK while zBτ piq P R|S|. Then, for each k P rKs,

szτ pkq “

|S|
ÿ

j“1

λpkqpjq szSτ pjq

“

|S|
ÿ

j“1

λpkqpjq

¨

˝

1

N

N
ÿ

i“1

ÿ

tPTτ´1

A

bj , pθtpiq
E

˛

‚

“
1

N

N
ÿ

i“1

ÿ

tPTτ´1

C

|S|
ÿ

j“1

λpkqpjqbj , pθtpiq

G

“
1

N

N
ÿ

i“1

ÿ

tPTτ´1

A

ak, pθtpiq
E

. (73)

Consequently, for any k P rKs,

ˇ

ˇ

szτ pkq ´ rzBτ pi, kq
ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

|S|
ÿ

j“1

λpkqpjqszSτ pjq ´

|S|
ÿ

j“1

λpkqpjqzBτ pi, jq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

|S|
ÿ

j“1

λpkqpjq
`

szSτ pjq ´ zBτ pi, jq
˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

A

λpkq, szS
τ ´ zBτ piq

Eˇ

ˇ

ˇ

ď }λpkq}2
›

›

szS
τ ´ zBτ piq

›

›

2

ď
›

›

szS
τ ´ zBτ piq

›

›

2
ď

2

T 2K3
,

where we used Cauchy–Schwarz and the volumetric spanner property }λpkq}2 ď 1. Therefore,

›

›

szτ ´ rzBτ piq
›

›

2
ď

?
K ¨ max

kPrKs

ˇ

ˇ

szτ pkq ´ rzBτ pi, kq
ˇ

ˇ ď
2
?
K

T 2K3
“

2

T 2K5{2
ď

1

K1.5T 2
,

where the last inequality holds by using K ě 2.

D.3. Omitted Proof Details for Lemma 14

In this subsection, we provide the proof of Lemma 14, which is the analog of Lemma 3 in the MAB
setting.
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Lemma 14 Assume all agents i P V run Algorithm 4 with a delayed linear bandits algorithm A
whose predictions p1

1piq, . . . ,p1
T {Bpiq for each agent i P V satisfy

max
iPV

max
kPrKs

E

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, rz

B
τ`1piq

D

fi

fl ď Rdel (74)

for some Rdel ą 0. Then, under the same assumptions as Theorem 7, the agents’ regret satisfies

max
iPV

RegT piq ď Rdel ` 6
a

dBT logK ` 3 .

Proof Recall that Algorithm 4 uses pτ piq “ p1´α´βqp1
τ piq ` α

K1`
β

|S|
1S , where p1

τ piq P ∆pKq

is the distribution output by A. Fix an agent i P V , and let

k P argmax
k1PrKs

E

»

–

T {B
ÿ

τ“1

C

ek1 ,
ÿ

tPTτ

sℓt

G

fi

fl .

Then we can write

RegT piq “ E

»

–

T {B
ÿ

τ“1

C

pτ piq ´ ek,
ÿ

tPTτ

sℓt

G

fi

fl

“ E

»

–

T {B
ÿ

τ“1

xpτ piq ´ ek, szτ`1y

fi

fl (by Eq. (3))

“ E

»

–

T {B
ÿ

τ“1

B

p1 ´ α ´ βqp1
τ piq `

α

K
1 `

β

|S|
1S ´ ek, rz

B
τ`1piq ` szτ`1 ´ rzBτ`1piq

F

fi

fl

“ p1 ´ α ´ βqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, rz

B
τ`1piq

D

fi

fl

` p1 ´ α ´ βqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, szτ`1 ´ rzBτ`1piq

D

fi

fl

` αE

»

–

T {B
ÿ

τ“1

B

1

K
1 ´ ek, szτ`1

F

fi

fl

` βE

»

–

T {B
ÿ

τ“1

B

1

|S|
1S ´ ek, szτ`1

F

fi

fl

ď Rdel (by Eq. (74))

` p1 ´ α ´ βqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, szτ`1 ´ rzBτ`1piq

D

fi

fl (75)
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` αE

»

–

T {B
ÿ

τ“1

B

1

K
1 ´ ek, szτ`1

F

fi

fl (76)

` βE

»

–

T {B
ÿ

τ“1

B

1

|S|
1S ´ ek, szτ`1

F

fi

fl . (77)

Bounding Eq. (75). By the Cauchy–Schwarz inequality, for each block τ ,
@

p1
τ piq ´ ek, szτ`1 ´ rzBτ`1piq

D

ď
›

›p1
τ piq ´ ek

›

›

2

›

›

szτ`1 ´ rzBτ`1piq
›

›

2
.

Since p1
τ piq P ∆pKq, we have }p1

τ piq ´ ek}2 ď
?
2. Using Lemma 13,

›

›

szτ`1 ´ rzBτ`1piq
›

›

2
ď

1

K1.5T 2
ď

1

KT
.

Therefore,
@

p1
τ piq ´ ek, szτ`1 ´ rzBτ`1piq

D

ď

?
2

KT
.

Taking expectations and summing over τ “ 1, . . . , T {B yields

p1 ´ α ´ βqE

»

–

T {B
ÿ

τ“1

@

p1
τ piq ´ ek, szτ`1 ´ rzBτ`1piq

D

fi

fl ď
T

B
¨

?
2

KT
“

?
2

BK
ď 1, (78)

where the last inequality uses K ě 2 and B ě 1.

Bounding Eq. (76) and Eq. (77). Taking expectations and using unbiasedness of pθtpiq gives

Erszτ`1pkqs “
1

N

ÿ

tPTτ

N
ÿ

i“1

xak, θtpiqy “
1

N

ÿ

tPTτ

N
ÿ

i“1

ℓtpi, kq.

Since ℓtpi, kq P r´1, 1s and |Tτ | “ B, we have

´B ď Erszτ`1pkqs ď B, @k P rKs .

Then, by linearity of expectation,

E
„B

1

K
1 ´ ek, szτ`1

Fȷ

“

B

1

K
1 ´ ek,Erszτ`1s

F

“

B

1

K
1,Erszτ`1s

F

´ xek,Erszτ`1sy .

Hence, we have

E
„B

1

K
1 ´ ek, szτ`1

Fȷ

ď 2B.

The analysis for Eq. (77) is similar, and we obtain

E
„B

1

|S|
1S ´ ek, szτ`1

Fȷ

ď 2B.
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Combining the bounds for both terms, we know that

αE

»

–

T {B
ÿ

τ“1

B

1

K
1 ´ ek, szτ`1

F

fi

fl ` βE

»

–

T {B
ÿ

τ“1

B

1

|S|
1S ´ ek, szτ`1

F

fi

fl ď 2αT ` 2βT

ď 2 ` 6
a

dBT logK, (79)

where we used α “ 1
T and β “ 3Bdη “ 3Bd ¨ min

"

1
6Bd ,

c

logK

dTB` dT
N

*

in the last inequality.

Plugging Eq. (78) and Eq. (79) into the decomposition finishes the proof.

D.4. Omitted Proof Details for Lemma 15

In this subsection, we prove Lemma 15, which adapts the argument of Lemma 4 from MAB setting
to the linear bandits setting.

Lemma 15 Under the same assumptions as in Theorem 7, Algorithm 4 guarantees

max
iPV

max
kPrKs

E

«

M
ÿ

τ“1

@

p1
τ piq ´ ek, rz

B
τ`1piq

D

ff

ď O

˜

d

logK

ˆ

B `
1

N

˙

dT `Bd logK

¸

. (80)

Proof The analysis is similar to Lemma 4; therefore, we use the same notation, including the parity
sets (P0 and P1) and the associated index maps (π0psq and π1psq). Fix an agent i P V and k P rKs.
We decompose the regret as follows:

E

«

M
ÿ

τ“1

A

p1
τ piq ´ ek, rz

B
τ`1piq

E

ff

“ E

«

m0
ÿ

s“1

A

p1
π0psqpiq ´ ek, rz

B
π0psq`1piq

E

ff

looooooooooooooooooooooomooooooooooooooooooooooon

fiRegP0
piq

`E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, rz

B
π1psq`1piq

E

ff

looooooooooooooooooooooomooooooooooooooooooooooon

fiRegP1
piq

.

We now analyze RegP1
piq; the analysis for RegP0

piq is analogous. By the update rule of qt in
Algorithm 5,

p1
π1psqpiq “ argmin

qP∆pKq

#

s´1
ÿ

s1“1

A

rzBπ1ps1q`1piq, q
E

`
1

η

K
ÿ

k“1

qpkq log pqpkqq

+

. (81)

Recall that szτ is defined in Eq. (71) and derivation in Eq. (73) shows that

szπ1psq`1 “
1

N

N
ÿ

i“1

ÿ

tPTπ1psq

A

ak, pθtpiq
E

.
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Define

spπ1psq fi argmin
qP∆pKq

#

s´1
ÿ

s1“1

@

szπ1ps1q`1, q
D

`
1

η

K
ÿ

k“1

qpkq log pqpkqq

+

, (82)

which is the strategy output by FTRL when fed with loss vectors tszπ1ps1q`1us1Prs´1s. Similar to the
regret decomposition in Lemma 4, we have

RegP1
piq “ E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, rz

B
π1psq`1piq

E

ff

“ E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, rz

B
π1psq`1piq ´ szπ1psq`1

E

ff

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

♡

` E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ spπ1psq, szπ1psq`1

E

ff

loooooooooooooooooooooooomoooooooooooooooooooooooon

♣

` E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

looooooooooooooooooomooooooooooooooooooon

♠

. (83)

Bounding the term ♣. By Cauchy–Schwarz inequality, for each s P rm1s,

A

p1
π1psqpiq ´ spπ1psq, szπ1psq`1

E

ď }p1
π1psqpiq ´ spπ1psq}2 ¨ }szπ1psq`1}2 .

Since p1
π1psq

piq and spπ1psq follow the update rule of Eq. (81) and Eq. (82) andψpqq “ 1
η

řK
k“1 qpkq logpqpkqq

is 1
η -strongly convex w.r.t. ℓ2-norm, Lemma 16 yields that

}p1
π1psqpiq ´ spπ1psq}2 ď

η

K1.5T 2
.

Moreover, since
ˇ

ˇ

ˇ

pℓtpi, kq

ˇ

ˇ

ˇ
ď

|S|

β for all k P r|S|s by Lemma 17, we have |szπ1psq`1pkq| ď
B|S|

β for
all k P rKs. Hence,

}szπ1psq`1}2 ď
B|S|

?
K

β
.

Therefore,

♣ ď

m1
ÿ

s“1

E
”

}p1
π1psqpiq ´ spπ1psq}2 ¨ }szπ1psq`1}2

ı

ď m1 ¨
η

K1.5T 2
¨
B|S|

?
K

β
ď 1 (84)

where we use β “ 3Bdη, |S| ď 3d and m1 ď T .
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Bounding the term ♡. By Cauchy-Schwarz inequality, for each s P rm1s, we have
A

p1
π1psqpiq ´ ek, rz

B
π1psq`1piq ´ szπ1psq`1

E

ď

›

›

›
p1
π1psqpiq ´ ek

›

›

›

2
¨

›

›

›
rzBπ1psq`1piq ´ szπ1psq`1

›

›

›

2
.

Since p1
π1psq

piq P ∆pKq, we have }p1
π1psq

piq ´ ek}2 ď
?
2. Moreover, according to Lemma 13, we

know that
›

›

›
rzBπ1psq`1piq ´ szπ1psq`1

›

›

›

2
ď

1

K1.5T 2
.

Therefore,

♡ “ E

«

m1
ÿ

s“1

A

p1
π1psqpiq ´ ek, rz

B
π1psq`1piq ´ szπ1psq`1

E

ff

ď

?
2m1

K1.5T 2
ď 2 , (85)

where the last inequality uses m1 ď T .

Bounding the term ♠. Recall that szπ1psq`1 P RK and for all k P rKs,

szπ1psq`1pkq “
1

N

ÿ

tPTπ1psq

N
ÿ

i“1

A

ak, pθtpiq
E

,

where

pθtpiq “ Mπ1psqpiq
´1aAtpiq

@

aAtpiq,θtpiq
D

, Mπ1psqpiq “
ÿ

kPrKs

pπ1psqpi, kqaka
J
k .

Using Lemma 17, for all k P rKs we know that |xak, pθtpiqy| ď
|S|

β , where β “ 3Bdη. Hence
we have ηszπ1psq`1pkq P r´1, 1s. Since spπ1psq follows the update rule shown in Eq. (82), using the
standard analysis of FTRL (e.g. Theorem 5.2 in Hazan (2016)), we can obtain that

♠ “ E

«

m1
ÿ

s“1

@

spπ1psq ´ ek, szπ1psq`1

D

ff

ď
logK

η
` 2η

m1
ÿ

s“1

E

»

–

K
ÿ

k“1

spπ1psqpkq

¨

˝

1

N

ÿ

tPTπ1psq

N
ÿ

i“1

pℓtpi, kq

˛

‚

2fi

fl . (86)

Define Fπ1psq to be the filtration generated by all random variables revealed up to the beginning of
π1psq. Since spπ1psqpkq is Fπ1psq-measurable, by the tower property,

E
”

spπ1psqpkqsz2π1psq`1pkq

ı

“ E
”

E
”

spπ1psqpkqsz2π1psq`1pkq | Fπ1psq

ıı

“ E
”

spπ1psqpkqE
”

sz2π1psq`1pkq | Fπ1psq

ıı

. (87)

Conditioned on Fπ1psq, for all t P Tπ1psq we have

E
”

pθtpiq | Fπ1psq

ı

“ M´1
π1psq

piqE
”

aAtpiqa
J
Atpiq | Fπ1psq

ı

θtpiq “ θtpiq , (88)
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and therefore for all k P rKs,

E
”A

ak, pθtpiq
E

| Fπ1psq

ı

“ xak,θtpiqy “ ℓtpi, kq .

Moreover, since | xak,θtpiqy | ď 1, we have

E
„

A

ak, pθtpiq
E2

| Fπ1psq

ȷ

“ E
„

A

ak,M
´1
π1psq

piqaAtpiq

E2
@

aAtpiq,θtpiq
D2

| Fπ1psq

ȷ

ď E
„

A

ak,M
´1
π1psq

piqaAtpiq

E2
| Fπ1psq

ȷ

“ aJ
kM

´1
π1psq

piqE
”

aAtpiqa
J
Atpiq | Fπ1psq

ı

M´1
π1psq

piqak

“ aJ
kM

´1
π1psq

piqak . (89)

Using the conditional independence of Atpiq across t P Tπtpsq and i P V , we are able to bound
E
“

szπ1psq`1pkq2 | Fπ1psq

‰

as follows:

E
“

szπ1psq`1pkq2 | Fπ1psq

‰

“
1

N2
E

»

–

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

A

ak, pθtpiq
E

˛

‚

2ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

“
1

N2

¨

˝E

»

–

ÿ

tPTπ1psq

N
ÿ

i“1

A

ak, pθtpiq
E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

˛

‚

2

`
1

N2

¨

˝E

»

–

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

A

ak, pθtpiq ´ θtpiq
E

˛

‚

2ˇ
ˇ

ˇ

ˇ

ˇ

ˇ

Fπ1psq

fi

fl

˛

‚

“
1

N2

¨

˝

ÿ

tPTπ1psq

N
ÿ

i“1

ℓtpi, kq

˛

‚

2

`
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

ˆ

E
„

A

ak, pθtpiq
E2

ˇ

ˇ

ˇ

ˇ

Fπ1psq

ȷ˙

ď B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

aJ
kM

´1
π1psq

piqak, (90)

where the last inequality holds because |Tπ1psq| “ B and |ℓtpi, kq| ď 1. Combining Eq. (87)–
Eq. (89) yields

E

«

K
ÿ

k“1

spπ1psqpkqszπ1psq`1pkq

ff

ď E

»

–

K
ÿ

k“1

spπ1psqpkq

¨

˝B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

aJ
kM

´1
π1psq

piqak

˛

‚

fi

fl

“ B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

E

«

K
ÿ

k“1

spπ1psqpkqaJ
kM

´1
π1psq

piqak

ff

“ B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

E
”

tr
´

M´1
π1psq

piqĎMπ1psq

¯ı

, (91)
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where ĎMπ1psq “
řK
k“1 spπ1psqpkqaka

J
k . Then, according to Lemma 16, we know that

spπ1psqpkq

pπ1psqpi, kq
ď

spπ1psqpkq

p1 ´ α ´ βqp1
π1psq

pi, kq ` α
K `

β
|S|
1tak P Su

ď 6 for all i P rN s, k P rKs .

Therefore,

ĎMπ1psq “

K
ÿ

k“1

spπ1psqpkqaka
J
k ĺ 6

K
ÿ

k“1

pπ1psqaka
J
k “ 6Mπ1psqpiq,

and hence

tr
`

Mπ1psqpiq
´1

ĎMπ1psq

˘

ď tr
`

Mπ1psqpiq
´1 ¨ 6Mπ1psqpiq

˘

“ 6 trpIdq “ 6d.

Plugging this into Eq. (91) gives

E

«

K
ÿ

k“1

spπ1psqpkqszπ1psq`1pkq2

ff

ď B2 `
1

N2

ÿ

tPTπ1psq

N
ÿ

i“1

6d ď B2 `
6Bd

N
. (92)

Substituting Eq. (84), and Eq. (85), Eq. (86) and Eq. (92) into the decomposition Eq. (83), we obtain

RegP1piq ď
logK

η
` 2η

ˆ

m1B
2 `

6KBm1

N

˙

` 3 .

The analysis for RegP2
piq is identical. Summing the bounds over the two parity subsequences and

using m1 `m2 “ T {B yields

E

«

M
ÿ

τ“1

A

p1
τ piq ´ ek, z

B
τ`1piq

E

ff

ď
2 logK

η
` 2η

ˆ

TB `
6dT

N

˙

` 6

ď
2 logK

η
` 12η

ˆ

TB `
dT

N

˙

` 6

ď O

˜

d

logK

ˆ

B `
1

N

˙

dT ` dB logK

¸

where the last inequality follows by choosing

η “ min

#

1

6Bd
,

d

logK

dTB ` dT
N

+

.

D.5. Omitted Proof Details for Lemma 16

Lemma 16 Let A be Algorithm 2 and B be an instance of Algorithm 5 with a regularizer that is
1
η -strongly convex in ℓ2-norm. Suppose that each agent uses Algorithm 4 with κ and B defined in

Eq. (4). Define sq
p1q
s and qp1q

s piq for all i P rN s

qp1q
s piq “ argmin

qP∆pKq

#

s´1
ÿ

s1“1

A

rzBπ1ps1q`1pi, ¨q, q
E

` ψpqq

+

,
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sqp1q
s “ argmin

qP∆pKq

#

s´1
ÿ

s1“1

@

szπ1ps1q`1, q
D

` ψpqq

+

,

where szτ is defined in Eq. (3) and π1 is defined in Eq. (19). Then we have

}sqp1q
s ´ qp1q

s piq}2 ď
η

K1.5T 2
for all i P rN s. (93)

and
sq

p1q
s pkq

p1 ´ α ´ βqq
p1q
s pi, kq ` α

K `
β

|S|
1tak P Su

ď 6 for all i P rN s and k P rKs,

where α “ 1
T and β “ 3Bdη ď 1

2 .

Proof Since ψpqq is 1-strongly convex w.r.t. } ¨ }2, using Lemma 10, we know that

}sqp1q
s ´ qp1q

s piq}2 ď η

›

›

›

›

›

s´1
ÿ

s1“1

rzπ1ps1q`1 ´

s´1
ÿ

s1“1

rzBπ1ps1q`1piq

›

›

›

›

›

2

ď η
s´1
ÿ

s1“1

}szπ1ps1q`1 ´ zBπ1ps1q`1piq}2

ď
η

K1.5T
,

where the last inequality is due to Lemma 13 and s ď T . As η ď 1 and }a ´ b}8 ď }a ´ b}2 for
any a, b P RK , we have

sqp1q
s pkq ´ qp1q

s ď
1

KT
for all k P rKs.

Note that α “ 1
T and β “ 3Bdη ď 1

2 . Direct calculation shows that for ak P ΩzS and for T ě 3,

sq
p1q
s pkq

p1 ´ α ´ βqq
p1q
s pi, kq ` α{K

ď
q

p1q
s pi, kq ` 1

KT

p1 ´ α ´ βqq
p1q
s pi, kq ` α{K

ď
1

1 ´ α ´ β
ď 6,

and for ak P S and for T ě 3

sq
p1q
s pkq

p1 ´ α ´ βqq
p1q
s pi, kq ` α{K ` β{|S|

ď
q

p1q
s pi, kq ` 1

KT

p1 ´ α ´ βqq
p1q
s pi, kq ` α{K

ď 6 .

Lemma 17 Algorithm 4 guarantees that
ˇ

ˇ

ˇ

A

ak, pθtpiq
Eˇ

ˇ

ˇ
ď

|S|

β for all k P rKs and t P rT s.
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Proof By definition of pθtpi, kq and Cauchy-Schwarz inequality, for all t P Tτ , we have
ˇ

ˇ

ˇ

A

ak, pθtpiq
Eˇ

ˇ

ˇ
ď }ak}Mτ piq´1 ¨ }aAtpiq}Mτ piq´1 ¨

ˇ

ˇaJ
Atpiqθtpiq

ˇ

ˇ. (94)

By the definition of pτ piq, we know that

Mτ piq ľ
β

|S|

ÿ

kPr|S|s

bkb
J
k fi

β

|S|
ΣS ,

so Mτ piq´1 ĺ
|S|

β Σ´1
S , and therefore for any j P rKs,

}aj}
2
Mτ piq´1 “ aJ

j Mτ piq´1aj ď
|S|

β
aJ
j Σ

´1
S aj .

It remains to show that aJ
j Σ

´1
S aj ď 1 for all j P rKs. Let S :“ rb1, ¨ ¨ ¨ , b|S|s P Rdˆ|S|, so that

ΣS “ SSJ. Since S is a volumetric spanner of Ω, for every j P rKs there exists λpjq P R|S| with
}λpjq}2 ď 1 such that aj “ Sλpjq. Hence

aJ
j Σ

´1
S aj “

´

λpjq
¯J

SJpSSJq´1Sλpjq “

´

λpjq
¯J

Pλpjq,

where P fi SJpSSJq´1S. Because SSJ is invertible, P is the orthogonal projector, and therefore
0 ĺ P ĺ I . It follows that

aJ
j Σ

´1
S aj “

´

λpjq
¯J

Pλpjq ď

´

λpjq
¯J

Iλpjq “ }λpjq}22 ď 1 .

Therefore, we have for all j P rKs,

}aj}Mτ piq´1 ď

d

|S|

β
.

Finally, since |aJ
j θtpiq| ď 1 for all j P rKs, i P rN s, t P rT s. plugging into Eq. (94) gives

ˇ

ˇ

ˇ

A

ak, pθtpiq
Eˇ

ˇ

ˇ
ď

d

|S|

β
¨

d

|S|

β
¨ 1 “

|S|

β
.

This proves the lemma.

Appendix E. Omitted Details in Section 6

In this section, we show the omitted proofs in Section 6.

Theorem 8 For any distributed K-armed bandit algorithm with K ě 2, and for any N,T large
enough, there exists a communication graph G with N nodes, a gossip matrix W , and a sequence

ℓ1, . . . , ℓT of loss matrices ℓtp¨, ¨q P r0, 1sNˆK such that RegT “ Ω
´
b

ρ´1{2T logK ` KT
N

¯

.
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Proof The Ω
`
a

KT {N
˘

term in the lower bound is obtained by applying (Seldin et al., 2014,
Theorem 2), which holds for the regret of any single agent in the simpler K-armed bandit setting
when G is a clique and the local losses are identical for all agents. The other term in the lower
bound is obtained by applying the

Ω

˜

ˆ

dmax

λN´1pLq

˙1{4
a

plogKqT

¸

(95)

lower bound proven in (Yi and Vojnovic, 2023, Theorem 3.1) for a certain graph G with Laplacian
matrix L, maximum degree dmax, and where λN´1pLq is the smallest non-zero eigenvalue of L. In
order to relate λN´1pLq to ρpW q “ 1 ´ σ2pW q, we choose W “ I ´ α

2dmax
L where 0 ă α ă 1.

It is easy to check that W is a gossip matrix with second largest singular value σ2pW q “ 1 ´
α

2dmax
λN´1pLq. Since 0 ď λipLq ď 2dmax for all i P rN s (Anderson Jr and Morley, 1985), we

have σ2pW q ą 0. Hence we can write 1
2p1´σ2pW qq

“ dmax
αλN´1pLq

, which, substituted in Eq. (95),
delivers the desired other term in the lower bound.

Theorem 9 For any distributed linear bandit algorithm, and for any N,T large enough, there
exists an action set Ω Ă Rd with |Ω| “ K ě 2, a communication graph G with N nodes, a gossip
matrix W supported on G, and local loss coefficients θtpiq P Rd for t P T and i P V such that

RegT “ Ω
´
b

plogKq
`

ρ´1{2 ` d
N

˘

T
¯

.

Proof To prove the first term we exploit the fact that K-armed bandits are a special case of linear
bandits, and invoke Theorem 8. For the second term, we use Ito et al. (2020, Theorem 4) where
Ω “ t´1, 1ud, so that log |Ω| “ d.
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