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Abstract

We study the sample complexity of conditional independence testing. In this problem, given
i.i.d. samples from a discrete distribution P4pc, the goal is to distinguish whether A and C' are
conditionally independent with respect to B, i.e., Papc = Pa|pPpPc|p, or whether A and C are
conditionally dependent, A(Papc, Py pPpPcip) > ¢ for some fixed threshold ¢ and distance
measure A. We are interested in the cases where A is either the ¢; distance or the KL-divergence.
The study for the case of ¢, distance was initiated by (Canonne et al., STOC 2018), and the KL-
divergence was recently studied by (Seyfried et al., COLT 2025). Both works design algorithms
whose sample complexities scale sublinearly in the dimensions of the subsystems, and showed tight
lower bounds in some parameter regimes. While Canonne et al. derived partial lower bounds for the
remaining regimes as well, the problem of fully resolving the sample complexity in all parameters
remained open. In this work, we settle these open questions and prove optimal sample complexity
lower bounds for both of these problems, thereby completely settling the sample complexities up
to polylogarithmic factors.

Keywords: Conditional Independence Testing, Distribution Testing, Sample Complexity

1. Introduction

The goal of the field of distribution testing is to efficiently extract information from large data sets
with sound theoretical guarantees. Given sample access to some unknown distribution, the task is
to decide whether it satisfies a specific property of interest. In particular, we aim to understand
how many samples are necessarily required to reliably test a given property, which is known as the
sample complexity of the problem. Over the last few decades, the field of distribution testing has
seen rapid growth, generating a wide range of tools and techniques to efficiently distill information
from large data sets, particularly relevant in the current era of big data (Rubinfeld (2012)). See the
surveys (Canonne (2020, 2022)) and the book (Goldreich (2017)) for reference.

Here, we are interested in proving lower bounds on the sample complexity of conditional in-
dependence testing of distributions. In this problem, we are given sample access to a discrete dis-
tribution over three variables (A, B, C), and we are interested in distinguishing if A and C are
conditionally independent given B, or whether there are conditional correlations beyond a certain
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threshold, A(Papc, Py pPe pPp) > e, with respect to a fixed distance measure A and some
threshold €. Due to its fundamental importance, the problem of conditional independence testing
has been widely studied in the field of computer science and statistics beyond the scope of distri-
bution testing, in particular in the study of machine learning and graphical models (Canonne et al.
(2020); Bhattacharyya et al. (2023); Daskalakis and Pan (2021); Choo et al. (2024); Wang et al.
(2024); Chow and Liu (1968)), information theory (Tomamichel and Hayashi (2018)) and many
more.

In this paper, we resolve the open questions regarding the sample complexities of conditional
independence testing where the distance measure A used to quantify conditional correlations is ei-
ther the KL-divergence or the ¢; distance. The study of both distance measures is motivated by their
widespread use and operational interpretation in computer science and information theory. Com-
bined with existing results, this work settles the sample complexity of conditional independence
testing for both ¢; distance and KL-divergence up to polylogarithmic factors:

- 2/3 ,2/3 1/3  ;1/2 ;3/4 ;1/2 1/4 ,;7/8 1/4  2/7 6/7 2/7
dadpdc)'/? d°dy dd” dl*d) d . atdytadt a¥TdY a
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Here SCcr ¢, and SCcMmy denote the sample complexities of conditional independence testing in £
distance and KL-divergence, respectively.
We will now give an outline of prior results, and finally describe our contributions.

Prior work: Canonne et al. (2018) initiated the study of conditional independence testing with
respect to /1 distance by designing a sample efficient algorithm, whose sample complexity scales
sublinearly with the dimensions of the supports of A, B, and C' (denoted by d4, dp and d¢).
Moreover, they proved tight lower bounds for Regime I, and partial lower bounds for Regimes II
and III, as shown below.

Theorem 1 (CI testing in /1, (Canonne et al., 2018, Thm. 1.3 & Remark A.2)) Assumeda > dc.
Then SCCI,El (6, dA, dB, dc) =

- AY2GU2 412 203 203 13 g1/2 B4 g1/2 ) JUAGTIB LA 217 81T 217
O<maX{ABC A % %c ABC7m1nABC A %B % ,

2 ) £4/3 ) € € ’ e8/7

Regime I Regime II Regime III
~ 2/3 ,2/3 11/3 7/8  6/7
dadpdc)t/2 d3°dp°d . d d
Q <max {( = ) , 4 54113/3 =, min ¢ &, 5?133/7 ,

and, for dy = dg = dc and ¢ = Q(1), SCere, (1,d,d,d) = Q(d"/4).

The problem of conditional independence testing under the KL-divergence is commonly known as
Conditional Mutual Information (CMI) testing, as it is equivalent to distinguishing I(A:C|B) = 0,
from I(A:C|B) > e.

CMI testing has been studied in several works in recent years (Canonne et al. (2020); Bhat-
tacharyya et al. (2023); Daskalakis and Pan (2021); Choo et al. (2024); Seyfried et al. (2025)). The
most recent one, Seyfried et al. (2025), improved on prior approaches. Their sample complexity,
shown in Theorem 2, coincides with the ¢; distance testing problem from Theorem 1 in Regimes 11
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and III, even though the distance measures and their algorithmic approaches are different. They also
showed that their sample complexity in Regime I is tight. Further, the partial lower bounds from the
£ distance problem carry over to CMI testing (Canonne et al., 2018, Remark A.2).

Theorem 2 (CMI testing, (Seyfried et al., 2025, Results 2 & 3),(Canonne et al., 2018, A.2)) As-
sume dy > dc. Then, SComi(g,da,dp,dc) =

~ ) BB 23 g2 3 4L/3 dL/2 B4 g2 . AU AGT/8 gL 2T g8/ 217
O(max{mm{A b—c— A, 42— min | A—E— A —FC )
Regime I Regime II Regime III

- ) B3/AGBIAGLA g2/3 2/3 1/3 ) d7/8 g8l
Q(max{mln{ A—B —C A 6530 ,min ¢ =& ,55/7 ,

and, for dy = dg = dc and e = Q(1), SCemi(1, d, d,d) = Q(d™/%).

We note that CMI testing can easily be reduced to testing conditional independence in the squared
Hellinger distance D%I ((Seyfried et al., 2025, Section 4), see also Lemma 10), which is why we
show our bounds with respect to D%.

The partial lower bounds by Canonne et al. (2018) already imply that the intricate structure
with different regimes and case distinctions which we observe in Theorem 1 and Theorem 2 are
indeed necessary, and not just an artifact of the chosen testing algorithms. However, due to the
absence of tight bounds in Regimes II and III, it was not clear whether the algorithms described by
Canonne et al. (2018) and Seyfried et al. (2025) are optimal, or whether a more sample efficient
testing algorithm could be designed.

Our Results: In this work, we study conditional independence testing under both aforementioned
distance measures, and prove optimal lower bounds for Regimes II and III, thereby settling the open
problems from both the works Canonne et al. (2018) and Seyfried et al. (2025) by proving that these
algorithms are indeed optimal, up to polylogarithmic factors. Concretely, our result on the sample
complexities for both ¢; and qu distances is as follows:

Result 1 (Conditional Independence testing, optimal lower bound) Consider the setting of The-
orem 1 and Theorem 2. Assume d4 > d¢. Then,

- 1/2 ;3/4 j1/2 1/4 77/8 1/4  2/7 6]7 2/7
SCoir e drded) = O [ max d 4 95 de” . ) da dp do dy dp dg |
CLt /H (7 A, UB, C) y

£ € T g8/
These bounds are tight up to logarithmic factors in their respective regimes.

We achieve tight lower bounds by significantly generalizing the approach by Canonne et al. (2018).
Our improvements compared to their results are as follows. In Regime II, we include the scaling
in €, and relax the constraint d := d4 = dp = d¢. In the third regime, we include the scaling
in the dimensions of the non-conditioning variables. Our bounds hold for the regime in which
the respective term is dominant in the sample complexities reported in Theorem 1 and Theorem 2,
which also proves that our bounds are tight up to polylogarithmic factors. A comparison to existing
lower bounds is presented in Table 1.
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Bounds in Canonne et al. (2018) Our Bounds
d 3/4 dad 1/2
Regime II: Q(d7/4) N B~/ *(dadc)
€

d8 87 _ B dad A &7 (dad2/T
Regime III: Q(min{’?,eg7 ~ O mind B ( 12 ) 4B (8;34/70)

Table 1: Lower bounds on Conditional Independence testing, for both £; and D%{.

Organization of the paper: The paper is structured as follows: In Section 2 we formally intro-
duce the problems and notations. Section 3 presents an overview of how our lower bounds for the
middle and last regime are derived in Section 3.1 and Section 3.2, respectively. In both of these
sections, we first give a brief overview and a description of the construction of hard instances. Due
to the shortage of space, the formal statements of the theorems and lemmas are presented in the
appendix, which contains detailed preliminaries, Section A, and the full proofs for Regime II in
Section B and Regime III in Section C, respectively.

2. Formal Problem Definitions and Notations

In this section, we formally introduce the relevant quantities and problems. Let us start with the
notion of conditional independence.

Definition 3 (Conditional Independence) Let (A, B,C) be discrete random variables defined
over discrete alphabets A, B, and C, of cardinality da, dp, and d¢, respectively. Then A and
C are said to be conditionally independent given B if

Pacs(a,clb) = Pqp(alb) Poip(clb)  Vae AbeB,ceC, )
or, in short, Pyo\p = PapPo|p, where Pyc\p, Pap, and Po|p are conditional distributions.
Now we define the notions of mutual and conditional mutual information.

Definition 4 (Mutual information and Conditional Mutual information) Let Psc be the joint
distribution of A and C. The mutual information (MI) of A and C' is defined as

P(x)

Q(z)

I(A:C)p:= D(Psc||PaPc), where D(P|Q): ZP log 2)

Here, D(P||Q) denotes the Kullback-Leibler (KL) divergence between P and Q.! Moreover, the
conditional mutual information (CMI) of A and C' given B is defined as

I(A : C’B)P = D(PABC||PA|BPBPC\B) . (3)

1. We will assume here and throughout that the support of () contains the support of P, and use the convention 0log 0 =
0 to deal with zeros, to keep the KL divergence always finite.
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We will omit the subscript P from I(A : C')p and I(A : C|B)p when it is clear from the
context.

Now we consider the problem of conditional mutual information testing, which we first intro-
duce in a more general form.

Problem 1 (Conditional Independence testing) Fix a threshold ¢ and alphabet sizes d 4, dg and
dc. Consider the following decision problem: Given access to N i.i.d. samples from an unknown
distribution Papc, distinguish between the cases

A(PABCHPABPC\B) =0 and A(PABC||PABPC|B) 2 E. (4)
We denote the sample complexity by SCcia (e, da,dp, dc).

For the case where the distance measure A is the KL divergence, the problem is often known as
conditional mutual information testing, where we distinguish between

I(A:C|B)p=0 and I(A:C|B)p>ce. )
We denote the sample complexity by SCemi(e, da, dp,dc) = SCerki(e, da,dp, dc).

General Notation: Throughout this work, we use P4pc to denote an unknown discrete distri-
bution defined over A x B x C, and |A| = da, |B| = dp, |C| = dc. In this work, we will
always consider B to be the conditioning system. For a set D, Pp denotes a probability distribution
over D. For some x € D, we define p, := Pp(z). By stating i.i.d. samples from a distribution
Pp, we mean independently and identically distributed samples from Pp. If it is clear from con-
text, we may omit writing out D. The squared Hellinger distance between P and () is defined as:
D} (P,Q) = X .cp(v/P(z) — v/Q(x))?. Up to logarithmic factors in the smallest probability
mass, D%I and the KL-divergence are equivalent (see Lemma 10). We will use the standard tech-
nique of Poissonization, where instead of taking n samples, we take Poi(n) samples, which helps
in the analysis as it bypasses the dependencies between the samples. For concise representation,
we use the asymptotic complexity notions of O(+), 2(+), and ©(-), where we hide poly-logarithmic
dependencies on the parameters. Throughout this work, the logarithm log(-) will denote the natural
logarithm and [n] denotes the set {1,...,n}.

Lower Bounds via Mutual Information: We follow the standard approach of Le Cam’s two-
point method in proving the lower bounds. The general goal is to test whether a distribution P
satisfies either a property 7 or a (disjoint) property 71, using sample access to P. To derive lower
bounds, we consider the following standard setting: there are two sets of distributions, Sy and Si,
where all P € §; satisfy 7; with i € {0, 1}. Based on a fair random bit X € {0, 1}, a distribution P
is chosen uniformly at random from Sx. The task is to reconstruct X, given IV samples of P. Since
an algorithm for distinguishing between 7y and 77 could clearly solve this task, any lower bound
on the sample complexity of this problem with high probability also implies a lower bound on our
sample complexity.

The main challenge is to construct the instances in Sg and Sy difficult enough such that distin-
guishing them becomes as difficult as distinguishing any instances satisfying 7g and 77: otherwise,
the resulting sample complexity will not be tight. Mathematically, we follow the approach pio-
neered in Diakonikolas and Kane (2016), in which the mutual information I(X : M) between X
and the samples we received, M, is bounded, which thereby implies a lower bound on the sample
complexity.
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Lemma 5 (Diakonikolas and Kane, 2016, Lemma 3.2) Let X be a uniformly random bit and K
be a correlated random variable. Then if f is a function such that Pr[f(K) = X| > 51%, then
I(X:K)>2-107%

In our case, Sy contains conditionally independent distributions, and S; contains conditionally
dependent distributions, which we also refer to as yes- and no-instances, respectively.

We will use Lemma 5 as follows: We denote the multiset of samples we receive by M. Follow-
ing the standard procedure as described in Lemma 5, we then want to bound I(M : X) < O(1). We
denote by M, the multiset which is obtained by only keeping the samples in M whose B-coordinate
is b. We will use that the M;’s are conditionally independent of each other given X due to Pois-
sonization. This allows us to write >, I(M : X) > I(M : X)) (see Lemma 18). Ultimately, we
aim to prove that

1

Vb:I(Mb:X)§O<>. (6)
dp

We achieve this by expressing I(Mp : X)) as follows (see Theorem 17)

' Pr[T = My|X = 0] — Pr[T = M| X = 1]\
I(My: X) < O (EM*’ (Pr[T = MZ\X = 0] + Pr[T = MZ]X = 1]) D ™
=: O (Eag, [F(M)?]) ®)

where F' depends implicitly on the respective constructions.

3. Overview of Techniques

In this section, we give an overview of the main ideas and discuss the constructions and the asso-
ciated techniques we apply to derive the lower bounds. As mentioned before, they both represent
considerable generalizations of the constructions used in Canonne et al. (2018) to prove the best
known existing lower bounds. Our improvements compared to Canonne et al. (2018) are depicted
in Table 1.

Throughout, My, is defined as the (multi-)set samples of M with B-index b, and mgc denotes
how often the sample (a, b, c¢) appeared. We define M, as the set of all possible M}. Note that
My, is the same for all b, but we keep the subscript to make the restriction to an individual b clear.
For simplicity, we often write £y, [...] instead of Epz, . aq,[...]. The distributions are normalized by
pairing noise coordinates, either by coupling them in different b coordinates (Regime II), or within
the same conditional distribution Py (Regime III). However, note that a perfect normalization is
not necessary (discussed later in Section A.1).

In the following, we say that a set of coordinates (a, b, ¢) has a collision if we receive at least two
samples from it. Lastly, we assume without loss of generality that d4 > d¢ and log(dp) < d4, dc,
since we do not optimize logarithmic factors.

3.1. Overview of Lower Bounds for Regime II

Now we present an intuition for our lower bound in Regime II. Let us first start with our result.
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Theorem 6 Consider conditional independence testing in {1 and D%I distances for the range of
parameters in which Regime Il dominates the sample complexity. Then

~ (&Y (dadc)'/?
SCers, /2 (e, day dp, dc) = O (B(;\C) _ )

The original construction by Canonne et al. (2018) considers the case where d4 = dp = d¢ and
e = O(1). For their hard instances, they construct distributions which are uniform over B, and
for each b € B, construct a specific instance of a product distribution on P4cy,. Conditioned on
b € B, every index a € A is randomly chosen to be either ‘light’, i.e., has weight in ©(1/d4) or
‘heavy’, with a weight in ©(1/d}*) for 0 < wa(da,dp,dc,e) < 1 and analogously for C. The
conditionally dependent instances are then obtained by adding noise to the coordinates (a, c) where
both @ and c are ‘light’. We refer to the set of such coordinates as the light category.

The intuition behind this construction is that determining X requires an analysis of the light
categories, which is easily shown to reduce to the analysis of collisions among the samples, i.e.,
coordinates for which we see multiple samples. However, since the heavy regions are chosen at
random, it is not a priori clear which of the observed collisions occurred in the light category (and
therefore could provide useful information), and which collisions do not reveal useful information,
increasing the difficulty of retrieving X. The mathematical analysis mirrors this intuition: we first
bound I (X : M) in terms of the number of ‘light’ collisions, which is then bounded in terms of the
total number of collisions. The weights w4 and w¢ need to be chosen carefully to ensure that both
steps can be bounded tightly.

In our proof, we considerably formalize the proof by Canonne et al. (2018), which follows a
similar outline, to accommodate the wider parameter range we cover, which makes certain argu-
ments more delicate.

3.1.1. CONSTRUCTION OF HARD INSTANCES

The following construction is a generalization of the one given in Canonne et al. (2018), which was
constrained to d4 = dp = d¢ and € = O(1). We first define Pp, which we set to be uniform,
i.e., Vb : p, = 1/dp. For a fixed b, we assign the probabilities in two rounds, constructing first a
(non-normalized) distribution P, which we normalize in a second step. In the following, let

_ 1 dad _ 1 dad
WA = 31og(da) log <E;zl]1jg> ) WC = 31og(de) log <52‘;§2> ) (10)

using the constraints of Regime II (Lemma 29), one can easily derive that 0 < wy, we < 1. We
obtain conditionally independent instances by defining

with probability 1 — dl%’)” (‘light’)

Y an

b + 7~ with probability dﬁy (‘heavy’)
Y Y

1
- o B 2dy
Pacpla,c) := pape, where py =

2d

for Y € {A,C} and y € [dy]. To normalize PAC‘,,, we simply multiply by a factor n;, :=
1/(3_acPacpla,c)). To obtain the instances for the conditionally dependent case, we perform
the above construction, but additionally add noise to coordinates where both a and c are light. For
this, we randomly modify each such entry as follows:

ny +¢€ or P (a,¢) ny — €
a,c) =
dAdC ) AC|b\ W, dAdC )

Pacpla,c) = uniformly at random. (12)
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Normalizing the distribution with respect to the contribution in ¢ is direct by pairing b coordinates
(described in Remark 22). We denote an individual assignment by A’AC, and the set of all the 294 2%c
possible assignments of the indices in A and C' to ‘light’ or ‘heavy’ by Q%C. Note that ny is deter-
mined by A%C, and independent of the random bit X . We then show D%I(PA BC, PA| BPC‘ BPp) >
Q(e) (see Lemma 31).

3.1.2. BOUNDING THE MUTUAL INFORMATION

As argued before, we can bound I(X : M) < >, I(X : M) due to the Poissonization, and
then bound each term by O(1/dp). In a first step, we define lcol(My, AY ) = {(a,c)|m?, >
2,a, care ‘light’ in A%} and col(M,) = {(a,c)|m®. > 2}. One can then show (see Theorem 27)

Pr[T = My|X = 0|A% o] — Pr[T = My|X = 1, A% ]| Pr[A% ] (13)
< O(%|leol(My, Ay )| Pr[T = My| X = 0|A% ] Pr[A%c)). (14)
Defining Q%g[j] := {AY | |lcol(M,, A% )| = 7}, using (14) allows us to bound (7) by
. 2
YopcoMyy - PrT = MplX =0, AY o Pr[AY ]
2o, PrlT = My, X = 0|AY o] Pr[AY o]

I(My:X)<c-Ep, || &2 , (15)

where c is a small constant. For a given Mj, we will introduce a case distinction, depending on j:

(i) 7 = 0: considers the cases where we have no light collisions. This provides no information on
X, and it is direct from (15) that it cancels.

(i) j > r:=O(log(dp)) considers the case where we have many light collisions. Intuitively, this
provides a lot of information on X. However, such events are very unlikely, allowing us to show
that their contributions are small (we bound them in Section B.4).

(iii) 0 < j < r: covers the area where we have a few light collisions. This is relatively likely, and
provides some information on X . Bounding this term is most challenging, and will determine the
final sample complexity (shown in Section B.3). Due to its importance, we give a short overview
here.

The trick is to bound (15) by ‘pairing’ as51gnments A 2 € Q AC[ ] from the numerator with
suitable assignments Ab ‘Ac in the denominator, where AY Ac has no light collisions, to show that their
ratio is small. This approach allows us to bound the fraction of sums in (15) by the maximal ratio
of paired summands, and results in (16). Note that the binomial factor appears because it indicates
the number of ways we may pick j of the observed collisions to be light. To ensure the ratio of
the normalizations which appears in (16) remains small, we use the definition of w4 and w¢ (see
Lemma 28). It is easy to show that the first term in the sum, j = 1, is asymptotically dominant
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(Lemma 24). Finally, we need to bound E yy, [|col(M;)]?] (see Lemma 30).

r 2

— — b b
I(My: X) < En 22 <Icol > masx Pr[T = M,|X = 0,A%,] Pr [Ab cl
hoean) Pr(T = My X = 0,A% o] Pr[AY ]

r 2

<Eu, 22 (’C(’l Mp) ><n<AZC>/n<AgC>>|Mb| »

(Al

2 2 4 2 4 4
<En, (”“’I(M”)’> §O< eiME eI ) (17)

i Ady e dBdy " Ade e dp(dadeo)?

Our choice for w4, we implies (M, : X) < O(1/dp) aslongas N = O(d?g4(dAdC)1/2/5). This
completes our overview of the lower bounds for Regime II.

3.2. Overview of Lower Bounds for Regime I1I

We now give an overview of our sample complexity result in Regime III.

Theorem 7 Consider conditional independence testing in {1 and D%I distances. Then, for the range
of parameters in which Regime Il dominates the sample complexity, it holds that

B JYAFTIB L 21T 81T 21T
SCCI,Zl/HQ(gadA,dBadC):Q(min{ S 5/7 < ;
S

(18)
&g

The primary intuition for this regime is that here, the size of the system B is dominant compared
to other parameters. So, we will only see very few samples in M for any particular b € B, i.e., | M|
will be small. We first briefly describe the approach of Canonne et al. (2018) (where d4 = d¢o = 2
is assumed) and then explain the new ingredients of our proof.

In the following, let v and v denote vectors of dimension d 4 and d¢, respectively, with entries in
{—1,+1}. Canonne et al. (2018) first define the following distributions: P} (a) := (14+u(a)n)/da,
and P/ analogously. That is, P} and P/ are uniform distributions, perturbed with noise of magni-
tude 7 and sign determined by v and v. Note that [E,[P}] and E,[Pg%] are uniform.

Let =y = {0,2,4}, 1 = {1,3}. In order to define a distribution for a fixed X and a given
b, they first sample vectors v and v uniformly at random, k € Zx with probability %(i) and then
define

Piit(a,e) = 5 (P, (@80 — 1) + Pat(a) Po(e)(3 — b)) (19)

From the construction, it is clear that the distributions are conditionally independent (i.e., product
on A,C)if k € Z1, and it is easy to show that for k € Z, they are far from being conditionally
independent distributions with high probability. Then they upper bound the mutual information
between X and M, which results in an expression scaling with

[T (it c))mg°] S

a,c

PI‘[Mb‘X = 1] - PI‘[Mb‘X = 0} 0.8 Ek,u,v
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where the (—1)* sign comes from the subtraction of the probabilities as % determines whether
X = 0or X = 1. This expectation value reduces to a binomial sum (hence the particular choice
of Pr[k] before (19)), which can be shown to cancel if |M}| < 3. Canonne et al. (2018) use this
approach for the case where d4 = dc = 2 to cancel any contributions of b’s for which we see at
most three samples. The contribution of the terms when |M}| > 3 finally determines the optimal
sample complexity when the scaling in d4 and d¢ is not considered. To increase the hardness of
distinguishing between X = 0 and X = 1, most of the distribution’s weight is put into dummy
variables, which are the same for both types of instances.

When generalizing their approach to arbitrary d 4 and d¢, this construction is no longer suffi-
cient: we find that we also need to cancel a large fraction of terms for cases where we see more than
3 samples. This is possible by modifying the existing construction such that instances for which
all indices in either A or C for a given M, differ also cancel, as we will describe now. Assume
that all c-indices in the samples in M, are different (the argument when all a-indices are different
is analogous). Then we note that the value of v(c) appears at most once in the expectation value of
(20). This allows us to easily write out the expectation over v, since in this case the expectation over
v(c) reduces to

b
E v H(—l)kPXgif (a,c)™

a,c

= Ek7u [H(_l)kEv(c) [P,Zgif(% C)mgc}] (21)

a,c

=By [H(—l)’“(PX’E(a)/dc)mgcl : (22)

a,c

Hence, if all c-indices in M, are different, then, in expectation, ijgif(a, c) looks like the product
distribution Qi’é'b(a, c) = le’]g (a)/dc! We use this observation to modify the construction: for
each b, with probability 1/3 each, we either define Py ¢ either as described in (19), or we set it to be
PX"Z /dc with k € Z1_x. Note that taking a &k from the ‘wrong’ set = is fine as such distributions

all have product structure, independent of k. In expectation, they cancel completely, and we can
perform an analogous construction in the A-dimension as well.

All c-coordinates different All a-coordinates different

X=0 X=1 X=0 X=1
non-dummy PYoE keZ, PYYk keg Purk kez, PYE kem
A-uniform  Pgl/da, k € E1 Phh/dak €20 Pyb/da, k € E1 Pyb/da,k € o
C-uniform  PY% /do, k € 2y Pis/do,k €Sy  Pi/do, k€ E PyE/do, k€ By

Table 2: Product distributions can mimick non-dummy distributions in the case where all observed
samples have different coordinates in A or C. In expressions like (20), these will appear with
opposite signs, and cancel as long as the respective conditions are met. The constructions which
cancel each other in the respective case have the same color.

We thus cancel the contributions where |M;| < 3, and the cases were all indices in either A or
C differ. This means the only useful b’s are those where we have seen more than three samples, and

10
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where we see indices from both A and C' repeatedly. Since this is relatively unlikely for a specific b
(as B is large here), we need a sufficiently large number of samples in order to retrieve X.

We now give an outline on how to prove the lower bounds for Regime III, which consists of two
terms. Both cases require slightly different constructions, which we can treat together by introduc-
ing a variable x, which has a different value depending on the regime.

3.2.1. CONSTRUCTION OF HARD INSTANCES

To define the two sets of instances, we will first define a set of vectors below. We assume d4 and
dc are even integers. Let da,do € N. For a vector v € R?A, let 7, denote its a’th co-ordinate for
any a € [d4]. We define three vectors r, 7+, 7~ € R as follows:
1 +_ 1 -_ 1 7

a

a= 7, e ) . =5 — =1,...,dga, 23
T n T dA+d,4 r 41 da a A (23)

We define the pairs (72;—1,72;) together to be either (+(1,—(1) or (—(1, +¢1), with probability
1/2, independent of all other pairs, for a sufficiently small constant ;. Note that for every a € [d4],
7, satisfies the following properties:

E[na =0, n2 =O(1), and a1+ ny =0forallie [da/2]. (24)
Analogously, we define three vectors s, s1, s~ € R, where for every ¢ € [d(]

1
S dC7 Sc dC + dC’ Sc dC dC’ c ) , Ay ( )

1 Ve 1 Ve

We similarly define the pairs (v2;_1,12;) together to be either (+(2, —(2) or (—(z, +(2), with
probability 1/2, independent of all other pairs, for a sufficiently small constant (5 such that they
satisfy properties analogous to (24).

The distributions are constructed as follows. Let =y := {1,3} and ZE; := {0,2,4}. We use the
bit X to separate between yes-instances (conditionally independent, X = 0) and no-instances (far
from conditionally independent, X = 1). In the following, let x := min{N/dp, 1/2}.

1. Dummy b: with probability N/dp, we set Pg(b) = 1/N and choose the following. First,
select k4 from [d4 /2] and k¢ from [d¢ /2] uniformly at random. Then set

1 .

I ifv e {Qk‘\/, 2ky + 1},
Va,c: PAC\b(a’ C) := PaPc, Where py, := {4 1

2(dv —2)

(Ve{A C})

otherwise,

2. Non-dummy b: with probability (1 — N/dp)/3, we set Pg(b) = ¢/dp, and define Va, ¢ :

3rys —rist rfst—r
a “c a “c _’_k; a “c

2 2

(1) ifk €=x

1
8

. )
0 otherwise

Pacpla,c) = a S , where Pr[k = k'] = {

3. A-Uniform b: with probability (1 — N/dg)/3, we set Pg(b) = €/dp, and define Va, c :

L) ifk eEi_x

0 otherwise

-+ + 5=
3862 % 4k 256>7Whef6 Pf[k:k/]:{

Pacpla,c) =1, <

11
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4. C-Uniform b: with probability (1 — N/dg)/3, we set Pg(b) = £/dp, and define Va, c :

3y —rt ot —r;

174 - / —_
2 fk €z
PAC|b(a,c):< 5 ke 5 “>sc, where Pr[k:k']:{S(k) ! =

0 otherwise

Note that by construction and the definition of  and s, all four cases yield properly normalized
distributions, ., . P4cpp(a,c) = 1. For the overall distribution, we note that the contribution of
the dummy b’s is ©(1) with high probability, which follows from standard concentration bounds.
The other cases contribute at most ¢ to the total weight.

3.2.2. BOUNDING THE MUTUAL INFORMATION

As before, we will use the independence between M, due to Poissonization to bound I(X : M) <
> L(X : My), and derive I(X : M) < O(1) by proving I(X : M;) < 1/dp. We will introduce a
case distinction using three different terms. Let M,[)k] denote the set of M), with |M}| = k for which
either an A index or a C' index appears more than once (note that in this sense, indices which are
paired as described before to count as ‘same’, i.e., forall a € [d4/2], 2a and 2a—1, and analogously
for ¢ € [dc/2]), and define M?H to be the set of all M}, with |M}| > 4 where we have no such
repeated appearances. Then (recall the definition of F' from (8))

I(X : My) < By, [F(My)?] (26)

= Engyiiag|<s[F(Mp)?] + EMbeﬂE‘“ [F(My)?] + ZEMbeM[b’“] [F(My)?]. 27)
k=4

The first two terms can be shown to be exactly zero by construction (proven later in Theorem 35
and Theorem 37), and the third term can be bounded for each k individually (shown in Theorem 38)
by

(Pr(M, | X =0) —Pr(M, | X =1))? Ne\? 1
Y, :— E < — _. 2
b Pr(M, | X =0)+Pr(M, | X =1) — C i r(ddc)? (28)
MyemlM

Since Ne/dp < 1, we see that (26) is maximal term for minimal &, and decreases exponentially
for larger k. Thus, to complete the proof, it is sufficient we to bound (28) by the term k£ = 4 up to a
constant,

I(X'M)<iy<z<cm>2kl<o(w) (29)
e k=4 e k>4 dp K(dadc)? ~ d%m(dAdo)2 ’

We require this term to be in O(1/dp), which implies that we achieve sufficiently small mutual
information as long as the number of samples is no more than

d2/7d6/7d2/7 d1/4d7/8d1/4
NzQ(min{A B_C “A B C , (30)

ed/7 7 €
depending on the value of x. This completes the sketch of the proof of Regime III.

12
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Conclusion

In this work, we settled the sample complexity of the conditional independence testing problem
in /1 distance and D%{ (i.e., KL-divergence), by proving optimal lower bounds in all the param-
eters d4,dp,dc and e. This in turn implies that the algorithms from Canonne et al. (2018) and
Seyfried et al. (2025) are optimal, up to poly-logarithmic factors. It would be interesting to see if
our techniques could be used to prove lower bounds for other problems.
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Organization The appendix is organized as follows. We provide an extended preliminaries Sec-
tion A, followed by detailed proofs of our lower bounds for Regime II and Regime III in Section B
and Section C. For better readability, we will reproduce some statements, such as hard instance
constructions and certain lemmas, from the main paper.

Appendix A. Extended Preliminaries
Here we present the extended preliminaries of our work.

Definition 8 (Conditional Independence) Let (A, B,C') be discrete random variables defined
over discrete alphabets A, B, and C, of cardinality d4, dp, and d¢, respectively. Then A and
C are said to be conditionally independent given B if

PAC‘B(CL,C’[)) :PA|B(a\b)PC‘B(c\b) Yae A, be B,ceC, 31)
or, in short, Pyo\p = PapFPo|B, where Pac\p, Pap, and Fg|p are conditional distributions.
Now we define the notions of mutual and conditional mutual information.

Definition 9 (Mutual information and Conditional Mutual information) Let Psc be the joint
distribution of A and C. The mutual information (MI) of A and C is defined as

P(x)
Q(z)
Here, D(P||Q) denotes the Kullback-Leibler (KL) divergence between P and Q.> Moreover, the

conditional mutual information (CMI) of A and C given B is defined as

I(A : C’B)P = D(PABCHPA|BPBPC\B) . (33)

I(A:C)p:= D(Pac||PaPc), where D(P|Q):= ZP(x) log (32)

We will omit the subscript P from I(A : C)p and I(A : C|B)p when it is clear from the
context.

Next, we consider the problem of conditional mutual information testing, which we first intro-
duce in a more general form.

Problem 2 (Conditional Independence testing) Fix a threshold ¢ and alphabet sizes d 4, dg and
dco. Consider the following decision problem: Given access to N i.i.d. samples from an unknown
distribution Papc, distinguish between the cases

A(Papc||PapPoip) =0 and A(Papc|PasPeip) > €. (34)

We denote the sample complexity by SCcra(e,da,dp,dc). In the special case where B is trivial,
we also refer to the problem as product testing or independence testing.

For the special case where the distance measure A is the Kullback-Leibler divergence, the prob-
lem is often known as conditional mutual information testing, where we distinguish between

I(A:C|B)p=0 and I(A:C|B)p > ce. (35)

We denote the sample complexity by SCemi(e, da, dp,dc) = SCerki(e,da,dp, dc).

2. We will assume here and throughout that the support of () contains the support of P, and use the convention 0log 0 =
0 to deal with zeros, so that the KL-divergence is always finite.
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General Notation: Here we define various distance measures between probability distributions
that we will use here. For a set D, let P(D) denote the set of probability distributions over the
elements of D. Let P and @) be two such distributions over D (we drop the D in the subscript when
it is clear from the context):

— The KL-divergence between P and @ is defined as: D(P||Q) = > .p P(x)log ggi; We
assume that the support of () contains the support of P, and use the convention 0 log0 = 0 to

deal with zeros, so that the KL.-divergence is always finite.

— The squared Hellinger distance between P and Q) is defined as:

p4(PQ) =5 3 (VP@ - Vaw) (36)

zeD

— The ¢, distance between P and () is defined as ||P — Q||,, where the £,-norm is given as
1
4]y = (Saen | A)?)7 forany p > 1.

We now state a lemma which connects the KL-divergence and the squared Hellinger distance.

Lemma 10 ((Gibbs and Su, 2002, p. 429) & (Flammia and O’Donnell, 2024, Proposition 2.12))
Let P and Q) be two probability distributions over [d]. Then we have

D%(P,@>3D<P||Q>s(2+1og< L PO

2
i€[d],P(i)#0 Q(@)) Dy (P, Q). (37)

Note that we can simply bound this further to D(P||Q) < 3log(1/Qmin)D%(P,Q), where
Qumin := min;e (g Q(7) if we assume d > 3. We also make use of the following folklore relations
between different distance measures (see e.g. (Gibbs and Su, 2002, Eq. 8) for (7), and (i) follows
from Jensen’s inequality).

Fact 11 For arbitrary distributions P and Q) of dimension d, it holds that
(i) 3DH(P,Q) <[P = Qlh < Du(P,Q),
(ii) [|P = Qi < Vd||P = Qll2.

We will use the following two concentration bounds (see, e.g., (Dubhashi and Panconesi, 2009,
Thm. 1.1) and (Motwani and Raghavan, 1995, Thm. 3.3, 4.1 & 4.2)).

Lemma 12 (Chernoff Bound) Let X1, ..., X, be independent random variables such that X; €
n

[0,1]. For X = Y X, the following holds for any 0 < ¢ < 1.
i=1

Pr[X > (1+0)E[X]] < e VB3 priX < (1 - §E[X]] < e EXI/2, (38)

Lemma 13 (Chebyshev’s inequality) Let X be a random variable with E[X?] < occ. The follow-
ing holds for any t > 0.

Var[X]

Pr{lX —E[X]| > ] <

(39)
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A crucial ingredient of our techniques is the notion of Poissonization technique. Before that, let
us first define Poisson random variables.

Definition 14 (Poisson random variable) Let A > 0. A discrete random variable X is said to be
a Poisson random variable with parameter ), denoted as Poi(\) if the following holds:

A
k!

Now we are ready to describe the widely used Poissonization technique.

Vk €N, Pr[X = k] = (40)

Lemma 15 (Canonne, 2020, Fact D.10), Poissonization technique Let ) be a discrete domain,
D € A(R) be a distribution and m € N. Suppose M' ~ Poi(m) independent samples s1, ..., syp
have been obtained from D. Suppose X; denotes the number of times t € Q appears among the
samples s1, ..., syr. Then the following hold:

(i) (X¢)ieq are independent.
(ii) X¢ ~ Poi(mD(t)).
The top-level idea is to use the following result.

Lemma 16 (Diakonikolas and Kane, 2016, Lemma 3.2) Let X be a uniformly random bit and K
be a correlated random variable. Then if f is a function such that Pr[f(K) = X] > 51%, then
I(X:K)>2-107"%

We will combine it with the following lemma.

Lemma 17 Let X be a uniformly random bit, and A be a random variable taking values in a set
Sa. Then

(Pr[A = a|X = 0] — Pr[4 = a| X = 1])?
Pr[A =a|X = 0] + Pr[A = a|X = 1]

2I(X:A) < > (41)

a€Sy

This inequality is obtained by bounding the KL-divergence by the x?-divergence, and appears
in the literature in slightly different forms (e.g., (Diakonikolas and Kane, 2016, App. A.1)).

Lemma 18 (Cover and Thomas, 2006, p. 35) Given random variables forming a Markov chain
Y—-X—Z ie, I(Y:Z]|X) =0, we have

I(X:Y,2) <I(X:Y)+I(X:2). 42)

We will use Theorem 18 as follows: We denote the set of samples we receive by M. Following
the standard procedure as described in Lemma 16, we then want to bound I(M : X) < O(1).
We denote by Mj; the multiset which is obtained by only keeping the samples in M whose B-
coordinate is b. We will use that the M}’s are conditionally independent of each other given X due
to the Poissonization. This allows us to apply Lemma 18 such that >, I(M : X) > I(M : X).
Ultimately, we aim to prove that
1

Vb I(My: X) <O <> : 43)
dp
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We then use Lemma 17 to write

I(My : X) < Ep, (44)

Pr[T = My|X = 0] — Pr[T = M| X = 1]\
<Pr[T = My|X = 0]+ Pr[T = My|X = 1}) '

Alternatively, we can also consider M}, as a count vector, generated by a sequence of k£ samples
((a1,¢1), ..., (ak, cx)). With slight abuse of notation, we will use M} to denote both these cases.

A.1. Normalization and Poissonization

In our proofs in both regimes, we use the standard technique of Poissonization, where instead of
taking n samples directly from the underlying distribution, we instead take Poi(n) samples. This
helps in the analysis as it bypasses the dependencies between the samples. However, the constructed
distributions will now be pseudo-distributions, with total probability mass ©(1). Since Poi(n) is
well concentrated around n, this is not a problem. Thus, this does not increase the total sample
complexity with high probability (see Diakonikolas and Kontonis (2019)).

In both regimes, we use Poissonization, which allows us to treat the occurrences of samples
in different coordinates as independent. We further simplify the calculations by assuming that the
constructed pseudo-distributions are not perfectly normalized, but with high probability in ©(1).
Linking them to the actual distributions works as follows: In a first step, we may think of { M. } ape
as an abstract random variable, where

- k
e Habe /"La,bc

PI‘[MabC = k] = k" 5

for Habe = N]aabc- (45)
For this to be well defined, we do not need p to be a normalized distribution. This means having a
quasi-distribution is enough, and we may prove lower bounds on the sample complexity of finding X
given this abstract M. Mapping the statement to the specific interpretation where M. corresponds
to the number of samples we observe when taking samples from a distribution then uses the idea
of Poissonization and normalization. For the normalization, note that we can normalize pgp. =
PabeC, C := 1/(D_, 1 Pabe). By assumption, the random variable C' (depending on the specific
construction) is bounded by some constant ¢, such that we can simply absorb this factor into N to
get a lower bound. The advantage is that we do not need to treat the normalization explicitly which
would introduce correlations.

Note that in the middle regime, we consider fractions of distributions, where the normalization
will matter.

Appendix B. Lower Bound Proof of Regime II

Theorem 19 Consider conditional independence testing in {1 or D%{ distance under the condition
that the parameters are such that Regime Il dominates the sample complexity. Then

~{d /4 dad~)/2
SCcre,/m2 (8, da,dp, dc) = (W) : (46)

Remark 20 Since we ignore log-factors, we may assume w.l.o.g. that log(dp) < d 4, dc.
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While the sample complexity is symmetric, we still assume without loss of generality thatd4 >
dc. In the following, we say that a set of coordinates (a, b, ¢) has a collision if we receive at least
two samples from it. We also introduce some new notations.

o (485 o (85
wy =——— L L and  wei=-——— "L 2 47)

2 log(da) 2 log(de)

Note that d3* = di-°. In regime II, it holds that ©(1) < 52d13/2dc/dA and ©(1) < dAdC/alg/2
(see Lemma 29 for a derivation), from which we can easily derive that 0 < w4, we < 1.

Remark 21 Note that for dy4 = dp = dc and € = 1, we obtain wy = we = 3/4, recovering the
construction by Canonne et al. (2018).

We will also introduce a parameter
r = ¢ log(dp), (48)
where ¢, will be a suitably small constant, which is independent of €,d 4,dp,dc. For a fixed b-

value, we will consider a set of samples from that b, M;. The variable m?, denotes how often the
sample (a, b, c) appeared. We further set

M =

3/4 1/2
dp (dado) 0< L > (49)

£ polylog(dp)

B.1. Construction of Hard Instances

Recall that for the random bit X, X = 0 indicates conditionally independent, and X = 1 indicates
conditionally dependent. In both cases, Pg will be uniform, i.e., p, = 1/dp. For a fixed b, we assign
the probabilities in two rounds, first an unnormalized pseudo-distribution p, which we normalize in
a second step. Finally, we add noise to obtain the non-product instances.

- with probability 1 — =, (‘light’)
Pacp(a,0) = fapey  Where Pyi={ T (s0)
2077 + & with probability v (‘heavy’)

forY € {A,C},y € [dy]. Tonormalize ﬁac|b’ we simply multiply by a factor np :=1/(3_, . Pac|b).
For a given distribution we denote the specific assignment of the a- and c-indices to be either
‘light’ or ‘heavy’ by AIAC. Moreover, we can think of AZC as a function which maps indices
(a,c) to their category, Ay (a,c) = (x,y), z,y € {‘light’, ‘heavy’}. Further, let O}, be the
set of all 24429¢ possible assignments. We will also define col(M;) = {(a,c)|m?, > 2} and
leol(Mp|AY ) == {(a,c)|mb, > 2,A%.(a,c) = ‘light'}. Note that col is independent of A%,
whereas Icol is not. If we just look at the expectation, we may also define B, | [lcol(M)].

20



CONDITIONAL INDEPENDENCE TESTING

[\
W
N
W

Fig. 1: Example for P4, where {1, 2,3} are light and {4,5} are
heavy, for both A and C. This results in regions where both coordi-
nates are light ((/, 1), yellow), heavy regions where both are heavy
((h, h), blue), and mixed ones ((, h) or (h,l), red). For example,
A% (3,2) = (1,1) or A% (2,5) = (I,h). The principle of con-
structing the two types of instances is the same, to get conditionally
dependent instances, we simply add noise in the light region.

N W B W

e = =

1 1 1 h h C

To obtain the instances for the farness case, we perform the above construction, but additionally
add noise to the light region (that is, coordinates where both indices a and c are light). For this, we
randomly modify each light entry as follows:
ny +¢€ ny — €
d AdC ’ dAdC ,
This leads to a distribution which is not necessarily normalized, in particular, the individual b’s
don’t carry weight 1/dp. In Remark 22 we briefly argue how this can easily be fixed, but to
avoid overloading the notation, we will not treat the issue in the discussion explicitly. Note that
dﬁAildlc‘icfl < np < O(1). As mentioned before, a specific assignment of the coordinates in A and
C is denoted by A%C. Note that ny, is determined by AZC, and independent of F', as the noise is cho-
sen to be balanced (which justifies the notation ny (A% ). Proving that D% (Papc, PajgPePcip) >
(¢) is done in Lemma 31.

Pacpla,c) = or  Pycopla,c) = uniformly at random. (51)

To justify Poissonization, we further need to argue that for all probabilities Agpe < M/(d'y*dpdyc)
< 1, which we defer to Lemma 29.

Remark 22 Normalizing the € contribution. A simple idea is to pair up neighboring b-coordinates:
the distribution for by is constructed as above, while by inherits the same assignment, AZIC = A(XC,
and the noise being flipped. A ‘collision’ is then any event where mglc + mgi > 2. We trivially
have that Pr(b1) + Pr(ba) = 2/dp. The following discussion stays the same, in particular (82),
and we briefly argue in the proof of Lemma 27 that the result of this lemma remains the same.
The normalization is important, since we will be considering fractions of probabilities for different
assignments, and we implicitly assume that ‘local’ changes, i.e., replacing A%C by another RZC
only affects the probabilities for this b, see also Fig. 2.

Qa
h
h | — Fig. 2: Linking two b-values together: both
L5 et X el e have the same ass1gnmel.1ts 1gto heavy. and light,
but the noise has opposite signs. This guaran-
l|—elte|—¢ e —E|aE tees that Pr[b;] + Pr[bs] = 2/dp.
1 |+e|—¢|+e =E|rE|—=¢&

1 1 1 h hQc¢
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B.2. Bounding the Mutual Information

We will bound I(X : M) < >, I(X : M) due to the Poissonization, and then bound each term
by O(1/dp). We start from (7),

I(M,: X) <Ey,

<Pr[T:MbX:O] —Pr[T = My|X = 1])1 (52)

Pr[T = My|X = 0] + Pr[T = M,|X = 1]

We can now condition on the specific assignment Afﬁlc. To bound I(M; : X), we rewrite the
expression (...)2, using that Pr[A% -] is independent of X (as the assignments of coordinates into
the ‘light’ and ‘heavy’ categories are the same in both sets), and the triangle inequality.

|Pr[T = M| X = 0] — Pr[T = M| X = 1]]

Pr[T = My|X = 0] + Pr[T = Mp|X = 1] (53)
_ | Zpcoy (PrIT = MyIX = 0, M) — Pril = MilX = 1 A%G) Pridioll -
>oneon (Pr[T = Myl X = 0, A% o]+ Pr[T = My X =1, A%]) PrA ]
>onbcou, | PrlT = My X =0, A%o] = Pr[T = My| X = 1, A4 ]| Pr[AY ] 55
T Xy eou (Pr[T = MyX = 0,A% ]+ Pr[T = My|X =1,A%]) Pr[A% o]

The step from (54) to (55) may seem crude, but we will later see that most terms in the sum can-
cel anyway, which justifies the loose bound. For a given M, we will then split Q%C into three
categories, which cover three different regimes and which we bound using differing strategies:

— Lg considers the cases were we have no collisions. This provides no information on X, and
it is easy to see that it cancels (see Theorem 27):

QNelLo] = {Ah¢ € Qlelllcol(My|AY )| = 0} (56)

— L considers the case where we have many light collisions and/or a single light coordinate
is hit more than ten times. Intuitively, this provides a lot of information on X. However,
such events are very unlikely, allowing us to show that 72:j is small. We will bound it in
Section B.4. This set is denoted by

b
[lcol(My|A%)| > or } 57

M +7 . b M
QaclLly] = {AAC € Qic (I(a,c) : Ay (a,e) = light Amb, > 10)

— L, covers the area where we have a few light collisions. This is relatively likely, and provides
some information on X. Bounding this term requires most care, and will determine the
sample complexity. We treat it in Section B.3.

. b
r > |lcol(My|A% )| >0 } (58)

M L b M
QuclLy] = {AAC € Quc (Ab(a,e) = light = mb, < 10)

These sets are disjoint and clearly satisfy O, = QAL [Lo] U QAL [L,] U O [LF]. For Y €
{Lo, Ly, L)}, we define

- Sateom v) | PrIT = M| X = 0, A 0] = Pr(T = M| X = 1, A ]| Pr(A% ]
Y b) -—
2oab o (Pr[T = My|X = 0,A% ]+ Pr[T = My|X =1,A%]) Pr[AY ]
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We can thus write

T (M) = ’Tﬁf (My) + Tz, (My) + Tz (Mp) (59)
S | Pr[T = Mp| X = 0] — Pr[T = M| X = 1]| 60)
Pr[T = My|X = 0] + Pr[T = M| X =1]
It is sufficient to bound the contributions of these terms individually since
Enr, [(T(Ms))*] = Eag, (T (M) + Tz, (My) + Tzy (My))?] (1)

< 3 (Eag [T (M)?] + Bag [Tz, (M)?] + By [T2, (0)7]) . ()
We bound these terms individually, we find that E,y, [(’TLj)Z] = O(1/dp) (see Section B.4) and

En, [(Tz,)?] = 0 by Theorem 27. Together with the bound on Eyy, [(7z,)?] from Section B.3, we
find that

) 4
1 e|M| e|M]|
I(X - M) <FE TM) =0 —\ |55 | T35 ——>| +!
( b) < B, [(T(My))7] dp [d3g4(d,4dc)1/2] [d?a./4(dAdC)l/2

We said that this would need to be upper-bounded by O(1/dpg), which is easily achieved for

3/4 1/2
~ (dy (dad
N:,M,:O<B(AC))7 (63)
€
which proves our lower bound.
B.3. Contributions of Terms with Few Light Collisions
In this subsection, we prove the following lemma:
Lemma 23 [t holds that
1 v ] ]
€ €
Eas, (T2, (Mp))?] = O | |=m + 57 +1] . 69
B\ |dg (dadc)/? dy” (dade)'/?

In the following, we will assume that |M;| and |col(My)| are relatively close to their expectation
value. To do this properly, we define a set of ‘nice’ Mj’s, as

MZ = {Mb (S Mb (65)

|My| < O (log(dp)E[|My]]) }
col(My)| < O (log(dp)(1 + E[|col(My)]]))

Using standard concentration bounds, it is easy to see that all except an O(1/dp) fraction of M;’s
are contained in M. We can split the expectation into two parts:

Ent, [(Tz, (M))?] = Engyent; (T2, (My))?] + Eng g e [(Tz, (Mp))?)]- (66)
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We can bound the first term by a function of |col(M})|?, which is performed in Theorem 24. For
the second term, note that Epy, ¢ v [(7z, (My))?] < Enryga; (1] = Pr[My, ¢ MG]. This results in

e?|col (M)

2
W) + Pr[My ¢ M;] | . (67)
A C

En, [(Tz, (M))?] < O | Eaeny (

The expectation value E e ay [[col (M) 2] is bounded in Theorem 30, such that we arrive at

EMbKTcr(Mb))Q]go( et <IM2 i

WA JW + Pr|M, M
di Peady e \ dipditdee d‘gdi”“”f*déwc> e b]>
4 M 2 4 M 4 1
—O< cl LT ] - ) (68)

2 dy v AdE e dy(dade)? T dp

To obtain the claimed bound from (64), we insert the definition of w4 and w¢ from (47), and pick
the implicit constant sufficiently small by adapting the constants in (65).
We next prove the main technical statement:

Lemma 24 Let M, € M be fixed. Assuming M < O(d?;3/4(dAdc)1/2/(€ log(dg))), then, with
probability in1 — O(1/dp),

(69)

Te (M) <O <|1<M>|> |

i vadl e

Proof To bound

e (My) = Soatcan e, | PrT = My X = 0,A%¢] — Pr{T = M| X = 1, A% ]| Pr[AlM’
2ol (PrT = My|X = 0, Ay + Pr(T = My X = 1, Ajyc]) Pr{Ajc]

we first bound the numerator using Theorem 27,
[PIT = My X = 0,A4] = Pr{T = MylX =1, Alyc] (70)
<0 (Pr[T = MY, X = 0]52|1c01(Mb\A?40)\) . 1)

Next, we define, for any S C col(M),

QML 5] = {A%c € QYIL,]

(a,c) €S = A%o(a,c) = light’ 72)
(a,c) ¢ SAmb, >2 = Ab,(a,c)# ‘light

This means that QJXIC [L,, S] simply contains all assignments where the rows and columns touching
a coordinate in .S are light, without any light collisions outside of S. Thus, the light collisions for
assignments in Q4% [L,, 5] are exactly S. We note that for certain S, Q% [L,, S] might be empty,
and denote the set of such S by Sy. We can write

delc=1J U <klL.s). (73)
Jj=1 SCcol(My)
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Further, 51 # Sy = O [L,, S1] N QXL [L,, S5] = 0 since a given A%, will only be contained

in Q3L [L,,1col(My|AY ). Taken together, we may write

Yo et (o) | Pr(T = My|X = 0, A o] — Pr[T = M| X = 1, Al ]| Pr[A ]
>onb cou (Pr[T = My|X =0, A% o]+ Pr(T = My|X =1, A5 ]) Pr[AY ]

o2 ij 3 >oaeont s, PHIAY ] Pr[T = Myl X = 0, A% ]

j=1  SCcol(Mj) Db el Pr[Ab | Pr[T = My|X = 0,A%.]

Te, (My) =

(74)

where we bounded the denominator by using that Pr[T" = M| X = 0] > 0. To simplify this further,
define a function

Fur(Mye) = QhclLr, S = Qlic, (75)
which modifies the assignments of coordinates as follows:
— Forall (a,c) € S, set a and c to ‘heavy’,

— otherwise, keep the value of a and ¢ unchanged.

Note that this is the minimal modification we have to make to turn any light collision into a heavy
collision, see Fig. 3. In particular, note that for a fixed S, Fj; will map different A%C to different
assignments.

Ch C1 Ch Ch
Aby € QaclS, £] Ao ¢ QaclS, L]
Cy Cy Cy Co Ch
S:={C1} } } } }
Ch Cy Ch Cy Cy
Fur (M)
Cy Co Cy Co

Fig. 3: Assuming for simplicity d4 = d¢ = 3 and two collisions, C and Cs, and let S := {C } be
marked in green. Shown are some examples for A?Ac € Qi\{c [L,, S] with their matching counterpart
in fM(A%C) below, which is obtained by switching the assignment of the coordinates touching
S from ‘light’ to ‘heavy’. Purple coordinates represent the assignment (‘heavy’,‘heavy’), yellow
coordinates are (‘light’,‘light’), and red coordinates are mixed. Collisions outside of S are not
allowed to be light, hence the last picture shows an example for an assignment not in Q%C (L., S].
Note that this last A%~ would instead be contained in Q% [L,., {C1, C2}].

We will use this function to further bound the sum, together with the following simple fact:

Fact 25 For non-negative functions f1, fs defined over some set K, it holds that

Seerc () _  file)

max

Dvek f2(x) T 2ek fo(z)

. (76)
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Further, for A1, Ay € Q%C[ET,S] with Ay # Ao, we have Fas(A1) # Far(Az) as mentioned
earlier. This allows us to bound

Tz, (M) < &2 zr:j Soah ot z,,s) PHIAL ] Pr[T = M| X = 0, A% ]
Ly b) >
T st oaheeotyic.s PP (A e)] PriT = My|X = 0, Far(A% )]

|S|=4, S¢So

o Z’“:j T . Pr[AY ] Pr[T = M| X = 0, A% ]
TS s Meeinlens) PriFa (M)l Pr{T = My X = 0, Far (M)

To bound the fraction, first note that

) 1111 S|
Prifac) T AT P < (gl 77
P []: (A )] 1 1 A C
"M\ Bac 2d, VA 2dy, “C

Since F flips light to heavy, the raw probability mass (see Section B.1) 15,40\ g(a, c) will be larger
under F(AY) than A%, which means that the normalization factor will satisfy ny(A%.) >
ny(Far (A% o)), which requires additional care.

Pr[T = My|X =0, A4 ]

78
Pr[T = My|X = 0, Far(A%)] (78)
 ees PrlTe = mb, | X =0,A%] a.cygs PriTac = mb | X = 0,A%]
[Tia.cyes PriTac = mbe | X = 0, Far (M%) Tl (a,0¢s PrlTue = mbe | X = 0, Far(A% )]
Z mgc a mb
my(Alye) ! N, < () >ZS Voo o
np(Far (M) dly A dy e np(Far(AY )

Combining the bounds from (77) and (79), we thus have by construction of the distributions that
(using >"gml. > 2[9))

Pr[A% o] Pr[T = My|X = 0,AY%]
max
Aby o eQM (2., 8| Pr[Far(AY )] Pr[T = My X = 0, Far (A% )]

mb S|
n(AZC) >Z ac 1
<0 —_— —_— 81
- <n(fM(Agc)) di g e

26
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This ratio of the normalizations is bounded in Theorem 28. Equipped with these bounds, and using
that d}* = d/° by definition, we can now apply (76) to 7., which in our case takes the form

72 < O 52 i] Z maX Pr[A%C} [T = Mb|X = OvAZC]
o =1 scaol(u,) Nac€QHolLns] 51 PriFar(Aye)| Pr{T = Mp|X = 0, Far (Ajyc)

- Ygmb. | M|
, _ _ 1 np(AY )
<0 525 E dirwagl-weylsi = <bAO>
= J ( A C ) dz_wAdlc_wc nb(]:M(AAC»

j=1  SCcol(My)

. E | M|
(M) 1 S| IS |S|? ’
< 2 |co b 1
=01° ,5;1 |S|< S| dlAdy e 0 du + i * dUAdEe
El | My

- 151 |col (M) S| ISP
< 2 € b 1 . 2
=0 g:l |51 (dl vA gy e FO\ap T 52

We next use that M, € M, i.e., [col(M})| and | M}| are within a logarithmic factor of their expecta-
tion value, which satisfies E[[col(M;)|] < O(|My[?/(d4*d)) by Theorem 30. Further, we apply

the guarantees of the middle regime (Theorem 29), as well as | M| < dSB/4(d 4dc)Y?/(elog(dp)?),
which allows us to bound

|col(My)| <0 ( 1 log(dB)\Mb\Q) 83)

l—wp jl—we — 1—w 1—w WA Jwe
dy tde dy de dytde

~ 1
<O —5—| <o(1). (84)
<dg 2@)
Using (47) we can also bound
1 1 1 1
M|+ <€ , My| =~ < . (85)
| b‘dAA log(dp) | b’di 4 log(dp)?
Note that then
col(azy)] )" s s VM
b
(dl wAdl wc> <1+O<de+d?4wA>> (86)
<1(1+ MO |S| + Ly <2 (87)
= gt " gdea ) ) =

This means that |S| = 1 dominates the sum and we may bound

2|col(M,
VM, € Mj : Tz, (M) < O 81_’?/47(1_'12‘0 . (88)
dA dC
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B.4. Contributions of Terms with Many or No Collisions
Lemma 26 For TEBL as defined in Section B.2, it holds that
1
Eng, [T+ (Mp)?] = O <d> . (89)
B
Proof Denote by Y the event that we have either more than r light collisions or a single light
coordinate is hit more than 10 times,
Y = 1[[lcol(My|AY )| > 7V (3(a, ¢) : Abo(a, ¢) = ‘light Amd, > 10)]. (90)
Here we bound
_ _ b _ _ b b
’ 2o eon (Pr[T = My|X =0, A% o] + Pr[T = My|X = 1, A o]) Pr[AY ]

- Yony e o PrIT = My| A% o] Pr[A] o]

< 91)
ZAZCEQ%C Pr[T = Mb|Af)40] Pr[A%C]
Pr[T = M, Y = 1]
= = Pr[Y = 1|T = M,). 2
Pr[T = M) Y =1 0] 92)
We have, using a union bound in the last step,
Es, [Tpt (My)?] = Eng, [Pr[Y = 1T, = My)?] (93)
< Epg, [Pr]Y = 1T, = Mp]] = Pr[Y = 1] (94)

< Pr[[lcol(My)| > 7] + Pr[3(a, ¢) : A%o(a,c) = light AmP, > 10]. (95)

(4) (i)
We briefly bound these two probabilities individually:

(1) In Theorem 30 we found that the expected number of light collisions is upper bounded by 1.
We can then use standard concentration bounds to argue that (§ := r/E[[lcol(My|AY)[] —
1>1)

Pr[|lcol(Mp)| > r] = Pr[[lcol(Mp)| > (1 + 0)E[|lcol(Mp)]]] (96)
< e O E[lol(Mp)]])) < =O(r) (97)

such that Pr([lcol(Mp)| > r] < O(1/dpR).

(i) For the second point, we use M /(dadgdc) < 1/ (d]lg/4 (dadc)'/?¢), which can be bounded to
M < 1/(dadc)"/? with Theorem 29. Theorem 29 further allows us to bound dp < (dadc)?,
such that the expected number of (at least) 10-fold collisions is

0 <dAdBdc ’24 <Cuil\;c>k> <0 <(dAdC)3§1:o <W)k> <0 <(dAilC)2> ,

and the claim follows since 1/(dd¢)? < 1/dp.

Combined, we found that Epy, [T+ (My)?] < O(1/dp), as claimed. [ |
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B.5. Remaining Proofs of Regime II

Lemma 27 Let M, be the set of samples we receive for a given b, which we assume to satisfy the
conditions (65). Let AZXC be an assignment. Then the quantity

F(My, AYe) ‘PrT My|X =0,A%] — Pr[T = My| X =1,A%] (98)
may be bounded by
0 if [Icol (My|AY
F(My, Alye) = ) , o HheetthBac) =0 g
O(PH[T = Myl A%, X = 0]e2[leol My A% )])  if llcol (My|Ab )| < 1,
where 7 = O(log(dp)) is as defined in (48).
Proof We begin with the first case, where we have no light collisions.
|Pr[T = M|X =0,A%:] — Pr[T = M|X =1,A%]| (100)
1 mhe 1 (1 — g)Moc
—PiT = MIX =0, A - ] (1+e) ;( ™l o, aon

(a,c) ‘light’

since m%, € {0,1}. For the second statement, recall that by assumption, no element is hit more
than c := 10 times. We can then bound the terms for which m?. > 2 by

(1 +&)™ae + (1 — g)™ae < 2+ 4e2(mP,)2 < 2+ 12c% (102)

which allows us to bound
Pr[T = M|X = 0,A%c] — Pr[T = M|X = 1,A%] (103)
< 12Pr[T = M|X = 0,A%c]c3|lcol(M|AY ) |€2. (104)

If we consider the coupling for normalization, the first statement stays the same (denote the two
coupled b’s by by and b2):

| Pr[T(y, ) = Mpy )| X = 0,AG5")] = Pr[T = M|X =1, A{5™)]] (105)

(1+ £)mat (1 — £)mad 4 (1 — g)mab(1 4 g)ma

b1,
= Pr[T(b17b2) - b1 b2)|X 0 A(Aé} )] 1- H
(a,c)
=0, (106)

2

since m2L +m?2 € {0,1}. In case where we do have a collision, we use that M, € M, such that
m, to bound

o o2 o o b b by, b
(1 + E)m (1 - E)m + (1 - g)m (1 + E)m <2+ 452 ((Tnalc)2 + (ma2c)2 + malcma2c> (107)
<24 12¢%2, (108)

such that the second statement continues to hold. |
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Lemma 28 Let Fj; be as defined in (75), and ny, be the normalization as introduced in Section B.1.
For a set S of (‘light’,light’) coordinates with |S| < r < d¢/2, we have that for any AI;‘C €
Q%C [ﬁh S ]’

(A% ) < < 1 1 > B >
_BAC) L0 (1) (e e )+ =) 109
ny(Fur (M) — o dy*  de’ dytde” (10

Proof In the following, let

Sa:=A{al3c: (a,c) € S}, Sa:={ala ¢ Sa}, (110)

and analogous for S¢ and Sc. Let PAC(AZO) be the distribution as constructed in (50) with as-
signment Af’w, and p, and p. corresponding to p, (for readability, we omit the tilde). We can then
bound

mA) T PuelFrr(Ac)) -
mFu ) Y, PalA)
< ZaESA,ceSC PaPc + ZaESA,cES'C PaPc + ZaGS‘A,ceSC DaPc + ZaGSA,CGSC DPaPe 112)
- ZaGS‘A,ceSC PaPc
oo oyt (a4 ) et Toes, (gl +a) o 4191 (g + ) (e + )

Zaeg/hcegc papc

1 1 9]
<14 45| + + . (113)
deA Zae:?A Pa dgc Zcegc Pec dZA dlCU’C ZCLESA,CGSC DaPe

By assumption, we have that Sy = Q(d4) and gc = Q(de), such that ZaeS'A pe > Q1) and
> eede Pe = §2(1), such that

ny(A%yc) < ( 1 1 > |SI? >
_BAC) 1 L 0 (18] (e e |+ ) (114)

mo(Far (M) S e )+ e
|

Lemma 29 For Regime II of both {1 and D?%,, it holds that
5" _ 501y < 208 dc

<O(1) <etE—. 115
dAalc_@()_8 da (1>

This implies in particular that edc = (1),

Proof This just follows from comparing the regimes. When comparing to Regime I of D%, we have
that

(dadp)?/3d? g d3y* (dadc)'/? 1_ g [de (116)
473 c e B Vdy

(dadp)?/3d? _ (dadp)?/*d}!* 1_ s (dA)lM (117)
473 B \d .
€ IS IS C
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(If we are in the middle regime, then both inequalities need to hold because we always have
(dadp)? 4dé/4 /e > ng/4(d 4dc)Y/?/e). Only the first inequality is relevant for us, as it implies
the second one. This inequality also holds when comparing to regime I of /1, as the same term
appears there in a maximization. When comparing to Regime III, we always have either

diy"(dade)* _ dy'(dadc)'? - s

< (dadc)?, (118)
€ €
or 6/7 3/4 1/4
dg (dAdC)2/7 dy (dAdC)l/2 dg 1/2.
87 < - — 5 < (dade) (119)
We can always assume the weaker of the two, dg4 < (dade)V?. |

Lemma 30 For a given b it holds that

B | My|? 2 | My |? | My)*
Epg, [|col(Mp)|] = O <W , Eng[leol(My)|"] = O e + 2o gEve | (120)

Further, for light collisions, we have Epy, [|lcol(My)|] = O(|My|?/(dadc)).

Proof We show the bound for E[|col(M)|?], the bound for E[|col(M})|] and E[[lcol(My)|] follow
analogously (see (130) in particular). In the following, let X, Y € { H (eavy), L(ight)} and define

Cxy(a,c) :== 1[A%q(a,¢) = (X,Y) Amd, > 2]. (121)

Further, let Cxy := Za,c Cxy(a,c). We first use that

E[lcol(My) ] = E[|[Cru + Cur + Cru + Cril?] (122)
< A(E[|Crnul’] + E|CHr ") + E[|CLul*] + E[|CLL]?). (123)
In the following, all sums are over [d 4] x [d¢]. For readability, we write Pr[X] := Pr[X = 1] for

indicator variables.

2
[CXY (Z Cxy (u,v ) = Z E[Cxy (u,v)Cxy (u',v")] (124)
=> E[Cxy(u,v)’|+ Y E[ny(tg,;)éxy(u’,v)] (125)
u,v uFu’ v
+ > E[Cxy(u,v)Cxy(w,0)]+ > E[Cxy(u,v)Cxy (u,v)] (126)
u oAV uu! v’
= PrlCxy(u,v)]+ Y Pr[Cxy(u,v)]Pr[Cxy ()] (127)
u,v uFu’ £V’
+ Z Pr[Cxy (u,v)Cxy (u,v)] + Z Pr[Cxy (u,v)Cxy (u',v] (128)
u,v#v uu’ v
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Note that Pr[C'xy (u,v)] only depends on the value of A% (u, v), i.e., whether A% (u, v) is ‘light’,
‘mixed’ or ‘heavy’, but not the specific coordinates (u,v). Thus we can just take an arbitrary
representative set of coordinates, and bound this further using that

Pr[Cxy (u,v)] = Primyy, > 2|lu = X, v = Y] Prfu = X]Prjv = Y] (129)

and analogous for the other cases. For readability, define a function w(X) := w4 if X = H, and
w(X):=1if X = L. Then

| M, |? 1 1 | M |2

Pr[Cxy (u,v)] < dade =
Z diw(X)déw(Y) dz_w(x) dé_w(y) qui}(X)dqé}«(Y)

u,v

(130)
S° Pr{Cxcy (u,0)] Pr{Cy (o, 0')] < ( dade| M 1 L )2 |0y 1
xv (U, xy ()] < S 30 e e | T mare e
uFu’, dA( )dC()dA ( )dC ) dA( )dC()
vV
My 1 1 |My|*
Z PT[CXY(U, U)CXY(U’ U,)] < dAd% dw(X) Aw(Y) ;1—w(X) ;2—2w(X = 3w(X) 2w(Y
u,uFV’ dA()dC()dA ()dc () dA()dC()
M 1 1 | M |*
Z Pr[Cxy (u,0)Cxy (u, )] < djde Aw(X) Aw(Y) 2—2w(X) Jl-w(X)  2w(X) sw(Y
wAv g0 ) 220X glow(X) ) Buly)

If a € H, then w(X) = wa, and if a € L, then w(X) = 1, analogous for ¢. Thus, we find from the
previous equations that

| Mo |? M|t | M| | M |*
(dadc)w diwdgcw diwd%w (dadc)?w”

E[CHy] < (131)

Note that we get the other terms E[C%+] by switching the value of the respective w(X) or
w(Y"). However, the contribution by E[C?% ;] dominates and we obtain

Bl = 0 (S5 + L)

w Jw w J2w (132)
didg — d3'd

Finally, we prove the required distance:

Lemma 31 With high probability, a randomly chosen ‘farness’ distribution constructed in Sec-
tion B.1 satisfies

2||Papc — PapPsc/Pglli > D% (Pagc, PapPpc/Pg) > Qe). (133)

Proof The first inequality always holds due to the relation between ¢; and D%I distances. Recall that
Pyc|p 1s the unnormalized distribution in the construction of our instances in Section B.1, before
we apply noise, such that it is in particular product, PAC| B = 15A| Bﬁ’q B- We may rewrite ny as

1 _ 1 1
Za,cﬁadb Za ija\b Zcﬁc\b

ny = = MNp,aMp,c- (134)
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We will, for simplicity, ignore the normalization in £ described in the same section. In the following,

we denote by £, the noise at coordinate (a, b, c), i.e., €. = +¢, where the sign is determined by

whether pgpe = (ny £ ¢)/(dadpdc). We have
— Wb Pg(b) = 1/dg

— If ais ‘light’:

Pag(a,b) = Z ™+ Eac + Z ™ (135)
AR dadpdc dadpdiC
c:AY - (a,c)="light c:Ab o (a,c)="mixed’
b
c€ac ny 1 1
= — — 136
dadpdc + dpda Z - de + Z o def (136)
c:AY o (a,c)="Tight c:AY - (a,c)="mixed’
_ Ectu Mg ™ (137)
dadpdc  dadpny.  dadpdc  dadpny,
If ¢ is “light’ (analogously): Ppc:(b, ) = oaae 4
— If cis ‘light” (analogously): Ppc(b, ¢) = 7744 Tpdomna”
Let k < 1 be a small constant. Then, for a given b, define the set of light coordinates as

Ly = {(a, c)‘AZC(a, ¢) = ‘light’ A 2| < kdce A |€b) < deE} . (138)

Standard concentration bounds suffice to argue that with high probability, |Ly| = ©(dadc) since
E[e?] = 0 = E[¢"]. Note that N, Nb,e < Ny, such that 1/ny > 1/ny ., 1/nyp 4. By assumption we
also have |%|/d4 < ke, |€%|/dc < ke. Then, by expanding the square roots in the last step,

PypP
D% (PABC, “;;C> (139)
PP ?
=3 <,/pa,,c —/ “1‘; bc) (140)
a,b,c b
2
Pabec
>3y <\/Pabc -5 ) (141)
b (a,c)€Ly
2
1 ny + b np el np eb
— _ ac a C 142
Z dp Z dadc \/(dAnbc + dado dong g + dadc (142)
b (a,c)ELy ’ )
2
b b b bb
np € € € ebe
= . 14+ 22— /1 ¢ a a-c 143
; dadpdc Z \/ * ny \/ * Ny, cdA * e * dade (143)
(a,c)€Ly
ny &g
S DI o Q< >:9(5). (144)
b dadpdc (a,c)eL b
|
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Appendix C. Lower Bound Proof of Regime I1I

Theorem 32 Consider conditional independence testing in {1 and D%{ distances. Then, for Regime
111, it holds that

_ d1/4d7/8d1/4 d2/7d6/7d2/7
SCCI,WHQ(e,dA,dB,do):Q(min{ A_B O A B_C : (145)

e 68/7

We will prove this lower bound using two different but very similar arguments in Section C.1
and Section C.6. For this reason, we will prove one of the instances in detail in Section C.1, and
only point out the necessary modifications to obtain the other term in Section C.6.

C.1. Lower Bound Regime III, Second Term
In this subsection, we prove the first part of the lower bound for Regime III.

Lemma 33 Assuming € > d114/ 4dlc/ 4d§1/ 8, the sample complexity of conditional independence test-

ing in £ and D%{ distances in Regime III satisfies

2/7 6/7 12/7
ddd) (146)

SCCI,El/HQ(S’dAvdBadC) = ﬁ ( 68/7

Remark 34 In this regime, the condition di/ 7d%/7d20/7/€8/ "< d,lq/ Zlcijg/gallc/4 /€ is equivalent to
€ > d,lq/ 4dé/ 4d51/ 8, For sample size N < cdi/ 7al%ﬁdéﬁ / 8/ with sufficiently small constant ¢, we

have:
Ne pe /7 g /7

A=""<c4A C <« (147)
dp d1B/751/7

Consequently, we may assume that N/dp = AJe < ¢ < 1.

C.1.1. CONSTRUCTION OF HARD INSTANCES

To define the yes and no instances, we will first define a set of vectors below. We assume d 4 and
dc are even integers. Let da,do € N. For a vector v € R?A, let 7, denote its a’th co-ordinate for
any a € [d4]. We define three vectors r, 7+, 7~ € R4 as follows:
1 1 -1

Ta dA’ ra dA + dA 9 Ta dA dA ) a 9 , A, ( )
We define the pairs (12;—1, 72;) together to be either (+(;, —(1) or (—(1,+¢1), with probability
1/2, independent of all other pairs, for a sufficiently small constant (;.

Similarly, we define three vectors s, 57, s~ € R, where for every ¢ € [d¢]

1
Sc = S5,

dc

1 Ve 1 Ve

sF=—+ -, -
dc  dc

= — - — =1,...,d 149
Sc dC dC’ c ) s Ay ( )

We similarly define the pairs (1251, 12;) together to be either (+(2, —(2) or (—(2,+(2), with
probability 1/2, independent of all other pairs, for a sufficiently small constant (2. Note that for
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every ¢ € [dc], v. satisfy E[v,] = 0, and v9;_1 4+ 125 = O forall j € [dc/2] (and analogously for
7a)-

The distributions are constructed as follows. Let =y := {1,3} and E; := {0,2,4}. We use the
bit X to separate between yes-instances (conditionally independent, X = 0) and no-instances (far
from conditionally independent, X = 1).

1. Dummy b: with probability N/dp, we set Pg(b) = 1/N and choose the following. First,
select k4 from [d4/2] and k¢ from [d¢ /2] uniformly at random. Then set

1 .

1 if v e {2ky, 2ky + 1},
Ya,c : Paciy(a,c) = pope where p, = {4 1

2(dv—2)

(Ve{AC})

otherwise,

2. Non-dummy b: with probability (1 — N/dp)/3, we set Pg(b) = /dp, and define Va, ¢ :

(1) ifk €=x

+ot _ 1
oSy — 1, S 2

. )
0 otherwise

e ~s
3rys; —Tq 8¢ +k @ ¢  where Pl‘[k:kl]:{

2 2

Pacpla,c) =

3. A-Uniform b: with probability (1 — N/dg)/3, we set Pg(b) = ¢/dp, and define Va, ¢ :

-+ + o=
R 2SC>7where Pr[k‘:kl]:{

LG) ifK eZi_x

0 otherwise

Pacpla,c) =g (

4. C-Uniform b: with probability (1 — N/dg)/3, we set Pp(b) = ¢/dp, and define Va, c :

- + +
3r, —r rTo—

- 1/4 . / —_
2 fk e€=Z_
PA0|b(avC):< 5 “ otk zra)sc, where Pr[k:k’]:{S(k) ! 1-x

0 otherwise

Note that by construction and the definition of  and s, all four cases yield properly normalized
distributions conditioned on B, ) a.c Pacp(a, ¢) = 1. For Pp, we note that the contribution of the
dummy b’s is with high probability in ©(1), which follows from standard concentration bounds.
The remaining cases contribute at most € to the total weight, such that we can use the argument
from Section A.1 to treat our constructions as distributions in the following. Assuming Pspc is
constructed as above with X = 1, we show

E [D3(Pasc, PapPoipPs)| > Q(e) (150)

in Theorem 47. Tt is easy to see that distributions where X = 0 (i.e., &k € {1,3}) are indeed
conditionally independent.

C.2. Bounding the Mutual Information

As argued before, we will use the independence between M}, due to Poissonization to bound (X :
M) <>, I(X : M), and derive I(X : M) < O(1) by proving I(X : M) < O(1/dp). We
will introduce a case distinction using three different terms. Let M gc] denote the set of all M} with
| Mp| = K for which either an A index or a C index appears more than once. Note that in this sense,
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paired indices count as ‘same’ (i.e., for all a € [d4/2], 2a and 2a — 1 are treated as the same, and

analogously for ¢ € [d¢/2]). Further, denote by M IE ] the set of count vectors of cardinality at

least four where we have no such repeated appearances. Then

(Pr(My | X =0) — Pr(M, | X = 1))?

[(X: M) < 2 %: Pr(M, | X =0)+Pr(M, | X =1) (o0
1 (Pr(M, | X = 0) — Pr(M, | X = 1))*

_ - 152
Mbi%;|§3 Pr(M, | X =0) +Pr(M, | X =1) (152

1 (Pr(M, | X = 0) — Pr(M, | X = 1))
D) ZM Pr(M, | X =0)+Pr(M,| X =1) (159

MbGMk
(Pr(My | X = 0) — Pr(M, | X = 1))?

t3 Z Z Pr(M, | X =0)+Pr(My | X =1) ° (>4

The first two terms can be shown to be exactly zero by construction, which is proven later in Theo-
rem 35 and Theorem 37. The last term can be bounded for each k individually using Theorem 38,
and results in

- (Pr(M, | X =0) —Pr(M, | X =1))? Ne\*  dp
Vii= D Pr(My | X = 0) - Pr(My | X =1) (CdB) N(dadc)?’ (155)

MpeMy

where C' is a suitably chosen constant (see Theorem 38). By Remark 34, Ne/dp < 1 and we see
that (154) is dominated by the term where k£ minimal (k = 4), as the Y}, decrease exponentially in
k. Thus, to complete the proof, we bound

I(X'M)<iY <Z<CN€>%CZB<O<N7€8> (156)
B k=4 £ k>4 dp N(dadc)? ~ d7B(dAdC)2 '

We require this term to be in O(1/dg), which implies that we achieve sufficiently small mutual
information as long as the number of samples N satisfies

NT7&8 1
C'————-<0 <> . (157)
d7B(dAd(j)2 dB
This shows that for
d2/7d6/7d2/7
N<Q <A§W , (158)
e8/7

for a suitably small implicit constant, it is not possible to reliably reconstruct X. We will now
continue to prove Lemma 35, Theorem 37, and Theorem 38, and begin by introducing some useful
notation.
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General Notation Let 7 represent the type of the index b € [dp]. Based on the construction of
the hard instances, we denote the four possible types as 7 € {74, Tn, Ta, Tc}» Where 74, T, Ta, Te

correspond to Dummy-b, Non-dummy-b, A-Uniform-b and C-Uniform-b, respectively. Note that,
following the construction, we know that Pr(7;) = %, Pr(,) = Pr(ra) = Pr(7c) = % (1 - %)
For the rest of the proof, we carefully analyze the quantity (Pr(M; | X = 0) — Pr(M, | X = 1))

for each type of input. For each type 7, we define
Poift (My|7) := Pr(My | X = 0,7) — Pr(M, | X =1,7), (159)
such that

Poift(My) :=Pr(M, | X =0) = Pr(M, | X =1)= Y Pr(r)Poi(My|7). (160)

Te{Tdanﬂ—a,Tc}

Note that by construction, there is an implicit expectation over the parameters p and 7 in Ppjg (Mp),
1.e.,
Poifr (M) = By [Pr(M | X = 0,7,v) = Pr(M, | X = 1,n,v)]. (161)

Observe that for the dummy type 74, the distributions are identical by construction, so Pp;g(Mp|74)
=0.

To analyze the remaining types, let |Mp| = > ac m?.. be the total number of samples obtained
for a fixed b. Recall that A = %’ and we define the common factor in the probabilities as:

—A A My
ey = SAT (162)

b1
a,c Mac

C.3. Proof of Zero Terms

in this section we will prove Theorem 35 and Theorem 37, which show that certain M} do not
contribute to the mutual information in (151).

Lemma 35 For 7, € {7y, 74, 7c} and arbitrary My, it holds that

4
Posr (M) = S0 [Z(—n“ () Hf;%(k)] , (163)

k=0

where

b

mac
- fae(k) = (djdc (1= 2 — 20c + nave + k(o + %)))

— frh) = (g (1= 2ve + /wc))mzc

b
Mae

— fze) = (s (1= 200+ ko))

In particular, for all My where |Mp| < 3, we have Ppig(Mp|7,) = 0. For any My, we may bound
Fi (k) < (FEE)mee, where L = T(C1 + G2) = O(1),
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Proof This follows directly from the construction and Claim 36. |

We continue with the following claim (a similar construction was used in Canonne et al. (2018)).
We are reproducing it for completeness. We will use it later in our proofs.

Claim36 Letn € Nandi = 1,...,nlet A;, B; be matrices of the same dimensions over a field
IF, and let a; € Z>o. Consider the matrix polynomial

n

f(k) = H(Ai—l—k;Bi)ai, ke{0,1,2,3,4}, (164)
i=1
n
where the product is taken in the fixed index order v = 1, ..., n. If the total degree satisfies Z a; <
=1

3, then the following holds:
4
4
> o(=ntt <k> (k) =0. (165)
k=0

Proof Let D = )" | a; < 3 denote the total degree of the matrix polynomial f(k). We can write
f(k) as a polynomial in k:

D
fk)y =Y Cjk, (166)
=0

where C; are matrix coefficients independent of .
Now consider the expression:

4 4 D
ek (4 _ k(4 "
;( 1) <k>f(k) kZ:O( 1) <k> ;)C]k (167)
D 4
=26 <Z<—1>4"“ @ kj> : (168)
7=0 k=0

where we interchanged the order of the sum in the second step. Let us denote the inner summation
as S == Zizo(—l)‘l_k(:)kﬂ', for each j € {0,...,D}. Since D < 3 by assumption, S; = 0.
Thus, following (168), we can say that

4
> (=) (:)f(m =0. (169)

k=0
|

C.4. Cancelling Terms

‘We now show that

Lemma 37 Let My, € My, be such that | My| > 4. If the indices in the support satisfy either of the
following conditions:
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(i) No A-Pair Collision: For all a € [da/2], there is at most one element in M with A-
coordinate 2a or 2a — 1.

(ii) No C-Pair Collision: For all ¢ € [dc/2], there is at most one element in M, with C-
coordinate 2¢ or 2¢ — 1.

Then it holds that Ppig(Mp) = 0.

Proof We will only prove (i) (“No A-Pair Collision” among the indices in M}). The proof of (ii)
follows similarly and is skipped.

Note that by assumption, no two element in M)}, share the same A-pair index |(a — 1)/2].
Following the construction of the hard instances, we have the following:

E[Pr(M,| X =0) - Pr(My | X =1)]= Y Pr(n)E[Ppir(Mlr)]. (170)

Te{TdanyTach}

We will compute each of the terms in the above equation separately, assuming there are no A-
pair collisions. Recall that following the construction of the hard instances, we know that Pr(7;) =
N/dp and Pr(7,) = Pr(r,) = Pr(7:) = (1 — %). In the following, we will show that

() E[Ppit(Mp|74)] = 0,
(i) E [Ppir(Mp|7e)] = 0,

(iii) E [Ppifr(My|mn)] = —E [Ppise(Mp|74)].
Thus, we have:

E[Pr(My | X =0)—Pr(M, | X =1)] = Z Pr(7)E[Ppig(Mp|7)] = 0, (171)

Te{Tdanﬂ'a»Tc}

which completes the proof. We now show the claimed equalities for the different terms:

(i) We know that PDiff(Mb’Td) = 0. So, E[PDiff(Mb‘Td)] = 0 as well.
(i) From Theorem 35, we have the following:
4

BiPow (M) = 5 |30 TT =

k=0 (a,c)

1 mgc
[(dAdC(l — 21, + km)) ] (172)

Note that since we assume no row-pair collisions, every sample (a,c) € M belongs to a dis-
tinct A-pair. The variables 7, are independent across distinct A-pairs. Thus, the expectation
splits into a product of expectations. Since E[n,] = 0, each term simplifies:

é(_1)4_k <:> <dAldC>|M"] —0.  (a7m)
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(iii)) From Lemma 35, we have the following:

4

C(Mb) 4—](: 4 Tn
E[Poir (Mpl7n)] = === | D (=" (| )Bu | By | [[fZe0)| | |, (74
k=0 (a,c)
where )
™ () = (1 = 20 + ko) + Na(ve — 2+ k))™ae . (175)
’ dado

Since the indices (a,c) € M, satisfy the “No A-Pair Collision” condition, the A-indices a
belong to distinct disjoint A-pairs (e.g., if one index is 27, no other index is 2¢ or 2 —1). Since
the pairs (72;—1, 772;) are mutually independent, the variables {7, } appearing in the product
are independent. Thus we can say that

E, | [] fin®) | = [] En. [£i0(8)] - (176)
(a,c) (a,c)

By linearity of expectation along with the fact that E[n,] = 0, the term linear in 7, in the
above equation vanishes, and we have:

1

= (1 — 2u, + k) e, (177)

Ey, [fae(k)]

Thus, from (174), we can say that

4
]E[PDiff(Mb|Tn)] = —C(]S\lb) Z(—1)4_k <2> E, H dAldC (1 —2v, + k?l/c)mgc ,
k=0

which is equal to —E[Ppis(Mjp|7,)] by Lemma 35.

C.5. Bounding of Non-Cancelling Terms

In this section, we will prove the following lemma.

Lemma 38 For a fixed constant C and k > 4, we have

3 (Pr(M, | X =0) = Pr(M, | X =1))* < _ 48 (C’NE>% (178)

Pr(My | X =0)+Pr(M, | X =1) — N(dadc)? dp

ae/\/ll[?k]
In order to prove the above claim, we need some additional claims, stated below: we individually

bound the numerator (Claim 39) and denominator (Claim 40) of the fraction in (178), and we also

bound the number of terms in the sum (Claim 41). The proof of the latter wo is more technical and

referred to Section C.7.
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Claim 39 For any My, the magnitude of the probability difference is bounded by:

IPoir(My)| = [Pr(My | X =0) — Pr(M, | X = 1)] < 2C(M;)
dado

(179)

Proof This follows directly from (160) and Theorem 35. |

Claim 40 Let My, be a count vector for which the expected probability difference is non-zero, and
letk = |Mp| =3, . m?.. Then,

N el/4 NN 1
Pr(M, | X =0)+Pr(M, | X=1) > 2. -~ — . (2} ——— 180

The following claim gives an upper bound on the number of terms which do not cancel.
Claim 41 Let k > 4. Then \/\/lék} |, i.e., the number of My, with | M,| = k such that
Poir (M) = Epp [Pr(M, | X = 0,m,v) = Pr(M, | X =1,n,v)] # 0, (181)

is bounded by:
(MM < |y 4 @M= gt (182)

We refer the proofs of the above claims to Section C.7. Assuming they hold, we now proceed
to prove Theorem 38.
Proof [Proof of Theorem 38] From Claim 39, Claim 40 and Claim 41, we can say that:

s~ (PO | X = 0) —Pe(i | X = DY

183
Pr(My | X = 0) + Pr(M, | X = 1) (183)
MbEMl[)k]
Z 46_2AA2k(H Mb!)_Q(l + L)Qk(dAdC)_2k (184)
A N [ 4k “(k—
Mye M 2 (e71/4) (T My~ 14—k (dadc) =D
4 4k 1 L 2kA2k
< IMP max | . <+2k)7(k71) (185)
Myem® \ 225 (e 1/ [T My! (dadc)
8dpe
< (14 k-1 __ SdBe 2k 2k
< (k (dade) ) Nt DA (186)
8dpe K\ gk 2% £ 2k — k
< 27 . . . <4. >
< oy (4 3) A1+ L)A%%  (using b <4-3Ffork>1)  (187)
d Ne\ %
< . 2 k . 73 . _
< (32e) - (12(1+ L)%) N(dado)? <d3> : (188)

32¢(12(1 + L)?)* can be bounded by C* for some suitable constant C.
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C.6. Lower Bound Regime III, First Term

Lemma 42 Assuming ¢ < di‘/ 4dlc/ 4d;1/ 8, the sample complexity of conditional independence

testing in £1 and D%{ distances in Regime Il satisfies

o gMAT LA
SCcre,/m2 (€, da, dp, dc) = (f“;“) : (189)
Remark 43 In this regime, the sample complexity is determined by:
1/2 ;3/4 ;1/2 1/4 ;7/8 /4 2/7 6]7 2/7 1/4 ;7/8 ;1/4
max <dA/ dB/ d¢ min (dA dB/ dc/ dA dB/ dc/ )) _ dA/ dB/ d¢ (190)
5 ’ £ ’ e8/7 5 '

1/2d3/4d1/2/ < d1/4d7/8d1/4

This implies d /€, which implies (dadg)'/* < d}3/8. For sample size

N < d2/4d;/8d1/4/€ (c < 1), the parameter A = satzsﬁes
JL/A T8 gL/ 1/4
A= 84 %8 % :c(d/‘dgg <c< 1. (191)
dB 3 dB

C.6.1. CONSTRUCTION OF HARD INSTANCES

We will use the same hard instances from Section C.1.1. However, we will assign different proba-
bilities to those instances. In particular, we will set

Pr(ry) = },Pr(m) = Pr(r,) = Pr(re) = é. (192)

2

Similar to before, we proceed with the mutual information bound:

(Pr(My | X =0) — Pr(M, | X =1))?
I(U : My) . 193
0) Z Z Pr(M, | X =0) +Pr(M, | X = 1) (193)
= Mye M
Claim 44 (Adaptation of Claim 40) Let M, be a count vector for which the expected probability

. . _ _ b
difference is non-zero, and let k = |My| = 3_, .myg,. Then,

—1/4 nN" 1

For the above claim, note that we use the same derivation for Pr(M, | 74) as in the previous case
(which depends only on the vector definitions, not the priors). The only difference from Claim 40
is that the term n/d g in Claim 40 is replaced by 1/2.

Claim 45 (Adaptation of Claim 39) Then For any My, for some fixed constant C'y, the magnitude
of the probability difference is bounded by:

(195)

14 L)\ M
dAdC>

IPr(M, | X = 0) — Pr(My | X = 1)| < C; (M, )(
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The proof of the above claim is almost the same as that of Claim 39. In particular, the only difference
is Pr(r,) = Pr(r,) = Pr(r.) = 1/6 instead of (1 — %). This results in a constant factor
difference in the proof of Claim 45.

Claim 46 For every b € [dg], I(X : M) < Co->—5
Cs.

= (s & (dadc)’ ( B for some fixed constant

A8
(dadc)?

The above proof follows similarly as shown in Section C.2 by using the bounds from Claim 44
and Claim 45.

Now we are ready to prove the final lower bound.
Proof [Proof of Lemma 42] Recall that I(X : A) < Zgﬁl I(X : Mp). From Claim 46, we know

that 1(X : M) < CQW Thus, we need that
N7&8 d1/4d7/8d1/4
dg - C'————=>0Q(1) = N>Q| 4B ¢ |, 196
|

C.7. Remaining Proofs of Regime III

In the following, we prove Claim 40 and Claim 41, which are used to derive Theorem 38.
Proof [Proof of Claim 40] The sum of probabilities is lower bounded by the contribution of the
dummy type:

N
Pr(M; | X =0) + Pr(M; | X = 1) > 2~ Pr(My | X = 0,7) (197)
B
N A
= 2@Er,,sl Ha c g H . (198)

Since M, yields a non-zero expected difference, by Claim 41, M} must contain at least one row-pair
collision and one column-pair collision. Let i* € [d4/2] be the index of a A-pair {2i* — 1,2:*}
containing a collision, and j* € [d¢ /2] be the index of a C-pair {2;5*—1, 2j*} containing a collision.

Recall that the dummy type is constructed by selecting exactly one A-pair index k € [da/2]
and one C-pair index [ € [d¢ /2] uniformly at random to be “heavy”. Let &« ;« be the event that the
chosen heavy pair indices are exactly ¢* and j*,

Vi* € [da/2],7" € [dc/2] : &+ j» = 1[i" is heavy in A, j* is heavy in C|74] . (199)

The dummy construction selects a heavy A-pair uniformly from d 4 /2 pairs and a heavy C-pair
uniformly from d¢ /2 pairs. So we have

1 1 4
Pr(&x j+)

g . = . 2
’ da/2 do/2  dade (200)
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Define vectors r* and s* where r}; = 1/2 for a = ¢* and 1/(2d4) otherwise, and analogous for s
(note that ) 7% =% _si =1). We can then write

/ *

! *
e Za,c TaSc e Za,c TaSc

[ (rhstymee | > Prl&ie o]

N
Tk [Teoser con

b
Ha,c mac! (a,c)

4 e ! b
> Es)mac, 202
= dade T, . ml (H)(T“Sc) .
) a,c

]Er’ s

a,c)

We split the product H(r&s’c)mgc into samples falling in the heavy pairs and samples falling else-

where. Since there is a collision in the heavy row pair, at least 2 samples fall into indices where

r! = 1/4. The remaining at most k — 2 samples fall into indices where 7/, = m > i.

eosrt= () () =) () =() () e

a

Similarly, since there is a collision in the heavy column pair, at least 2 samples fall there:

. b 1 k 2 k—2
[T sty mee > (4> <dc> . (204)

Combining these, we have:

N 4 e /16 (1% 2k—22k2
Pr(M, | X = Pr(My | X =1) > 2— : Z) = (205
(M | 0) + Pr(M, | ) = dp dade [[mb,)! <4> diz—zdlé—z (205)
N 4 e'16 (1)* 1
> 2—— 1 (-) ——— (206
- dp dadc ngc! <4> (dAdc)k_2 ( )
N el/a 1\ 1
2— =) 207
dp [ mb,! <4> (dadc)r1 07
|

Proof [Proof of Claim 41] Let k = |Mp|. We can view the count vector M), as being generated

by a sequence of k samples ((ai,c1),. .., (ag, ck)). For the expected probability difference to be
non-zero, the sequence of row indices a = (ay, ..., a;) must contain a row-pair collision, and the
sequence of column indices ¢ = (cy, ..., ¢;) must contain a column-pair collision.

We now bound the number of such valid sequences.

1. A-sequences: The number of ways to choose a sequence of row indices a that contains at
least one row-pair collision is bounded by first counting the number of collisions, and then
placing the remaining samples freely (which leads to some acceptable double-counting):

— Choose two distinct positions u, v € {1,...,k} to collide: (g) ways.

— Choose the specific pair-block for these indices: d4/2 ways.
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— Choose the specific rows within the block for a,, and a, (each can be either 2¢ or 2¢ 4 1):
2 X 2 = 4 ways.

— Choose the row assignments for the remaining k — 2 positions arbitrarily: dlf_f2 ways.

Thus, the number of row sequences leading to a non-zero expectation is at most:

(’;) .%4.4.4;;2 — k(k—1)-d5 < K2 (208)

2. C-Sequences: By the exact same logic applied to the column indices, the number of column
sequences leading to a non-zero expectation is bounded by k:QdkC_l.

Combining the bounds for rows and columns, the total number of count vectors M; (upper
bounded by the total number of generating sequences) for which the expectation is non-zero is:

MY < (W) - (R2dEY) = R (209)

This completes the proof. |

Lemma 47 With high probability, a distribution Popc constructed for the no-instance (X = 1) of
Regime 111 satisfies:

2||Pagc — PapPsc/Pslli > D} (Papc, PapPpc/Pg) > Q(e). (210)

Proof The first inequality always holds due to the relation between ¢; and D%{ distances. We can
write

D% (Pagc,Qasc) = Z Pg(b) D3 (Pacps PapPop)- 211)
be(dp]

Restricting the sum to non-dummy b € 7, where Pp(b) = £, we have Pr(b € 7,) = 1/6 for
the first construction (Section C.6), and Pr(b € 7,) = (1 — %) for the second construction

(Section C.1).

€
D% (Papc,Qasc) > Z %D%{(PACW PapPop)- (212)
bemy

As N < dp in this setting, Pr(b € 7,,) = O(1) in both cases, and the above sum contains §2(dp)
terms. In expectation, 1/8 of the ©(dp) b-coordinates in 7,, will be constructed with k£ = 0. Thus,
with high probability, we have a constant fraction c of coordinates in 7,, for which

2
D3 (Pacyp PapPep) = <\/§7€sc_ —Irdst =/ Gra — L) (Bsc — 533)) ,

a,c
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where the r and s vectors are chosen independently for each b. We bound this further by using

( f \/>) 4 m)zix (})/() Y)’ where

3 _ _ 1 1
X = T4 Se — 57’;—52_ = dAdC(l — 214 — 21, +77(11/0)’
B _ 1
Y = (%Ta - %TI)(%SC - %53) = m(l — 2na)(1 — 2vc)
1
Tide (1 =21, — 2ve + 4nave).
Then
2 2.2
Inzv,
X V)2 = 4 — _Zla”c
( ) [dAdC (Nave W/c)} (dAdC)Q’
1 C
maX(X Y) d d (1 + 2|”7a| + 2|Vc| + 4|77aVc|) d;n;;’
such that

Inav2 c

(dad 9 1
DF(Pacip, PapPerp) >CZ adol _ ¢ > ERERE] = Q1)

4 >max Crmax 4Cmax dadc a.c

a,c dadco

Putting together, we find that with high probability

D3 (Pac,Qasc) = Y éﬁ(l) = Q(e).

be‘l'n
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