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Abstract
The empirical success of deep learning is often attributed to deep networks’ ability to exploit hi-
erarchical structure in data, constructing increasingly complex features across layers. Yet despite
substantial progress in deep learning theory, most optimization results still focus on networks with
only two or three layers, leaving the theoretical understanding of hierarchical learning in gen-
uinely deep models limited. This leads to a natural question: can we prove that deep networks,
trained with gradient-based methods and standard input-label pairs, can efficiently exploit hierar-
chical structure?

In this work, we consider Random Hierarchy Models — a hierarchical context-free grammar
introduced by Cagnetta et al. (2024) and conjectured to separate deep and shallow networks. We
prove that, under mild conditions, a deep convolutional network can be efficiently trained to learn
this function class. Our proof builds on a general observation: if intermediate layers can receive
clean signal from the labels and the relevant features are weakly identifiable, then layerwise training
each individual layer suffices to hierarchically learn the target function.
Keywords: Random Hierarchical Model, deep neural network, hierarchical learning, layerwise
training.

1. Introduction

A common heuristic explanation for the effectiveness of deep learning is that deeper models can
more efficiently exploit the hidden hierarchical structure of the target by building more complex
features in later layers from the simpler features learned in earlier layers (LeCun et al. (2015);
Goodfellow et al. (2016)). Formally establishing this heuristic is one of the central goals of deep
learning theory.

However, despite recent progress in deep learning theory, most theoretical results still concern
networks with two or three layers and/or unstructured inputs (Ben Arous et al. (2021); Bietti et al.
(2022); Damian et al. (2022); Nichani et al. (2023); Abbe et al. (2023); Dandi et al. (2024, 2025);
Ren et al. (2025)), limiting our understanding on how deep models can exploit hierarchical structure
of data. For deeper networks, existing results are largely confined to approximation/representation
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power (Telgarsky (2016); Yarotsky and Zhevnerchuk (2020); Lu et al. (2021)), the kernel/lazy train-
ing regime (Allen-Zhu et al. (2019)), linear networks (Zou et al. (2019)), and/or infinite-width mean-
field limits (Lu et al. (2020); Nguyen and Pham (2023)). For models with more than three layers
and potentially hierarchically structured inputs, positive optimization guarantees outside the kernel
and mean-field regimes are rare, in part due to the complex training dynamics induced by the in-
teractions across layers, and often require heavily modified algorithms, involved analysis, and/or
access to intermediate information (Allen-Zhu and Li (2023); Wang et al. (2025); Daniely (2026)).
This raises a natural question: Can we provably exploit the deep hierarchical structure of data using
a deep network?

Motivated by the above question, we study Random Hierarchy Models (RHMs), a class of
probabilistic context-free grammars (PCFGs) with hierarchical structures. Introduced by Cagnetta
et al. (2024), RHMs provide an example where deeper models appear to require far fewer samples
than shallow ones. More specifically, Cagnetta et al. (2024) conjectured, based on numerical results
and heuristic arguments, that to learn an L-level RHM with branching factor s and m production
rules per token, the sample complexity of an L-level model scales with mL, while that of a shallow
model scales with msL . See Section 2.1 and Figure 1 for the formal definition of RHMs. Here,
m, s, L ∈ N are RHM parameters. In particular, note that when m, s = O(1), L ∼ log d or
m, s ∼ log d, L ∼ log d/ log log d, where d := sL is the input length, the sample complexity of a
deep model (∼ mL) is polynomial in d, whereas that of a shallow model (∼ msL) is exponential.
In short, RHMs are conjectured to separate deep and shallow networks. In this work, we formally
prove the positive part of this conjecture.

Theorem 1 (Informal version of Theorem 7) Consider a non-degenerate L-level RHM with m
production rules per token. A polynomially wide L-layer convolutional network, trained layerwise
with gradient descent, can efficiently learn this RHM using O(m(1+o(1))L) samples and polynomi-
ally many gradient steps.

Our proof is based on Informal Principle 2, which gives criteria under which hierarchical learn-
ing can be achieved via layerwise training a deep network.1 A motivation for pursuing such a
strategy comes from the ubiquitous successful use of “global-to-local” reductions in areas such as
complexity theory (Arora and Barak (2016)), coding theory (Yekhanin (2012)), high-dimensional
probability (van Handel (2016)), and statistical physics under the frameworks of coarse-graining and
renormalization group Wilson (1971). Our proof is inspired by the above examples: We will first
prove optimization results for learning a single layer, and then chain them to obtain the optimization
guarantee for our deep learner model.

Heuristically, we call a function or data-generating process hierarchical if it can be represented
as a composition of a sequence of simpler functions or processes. A learning process is said to be
hierarchical if it efficiently exploits this compositional structure. The learning task can become eas-
ier upon the recovery of intermediate functions due to, for example, their reduced dimension and/or
increased low-degree correlations with the target, as in tree-structured distributions considered in
Cagnetta et al. (2024), and the progressive reduction in “effective dimension” in the class of targets
considered in Dandi et al. (2025).

Informal Principle 2 (Shallow-to-deep chaining) Suppose that the data is hierarchical. If (i) the
function output is “correlated” with its lower-level parts, (ii) the signal received by the lower-level

1. To illustrate the potential generality of this principle, we also include in Appendix C a different task to which it
applies.
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parts from the output is “clean”, in the sense that the lower-level parts of the learner will not overfit
the higher-level part of the target when properly trained to fit the signal, (iii) the lower-level features
are “(weakly) identifiable”, then shallow-to-deep chaining is possible, i.e., we can efficiently learn
this target by layerwise training a suitable deep network.

It is intended for the meaning of these three conditions to be high-level and problem-dependent.
Nevertheless, we will briefly explain why intuitively these conditions can be useful.

First, condition (i) ensures that the lower portion of the learner can learn something about the
target before the higher portions have learned anything. Without such a condition, learning a hierar-
chical function can potentially be difficult even for deep networks (Li and Mossel (2025)). A related
notion also appeared in Dandi et al. (2025) under the name “compositional Information exponent”.
See also Allen-Zhu and Li (2019, 2023); Malach and Shalev-Shwartz (2019).

Condition (ii) ensures there is no overfitting bias, which is unfixable with layerwise training and
can potentially make the error blow up across layers. (See Allen-Zhu and Li (2023) for an example
where layerwise training fails.) Note that this condition depends not only on the target function, but
also the learner model, training algorithm, and/or regularization, since one can proactively restrict
the power of each single layer to prevent overfitting and make this condition hold. There are various
scenarios in which this condition can hold: In the RHM case, we rely on certain conditional indepen-
dence property, while in the example in Appendix C, orthogonality is used. Moreover, this condition
holds almost trivially when one has access to the intermediate results, as in curriculum learning and
Chain-of-Thought learning (Wang et al. (2025); Kim and Suzuki (2024); Daniely (2026)).

Condition (iii) means that when the model fits the lower portion of the target in value, it also
learns useful lower-level features that can be reused by later layers to learn higher portion of the
target. In many cases, including the RHMs considered in this work, it is not necessary and/or
possible to recover a specific set of lower-level features, and it often suffices to learn some set of
lower-level features with certain problem-dependent properties, such as recovering the ground-truth
low-level features through simple transformations.

Finally, we remark that we do not claim Informal Principle 2 is a necessary condition for suc-
cessful hierarchical learning. Instead, we only claim it to be a reasonably general sufficient condition
for successful hierarchical learning via layerwise training that covers non-trivial examples.

Organization. The rest of this paper is organized as follows. We discuss the related work in the
remaining part of the introduction. In Section 2, we formally define RHMs, and describe our learner
model and training algorithm. Then, as a warm-up, we present in Section 3 three approximation
results. In Section 4, we formally state our main optimization result and give a proof sketch. Finally,
we conclude in Section 5. The proofs can be found in Appendix A and B. Appendix C contains
another application of Informal Principle 2.

1.1. Related work

Depth separation. Beginning with Eldan and Shamir (2016); Telgarsky (2016), there is a long
line of work that aims to separate the power of deep and shallow networks (Daniely (2017); Safran
and Shamir (2017); Safran et al. (2019); Malach et al. (2021); Venturi et al. (2022); Safran and
Lee (2022); Ren et al. (2023); Safran et al. (2024)). Most of them concern the separation in ap-
proximation powers for two- versus three-layer networks. Telgarsky (2016) proves a separation
between Θ(k3)- and Θ(k)-depth networks, but again the result is purely about approximation and
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relies on extreme oscillations. Safran and Lee (2022); Ren et al. (2023) prove optimization-based
separations, but only for two-layer versus three-layer networks.

Hierarchical learning. Several recent works study learning hierarchical functions using networks
with more than two layers. Allen-Zhu and Li (2019); Wang et al. (2023); Nichani et al. (2023);
Dandi et al. (2025); Fu et al. (2025) consider target functions that are compositions of two simpler
functions and show that three-layer networks can efficiently learn such functions, outperforming
two-layer networks and kernel methods by exploiting the compositional structure. Results address-
ing general depth, by contrast, are relatively scarce. The work of Mossel (2016) introduced a class
of “generative hierarchical models” similar to our work, with the data generated through a tree
started from a label at the root. Subsequently they proved a separation in efficient recovery of the
label between a class of deep and shallow algorithms. However, the relationship between this algo-
rithmic framework and gradient-based training of deep neural networks was left unresolved. More
recently, for any constant L > 1, Dandi et al. (2025) proposed a class of target functions conjectured
to require depth strictly greater than L. Their analysis, however, yields only a partial, conditional
weak-recovery guarantee for this class. Daniely (2026) proves deep networks can perform hierar-
chical learning when ground-truth intermediate results are provided to the training algorithm.

In a different vein, Allen-Zhu and Li (2023) studied learning deep quadratic functions using
ω(1)-depth residual networks. Our target class and techniques are substantially different from theirs.
Conceptually, their setting is similar to Informal Principle 2 with only conditions (i) and (iii). While
their results show the power of ω(1)-depth networks, the absence of condition (ii) necessitates
reliance on the backward feature correction mechanism and a highly specialized algorithm, and
precludes a simple shallow-to-deep chaining argument.

Context-free grammars and Random Hierarchy Models. Since the mid-20th century, context-
free grammars (CFGs, Chomsky (1959)) have been widely used in various areas of computer sci-
ence, including complexity theory (Sipser (2013)) and language modeling (Jurafsky and Martin
(2009)). Recently, CFGs have also been used to study the capabilities of modern language models
(Zhao et al. (2023); Allen-Zhu and Li (2025)). In Cagnetta et al. (2024), the authors introduced
Random Hierarchy Models (RHMs), a special class of CFGs with hierarchical structure, to em-
pirically study how deep networks learn compositional structure. This model has since been used
to study various other phenomena in deep learning (Cagnetta and Wyart (2024); Cagnetta et al.
(2025a,b, 2026); Sclocchi et al. (2025)). Mei (2024) analyzes a similar model and shows that deep
networks can simulate the belief-propagation algorithm. None of these works, except Mei (2024)
which proves an approximation result, provide formal approximation or learning guarantees.

2. Setup

In this section, we first define Random Hierarchy Models, describe the learning task and our learning
model. After that, we formally state our main results.

Notation. For any vector x, ∥x∥ denotes the Euclidean norm of x. For any matrix A, ∥A∥2
denotes the spectral norm of A and ∥A∥F denotes the Frobenius norm. For a, b, δ ∈ R, we write
a = b ± δ for |a − b| ≤ δ. If a, b are vectors or matrices, then a = b ±2 δ means ∥a− b∥2 ≤ δ.
For any n ∈ N, we define [n] := {1, 2, . . . , n} and [n]0 := {0, 1, . . . , n}.
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2.1. Random Hierarchy Models

Random Hierarchy Models (RHMs) are special cases of probabilistic context-free grammars (PCFGs).
A context-free grammar (CFG), in short, is a set V of symbols, together with a collection R of pro-
duction rules. A production rule is a pair (ν,µ) ∈ V × V∗. Semantically, it means that we can
replace the symbol ν with the sequence of symbols µ. Usually, a special symbol from V is chosen
to represent the starting symbol. To generate a sentence using a CFG, we start with the sentence
consisting of a single starting symbol, and then repeatedly rewrite the sentence using the production
rules until no rewriting can be done. A CFG is said to be probabilistic if the production rules used
in each step are randomly sampled according to some distribution.

RHMs are PCFGs where we have multiple levels, each level has its own vocabulary, and the
production rules always rewrite a level-l symbol to s level-(l + 1) symbols, where s is a fixed
positive integer. Equivalently, we can view RHMs as a variant of graphical models, where the
underlying graph is a complete s-ary tree and the transition probability is associated with the level
instead of the edges. See Figure 1 for an example of the tree description of a RHM with 3 levels.
At a high level, a RHM can also be viewed as a Markov process with certain local structure over a
space of growing dimension.

Note that, under certain non-ambiguity conditions, learning a RHM is easy if we have access
to the latent intermediate tokens, since we can then directly recover the (intermediate) production
rules. Unfortunately, without this intermediate information, exact recovery of the production rules
is impossible in general. Nevertheless, we will show that using only input–label data, each layer of a
deep convolutional network can still learn proxies for the true production rules of the corresponding
RHM level, and that these proxies are sufficient for the model to hierarchically learn the RHM.
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Figure 1: Tree description of a 3-
level RHM instance with branch-
ing factor 3. Each node is a ran-
dom variable. The root node is
the label and the leaves are the in-
put sequence. At level l, the con-
ditional probability of the children
patch being µ ∈ Vs

l+1 conditioned
on the parent token being ν ∈ Vl is
given by Ql(ν,µ).

Formally, we define a RHM as follows. This definition is slightly more general than the CFG
description in Cagnetta et al. (2024). We will soon define RHM induced by a CFG as a RHM whose
transition probabilities are induced by production rules.

Definition 3 (Random Hierarchy Model) Let L, s ∈ N be parameters. An L-level random hi-
erarchy model (RHM) instance with branching factor s is a tuple

(
(Vl)l∈[L]0 ,D0, (Ql)l∈[L−1]0

)
,

where

• Vl is a set representing the vocabulary at level l,

• D0 is a probability distribution over V0 representing the distribution of the labels,
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• Ql : Vl × Vs
l+1 → [0, 1] encodes the transition probabilities at level l, i.e., for each ν ∈ Vl,

Ql(ν, ·) is a probability distribution over the collection of possible patches Vs
l+1.

To generate a sentence using a RHM instance, we first sample the label ζ ∈ V0 according to D0

to form the level-0 sentence µ(0) = (ζ) ∈ V1
0 . Then, for each l ∈ [L − 1]0, we rewrite the level-l

sentence µ(l) = (µ
(l)
1 , . . . , µ

(l)

sl
) into a level-(l + 1) sentence µ(l+1) ∈ Vsl+1

l+1 by replacing each µ(l)k
with an independent sample from Ql(µ

(l)
k , ·). The final sentence µ(L) is the generated sentence.

In this work, we are mainly interested in RHMs induced by a collection of production rules,
which is also how RHMs are originally formulated in Cagnetta et al. (2024).

Definition 4 (CFG-induced RHM) Let L, s ∈ N be parameters. For each l ∈ [L− 1]0, let Rl ⊂
Vl × Vs

l+1 represents a collection of production rules from level-l symbols to level-(l + 1) patches.
We say the RHM ((Vl)l∈[L]0 ,D0, (Ql)l∈[L−1]0) is induced by the production rules (Rl)l∈[L−1]0 if
D0 = Unif(V0) and

Ql(ν,µ) =
1 {(ν,µ) ∈ Rl}∣∣{(ν,µ′) ∈ Rl | µ′ ∈ Vs

l+1

}∣∣ , ∀ν ∈ Vl, µ ∈ Vs
l+1,

and the denominator is always nonzero. Namely, Ql(ν, ·) is the uniform distribution of its support,
which is determined by the given production rules Rl.

Remark 5 In the original formulation of RHMs in Cagnetta et al. (2024), they explicitly assume
the production rules Rl are randomly sampled. We do not require this and one should view Rl

and Ql as deterministic objects that potentially satisfy certain mild pseudo-randomness assumption
(cf. Assumption 6).

When a RHM is induced by production rules, we can impose additional constraints on the RHM
by imposing constraints on the production rules. In this paper, we will consider CFG-induced RHMs
satisfying the following two conditions.

Let V,m ∈ N. We say the CFG-induced RHM ((Vl)l∈[L]0 ,D0, (Rl)l∈[L−1]0) is (V,m)-uniform
if |V0| = |V1| = · · · = |VL| = V and for every l ∈ [L− 1]0, every ν ∈ Vl has exactly m (distinct)
production rules, i.e., |

{
(ν,µ′) ∈ Rl | µ′ ∈ Vs

l+1

}
| = m. Note that in this case, we have

Ql(ν,µ) = 1 {(ν,µ) ∈ Rl} /m, ∀ν ∈ Vl, µ ∈ Vs
l+1.

For notational simplicity, we will write Pl+1 :=
⋃

ν∈Vl
suppQl(ν, ·). That is, Pl+1 represents the

collection of possible patches at level l + 1.
We say the RHM is non-ambiguous if for every level-(l + 1) patch µ ∈ Vs

l+1, there is at most
one level-l symbol ν ∈ Vl that can generate it. That is, for every l ∈ [L − 1]0 and µ ∈ Vs

l+1,
|{(ν ′,µ′) ∈ Rl | µ′ = µ}| ≤ 1. We say two patches µ,µ′ ∈ Vs

l+1 are synonyms if they can be
generated by the same level-l symbol. Non-ambiguity is also assumed in Cagnetta et al. (2024). ♣

2.2. Learner model

We assume the branching factor s is known, so that we can design the model architecture to match
the tree structure of the RHM by grouping s tokens into a patch. Note that the production rules are
still unknown, and since the intermediate nodes are unobservable, learning the production rules is
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h
(l)
(k−1)s+1 ∈ Rde

...
h
(l)
ks ∈ Rde


embeddings of the tokens
in the kth patch of level l

x
µ

(l)
k

∈ Rdx

patch embedding

h
(l−1)
k ∈ Rde

level-l output;
level-(l − 1) token embedding.

Φ(l)(·) W (l)x
µ

(l)
k

potentially normalized

Figure 2: One layer of our learner model. For each level l, the model acts on each patch
(h

(l)
(k−1)s+1, . . . ,h

(l)
ks) independently using the same set of weights W (l) ∈ Rdy×dx and nonlin-

earity Φ(l) : Rsde → Rde . The output on the k-th level-l patch will be used as the embedding of
k-th token at level l − 1.

a nontrivial task. As the RHM has an inherent L-layer structure and is shift-invariant at the patch
level, it is natural to choose our learner model to be an L-layer convolutional network.

See Figure 2 for a schematic description of one layer of our learner model. We formally define
our model below. Fix l ∈ [L]. Let h(l)

1 , . . . ,h
(l)

sl
∈ Rde denote the input sequence at level l, where

de ≥ V is the token embedding size. When l = L, h(L)
i is the one-hot encoding of the ith input

token. When l < L, these are the outputs of the previous layer. Because of the s-ary tree structure
of the RHM, it is natural to group the tokens into patches of length s. We then apply a nonlinear
transform Φ(l) : Rsde → Rdx to the concatenated token embeddings to obtain the patch embeddings
of µ(l)

k . Namely, we define

x
µ

(l)
k

:= Φ(l)
(
h
(l)
(k−1)s+1 ◦ · · · ◦ h

(l)
ks

)
∈ Rdx , ∀k ∈

[
sl−1

]
, (1)

where ◦ means vector concatenation. We call {x
µ

(l)
k

}k∈[sl−1] the patch embeddings. In our final

optimization result, we will choose Φ(l) to be the random Fourier features associated with the radial
basis function (RBF) kernel (see (6) for the exact definitions); however, other nonlinear functions
can also be used (cf. Section 3).

Let W (l) ∈ Rdy×dx denote the trainable parameter of the level-l filter. We apply it to each
of the patch embeddings to form the (unnormalized) outputs W (l)x

µ
(l)
k

∈ Rde . For reasons that
will become clear later, we normalize the outputs to be probability vectors (with potential negative
entries):

h
(l−1)
k := W (l)x

µ
(l)
k

/
〈
1,W (l)x

µ
(l)
k

〉
∈ Rde , ∀k ∈

[
sl−1

]
. (2)

Note that these are also the inputs of level l − 1 and the normalization step can always be absorbed
into the nonlinear function Φ(l−1). The final output of our network is the level-1 output h(0)

1 ∈ Rde .
We will choose de = V and train our network to predict eζ , where ζ ∈ [V ] ∼= V0 is the label.
Hence, we can set argmaxi∈[V ][y

(1)
1 ]i to be the prediction of our model.

We will show that, after training, W (l) approximately maps each xµ to conditional probability
vector of the label given the first level-l patch being µ, and this probability vector can be used as the
proxy for the unique level-(l − 1) symbol that generates µ. See Section 3 and Section 4 for details.
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2.3. Training algorithm

We train our learner network (1)–(2) layerwise using (empirical) gradient descent. The algorithm
proceeds in L stages, from stage L down to stage 1. In stage l ∈ [L], we train W (l) as follows.

Fix l ∈ [L]. We first sample N (l) i.i.d. samples of form (µ1, . . . , µsL , ζ) ∈ VsL

L × V0 from
the RHM, where µ1, . . . , µsL are the (bottom-level) input tokens and ζ is the label. For notational

simplicity, let Ê(l)
denote the empirical expectation w.r.t. these N (l) samples, so that we do not have

to explicitly write down the dataset in the future. Let xµ
(l)
1
,W (l) be defined as in (1)–(2). Our loss

is
L(l)(W (l)) :=

1

2
Ê(l)
∥∥∥eζ −W (l)x

µ
(l)
1

∥∥∥2 + λW
2

∥∥∥W (l)
∥∥∥2
F
, (3)

where λW ≥ 0 is a hyperparameter controlling the regularization strength. Namely, we train the lth
level of the network to predict the label based on the first patch at level l. We make two remarks on
the training procedure.

First, at each stage, we use only the first patch of the corresponding level. This simplifies the
analysis and suffices for learning the production rules thanks to the patch-level shift invariance of
RHMs. In addition, since level 1 has only one patch and all subsequent levels are generated from
that patch, when we reach level 1, the model will be able to see all the information contained in the
input sequence, so, in principle, we lose no information by restricting the model to the first patch in
earlier stages.

Second, we ignore all the subsequent layers of the learner model when training level l, as those
untrained layers will only obscure the signals from the label. Another way to interpret this design
choice is pretending there is a residual link (He et al. (2016)) from the lth level to the output during
the training of the lth level, so that the lth level can directly receive signal from the label.

We train each level by running gradient descent for T (l) ∈ N steps. Namely, we update the
weights using W

(l)
t+1 = W

(l)
t − η(l)∇WL(l)(W

(l)
t ), where W

(l)
0 = 0 and η(l) > 0 is the step size.

Though the optimization problem as a whole is non-convex, for each fixed level l, (3) is a standard
ridge regression task, which is (strongly) convex and can be easily solved by gradient descent. One
may as well minimize (3) directly by computing the pseudo-inverse of the covariance matrix. Our
analysis is rather flexible w.r.t. the choice of the optimization algorithm.

3. Warm-up: Approximation results

As a warm-up, in this section, we consider the problem of approximating the RHM using (variants
of) our learner model. Throughout this section, we assume that the RHM is non-ambiguous and
(V,m)-uniform.

Construction 1: assuming access to the intermediate nodes. First, consider the bottom level
of the network. At this level, the inputs are the one-hot encoding vectors e

µ
(L)
1

, . . . , e
µ
(L)

sL

of the

level-L tokens. In particular, this means we can easily obtain orthonormal (equivalently, one-hot up
to a rotation) embeddings for the patches. One robust but slightly wasteful approach is to choose
the nonlinear function to be h1 ◦ · · · ◦ hs 7→ h1 ⊗ · · · ⊗ hs. With this nonlinear function Φ, we
have

〈
xµ,xµ′

〉
= 1{µ = µ′}.

Recall that PL ⊂ Vs
L denotes the collection of possible patches at level L. Since our RHM is

assumed to be non-ambiguous, each patch µ ∈ PL corresponds to a unique level-(L − 1) token
ν(µ) ∈ VL−1. Let {eν}ν∈VL−1

denote the one-hot encoding vectors of the vocabulary VL−1. We
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can then set W (L) =
∑

µ∈PL
eν(µ)x

⊤
µ , so that, by the orthonormality of the patch embeddings,

W (L)xµk
= eν(µk) = e

µ
(L−1)
k

. With this W (L), the inputs of (L− 1)-th level of the network will

be exactly the one-hot encoding vectors of the level-(L− 1) sequence. We can then repeat the same
construction, so that eventually in the top level, W (1) maps the level-1 patches to the unique labels
that generate them.

Construction 2: conditional probabilities as the surrogate. It is unreasonable to hope that a
trained model can recover the one-hot encoding scheme {eν}ν∈VL−1

in the previous construction
without access to the intermediate sequences, and, fortunately, it does not have to. It suffices to
map the patches µ ∈ Pl to any embeddings satisfying (i) h(l−1)

µ ≈ h
(l−1)
µ′ if µ,µ′ are synonyms,

and (ii) h(l−1)
µ ,h

(l−1)
µ′ are reasonably different when µ,µ′ are not synonyms. After that, it suffices

to choose the nonlinear function Φ(l) to be some clustering algorithm that performs clustering on
the level-l outputs, and maps level-l outputs to the one-hot embedding vector of the corresponding
cluster.

It was also observed in Cagnetta et al. (2024) that, under mild conditions, synonym detection
can be reduced to estimating the conditional probability of the label given the patch. Formally, for
each l ∈ [L] and µ ∈ Pl, we define

q
(l)
µ :=

(
P [label is ζ | the first patch at level l is µ]

)
ζ∈V0

∈ ∆V0 , (4)

where ∆V0 denotes the probability simplex over V0. Clear that if µ,µ′ are synonyms, then q
(l)
µ =

q
(l)
µ′ . Moreover, one can expect that, unless the RHM instance is generated adversarially, q(l)µ , q

(l)
µ′

will be different if µ,µ′ are not synonyms. In other words, condition (i) of Informal Principle 2
holds. In Cagnetta et al. (2024), the authors argue that the difference should be asymptotically
proportional to m−l/2 if the production rules are sampled uniformly at random. Their argument is
based on some variance calculation and relies on various asymptotic approximations. We prove a
rigorous, quantitative version of this claim for production rules that are randomly sampled while
maintaining a certain marginal uniformity condition. See Proposition 19 and Appendix B. We
remark that the conditional probability vector q(l)µ is a natural quantity to estimate when the task is
to predict the label, and also naturally arises from minimizing the ridge regression loss (3) (see also
(8)).

Thanks to the distinguishing property of q(l)µ , we can set the trainable weights of level l to be
W (l) = m−1

∑
µ∈PL

q
(l)
µ x⊤

µ . By the orthonormality of {xµ}µ, this maps each µ to the corre-

sponding q
(l)
µ , which satisfies q(l)µ ≈ q

(l)
µ′ if and only if µ,µ′ are synonyms.

Construction 3: replacing clustering with RBF random features. In the above construction,
we choose Φ to be a clustering algorithm to form orthonormal patch embeddings from the token
embeddings, assuming that the token embeddings respect the synonym structure. We claim that this
mapping can be replaced by a random feature mapping associated with the RBF kernel, which is
a much more commonly used and generic component. Though the embeddings obtained using the
RBF random features are only near orthonormal, one can still expect that a construction similar to
Construction 2 can still approximately recover the label. Moreover, we show that this construction
can be efficiently learned by layerwise training our learner model. See Section 4 for the formal
description and a proof sketch, and see Appendix A for the proof.
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4. Optimization results and proof sketch

In this section, we sketch the proof of the end-to-end optimization guarantee corresponding to the
approximation result (Construction 3) in Section 3. The full proofs of the results in this section can
be found in Appendix A. We emphasize that we do not assume access to the intermediate tokens.
Instead, we show that the intermediate features will be automatically learned when the model is
trained to fit the label.

As mentioned in the introduction, our proof consists of two parts: First, we will consider each
single layer and show that certain properties — in our case, clusters respecting the synonyms struc-
ture — can be approximately preserved across layers. Then, we will chain those one-layer results,
show that the error does not blow up during chaining, and derive our main optimization guarantees
for learning RHMs with a deep convolutional network.

The following is our main assumption on the RHM instance. See Definition 3-4 and the remarks
following them for the basic definitions related to RHMs.

Assumption 6 (Assumptions on the RHM) Let L, s ∈ N be parameters. Consider the L-level
RHM ((Vl)l∈[L]0 ,D0, (Ql)l∈[L−1]0) with branching factor s that is induced by a CFG, and is (V,m)-
uniform and non-ambiguous. We assume the following are true.

(a) (Non-degeneracy) For any l ∈ [L] and µ ∈ Pl, P[the first patch at level l is µ] ≥ (κ|Pl|)−1.

(b) (Nontrivial signal) For each level l ∈ [L] and level-l non-synonyms µ,µ′ ∈ Pl,∥∥q(l)µ − q
(l)
µ′

∥∥ ≥ Kρm
−l/2 =: ρ(l), (5)

where q
(l)
µ is defined in (4) and Kρ is an l-independent positive real number that is at least

inverse polynomial in m,V, L, s, κ and do(1).

Note that this assumption is deterministic in the sense that it does not rely on a specific produc-
tion rules sampling procedure. We will show that it holds with high probability if the production
rules are sampled without replacement uniformly at random while maintaining the uniformity of
the first token. In general, one could hope this condition to hold, as long as the production rules are
not generated adversarially. In (5), the choice of ρ(l) := Kρm

−l/2 is tailored to the case where the
production rules are randomly sampled. Our analysis can be easily extended to situations where ρ(l)

has a different form and yields better bounds if ρ(l) is much larger than Kρm
−l/2.

We verify Assumption 6 in Appendix B in the case where L ∼ log d/ log log d and m,V, s ∼
log d, where d is the length of the input sequence, and the production rules are randomly sampled
with the marginal distribution of the first token at each level being kept uniform. See Proposition 19.
Combining Proposition 19 and the following theorem gives an end-to-end optimization guarantee.

Theorem 7 Assume the RHM instance satisfies Assumption 6. Then, we can train a learner
model (1)–(2) with the RBF random features (6) using the layerwise gradient descent described
in Section 2.3 to learn this RHM instance with probability at least 1 − δP.2 Moreover, the num-
ber of samples we need is at most poly(κ,m, V, s, L, log(1/δP))K−2

ρ mL, and the model width and
number of gradient descent steps are both bounded by poly(K−1

ρ , κ, V, s, L, log(1/δP),m
L).

2. By the non-ambiguity condition, the label ζ can be uniquely determined by the input x. We say the model learns the
RHM instance if it outputs eζ ±2 o(1), so that we can recover the label by taking argmax on the output.

10
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Remark 8 Here, poly(z) means a quantity that is bounded by |z|C for some universal constant
C. In the regime considered in Proposition 19, poly(K−1

ρ , κ,m, V, s, L) = do(1), so the sample
complexity is dominated by the factor mL = poly d.

With those do(1) terms ignored, our result matches the heuristic bound for deep networks in
Cagnetta et al. (2024). In contrast, the heuristic and empirically verified bound for shallow models
in Cagnetta et al. (2024) is Ω(msL), which is exponentially larger than mL = poly(d). ♣

4.1. Training a single layer

Fix an arbitrary level l ∈ [L]. In this subsection, we consider the training of the level-lweights W (l).
Our goal is to show that, when the level-l inputs form clusters respecting the synonym structure
(cf. Assumption 9), the lth level of the model can approximately learn the mapping µ 7→ q

(l)
µ ,

as a result of which, its outputs will have the same cluster structure, up to potentially different
parameters.

For notational convenience, we will drop all superscript l throughout this subsection. We will
use (ζ̂, ν̂, µ̂) ∈ V0 × Vl−1 × Vs

l to denote the random variables representing the label, the first
level-(l−1) token, and the first level-l patch and reserve the unhatted versions of them for a generic
label, level-(l − 1) token, and level-l patch, respectively. For each µ ∈ Vl, let ĥµ ∈ Rde denote
the random vector representing the token embedding of µ. When l = L, ĥµ is the (deterministic)
one-hot encoding vector of µ. When l < L, ĥµ is the output of the (l + 1)th level of the network
at the corresponding patch. ĥµ is random, as it depends on the values taken in the subtree of µ
(cf. Figure 1). In addition, since we fix all other layers when training the lth level, this is the only
source of randomness. For notational simplicity, for each µ ∈ Vl, let P̃R,l,µ denote the support of
ĥµ.3 Finally, for µ̂ = (µ̂1, . . . , µ̂s), note that ĥµ̂i

is conditionally independent of all other {ĥµ̂j
}j ̸=i

and the label ζ̂ when conditioned on the value of µ̂i.
Recall that at the end of the day, we will chain the one-layer results, and to do so, we need to

ensure certain properties hold across layers (with potentially different parameters). In our case, we
will maintain the following induction hypothesis. Note that at level L (where the token embeddings
are one-hot embeddings of VL), this assumption holds with ε̃S = 0 and ρ̃ =

√
2.

Assumption 9 (Token embeddings) There exists some 0 ≤ ε̃S < ρ̃ such that the following hold:

(a) (Intracluster)
∥∥hµ − h′

µ

∥∥ ≤ ε̃S for any µ ∈ Vl and hµ,h
′
µ ∈ P̃R,l,µ.

(b) (Intercluster)
∥∥hµ − hµ′

∥∥ ≥ ρ̃ for any µ ̸= µ′ ∈ Vl and hµ ∈ P̃R,l,µ,hµ′ ∈ P̃R,l,µ′ .

4.1.1. ERROR PROPAGATION IN THE RANDOM FEATURES LAYER

Let h := h1 ◦ · · · ◦ hs ∈ Rsde be the concatenation of the input token embeddings (in the first
patch). The nonlinear function Φ : Rsde → Rdx we consider here is the random Fourier features
associated with the RBF kernel ψσ. That is,

Φ(h) := Φσ,M (h) :=M−1/2 (cos (ωk · h) , sin (ωk · h))k∈[M ] , (6)

where (ωk)k are i.i.d. N
(
0, σ−2Isde

)
random vectors. Note that ∥Φ(h)∥ = 1 always holds. More-

over, it is well-known that this random feature map approximates the RBF kernel ψσ uniformly on

3. Here, the subscript R stands for “representation”.
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compact sets (Rahimi and Recht (2007)):

〈
Φ(h),Φ(h′)

〉
≈ ψσ(h,h

′) := exp
(
−
∥∥h− h′∥∥2 /(2σ2)) =

s∏
i=1

exp
(
−
∥∥hi − h′

i

∥∥2 /(2σ2)) .
We choose Φ to be the RBF random features, because it not only is widely used, but also nat-
urally maps far away points to near-orthogonal representations. We conjecture that any random
feature mapping that has a sufficiently large high-frequency component can work here. Note that,
by Assumption 9(b), if h,h′ are (pre-Φ) representations of two distinct patches, then at least one
∥hi − h′

i∥ will be at least ρ̃. Hence, ψσ(h,h
′) ≈ 0, as long as σ ≪ ρ̃. Meanwhile, by Assump-

tion 9(a), if h,h′ are (pre-Φ) representations of the same patch, then ψσ(h,h
′) ≈ 1, provided that

ε̃S ≪ σ. Formally, we have the following lemma, whose proof can be found in Appendix A.1.

Lemma 10 (Error propagation in the random features layer) Let δP ∈ (0, 1) be the target fail-
ure probability and εS , εO the target patch-level intracluster distance and near-orthogonality error.
Suppose that Assumption 9 holds and

σ2 ≤ 2ρ̃2

log(2/εO)
, M ≳

sde
ε2O ∧ ε4S

log

(
sde log(2/εO)

ρ̃2(ε2O ∧ ε4S)δP

)
, ε̃S ≤ εSσ√

s

Then, with probability at least 1− δP, we have∣∣〈Φ(hµ),Φ(hµ′)
〉∣∣ ≤ εO,

∥∥Φ(hµ)−Φ(h′
µ)
∥∥ ≤ εS , (7)

where µ ̸= µ′ ∈ Pl and hµ,h
′
µ are arbitrary (pre-Φ) representations of µ and hµ′ is an arbi-

trary (pre-Φ) representation of µ′, all of them obtained by concatenating the corresponding token
embeddings.

4.1.2. TRAINING W

Recall from (3) that W := W (l) is trained to predict the label using the first level-l patch. Namely,
our optimization task is minimizing W 7→ 1

2 Ê∥eζ̂ −Wx̂µ̂∥2+ λW
2 ∥W ∥2F , where Ê represents the

expectation over the empirical distribution of the training set and x̂µ̂ := Φ(ĥµ̂) is the embedding
of the first level-l patch (cf. (1) and Figure 2). For notational simplicity, for each patch µ ∈ Pl, we
write PR,l,µ for the support of x̂µ.

This objective is strongly convex and can be easily optimized using, say, gradient descent. See
Lemma 15 for the convergence rate. In addition, by setting the gradient to zero, one can easily
verify that the (unique) minimizer is given by WN,∗ = Ê[eζ̂x̂

⊤
µ̂ ]
(
Ê[x̂µ̂x̂

⊤
µ̂ ] + λW Idx

)−1
, where N

denotes the number of samples we use in this stage. For notational simplicity, for each µ′ ∈ Pl, we
write p̂µ′ := Ê[1{µ̂ = µ′}] for the ratio of samples in the dataset with the first patch being µ′.

Note that x̂µ̂ and eζ̂ are conditionally independent when conditioned on µ̂. Hence, for the first
factor in WN,∗, we have

Ê
[
eζ̂x̂

⊤
µ̂

]
=
∑

µ∈Pl
p̂µÊ

[
eζ̂x̂

⊤
µ̂ | µ̂ = µ

]
=
∑

µ∈Pl
p̂µq̂µÊ [x̂µ]

⊤ , (8)

where q̂µ := Ê[eζ̂ | µ̂ = µ] is exactly the empirical version of q(l)µ (defined in (4)). In addition,

recall from Section 3 that, given Assumption 6(b), q(l)µ can be used to identify synonyms. At a

12
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conceptual level, these two properties correspond to condition (ii) and (iii) of Informal Principle 2,
respectively.

Now, consider the covariance matrix term in WN,∗. For ease of presentation, assume that εO =
0, so that the embeddings of different patches lie in orthogonal subspaces. Let Πµ ∈ Rdx×dx

denote the projection matrix onto the subspace spanned by the representations of patch µ and Π⊥ ∈
Rdx×dx the projection matrix onto the subspace orthogonal to all patch embeddings. Then, we have(

Ê
[
x̂µ̂x̂

⊤
µ̂

]
+ λW Idx

)−1
=
∑

µ∈Pl

(
p̂µÊ

[
x̂µx̂

⊤
µ

]
+ λWΠµ

)†
+ λ−1

W Π⊥,

In particular, this, together with the orthogonality assumption (εO = 0), imply

WN,∗xµ = p̂µ

(
Ê [x̂µ]

⊤
(
p̂µÊ

[
x̂µx̂

⊤
µ

]
+ λWΠµ

)†
xµ

)
q̂µ, ∀µ ∈ Pl, xµ ∈ PR,l,µ. (9)

When εO ̸= 0, we show in Lemma 14 that (9) still approximately holds, and the error scales with
|Pl|2εO. The proof is based on the dual formula of the ridge regression solution, which allows us to
exploit the near-orthogonality of the representations without touching the intracluster structure.

Note that q̂µ is a probability vector and the term in the parentheses of (9) is a scalar. Thus, in
principle, we can recover q̂µ by normalizing WN,∗xµ with 1⊤WN,∗xµ. To this end, we need a
lower bound on the term in the parentheses. Recall that ∥xµ∥ = 1 always holds. If εS = 0, i.e.,
PR,l,µ = {xµ}, then we have Πµ = xµx

⊤
µ and that term in the parentheses is equal to

x⊤
µ

(
(p̂µ + λW )xµx

⊤
µ

)†
xµ = x⊤

µ(p̂µ + λW )−1xµx
⊤
µxµ = (p̂µ + λW )−1,

for which we have p̂µ/(p̂µ + λW ) ≳ 1/κ if we choose λW = |Pl|−1. When εS ̸= 0, one can
factor out the errors using the standard expectation-variance decomposition of the second moment
and the Woodbury matrix identity. We show in Lemma 16 that when εS ≤ λW /4, the term in the
parentheses can be lower bounded by (p̂µ + λW )−1/2.

Combining the above two estimates, we show that WN,∗xµ/1
⊤WN,∗xµ ≈ q̂µ ≈ qµ when

N is large, where the second approximation comes from standard concentration and the fact that
q̂µ is the empirical version of qµ. By Assumption 6(b), this implies that, when N is sufficiently
large, we can ensure Assumption 9 still holds (with a different set of parameters) at the next level.
Formally, we have the following lemma, which we prove in Appendix A.3. In particular, note that
the dependence of ε(l+1)

∗ on ε(l)∗ is logarithmic, so the accuracy requirements will not blow up at the
bottom levels.

Lemma 11 (Training a single layer) Let ε(l)∗ > 0 denote the target accuracy at level l, and the
level-l weights W (l) ∈ Rdy×M(l)

be obtained by running gradient descent on (3) with N (l) samples
for T (l) steps. Suppose that level-(l + 1) accuracy ε(l+1)

∗ and the number of samples N (l) satisfy

ε
(l+1)
∗ ≤ ρ(l+1)√

2000V 2m2s log(V mκ/ε
(l)
∗ )

, N (l) ≥ 20
(
κ ∨ (ε

(l)
∗ )−2

)
log(V m/δP), (10)

and M (l), T (l) are some large universal polynomials of the RHM parameters, (logarithm of) failure
probability, and accuracies ε(l)∗ , ε

(l+1)
∗ . Then, with probability at least 1−O(δP), we have

W (l)xµ

/
⟨1,W (l)xµ⟩ = q

(l)
µ ±2 ε

(l)
∗ , ∀µ ∈ Pl, xµ ∈ PR,l,µ.
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4.2. Shallow-to-deep chaining

To prove our main theorem (Theorem 7), it suffices to chain Lemma 11. By Lemma 11, we only
need to choose the target accuracies {ε(l)∗ }l and the number of samples so that (10) holds. To this
end, to achieve o(1) target accuracy at the last level, it suffices to choose

ε
(l)
∗ =

Kρm
−l/2√

CV 2m2sL logm
and, consequently, N (l) = CκV 2m2sL log2(V mκ/δP)K

−2
ρ ml,

for some sufficiently large universal constant C > 0. Note that N (l) is a geometric sequence. Thus,
the total number of needed samples satisfies

∑L
l=1N

(l) ≲ κV 2m2sL log2(V mκ/δP)K
−2
ρ mL.

5. Conclusion

In this work, we study the problem of learning an L-level Random Hierarchy Model with m pro-
duction rules per symbol using a deep convolutional network. We show that the sample complexity
is O(m(1+o(1))L), matching the heuristic bound in Cagnetta et al. (2024). Our proof is based on
Informal Principle 2, which gives conditions under which training a deep network can be reduced
to layerwise training of individual layers.

There are many potential future directions. First, we assume the RHM branching factor s is
known, and design our convolutional network to process disjoint length-s patches. One interesting
question is whether our proof can be extended to the setting where the topology of the hierarchy is
unknown. Another interesting future direction is to find other problems to which Informal Princi-
ple 2 applies. We provide one such example in Appendix C. Finally, a related direction is to relax
condition (ii) of Informal Principle 2, and incorporate the backward feature correction mechanism
(Allen-Zhu and Li (2023)) into the shallow-to-deep chaining framework.
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Appendix A. Proof of Theorem 7: Learning RHMs

In this section, we prove Theorem 7. Following the proof sketch in Section 4, we will first establish
an optimization result for each layer, and then chain them to obtain a proof of Theorem 7.

A.1. Error propagation in the random features layer

As discussed in Section 4, we first analyze the error propagation in the random feature layer. Our
goal is to show that, as long as the representations of the level-l symbols form clusters, then after
the random feature layer, the patch embeddings will be approximately orthonormal. Formally, we
prove the following lemma from the main text.

Lemma 10 (Error propagation in the random features layer) Let δP ∈ (0, 1) be the target fail-
ure probability and εS , εO the target patch-level intracluster distance and near-orthogonality error.
Suppose that Assumption 9 holds and

σ2 ≤ 2ρ̃2

log(2/εO)
, M ≳

sde
ε2O ∧ ε4S

log

(
sde log(2/εO)

ρ̃2(ε2O ∧ ε4S)δP

)
, ε̃S ≤ εSσ√

s
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Then, with probability at least 1− δP, we have∣∣〈Φ(hµ),Φ(hµ′)
〉∣∣ ≤ εO,

∥∥Φ(hµ)−Φ(h′
µ)
∥∥ ≤ εS , (7)

where µ ̸= µ′ ∈ Pl and hµ,h
′
µ are arbitrary (pre-Φ) representations of µ and hµ′ is an arbi-

trary (pre-Φ) representation of µ′, all of them obtained by concatenating the corresponding token
embeddings.

Proof Let εRF > 0 denote the error in the random feature approximation (cf. Lemma 12). We now
derive conditions on εRF under which (7) can be realized and conditions on M under which εRF

satisfies these conditions with high probability. First, consider two distinct patches µ ̸= µ′ ∈ Pl

and let hµ,hµ′ denote the concatenation of the token embeddings of µ and µ′, respectively. Since
µ,µ′ differ by at least one token, by Assumption 9(b), we have

∥∥hµ − hµ′
∥∥ ≥ ρ̃. Therefore, by

Lemma 12, we have ∣∣〈Φ(hµ),Φ(hµ′)
〉∣∣ ≤ exp

(
− ρ̃2

2σ2

)
+ εRF.

For the RHS to be smaller than εO, it suffices to choose

σ2 ≤ 2ρ̃2

log(2/εO)
, εRF ≤ εO

2
.

Then, consider two different representations hµ,h
′
µ of the same patch µ. By Assumption 9(a), we

have
∥∥hµ − h′

µ

∥∥ ≤
√
sε̃S . Therefore, by Lemma 12, we have〈

Φ(hµ),Φ(h′
µ)
〉
≥ exp

(
−
sε̃2S
2σ2

)
− εRF ≥ 1−

sε̃2S
2σ2

− εRF.

Since the output of Φ always has unit norm, this implies∥∥Φ(hµ)−Φ(h′
µ)
∥∥ =

√
2(1−

〈
Φ(hµ),Φ(h′

µ)
〉
) ≤

√
sε̃2S
σ2

+ 2εRF.

For the RHS to be bounded by εS , it suffices to require

sε̃2S
σ2

+ 2εRF ≤ ε2S ⇐ ε̃2S ≤
ε2Sσ

2

s
, εRF ≤

ε2S
2
.

In particular, for εRF, it suffices to have εRF = (εO ∧ ε2S)/2. By Lemma 12, to achieve this with
probability at least 1− δP, it suffices to choose

M ≳
dh
ε2RF

log

(
dh

σ2ε2RFδP

)
≳

sde
ε2O ∧ ε4S

log

(
sde log(2/εO)

ρ̃2(ε2O ∧ ε4S)δP

)
.

Lemma 12 (Claim 1 of Rahimi and Recht (2007)) Fix σ > 0. Let ψσ and Φσ,M be defined as in
Section 4. Then, for any εRF > 0, we have

P

[
sup

∥h∥,∥h′∥≤1

∣∣〈Φσ,M (h),Φσ,M (h′)
〉
− ψσ(h,h

′)
∣∣ ≥ εRF

]
≤ 28

dh
σ2ε2RF

exp

(
−

Mε2RF

4(dh + 2)

)
.

In other words, to achieve εRF accuracy uniformly over the unit ball with probability at least 1−δP,
it suffices to choose

M ≳
dh
ε2RF

log

(
dh

σ2ε2RFδP

)
.
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A.2. Training a single layer

Fix an intermediate level l ∈ [L]. In this subsection, we consider the training of the level-l weights
W (l). For notational simplicity, all superscript l will be dropped, as we consider only a single level
here. Recall that, for each µ′ ∈ Pl, we write p̂µ′ := Ê[1{µ̂ = µ′}] for the ratio of samples in the
dataset with the first patch being µ′, p̂max = maxµ∈Pl

p̂µ, and p̂ := (p̂µ)µ. We will eventually
choose N to be sufficiently large that p̂µ = (1 ± o(1))pµ, where pµ := E p̂µ. Hence, in the
following, we will always assume p̂µ = (1 ± 0.5)pµ when dealing with the error terms. Since we
consider regimes where m,V ≲ log d and the dominating factor will be mL = poly d, we will
often use loose inequalities such as p̂max, ∥p̂∥ ≤ 1 to get cleaner bounds.

For easier reference, we include all needed assumptions on patch embeddings in the following
assumption. Note that, by Lemma 10, this assumption holds with high probability when the patch
embeddings are constructed using RBF random features.

Assumption 13 (Patch embeddings) We assume the following on the level-l patch embeddings:

(a) (Unit norm) ∥xµ∥ = 1 for any µ ∈ Pl and xµ ∈ PR,l,µ

(b) (Near-orthogonality) There exists a small nonnegative εO ≲ 1/|Pl| such that |xµ · xµ′ | ≤
εO, for any µ ̸= µ′ ∈ Pl and xµ ∈ PR,l,µ, xµ′ ∈ PR,l,µ′ .

(c) (Intracluster distance) There exists a small εS ≥ 0 such that
∥∥xµ − x′

µ

∥∥ ≤ εS for any
µ ∈ Pl and xµ,x

′
µ ∈ PR,l,µ.

Recall from Section 4.1 that our goal is to show that WN,T will approximately map xµ to (a
rescaled version of) qµ. In addition, recall that the optimal empirical solution is given by

WN,∗ = Ê
[
eζ̂x̂

⊤
µ̂

] (
Ê
[
x̂µ̂x̂

⊤
µ̂

]
+ λW Idx

)−1
.

Our first step is to factor out the error introduced by the non-orthogonality. As shown in Lemma 10,
it is easy to make the near-orthogonality error εO essentially arbitrarily small, so we do not have to
strive for sharp estimations.

Lemma 14 (Factoring out the near-orthogonality error) Choose λW = 1/|Pl|. Under Assump-
tion 13, the optimal empirical solution satisfies

WN,∗xµ = p̂µ

(
Ê[x̂µ]

⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
xµ

)
q̂µ ±2 6|Pl|2εO,

for any µ ∈ Pl and xµ ∈ PR,l,µ.

Proof Let X̂ ∈ Rdx×N , Ê ∈ Rdy×N represent our dataset, where each column of X̂ and Ê
corresponds to one x̂µ̂ and eζ̂ , respectively. Though not strictly necessary, one should assume we

group different representations of µ ∈ Pl together, so that X̂ and Ê have a natural block structure.
Then, using the push-through identity, we can rewrite WN,∗ in the dual form as

WN,∗ =
1

N
ÊX̂⊤

(
1

N
X̂X̂⊤ + λW Idx

)−1

= Ê
(
X̂⊤X̂ + λWNIN

)−1
X̂⊤. (11)
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Let G := X̂⊤X̂ denote the Gram matrix. Note that Gi,j = ⟨x̂i, x̂j⟩ for all i, j ∈ [N ], where x̂k

is the k-th column of X̂ . We write i ∼ j, if x̂i, x̂j are representations of the same input patch
µ. Recall from Assumption 13(b) that x̂i, x̂j are near-orthogonal if i ̸∼ j. Hence, it is natural to
consider G̃ := [⟨x̂i, x̂j⟩1{i ∼ j}]i,j∈[N ] and write ∆ := G−G̃. By Assumption 13(b), the entries
of ∆ are bounded by εO. Hence, ∥∆∥2 ≤ NεO and, therefore, by the Woodbury matrix identity,

(G+ λWNIN )−1 =
(
G̃+ λWNIN +∆

)−1
=
(
G̃+ λWNIN

)−1
±2

∥∆∥2
λ2WN

2

=
(
G̃+ λWNIN

)−1
±2

εO
λ2WN

,

where A = B ±2 δ means ∥A−B∥2 ≤ δ. Combining this with (11) and Assumption 13(a), we
obtain

WN,∗ = Ê
(
G̃+ λWNIN

)−1
X̂⊤ ± Ê

(
±2

εO
λ2WN

)
X̂⊤ = Ê

(
G̃+ λWNIN

)−1
X̂⊤ ±2

εO
λ2W

,

as the spectral norms of Ê, X̂ are bounded by
√
N . Note that, by construction, G̃ is a block

diagonal matrix. For each patch µ ∈ Pl, let G̃µ, Iµ ∈ RN×N , X̂µ ∈ Rdx×N denote the block of
G̃, IN and X̂ corresponding to µ, respectively. That is, we set the entries corresponding to other
µ′ to 0. This keeps the shape of the original matrices. Then, we can further rewrite the above as

WN,∗ =
∑
µ′,µ′′

Ê
(
G̃µ′ + λWNIµ′

)†
X̂⊤

µ′′ ±2
εO
λ2W

=
∑
µ′∈Pl

Ê
(
G̃µ′ + λWNIµ′

)†
X̂⊤

µ′ ±2
εO
λ2W

,

where the second equation comes from the fact that the block matrices G̃µ′ + λWNIµ′ and X̂⊤
µ′′

act on orthogonal subspaces when µ′ ̸= µ′′. Fix arbitrary µ ∈ Pl and xµ ∈ PR,l,µ and write

WN,∗xµ = Ê
(
G̃µ + λWNIµ

)†
X̂⊤

µxµ +
∑

µ′:µ′ ̸=µ

Ê
(
G̃µ′ + λWNIµ′

)†
X̂⊤

µ′xµ ±2
εO
λ2W

.

For the second term, again by the near-orthogonality, we have∥∥∥∥∥∥
∑

µ′:µ′ ̸=µ

Ê
(
G̃µ′ + λWNIµ′

)†
X̂⊤

µ′xµ

∥∥∥∥∥∥ ≤
∑

µ′:µ′ ̸=µ

√
N

1

λWN

∥∥∥X̂⊤
µ′xµ

∥∥∥
≤ 1

λW
√
N

∑
µ′:µ′ ̸=µ

√
NεO ≤ |Pl|εO

λW
.

Therefore,

WN,∗xµ = Ê
(
G̃µ + λWNIµ

)†
X̂⊤

µxµ ±2
|Pl|εO
λW

±2
εO
λ2W

= Ê
(
G̃µ + λWNIµ

)†
X̂⊤

µxµ ±2 3

(
1

λ2W
+ |Pl|2

)
εO.
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Finally, note that G̃µ′ = X̂⊤
µ′X̂µ′ . Hence, we can use the push-through identity on the block to

convert the above formula back into the primal form as

WN,∗xµ = ÊX̂⊤
µ

(
X̂µX̂

⊤
µ + λWNIdx

)−1
xµ ±2 3

(
1

λ2W
+ |Pl|2

)
εO

=
1

N
ÊX̂⊤

µ

(
1

N
X̂µX̂

⊤
µ + λW Idx

)−1

xµ ±2 3

(
1

λ2W
+ |Pl|2

)
εO

= p̂µ

(
Ê[x̂µ]

⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
xµ

)
q̂µ ±2 3

(
1

λ2W
+ |Pl|2

)
εO,

where in the last line, we have used the fact that

1

N
ÊX̂⊤

µ′ = p̂µ′Ê[eζ̂x̂
⊤
µ̂ | µ̂ = µ′] = p̂µ′Ê[eζ̂ | µ̂ = µ′]E[x̂µ′ ]⊤ = p̂µ′ q̂µ′Ê[x̂µ′ ]⊤.

To complete the proof, recall that we choose λW = 1/|Pl|.

We now estimate the difference between the optimal empirical solution WN,∗ and the gradient
descent solution WN,T . Since the optimization task of each single level is strongly convex, standard
analysis yields the following bound.

Lemma 15 (Convergence of gradient descent) Suppose that Assumption 13 holds. Let WN,T be
the gradient descent solution we obtain if we run gradient descent on (3) for T steps from W = 0
with step size 2|Pl|/(|Pl|+ 1) and λW = 1/|Pl|. Then, we have

∥WN,T −WN,∗∥2 ≤ ∥WN,T −WN,∗∥F ≤ e−T/|Pl| ∥WN,∗∥F ≤ e−T/|Pl||Pl|.

As a corollary, we have

WN,Txµ = p̂µ

(
Ê[x̂µ]

⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
xµ

)
q̂µ ±2 e

−T/|Pl||Pl| ±2 6|Pl|2εO, (12)

for any µ ∈ Pl and xµ ∈ PR,l,µ.

Proof First, we compute the gradient and Hessian of LN . Let ∆ ∈ Rdy×dx be a small perturbation.
Then, we compute

LN (W +∆) =
1

2
Ê
∥∥∥eζ̂ −Wx̂µ̂ −∆x̂µ̂

∥∥∥2 + λW
2

∥W +∆∥2F

=
1

2
Ê
∥∥∥eζ̂ −Wx̂µ̂

∥∥∥2 + 1

2
Ê
∥∥∆x̂µ̂

∥∥2 − Ê
〈
eζ̂ −Wx̂µ̂,∆x̂µ̂

〉
+
λW
2

∥W ∥2F +
λW
2

∥∆∥2F + λW ⟨W ,∆⟩

= LN (W ) +
〈
−Ê

[
eζ̂x̂

⊤
µ̂

]
+W

(
Ê
[
x̂µ̂x̂

⊤
µ̂

]
+ λW Idx

)
,∆
〉

+
1

2

〈
∆
(
Ê
[
x̂µ̂x̂

⊤
µ̂

]
+ λW Idx

)
,∆
〉
.

Clear that LN is λW -strongly convex w.r.t. the Frobenius inner product. In addition, since
∥∥x̂µ̂

∥∥ ≤ 1

a.s., we have Ê
[
x̂µ̂x̂

⊤
µ̂

]
⪯ Idx . In other words, LN is 1-smooth w.r.t. the Frobenius inner product.
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The first part of lemma then follows directly from Theorem 2.1.15 of Nesterov (2004) and the naı̈ve
bound

∥WN,∗∥F =

∥∥∥∥Ê [eζ̂x̂⊤
µ̂

] (
Ê
[
x̂µ̂x̂

⊤
µ̂

]
+ λW Idx

)−1
∥∥∥∥
F

≤ λ−1
W

∥∥∥Ê [eζ̂x̂⊤
µ̂

]∥∥∥
F
≤ λ−1

W = |Pl|.

The second part of this lemma comes from the first part and Lemma 14.

Note that the term in the first parentheses of (12) is a scalar. Hence, in principle, we can recover
q̂µ up to error scaling with e−T/|Pl| and εO by normalizing WN,Txµ with ⟨1,WN,Txµ⟩. To this
end, we need a lower bound on the coefficient of the first term, and this is where the small intracluster
distances come into play.

Lemma 16 Suppose that Assumption 13 holds and εS ≤ λW /4. Then, we have

Ê[x̂µ]
⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
xµ ≥ 1

4(p̂µ + λW )
,

for any µ ∈ Pl and xµ ∈ PR,l,µ.

Proof First, by the standard expectation-variance decomposition of the second moment and As-
sumption 13(c), we have(

p̂µÊ[x̂µx̂
⊤
µ ] + λW Idx

)−1
=
(
p̂µÊ[x̂µ]

⊗2 + λW Idx + p̂µV̂ar[x̂µ]
)−1

=
(
p̂µÊ[x̂µ]

⊗2 + λW Idx ±2 p̂µε
2
S

)−1

=
(
p̂µÊ[x̂µ]

⊗2 + λW Idx

)−1
±2

p̂µε
2
S

λ2W
,

where the last line comes from the Woodbury identity. Then, for the first term, we have(
p̂µÊ[x̂µ]

⊗2 + λW Idx

)−1
=

((
p̂µ

∥∥∥Ê[x̂µ]
∥∥∥2 + λW

)
Ê[x̂µ]

⊗2
+ λW

(
Idx − Ê[x̂µ]

⊗2
))−1

=
1

p̂µ

∥∥∥Ê[x̂µ]
∥∥∥2 + λW

Ê[x̂µ]
⊗2

+
1

λW

(
Idx − Ê[x̂µ]

⊗2
)
.

As a result, we have

Ê[x̂µ]
⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
=

Ê[x̂µ]
⊤

p̂µ

∥∥∥Ê[x̂µ]
∥∥∥2 + λW

±2
ε2S
λ2W

.

Finally, by Assumption 13(a) and (c), as long as εS ≪ 1, we have

Ê[x̂µ]
⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
xµ =

〈
Ê[x̂µ],xµ

〉
p̂µ

∥∥∥Ê[x̂µ]
∥∥∥2 + λW

±
ε2S
λ2W

≥ 1/2

p̂µ + λW
±

ε2S
λ2W

.
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For the last term to be lower bounded by (4(p̂µ + λW ))−1, it suffices to require

ε2S
λ2W

≤ 1

4(p̂µ + λW )
⇐ ε2S ≤

λ2W
8

⇐ εS ≤ λW
4
.

Now, we prove the following main lemma of training a single layer by combining the above two
lemmas and choosingN sufficiently large that q̂µ and p̂µ concentrate around their respective means
(cf. Lemma 18).

Lemma 17 (Training W ) Suppose that Assumption 13 holds and let δP, ε∗ ∈ (0, 0.1) be our
target failure probability and accuracy, respectively. Let WN,T be the gradient descent solution we
obtain if we run gradient descent on (3) for T steps from W = 0 with step size 2|Pl|/(|Pl|+1) and
λW = 1/|Pl|. Suppose that

N ≥ 8
(
κ ∨ ε−2

)
log(4|Pl|/δP), T ≥ |Pl| log

(
100|Pl|κ

√
dy/ε∗

)
,

εS ≤ λW
4

=
1

4|Pl|
, εO ≤ ε∗

600|Pl|2κ
√
dy
.

Then, we have with probability at least 1− δP that

WN,Txµ

⟨1,WN,Txµ⟩
= qµ ±2 ε∗, ∀µ ∈ Pl, xµ ∈ PR,l,µ.

Proof First, by Lemma 15, we have

WN,Txµ = p̂µ

(
Ê[x̂µ]

⊤
(
p̂µÊ[x̂µx̂

⊤
µ ] + λW Idx

)−1
xµ

)
︸ ︷︷ ︸

=:αµ

q̂µ ±2

(
e−T/|Pl||Pl|+ 6|Pl|2εO

)
︸ ︷︷ ︸

=:εTmp

By Lemma 16, αµ ≥ 1/(4(p̂µ + λW )). In addition, by Lemma 18, to ensure p̂µ ≥ (1± 0.5)pµ/2
with probability at least 1− δP, it suffices to choose

N ≥ 8κ|Pl| log(4|Pl|/δP).

Recall from Assumption 6(a) that pµ ≥ (κ|Pl|)−1. Hence, we have

p̂µαµ ≥ pµ/2

3pµ/2 + λW
≥ (κ|Pl|)−1

3(κ|Pl|)−1 + 2|Pl|−1
≥ 1

3 + 2κ
≥ 1

5κ
.

Recall that q̂µ is a probability vector, so 1⊤q̂µ = 1 always holds. Hence, for the normalizing factor,
we have

⟨1,WN,Txµ⟩ = p̂µαµ ±
√
dyεTmp = p̂µαµ

(
1± 5κ

√
dyεTmp

)
.

For the (relative) error to be at most 0.2, it suffices to require

5
√
dyεTmp ≤ 0.2 ⇐ εTmp ≤

(
100κ

√
dy

)−1
.
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Then, for the normalized output, we have

WN,Txµ

⟨1,WN,Txµ⟩
=

p̂µαµq̂µ ±2 εTmp

p̂µαµ

(
1± 5κ

√
dyεTmp

)
= q̂µ

(
1± 10κ

√
dyεTmp

)
± 10εTmp

= qµ ±2 ∥q̂µ − qµ∥ ±2 20κ
√
dyεTmp.

By Lemma 18, for ∥q̂µ − qµ∥ ≤ ε∗/2 to hold, it suffices to require

N ≥ 8 log(4|Pl|/δP)
ε2∗

.

In addition, for the last error term to be bounded by ε∗/2, we can require

20κ
√
dyεTmp ≤ ε∗

2
⇐ e−T/|Pl||Pl|+ 6|Pl|2εO ≤ ε∗

40κ
√
dy

⇐ T ≥ |Pl| log

(
100|Pl|κ

√
dy

ε∗

)
, εO ≤ ε∗

600|Pl|2κ
√
dy

Lemma 18 (Concentration of q̂µ and p̂µ) Let δP ∈ (0, 1) be our target failure probability. We
have with probability at least 1− δP that

p̂µ =

(
1±

√
2κ|Pl| log(4|Pl|/δP)

N

)
pµ, ∥q̂µ − qµ∥ ≤

√
2 log(4|Pl|/δP)

N
, ∀µ ∈ Pl.

Proof Fix µ ∈ Pl. Note that p̂µ
d
= N−1

∑N
i=1 Zµ,i where (Zµ,i)i are i.i.d. Bernoulli(pµ) variables.

Recall from Assumption 6(a) that pµ ≥ (κ|Pl|)−1. Therefore, for any δP ∈ (0, 1), the standard
Chernoff yields

p̂µ =

(
1±

√
2κ|Pl| log(2/δP)

N

)
pµ, with probability at least 1− δP.

Similarly, since
∥∥∥eζ̂∥∥∥2 ≤ 1, by the vector version of the Azuma-Hoeffding inequality (cf. Theorem

3.5 of Pinelis (1994)), we have

∥q̂µ − qµ∥ ≤
√

2 log(2/δP)

N
, with probability at least 1− δP.

Take union bound over µ ∈ Pl, and we complete the proof.
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A.3. Shallow-to-deep chaining

In this subsection, we chain the results obtained in the previous subsections to prove Theorem 7.
First, we prove Lemma 11 (restated below), which determines how small the level-(l+ 1) accuracy
needs to be in order for achieving accuracy ε(l)∗ at level l to be possible. This is a direct corollary of
Lemma 10 and Lemma 17.

Lemma 11 (Training a single layer) Let ε(l)∗ > 0 denote the target accuracy at level l, and the
level-l weights W (l) ∈ Rdy×M(l)

be obtained by running gradient descent on (3) with N (l) samples
for T (l) steps. Suppose that level-(l + 1) accuracy ε(l+1)

∗ and the number of samples N (l) satisfy

ε
(l+1)
∗ ≤ ρ(l+1)√

2000V 2m2s log(V mκ/ε
(l)
∗ )

, N (l) ≥ 20
(
κ ∨ (ε

(l)
∗ )−2

)
log(V m/δP), (10)

and M (l), T (l) are some large universal polynomials of the RHM parameters, (logarithm of) failure
probability, and accuracies ε(l)∗ , ε

(l+1)
∗ . Then, with probability at least 1−O(δP), we have

W (l)xµ

/
⟨1,W (l)xµ⟩ = q

(l)
µ ±2 ε

(l)
∗ , ∀µ ∈ Pl, xµ ∈ PR,l,µ.

Proof First, by Lemma 17, we need

N ≥ 8
(
κ ∨ (ε

(l)
∗ )−2

)
log(4|Pl|/δP), T ≥ |Pl| log

(
100|Pl|κ

√
dy/ε

(l)
∗

)
,

εS ≤ 1

4|Pl|
, εO ≤ ε

(l)
∗

600|Pl|2κ
√
dy
.

For simplicity, we will choose εS , εO so that the equalities hold. Now, we use Lemma 10 to convert
these to conditions on ε(l+1)

∗ . Recall from Assumption 6(b) that ρ(l+1) is a lower bound for ∥q(l+1)
µ −

q
(l+1)
µ′ ∥ when µ,µ′ are not synonyms. Hence, if the level-(l + 1) accuracy ε(l+1)

∗ is upper bounded
by ρ(l+1)/2, we can ensure the level-l intercluster distance is at least ρ(l+1) − ρ(l+1)/2 = ρ(l+1)/2.
In other words, at level-l, Assumption 9(b) holds with ρ̃ = ρ(l+1)/2.

In particular, by Lemma 10, this implies we can choose σ(l) as follows to ensure the patch-level
orthogonality error is at most ε(l)O :

(σ(l))2 =
2(ρ(l+1)/2)2

log(2/ε
(l)
O )

=
(ρ(l+1))2

2 log
(
1200|Pl|2κ

√
dy/ε

(l)
∗

)
This imposes a condition on the intracluster distance ε̃S . Again by Lemma 10, it suffices to have

ε̃S ≤ εSσ
(l)

√
s

=
ρ(l+1)√

32|Pl|2s log
(
1200|Pl|2κ

√
dy/ε

(l)
∗

) .
Note that the intracluster distance is at most 2ε(l+1)

∗ . Meanwhile, recall from Assumption 6 that our
RHM is (V,m)-uniform, so |Pl| = V m, and dy = |V0| = V . Thus, it is sufficient to require

ε
(l+1)
∗ ≤ ρ(l+1)√

200V 2m2s log
(
1200V 2.5m2κ/ε

(l)
∗

) ⇐ ε
(l+1)
∗ ≤ ρ(l+1)√

2000V 2m2s log
(
V mκ/ε

(l)
∗

) .
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Finally, the numbers of needed samples and gradient steps follow directly from Lemma 17 and the
model width requirement comes from Lemma 10.

Now, we prove our main optimization result (Theorem 7) using the above lemma.

Theorem 7 Assume the RHM instance satisfies Assumption 6. Then, we can train a learner model (1)–
(2) with the RBF random features (6) using the layerwise gradient descent described in Section 2.3
to learn this RHM instance with probability at least 1 − δP.4 Moreover, the number of samples we
need is at most poly(κ,m, V, s, L, log(1/δP))K−2

ρ mL, and the model width and number of gradient
descent steps are both bounded by poly(K−1

ρ , κ, V, s, L, log(1/δP),m
L).

Proof First, by the non-ambiguity, we can recover the ground-truth label as long as ε(1)∗ ≤ c for
some small constant c > 0. Recall from Assumption 6 that ρ(l) = Kρm

−l/2. By Lemma 11, it
suffices to choose the target accuracies so that

ε
(l+1)
∗ ≤ ρ(l+1)√

2000V 2m2s log(V mκ/ε
(l)
∗ )

=
Kρm

−(l+1)/2√
2000V 2m2s log(V mκ/ε

(l)
∗ )

.

To this end, we can choose

ε
(l)
∗ =

Kρm
−l/2√

CV 2m2sL logm
,

for some sufficiently large universal constant C ≥ 1. By Lemma 11, this implies the number of
samples needed at level l satisfies

N (l) ≤ 20CκV 2m2sL log2(V mκ/δP)K
−2
ρ ml.

Note that this is a geometric sequence. Thus,
∑L

l=1N
(l) ≲ κV 2m2sL log2(V mκ/δP)K

−2
ρ mL.

The bounds on the model width and number of gradient steps follow directly from the corresponding
results in Lemma 11.

4. By the non-ambiguity condition, the label ζ can be uniquely determined by the input x. We say the model learns the
RHM instance if it outputs eζ ±2 o(1), so that we can recover the label by taking argmax on the output.
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Appendix B. Signal lower bounds

In this section, we prove the following proposition, which verifies Assumption 6 in the case where
L ∼ log d/ log log d andm,V, s ∼ log d, and the production rules are randomly sampled, where d is
the length of the input sequence,5 and the productions are sampled without replacement uniformly at
random while maintaining the marginal distributions of the first tokens being uniform. Namely, for
each l ∈ [L] and µ ∈ Vl, we first sample µ1,≥2, . . . ,µm≥2 from Vs−1

l uniformly at random without
replacement, and put {(µ,µi,≥2)}i∈[m] ⊂ Vs

l into the collection of candidate patches. Then, we
associate the candidate patches randomly with ν ∈ Vl−1 so that each ν is associated with exactly m
patches. For the distribution of the labels, we assume D0 = Unif(V0).

Proposition 19 Suppose that m,V = Θ(log d) and L = O(log d/ log log d) and min{m,V } ≫
log3(1/δP). Suppose that the RHM productions are randomly sampled while maintaining the
marginal distribution of the first token at each level is uniform over the vocabulary.6 Then, with
probability at least 1 − δP, we have ∥q(l)µ − q

(l)
µ′ ∥ ≥ (20m)−(l−1)/2 ≥ d−o(1)m−(l−1)/2 for all

l ∈ [L] and non-synonyms µ,µ′ ∈ Pl.

Since Assumption 6 concerns only the first patch at each level and the first patch is generated
by the first token of the previous level, it suffices to consider the conditional distribution of the label
given the first token.

First, we introduce several notations. For a given RHM instance, let Pl : Vl−1 × Vl → R≥0

denote the transition function at level l − 1. That is, for any µ ∈ Vl and ν ∈ Vl−1, Pl(ν, µ) is the
probability that the first token at level l is µ, given that the first token at level l−1 is ν. We will also
abuse the notations and use Pl to denote the corresponding transition matrix.

For any label ζ ∈ V0 and level-l token µ, we have

P
[
µ
(l)
1 = µ | label is ζ

]
= e⊤ζ P1 · · ·Pleµ.

By the Bayes rule, this implies

P
[
label is ζ | µ(l)1 = µ

]
=

P
[
µ
(l)
1 = µ | label is ζ]P

[
label is ζ]∑

ζ′∈V0
P
[
µ
(l)
1 = µ | label is ζ0]P

[
label is ζ0]

=
e⊤ζ P1 · · ·Pleµ

1⊤P1 · · ·Pleµ
.

By definition, for any k ∈ [l], Pk is row stochastic. In addition, since
∑

ν Pk(ν, µ) is equal to
ratio of possible level-k patches whose first token is µ, by our sampling procedure, this is 1/V .
Therefore, Pk is also column stochastic. In particular, this implies that 1⊤Pk = 1 and, therefore,
1⊤P1 · · ·Pleµ = 1. Thus, we have

y(l)
µ :=

(
P
[
label is ζ | µ(l)1 = µ

])
ζ∈V0

= P1 · · ·Pleµ.

Note that the distribution of Pk can be described using the balls-into-bins model as follows. The
statement of it is essentially its proof.

5. Note that (log d)log d/ log log d = d.
6. Maintaining the uniformity will only decrease the signal size, since we will lose the variance coming from the

denominator. We choose to maintain the uniformity as it leads to a cleaner analysis.
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Lemma 20 Suppose that we have V colors, labeled with µ ∈ [V ] ∼= Vl. For each color µ,
there are m color-µ balls. In addition, we have V different bins, labeled with ν ∈ [V ] ∼= Vl−1,
and each of them has m slots. We randomly distribute the balls into the bins. Let Nν,µ denote
the number of color-µ balls in bin ν. Define P ∈ RV×V by Pν,µ = Nν,µ/m. Then, we have

P1, . . . ,PL
i.i.d.∼ Law(P ).

Our goal is to lower bound
∥∥∥y(l)

µ − y
(l)
µ′

∥∥∥ for µ ̸= µ′. Note that for any µ ̸= µ′ ∈ Vl, 1⊤(eµ −
eµ′) = 0 and for any z ∈ RV with 1⊤z = 0, we have 1⊤(Pkz) = 1⊤z = 0. As a result, it
suffices to lower bound ∥Pz∥ using ∥z∥ for z with 1⊤z = 0, and then inductively lower bound
∥P1(P2 · · ·Plz)∥.

B.1. One-step concentration

Let z ∈ RV be such that 1⊤z = 0 and P ∈ RV×V be the random transition matrix described
in Lemma 20. In this subsection, we will always identify Vl−1 with [V ] and this also induces an
ordering of the bins. Define τ := Pz. Note that, by definition,

τν = [Pz]ν =
1

m

∑
µ∈Vl

Nν,µzµ, ∀ν ∈ Vl−1.

First, we show that τν can be equivalently viewed as a sample mean obtained by sampling
without replacement.

Lemma 21 Let the population be the multiset

Z :=
⋃
µ∈Vl

{
zµ, . . . , zµ︸ ︷︷ ︸
m copies

}
, |Z| = mV.

Let {Zν,s}ν∈Vl−1,s∈[m] be obtained by sampling without replacement from Z . We have

τ =

 1

m

∑
µ∈Vl

Nν,µzµ


ν∈Vl−1

d
=

(
1

m

m∑
s=1

Zν,s

)
ν∈Vl−1

.

Proof For µ ∈ Vl, we assign value zµ to each color-µ ball. Meanwhile, for each bin ν ∈ Vl−1 and
slot s ∈ [m], let Zν,s be the value of the ball in slot (v, s). Note that

∑m
s=1 Zν,s is the sum of the

values of the balls in bin ν, which, by definition, is equal to
∑

µ∈Vl
Nν,µzµ. Moreover, {Zν,µ}ν,µ

can be obtained by sampling without replacement from the universe Z .

As the first application of the above formula, we now derive bounds on the conditional expec-
tation and variance of τ2ν . We will need the following Hoeffding’s comparison lemma. In words, it
says that for convex test functions, without-replacement samples are more concentrated than with-
replacement samples.

Lemma 22 (Theorem 4 of Hoeffding (1963)) Let Z ⊂ R be a finite multiset. Fix n ≤ |Z|. Let
Xwr

1 , . . . , Xwr
n and Xwor

1 , . . . , Xwor
n be with- and without-replacement samples from Z . Then, for

any convex g : R → R, we have

E g

(
n∑

i=1

Xwor
i

)
≤ E g

(
n∑

i=1

Xwr
i

)
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One can apply the above lemma to moment generating functions to obtain following Chernoff
bound.

Corollary 23 Let Z ⊂ R be a finite multiset with |Z|−1
∑

x∈Z x =: µZ . Fix n ≤ |Z|. Let
Xwr

1 , . . . , Xwr
n and Xwor

1 , . . . , Xwor
n be with- and without-replacement samples from Z . Then, for

any t ≥ 0, we have

P

(
n∑

i=1

Xwor
i − nµZ ≥ t

)
≤ inf

λ≥0
e−λt

(
E eλ(X

wr
1 −µZ)

)n
,

P

(
n∑

i=1

Xwor
i − nµZ ≤ −t

)
≤ inf

λ≥0
e−λt

(
E e−λ(Xwr

1 −µZ)
)n
.

Lemma 24 (Number of used balls) Identify Vl−1 with [V ] and let N≤ν,µ denote the number of
color-µ balls used in the first ν bins. Suppose that γ ∈ (0, 1/2) and ε ≤ 0.1. Then, for each fixed
µ ∈ Vl, we have

P (|N≤γV,µ − γm| ≥ εγm) ≤ 2e−ε2γm/3.

Remark 25 We will eventually choose γ = Θ(1) and take union bound over poly(V,m) such
events. In the regime V,m = Θ(log d), the overall failure probability can be bounded eΘ(log log d)−ε2Θ(log d).
In particular, for any ν ∈ [V/3, 2V/3] and µ ∈ Vl, by choosing γ = ν/V , we have

N≤ν,µ =
νm

V
±
√

2m log(2/δP), with probability at least 1− δP. (13)

♣

Proof Let γ ∈ (0, 1/2) be a small constant to be determined later. Define Zν,s = 1{Zν,s =
zµ} be the indicator of the event that the ball in slot (ν, s) is of color µ. Note that N≤γV,µ =∑γV

ν=1

∑m
s=1 Zν,s and {Zν,s}µ,s are without-replacement samples from the multiset consisting of m

ones and (V − 1)m zeros. Hence, by Corollary 23, we have

P (N≤γV,µ − γm ≥ εγm) ≤ inf
λ≥0

e−λεγm
(
E eλ(Bernoulli(1/V )−1/V )

)γmV

= inf
λ≥0

e−λεγm
((

1 + (eλ − 1)/V
)
e−λ/V

)γmV

≤ inf
λ≥0

exp
(
−(1 + ε)λγm+ (eλ − 1)γm

)
.

Suppose that ε ≤ 0.1. Pick λ = log(1 + ε) > 0, and we obtain

P (N≤γV,µ − γm ≥ εγm) ≤ exp (−(1 + ε) log(1 + ε)γm+ εγm) ≤ exp
(
−ε2γm/3

)
,

where the last inequality comes from Taylor expanding ε 7→ (1 + ε) log(1 + ε) around 0. By the
same argument and λ, we get

P (N≤γV,µ − γm ≤ −εγm) ≤ inf
λ≥0

e−λεγm
(
E e−λ(Bernoulli(1/V )−1/V )

)γmV

= inf
λ≥0

exp
(
(e−λ − 1)γm+ (1− ε)λγm

)
≤ exp

((
1

1 + ε
− 1

)
γm+ (1− ε) log(1 + ε)γm

)
≤ exp

(
−ε2γm

)
.
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Lemma 26 (Conditional expectation and variance of X) Let (Fν)ν be the σ-algebra generated
by the first ν bins. Let z̄ν := E[Zν,1 | Fν−1] and σ2x,ν := Var[Zν,1 | Fν−1] denote the conditional
mean and variance of the values of a random ball in the remaining balls after ν − 1 bins. Then, we
have

Cov(Zν,1, Zν,2 | Fν−1) = −
σ2x,ν

m(V − ν + 1)− 1
,

E[τ2ν | Fν−1] =
σ2x,ν
m

(
1− m− 1

m(V − ν + 1)− 1

)
+ z̄2ν .

Proof Let Xν denote the remaining values of Z after filling up ν − 1 bins. Note that |Xν | =
m(V − ν + 1) and we have

Cov(Zν,1, Zν,2 | Fν−1) = E[Zν,1Zν,2 | Fν−1]− E[Zν,1 | Fν−1]
2

=
1

|Xν |(|Xν | − 1)

∑
x, x′: different balls in Xν

xx′ − z̄2ν

=
1

|Xν |(|Xν | − 1)

∑
x∈Xν

x

 ∑
x′∈Xν

x′ − x

− z̄2ν

=

(∑
x∈Xν

x
)2 −∑x∈Xν

x2

|Xν |(|Xν | − 1)
−
(∑

x∈Xν
x
)2

|Xν |2

=

(∑
x∈Xν

x
)2

|Xν |2(|Xν | − 1)
−

∑
x∈Xν

x2

|Xν |(|Xν | − 1)

=
z̄2ν

|Xν | − 1
−

E[Z2
ν,1 | Fν−1]

|Xν | − 1
= −

σ2x,ν
|Xν | − 1

,

Then, for E[τ2ν | Fν−1], by symmetry, we have

E[τ2ν | Fν−1] =
1

m2

∑
s∈[m]

E[Z2
ν,s | Fν−1] +

1

m2

∑
s ̸=s′∈[m]

E[Zν,sZν,s′ | Fν−1]

=
1

m
E[Z2

ν,1 | Fν−1] +
m− 1

m
E[Zν,1Zν,2 | Fν−1]

=
σ2x,ν + z̄2ν

m
+
m− 1

m

(
Cov(Zν,1, Zν,2 | Fν−1) + z̄2ν

)
.

Then, using the previous formula on the covariance, we obtain

E[τ2ν | Fν−1] =
σ2x,ν + z̄2ν

m
+
m− 1

m

(
−

σ2x,ν
m(V − ν + 1)− 1

+ z̄2ν

)

=
σ2x,ν
m

(
1− m− 1

m(V − ν + 1)− 1

)
+ z̄2ν .
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Note that both σ2x,ν and z̄ν are still random variables. We now use Lemma 24 to derive high
probability bounds for them and the mean and variance of τ2ν .

Lemma 27 (Concentration of conditional mean and variance of τ2ν ) Let Fν be the σ-algebra
generated by the first ν bins. Fix ν ∈ [V/3, 2V/3], for any δP ∈ (0, 1), we have with probabil-
ity at least 1− δP that

E[τ2ν | Fν−1] ≥
(
1± 60 log(2V/δP)

m

)
∥z∥2

5mV
,

E[τ2ν | Fν−1] ≤ 60 log(2V/δP)
∥z∥22
mV

,

E[τ4ν | Fν−1] ≲ log2(2V/δP)
∥z∥4

m2V 2
.

Proof For each ν ∈ Vl−1, µ ∈ Vl, let Hν,µ = m − N≤ν−1,µ denote the number of unused color-µ
balls before we start to fill bin ν. By (13) and union bound, we know with probability at least 1−δP,

Hν,µ =

(
1− ν − 1

V

)
m±

√
2m log(2V/δP) =:

(
1− ν − 1

V

)
m± δH , ∀µ ∈ Vl,

where δH = Θ̃(
√
m). Consider ν ∈ [V/3, 2V/3]. Using the above bound and the condition∑

µ zµ = 0, we can derive

|z̄ν | =

∣∣∣∣∣∣ 1

m(V − ν + 1)

∑
µ∈Vl

Hν,µzµ

∣∣∣∣∣∣ =
∣∣∣∣∣∣ 1

m(V − ν + 1)

∑
µ∈Vl

((
1− ν − 1

V

)
m± δH

)
zµ

∣∣∣∣∣∣
≤ 1

m(V − ν + 1)

∑
µ∈Vl

δH |zµ| ≤
3δH
mV

∥z∥1 ≤
3δH

m
√
V

∥z∥2 .

Similarly, for the second moment, we have

E[Z2
ν,1 | Fν−1] =

1

m(V − ν + 1)

∑
µ∈Vl

Hν,µz
2
µ

=
1

m(V − ν + 1)

∑
µ∈Vl

((
1− ν − 1

V

)
m± δH

)
z2µ

=
1− (ν − 1)/V

V − ν + 1
∥z∥2 ± 3δH

mV
∥z∥2 .

Therefore, we have

σ2x,ν = E[Z2
ν,1 | Fν−1]− z̄2ν =

1− (ν − 1)/V

V − ν + 1
∥z∥2 ± 3δH

mV
∥z∥2 ±

9δ2H
m2V

∥z∥22

=
1− (ν − 1)/V

V − ν + 1
∥z∥2 ±

10δ2H
m2V

∥z∥22

=

(
1±

30δ2H
m2

)
1− (ν − 1)/V

V − ν + 1
∥z∥2 .
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Now, we are ready to estimate E[τ2ν | Fν−1] and E[τ4ν | Fν−1]. For the second moment, recall from
Lemma 26 that

E[τ2ν | Fν−1] =
σ2x,ν
m

(
1− m− 1

m(V − ν + 1)− 1

)
+ z̄2ν .

Therefore, for the lower bound, we have

E[τ2ν | Fν−1] ≥
σ2x,ν
m

(
1− m− 1

m(V − ν + 1)− 1

)
=

(
1±

30δ2H
m2

)
1

m

(
1− m− 1

m(V − ν + 1)− 1

)
1− (ν − 1)/V

V − ν + 1
∥z∥2

=

(
1±

30δ2H
m2

)(
1− m− 1

m(V − ν + 1)− 1

)(
1− ν − 1

V

)
∥z∥2

m(V − ν + 1)

≥
(
1±

30δ2H
m2

)
∥z∥2

5mV
,

where we have used ν ∈ [V/3, 2V/3] and V ≫ 1 in the last line. For the upper bound, by our
previous bound on z̄ν , we have

E[τ2ν | Fν−1] ≤
(
1± 30δH

m

)(
1− m− 1

m(V − ν + 1)− 1

)(
1− ν − 1

V

)
∥z∥2

m(V − ν + 1)
+

(
3δH

m
√
V

∥z∥2
)2

≤
(
1± 30δH

m

)
3 ∥z∥2

mV
+

9δ2H
m

3 ∥z∥22
mV

≤
30δ2H
m

∥z∥22
mV

.

Now, consider the second moment of τ2ν . By symmetry and the negative association of without-
replacement samples, we have

E[τ4ν | Fν−1] =
1

m4

m∑
s1,s2,s3,s4=1

E[Zν,s1Zν,s2Zν,s3Zν,s4 | Fν−1]

≲
1

m3
E[Z4

ν,1 | Fν−1] +
1

m2
E[Z3

ν,1Zν,2 | Fν−1] +
1

m2
E[Z2

ν,1Z
2
ν,2 | Fν−1]

+
1

m
E[Z2

ν,1Zν,2Zν,3 | Fν−1] + E[Zν,1Zν,2Zν,3Zν,4 | Fν−1]

≲
1

m3
E[Z4

ν,1 | Fν−1] +
1

m2
E[Z3

ν,1 | Fν−1]E[Zν,1 | Fν−1] +
1

m2
E[Z2

ν,1 | Fν−1]
2

+
1

m
E[Z2

ν,1 | Fν−1]E[Zν,1 | Fν−1]
2 + E[Zν,1 | Fν−1]

4.

Recall from our previous calculation that

|E[Zν,1 | Fν−1]| = |z̄ν | ≲
δH

m
√
V

∥z∥ .

In addition, for any p ≥ 2, we have∣∣∣E[Zp
ν,1 | Fν−1]

∣∣∣ ≤ 3

V

∑
µ

|zµ|p ≤
3

V
∥z∥p−2

∞ ∥z∥2 ≲ ∥z∥p

V
.
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Hence,

E[τ4ν | Fν−1] ≲
∥z∥4

m3V
+

1

m2V
∥z∥3 δH

m
√
V

∥z∥+ 1

m2V 2
∥z∥4 + 1

mV
∥z∥2

δ2H
m2V

∥z∥2 +
δ4H

m4V 2
∥z∥4

≲
∥z∥4

m2V

(
1

m
∨

δ4H
m2V

)
.

Finally, plug in δH :=
√
2m log(2V/δP), and we get

E[τ2ν | Fν−1] ≥
(
1± 60 log(2V/δP)

m

)
∥z∥2

5mV
,

E[τ2ν | Fν−1] ≤ 60 log(2V/δP)
∥z∥22
mV

,

E[τ4ν | Fν−1] ≲
∥z∥4

m2V

(
1

m
∨ log2(2V/δP)

V

)
≲ log2(2V/δP)

∥z∥4

m2V 2
.

We will now establish a Bernstein-style lower bound on ∥τ∥2. To this end, we will need the
following simple lemma, which appears in most proofs of the standard Bernstein inequality.

Lemma 28 LetW be a random variable with EW ≤ 0 andW ≤ b a.s. Then, for any λ ∈ [0, 1/b],
we have E eλW ≤ exp(λ2 EW 2).

Proof Define ϕ(z) = (ez − 1− z)/z2, so that we can write ez = 1+ z+ z2ϕ(z). It is known that ϕ
is increasing on R and ϕ(1) ≤ 1 (see any standard proof of the Bennett inequality). Therefore, for
any λ ∈ [0, 1/b], we have

E eλW = 1 + λEW + λ2 E[W 2ϕ(λW )] ≤ 1 + λ2 EW 2 ≤ exp(λ2 EW 2).

Lemma 29 (One-step concentration) Given δP ∈ (0, 1), suppose that min{m,V } ≫ log3(1/δP).
Then,

∥τ∥2 ≥ ∥z∥2

20m
, with probability at least 1−O(δP).

Proof Clear that to lower bound ∥τ∥2, it suffices to lower bound
∑2V/3

ν=V/3 τ
2
ν . By Lemma 27 and

union bound, we have with probability at least 1− δP that

E[τ2ν | Fν−1] ≤ C log(V/δP)
∥z∥22
mV

=: ξ∗, E[τ4ν | Fν−1] ≤ C log2(V/δP)
∥z∥4

m2V 2
=: σ2∗,

for all ν ∈ [V/3, 2V/3], where C is some universal constant. Note that both ξ∗ and σ2∗ are deter-
ministic quantities. Define

ιν := 1
{
E
[
τ2ν | Fν−1

]
≤ ξ∗,E

[
τ4ν | Fν−1

]
≤ σ2∗

}
, τ̃2ν := τ2ν ιν .
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Note that ιν is Fν−1-measurable and, therefore, the conditional expectation and second moment of
τ̃2ν are bounded by ξ∗ and σ2∗ , respectively. Moreover, clear that τ2ν ≥ τ̃2ν a.s. Then, by the standard
Chernoff argument, for any λ, t > 0,

P

 2V/3∑
ν=V/3

(
τ̃2ν − E[τ̃2ν | Fν−1]

)
≤ −t

 = P
[
e
−λ

∑2V/3
ν=V/3(τ̃

2
ν−E[τ̃2ν |Fν−1]) ≥ eλt

]

≤ e−λt E
[
e
−λ

∑2V/3
ν=V/3(τ̃

2
ν−E[τ̃2ν |Fν−1])

]
.

For the last expectation, note that E[τ̃22V/3 | F2V/3−1] − τ̃22V/3 is a variable with zero condi-
tional mean and conditional variance bounded by σ2∗ , and is upper bounded by ξ∗ a.s. Hence,
by Lemma 28, we have, for any λ ≤ ξ−1

∗ ,

E
[
e
−λ

∑2V/3
ν=V/3(τ̃

2
ν−E[τ̃2ν |Fν−1])

]
= E

[
e
−λ

∑2V/3−1
ν=V/3 (τ̃

2
ν−E[τ̃2ν |Fν−1]) E

[
e
λ
(
E[τ̃2

2V/3
|F2V/3−1]−τ̃2

2V/3

) ∣∣∣∣ F2V/3−1

]]
≤ E

[
e
−λ

∑2V/3−1
ν=V/3 (τ̃

2
ν−E[τ̃2ν |Fν−1])

]
eλ

2σ2
∗ .

Repeat the same process and we get

P

 2V/3∑
ν=V/3

(
τ̃2ν − E[τ̃2ν | Fν−1]

)
≤ −t

 ≤ exp
(
−λt+ V λ2σ2∗/3

)
.

Choose t = β ∥z∥2 /m where β > 0 is a parameter to be determined later. The RHS is minimized
at

λ∗ :=
3t

2V σ2∗
=

3tm2V

2C log2(V/δP) ∥z∥4
=

3βmV

2C log2(V/δP) ∥z∥2
.

For it to be admissible, it suffices to require

λ∗ ≤
1

ξ∗
⇐ 3βmV

2C log2(V/δP) ∥z∥2
≤ mV

C log(V/δP) ∥z∥22
⇐ β ≤ log(V/δP)

3
.

In particular, this implies λ∗ is admissible for all β = O(1). As a result,

P

 2V/3∑
ν=V/3

(
τ̃2ν − E[τ̃2ν | Fν−1]

)
≤ −β ∥z∥

2

m

 ≤ exp

(
− 3t2

4V σ2∗

) ∣∣∣∣
t=β∥z∥2/m

= exp

(
− 3β2V

4C log2(V/δP)

)
.

For the last term to be bounded by δP, it suffices to require β2V ≫ log3(V/δP) ∼ (log log d +
log(1/δP))

3.
Finally, we estimate

∑2V/3
ν=V/3 E[τ̃

2
ν | Fν−1]. Our goal is to show it is Ω(∥z∥2 /m) with high

probability. By Lemma 27 and union bound, we know, with probability at least 1− δP, that

2V/3∑
ν=V/3

E[τ̃2ν | Fν−1] =

2V/3∑
ν=V/3

E[τ2ν | Fν−1]ιν =

2V/3∑
ν=V/3

E[τ2ν | Fν−1]

≥
(
1± 60 log(2V/δP)

m

)
∥z∥2

5mV
≥ ∥z∥2

10m
.
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Pick β = 1/20. Combining the above two bounds, we conclude that

∥τ∥2 ≥ ∥z∥2

20m
, with probability at least 1−O(δP).

B.2. Multistep concentration

Recall that our goal is to lower bound the norm of τ (l)
µ −τ

(l)
µ′ = P1 · · ·Pl(eµ−eµ′) for µ ̸= µ′ ∈ Vl.

In addition, since (Pk)k are column stochastic, 1⊤Pkx = 0, as long as 1⊤x = 0. In particular, this
implies 1⊤(Pk · · ·Pl(eµ − eµ′)) = 0. As a result, we can repeatedly apply Lemma 29 to unroll∥∥P1 · · ·Pl(eµ − eµ′)

∥∥. Formally, we have the following lemma.

Lemma 30 Suppose that m,V = Θ(log d) and L = O(log d/ log log d). Fix l ∈ [L] and µ ̸=
µ′ ∈ Vl. As long as min{m,V } ≫ log3(1/δP), then we have

∥∥∥τ (l)
µ − τ

(l)
µ′

∥∥∥ ≥ (20m)−l/2 with
probability at least 1−O(δP).

Proof First, recall from Lemma 20 that P1, . . . ,PL are i.i.d. copies of P . Hence, by Lemma 29 and
union bound, we have with probability at least 1−O(LδP) that

∥∥P1 · · ·Pl(eµ − eµ′)
∥∥2 ≥ 1

20m

∥∥P2 · · ·Pl(eµ − eµ′)
∥∥2 ≥ · · · ≥ (20m)−l

∥∥eµ − eµ′
∥∥2 ≥ (20m)−l,

as long as min{m,V } ≫ log3(1/δP). To complete the proof, it suffices to replace δP with δP/L
and note that log3 L ≤ (log log d)3 ≲ log d.

We are now ready to prove Proposition 19, which we restate below.

Proposition 19 Suppose that m,V = Θ(log d) and L = O(log d/ log log d) and min{m,V } ≫
log3(1/δP). Suppose that the RHM productions are randomly sampled while maintaining the
marginal distribution of the first token at each level is uniform over the vocabulary.7 Then, with
probability at least 1 − δP, we have ∥q(l)µ − q

(l)
µ′ ∥ ≥ (20m)−(l−1)/2 ≥ d−o(1)m−(l−1)/2 for all

l ∈ [L] and non-synonyms µ,µ′ ∈ Pl.

Proof Let Ql : Vl−1×Vs
l → R≥0 denote the transition function at level l. That is, for any ν ∈ Vl−1

and µ ∈ Vs
l , Ql(ν,µ) is the probability of ν generating µ. We also abuse notations and write

Ql ∈ RV×V s
for the corresponding transition matrix. Then, for any label ζ ∈ V0 and level-l patch

µ ∈ Vs
l , we have

P [first level-l patch is µ | label is ζ] = e⊤ζ P1 · · ·Pl−1Qleµ.

7. Maintaining the uniformity will only decrease the signal size, since we will lose the variance coming from the
denominator. We choose to maintain the uniformity as it leads to a cleaner analysis.
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Since the marginal distribution of the first token at each level is uniform, P [first level-l patch is µ] =
1/(mV ). Hence, by the Bayes rule, for any possible level-l patch µ ∈ Pl, we have

P [label is ζ | first level-l patch is µ] =
P [first level-l patch is µ | label is ζ]P [label is ζ]

P [first level-l patch is µ]

=
P [first level-l patch is µ | label is ζ] /V

1/(mV )

= me⊤ζ P1 · · ·Pl−1Qleµ.

In other words, for any l ∈ [L] and µ ∈ Pl, we have

q
(l)
µ = me⊤ζ P1 · · ·Pl−1Qleµ.

Since the RHM is assumed to be (V,m)-uniform, we have Ql(ν,µ) = 1{µ ∈ Pl,ν}/m. In particu-
lar, this implies Qleµ = eνµ , where νµ ∈ Vl−1 is the unique level-(l− 1) symbol that can generate
µ. Thus, for any pair of non-synonyms µ,µ′ ∈ Pl, we have

q
(l)
µ − q

(l)
µ′ = me⊤ζ P1 · · ·Pl−1

(
eνµ − eνµ′

)
.

Since µ,µ′ are non-synonyms, ∥eνµ−eνµ′∥2 = 2. Thus, by Lemma 30,
∥∥∥q(l)µ − q

(l)
µ′

∥∥∥ ≥ (20m)−(l−1)/2

with probability at least 1 − O(δP), as long as min{m,V } ≫ log3(1/δP). Take union bound over
l ∈ [L] and µ,µ′ ∈ P2

l , and we complete the proof.
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Appendix C. Application of Informal Principle 2: Deep quadratic boolean functions

We include in this section another application of Informal Principle 2 to show its generality. The
argument here will be informal. In particular, the example distribution considered here contains all
the structure in the targets while having unstructured inputs. This can be viewed as a simplified
boolean version of the target class considered in Allen-Zhu and Li (2023). Hierarchical learning for
a related class of tree-structured targets defined on Gaussian inputs was also considered in Dandi
et al. (2025).

Let {±1}d be our input space. For each S ⊂ [d], define χS : {±1}n → R to be the multilinear
monomial χS(x) =

∏
i∈S xi, with χ∅ ≡ 1 by convention. Equip the input space with the uniform

distribution D := Unif({±1}d). It is well-known that {χS}S⊂[d] is an orthonormal basis of L2(D),
which is often called the Fourier basis of boolean functions (see, for example, O’Donnell (2014)).
Therefore, any f : {±1}d → R can be uniquely decomposed as f =

∑
S⊂[d] f̂SχS , where f̂S :=

⟨f, χS⟩L2(D) = Ex∼D[f(x)χS(x)] ∈ R.

Provided that all nonzero Fourier coefficients f̂S are bounded away from 0, learning f can be
reduced to identifying the support supp f̂ := {S ⊂ [d] : f̂S ̸= 0}, since with supp f̂ known, the
corresponding coefficients f̂S = Ex∼D[f(x)χS(x)] can be efficiently estimated.

In this section, we consider deep quadratic (boolean) functions, which is a special class of
boolean functions whose support has a binary tree/forest structure. Roughly speaking, we consider
functions of form f(x) = x1x2 + x3x4 + (x1x2)(x3x4) + x5x6. That is, the support of the higher-
order terms can be obtained by joining two lower-order terms, and within each level, the supports
of different terms are disjoint. See Figure 3 for another example.

x1 · · ·x8

x1 · · ·x4

x1x2 x3x4

x5 · · ·x8

x5x6 x7x8

x9 · · ·x12

x9x10 x11x12

Figure 3: Example of a deep quadratic function. The target function is the sum of all terms appearing
in the graph. That is, f(x) = x1 · · ·x8 + x9 · · ·x12 + x1 · · ·x4 + x5 · · ·x8 + x1x2 + · · ·x7x8.

Formally, we define our target function class as follows. For ease of presentation, we assume
the target function has no constant and degree-1 terms, both of them can be efficiently learned and
removed from the target by estimating the corresponding d+ 1 Fourier coefficients.

Definition 31 Consider f : {±1}d → R and let f =
∑

S⊂[d] f̂SχS denote its Fourier decomposi-

tion. For each q ∈ N, let Sq := {S ⊂ [d] : |S| = q, f̂S ̸= 0} denote the supports of the degree-q
terms. We say f is a deep quadratic boolean function if the following hold.

(a) Sq ̸= ∅ only if q = 2k for some k ∈ N>0.

(b) For any q ∈ N, the elements of Sq are disjoint.

(c) For any S ∈ Sq with q > 2, there exists S1, S2 ∈ Sf,q/2 such that S = S1 ∪ S2.
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Remark 32 By condition (b), the decomposition S = S1∪S2 in condition (c) is unique. Moreover,
while the support of a general boolean function can have exponentially many terms, the support size
of a deep quadratic boolean function is bounded by O(d), as going up one level halves the number
of possible terms. ♣

Let f∗ : {±1}d → R denote the target deep quadratic function. First, we claim f∗ can be
represented using a deep network. For each D ∈ N>0, let Φ : RD → RD(D−1)/2 denote the
quadratic feature map:

ΦD(x) = (xixj)1≤i<j≤D = {χS(x)}S⊂[D],|S|=2.

For the first layer of our learner network, it suffices to set

y(1) := (⟨eS ,Φd(x)⟩)S∈S1
, f (1) :=

∑
S∈S1

f̂Sy
(1)
S .

Note that this is a simple two-layer (linear) network with a nonlinear feature map Φ. Then, for any
l ≥ 2, we inductively construct the l-th layer as

x(l) := y(l−1), y(l) :=
(〈

eS1S2 ,Φ|S
2l−1 |(x

(l))
〉)

S=S1∪S2∈|S2l
|
, f (l) :=

∑
S∈S

2l

f̂Sy
(l)
S , (14)

where S = S1∪S2 is the decomposition guaranteed by condition (c) and eS1S2 is the one-hot vector
corresponding to that entry in the output of Φ|Sl−1|. By construction, f (l) is equal to degree-2l terms
in the Fourier decomposition of f , and f :=

∑log d
l=1 f

(l) is equal to the target function f∗.
Now, we consider the optimization task and how Informal Principle 2 applies to this function

class.
Clear that condition (i) of Informal Principle 2 holds, as f∗ is the summation of

∑
S∈S

2l
f̂SχS .

Consider condition (ii), which requires the signal received by the lower levels to be clean, so that
the lower part of the learner will not overfit the higher part of the target. To see how this condition
is satisfied, first recall that {χS}S form an orthonormal basis. Then, note that the disjoint supports
assumption (condition (b) of Definition 31) implies that, if the earlier layers have identified the
correct supports (cf. (14)), then the inputs of the current layer will also be independent Rademacher
variables. As a result, once the bottom level is learned, we can essentially “remove” it and reduce
the level number of the problem by one.

Finally, consider condition (iii) of Informal Principle 2. Since the features {χS}S are or-
thonormal, identifiability is no issue in this setting, and there are various ways to enforce it in
the learner model. One such strategy is to choose the l-th layer of the learner model to be x(l) 7→〈
w(l),Φ(x(l))

〉
and train using the MSE loss

L(l)(w(l)) := Ê

(
f∗(x)−

L−1∑
l=1

f (l)(x)−
〈
w(l),Φ(x(l))

〉)2

.

Assume (as an induction hypothesis) that f (l)(x) approximates the degree-2l terms of f well. Then,
by our previous discussion on the orthogonality and distribution of x(l), we know the unique pop-
ulation minimizer is w(l) =

∑
S=S1∪S2∈S2l

f̂SeS1S2 . As long as the nonzero coefficients f̂S are
bounded away from 0, we can approximately recover this population solution using polynomially
many samples, and then form a feature mapping similar to (14).
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