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Abstract

Online mirror descent (OMD) is a fundamental algorithmic paradigm that underlies many algo-
rithms in optimization, machine learning and sequential decision-making. The OMD iterates are
defined as solutions to optimization subproblems which, oftentimes, can be solved only approxi-
mately, leading to an inezact version of the algorithm. Nonetheless, existing OMD analyses typically
assume an idealized error free setting, thereby limiting our understanding of performance guarantees
that should be expected in practice. In this work we initiate a systematic study into inexact OMD,
and uncover an intricate relation between regularizer smoothness and robustness to approximation
errors. When the regularizer is uniformly smooth, we establish a tight bound on the excess regret
due to errors. Then, for barrier regularizers over the simplex and its subsets, we identify a sharp
separation: negative entropy requires exponentially small errors to avoid linear regret, whereas log-
barrier and Tsallis regularizers remain robust even when the errors are only polynomial. Finally, we
show that when the losses are stochastic and the domain is the simplex, negative entropy regains
robustness - but this property does not extend to all subsets, where exponentially small errors are
again necessary to avoid suboptimal regret.

1. Introduction

Mirror Descent (Nemirovsky and Yudin, 1983; Beck and Teboulle, 2003) is a fundamental optimiza-
tion paradigm that offers the flexibility to exploit the (typically non-Euclidean) intrinsic geometry
of the optimization problem. The online variant (OMD; Shalev-Shwartz, 2012; Hazan, 2016) is a
generalization of the basic framework adapted to the more general online learning setup Zinkevich
(2003), where the goal of the learner is to minimize her regret, defined as the cumulative loss minus
the loss of the best fixed decision in hindsight. Given a convex decision set X C R?, an initialization
wi € K and learning rate n > 0, the OMD steps t = 1,...,T follow the update rule:

Wil = arg min{n(ﬁt,w> + Dg(w || wt)}, (1)
welkl

where ¢; is the loss at time ¢ and Dpg is the Bregman divergence associated with a regularizer
R: K — R chosen by the learner. Notable instances of OMD include online gradient descent
(Zinkevich, 2003) and the well known multiplicative weights method (Littlestone and Warmuth,
1994; Freund and Schapire, 1997; Arora et al., 2012), both of which are examples where the OMD
update rule, namely the exact solution to the OMD subproblem Eq. (1), is given by a closed form
expression (when operating over suitable decision sets).
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However, in many cases of interest, the OMD update rule does not admit a closed form solution,
and therefore demands employing an auxiliary iterative optimization procedure that only produces
approximate minimizers of the respective OMD subproblems. Notable examples include reinforce-
ment learning algorithms that optimize over occupancy measures, which form a polyhedral subset
of the simplex (Zimin and Neu, 2013; Rosenberg and Mansour, 2019; Jin et al., 2020); generic online
convex optimization algorithms that rely on OMD updates (Abernethy and Rakhlin, 2009; Hazan
and Levy, 2014; Ito, 2020); and algorithms defined over the simplex that use barrier regularization
other than negative entropy, such as in adversarial bandits (Abernethy et al., 2015; Zimmert and
Seldin, 2021) and portfolio selection (Luo et al., 2018). Somewhat surprisingly, however, the exist-
ing literature lacks a systematic study of the effect these approximations have on the final regret
guarantee, with prior art focusing on particular problem instances at best Schmidt et al. (2011);
Villa et al. (2013); Dixit et al. (2019); Choi et al. (2023).

In this work, we initiate a systematic study into the robustness of OMD to approximations,
aimed at understanding the interplay between regularization, quality of approximations, and regret.
Our results uncover a direct link between robustness of inexact OMD and smoothness properties
of the regularizer being used. For uniformly smooth regularizers, we establish that robustness to
approximation errors is directly governed by the smoothness parameter. For the more prevalent non-
smooth regularizer case, we demonstrate that OMD with negative entropy regularization is prone to
incurring linear regret unless the approximation errors are made exponentially small in the number
of steps; and in contrast, that for other barrier regularizers such as the log-barrier and Tsallis
entropy, polynomially small errors suffice to obtain optimal regret. We then further investigate
more carefully when non-robustness with the negative entropy arises. We show that when the
losses are stochastic (i.i.d.), negative entropy over the simplex becomes robust and polynomially
small errors are sufficient. On the other hand, we demonstrate this robustness may break even with
i.i.d. losses when optimizing over a subset of the simplex, where again, exponentially small errors
are necessary to avoid suboptimal regret.

1.1. Summary of contributions

In more detail, our contributions are summarized as follows.

e First, when the regularizer R is uniformly smooth over the domain X with smoothness param-
eter 3, we establish a tight ©(T D+/Be/n) bound on the excess regret due to e-approximation
errors, where D is the diameter of IC with respect to the relevant norm. E.g., for the typical
setting n = ©(1/+/T) this implies that errors should be as small as ¢ = O(1/T?) so as to
recover optimal O(v/T) regret.

e We then move on to consider common non-smooth regularizers, such as the negative entropy,
Tsallis entropies, and the log-barrier, focusing on the simplex and its subsets as decision sets.
We observe a sharp dichotomy between the negative entropy and other regularizers in terms
of robustness to approximations: on the one hand, for the negative entropy we show that an
exponentially small error ¢ = Q(ne™"") could already lead to linear regret, even when the
domain is the simplex; and on the other hand, for Tsallis Entropies and the log-barrier over the
simplex or a subset thereof, we prove that a polynomially small error, e.g ¢ = O(n?/(T?d?))
for log-barrier, suffices for maintaining the same order of regret.

e Finally, we revisit the robustness to approximations with the negative entropy in the stochas-
tic (i.i.d.) setting. Over the simplex and with = O(1/v/T), we show that a polynomially
small error ¢ = O(1/(d?*T*)) suffices for obtaining optimal regret with high probability, as
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Regime Decision set ‘ Regularizer ‘ Tolerated e ‘ Polynomial?
Adversarial convex (B-smooth n*/B v
Adversarial | simplex subset | v-barrier (v > 1) | p*(nTd)™"/* v
Adversarial simplex negative entropy eT X
Stochastic simplex negative entropy O v
Stochastic | simplex subset | negative entropy e 1/n X

Table 1: Summary of contribution. The required € column neglects low order terms.

opposed to the exponentially small error required in the non-stochastic case. However, this
robustness does not extend more generally to proper subsets of the simplex: we construct
a setting where OMD with negative entropy exhibits an excess term of Q(7\/n/log(1/¢))

leading to Q(T 2/ 3) regret for any step size unless ¢ is exponentially small in 7.

At a conceptual level, our analysis reveals that compounding errors play a central role in OMD’s
robustness to inexact updates. Since the per time step subproblem directly depends on the previous
iterate, approximation errors propagate between rounds and lead to subtle optimization dynamics.
This should be contrasted with the closely related Follow-The-Regularized-Leader (FTRL) algo-
rithm (e.g., Shalev-Shwartz, 2012; Hazan, 2016), which re-optimizes against the cumulative loss at
each round, and thus, each optimization round is independent of inexactness introduced in previous
rounds. And indeed, for FTRL it is straightforward to prove that approximation errors have only
a minor effect; for more details, see Appendix H'.

In addition, our results for the smooth case (Theorems 2 and 3) provide a tight characterization
that is immediately applicable to a common technique where OMD is instantiated over a shrunk
simplex (or subset thereof), where coordinates are bounded away from zero (as suggested by Dick
et al. (2014)). In this case, a uniform bound for the smoothness parameter immediately follows as
the regularizer domain becomes compact. Interestingly, our results for the non-smooth case reveal
that while this technique may be necessary to cope with fragility of negative entropy (Theorem 4),
it is not necessary for other barrier regularizers as they induce optimization dynamics where the
iterates naturally stay bounded away from zero (see Theorem 6 and the discussion that follows).

Finally, we note that while our study focuses on the linear setup, all our results for the adversarial
setting immediately carry to the general convex case via a standard reduction (e.g., Cesa-Bianchi
and Lugosi 2006).

1.2. Related work

Mirror descent Nemirovskij and Yudin (1983); Beck and Teboulle (2003) and the online convex
optimization framework (Zinkevich, 2003) have been central to the study of machine learning and
optimization in the last decades. There exist many excellent books and surveys that provide
thorough introductions to (online) mirror descent in its fundamental (i.e., exact, error free) form
(Shalev-Shwartz, 2012; Bubeck, 2015; Hazan, 2016; Beck, 2017). Somewhat surprisingly, there
hardly exist any works that study inexact mirror descent in the general stochastic or online setup.

In the classical (offline) optimization setup where the objective function is smooth, mirror de-
scent coincides with a special case of the Bregman proximal gradient method (BPGM; Bauschke
et al. (2017); Lu et al. (2018), see also Teboulle (2018)). The BPGM is a generalization of the

1. We note that even though the iterates of FTRL and OMD coincide in some cases in the exact case, it isn’t true
for the approximate case.
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proximal gradient method (Rockafellar, 1976) where a Bregman divergence replaces the norm prox-
imity regularizer, and the objective is required to satisfy the weaker relative smoothness property
(Bauschke et al., 2017). The BPGM and mirror descent coincide when the non-smooth part in the
composite objective is the indicator function for the decision set. In contrast to online or stochastic
mirror descent in the general case, inexact versions of the BPGM (and thus offline mirror descent
in the smooth case have been subject to several recent works. The majority of these study the
Euclidean case (i.e., the proximal gradient method) with or without acceleration, e.g., Schmidt
et al. (2011); Villa et al. (2013); Zhou and Pan (2022); Ahookhosh and Nesterov (2024). Some
works study the online case Dixit et al. (2019) with the euclidean regularizer, and some further
generalize to the online BPGM but with smooth regularizers (Choi et al., 2023).

There is also a recent line of works that study the (offline) BPGM in its general form (i.e., with-
out making assumptions on the regularizer). These mostly focus on designing variants of the basic
method that incorporate some mechanism to cope with the proximal subproblem approximation
errors (Rebegoldi et al., 2018; Kabbadj, 2020; Stonyakin et al., 2021; Yang and Toh, 2025)—which
is to be contrasted with characterizing convergence in terms of the ad-hoc approximation errors.
As one example, the work of Kabbadj (2020) establishes that the inexact BPGM achieves the same
rate of the exact version (aka NoLips; Bauschke et al., 2017) as long as the approximation errors
are smaller than the Bregman distance to the previous iterate. More recently, Yang and Toh (2025)
propose variants with several advantages at the expense of a somewhat more involved subproblem
optimization procedure.

Finally, the work of Guigues (2021) is one of the only examples (to our best knowledge) of papers
that study an inexact version of stochastic mirror descent, albeit one that relates to a particular
(non-general) instantiation of the algorithm.

2. Preliminaries

We consider the standard online linear optimization setup, where at each round ¢t = 1,2,...,T,
the learner selects a point w; from a convex decision set I C R%, and then observes a loss vector
¢y € [-1,1]%. The performance of the learner is measured in terms of her regret with respect to a
fixed comparator point w € K, defined as follows:
T T
Regret(w) = Z(Et,wt> - Z(ft,w>.

t=1 t=1

We denote by w* € arg miny,ex Zthl (£, w) the best fixed decision in hindsight.

Inexact Online Mirror Descent. We let R : K — R denote a differentiable regularizer which
we assume to be 1-strongly convex w.r.t. a norm || - ||. The Bregman divergence associated with R
is defined as:

Dr(wl|w') = R(w) — R(w') — (VR(w'),w — w').

We say that a sequence {wt}thl is an e-approximate OMD trajectory if, for every t, w1 approxi-
mately minimizes the round ¢ OMD objective (see Eq. 1) ¢¢(w) = n(ly, w) + Dr(w || wy), up to €
additive error:

Pr(wer1) < 5161% dr(w) + €.

Regret bounds for OMD typically depend on the diameter of K with respect to the norm |||, given
by D = maxy, ek ||[w — w'|| and demand |4, <1 for all ¢ € [T7].
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Barrier Regularization. A particular focus of this work is on prototypical barrier regularizers,
used extensively in cases where K is the probability simplex Ay == {p € R? : p’ > 0, Zle pt =1}
(or a subset thereof).

Definition 1 (coordinate separable barrier regularizers) We say R: K — R is a coordinate
separable barrier® regularizer with parameter v > 1 (or simply a v-barrier) if there exists a twice-
differentiable function r: [0,1] = R and ¢1,ca > 0 such that:

R(w) = Zr(wi), and % <7"(z) < % for all x € (0,1].
i=1

These conditions ensure that the regularizer imposes a barrier-like growth as components of w
approach zero, which plays a crucial role in controlling the optimization dynamics near the boundary
of the positive orthant. This class captures several widely used regularizers, including:

e Negative Entropy: r(z) = xlogz, for which v = 1;

o Tsallis Entropy: r(x) = % for ¢ € (0,1), where 1 < v < 2;

e Log-Barrier: r(x) = —logx, which corresponds to v = 2.
The parameter v will turn out to be directly associated with the robustness of OMD with v-barrier
regularization to approximation errors.

Additional notation. We denote by ¢;,.1, = Z?:tl {; the cumulative loss vector over the interval
[t1,t2]. For any vector v € R?, we use v’ to denote its i-th coordinate. For example, ¢ refers to
the i-th component of the loss vector at time ¢, and w! denotes the i-th component of the learner’s
decision at time t.

3. Smooth regularizers

We begin by establishing tight upper and lower bounds for approximate OMD with smooth reg-
ularizers,? over an arbitrary convex domain & C R?. Our first theorem provides an upper bound
that builds on the following key property of smooth functions: approximate minimization implies
that first-order optimality conditions hold up to an error proportional to the square root of the
sub-optimality times the smoothness parameter. The formal proofs for this section is given in
Appendix B.

Theorem 2 Let K C R? be a convex set with diameter D, and let R: K — R be a [-smooth
reqularizer over KC. Then, for any loss sequence {1, ..., 0r such that ||¢||, < 1 for all t € [T], the
regret of any e-approvimate OMD trajectory with ¢ < D?/2 compared to any w € K is bounded as:

Regret(w) = O<71’DR(w, wy) +Tn + TD;/B?>

The proof follows the standard OMD analysis, replacing exact optimality with approzrimate optimal-
ity conditions. Indeed, for any S-smooth convex objective f: K — R, if f(w)—arg min, cx f(w) <e,
then one can show that (see Lemma 22):

(Vf (@), w— )| < Dy/2Be. (2)

2. Strictly speaking, these are barriers for the positive orthant in R,
3. A function R is said to be S-smooth with respect to a norm ||-|| if its gradient is S-Lipschitz; [|[VR(z) = VR(y)||« <
Bllxz — yl| for all z,y € K, where |||, is the norm dual to ||-||.
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Applying the above on ¢, for every ¢, and carrying the errors in the standard OMD analysis, gives
the claimed result.

We note that Theorem 2 provides sharper dependence on S compared to a similar result of
Choi et al. (2023). This bound is in fact tight, even in the simple case of OMD with Euclidean
regularization and constant losses, as shown next.

Theorem 3 Let B,e,D > 0, and consider e-approximate OMD over K = [0, D] with the 3-smooth
reqularizer R(-) = g” -||3. Then there exists a loss sequence, an e-approzimate OMD trajectory and

w € K such that:
TD+/
Regret(w) = Q (min{nﬂg, DT}).

To see why this is true, consider the constant loss sequence ¢; = min {\/265 /n, 1} for all t € [T,
and initialize the trajectory at wy = D/2. Then for every ¢, the loss is small enough so that w;
itself is an e-minimizer of ¢;; let wy | be the exact minimizer of ¢;, then by direct computation:

¢t(w;tk+1) =n{l,w) —e = P(wy) — €.

As a result, the approximation error might prevents any update from changing the iterate, so the
trajectory remains fixed at wy = wy for all £. Consequently, the algorithm incurs the claimed regret.
We note that the underlying reason the above argument works is that for the Euclidean regularizer,
in the setting of Theorem 3, round ¢ approximate optimality conditions (Eq. 2) are in fact tight.

4. Barrier regularizers
4.1. Adversarial losses

We next consider barrier regularizers the smoothness of which is not bounded uniformly over the
domain K. Indeed, the spectrum of the Hessian of any v-barrier (Definition 1) is unbounded since
r’(x) = oo as © — 0. Interestingly, the robustness behavior of these barriers varies dramatically
with v: for negative entropy (v = 1), exponentially small errors are required, whereas for log-barrier
or Tsallis regularizers (v > 1), polynomially small errors suffice. We begin with our lower bound
for negative entropy given below.

Theorem 4 Let K = Ay, d > 2, and R be the negative entropy over K. Suppose that the
approzimation error satisfies e > Ane~"/3 . Then there exists a sequence of losses 1, ... Uy € [0, 1]¢
for which there exists an e-approximate OMD trajectory that suffers regret Regret(w*) = Q(T).

The key idea in the analysis of Theorem 4 is to exploit the fact that the effective smoothness of
the regularizer—informally, the exact smoothness parameter on a given region—diverges at a rate
inversely proportional to the iterate coordinates as they approach zero. Indeed, our construction
is such that the coordinates of the iterate become as small as e="T (this follows from the closed
form update equations), and thus reach the region of the domain where the effective smoothness
is exponentially large. Then, when the errors are not exponentially small, the same mechanism
as in the smooth-regularizer lower bound applies: the iterate becomes stuck even under constant
losses, leading to linear regret. A similar argument also shows that € must be polynomially small
in d; otherwise, the iterates can remain stuck at the initialization point (see Theorem 35). The
exponential dependence of € on the time horizon T is in fact tight: if € is exponentially small in
1T, the standard regret guarantees are recovered.
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Theorem 5 Let K = Ay and R be the negative entropy over K. Assume n < 1/16 and T' > 3,
if e < ée‘”T/Q min {774,T_2}, then for any loss sequence l1,...,¢r € [—1,1]%, the regret of any
e-approximate OMD trajectory compared to any w € K is bounded as:

1
Regret(w) < —Dpr(w,wy) + O(nT),
n
where big-O hides only constant numerical factors.

The proof is deferred to Section 5.

We now turn our attention to v-barrier regularizers with v > 1. In this case, as it turns
out, polynomially small errors suffice to naturally keep the iterates bounded away from zero (by a
polynomial margin).

Theorem 6 Let K C Ay be a polytope that contains the uniform distribution and the OMD
is initialized there,* let R: KK — R be a v-barrier reqularizer (cf. Definition 1) with v > 1 and
n<1/(16¢1). If

e < n*min {é, 02}(16;7;‘” + 2(2d)”_1>7ﬁ,

then for any loss sequence {1,... 0y € [~1,1]%, the regret of any e-approzimate OMD trajectory
compared to any w € K is bounded as:

1
Regret(w) < 5DR(w,w1) +0((nT).

The principle underlying the analysis of Theorem 6 is as follows. Consider for purposes of illustra-
tion the one-dimensional interval [0, 1] with w; = 1. In this setting the OMD updates require no
projection and the iterate dynamics can be inspected more simply:

t—1
r(wy) = r'(wi—1) = by =1/ (w1) —n Y _ L,
s=1

which implies

1
-l >1-9T =  w>@nT) 1.

Wy

Namely, the iterates can only shrink polynomially in 7', and as a result the effective smoothness
grows polynomially. This allows the use of approximate first-order optimality conditions in the
standard OMD analysis, and the regret may be bounded using the standard OMD proof. Note
that this comes in contrast to the negative entropy case (v = 1, Theorem 4) where a similar
argument in this simplified setting gives log(w;) > 0 — nT" = w; > e~ " Finally, the simplified
setting considered above we did not account for the possibility that the errors themselves can pull
the iterates closer to the boundary. Evidently, the approximation errors may potentially drive
the iterates toward zero even when the exact dynamics would not, which further complicates the
analysis.

4. This assumption serves mainly to fix a natural starting point for OMD; a similar bound should hold for any
reasonable initialization.



SCHLISSELBERG SHERMAN KOREN MANSOUR

4.2. Improved robustness with stochastic losses

In the adversarial setting, we have seen that negative entropy requires exponentially small error to
avoid linear regret, even over the simplex. Surprisingly, this fragility does not persist for stochastic
losses over the full simplex. For i.i.d. stochastic losses, polynomially small approximation errors
suffice to guarantee standard regret bounds with high probability.

Theorem 7 Let K = Ay and R be the negative entropy over K. For any § > 0, suppose that
wy = (1/d,1/d,...,1/d), T > 256, n = \/% and ¢ < M;%. Then with probability > 1 — ¢

over the choice of an i.i.d. loss sequence (1, ... by € [=1,1]% the regret of any e-approzimate OMD
trajectory compared to any w € K is O(1/T log(d)).

However, this robustness does not extend to general domains. Even with the same regularizer
and similarly stochastic losses, restricting the domain to a polyhedral subset of the simplex can
cause suboptimal regret unless the approximation error is exponentially small.

Theorem 8 Consider approximate OMD with the megative entropy regularizer and stochastic
losses. Then, there exists a polytope I C Ay and a distribution of losses such that for any € > 0,
there exists an e-approximate trajectory and w € K such that:

E[Regret(w)] = Q(DR(:;}’HH) +T log(nl/s))

One can see that any approximation error that is merely polynomial in 7" leads to a sub-optimal
regret lower bound of Q(TQ/ 3), even under an optimally tuned learning rate.

5. Analysis overview

In this section we sketch the proofs of the results from Section 4. We begin in Section 5.1 by
introducing the balance framework, which serves as a unifying tool throughout the analysis. The
balance of an OMD trajectory quantifies how “well-behaved” it is, measuring how much noise
or fluctuation it exhibits. Our framework provides analytic tools for computing or bounding the
balance of a trajectory, relating it to a certain notion of balance of the loss sequence, and further
translating balance to other properties of the trajectory.

Next, we apply the balance framework in two ways. In Section 5.2 we show that for barrier
regularizers other than negative entropy (v > 1), the iterates cannot approach zero too closely,
which directly yields a polynomial-error upper bound (Theorem 6). Later, in Section 5.3, we
analyze the negative entropy regularizer and establish a relationship between regret and balance of
the loss sequence (Lemmas 14 and 15), leading to our main results for the adversarial (Theorems 4
and 5) and stochastic (Theorem 7) settings. Finally, the proof of Theorem 8 is given in Section 5.4.

5.1. Balance

To analyze the trajectory of OMD over general polytopes we introduce the notion of Balance. We
assume the polytope is given in standard form:

K={weR: Aw="0b, w; > 0Vi € [d]},

where A € R™*9 with m < d and b € R™ (see, e.g., Eq. 4.28 in Boyd and Vandenberghe, 2004).
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Definition 9 For every v € ker(A) and 1 < t; < ty < T we define the balance of an OMD
trajectory w1, ..., wr € K with respect to t1,ts,v as follows:

B(t1,t2) = (VR(wt,) — VR(wy, ), v).

If for every v € ker(A) and every t1,ts we have B¥(t1,t2) < k||v||, we say the trajectory is k-balanced
w.r.t. the norm |-||.

Our first lemma relates the variation of the loss sequence to the balance of the OMD iterates,
which in turn will be used to establish properties of the trajectory leading to regret upper or lower
bounds.

Lemma 10 Assume the OMD trajectory is exact, then for every v € ker(A) and times ty,to:
By(tlv t2) = n(éhttza U>'

This motivates the definition that a sequence of losses {¢;}1; is a-balanced w.r.t norm ||| if
for every v € ker(A) we have (¢4,.4,,v) < al|v||. It is immediate to verify that when this holds, the
exact OMD trajectory is (na)-balanced. Notably, by working with the notion of loss balance, we
obtain results that are later applicable to both the stochastic and adversarial settings.

The relation between loss balance and approzimate trajectories (¢ > 0) is more nuanced, since
the errors we want to control naturally scale with the smoothness parameter of the objective (which
is unbounded in our case). To cope with this we introduce the notion of effective smoothness, which
roughly corresponds to the smoothness parameter associated with the line segment between the
exact and approximate OMD updates. Under the assumption that the iterates remain bounded
away from zero, the effective smoothness remains finite and we may bound the difference between
the balance of the exact and approximate OMD trajectories, as stated in our next lemma.

Lemma 11 Let {wt}thl, {ﬁ)t}tT:l be an ezact trajectory and an approximate trajectory with the
same v-barrier reqularizer, losses and 1. Fix 0 < t; <ty <T and v € ker(A) such that ||v||; = 1.
Let v > 0 be such that for every t1 <t <ty and i € [d] such that v' # 0, w} > 1) and ¢ < co1h/2.
Then, we have:

~ CoE

B(t1,t2) < B(t1,t2) + (t2 — t1) w

where B is the balance of the approximate trajectory.

Next, we introduce machinery that facilitates arguments going in the other direction; namely, that
a balanced trajectory remains bounded away from zero. Our lemma below generalizes the argument
given after Theorem 6 and bounds the first derivative of the regularizer in terms of the balance of
the OMD trajectory. The bound on the first derivative may in turn be used to yield a bound on the
actual iterate coordinates (such as in the special case discussed in the paragraph after Theorem 6).

Lemma 12 Let K be a polyhedral subset of the simplex. Assume the trajectory is k-balanced w.r.t
to the Li-norm and was initialized at the uniform distribution. Then, for every t € [T],i € [d]:

—r'(wl) < 4kd —+'(1/2d).

When K is the simplex, note that for every 4, j € [d], the vector e; —e; belongs to ker(A), where
e; denotes the ith standard basis vector. Let i* denote the optimal arm (the coordinate with the
smallest cumulative loss). We write B’ to denote the balance with respect to the vector e; — e;.
With this notation, we can state an additional lemma, relevant only when the decision space is the
simplex, that bounds the iterate as a function of the balance.
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Lemma 13 Let K = Ay and suppose that for some i € [d] and t1,ts € [T] we have Bi(ty,t3) < k.
Then
wy, > wy, = wg < ek/clwg, wg < wg = wy, < ek/clwil.

These results allow us to translate control over balance into control over how far the coordinates
of the trajectory can drift, which will be crucial in the later proofs. The full proofs for the lemmas
in this section can be found in Appendix C.

5.2. Non-entropy barriers: Proof of Theorem 6

We first handle the case of non-entropy barrier regularizers (v > 1), before turning in the next
subsection to the negative entropy regularizer, which requires a separate treatment. The idea
is to show that barrier regularizers with v > 1 cannot drive the iterates exponentially close to
zero, and as a result the relevant effective smoothness parameter grows only polynomially with 7.
Consequently, we can apply an argument similar to the regret bound in the smooth regularizer case
from Theorem 2 to control the additional regret due to approximation errors. The full proof can
be found in Appendix F.

Proof of Theorem 6 (sketch) Let

. ol 1/(v-1)
A\ 8nTd + ci(2d)rt ‘

We prove by induction on t € [T] that all coordinates remain bounded away from zero, namely
wi > 1 for all i € [d]. Assume the claim holds up to step ¢t — 1. Using Lemma 25, which bounds
the step size of each iterate, we first show that w! > /2. Since the balance of an exact trajectory
is always bounded by T'n, Lemma 11 implies that for every normalized v € ker(A),

BY(1,t) < T+ T/ee (2/4)7 < 2T,

Hence, the trajectory up to step t is 27'n-balanced.
Applying Lemma 12, we have

—r'(wg) <8Td—1r"(1/2d) = A < SnTd+ ¢ (2d)" ™ = wg > 1.

(wi)r=
The first implication follows from Lemma 41, which provides a lower bound on the gradient differ-
ence for barrier regularizers. This completes the inductive step and establishes the result. |

5.3. Negative entropy over the simplex

With the negative entropy regularizer, robustness to approximation errors differs sharply between
adversarial and stochastic settings. In this case, the iterates can approach zero exponentially
fast, causing the effective smoothness to grow exponentially. However, under stochastic losses,
the iterates do not become stuck despite approaching zero. The key lies in the balance of the loss
sequence: while an arbitrary adversarial sequence can have balance as large as T, for i.i.d. stochastic
losses the balance is bounded with high probability by roughly /7.

To capture this distinction, we establish two general lemmas that characterize the regret be-
havior as a function of the balance parameter. The first lemma shows that if the approximation
error exceeds an exponential (in the balance) threshold, then linear regret can occur.

10
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Lemma 14 Let d = 2, K = Ay be the simplex, and let R(w) = Z?:l w; logw; be the neg-
ative entropy reqularizer. Then, for any o < T/2 there exists a sequence of a-balanced losses
ly,...,0p €0, 1]d such that for any € > 4ne™ "%, there exists a trajectory that is e-approrimate
w.r.t. (K, R, 01..7) and has regret QT — 2a).

The proof idea is that the approximation errors are large enough so that the iterate coordinates
may reach the region close to zero where the iterate can become “stuck” due to additional subse-
quent errors (this idea was explained thoroughly after Theorem 4). This Lemma is the principle
technical gradient in the proof of Theorem 4. Conversely, the second lemma shows that if the error
is below this exponential threshold, standard regret bounds hold:

Lemma 15 Let K = Ay be the simplex, let {Kt}tT:l be a-balanced loss sequence, and let R(w) =
Zgzl wj log w; be the negative entropy regularizer. Assume n < 1/16 and T > 3, if the approxima-

tion error satisfies
1

<
= dmax {6en>,1/n}

min {774, 1/T2},
then the regret of any e-approximate OMD trajectory is bounded by %DR(w, wy) + O(Tn).

Proof (sketch) Let i* be the coordinate with the smallest cumulative loss. We prove the claim in
two steps.

1. If the optimal arm coordinate i* of all iterates is bounded away from zero, i.e. Vt,w! > &,
and in addition e g n*¢, the regret bound follows (Lemma 39).

2. If the losses are a-balanced and ¢ < &/(27?) for ¢ = 1/(de®™!), then the optimal arm
coordinate is bounded away from zero throughout the trajectory, i.e., Vt, wf > ¢ (Lemma 40).

Step 1. In the classical OMD analysis, first-order optimality conditions are applied at every
step. The gap in these conditions depends on the effective smoothness, which in turn reflects
how close the coordinates are to zero. Since some coordinates may take very small values, we
apply the optimality conditions only to those with wi > ¢. Using a careful argument—based on
the observation that coordinates close to zero contribute little to the overall regret—we extend the
proof to all coordinates. An additional challenge arises because the set of small coordinates changes
over time, which we handle using the monotonicity of the Bregman divergence (see Lemma 37)

Step 2. We now prove (2) by induction. Assume, for contradiction, that some step ¢ is the first to
have wi < &. Then there must exist a coordinate i # i* such that wi > 1/d. We first show that for
every s < t, w’ > £. Suppose not, and let s be the last time for which w! < £. We use Lemma 25,
which bounds the step size of each iterate, to first establish that w? > ¢/2. From Lemma 11,

B'(s,t) < an+Ty\/r"(£/2)e = an + 1.

Applying the second part of Lemma 13 with (4, s,t) yields w’ > £, a contradiction. Hence, w’ > ¢
for all s <¢. We then use this to bound the balance from the beginning:

Bi(1,t) < an+T\/r"(£/2)e = an + 1.

Since w > w?, the first part of Lemma 13 implies that wi* > &, completing the induction. |

11
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Together, these two lemmas provide a clean characterization: linear regret is unavoidable once
the error exceeds an exponential threshold in na, while below this threshold optimal regret guaran-
tees are preserved. Before applying the lemmas, let us note that when the polytope is the simplex
itself, the vectors e; — e;« for every i € [d] form a basis of ker(A). Thus, if

71%1:152 - IZ:;:tQ S « VZ € [d]7

the loss sequence is a-balanced. We now apply the lemmas to derive the main theorems.

Proof of Theorem 4 Directly by applying Lemma 14 with o = T'/3. |

Proof of Theorem 5 Any adversarial sequence over the simplex is T'/2-balanced: if one coordinate
exceeds the best by more than 7'/2, it must actually be the best. Applying Lemma 15 with oo = T'/2
gives the desired upper bound. |

Proof of Theorem 7 For i.i.d. losses, Hoeffding’s inequality and union bounds implies that
with probability at least 1 — §, the balance is at most a = O(y/T log(dT?/))), which means that
no = O(log (dT2/5)). Plugging this into Lemma 15 together with the fact that Dg(w,w;) < log(d)
for all w yields the stochastic upper bound. |

5.4. Negative entropy: lower bound with stochastic losses

Theorem 8 shows that when the decision set is a polytope subset of the simplex and the regularizer
is negative entropy, approximation errors can lead to suboptimal regret unless ¢ is exponentially
small even if the losses are stochastic. The key difference from the simplex is that we can design
the constraints so that many coordinates lie in a single kernel direction, thus forcing them to move
only together. Below we provide a high level sketch of the construction; see Appendix G for the
detailed proof.

Proof of Theorem 8 (sketch) We begin by constructing a set Sy of @(log %) coordinates that
have mean zero loss (with variance 1) and move in the same direction. We denote two additional
coordinates by j and i; coordinate j has positive mean loss of (9( nlog (1 /8)) and moves in the
same direction as the aforementioned set, and coordinate 7 has zero loss but moves in the opposite
direction of all others.

Since the set Sy U {j, 7} moves as a unit, only the sum of their losses influence the trajectory.
An anti-concentration argument (see Lemma 45) shows that after 7 = @(log %) rounds, with
constant probability this cumulative loss is non-positive. This, along with an additional component
(Lemma 46) can be used to argue that Sy moves in the positive direction (i.e., away from zero;
see Lemma 47), thus pushing 7 in the negative direction closer to zero. Importantly, the negative-
entropy geometry forces the coordinate i to shrink exponentially fast, reaching w{ ~ ¢ after only
t = 7 steps. Once this happens, approximation errors keep wi =~ ¢ for all ¢+ > 7, using the same
stuck-iterate argument as in earlier lower bounds (see Lemma 48). As a result, coordinate j remains

at value about 1/log(1/¢) for ©(T) rounds, leading to (T'y/n/log(1/¢)) regret. [ |

6. Discussion

This work provides an analysis of how approximation errors affect Online Mirror Descent. We
establish tight upper and lower regret bounds for smooth regularizers, showing that polynomially
small errors suffice to maintain optimal regret. Moving beyond smoothness, we uncover a sharp

12
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separation among barrier-type regularizers: with negative entropy, exponentially small errors are
necessary to avoid linear regret, whereas log-barrier and Tsallis regularizers remain robust even with
polynomially large errors. We further show that while negative entropy regains robustness under
stochastic losses on the full simplex, this property fails on certain polyhedral subsets. Altogether,
our results reveal a fundamental sensitivity of OMD to approximation accuracy, determined jointly
by the geometry of the domain, the curvature of the regularizer, and the structure of the loss
sequence. Furthermore, our work provides a detailed characterization of when precision is essential
and when it is not.

A broader goal emerging from this work, left for future investigation, is to develop a compre-
hensive theory of inexact OMD for general regularizers and geometries. In particular, it would
be valuable to characterize the robustness properties of self-concordant barrier regularizers over
general convex domains.
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Appendix Structure

Appendix A provides general definitions and Lemmas used throughout the appendix. Appendix B
contains the proofs for Section 3. Appendix C introduces the notion of balance, which is needed for
the subsequent proofs. The remaining appendices establish the main technical arguments of the
paper: Appendix D contains lower bounds for negative entropy (including the proof of Lemma 14
and additional results), Appendix E contains the proof of Lemma 15, Appendix F contains the
proof of Theorem 6, and Appendix G contains the proof of Theorem 8.

Appendix A. General Lemmas and definitions

Definition 16 We call v = ({wt}?zl, {Et}thl,R, n) an exact OMD trajectory if for everyt €
[T

Wis1 = argmineeanily, w) + Dr(wi—1, w)

Definition 17 We call v = ({wt}le,{ft}?zl,R,n) an e-approximate OMD trajectory with
some € > 0 if for every t € [T]| wyy1 is an e-minimizer of n{ly, w) + Dr(wi—1,w).

Definition 18 Our assumptions about the regularizers are:
o There is a function r : [0,1] — R such that R is coordinate-separated with f; = r for all i € [d]

o 1" is decreasing polynomially in [0,1] and r"(w) > i for all w € [0,1].

Definition 19 We say that a function F : W — R (W C R?) is coordinate-separated if there are
functions fi, fa, ..., fa such that F(w) = )", fi(w;) for allw e W.

Definition 20 Let F : W — R be a coordinate-separated function. Let w',w? € W, we say
B € R is the effective smoothness of F w.r.t wy,wy if for every i € [d] such that w} # w? and
a € [w},w?], we have f!'(a) < .

Lemma 21 Let F': W — R be a coordinate-separated function and Let x1,z0 € W. If B is the
effective smoothness of F w.r.t x1,x9 we have for any wi, wy € [x1,x2]:

F(un) — F(uws) — (VF(wa), wy —ws) < 2 un —ws} < 5 un — s

Proof The first inequality is directly from Taylor’s theorem. The second is because generally
Il < -l "

Lemma 22 Let ||-|| be any norm, and let f : W — R, and let w,w € W where W is an e-minimizer
of f. Assume that for all z,y € [w,w] it holds that:

F(w) ~ (@) ~ (V). y— ) < Dy~

Then, we have:

(Vf(@), w—d) > — max{||w —d||\/2Pe, 25}

17
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Additionally, let D = max,y ek ||w' — w”|| and assume e < DT%. We have:

(Vf(0), w—w) = —D/2fe

We note that this holds for coordinate-separated function with effective smoothness B (with €1 or o
norm, see Lemma 21) or any general (-smooth function.

Proof From the assumptions of the Lemma, for any ~ € [0, 1]:

V() (w — )

Y

Vv
|
/T\
_|_
=2
I\DLQ
g
|
&
~—

Notice that if 2¢ > ||lw — w||\/28¢e, we have ¢ > gHw — |2 thus for v = 1:
. . B 12
V() (w—1w) > — 5—|—§Hw—w|| > —2¢

Else, for v = %iw“ <1
V(@) (w — 6) > [lw — b \/2Be

Ife < DT%, we have:

Lemma 23 If for some a,b,c > 0 we have ax® —bx —c <0, then x < g + \/g
Proof Assume z = 2 + \/g, we have:
aa:2—ba:—c:b2+26\/€+c—b2—b\/?—c:b\f>0
a a a a a
The minimum point of the parabola is at = = %, so it only increases for = > g + \/g . [ |
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Lemma 24 Lety = ({wt}le, {Kt}thl, R,n) be an e-approximate trajectory above the simplex with
n < % and coordinate-separable reqularizer. Let h = min {r”(w%), r”(w§+1)}. Then for any i € [d]:

, : 4n €
wy —wiyq| < 5+ [+
‘ t t+1‘ h h
Proof Fix i € [d]. We will prove for w},; < wj. The proof for the other direction is identical.
Let i1,..., iy, be an arbitrary set of coordinates that satisfies the following. For S := {iy, ... ,im-1},
i’ == 1,, it holds that:
Vi€ (SUi') wl, >wl (3)
ng—f—l —wl <wp— Wiy (4)
jes
D wi - wl 2w - wpy, (5)
JE(SU)

Namely, S U is a set of coordinates that were increased in this step. The total increase of all

the coordinates in S is less than the decreased in 7, but with the increase of ¢’ it is more than

the decrease of 7. Such coordinates exist since the difference that the ith coordinate was moved

downward there must be a set of coordinates that upward to keep that sum of coordinate 1.
Denote w such that:

VieS W =uwl

i i
w' = wy
~i J J
W= wyq + E Wy, — Wy
Je(Sui)
7 = !
ow W =wp

From Equation (4) we have that @’ < wf;rl. From Equation (5) we have that @ > wi .
w is a probability since all of its coordinates are > 0 and:

owl= Y wl+ > "
J

€ld] JE(SUI) JE(SU{i,i'})
Z wt Z w1y Z Wiy —w
JE(SUI) JE(Su{ii'}) JE(SUI)
= Z wt—H
Jjeld]
=1

Since for all j € S we have W/ = w{ , we have:
ZDT(wg,wj) =0< ZDr(wz,w{H)
jES jes
From Taylor inequality and the definition of h:
D, (0", w}) =0
h

D, (wt’wt+1) 5( t+1 — )2

. B .
Dy (wf, w 1) > De(@',wf) + 5 Wir — w;)?
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. -/ il Y] -1 -/
Since wy < w" < wgyy we have D, (wi, ") < Dy(w! Wy )

Since W’ = th, we have 3¢ sugii) Dr (w!, i) = >i¢(sufiiny) Dr(wl,wiy).
Summing all we have:

Dg(wi, wit1) — Dr(we, @) > = (wiq — w})?

| S

From the definition of @; we have ||& — wy41| = 2(w},; — w}). Thus, from Holder:
(s, wepr — @) > —2n|wi .y — wy
Since wyyi is an e-minimizer of the OMD objective:
e > n(ly, w1 — W) + Dr(we, wiy1) — Dp(we, W)
2 §(w§+1 - wi)Z - 277|w§+1 - w§|
From Lemma 23 we get:

. . 4
‘wi—wz+1‘<£+ %

Lemma 25 Letvy = ({wt}thl, {Et}thl, R, n) be an e-approximate trajectory above the simplex with
n <

1661 and v-barrier regularizer. Let t € [T] and i € [d] be such that € < ( ) , then:

Proof We will prove for w!_; but the same proof goes for ¢ + 1. The interesting case is obviously
wi_; < wi, so continuing assuming that.

We have:
a1 o a C1

min {7 (w?), 7" (wi_ > — = . g
{ < t)’ ( t 1)} — maX{wi’wz_l}l/ (w%)u — w%

From Lemma 24:

Since n < 1/16¢;:
deynwy <

From the assumption on e and the fact that r”(w}) >

Verewj < \/? 2 ®)

Placing Equations (7) and (8) in Equation (6) gives the desired results. |
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Lemma 26 (Three-points identity) For every differentiable function R:
v z,y,z: (VR(Z) - VR(y)) ' (y - .CC) = DR(x7 Z) - DR(:I") y) - DR(y7 Z)

Proof

— R(z) + R(y) + VR(y) - (z — )
— R(y) + R(z) + VR(2) - (y — 2)
= (VR(z) = VR(y)) - (y — x)
|
Lemma 27 (OMD Helper)
1 n 2
b (W — W) — EDR(th,wt) < §||ft|!*
Proof From the strong convexity of R:
LD p(wnsrw) = | 2
—Dr(wip1,wy) > —||lwip1 — w
n t+1 t 277 t+1 t
By Holder:
b (wp — wip1) < Jlwe — wepa || 16|«
1
< g llwe = we | + G2
We used the fact that ab < %aQ + %62 for every a,b > 0. [ |

Appendix B. Smooth Regularizer

Theorem [Restatement of Theorem 2] Let v = ({w¢}_,, {€:}1_,, R,n) be an e-approzimate trajec-
tory above a convex set such that R is B-smooth, and let D be the diameter of the domain. Assume
e < D?/2, then for any w € K:

Regret(w) < O(;DR(w,wl) +Tn+ TDF)

Proof From the strong convexity of R we have that § > 1, which means that from the assumptions
e < D?B3/2. Then, from Lemma 22, for every t:

<77€t + VR(wt+1) — VR(wt), w* - wt+1> Z —D\/ 265

From here it is straightforward standard OMD arguments:

nly - (w1 — w") < (VR(wigr) — VR(we)) - (W — weg1) + D/2Pe
= Dr(w", wt) = Dr(w™, wey1) — Dr(we1, we) + D/2fe
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Summing for all ¢ € [T:

T T

1 1 TD+/25e
th (w1 —w") £ —Dp(w”,w1) — = ZDR(wt“’wt) + TIEE
t=1 n Ti= !
From Lemma 27:

1 TD+/
Regret(w*) < O(nDR(w*, wy) +Tn + nﬁ£>

Theorem [Restatement of Theorem 3] For every f3,e, there is an OMD e-approzimate trajectory
v = ({wt}tT:l, {Et}thl, R, n) above a convex set with diameter D with R being -smooth and constant
losses (6 = € for some £ for all t € [T]) that achieves a regret of

TD+/
Q <min (68, DT>>
n
Proof Consider the domain [0, D], wy = %. The regularizer is R(w) = §w2. The loss is ¢ =
min{—vz]ﬁg, 15,
We will now show by induction that w; = w; for all ¢ is a valid e-approximate trajectory. This
TD\/Be
n

trajectory suffers a loss of © (min ( , DT)), which means a same regret comparing to w* = 0.

Assume true for t — 1, we will prove for t.
We start by finding the optimal w} (the optimal solution for ¢;) by differentiating and comparing
to O:

nl+ B(wy —wi—1) =0

= wp = wp _ 0y

B

Placing it in the objective function:

2
nlwy + g(wf —wi—1)? =t (wt 1— E) 2( — (wt—l - Zﬁ))
+

2£2

= nlwi—1 — L
B8 2B
262

= nlwy_1 — W

292
Which means that the difference in the objective function between w} and w;_; is %.

From the definition of ¢:

Which means that w;_1 is an e-minimizer. |
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Appendix C. Balance

All the lemmas in this section assumes v-barrier regularizer.

C.1. General

Definition 28 Assume K is a polytope defined in standard form {w ER: Aw=0bA (w; >0,Vie [d])}
For every v € ker(A), denote the balance of an OMD trajectory w.r.t v:

Bg(tht?) = <VR(wt1) - VR(th), U>

Additionally, if for every v € ker(A) such that [|v]| < 1 and t1,ts we have BY(t1,t2) < k, we say
the trajectory is k balanced.

Lemma 29
Bl (t1,t2) + Bl (t2, t3) = Bl (t1,13)
Proof

<VR(wt1) - VR(wt2>v U> + <VR(wt2) - VR(th), ’U) = <VR(wt1) - VR(wt3)> U>

Lemma 30 Assume K is a polytope. For some differentiable function f : I — R, let w* be the
minimizer of f such that for all i € [d], (w*)* >0 . For every w € K we have:

(V") w—w') =0

Proof Denote v = w — w*. Since min; " > 0, and v € ker(A) where A is the matrix of the
polytope KC, there is an « such that both w* + av € K and w — av € Ay.
Since w* is a minimizer, from first order optimality conditions:

(Vf(w), w* 4+ av—w*) >0
(Vf(w), w* —av—w") >0
Which means that:
(Vf(w), v) >0
(Vf(w), —v) >0
Which is our desired results. |

Lemma [Restatement of Lemma 10] Let vy = ({wt}le, {Et}thl, R,n) be an exact OMD trajectory.
For every v € ker(A) and times t1,ta:

BY(t1,t2) = n{lt:1, v)
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Proof Fix some t’ € [t1,t2]. There is some small « such that both wy + av and wy — v is in the
polytope . From Lemma 30 (wi, > 0 since the regularizer is undefined in 0):

(by_1+VR(wy) — VR(wy_1), v) =0

Summing for all ¢’ € [t1, 2] gives the desired results. [ |

Lemma [Restatement of Lemma 11] Let v = ({wt}zzl, {Et}?zl, R,n) and¥y = ({wt}tT:l, {Zt}?zl, R, n)
be an exact OMD trajectory and e-approzimate OMD trajectory.

Let 0 < t; <ty < T, v € ker(A) such that ||v|| = 1 and let 1p > 0 be such that for every
t1 <t <ty for all i € [d] such that v' # 0, Wi > 1. We also assume that ¢ < c2tp/2. we have:

CoE

v

Proof We will prove it using induction for ¢ € [t1,t3]. The base t = t; is trivial.
Assume true for £ — 1, namely:

Bi(t1,t2) < Bi(t1,t2) + (t2 — t1)

Co€&
wy

From the assumptions of the lemma we have w;+1v € K. Additionally, the effective smoothness
w,,. From Lemma 22, since 0 is an e-minimizer of ¢;:

(1, + VR(iy) — VR(dy—1), $v) > — max {w, /2:;38, 25}

Since € < c91/2 and from the definition of barrier regularizer:

2026 2628
oy 2

= \/2coe1)

> 2e

Bi(t1,t —1) < Bj(t1,t = 1)+ (t =1 —11)

‘Which means:

. . 2coe
(Nl + VR(iz) — VR(i_1), Yv) > —1h 1;
Dividing by ¥ > 0:
2025 v
—\ o < (b, v) — By(t — 1,1)
= BJ(t—1,t) - B3(t — 1, (Lemma 10)
Adding the induction assumption:
v v v v 2c9e Cof
BY(ty,t — 1)+ BY(t —1,¢) < BY(ty,t — 1) + BY(t — 1,¢) + ST (t—1—1t) e
v v CoE
— B&(tl,t) SB,Y(tl,t)+(t*t1) 17[}”
The last is from Lemma 29. [ |
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C.2. Simplex subset

The lemmas in this section assumes that the polytope is a subset of the simplex. That is, for every
w such that Aw = b, ||w||; = 1. Additionally, the primal norm is assumed to be L; norm.

Lemma 31 Let v be a vector in the kernel of A. The sum of the elements of v is 0.

Proof Denote w = wy + mv. It is in the polytope - all the elements of mv are smaller then
1/d and thus the all the elements of w greater than 0, and since v is in the kernel of A we have:

1

Aw = Aw + A
T ]l

v=Aw; =¥

Thus, we have ||w|| = 1. Since also ||w;|| = 1:

d d d
1 . . )
g Uz:E wl—gwi:1—1:0
df|v]eo i=1 i=1 i=1

Lemma [Restatement of Lemma 12] Let v = ({w:}_, {t:}1_,, R,n) be a k-balanced OMD trajec-
tory with wy = (1/d,1/d,...1/d) and coordinate-separated regularizer. For every t € [T],i € [d]:

—r'(w}) < max {4kd — r'(1/d), —r'(1/2d)}

Proof Since w; is uniform and Lemma 31, for every v € ker(A):

d
(VR(wy), v) =r'(1/d) > 0" =0
i=1
Let v = w; — w € ker(A). Notice that since |Jw¢||1 = ||wi]i = 1, from triangle inequality
|lv]| < 2. From Lemma 10:
2k > (—VR(wy), v)
d . .
= Y iy
i=1
d . . d . .
=Y it = Y i
i:wi>0 301 <0
Denote:
d .
> v
109 >0
From Lemma 31:
d .
S
1:0t<0
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If v’ < 0 it means that w{ > w! = 1/d, thus:

d d
= Y wh' = = (1/d) Y vt = (1/d)a
30t <0 3:0t<0

We used the fact that from the convexity of 7, ' is monotonically increasing (as 7’ > 0).
Denote i = arg mine g wi, we have:

d

2k — ar'(1/d) > —r'(wh)v® — Z ' (wi)o’
108 >0,i#£1
o d
> —r'(wi)v' —+/(1/d) Z v
108 >0,544

= —r'(wiv' = ' (1/d) (e — ')

Subtracting from both sides:
2k — 7"(1/d)vz > —r’(w%)v;

If o' <1 /2d we have wg > 1/2d. Since r’ is monotonically increasing, this means that for all
i € [d] r'(wi) > r'(1/2d) which concludes the proof. Else, dividing by v > 1/2d:

—r'(w}) < 4kd —+'(1/d)

C.3. Simplex

Definition 32 We denote the balance of an OMD trajectory above the simplex vy = ({wt}thl, {ft}?:p R,n)
w.r.t to a coordinate i and 0 < t1 <ty <T to be:

Bl (t1,t2) = r'(wf,) — v’ (wiy) + 7' (wp,) — ' (w},)
We say that an OMD trajectory is k-balanced if, for every 0 <ty <to <T and coordinate i:
Bl (t1,t2) < k
One can notice that it is a private case for the general polytope definition.

Lemma [Restatement of Lemma 13] Let v = ({wi}_,, {¢:}1_,, R,n) be an approzimate OMD
tragectory. Fiz ti,ty € [T] and i € [d] such that Bg(tl,tg) < k. Then:

1. If w§2 > wgl then ek/clw,%'; > wf;

2. If wg < wg then w}, < el“/‘:lwé1
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Proof We will prove the first statement and the second follows in just the same way.
Assume by contradiction that ewf, < wi . Since wi, > wi we have r'(wf,) > r'(w} ), which
means:

e"/clw,l52
> / " (w)dw (r"(w) > 0)

Which is a contradiction k > k. |

Lemma 33 Let v = ({wi}]_,, {t:}_, R,n) and 4 = ({e}i_|, {t:}]_,, R,n) be an optimal OMD
trajectory and e-approximate OMD trajectory.

Let 0 <t; <ty <T,i€[d and ) > 0 be such that for every t; <t < ty, Wi > andwf > ).
We also assume that ¢ < /2. we have:

B (t1,ta) < BL(t,ta) + (ta — t1) /1" (¢h)e

Proof It is direct consequence of Lemma 11 for the case of v; = e — e; (e; is the jth element of
the standard basis). [ ]

Appendix D. Lower bounds for negative entropy

Lemma 34 Let v = ({wt}thl, {Et}le,R, n) be an e-approximate trajectory with d = 2 and v-
barrier reqularizer. If for some coordinate i there is T € [T] such that i—?(wi)y < g, then for any

possible losses for t > 7, having wi = w’ makes a valid error trajectory.

Proof We'll prove by induction. Assume true for w{, we’ll prove for wi 11
Denote w1 such that:

Wiyl = arggniAn ot (w)
2

From Lemma 24 with € = 0 we get:
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Thus:
(, W1 —wy) < €
Since by definition Dg(wy, wy) < Dr(Wit1,wy), we get:

d(wr) < P(Wei1) +¢

Which means that w; is an e-minimizer, as needed. [ |

Lemma [Restatement of Lemma 14] Assume for some o > T/2, %log (t—") < a with negative

entropy reqularizer, there is an instance above the simplex with a-balanced losses that the regret
achieved is QT — 2a).

Proof We construct an instance with d = 2 and (1,0) losses for the first 7 = %log <4?") and then
(0,1). Since 7 < T'/2 we have that the optimal coordinate is 1. We have:

1 o7 £
wy <e 1
From Lemma 34, it is a valid error trajectory if for every t > 7, w} < ﬁ < % Thus, the regret for
those steps is Q(7T — 7). Adding the first 7 steps we get a regret bound of Q(T — 27) > QT — 2a).
|

We add another lower bound that shows an instance in which the optimal point in the optimal
trajectory doesn’t get close to 0 but still there is a linear regret.

Theorem 35 Assume € > flidi and v-barrier reqularizer. There is a set of constant losses for
which there is an e-approximate OMD trajectory that achieves a regret of Q(T).

Proof The losses are £ = 0 and £ = 1 for i € [d— 1] for all . We will show that having w; = w; for
all t € [T] is a valid e-approximate OMD trajectory. Since wy is the uniform distribution, the total
loss is T' — %. The optimal point is w* = (0,...,0,1), namely having 1 only in the dth coordinate,
which gives a total loss of 0. Since T' — % = Q(T) even for d = 2, this seals the proof.

We will now prove by induction that if w; = wi, wy is an e-approximate minimizer for ¢;.
Denote:

Wit = arg uI)TEIiAHd pr(w)

From Lemma 24 with ¢ = 0 we get:

d_ =d
‘wt —wt+1‘ <

Since w{ = 1/d:
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Summing for all coordinates:

Since (¢, wi) = d%dl we have: We have:

(nlt, Wig1) = (ly, wr) — €

Since by definition Dg(wy, wy) < Dr(Wiy1,wy), we get:

Gi(we) < dp(Wiy1) + ¢

which means that w; = wq is an e-minimizer, as needed. |

Theorem 36 Consider the following instance with negative entropy regularizer for some k < :g—g.
For the first % steps, the loss is (0,1). Then, for the next % steps, the loss is (1,0). Then, for the

rest (> %) of the steps, the loss is (0,1). There is an error OMD trajectory with € = dne=%/2 that
has a regret Q(T).

Proof After 7 = % steps we have w? < 4577. From Lemma 34, it is a valid error trajectory if for
every 37 >t > T, Wy = Wr.

On the steps between 37 and 47 we have a loss of (1,0). Since w3, = w,, we have that
Wyr = (%, %) That is because this is what would have happen if those last 7 steps where after 7
(as the sum of losses for both coordinates is 7), and since we didn’t move at all in 7 <t < 37 it is
the same.

On the steps between 47 and 57 we assume no errors. Coordinate 1 does the same trajectory
that coordinate 2 did in the beginning, so we have w! < o

From Lemma 34, it is a valid error trajectory if for every T' > t > 57, w; = ws, < ﬁ. Since
this are 37'/4 steps, we have a regret of ©(T).

For summary:

/11
1=1373
g g
~(1- = =
o < 417’477>
& &
~(1l—-—,—
i ( 477’477>
11
W4r = | 55 5
1 279
13 £
~|—,1—-—
wor <4n’ 4?7)
3 &
~|—,1—-—
or <477’ 477)
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Appendix E. Proof of Lemma 15
Lemma 37 Let wi,wy € (0,1] such that wi < wa, then D,(0,w1) < D,(0,ws)
Proof Denote f(x) = D,(0,z). We have:
f(@) =7(0) = r(z) +r'(x)z
f(x) = —r"(z) +r"(x)x + 7' (z) = r"(x)z > 0
Which means that f is increasing in (0, 1]. |

Lemma 38 Let 5y = ({uf)t}tT:l, {Et}thl,R, n) be an e-approximate OMD trajectory with n < i and

coordinate separable R with "' (w) = 1/wY. For every i € [d] and t € [T] such that e < %) we
have:

(Vg (})) < O(2"n)
Proof Since ¢ < 1 we have n/fi < 7, which means that we only need to prove:
r'(wf) — ' (@y_1) < O(2"n)

Since 7’ is monotonically increasing it is trivial if @ < ! ;, continuing assuming @} > w! ;. We
have ¢ < n%/r" (i) < 1/(167" (1)), so from Lemma 25:

From Lemma 24:
4n €

080 = Sy T e

Which implies:

e < "

6, <

() ()
o1

v’ (w})

From mean value theorem and monotonicity of r”:

ni_nd
= Wy — W <

P} = ') < |0 — 0| max r(w)

< (W) — bf_y)r" (w}_,)

< () —j_y) 270" ()
5n 1"oad

< 2 ()

<5-2"n

= 0(2"n)
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Lemma 39 Let K= Ay and 4 = ({1} it (e R ) withn < &, coordinate separable R with
r(w) = 1/w” and uniform initialization w; = (1/d...1/d) be an e-approximate OMD trajectory

. i n4 .
such that there is & > 0 such that for every t € [T], w; >¢. Ife < 7 (min {T])” its regret w.r.t
any w € K is bounded by:

1
Regret(w) < %DR(w,uA)l) +O0(2"Tn)

Proof Let ¢ =min{2,¢}, and let Sy = {i #¢* : W) > &'} for ¢t > 2.

In every step t we set w; to be:

Wi = b} i ¢ Sy i# it
Wi =0 i€ Sy
i =13 i

1Sy

Since the changes between 1; and w; are only in coordinates with value greater then &', the
effective smoothness is upper bounded by r”(¢’) (since r”(w) = 1/w” for all w € (0,1]). To use
Lemma 22, we need to show that ¢ < D?r"(¢')/2 where D is the diameter w.r.t to L; norm. Indeed,
we have that r”(w') > 1 for all w € Ay and i € [d] and D = 2. By our assumptions it holds that
e <1, hence € < D?r"(¢')/2. Thus, from Lemma 22 on ¢:

<77£t—1 + VR(wt) — VR(wt,l), UNJt — wt> Z —2 2’["//(5/)5 Z —27’]2.
‘Which means:
(s + VR = VR(i1)" ) (@)~ af)

+ > (nly_y + VR(y)' — VR(tby—1)") (0 — i)
1€S

> 212, 9)

Notice that since ¢ < 7 we have that >, o Wi < n which means 1 — @} < 5. Additionally,
d °© i¢5, Wt t
from Lemma 38 we have that Vo (w; ) < O(2"n). We have:

(w2 + VR = VR@)") (@ — 1) = —0(2"P)
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Thus, Equation (9) can be written as:

(01 + VR = VR(-1)" ) (1 =)+
(w6 + VRGn)" — VRG@) ) (@ — 1)+
Z (nli_y + VR(iy)" — VR(iy—1)") (0 — b}
ics

[T,

(nzi*,l + VR(iy)" — VR(wt_l)i*) (L=} )+ Y (nfi_y + VR(iy)' — VR(b,1)") (0 — @) = —O0(2"?)

€S
774 +172€

i€S
(vmwt)“ - m(wt_l)“) (=) + Y (VR() — VR(i1)) (0 = f) + O(2"n?)
€S
From Lemma 26:
77€t 1 wt - +772€ ) < Di(1 wf_l)—Dr(l,wi*)—Dr(wi*,wiil)
i€St
+ Z D, (0,1f_) — Dy (0, 47) — Dy (i}, ;)
1ES;
+0(2"%)
Fix some coordinate i # i*, and let (s1,t1), (s2,t2), ... (Sn,tn) be all enter and exit times for ¢

to S¢. Namely, for every j € [n] and s; <t <t;, i € S, and i ¢ S; otherwise. Hence,

> D(0,10f ) ZD (0,4}, ) — Dy (0,403,),

1:4€ St

where the equality follows by telescoping the terms. Since s; is enter time for coordinate i, we
have that i ¢ SS._l, which means that w _1 < &. On the other hand, i € St , which means that
wtj > ¢ > w;j_l. Thus, by Lemma 37 we get that D;.(0,1s;-1) < D,(0,y;) which we apply on
the RHS of the previous display to obtain:

ZDOwt1 — D (0,0 )<D(Owsll)

t:9E€St

We now argue that for every i € [d], i € So, which means that s; = 2. Assume by contradiction

B
that @4 < @} (and thus r”(@8) > r”(0}), from Lemma 24:

i i n €
'UJQ — ’LUI <

= waga) Ty

1
" \/ 1677 (n/d)r" (1/d)
1
1
2d

¢

g

O

IV IA
ke IS
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Thus:
>~ Dy(0,4]_1) — Dy(0,40}) < Dy (0, 4})
t:iE€Sy
Thus:
T .
D nbia (@ = 1)+ Z > b
t=2 \z*tlest
T
<D ZD Wi, Wy_y) Z ZDT Wi, wi_1) + O (2" T
i€[d]\i* t=2
T
= Dg(w*, 1) — Y Dg(ty,d-1) + O2"Tn?) (10)
=2

Additionally, since if i ¢ S; we have @] < & < %, we can say:

o> 4 ) < Tn (11)
€[d)\

i€[d]\i* t:i¢ St

Combining Equations (10) and (11) (recall that w* has 1 in ¢* and 0 in other coordinates):

T T
S ol @ —1)+n Y. Zﬁt . ) < Dr(w*, i) — Y Dg(ty, 1) + O(2°Tn?)
t=2 i€ld]\e* t=2 t=2
T
> (1, 0y — w*) < Dr(w*, 1) = Dg(tdy, 1) + O2°Tn?)
t=2 t=2
T 1z
<~ Z(gt_l, we — W > < EDR@U*,'UAJI) — 6 ZDR(’Lf)t,’UA}t 1) + O(QVTU)
=2 t=2
From Lemma 27:
Regret(w*) < =Dp(w )+ O(2"Tn)

Lemma 40 Let v = ({wi}i_y, {t:};_, R,n) and 4 = ({ir}]_,, {6}, R,n) be OMD trajectory
and OMD error trajectory, and assume T > 4, v is k-balanced and € < W
r 2dek+1

Then, for every t € [T], wi > dchﬂ-

Proof We will prove by induction on t. Since @} = é the base case holds.

Assume the statement is true for ¢t — 1 and we prove for t.

If ! = wg* for some s < t then the claim follows from the inductive assumption. If for every
i #£*, wp < E we have that @ > é and the claim follows trivially. Proceeding, we consider the
case that for every s < ¢, W] < ®! and there is some i € [d] such that @} > 3.
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Since T" > 3 we have from the Lemma’s assumptions and the induction assumptions that

1 1 .
e < 1877 (1 /deF 1) < 67 (0l )" From Lemma 25:

wi >
T2
From this and the inductive assumption we have that for all s € [1,#], W% > =

2dek+1 "

(We now want
to improve this statement to w} > dek%) A ‘

Fix i to be the coordinate for which w; > é. We'll show that for every s € [1,¢t], w! > dek%‘
Assume by contradiction that s is the last time wg < dcjﬁ%. Again, since T' > 3 we have ¢ <
1/16r" (@), thus from Lemma 25:

Ws 2 5Wsp1 = 50307

Which means that for every s’ € [s, t], ﬁ)g, > &de#k‘“’ From Lemma 33 and our assumption on &

(see Definition 32 for the definition of B?):

. 4 / 1
B%,(S,t) S B}Y(S,t) + T T,/<W>€ S k =+ 1

(we used r”" because in our case, that ¢; = co = 1, it is the same).
Recall that w} <, from Appendix C.3:

i Bl (s,t), ~i k41, ~i 41 L l
wy < e wy, <e"Twg < e doFil g
Which is a contradiction to W} > %. Now we can continue assuming that for all s € [1,t], @% > dcjﬁ%'
From Lemma 11:

Now, from Appendix C.3 (recall that @ > 1 = @}):

TS i — L
to= gkl dek+1’
which completes the inductive step and the proof. |

Lemma [Restatement of Lemma 15] Let K = Ay be the simplex, let {ft}le be an a-balanced loss

sequence, and let R(w) = Z?:l w; logw; be the negative entropy reqularizer. Assume n < 1/16 and
T > 3, if the approzimation error satisfies

1
<
©= dmax {6en,1/n}
then the regret of any e-approrimate OMD trajectory is bounded as

min {774,1/T2},

1
Regret(w) < EDR(w,wl) + O(Tn).

Proof From Lemma 10 the optimal trajectory is an-balanced. Since ¢ <

1 _ 1
16decn+1T2 — ¢//(1/16de*n+1)T2?
from Lemma 40 for every ¢ € [T], @} > ot

We also have that ¢ < Tl {n/gi/deanﬂ)}? hence from Lemma 39 with £ = l/deom-i-l andv =1

we get the desired results. |
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Appendix F. Proof of Theorem 6
Lemma 41 For every v-barrier reqularizer rand 1 > wo > w1 > 0 we have:

C1 1

/ /
rw) —r\wy) = -
( ) ( ) ’Ll)?il wgfl
Proof
w2
' (we) — ' (wy) = / "(w)dw
w1
w2
> / g
w1 w
. C1 B C1
wll’_l wé’_l
|
1/(v=1)
Lemma 42 Denote ¢ = (W) . In the assumptions of Theorem 6, for everyt,i:

wi >

14
Proof One can see that the assumptions of the theorem are that ¢ < 774 min {CQ, é} (%) . We
will now prove by induction that for every ¢ € [T, wi > 1.

Notice that n < ﬁ and ¢ < nyY¥ < (wfgcll)y, which means that from Lemma 25, we know for
start that w{ > 1/2. This means that for every #' € [1,t], w! > /2. One can see that & < co1)/4
which means that we can use Lemma 11 with /2. Since the balance of an exact trajectory is

always bounded by nT', for every normalized v € ker(A):

21/
Bg(l, t) < T’I7 + T’ /CQ(‘:J

<2nT

From Lemma 12 and the induction assumption, for every i € [d] and ¢’ < ¢:
' (1/2d) — ' (wl) < 8nTd

If wf; < 1/2d we can use Lemma 41:

<8y + ¢y (2d)"

(wr’)
+ C1

1/(v—-1)
;>
T (817Td—|—c1(2d)”1>

=W
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Else, i.e if w} > 1/2d, we have:

wi > 1/2d

1 1/v—1
- <(2d),,1)

1/v—1
2d v— 1>

1/v—1
<877Td+01 2d)v— 1)
(&

Which ends the induction step. |

v

Proof of Theorem 6: Since the polytope is a subset of the simplex, the diameter is bounded
by 2. From Lemma 42, the effective smoothness of the trajectory is bounded by  := ca2/9". By
the assumption about & we have ¢ < n*/3. From Lemma 22, for every t¢:

(ly + VR(wiy1) — VR(wy), w* —wyy1) > —24/20e = 9(772)
From here it is straightforward standard OMD arguments:

nls - (wiyr —w*) < (VR(wi1) — VR(wy)) - (w* — wiy1) + 0 (n°)
= Dr(w*, we) — Dr(w*, wer1) — Dr(werr, we) + O(n?)

Summing for all ¢ € [T:

T

szt (w1 — w*) < D(w*, wy)
t=1

r(wer1, we) + O (nT)

IIMH

T

= th'(wtﬂ— *) < DR(“’ w1 _*ZDR wi+1,we) + O(nT)
p =1

From Lemma 27:

Regret(w*) < O <717DR(w*, wi) + @(nT)>

Appendix G. Proof of Theorem 8

G.1. Polytope definition

The polytope is defined as {w € R : Aw =bA (w; >0, Vi€ [d])} for A b defined below. De-
note m = 16log (%), we have d = 5m + 2. Additionally, we for assume for convenience that
€ < min {477,2/T8} (obviously proof that works for small ¢ works for bigger). This means
m > 128log(2T).
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The matrix A has 4m + 1 rows. The first 4m rows are, for every i € [m]:

A = em+i + €amti — 2€3m4i
Am—i—i = €m+i — €2m+i
Aomai = €; + 3emti + eamai

A3mti = €am+i — €5m+1
The last row is:

Adm41 = €sm41 + €5my2

And:

Y \

Namely, b is defined such that the point (é, é, ey é) is in the polytope. Denote this point as wy,
the OMD will always start from here.

Denote the following set of m + 1 vectors, {v;}7"':

Vj = 3€; — €mti — €2m4i — €3m4i Vi € [m]
5m—+1

Um+1 = § €; + esm+y2 — § €

i=4m+1
Lemma 43 {v;}7"t" is a basis for ker(A).

Proof One can notice that A is already in echelon form, so it is full ranked, which means that
dim ker(A) = m + 1. Additionally, Every vector of v has a non-zero coordinate that’s zeroed in all
other vectors of v, so v is linear independent, which means that we only need to show that each of
the vectors indeed nulls A.

For every i € [1,m], v; has common non-zero coordinates only with A;, Ap,ti, Aomti, Asmri-
One can easily see that it nulls them. As for v,,4+1, it has common non-zero coordinates with A;
for every ¢ € [2m + 1,4m + 1], which again can be seen easily to nullify. |

Lemma 44 The polytope is a subspace of the simplex

Proof To be inside the simplex all points of the polytope should satisfy two conditions - all
coordinates greater than 0 and the sum of coordinates should be 1. The first is by definition in this
polytope.

Let w be some point in the polytope. Since Aw = b and Aw; = b, w — wy € ker(A). From
Lemma 43, we can write:

w = wi + g ;U5
i

For some «o; € R.
All the vectors in v has the sum of their coordinates 0. Thus, the sum of coordinates of w is
the same as wi, concluding the proof. [ |
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G.2. General settings and hardness event

Since we want to prove a lower bound of the form T Ll) = @(Tﬂ), and there’s a known

log (
lower bound for T, we can assume d < .
The losses for the first m coordinates is constant 0, for the [m + 1, 4m] coordinates it’s constant
1, for the [4m + 1,5m]| coordinates it’s gaussian with mean 0 and variance 1, for the 5m + 1th
coordinate it is guassian with mean /nd < 1 and variance 1 and for the 5m + 2th coordinate it’s
constant 0.

Denote 7 = % We define the hardness event F to be the following events:

Sm+1 A
S a0

i=4m+1
5m~+1 . m

Y G<— VtelT)
, 16
1=4m+1

Lemma 45

Proof Denote G = S0+l i Since (3 is a sum of gaussian random variables, it is also a
i=4dm+1 *:T g 3

gaussian random variable, denote its mean with y and variance o2. Simple calculation shows that

pw=+/dnr = 2\/% and 02 = 7(m +1) = 2(”;7“). Since m = O(d), we have that u = ©(0). It is a

general attribute of a gaussian that in such case the probability of having G < 0 is O(1).
Fix t € [T]. Using Hoeffding inequality we have that w.p 5:

Sm—+1

1
S a6 < /T log (1)
i=4m+1

Since log(2T") < {55:

5m+1 m

Z G(i) < —

. 16

i=4m+1
Union bound on all ¢ € [T'] concludes the proof. [ ]

For every t € [T] we know that w; —w; € ker(A). From Lemma 43, it can be written as a linear
combination of v. Denote the coefficients as «, namely:

m+1

wy = wy + E Qyv;
i=1

G.3. Analysis

. y 5
Lemma 46 For every i € [m], w} > 5;
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Proof Assume by contradiction that w’ > 3. One can notice that the (m+14,2m +i,3m + i) are

only in v; with the same coefficient, which means that w™** = w?™ T = ™+,

Notice that n{¢.;, v;) = —3nT = —9. From Lemma 10:

=9 = (VR(w1) = VR(w), vi)

w? wq?:’l-f—l 2m+z 3m+z
- 3log <w7—> + log (w71n+i> + log ( 2m+z> + log ( 3m+z>

dwm+i
=1lo =
¢ (")
3 1
=l < —
Yr =34 = 6d
Which means that «; > %. Additionally, a1 > — , since else it violates egp,42 > 0. We
have:
w! —14—304'—4—0[ ;> —
L Y
|
Lemma 47 Assume E and optimal trajectory, we have o1 < —|— em/8

Proof We'll first show that o1 < 0. Assume the opposite by contradiction. This means that
wi < wi for all i € [4m+1,5m+1] and w?™+2 > ™2 Together with Lemma 46 this means that
in the positive elements of vy,41 we have w’ > w! and in the negative elements we have wi < wi.
This means that (VR(w1) — VR(w;), vm+1) < 0. From E we have ((.;, vp+1) > 0, which is a
contradiction to Lemma 10.

We continue assuming ™! < 0. Notice that a1 > —é to satisfy the constraint w2™+2 > 0,
so for every i € [4m + 1,5m + 1], we have w’ < ;. From E and Lemma 10:

5m+41
7
>
i=4m+1
m 5m—+1

5m—+2 § 7

Z Z:fr - E:T

= i=4dm+1

< T vm+1>

From Lemma 10:

0 <(VR(w1) — VR(wt), Um+1)
m i 5m—+2 Sm+1 i
w w w
= tog () e (M) - Y e (1)
i=1 T Wr i=4m+1
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Since wt < % we have — o = 2. From Lemma 46, we have — o < 2.5. Thus:

wr wr

w2
mlog(2.5) — (m + 1)log(2) + log <;m+2> >0
wy
Since m > 8, (m + 1)log(2) < mlog(2.2). Thus:

w5m+2
mlog(2.5/2.2) + log <;m+2) >0
w.

5m+2 < em/8

= w;
Since w2™*2 can only be altered with o' this concludes the proof. |
Lemma 48 For some t E [T], assume a4 < -1+ e~™% and E. There is an e-approzimate
step for which o' < —l— e~™m/8,

Proof First we show that for the optimal step, « m“ —1 T e—m/16

If a;”“ <oy m+1 the proof concludes from the assumptlon Continuing assuming the opposite.
This means that for every i € [4m +1,5m + 1], w; < wj_;.
Additionally, we’ll show that for every i € [1,m], wi > wi_l. Assume otherwise for some i, since
ot > o/”‘*'1 it means that o} < a!_;, which means that for every j € {m +14,2m +i,3m + i} we
have wt > wt 1- This means that (VR(wi—1) — VR(w¢), v;) > 0, which contradicts Lemma 10 (as
(£, v;) has a constant value of —1).

From the second part of £ and Lemma 10:

m
T < n{ly, Um1)

= (VR(th) - VR(wt)’ ’Um+1>

w5m+2 5m+1 wi
= log( ) + log =) log( t_.1>
Z CH i:%Jrl wi

5m+2
< log %
w;™

5m+2 5m+2 ,m/16
t Swpy e

—w
< efm/lﬁ

Since the 5m —|— 2th coordinate is controlled only by v,+1, this concludes the fact that a;”'H <
—é +e~m/16 — + €, which means that ozmH < ozm“ +e.

Next we argue that in the optimal step, for every i € [1,m], ai > ai_ - Assume otherwise for

some i. This means that for every j € {m +i,2m +i,3m + i} we have w] > w]_;. Additionally, it
means that w} < w!_; +e.
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From Lemma 10:

—3n = "7<€t7 v;)
= (VR(wi—1) — VR(w), v;)

B w§_1 w;n-‘ri wt2m+i w?m-ﬁ-z‘
_3log< i >—|—log (wz? + log wfflfri + log w?T1+i

Which contradicts our assumption that e < 4.

By now we showed that if the ¢th step is optimal, we have oz;'ﬁll <atl < oz?f{l + ¢ and for
all i € [m], ot > al_.

We next argue that if we keep the same o for all i € [m] but change o™ to be equal to a?f{l,
this will be an e-approximate step.

First we notice that all w; is now closer to w;_1, which means that the bregman divergence only
shrinks from that change. Indeed, coordinates [4m + 1,5m + 2] are only getting closer from the
change, coordinates [m + 1,4m] doesn’t change (the change in v,,11 doesn’t affect them). Finally,
since for all i € [m], ot > ai_;, we still have w} > w}_,, which means that those coordinates also
got closer.

The proof concludes from the fact that from the second part of E, the first term in the objective

mne

can only be changed in 5= <e.

Theorem 49 There is an e-approrimate trajectory that get a regret of:

“(T mgn(;))

Proof From Lemmas 47 and 48 we get that there is an e-approximate trajectory such that for
every t > T, a;"H < —é + e~™/8 < (), which means that w?mﬂ > %. The total expected loss of

this coordinate is Tv/dn, which means that this trajectory suffers a loss of {2 <T log?l)>

Now we only need to show that there is a point in the polytope that gets zero loss. Indeed, one
can see that if o = L for all i € [I,m + 1], the point w = w; + >_; a’v; has all coordinates with
non-zero loss ([m + 1,4m],5m + 1) to be zeroed. [ |

Appendix H. Approximate FTRL

In this section we analyze an approximate version of the Follow The Regularized Leader (FTRL)
algorithm, analogous to the approximate OMD algorithm analyzed in the paper, shown in Algo-
rithm 1. Our simple analysis shows that e-approximate updates in FTRL gives rise to an additional
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Algorithm 1: Approximate Follow The Regularized Leader
Input: 1 > 0, regularization function R, and a bounded, convex, and closed set K
Wy < arg mingec{R(w)}
fort=1to T do
Play w; and observe loss /¢,
Define

Compute w41 such that

end

additive O(y/T') term in the regret, implying that polynomially small error suffices for optimal
regret performance (i.e., ¢ = O(1/T) for O(v/T) regret).

Our analysis closely follows the standard FTRL analysis, and specifically, arguments appearing
in Hazan (2016). For convenience, we denote fi(w) = (¢;, w) for t > 1 and fy = (1/n)R. Addition-
ally, we denote w;11 to be the exact minimizer of ¢; over K. We will need the following “be the
leader” lemma, the proof of which can be found in Hazan (2016).

Lemma 50 (Lemma 5.4 in Hazan, 2016) For every w* € K:

T T
> f(w) = filwiga).
=0 =0

The key fact about the approximate minimizers w; is the following.
Lemma 51 For every t € [T):
[t — wepa |l < 2+ V2e.
Proof Since w41 is the minimizer of ¢, from first order optimality conditions:
(Vi(wig1), Wy — weyr) > 0.
Thus:
D¢t(“~’t:wt+1) = ¢t(u~)t) - ¢t(wt+1) - <V¢t(wt+1)a Wy — wt+1>
< de(We) — Pr(wer).

Since a linear term doesn’t change the Bregman divergence, this also upper bounds Dg(w;, wi41).
Thus:

Dr (W, wit1) < (W) — dr(wir1)
= ¢1—1(Wt) — Pr—1(wit1) + by, W — Wey1)
< e+ n(ly, W — wiy)
< e+l Nlwe — wipa |
< e+l — wepa| -
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From the 1-strong convexity of R:

. 1, .
D (s, wig1) > 3 [y — weir]?
= 2+ 20 || — w1 || > ||y — wep |

= || — wei1]] < 2n+ V2.

We can now prove the main result of this section:

Theorem 52 The regret of Algorithm 1 is bounded by:

Regret(w*) < R(w’) ; R(w) + (21 + V2e)T.

Proof

M=

Regret(w™) = ) (b, wy — w™)

H
Il
—_

R(w") — R(w")

Ly, Wy —w™) +
(Cr, Wy ) 7

I
M=

i
I

R(w*) — R(wi)
U

R(w”) — R(w)

<€t7 wy — wt+1> +

M=

i
I

<

el (10 — wiga ]| +

M=

~~
Il

1

< (277 + @)T 4 BQw?) = R(w)
7
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