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Abstract

We consider the problem of exact computation of the maximum function over d real inputs using

ReLU neural networks. We prove a depth hierarchy, wherein width Q(dHrlzfl) is necessary
to represent the maximum for any depth 3 < k < log,(log,(d)). This is the first unconditional
super-linear lower bound for this fundamental operator at depths k£ > 3, and it holds even if the
depth scales with d. Our proof technique is based on a combinatorial argument and associates the
non-differentiable ridges of the maximum with cliques in a graph induced by the first hidden layer
of the computing network, utilizing Turdn’s theorem from extremal graph theory to show that a
sufficiently narrow network cannot capture the non-linearities of the maximum. This suggests that
despite its simple nature, the maximum function possesses an inherent complexity that stems from
the geometric structure of its non-differentiable hyperplanes, and provides a novel approach for
proving lower bounds for deep neural networks.

Keywords: Deep learning theory, Neural network approximation, Lower bounds, ReLLU neural
networks, Piecewise-linear approximation

1. Introduction

The role depth plays in the expressive power of neural networks and its benefits over width have
been studied extensively in recent years (Eldan and Shamir, 2016; Telgarsky, 2016; Daniely, 2017;
Yarotsky, 2017; Liang and Srikant, 2017; Safran and Shamir, 2017; Safran et al., 2019; Venturi
et al., 2021; Hsu et al., 2021; Safran and Lee, 2022; Safran et al., 2024b,a). Despite our growing
understanding of the settings in which depth is beneficial, establishing approximation lower bounds
remains an extremely challenging problem, especially for deep neural networks. While machine
learning applications are ultimately concerned with approximating target functions with respect to
a data distribution in the Ly sense, recent work has shifted toward simpler, and perhaps cleaner,
problem settings where exact computation is considered instead (Hertrich et al., 2021; Haase et al.,
2023; Bakaev et al., 2025a; Averkov et al., 2025; Grillo et al., 2025). While it is well-known that
sufficiently wide depth-2 networks can approximate any continuous function to arbitrary accuracy
on a compact domain (Cybenko, 1989; Hornik, 1991; Leshno et al., 1993), this is not the case
for exact computation. For example, a piecewise-linear activation such as the Rectified Linear
Unit (ReLU) cannot exactly represent a quadratic function. For this reason, a common setting
for studying the limitations of deep neural networks focuses on the ability of ReLU networks to
represent continuous piecewise-linear (CPWL) target functions. It is known that sufficiently deep
ReLU networks can compute any CPWL function (Arora et al., 2016; Bakaev et al., 2025b). This
follows from the result that all CPWL functions can be represented as a linear combination of affine
functions composed with the maximum function (Ovchinnikov, 2000; Wang and Sun, 2005).
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Following these results, many works have studied whether depth is indeed necessary for com-
puting the maximum over d inputs, which we denote by Max,. It is known that Maxs cannot
be computed exactly by any depth-2 network (Mukherjee and Basu, 2017). Conversely, since
Maxa(x1, 2) = max{0, z1 } — max{0, —x; } + max{0, x2 — x1} is easily computable using three
ReLU neurons, one can compute Max, using depth [log,(d) ]+ 1 by simulating a tournament struc-
ture — taking pairwise maxima in each layer until the maximum is extracted (Arora et al., 2016).
Hertrich et al. (2021) conjectured that Maxs cannot be computed by depth-3 ReLU networks, but
this was recently refuted by Bakaev et al. (2025b), who provided an explicit depth-3 construction for
Maxs and a depth-([logs(d — 2)] 4 1) construction for Max,. Despite this progress, it remains an
open problem whether Max, can be computed by shallower networks. For instance, it is unknown
if Maxg is computable at depth 3. To date, no CPWL function has been proven uncomputable by
depth-3 ReLU networks without imposing specific restrictions on the weights or architecture (Her-
trich et al., 2021; Matoba et al., 2022; Haase et al., 2023; Safran et al., 2024b; Bakaev et al., 2025a;
Averkov et al., 2025; Grillo et al., 2025).

In this paper, rather than imposing weight or structural restrictions on the network to estab-
lish incomputability results, we investigate unconditional lower bound requirements for computing
Maxgy. Specifically, we establish a depth-width hierarchy demonstrating that while the required
width decays as the depth increases, a width super-linear in the input dimension d is still required
even when the depth k scales with the input dimension. This result provides a quantitative character-
ization of the efficiency of depth, showing that while adding layers reduces the width requirement,
a fundamental super-linear barrier persists beyond the constant-depth regime. More formally, our
main result is the following:

Theorem 1 Suppose that 3 < k < logy(logy(d)). Let N be a depth-k ReLU network such that
N (x) = Maxy(x)
forall x € [0,1]%. Then, N has width at least
014" 7F7,

Our result provides the first unconditional super-linear lower bound for a 1-Lipschitz continu-

ous piecewise-linear function; specifically, the computation of Max,; using ReL.U networks, for

all constant depths & > 3. We remark that our lower bound remains super-linear for all £ <

log,(logy(d))—w(1) and naturally transitions to a linear bound as the depth approaches O(log, (logsy(d)).
Our proof technique proceeds by induction and is based on a combinatorial argument that links

the piecewise-linear structure of the network with cliques in a graph induced by the arrangement

of hyperplanes in the first hidden layer. A key component of our analysis is the following seminal

result from extremal graph theory, which provides a fundamental bound on the density of graphs

with excluded cliques.

Theorem 2 (Turan’s Theorem (Turan, 1941)) Suppose that G is a graph on d vertices that does
not contain a clique of size r > 3. Then, G has at most (1 — T_% % edges.

A central challenge in deriving computation lower bounds for neural networks is that an im-
possibility result for depth & — 1 rarely provides a clear path toward a generalization for depth k.
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Consequently, many known proof techniques are specialized to shallow architectures and offer little
scalability. By leveraging Turdn’s theorem, we demonstrate that the non-linearities in the first hid-
den layer become redundant when restricted to a specific subset of input coordinates. This allows
us to compute the maximum on this subset while effectively “collapsing” the first hidden layer —
circumventing the inductive barrier and enabling a recursive application of the argument for deeper
architectures. We remark that we did not attempt to optimize the constant factor 0.1, though our
method could potentially improve it to 0.5 for sufficiently large k. We prioritized clarity and sim-
plicity in the proof, given that the lower bound is asymptotically governed by the exponent. The
reader is referred to Section 2 for a detailed proof sketch, and to Appendix A.3 for the complete
formal proof.

It is interesting to note that our exact computation lower bound nearly matches the approxima-

tion upper bound of Safran et al. (2024b), who prove that depth 2k — 3 and width dHﬁ for
all £k > 3 suffice to obtain arbitrarily good Lo approximation of Max, with respect to continuous
data distributions. Even though there exists a notable gap between the depth requirements for exact
computation (depth k) and Lo approximation (depth 2k — 3), our result suggests that the price of ex-
actly matching the non-differentiable ridges of the Max, function! requires a width that grows at a
rate nearly identical to the Ly approximation case, despite the differences in depth and the notion of
approximation. Since the approximation error in Safran et al. (2024b) can be made arbitrarily small
only by increasing the magnitude of the weights, this implies that the bottleneck for computing
Maxg is not the error tolerance, but the inherent structural complexity of its d hyperplanes.

It is also natural to compare our result to analogs in threshold circuit complexity, where sim-
ilar lower bounds are sought after for computing Boolean functions in the complexity class P
using bounded-depth circuits that employ threshold activations as non-linearities. While double-
exponentially decaying lower bounds of the form d1+<0™" exist for the number of wires required for
computing the parity function (Impagliazzo et al., 1997), the best-known exponent § = 1 + /2 ~
2.414 has remained the state-of-the-art for decades. In comparison, in this paper we obtain ¢ = 4
and 0 = 2 for the required number of neurons (gates), which immediately implies a lower bound
on the wires, and is stronger than what is known for threshold circuits. This discrepancy sug-
gests potential new avenues for proving circuit lower bounds; however, such results do not follow
immediately from neural network lower bounds, and we leave this connection as a tantalizing di-
rection for future work. Notably, proving threshold circuit lower bounds for all § > 1 for certain
NC!-complete problems would imply that 7C" # A'C*, and would solve a major open problem in
circuit complexity (Chen and Tell, 2019). Despite this intriguing connection, it is not clear if our
proof technique is capable of improving the exponent 6 below 2, and whether there exist efficient
reductions to carry these parameters reliably to threshold circuits.

In the following subsection, we turn to discuss additional related work. Thereafter, we introduce
necessary notation and terminology, and in Section 2 we provide a detailed proof sketch of our
result. Formal proofs are deferred to the appendix.

1. We remark that our lower bound technique also implies approximation lower bounds with respect to continuous
distributions, although the required accuracy is exponentially small. It remains unclear whether these results can be
extended to the inverse-polynomial accuracy regime, a question we leave for future work.
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1.1. Additional related work

Lower bounds via a region-counting argument using deep neural networks A simple and
intuitive method for establishing lower bounds for CPWL functions involves bounding the maxi-
mal number of linear regions a network can realize along a one-dimensional line. This technique,
pioneered by Telgarsky (2016) to demonstrate a depth separation for highly oscillatory functions,
typically requires the target function to have a Lipschitz constant that scales exponentially with
depth — a property often considered pathological in a learning context. While such methods can
establish a depth hierarchy, this is achieved by gradually increasing the complexity of the target
function via its Lipschitz parameter. In contrast, our result applies to the Max, function, which
remains 1-Lipschitz regardless of the input dimension or network depth. This demonstrates that
depth provides a fundamental representational advantage even for “well-behaved” functions whose
region complexity is small and thus simple region-counting arguments do not apply.

Yarotsky (2017); Liang and Srikant (2017) and Safran and Shamir (2017) employ similar region-
counting arguments to demonstrate that smooth (and potentially Lipschitz) target functions can be
well-approximated by deep architectures. These architectures generate a large number of linear re-
gions and align them to resolve the curvature of the target function. While such results establish
a depth hierarchy for approximation, there is significant evidence that these highly-oscillatory rep-
resentations are difficult to learn efficiently (Hanin and Rolnick, 2019; Malach et al., 2021; Vardi
et al., 2021). In contrast, our work focuses on the natural Max, function, which does not rely on
depth-induced exponential oscillation for its expression. Consequently, our lower bound suggests
that depth provides a fundamental representational advantage even for functions that do not suffer
from the aforementioned learnability barriers.

Lower bounds for Max; Safran et al. (2024b) show a width-d lower bound that holds regardless
of depth, but this is only a linear lower bound rather than super-linear as ours. Additionally, they
establish an approximation lower bound of 1/poly(d) (with respect to the uniform distribution
over the unit hypercube) for depth-3 ReLU networks of width O(d?). While this result implies an
exact computation lower bound, it relies on the additional assumption that the network weights are
exponentially bounded. In contrast, our lower bound is unconditional and imposes no limitations on
the magnitude of the weights, since we employ a novel construction that identifies an assignment
of weights allowing for a recursive application of our main inductive argument. Lastly, while our
proof builds upon the technique pioneered in Safran et al. (2024b), our proof is an adaptation and
extension of it, since we generalize the technique to arbitrary depths by recursively applying Turan’s
theorem within an inductive framework, rather than merely applying Mantel’s theorem as required
in the induction base.

Mukherjee and Basu (2017) and Sima and Cabessa (2025) establish that no depth-2 ReLLU net-
work can compute Maxs, a result which is used in our induction base in our proof. However, the
analysis in Sfma and Cabessa (2025) assumes non-negative inputs, and it is not immediately clear
if their approach extends to the compact domains we consider here. While our proof for depth-2 in-
computability builds upon the techniques in Mukherjee and Basu (2017), we identify a technical gap
in their original argument regarding the characterization of non-differentiable points. Consequently,
we provide a self-contained proof and a generalization that addresses this gap.” (See Lemma 4 and
Proposition 5 in the appendix.)

2. The authors in (Mukherjee and Basu, 2017) suggest that the set of non-differentiable points of a function computed
by a depth-2 ReLU network is precisely the union of the hyperplanes (w;,x) + b; = 0 defined by the 5™ hidden
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Hertrich et al. (2021) establish an auxiliary proposition similar to ours, demonstrating that a
network computing a homogeneous function (see Subsection 1.2 for a formal definition) can be
“homogenized” by eliminating all bias terms. While we utilize a similar homogenization argument,
our approach differs in several key aspects. First, we do not assume the function is globally homo-
geneous, but only that it coincides with a homogeneous function on a compact domain. Second, our
analysis requires a quantitative bound on the width of the resulting network to preserve the super-
linear lower bound. Furthermore, we must prove that the homogenized network retains at least two
non-zero coordinates in the weights of all first-layer neurons to satisfy the prerequisites for applying
Turdn’s theorem. Consequently, our result can be viewed as a generalization of theirs, and our proof
is significantly more involved as it necessitates tighter structural control that was not required in
previous works.

Reductions to circuit complexity lower bounds Our results are fundamentally distinct from ex-
isting lower bounds inspired by threshold circuit complexity. While previous works have success-
fully leveraged reductions to circuit complexity or communication complexity to establish network
size lower bounds (Mukherjee and Basu, 2017; Vardi et al., 2021), those bounds typically yield
linear constraints on the total number of neurons. In contrast, we establish a super-linear width
requirement that persists even as the depth & grows. Crucially, total size lower bounds often allow
for a symmetric trade-off where depth and width are interchangeable resources (namely, doubling
depth allows for halving width). Our results, however, characterize a non-symmetric trade-off. We
demonstrate that for exact computation of Max,, depth is a strictly more efficient resource. This
highlights that the architectural bottleneck in resolving the intersecting hyperplanes of Max, is
inherently tied to depth in a way that total size bounds cannot capture.

1.2. Preliminaries and notation

Notation and terminology We let [n] be shorthand for the set {1,...,n}. We denote vectors
using bold-faced letters (e.g. x). Given a vector x = (z1,...,xq), we let ||x|| denote its Euclidean
norm. Throughout, we use the notation Maxy(x) := max{zy,..., x4} for the maximum function,

and [z], = max{0,x} for the ReLU activation function. A function or network f is (positively)
homogeneous if for all ¢ > 0 and all x € R%, f(cx) = cf(x). A function f : D — R defined
in some domain D C R? is continuous piecewise-linear (CPWL) if there exists a finite partition
D = U; D; such that f is linear on D; for all 7, where each D; is a closed set.

Neural networks We consider fully connected, feed-forward neural networks, computing func-
tions from R? to R. We focus on neural networks which employ the ReLU function as a non-linear
activation. A ReLU neural network consists of layers of neurons, where in every layer except for
the output neuron, an affine function of the inputs is computed, followed by a computation of the
non-linear activation function [-] , . The single output neuron simply computes an affine transforma-
tion of its inputs. Each layer with a non-linear activation is called a hidden layer, and the depth of
a network is defined as the number of hidden layers plus one, and is generally denoted by k. The
width of a network is defined as the number of neurons in the largest hidden layer, and the size of
the network is the total number of neurons across all layers.

neuron. However, this oversight ignores certain edge cases where, for instance, the activation boundaries of two or
more neurons coincide to mutually smooth their respective non-differentiable hyperplanes.
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2. Techniques and proof sketch

In this section, we provide a detailed proof sketch of Theorem 1. Our proof is centered on the
geometric intuition that a ReLU network of depth k£ computing Max,; must account for (g) distinct
non-linearities: one for each pair of coordinates ¢, j that takes effect when x; and x; are the maximal
values in x € R?, and one “overtakes” the other. If these non-linearities are absent in the first hidden
layer, the burden of computing them must fall on the subsequent, deeper layers.

Specifically, if the network is sufficiently narrow, we use Turdn’s theorem to identify a clique
of size  among the input coordinates for which these pairwise non-linearities are missing in the
first layer. A key technical proposition allows us to transition from a network computing Max,; on a
compact domain to a network of the same depth (and at most twice the width) that computes Maxy
on all of R%. By identifying an assignment of extremely negative values for the d — r coordinates
outside the clique, we can ensure that the neurons in the first hidden layer never change their activa-
tion state regardless of the values of the remaining r coordinates, that are all bounded in [0, 1]. This
reduces the first hidden layer to a simple linear transformation of its input, allowing us to collapse
it and construct a depth-(k — 1) network that computes Max, on [0, 1]". The theorem then follows
by applying our induction hypothesis to this reduced architecture.

Below, we further detail each significant step in the proof, starting from the induction base.

2.1. Step 1: The induction base — a depth-3, width-0.1d? lower bound

As the base case, we consider depth-3 neural networks, and we show that a width of approximately
%dz is necessary for computing Max,. More formally, we prove the following lower bound.

Theorem 3 Let d > 1 and suppose that N is a depth-3 ReLU network such that
N (x) = Maxy(x)

forall x € [0,1]%. Then, N has width at least

The proof of the above theorem, which appears in Appendix A.2, is based on a similar technique
which was developed in Safran et al. (2024b), and uses Mantel’s theorem (a particular case of
Turdn’s theorem for cliques of size 3) to identify a triplet of coordinates on which the network
computes Maxs while maintaining a fixed activation pattern in the first layer.

As d — o0, this lower bound approaches %dQ, which represents the optimal constant achievable
for depth 3 using our current framework.

2.2. Step 2: From computation on the unit hypercube to R¢

Having established the induction base, we now proceed to the inductive step. Our goal is to show
that computing the maximum function on any open set containing the origin is equivalent to com-
puting the exact maximum over the entire Euclidean space (the motivation for this will become
evident in Step 4).

We begin by shifting the network with a random bias, allowing it to compute the maximum in
a neighborhood of the origin. The proof of the proposition then proceeds by recursively “pushing”
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Figure 1: The function [z1 + w2, +[z1 — 0.5] (left) and the resulting function [x1 + z2], (right)
when the neuron with negative bias is removed. Since the neuron is inactive in a neighborhood of
the origin, removing it maintains the computation near the origin.

ALK

70 9020020 %202

0000200209, %202

0000 I 00 020005 0000 20

02e0006% %,‘.%%?e,i:; Dot s o
% 0 &2

%%
00.0’00‘0 %
9000:2209 200220 %.%'
002008028 000 00 0o 0 0 20 2 0
O AR BN 3
7 0 0.2 1 QB2 0020.%
QLRI .0,,»,0.‘00 45.22;22;::, 2 0.::.:02,
&

Roove%e;
6200600

%
90629, 0"0
IR IAIALALALS

O SISSEiessss
AR ZALZALEISEAL AL
LA
5558

YLLRLL

% 000'0‘: '0‘0‘:0'::':‘:.{.‘@’2 ':' %
> eid

w» :,,::;:"z‘:,: =

Yo,

2R2ALS
LKA

55555 5eans:
% %
% oo

—2-2

Figure 2: The function [x1 + 2], + [21 + 0.5] _ (left) and the resulting function [z1 + z2], +
[x1], — [~21], + 0.5 (right) when the neuron with positive bias is removed and replaced with two
homogeneous neurons, and the bias of the output neuron is modified. The function maintains its
behavior near the origin while pushing biases one layer forward.

non-zero biases from the first hidden layer forward through the network. This process preserves the
function’s behavior in a sufficiently small neighborhood of the origin through the following logic:

* Negative biases: If a neuron has a negative bias, it becomes inactive in a small enough neigh-
borhood of the origin and can be removed without affecting the output (see Figure 1 for an
illustration).

* Positive biases: If a neuron has a positive bias, the affine transformation it computes can be
simulated near the origin by substituting it with two unbiased (homogeneous) neurons and
adjusting the biases in the subsequent layer (see Figure 2 for an illustration).
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Since each original neuron is replaced by at most two homogeneous neurons, the width of the
resulting network is at most twice that of the original. Because the final network is homogeneous
and coincides with Max, near the origin, a homogeneity argument implies they must coincide on
all of RY. Finally, we demonstrate that with probability one, all neurons in the constructed network
possess at least two non-zero weights, facilitating the next step of the proof.

2.3. Step 3: Constructing a first-layer weight graph with a large clique

In this step, we establish a formal connection between the weights of the first hidden layer and
extremal graph theory. Based on the technique in Safran et al. (2024b), we construct a graph G s
derived from the weight vectors of the width-n network N as follows:

* We define a graph on d vertices, where each vertex represents an input coordinate.

« For each neuron i in the first hidden layer, let w; € R? be its weight vector. We remove an
edge (j, k) from the initial complete graph K; based on the indices of the non-zero entries
in w;. Specifically, if w; contains at least two non-zero elements, we remove the edge which
corresponds to the two smallest indices.

* Since each of the n neurons can remove at most one edge, the resulting graph G s contains at
least (g) — n edges.

* If n is sufficiently small, then by Turdn’s theorem (Theorem 2), G »r must contain a clique of
size r.

This clique I C {1,...,d} identifies a subset of coordinates with a crucial property: for any pair
of coordinates j, k € I, there is no neuron in the first hidden layer whose activation is determined
solely by x; and x}, (see Figure 3 for an illustration). This implies that the first layer is “blind” to
the pairwise interactions of these coordinates, which forces the burden of computing the transitions
of Max, onto the subsequent k£ — 1 layers. This structural gap is what enables the layer-reduction
step in the final stages of the proof.

U1 U1
wy = (0,0,1,-1,0)
v " Wy = (0,-1,0,1,0) " .
ws = (1,0,0,0,—1)
wy = (0,0,0,1,—1)
V4 V3 (7 U3

Figure 3: The construction of the graph G s that is induced by the first-hidden-layer weights of \V.
Left: The complete graph K5 where edges are colored according to the first-layer neuron w; that
removes them. Middle: The weight vectors of the first hidden layer whose non-zero coordinates
dictate the edge removal process. Right: The final graph G s after the removal of all colored edges.
If the width n is small relative to d, Turdn’s theorem ensures that the graph still contains a large
clique (e.g., the triangle formed by the first three coordinates).
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2.4. Step 4: Dimensionality reduction via coordinate assignment

Utilizing the structural property of the weight-graph established in Step 3 above, we now construct
an assignment of inputs that forces the network to compute a lower-dimensional version of the
maximum function. Recall that in Step 2 (Subsection 2.2), we extended the computation of Maxy
to all of R? while ensuring that every neuron in the first hidden layer has a weight vector with at
least two non-zero coordinates.

Assume, without loss of generality, that the clique I identified in the previous step corresponds
to the first r coordinates. We prove that there exists a substitution of sufficiently negative values
for the remaining coordinates, 41, . . . , 4, such that the resulting network computes Max, on the
unit hypercube [0, 1]". The core of this argument lies in assigning exponentially increasing negative
values to these coordinates. By doing so, we ensure that for each neuron, the non-zero coordinate
with the largest index (among the indices r + 1,...,d) dominates the pre-activation, effectively
dictating the activation pattern of the neuron for all x’ € [0, 1]".

Crucially, our construction of Gz in Step 3 ensures that every neuron in the first layer has at least
one non-zero weight associated with a coordinate outside the clique I = {1,...,r}. Consequently,
for any input in [0, 1]", these neurons remain in a fixed activation state (either “always on” or “always
off”). Since fixing these inputs preserves the network architecture while reducing the first hidden
layer to a simple linear transformation, we have effectively constructed a neural network of the same
depth that computes Max, on [0, 1]" without utilizing any non-linearities in the first hidden layer.
(See Figure 4 for an illustration.)

z1€[0,1] []

z9 € [0,1] D

T3 € [O, 1] D

D

.’L‘4:700D

SPISSISBISY
SSISSISSISY
SSISSISSISY

.7,5:700[]

Figure 4: An illustration of the effects of the negative assignment of values explained in Step 4
(Subsection 2.4). By constructing a clique from the first three coordinates, we ensure that every
neuron in the first hidden layer possesses a non-zero weight for some coordinate j > 4. Since the
clique coordinates are bounded in [0, 1], assigning sufficiently large negative values to x4 and z5
ensures that each neuron’s pre-activation is dominated by the term corresponding to its largest non-
zero weight index. Consequently, these operating ranges (highlighted in red) remain strictly within
either the positive or negative rays of the ReLLU, rendering the first hidden layer’s non-linearities re-
dundant. Crucially, as Step 2 (Subsection 2.2) guarantees that the network computes Max, globally,
this negative assignment forces the maximum to be attained by one of the first three coordinates.
This effectively reduces the network’s computation to Maxs on the clique’s domain, facilitating the
lower bound proof.
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2.5. Step 5: Layer collapse and inductive contradiction

In this final step, we consolidate the previous results to complete the proof. From the construction
in Step 4 above, we have obtained a network that computes Max, on [0, 1]", but where every neuron
in the first hidden layer maintains a fixed activation pattern across the entire domain. This property
allows us to “collapse” the first hidden layer without altering the function computed by the network.

Because the first layer is restricted to its linear region, it effectively computes a simple linear
transformation of its input. This transformation can be absorbed into the weights of the second hid-
den layer, resulting in a new network that computes Max, on [0, 1]” with its depth reduced by one
to k£ — 1, and its width preserved. Finally, we apply our induction hypothesis to this reduced archi-
tecture. If the original network were too narrow, the resulting clique size r (determined by Turan’s
theorem) would be large enough to violate the width requirements for depth-(k — 1) networks, thus
yielding a contradiction and concluding the proof of the theorem.
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Appendix A. Proofs

A.l. Auxiliary Lemmas

We first define a hyperplane arrangement as the finite union of hyperplanes in R?. With this defini-
tion, we can state our first auxiliary lemma, used to prove the limitations of depth-2 ReLLU networks
for approximating piecewise linear functions.

Lemma 4 The set of non-differentiable points of a depth-2, width-n ReLU network is a hyperplane
arrangement with at most n hyperplanes.

The proof technique of the above lemma is based on the approach of Mukherjee and Basu (2017,
Proposition 2.2), and completes a gap in their original proof.
Proof Let

N(x) = Zvj [(wi, x) + bi] , +bo

be a depth-2, width-n neural network. Given the weights 0 # w € R and bias b € R of a hidden
neuron, we define
Hyp = {x: (w,x)+b=0}
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as shorthand for the hyperplane induced by w and b. To prove the lemma, we will manipulate the
network, reducing the number of neurons in it while keeping its set of non-differentiable points
unchanged. To this end, we have the following case analysis:

* If v; = 0 for some j € [n], then the output neuron ignores the 4™ neuron’s output, and we can
simply remove it from the network while keeping the function computed by A/ unchanged.

e Similarly, if w; = 0 for some j, then we have
v; [(wj, x) + 5], = v; [bs],

and therefore the j™ neuron only adds a constant to the computation of A/ without changing
its set of non-differentiable points, and we can thus remove it.?

* Suppose that Hy, 5, = Hw, p,- Namely, we have that neuron j and neuron k for j # k
induce the same hyperplane. Since the solution space of the linear system

-
W . b]'
(i) x=-()
is a rank d — 1 subspace (the hyperplane induced by the neurons), w;, w; must be linearly

dependent. Writing wj, = aw; for some @ # 0 and plugging this in the linear system, we
obtain by, = ab;. We now analyze two complementary cases:

— Suppose that Hy,; p, = Hw, p, and that wi = aw; and by = ab; for some o > 0.
Then for all v;, v, € R we have

vj [(wj,x) +bj] . + v [(We, x) + b] . = v; [(wy,x) + b5, + v [(aw;, x) + abs],
= v; [(Wj,x) + b;] | + awvg [(wj, x) +b;]
= (vj + avg) (w;,x) + bs],

where in the second equality we used the facts that the ReLLU activation is positively
homogeneous and o > 0. This shows that in this case, we can replace every pair of
neurons with overlapping induced hyperplanes with a single neuron whose weights and
bias equal w; and b;, respectively, and modify the incoming weight of the output neuron
to vj + awg. This would allow A to compute the same function, thus keeping its set of
non-differentiable points unchanged.

— Suppose that Hy,; », = Hw, p, and that wi = aw; and by = ab; for some o < 0.
Then in this case, we can assume that there are at most two neuron with overlapping
induced hyperplanes (since otherwise we can cancel them as detailed in the previous

3. Note that while this might change the function computed by A/, it does not change the set of non-differentiable
points, and therefore removing it suffices for our purposes. However, if one wishes to remove all neurons such that
w; = 0 while keeping the function computed by A unchanged, then this can be done by removing the 4™ neuron
and modifying the output neuron’s bias term using the transformation by ~ bo + v; [b;]_, which would simulate the
same computation.
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item). Suppose that v; = awvy. Then we have

v [(Wj, %) +bj] |+ o [(We, %) + b = v [(wy,x) + 0], + vk [(aw;,x) + aby]

= v; [(wj,x) + } — avg [(-wj,x) — bj]
= vj ([(wW, %) + 5], — [= (W, x) +b))],)
vj (<W]7X> b;) (1)

where in the second equality we used the positive homogeneity of the ReLU with o < 0,
and in the last equality we used the fact that [z], — [~2], = z forall z € R. We can
therefore remove neurons j and k without changing the non-differentiable set of N

* In all possible remaining cases, we have that a hyperplane is induced by a single neuron, or
that it is induced by at most two neurons but with a negative o. We will now construct the set
of non-differentiable points of N based on this derivation.

— In the first case, a set of non-differentiable points is formed along this hyperplane. Tak-
ing the union over all such hyperplanes, it is straightforward to verify that this union
also forms a set of non-differential points. This is trivial in the case where a point does
not intersect any other hyperplane, and when it does, it is easy to verify that it is still
a non-differentiable point by considering the derivative along any direction that is not
contained in one of the hyperplanes (such a direction must exist since there is a finite
intersection of hyperplanes).

— In the second case where a hyperplane is induced by two neurons, since their « is
negative and since the slope in the direction perpendicular to the hyperplane changes
(otherwise this pair of neurons would have merged into a single neuron according to
Equation (1)), we have that by the same reasoning as in the previous item, that the
union of these hyperplanes with the hyperplanes in the previous item forms the set of
non-differentiable points of \V.

We have constructed a hyperplane arrangement consisting of at most n hyperplanes (since we can
only remove but never add neurons and their induced hyperplanes) which forms the precise set of
non-differentiable points of N, concluding the proof of the lemma. |

The following proposition shows that no depth-2 network can compute the function Maxs(x)
on [0,1]3.

Proposition 5 There exists no depth-2 ReLU network which satisfies
N (x) = Maxs(x)
forallx € [0,1]3.

Proof Suppose by contradiction that there exists a depth-2, width-n ReLU network N that com-
putes Maxs for all x € [0, 1]3. Consider the network N obtained from N by transforming all the
biases of the hidden layer neurons using the transformation b; — b; 4+ 0.5 2?21 wj j, where w; ;

is the j coordinate of the weight of the i neuron in the hidden layer. For all x € [0,1]3, let
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x0.5 = x — (0.5,0.5,0.5). Then we have that xo 5 € [—0.5,0.5]% and that any neuron in the first
hidden layer now computes for any xg 5

d d
(Wi, Xo5) +bi = 05> wij| = [{wi,x—(0.5,05,05)) + b+ 0.5> wi;

J=1 J=1

+
= [<Wi,X> + bi]+ .

J’_

Thus, we have that N(xg5) = Maxy(x) for all xg5 € [—0.5,0.5]%. We further modify N by
subtracting 0.5 from the bias term of the output neuron, to obtain

N(X0,5) = Maxd(x) —-0.5= MaXd(Xoﬁ)

for all xo5 € [—0.5,0.5]¢.

We now have that J\7(0, x1,x2) = max{0,z1,x2} for all x1,z9 € [—0.5,0.5]. By setting the
incoming weights that receive the first input to zero in all of the hidden neurons, we effectively
simulate the same computations that the network performs when the input is (0, z1, z2) for 21,z €
[—0.5,0.5]. This way, we obtain a network N’ satisfying N”(z1,x2) = max{0,z1,z2} for all
x1, 9 € [—0.5,0.5]. Note that A has the same width as A, which has the same width as A, and
thus A/ has width n.

By virtue of Lemma 4, the set of non-differentiable points of N/’ is a hyperplane arrangement
with at most n hyperplanes. However, on the domain [—0.5,0.5]2, the set of non-differentiable
points is precisely

A= {(:cl,xg):O <z =x9 < 1}U{($1,0) 1< < O}U{(O,xg) =1 <z SO}

Suppose by contradiction that there exists a hyperplane arrangement whose intersection with the set
[—0.5,0.5]2 equals A. Pick any distinct n + 1 points on the line {(z1,72) : 0 < x1 = 22 < 1}. By
the pigeonhole principle, there exists a hyperplane which intersect at least two points on this line.
This implies that this hyperplane must intersect the entire line, hence it equals the set {(z1,x2) :
x1 = x2 € R}. In particular, the point (—0.25, —0.25) must be in this hyperplane, hence it is a
non-differentiable point of A/’. But A/’ is constant and equals zero for all 1,22 € [—0.5, 0], which
is a contradiction. |

In the lemma below, used to prove our main “homogenization” argument, given some € > 0 we
let B.(0) := {x € R%: ||x|| < £} denote the origin-centered Euclidean ball of radius ¢.

Lemma 6 Suppose that N : RY — R is a ReLU network that satisfies N'(x) = Maxy(x) for all
x € [0,1]%. Then, there exists a ReLU network N such that

1. N has the same depth and at most twice the width of N.
2. N is homogeneous.
3. There exists € > 0 such that N'(x) = Maxy(x) for all x € B.(0).

4. All the weights of the neurons in the first hidden layer of N (x) contain at least two coordi-
nates that are non-zero.
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Proof We begin with ‘shifting’ the network N to compute the maximum on a domain containing
an open neighborhood of the origin. Consider the network N () obtained by transforming all the
biases of the first hidden layer neurons using the transformation b; — b; + ¢ 2?21 w;,; for some
¢ € U([0.4,0.6]), where w; j is the jM coordinate of the weight of the i neuron in the first hidden
layer. For all x € [0, 1]%, letx. := x — (c, ..., ¢). Then we have that x. € [—c, 1 — ¢|? and that any
neuron in the first hidden layer now computes for any x.

d d
<Wiaxc>+bi_czwi7j = <Wi>X_(Ca-‘-ac»"’_bi"—czwi,j = [<WZ,X>—|-bZ]+
=t . =1 ],
Thus, we have that N(x.) = Maxy(x) for all x. € [—¢, 1—c|%. We further modify A" by subtracting
¢ from the bias term of the output neuron, to obtain

N (x.) = Maxg(x) — ¢ = Maxg(x,)

for all x, € [—¢,1 — ¢]% Since ¢ € [0.4,0.6], we have that [-0.4,0.4] C [—¢,1 — ¢]% so N/
computes Maxy on a domain which contains an open neighborhood of the origin.

Next, we gradually ‘homogenize’ N, by moving biases in every hidden layer one layer forward.
We begin with constructing a new network N7 which has no biases in its first hidden layer as
follows:

* For any neuron in the first hidden layer with non-zero bias, if the bias is negative, we remove
the neuron and set all the incoming weights of neurons which receive its output as input in
the second hidden layer to zero. This way we are only left with biases that are either zero
or positive, and for a sufficiently small ¢/ > 0, we have that N(x) = Maxy(x) for all
X € BE/(O).

» We now further modify A/ to remove its positive biases in the first hidden layer. For each
neuron with a positive bias b > 0 and weight vector w, we remove the neuron and replace it
with two neurons having weights w and —w, and zero biases. For each neuron in the second
hidden layer with an incoming weight v from the neuron which had a positive bias, we set its
incoming weights for the two new neurons to v and —v, and modify its bias term according to
b’ — b’ +wvb, so that it now computes its previous output without the input from the neuron we
are removing in the first hidden layer, plus v [(w, x)] | —v [~ (w,x)], +vb = v((w,x) +b).
Since b > 0, for sufficiently small £” > 0, this equals v [(w, x) 4 ] for all x € B.»(0),
effectively replacing the neuron in the first hidden layer.

Replacing all the neurons in the first hidden layer in this manner and intersecting all the balls cen-
tered at the origin which maintain the original output of the network, we obtain N7 whose first
hidden layer has width at most twice of that as N , but with zero biases, and which coalesces with
N on the set B., for some €; > 0. Continuing in this manner for all the subsequent & hidden
layers, we obtain N, whose width is at most twice of that as N , but with zero biases in all hidden
layers, and which coalesces with A on the set B. for some ¢ > 0. In particular, we have that
Ni(0) = Max4(0) = 0. However, since N}, has no non-zero biases in its hidden layers, we also
have that A (0) equals the bias term of the output neuron, which therefore must also equal zero,
proving that Ny is homogeneous.
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It is only left to show that the neurons in the first hidden layer of N7 := N, all have at least two
coordinates that are non-zero. First, we may assume without loss of generality that no neuron in the
first hidden layer of N has an all-zero weight vector. This is justified, since once homogenized,
this neuron has a bias of zero, and therefore it can simply be removed without changing the function
computed by A/’. Next, observe that in all stages in the construction of A/’, the number of non-zero
weights in each neuron remains unchanged. If some neuron in the first hidden layer had a weight
vector w with just a single non-zero coordinate wj, then its bias term was modified to b — b+c-wj,
which is non-zero with probability 1. Having replaced each such neuron with two biasless neurons
in a previous step, we can configure their weights to ensure that at least two are non-zero, all
while preserving the identical linear behavior around the origin. We thus have that for almost all
¢ € [0.4,0.6], once homogenized, N has no such neurons. Choosing one such c arbitrarily and
substituting its values in A/, we obtain the desired N

|

Proposition 7 Suppose that N : R — Risa ReLU network that satisfies N'(x) = Maxq(x) for
all x € [0,1]%. Then, there exists a ReLU network N : R® — R such that

1. N has the same depth and at most twice the width of N.
2. N(x) = Maxy(x) for all x € R

3. All the weights of the neurons in the first hidden layer of N (x) contain at least two coordi-
nates that are non-zero.

Proof By virtue of Lemma 6, we obtain a network N which satisfies the following properties:
1. N has the same depth and at most twice the width of .
2. Nis homogeneous.

3. There exists ¢ > 0 such that A'(x) = Maxy(x) for all x € B.(0).

4. All the weights of the neurons in the first hidden layer of A (x) contain at least two coordi-
nates that are non-zero.

To conclude the proof, we first have that A'(0) = Maxy(0) by Item 3, and for all x # 0 we have

/\7(x):||x|-/\7<s'x> :H-Maxd <e”z||> = Max,4(x),

€ [l €

where the first equality follows from Item 2, the second equality follows from Item 3, and the last
equality follows from the homogeneity of Maxg(-). |

It will be convenient to use the following corollary of Turdn’s Theorem in our proofs.

Corollary 8 Foralld > 0, ifd > \/g and G is a graph with at least (1 — %) d—; edges, then G

contains a clique of size r.
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Proof By the assumption d > \/g we have %2 > %. We thus compute

1-6Y d? 1\ & L d? 1\ &
_ i _ il > _ il
<1 ’I“—1>2 (1 r—1>2+52_(1 r—1>2+1’

and the corollary follows from Theorem 2. |

A.2. Proof of Theorem 3

First, it is straightforward to verify that for all d € {1,2, 3,4},

and therefore the theorem statement holds vacuously for such values of d. Assume from now on
that d > 5, and denote a4 = % — ﬁ — #.

Suppose that \ is a depth-3 ReLU network that computes Maxg on [0, 1]¢ with width at most
aqd?. Then by Proposition 7, there exists a depth-3 ReLU network A of width at most 2a4d? such
that A'(x) = Maxgy(x) for all x € R?. Moreover, we have that all the weight vectors w; of the
neurons in the first hidden layer of A contain at least two non-zero coordinates. Let G v be the
corresponding graph induced by the first hidden layer of /. Then by the properties of N, G 7 has

at least

d 2 d 111 2 d @ d 2
S YO R, . S [
<2> =9 Ty (8 4d 2d2> 3 3 g tatiTgt

edges. By Theorem 2, G contains a clique of size 3. By definition, all the neurons in the first
hidden layer of N have a non-zero coordinate with an index that does not form this clique. This
holds true since otherwise, if all the coordinates of a particular neuron’s weight vector are zero at
the indices that do not form the clique, then since it must have at least two non-zero coordinates, we
have that these two coordinates are both at indices that form the clique. But this implies that these
two coordinates remove an edge from the clique, which is a contradiction.

Suppose without loss of generality that the clique is formed by the first three coordinates. Then
we have shown that all neurons have at least one weight coordinate with index 4 or larger. We now
define

1 w
Win 3= 0wy, Wmax = max fwigl, W= S
,

i,5:w;, 570 Win

That is, TV is the maximal ratio between two coordinates of weights in the first hidden layer of .
Consider the function computed by the following assignment of inputs for the coordinates 4, . . . , d.
For any such coordinate with index 4, we substitute x; = —3 - (2WW)?~3 as follows

f(z1,z0,23) = N (21,0, 23,24 = —6W, 25 = —12W?2, ... 25 = =3 Qd_SWd_?’).

Since NV computes Maxg(x) for all x € R? and since the assignment assigns negative values for all
coordinates with index 4 or larger, we have that f(z1, 79, 3) = max{z1, xa, 23} forall x € [0, 1]3.
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Let w = (w1, ...,wq) denote the weights of an arbitrary neuron and let £ > 4 be the largest index
of a coordinate such that wy # 0. Then we have for all x € [0, 1]3 that

l—1 3 -1 3 -1
Z €T;W; inwi + Z -3 Qi_SWi_g'wi < Z ]w,wz\ +3 Z 2i=3pyi—3 ”UJZ’
=1 =1 i=4 =1 =4

/-1 {—4

< Bnax + 3Wimax P (2W)' 7% = Bwinax + 3max Y (2W)'
=4 =1

; (2W)=3 —1 (2W)e=3
= 3wmax Z(2W) - Swmaxw < 3wmaxT
=0

= 3Wmin (2W) 72 < 3 Jwe| (W) = |zpwy). (2)

(-4

In the above, the penultimate inequality follows from (2W)¢=3 — 1 < (2W)*=3 and 2W — 1 > W
which holds since W > 1, the penultimate equality and last inequality follow from the definitions
of Winins Wmax and W, and the final equality follows from 2, = —3 - (2W)*~3. We thus have that
for all x € 0,13,

d /-1

sign <Z xiwi> = sign (Z Tiw; + a:gwg> = sign (xpwy) = —sign (wy) ,
i=1 i=1

where the first equality follows from the fact that ¢ is the largest non-zero coordinate of w, the

second equality follows from Equation (2), and the last equality follows from z, < 0. We therefore

obtain that the sign of the pre-activation output Z?:l x;w; of each neuron is fixed for all x € [0, 1]?

and determined by wy.

To conclude the derivation thus far, we have established that there exists a neural network which
computes Maxs on x € [0, 1]3, where no neuron in the first hidden layer changes its linearity over
this domain. This implies that we can remove the ReLU non-linearities in the first hidden layer as
follows:

» If a neuron’s pre-activation output is negative, then it is negative for all x € [0, 1]3, and thus
this neuron always outputs zero. By changing the incoming weight of all the neurons in the
second hidden layer to zero at the coordinate which receives it as input, we can simulate it
without the ReL.U activation. Note that this preserves the architecture without impacting the
number of neurons.

» If a neuron’s pre-activation output is positive, then it is positive for all x € [0,1]3. In such a
case, each neuron merely applies a linear transformation to its input and propagates it forward
to the second hidden layer. By composing this linear transformation with the linear transfor-
mation computed by the second hidden layer, we are able to absorb it in the weights of the
second hidden layer. Note that this also does not impact the architecture of the network, and
maintains the same width while removing all non-linearities in the first hidden layer.

Finally, we conclude that in both cases, we can remove the non-linearities of the first hidden layer
while maintaining the same behavior over the domain [0, 1]3. Thus, we can collapse the first hidden
layer which is now linear, and obtain a depth-2 ReLU network that computes Maxs over the domain
[0,1]3. But since this contradicts Proposition 5 which establishes that no depth-2 network can
compute this function, the theorem then follows.
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A.3. Proof of Theorem 1

We first define oy, = 2,67712_1 for all £ > 3. We now have for all k£ > 4 that

1 1 2k=2 _2  2k3
(1—ap) (1 +ag1)= (1_214:—2_1> <1+2k—3_1> T ok2_1 9k3_1

Next, we note that our assumption 3 < log,(log,(d)) implies that
d > 2% = 256, )

and k < log,(logsy(d)) implies that

1 4 4 4logao (d) 16
d% > (2los2losa(d)=2_1 _ gologa(loga(d)) 4 — Jloga(d)—4 — QToga(d)—4 — |6 . Qloga(d)—4

16
Since 2les2(d—4 > 1 for all d > 256, we have by Equation (4) that
d** > 16. 5

The proof of the theorem now follows by induction. For the base case k = 3, it is straightforward
to verify that for all d > 256 we have

Thus, Equation (4) and Theorem 3 imply that a depth-3 ReLU network that computes Maxs on
[0, 1] has width at least 0.1d?. On the other hand, the theorem statement for the case k = 3 is that
width at least 0.1dl+23‘712—1 = 0.1d? is required, which concludes the proof of the base case.

For the inductive step, suppose by contradiction that N, k > 4 is a depth-k ReLU network of
width at most 0.1d'T* that satisfies Ny (x) = Maxg for all x € [0, 1]%. By Proposition 7, there
exists a depth-k ReLU network A/}, of width at most 0.2d'*** that satisfies N (x) = Max,(x) for
all x € R?. Moreover, all the weights of the neurons in the first hidden layer of N, contain at least
two coordinates that are non-zero.

LetG N, be the corresponding graph induced by the first hidden layer of Ny, as defined in Step 3
in Subsection 2.3. Then by the width upper bound on N, and the definition of G N We have that
G 7, has at least

2 2
d _1d1+ak:i_§_1d1+ak:i_d 1+1d0"“
2 5 2 2 5 2 2 5

edges. By Equation (5), we have that % < %dak, implying that the above displayed equation is
lower bounded by

2 2 2 37 2 1-— L
i_d idak + ldak — df 1— 37 — CL 1— 38 > df 1— 38 ,
2 32 5 2 80d1—k 2 B0 dt—on 2 2. 1d
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where the inequality holds since 30 >2.1. Letd = 8. Then by Equation (4), we have d > 256 >

V76 = \/;, and therefore from the above displayed equation and by virtue of Corollary 8, we
deduce that G N, contains a clique of size

r=]21d""%% + 1] > 2.1d" . (6)

By definition, all the neurons in the first hidden layer of A}, have a non-zero coordinate with an
index that does not form this clique. This holds true since otherwise, if all the coordinates of a
particular neuron’s weight vector are zero at the indices that do not form the clique, then since it
must have at least two non-zero coordinates, we have that these two coordinates are both at indices
that form the clique. But this implies that these two coordinates remove an edge from the clique,
which is a contradiction.

Suppose without loss of generality that the clique is formed by the first r coordinates. Then we
have shown that all neurons have at least one non-zero weight coordinate with index r + 1 or larger.
We now define

w
Wmin = | min ‘wz,]| Wmax = Max ’wi,j|a W= —%,

i,j:w;,;70 1,J Wmin
That is, W is the maximal ratio between two coordinates of weights in the first hidden layer of
N. Consider the function computed by the following assignment of inputs for the coordinates
r+1,...,d. For any such coordinate with index i, we substitute z; = —r - (2W)"~" as follows

fxr, . xy) =N, Ty g1 = =20 W, pgg = — W2, xg = —r - 2077 W),

Since N/ computes Maxy(x) for all x € R? and since the assignment assigns negative values for
all coordinates with index r + 1 or larger, we have that f(z1,...,z,) = max{zi,...,z,} for all
x € [0,1]". Let w = (w1, ...,w,) denote the weights of an arbitrary neuron and let £ > r + 1 be
the largest index of a coordinate such that wy # 0. Then we have for all x € [0, 1]3 that

w; + g —r 2T | < E |ziw;| 4+ r E 2T " |w;|
i=r+1 i=r+1
/-1 l—r—1

< FWmax + TWmax Z (ZW)i_T = FWmax + TWmax Z (2VV)Z
i=r+1 =1

, oW —1 2W )=
= T"Wmax Z (QW)Z = TwmaX(QI/V)—l < Twmax(mz
i=0

= PWain (2W) 7" < 1 |wy| QW) = |zpwy|. 7

W;

{—r—1

In the above, the penultimate inequality follows from (2W)~" — 1 < 2W)* " and 2W — 1 > W
which holds since W > 1, the penultimate equality and last inequality follow from the definitions
of Wmin, Wmax and W, and the final equality follows from x;, = —r - (QW)i_T. We thus have that
for all x € [0, 1]",

-1
sign <Z amu,) = sign (Z Tiw; + xgwg> = sign (zywy) = —sign (wy) ,

=1 =1
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where the first equality follows from the fact that £ is the largest non-zero coordinate of w, the
second equality follows from Equation (7), and the last equality follows from z, < 0. We therefore
obtain that the sign of the pre-activation output Zle x;w; of each neuron is fixed for all x € [0, 1]"
and determined by wy.

To conclude the derivation thus far, we have established that there exists a neural network which
computes Max, on x € [0, 1]", where no neuron in the first hidden layer changes its linearity over
this domain. This implies that we can remove the ReLLU non-linearities in the first hidden layer as
follows:

« If a neuron’s pre-activation output is negative, then it is negative for all x € [0, 1]", and thus
this neuron always outputs zero. By changing the incoming weight of all the neurons in the
second hidden layer to zero at the coordinate which receives it as input, we can simulate it
without the ReLLU activation. Note that this preserves the architecture without impacting the
number of neurons.

* If a neuron’s pre-activation output is positive, then it is positive for all x € [0,1]". In such a
case, each neuron merely applies a linear transformation to its input and propagates it forward
to the second hidden layer. By composing this linear transformation with the linear transfor-
mation computed by the second hidden layer, we are able to absorb it in the weights of the
second hidden layer. Note that this also does not impact the architecture of the network, and
maintains the same width while removing all non-linearities in the first hidden layer.

Finally, we conclude that in both cases, we can remove the non-linearities of the first hidden layer
while maintaining the same behavior over the domain [0, 1]”. Thus, we can collapse the first hidden
layer which is now linear, and obtain a depth-(k — 1) ReLU network N}_; with width at most
0.2d'*+* that computes Max, over the domain [0, 1]".

We will now derive a contradiction to the induction hypothesis, which implies that NV, _; must
have width at least 0.1 T%~1 meaning that it must hold that 0.2d'*®* > 0.1r'+*-1_ We compute

0.2d"% > 0171k > 0.1 (2,141 ) T = 0.1 2.1 erglter > 0.1 . 2,14

= 0.2d" 4+ 0.01d"T* > 0.2d"T +0.01d > 0.2d" 7 + 2.

In the above, the second inequality follows from Equation (6), the first equality follows from Equa-
tion (3), the third and fourth inequalities follow from o, > 0 for all k, and the last inequality follows
from Equation (4). We have thus reached a contradiction, concluding the proof of the theorem.

22



	Introduction
	Additional related work
	Preliminaries and notation

	Techniques and proof sketch
	Step 1: The induction base — a depth-3, width-0.1d2 lower bound
	Step 2: From computation on the unit hypercube to Rd
	Step 3: Constructing a first-layer weight graph with a large clique
	Step 4: Dimensionality reduction via coordinate assignment
	Step 5: Layer collapse and inductive contradiction

	Proofs
	Auxiliary Lemmas
	Proof of Theorem 3
	Proof of Theorem 1


