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Abstract

In this work, we investigate the fundamental problem of detecting a faint geometric signal hidden
within an otherwise random graph. We formulate this task as a hypothesis testing problem: under
the null hypothesis, the observed graph is an Erds—Rényi random graph G(n, ¢) with edge density
q € (0, 1); under the alternative, a high-dimensional geometric structure is clandestinely embedded.
Specifically, a random geometric graph G(k,q,d) on k < n vertices is planted inside G(n, ¢q),
where each of the k vertices corresponds to an independent random point drawn uniformly from
the unit sphere S?~!, and edges are formed according to latent proximity, resulting in the same
edge probability q.

Our objective is to characterize the limits of detectability of this hidden geometry, from both
statistical and computational perspectives. We derive sharp information-theoretic lower bounds
that characterize the regimes in which detection is fundamentally impossible, expressed explicitly
in terms of the problem parameters. Complementing these impossibility results, we propose and
analyze several algorithms that provably attain these limits whenever detection is feasible.

We also explore the algorithmic landscape of the problem and investigate which regimes ad-
mit efficient, polynomial-time testing procedures. As in many other structured high-dimensional
inference problems, our model exhibits a pronounced easy—hard—impossible phase transition: there
exist regimes in which detection is statistically possible yet computationally prohibitive, as well as
regimes in which detection is impossible even with unbounded computational resources. As con-
crete evidence of this computational barrier, we show that the entire class of low-degree polynomial
algorithms fails in the conjecturally hard regime, highlighting a sharp separation between statistical
possibility and algorithmic feasibility.

Keywords: Random graphs, testing high-dimensional geometry, statistical-computational limits.

1. Introduction

Networks with latent structure arise throughout modern data science, from social and biological
systems to communication and information networks. A large body of work models such data
using random graphs endowed with an underlying geometric or feature-based structure, where ver-
tices correspond to latent points in a metric space and edges form preferentially between nearby
points. Canonical examples include random geometric graphs, random dot product graphs, and
more general latent space models; see, for example, the monograph Penrose (2007) and the refer-
ences therein. These models provide a principled way to capture dependencies and correlations that
are absent from edge-independent baselines such as the Erd6s—Rényi random graph.
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In many applications, however, the latent variables themselves are unobserved, and only the
graph structure is available. This leads to a fundamental statistical question: given a single observed
graph, can one determine whether its edges encode an underlying geometric structure, or whether
they are effectively indistinguishable from those of a purely random graph? From a probabilistic
perspective, this question has been studied in the high-dimensional setting, where geometry may be
lost as the ambient dimension grows. Early work showed that classical random geometric graphs
become asymptotically indistinguishable from Erd6s—Rényi graphs as the dimension tends to infin-
ity Devroye et al. (2011). Subsequent results identified a sharp phase transition in the dense regime,
revealing that high-dimensional geometric structure disappears precisely when the dimension ex-
ceeds a cubic threshold in the number of vertices Bubeck et al. (2016). More recent extensions have
explored how noise and softened geometric dependence affect this transition; see, for instance, Liu
and Racz (2023a,b).

While these results address the detectability of global geometric structure, many problems
of interest involve localized signals that are present only on a small subset of vertices. Detecting
such faint, structured signals hidden inside high-dimensional noise is a recurring theme across mod-
ern statistics, probability, and theoretical computer science. In network data, this theme manifests
through planted subgraph models, where one observes a random graph drawn under one of two
hypotheses: either a featureless null model, or an alternative in which a small subset of vertices car-
ries additional structure. These models have played a central role in clarifying the statistical limits
of detection and in revealing striking computational—statistical gaps, where information-theoretic
possibility does not coincide with what is achievable by efficient algorithms; see, for example,
the dense-subgraph and community-detection literature Arias-Castro and Verzelen (2014); Verzelen
and Arias-Castro (2015), as well as recent complexity frameworks, see, e.g., Brennan et al. (2018);
Hopkins (2018); Brennan and Bresler (2020).

A planted geometric structure. In this paper, we study the problem of detecting a small hidden
geometric structure embedded in a random graph. We formulate this task as a hypothesis testing
problem. Under the null hypothesis, the observed graph is an Erdds—Rényi random graph G(n, q)
with edge density ¢ € (0,1). Under the alternative, a high-dimensional random geometric graph
G(k,q,d) on k < n vertices is planted inside G(n, q). Each of the k planted vertices corresponds
to an independent random point drawn uniformly from the unit sphere S*~!, and edges within the
planted subgraph arise from latent proximity, resulting in the same' marginal edge probability g.
All remaining edges behave as in the null model.

This formulation captures a setting in which geometry is both localized—only a small subset
of vertices participates in the geometric structure—and high-dimensional. The latter aspect is par-
ticularly important: as the ambient dimension grows, geometric information becomes increasingly
diffuse, and it is known that high-dimensional geometric graphs may become indistinguishable from
Erd6s—Rényi graphs. Understanding where this loss of geometry occurs, and how it interacts with
the size of the planted subgraph, is central to our investigation.

From a modeling perspective, the proposed alternative can be viewed as a geometry-enriched
analogue of classical planted dense-subgraph or community models. Rather than postulating an
ad hoc increase in edge probability on a hidden vertex set, the planted structure here is generated

1. Allowing a distinct edge probability inside the planted set introduces an explicit density contrast, in which case
detection is governed primarily by classical planted dense subgraph considerations and the ambient dimension d
plays no essential role in the dense setting. We briefly discuss this regime later for comparison.
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by a latent geometric mechanism that induces correlations among edges. In particular, the planted
subgraph is not merely “denser” than the background—it carries a coherent geometric footprint that
couples many local statistics. To our knowledge, this work is the first to provide a sharp detection
theory for a planted structure whose defining feature is latent geometry.

Beyond statistical detectability, our study is also motivated by computational considerations.
Many planted-structure problems in random graphs exhibit pronounced gaps between what is
information-theoretically possible and what can be achieved by efficient algorithms. A key objective
of this work is to determine whether such computational—statistical gaps arise in the presence of la-
tent geometry, and to characterize the resulting phase transitions between easy, hard, and impossible
regimes.

Main contributions. We investigate the fundamental limits of detecting latent geometric struc-
ture from both statistical and computational perspectives. Our first contribution is an information-
theoretic characterization of detectability in terms of the parameters (n, k, d). A central technical
challenge in this setting is that naive second-moment methods for the likelihood ratio can be dom-
inated by rare tail events and therefore fail to capture the true statistical threshold. To address this
issue, we develop a truncated second-moment analysis, inspired by classical ideas in minimax hy-
pothesis testing and truncation techniques in high-dimensional statistics Ingster (1997); Verzelen
and Arias-Castro (2015). This approach yields a finite second-moment regime and allows us to
identify sharp conditions under which detection is information-theoretically impossible.

We complement these lower bounds by proposing and analyzing three testing procedures that
achieve the statistical threshold (up to constants and logarithmic factors). The first is a vanilla
signed-triangle test, based on counting signed triangles in the observed graph, extending ideas
originally developed for detecting global high-dimensional geometry Bubeck et al. (2016). The
second is a scan signed-triangle test, which counts signed triangles over every subset of ([Z]) ver-
tices, corresponding to all candidate planted sets. The third is a geometry-agnostic scan test that
ignores the latent geometric structure and instead attempts to localize the planted subset purely
through density-type evidence, connecting our problem to classical planted dense-subgraph and
community-detection models Arias-Castro and Verzelen (2014). Together, these tests demonstrate
that latent geometry can be detected optimally using both geometry-aware and geometry-agnostic
procedures, depending on the regime.

Our main results are summarized in the phase diagram shown in Figure 1. Specifically, we
consider an asymptotic regime in which both k and d scale polynomially with n, namely d = ©(n®)
and k = ©(n”) for some a > 0 and B € (0, 1). Here, the exponent « captures the growth of the
ambient dimension, while 5 governs the size of the planted geometric structure. It is evident that
the detection problem becomes statistically more challenging as « increases or 5 decreases. In this
regime, the («, 3) parameter space is partitioned into three distinct regions:

1. Statistically impossible regime (gray): detection is information-theoretically impossible when
a> 208 AN3.

2. Easy regime (blue): there exists a polynomial-time algorithm for detection when o < 63 — 3.

3. Hard regime (red): detection is information-theoretically possible when o < 28 and o > 0V
(6 — 3), but computationally intractable in the sense that no polynomial-time algorithm is
known; moreover, the class of low-degree polynomial tests fails throughout this region.
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A key conceptual and technical challenge arises in the analysis of the scan signed-triangle
test. Since this procedure ranges over an exponential family of candidate vertex sets, its analysis
requires exponential tail bounds for the signed-triangle statistic, rather than the first- or second-
moment estimates that suffice for fixed tests. Indeed, moment-based methods constitute the main
analytical tool in essentially all prior works on testing high-dimensional geometry in random graphs,
including the signed-triangle analysis of Bubeck, Ding, Eldan, and Racz Bubeck et al. (2016),
subsequent extensions to noisy and softened geometric models Liu and Récz (2023a,b), as well
as related random-matrix approaches to geometric phase transitions such as anisotropic random
geometric graphs and Wishart-type ensembles Eldan and Mikulincer (2020); Brennan et al. (2021).

While sharp upper-tail results for unsigned trian- %
gle counts in Erd6s—Rényi graphs are by now classi-
cal—originating with the martingale-based approach of
Kim and Vu Kim and Vu (2004) and refined through
subsequent combinatorial and variational methods Janson .;o\w
et al. (2004); Boucheron et al. (2013); Ganguly et al. QoQQ
(2024)—these techniques do not extend to the signed set- 9 &
ting, where substantial cancellations fundamentally alter
the tail behavior. To overcome this obstacle, we develop 3
new tools to characterize the relevant exponential rate, re- 05\,‘?
lying on strong decoupling inequalities for U-statistics de la :
Pena and Montgomery-Smith (1995); de la Pena and Giné -

>
(1999). &

Finally, we examine the computational landscape 0 by 8
of the problem and provide evidence for an easy—hard-
impossible phase transition. In particular, we show that
low-degree polynomial algorithms fail in a parameter Figure 1: Phase diagram for de-

=

regime that is conjecturally hard, leveraging the low-degree tecting the presence of a
framework for average-case har(?ness in high—dimensiongl planted random geometry
inference Hopkins (2018); Kunisky et al. (2022). This subgraph.

places the detection of planted geometric structure squarely
within a broader class of inference problems exhibiting sharp separations between statistical possi-
bility and computational feasibility.

The rest of this paper is organized as follows. In Section 2, we introduce the problem setup
and provide some necessary preliminaries. Section 3 presents our main results, discussions, and
examples. Finally, further related work, additional notations, and all detailed formal proofs are

provided in the appendix.

2. Setup and Problem Statement

We study the problem of detecting the presence of a small latent high-dimensional geometric sub-
graph in a random graph. Let G(n, ¢) denote the Erd6s—Rényi random graph on n vertices, in which
each pair of vertices is connected independently with probability q. Under the null hypothesis H,
the observed graph G,, is drawn from G(n, q).

To define the alternative hypothesis, we first recall the classical model of a random geometric
graph. In this model, each vertex is associated with a point in a metric space, and an edge is
present between two vertices if the distance between their corresponding labels is below a prescribed
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threshold. We focus on the case where the underlying metric space is the Euclidean sphere S?~1,
and the latent labels are i.i.d. random vectors drawn uniformly from S?~!. We denote by G4(n, q)
the ensemble of such random graphs, where ¢ is the marginal probability of an edge between any
pair of vertices, and thus determines the threshold distance for connection.

Formally, G4(n, q) is defined as follows. Let x4, . .., X,, be independent random vectors, each
uniformly distributed on S*!; we denote X £ [x1,...,%,]. In G4(n, q), distinct vertices i and
j are connected by an edge if and only if (x;,x;) > t,4, Where |t; 4| < 1 is chosen so that
P ({(xi,X;) > tyq) = g. For brevity, we define o;; & 1{(x;,x;) > t, 4}, forall i, € [n]. Under
the alternative hypothesis 1, the observed graph G,, on n vertices is generated as follows:

1. A subset IC of k vertices is selected uniformly at random from the n vertices. Each vertex
i € K is associated with a latent label x; ~ Unif(S?1).

2. For any i, j € IC, the vertices are connected by an edge if and only if (x;,x;) > ¢, 4, where
tq.d € [—1,1] is chosen so that P ((x;,X;) > t,4) = g.

3. All remaining edges, namely those with at least one endpoint outside /C, are added indepen-
dently with probability q.

We denote by G4(n, k, q) the ensemble of random graphs generated by the above procedure. That
is, Gq(n, k, q) consists of graphs on n vertices in which a geometric random subgraph G,(k, p)
is planted inside an Erd6s—Rényi random graph G(n,q). The vertices in the set K thus form a
geometric community whose internal connectivity is higher than that of the background graph. In
this paper, we focus on the regime in which both edge probability ¢ is a fixed constant independent
of n. Our goal is to address the following planted random geometry (PRG) detection problem.

Definition 1 (PRG detection problem) The PRG detection problem with parameters (n, k,d, q),
hereafter denoted by PRG(n, k, d, q), refers to the problem of distinguishing between the following
two hypotheses:

Ho : Gy ~ G(n,q) VS. Hi: Gy ~ Galn, k,q). (D

Remark 1 We restrict attention to the setting in which the null and alternative hypotheses have
identical edge marginals, so that the distinction between the two models is carried entirely by latent
geometric dependencies. This restriction is deliberate. In the dense regime where edge probabilities
are fixed constants, introducing a different edge probability on the planted vertex set creates an
explicit density contrast. In that case, detection reduces to classical planted dense subgraph testing,
and the ambient dimension does not govern the detection threshold. By contrast, when the edge
marginals match, geometry becomes the sole source of signal, and the interaction between the
subgraph size and the ambient dimension is fundamental. We note that when edge probabilities are
allowed to vary with n, density contrast and geometry can interact nontrivially, even if they differ
but analyzing such sparse regimes is beyond the scope of this work.

Upon observing G,,, a detection algorithm A,,(G,,) € {0, 1} for the above problem outputs a deci-
sion in {0, 1}. We define the risk of a detection algorithm .4,, as the sum of its Type-I and Type-I|
error probabilities, namely,

Rn(-An) = PHO (-An(Gn) = 1) + Py, (An(Gn) = 0)7 (2)
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where P, and Py, denote the probability distributions under the null and alternative hypotheses,
respectively. The optimal risk is defined as R = inf 4, R,,(A,), where the infimum is taken over
all (possibly randomized) tests A,,: G, — {0,1}. A sequence of tests A, (G,,) € {0, 1} is said to
achieve strong detection if lim sup,,_, ., R, (A;) = 0, and weak detection if lim sup,,_,., Rn(A;,) <
1. Conversely, we say that strong detection is impossible if liminf, .. R} > 0, and that weak
detection is impossible if lim,,_,., R}, = 1.

The algorithms we consider are either unconstrained—allowing for computationally expensive
procedures—or restricted to run in polynomial time, corresponding to computationally efficient
algorithms. Unconstrained algorithms are typically used to establish information-theoretic limits
and to show the tightness of lower bounds. An algorithm is said to be polynomial-time if its running
time is bounded by poly(n), where n denotes the size of the input. As discussed in the introduction,
our goal is to characterize necessary and sufficient conditions under which detecting the planted
geometric subgraph is possible or impossible, both in the absence of computational constraints and
under polynomial-time restrictions.

3. Main Results

In this section, we present our main results. We begin with information-theoretic lower bounds
establishing regimes in which detecting the planted geometric subgraph is impossible, regardless
of computational constraints. We then present algorithmic upper bounds demonstrating that these
limits are achievable, and conclude with computational lower bounds identifying regimes where
detection is statistically possible but computationally hard.

Statistical lower bounds. We start with information-theoretic lower bounds for the
PRG(n, k, d, q) detection problem. By the characterization of optimal hypothesis testing in terms
of total variation distance, the optimal risk satisfies (see, e.g., (Tsybakov, 2009, Theorem 2.2))

RfE=1- dTV(PHmPHl)- (3)

The following theorem establishes that when the ambient dimension grows sufficiently fast relative
to the size of the planted geometric subgraph, no test can reliably detect the presence of geometry.

Theorem 2 (Impossibility of strong detection) Consider the detection problem defined in (1). If
the following conditions hold simultaneously:

dn?

and ——— —
k6log? k

—s— = X0 0, 4
k2log? k ®

then dtvy(Py,, Py, ) < 1, i.e., strong detection is impossible.
Moreover, the same proof technique shows that if the condition #’”‘;k

% — oo for some function f(k) = w(log? k), then dtv(Py,, Px,) — 0, implying that weak
detection is impossible.

It is instructive to compare Theorem 2 with previously known results in special cases. In the
vanilla setting where k£ = n, the model reduces to testing for global high-dimensional geometry, and
our lower bound essentially recovers the known phase transition at dimension d =< n? established
in Bubeck et al. (2016), up to a log? k factor. We note that if the edge probability inside the planted

— 00 is replaced by
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set were taken to be p # ¢, then detection would be information-theoretically impossible whenever
k = O(logn), regardless of the value of d. This impossibility is not driven by geometry, but
instead reflects a fundamental limitation already present in classical planted clique and planted dense
subgraph models: when the planted subgraph is too small, even a purely combinatorial increase in
edge density cannot be reliably detected. Thus, only when p = ¢, geometry is the sole distinguishing
feature, and the interplay between dimension and subgraph size becomes central.

Proof sketch of Theorem 2. We outline a sequence of reductions that control dty (P, Py, ).

Let £ = jﬁi; denote the likelihood ratio. As is well-known, to lower bound dty (P, Py, ) it

suffices to upper bound Eq;, [£2] = 1+ x2(Py, [Py, ); if Ex, [£%] = 1+ 0o(1), then weak detection
is impossible, and if E4;,[£%] = O(1), then strong detection is impossible.

Step 1: Truncation and stability. A direct attempt to control Eg;,[£?] fails in the geometric setting,
because rare tail events under 7{; can dominate the second moment even when dtv(Py,, Py, )
remains bounded away from 1. To circumvent this, we instead analyze the second moment condi-
tioned on events that are typical under H;. This refined approach, originally proposed by Ingster
(1997); Butucea and Ingster (2013), is based on controlling the first and second moments of a trun-
cated likelihood ratio Arias-Castro and Verzelen (2014); Wu et al. (2023). Specifically, given an
event F, measurable with respect to the observed and latent variables (G, K, (x;)7-_, ), and such that
Py, (F) =1 — o(1), we define the planted model conditioned on F as

INPHI(G,IC,X) a PHl(G,IC,X)]lI;?iG(,.;C; (xi),) € ]-“}’

and the truncated likelihood ratio £(G) £ Ex xPs, (G, K, X) /P2, (G). Now, by triangle and data
processing inequalities, it is evident that drv (P, Py, ) < drv(Pag, P, ) + P(FC), thus it suf-
fice to control the truncated second moment, i.e., Eq/, [[32]. We truncate by restricting the latent
matrix (Gaussian Orthogonal Ensemble (GOE) under H,) to a high-probability spectral event that
simultaneously controls its Frobenius and operator norms, thereby suppressing rare high-energy
fluctuations that would otherwise cause the second moment to diverge. This event holds with over-
whelming probability under 7{;, by standard spectral concentration for the corresponding Wishart-
type latent matrix (and its GOE approximation).

Step 2: Overlap decomposition. Let K, K "5" Unif (([Z])) be independent planted sets and define

U £ KNK and Z £ |U|. A Fubini expansion combined with the conditional independence structure
under H; shows that the entire second-moment computation localizes onto the overlap U and yields
the following useful formula:

Ero[£%] < 1+ (1+0(1)) - Bz [x* (Gu(Z.P)9(2.4) ) 1222]

where Z ~ Hypergeometric(n, k, k) and G4(z, p) is the induced truncated geometric random graph
distributions where latent vectors are constrained to the set F. The rest of the proof is therefore a
uniform control of the non-planted x? term, followed by averaging over the random overlap Z.

Step 3: Random-matrix pushforward and a divergence chain. Following the multi-step comparison
framework of Bubeck et al. (2016), we compare the truncated alternative and null graph measures
by interpolating through a sequence of intermediate distributions. As in Bubeck et al. (2016), we
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represent the z-vertex graph measures as pushforwards of random matrix ensembles under thresh-
olding maps: the truncated alternative sz) = G4(Z,p) arises from a (truncated) Wishart matrix

W (z,d) = XX, while the null IP’(()Z) = G(Z, q) corresponds to a (rescaled) GOE matrix M(z, d).
To bridge the gap between If”(lz) and IP(()Z), we introduce intermediate measures I@(()Z) and Q), which
interpolate between the thresholded Wishart-based and GOE-based constructions before and after

normalization. A decoupling lemma for D,,,-divergences gives the factorization

1+ 32 (GalZ,)19(Z,0)) < 1+ Da(B B /1 + DB 10) /1 + D5 (@],

where D,,(P||Q) = Eg[(dP/dQ)™] — 1, for m € N. Bounds on each factor above follow from
perturbative density comparisons of the corresponding matrix ensembles. Crucially, while Bubeck
et al. (2016) controls total variation distance—where rare catastrophic spectral events can be dis-
carded—such events cannot be ignored when bounding D, divergences, as they may dominate
the expectation. Our truncation is therefore essential: it removes these catastrophic events while
retaining overwhelming probability under both hypotheses, ensuring that all moments above re-
main finite and controlled. The above comparison yields the following uniform estimate. Assume
d > k? log2 k. Then forall 2 < z <k,

5 23log? k

L4+ (Gal=.p)G(7. 9)) < exp <cdg> : 5)

for a constant C' > 0. Finally, under the scaling of Theorem 2, the hypergeometric overlap term is
shown to be controlled, ensuring the desired second-moment behavior.

Upper bounds. We now turn to algorithmic upper bounds. Specifically, we propose three detec-
tion algorithms and analyze their associated risks. To this end, we first introduce some notation.
Let A denote the adjacency matrix of the observed graph G,,; we suppress the dependence of A on
Gy, as the underlying graph will always be clear from the context. For distinct vertices i, j, ¢ € [n],
define

Aij = A —EA; ], T, (i, 4, 0) = A jA; oA (6)

We consider the following statistics:

Toiangle(Gn) & Y Te,(1,4,0), (7
{iire('5)
Teean(Gn) & max Y Tg,(4,4,0). ®)
SCln]:|S|=k S
{i.3.6v<(3)

The statistic Ttriangle(Gr) in (7) counts the total number of signed triangles in G,,. The scan statistic
Tscan(Gy) in (8) enumerates all k-vertex induced subgraphs and selects the one with the largest
signed-triangle count. Based on these statistics, we define the following detection algorithms:

> 7—triangle} > )

Atriangle(Gn) =1 {Ttrlangle(G )
) > 7's,can}a (10)

Ascan(Gn) =1 {Tscan(
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Where Tiriangle, Tscan € R4 are thresholds specified below.

We briefly motivate this choice of statistics. Consider the conditional likelihood ratio £,, x =
P3¢, x /P2, Expanding L, in the orthonormal basis associated with the entries of G(n, q), the
expansion up to degree three takes the form

1 .
Lo 1+ > Te.li4,0). (1)
{130y ()

Thus, signed triangles constitute the lowest-degree nontrivial term in the likelihood-ratio expansion,
explaining why triangle-based statistics arise naturally. Since the likelihood-ratio test is optimal by
the Neyman—Pearson lemma, it is reasonable to expect low-degree proxies of the likelihood ratio to
be powerful as well. Our algorithmic guarantees are summarized in the following theorem.

Theorem 3 (Strong detection upper bounds) Consider the detection problem in (1), and the
signed triangle and triangle scan tests in (9), and (10), respectively, with Tscan = Ttriangle = (g) %,
for a constant C, depending only on q.

1. Ifdn3/k® — 0, then R(Agriangle) — 0, as k,n — oc.
2. Ifk?/d > C'log? n, for some constant C' > 0, then R(Ascan) = 0, as k,n — oc.

Theorem 3 complements the information-theoretic lower bound in Theorem 2 up to polylogarithmic
factors. In particular, Theorem 2 together with Theorem 3 identifies the phase transition for optimal
detection (up to the stated logarithmic terms). In the case where the edge probability inside the
planted set is taken to be p # ¢, the optimal test scans over all k-vertex subgraphs and selects the
one with the largest number of edges. We show in Appendix G that strong detection is achievable
whenever k = Q(logn).

We briefly remark on a key technical difficulty underlying Theorem 3, which is the analysis
of the signed triangle scan test. Unlike the vanilla signed triangle statistic, the scan test ranges
over an exponential family of candidate vertex sets, which necessitates control of exponential tail
probabilities rather than moment bounds. While first- and second-moment analyses suffice for fixed
tests and have been the primary tools in prior work on testing high-dimensional geometry in random
graphs, they are insufficient in the scan setting due to the competing combinatorial complexity.

Proof sketch of Theorem 3. Let
Ts(G) 2 > AjAyAy, Ay Aij—q, (12)
{i.5.03C(3)

and then the scan statistic is Tscan(G) £ maxsi—j, Ts(G). As for the Type-Il error, under H,, the
planted set K achieves the maximum, so

P?-Ll (Tscan < 7'scan) < P?{l (TIC < 7'scan) . (13)
Moreover, Ey, [Tx] > (%) %. A Chebyshev bound yields
VarH (TIC) dk‘g + ]{4
Py, (T < T < ! <C , 14
Hi ( K scan) > (EH1 [TIC] — Tscan)2 > L6 ( )
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where the second inequality is from (Bubeck et al., 2016, Eq. (29)). Thus, we obtain Type-Il con-
verging to zero, provided d = o(k?) and k — oo. The more challenging part is the Type-I error. By
the union bound over all k-subsets S C [n],

n
PHO (Tscan > 7'scan) < (/{J) : ]P)HO (TICO > 7—scan)7 (15)

where Ky is any fixed set of size k£ (by symmetry). Thus, it suffices to establish an upper bound on
the tail probability of the signed triangle count, namely,

k:3
Tscan 2 ﬁ

While sharp upper-tail results for unsigned triangle counts in Erd6s—Rényi graphs are by now clas-
sical—originating with the martingale-based approach of Kim and Vu Kim and Vu (2004) and
refined through subsequent combinatorial and variational methods Janson et al. (2004); Boucheron
et al. (2013)—these techniques do not seem to extend to the signed setting, where substantial can-
cellations fundamentally alter the tail behavior. To overcome this obstacle, we decouple the cubic
U-statistic and reduce its Laplace transform to that of a quadratic form. Concretely, write

IPHU (TICO > Tscan) < 7 for (16)

1 - o
TIC = g Z AijWij, Wi‘ = Z 4 AiEAjE- (17)
e={ijyc() Cer\{i,j}
A decoupling inequality for canonical U-statistics de la Pena and Montgomery-Smith (1995); de la
Pena and Giné (1999) implies that for all § € R,

Eexp(0Tx) < Eexp <0002 Z Wg) . (18)
eCKC

Next, a concentration argument shows Y ) W2 = O(k?log n) with probability 1 — e~ ?(klogn),
2

Combining these bounds with Markov’s inequality and optimizing in 6 gives

2
Py (T > t) <exp <_Ck‘3fogn> + exp(—c'klogn). (19)
Plugging t = Tecan = k°/v/d yields
P20 (Tscan > )<e klog < — ¢ K + exp (—k(c' — 1) logn) (20)
n = n) > €x - — Cor Xp\— - )
Hol I'sca Tsca p g L dlogn p g

which vanishes when k2 > dlog? n and by taking ¢/ > 1 (we refer to the proof for precise details).
Combining the Type-l and Type-Il bounds yields the stated guarantee for the scan test.

Computational lower bounds. We begin with a brief overview of the low-degree polynomial
method. The central idea of this approach is to use low-degree multivariate polynomials in the
entries of the observed data as surrogates for computationally efficient procedures. This heuristic is
motivated by the observation that many known polynomial-time algorithms can be approximated,
in an appropriate sense, by polynomials of bounded degree. The foundations of this methodology

10
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originate from a sequence of works in the sum-of-squares optimization literature Barak et al. (2016);
Hopkins (2018); Hopkins and Steurer (2017); Hopkins et al. (2017).
We follow the notation and formalism introduced in Hopkins (2018); Kunisky et al. (2022).

Let Py, be a probability distribution on 2,, = {0, 1}(3) This distribution induces an inner product
on measurable functions f, g : 2, — R given by (f, g)2, = E#, [f(G)g(G)], with associated norm

| fllae = (f, f )71_{()2 We denote by L?(PP,) the Hilbert space of functions with finite || - ||, norm,
equipped with this inner product.

In the absence of computational constraints, the Neyman—Pearson lemma implies that the
likelihood ratio test achieves the optimal tradeoff between Type-l and Type-Il error probabilities.
Equivalently, the likelihood ratio is the optimal distinguisher between Pz, and Py, in the L?(Py,)
sense. Writing £, = Py, /Py, for the likelihood ratio, standard second-moment arguments show
that if || £,[|7,, remains bounded as n — oo, then Py, is contiguous to Py;,. In this case, the two
distributions are statistically indistinguishable, in the sense that no test can simultaneously drive
both error probabilities to zero.

The low-degree method asks whether a similar conclusion holds when one restricts atten-
tion to low-degree polynomials. To formalize this, let V,, <p C L?(IPy,) denote the subspace of
polynomial functions €2,, — R of total degree at most D. Let P<p : LQ(PHO) — Vn,<pD be
the corresponding orthogonal projection operator. The D-low-degree likelihood ratio is defined
as L, <p £ P<pL,, that is, the orthogonal projection of the likelihood ratio onto the space of
degree-D polynomials with respect to the inner product (-, -)3,. Since the full likelihood ratio is
the optimal L? distinguisher, the projected likelihood ratio plays an analogous optimal role among
all degree-D polynomials. The following lemma formalizes this property (see e.g., Hopkins and
Steurer (2017); Hopkins et al. (2017); Kunisky et al. (2022)).

Lemma 4 (Optimality of the low-degree likelihood ratio) Consider the optimization problem

max By, [f(G)] s.t. Eu, [f2(G)] =1, f € Vau<p, 1)

The unique maximizer is f* = Ln <p/ ||Ln,<D|5,, and the optimal value equals || L, <p ||, -

In the computationally unbounded setting, boundedness of ||£, ||y, implies statistical indistin-
guishability between Py, and Py,. The low-degree method asserts that an analogous principle
governs computational limits, with £,, <p playing the role of the likelihood ratio when attention is
restricted to efficiently computable tests. This intuition is captured by the following informal ver-
sion of the low-degree conjecture (see Hopkins (2018); Hopkins and Steurer (2017); Hopkins et al.
(2017) and (Kunisky et al., 2022, Conj. 1.16)).

Conjecture 5 (Low-degree conjecture (informal)) If there exist ¢ > 0 and D = D(n) >
(log n)™€ such that | L., <p||3, remains bounded as n — oo, then no polynomial-time algorithm
can distinguish Py, from Py, (i.e., achieve strong detection,).

In what follows, we use Conjecture 5 to provide evidence for the statistical-computational gap
observed above. We start with the following result.

Theorem 6 (Statistical-computational gap) Consider the problem in (1). Suppose there exists
6

e > 0such that: 1) k < n'/?7¢ or 2) % log®d < n~¢and k = Q(\/n), for all large n. Then,

there exists C = C(e) such that if D < C'logn/loglogn, one has ||Ln <p|ly, = O(1). On the

other hand, lfnk—ii = w(1), then || Ly <pll5, = w(1).

11
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Theorem 6 establishes boundedness of the low-degree likelihood ratio up to D < log’ﬁ) gn, which
is near-logarithmic and thus provides evidence for computational hardness within this framework.
This interpretation is consistent with analogous results in related planted problems (e.g., Bangachev
and Bresler (2024), Elimelech and Huleihel (2025), Wein (2025)).

Together with Conjecture 5, Theorem 6 suggests that, if low-degree polynomials are taken as
a proxy for efficient computation, then no polynomial-time algorithm can distinguish the null and
alternative hypotheses in the regime 1 V fl—ﬁ < d < k?. Equivalently, low-degree polynomials fail
whenever either the problem is planted-clique hard, or the geometric signal is sufficiently weak that
even the signed-triangle statistic is ineffective.

These predictions align precisely with the statistical-computational tradeoffs identified above.
A more explicit characterization of the computational barrier, exhibiting its dependence on D, can
be extracted from the proof of Theorem 6; for clarity of exposition, we have chosen to present the
simplified formulation stated above.

A key ingredient in the proof of Theorem 6 is a recent powerful result (Bangachev and Bresler,
2024, Thm. 1.1), which bounds centered subgraph moments (equivalently, Fourier coefficients) of
spherical random geometric graphs by showing they decay polynomially in d. This decay, together
with the elementary observation that tree-like subgraphs contribute nothing to the low-degree likeli-
hood, ensures that only cyclic subgraphs contrlbute to the low-degree likelihood; among these their
total contribution can be controlled when 7 < d.

Proof sketch of Theorem 6. We apply the low-degree framework (see, e.g., Hopkins (2018);

Kunisky et al. (2022); Wein (2025)). Under H,, the Fourier characters xo(G) = [].c, Ga—q )
a(1—q

form an orthonormal basis, so Parseval gives

1<l =1+ D (B [xa(G)])’. (22)
1<|a|<D

In our model, a coefficient is nonzero only if all edges of « lie within the planted set, and it equals

E\[]Z]|.

eco

B3, [Xa(G)] =

(23)

where Z, = % fore € ([ ]) In the regime k& < n'/27¢, by bounding | Z| < /(1 — ¢)/q
q(1—q
we effectively dominate the geometric model by planted clique model. It is well-known (see, e.g.,

Hopkins (2018)) that for the planted clique model, the low-degree second moment is bounded, i.e.,
| Ln, < DH%O = O(1), if and only if & < n'/?=¢, uniformly over all d. Consider now the regime
k = Q(y/n). If the graph induced by « has a leaf, the centered moment vanishes by conditioning
on the leaf vertex; hence only cyclic patterns (minimum degree > 2) contribute. For such patterns,
the Fourier decay theorem of Bangachev—Bresler (Bangachev and Bresler, 2024, Thm. 1.1) yields

12| < A <B|0‘H’U(0é)polylog(d)>9(v(a)|)
eca ‘ B \/& ;

where A, B > 0 are some constants, and |v(«)| is the number of vertices in the graph induced by
a. Summing these bounds over all || < D via a crude combinatorial count gives

(24)

kS
ILn<plfy S 14 (CD)PB, with B, £

34 log d. 25)
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Hence, if 3,, < n~¢ with k& = Q(y/n), then choosing D < ¢ lolgoﬁ)gn implies || £, <p|l2, = O(1).
Conversely, the upper bound is obtained by isolating the contribution of triangles: when d < k°/n3,

the triangle moment alone causes the low-degree norm to diverge.
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Appendix A. Related Work

The study of random geometric graphs in high dimensions traces back to early work showing, via a
multivariate central limit theorem, that geometric graphs become asymptotically indistinguishable
from Erd6s—Rényi graphs as the dimension grows Devroye et al. (2011). This phenomenon was later
sharpened by work that identified a precise phase transition in the dense regime, demonstrating that
geometry is lost when the dimension exceeds a cubic threshold in the number of vertices Bubeck
et al. (2016). These results also uncovered deep connections between geometric graph models and
classical random matrix ensembles, showing that a matching Wishart-to-GOE transition occurs at
the same scale (see also Eldan and Mikulincer (2020); Brennan et al. (2024)).

Extensions of these results have explored broader distributional assumptions and anisotropic
settings, including information-theoretic limits for detecting geometry when the latent distribution
is anisotropic Eldan and Mikulincer (2020). In the sparse regime, where the edge probability van-
ishes with the graph size, it was conjectured that geometry should be lost at significantly lower
dimensions Bubeck et al. (2016). Progress toward this conjecture, breaking the cubic barrier, was
subsequently obtained Brennan et al. (2020), with further refinements appearing in recent work on
partial and masked Wishart ensembles Brennan et al. (2021). This remains an active and rapidly
developing area. More recently, a unified framework for noisy high-dimensional geometric graphs
that interpolate between purely geometric and Erd6s—Rényi models was introduced in Liu and Réacz
(2023a,b). These results quantify how the strength of geometric dependence interacts with dimen-
sionality to determine detectability. Our work complements this line by focusing on a localized
setting, where geometric structure is present only on a planted subset of vertices.

Beyond hard-threshold geometric graphs, a substantial literature studies soft random geometric
graphs, in which the probability of an edge depends smoothly on latent distances or inner products.
Such models arise naturally in wireless communication, social networks, and biological systems. A
foundational probabilistic treatment of geometric and soft geometric graphs, including connectivity
properties in fixed dimensions, was developed in Penrose (2007). Subsequent works have analyzed
connectivity and phase transitions from both probabilistic and statistical physics perspectives; see,
for example, Dettmann and Georgiou (2016) and related studies of one-dimensional and perturbed
geometric networks Parthasarathy et al. (2017); Wilsher et al. (2020).

Detecting hidden structure in random graphs has also been extensively studied through planted
subgraph models, including planted dense subgraphs and community detection. Sharp detection
thresholds and computational barriers in dense regimes were characterized in Arias-Castro and
Verzelen (2014); Verzelen and Arias-Castro (2015). More general formulations of planted sub-
graph detection, including arbitrary planted patterns, were studied in Huleihel (2022); Elimelech
and Huleihel (2025), among others. These works typically posit an explicit increase in edge prob-
ability on a hidden vertex set, with edges remaining conditionally independent, a modeling choice
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that stands in contrast to the geometric mechanism considered here. In contrast, the alternative con-
sidered in the present paper is generated by a latent geometric mechanism, which induces structured
dependencies among edges. This places our work at the intersection of planted subgraph detection
and geometric random graph theory and, to our knowledge, provides the first sharp detection theory
for a planted structure whose defining feature is high-dimensional geometry.

Concurrent and independent work by Bok et al. (2026) studies the same geometric detection
problem as in our paper and derives similar information-theoretic and computational limits. They
also analyze the sparse regime where the edge density vanishes polynomially with the size of the
graph, establishing corresponding statistical lower and upper bounds.

Finally, we mention Bet et al. (2020). This paper studies the problem of detecting a botnet
hidden within a larger network. The authors model the network as a graph and assume that a botnet
appears as a group of nodes with slightly different connectivity patterns compared to normal users.
More specifically, the hypothesis testing problem considered in their paper, is formulated with a geo-
metric random graph as the null model, while under the alternative a “small” Erd6s—Rényi subgraph
is planted within the geometric random graph. In contrast, our setting reverses this perspective: the
null hypothesis is an Erd6s—Rényi graph, and under the alternative we plant a geometric random
graph. As a result, the underlying models, as well as the corresponding results and techniques,
differ substantially.

Appendix B. Notation

Given a probability distribution P, we write P®" for the law of the n-dimensional random vector
(X1, Xo,...,X,), where the coordinates are independent and identically distributed according to
P. Likewise, P®™*" denotes the distribution on R"*™ whose entries are i.i.d. with common
distribution IP. For a finite or measurable set X, Unif[X’] denotes the uniform distribution on X'
The notation X L Y indicates that the random variables X and Y are independent.

The spectral (operator) norm of a symmetric matrix A is written as ||A[|,,, and I, denotes the
n x n identity matrix. For an n x n matrix A andaset S C {1,2,...,n}, we use A|g and A[S] to
denote the submatrix obtained by restricting A to the rows and columns indexed by S.

We write A (y,02) for a univariate normal random variable with mean z € R and vari-
ance 02 € Rxo. Let ® denote the cumulative distribution function of a standard normal random
variable, given by ®(z) = [ e~*/2dt, and ® its complement, i.ec ®(z) = 1 — ®(z). For
probability measures P and Q, we define the total variation distance, and y2-divergence, respec-
tively, by drv(P,Q) = 1 [|dP — dQ|, x*(P||Q) = f%. We denote by Bern(p) and
Binomial(n, p) the Bernoulli and Binomial distributions with parameters p and (n, p), respectively,
and by Hypergeometric(n, k, m) the Hypergeometric distribution with parameters (n, k, m).

Throughout, we use standard asymptotic notation. For two positive sequences {ay, } and {b,},
we write a,, = O(by,) if there exists a constant C' such that a,, < Cb,, for all n, and a,, = Q(b,,)
if b, = O(a,). We write a,, = ©O(b,,) if both a,, = O(b,) and a,, = €(by,) hold. Moreover,
an = o(by) (equivalently, b, = w(ay,)) if a,, /b, — 0 as n — co. We write a,, < b, to indicate
that a,, is polynomially smaller than b,, in n, that is, lim inf,,_,, log a,, < liminf, - logb,. For
n € N, we let [n] = {1,2,...,n}. For real numbers a and b, we define a V b = max{a, b} and
a A b = min{a, b}. Unless otherwise specified, C' denotes a generic constant independent of the
problem parameters and may vary from line to line. For integers n and m we denote by (n),, the
falling factorial, i.e., (n),, = n(n —1)(n —2)---(n — m + 1). Finally, foraset S C R, 1{S}
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denotes its indicator function; we also write 1g(x) with the same meaning, namely, 1g(x) = 1 if
x € S and 0 otherwise.

Appendix C. Proof of Theorem 2

In this subsection we prove Theorem 2. Our aim is to derive a lower bound on the optimal risk,
thereby precluding the possibility of successful detection. Define the likelihood ratio as

a APy,

£(a) &
0

(A), (26)

namely, the Radon—Nikodym derivative of Py, relative to the measure Py, and we recall that A
denotes the graph adjacency matrix. It is classical (see, e.g., (Tsybakov, 2009, Theorem 2.2)) that
the test minimizing the risk is the likelihood ratio test

A*(A) £ T{L(A) > 1}, @7)
and that the corresponding optimal risk satisfies
R* =1 — drv(Pyy, Pay )- (28)

Recalling that the chi-square divergence admits the representation x2(Py, ||P3,) = Ex,[L?] —
1, it follows from standard inequalities relating total variation and chi-square divergences (see,
e.g., (Tsybakov, 2009, Sec. 2), (Sason, 2014, Prop. 3)) that

1
(1 = drv(Pyy, Py, )

Consequently, the optimal risk admits the lower bound

1 7 1
* _ 2
R* > max {1 9 X (IP)HI H]PHO)a 2(1 i XQ(]P)Hl HPHO)) } . (30)

In particular, the optimal risk remains bounded away from zero whenever Eq,,[£?] is bounded, and
converges to one if Eq,[£2] = 1 + o(1). Therefore, to rule out detection it suffices to control the
second moment of the likelihood ratio under Hg. To conclude

2(Py, [IP2,) > max { 5 — 1, (2d7y(Pry, le)f} , (29)

B [L%] = 14 0(1) = drv(Pa,lP,) = o(1), @31
Exo[£%] = O(1) = drv(Py||Pay) < 1—Q(1). (32)
Let us introduce some notation. Let X denote the n X d matrix formed by stacking n i.i.d.

standard Gaussian vectors, and let W = XX7 be the associated n x n Wishart matrix. Observe
that W;; = ||x;/|?, and that

(xi/lIxill, x5/11%51) = Wi // Wi W ;. (33)

Define

oij & 1{(xi,x;) > tya}, (34)
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or equivalently,

oy = 1 { Wiy | WiW5 > tya ) (35)

For K € ([Z]), we write E(K) = {{i,j} : 4,5 € K, i # j} and E4(K) = E([n]) \ E(K). With
these notations in place, we may write the likelihood ratio explicitly. Recall the detection problem
in (1). Under the null hypothesis

Pry(A) = [[ ™7 (1 — )2, (36)
1<J
while under the alternative
- AL A, —A,
Puc(AK) = J[ 70— Bwpie | ] o5 Q—ai)"t|. 3D
{i,j}yeE(K) {i,J}€E(K)

It follows that the likelihood ratio takes the form

_ BP0 gl T (%)Ai’j <1> (38)

L(A)
Pio(4) figrene) N b

In this expression, the outer expectation over X is uniform over ( [Z]), and the inner expectation is

with respect to the Wishart distribution.

As discussed above, our objective is to upper bound the second moment of the likelihood ratio
under Hg. Nevertheless, in the present setting, certain rare events under H; may cause this second
moment to diverge, even though dtv(Py,, P, ) remains bounded away from one. To circumvent
the effect of such atypical events, we instead analyze the second moment conditioned on events that
are typical under H;. This refined approach, originally proposed by Ingster (1997); Butucea and
Ingster (2013), is based on controlling the first and second moments of a truncated likelihood ratio
Arias-Castro and Verzelen (2014); Wu et al. (2023).

We begin by outlining the truncated second-moment method in general. Let F be an event
such that P(F) = 1 — o(1). Define the truncated/conditional planted model as

]P)Hl,IC,W(Aa /C,W)]l {(’C,W) S f}
P(F)
= (1 + 0(1)) : P'HLIC,W(AJCaW)IL {(IC7W) € JT"}, (39)

fp)’17-[1,IC,V\/'(1A7 lC? W) =

and note that this is a legitimate probability measure. Then, define the truncated likelihood ratio as

5 Py, (A 1 P AL, W)L{(K,W) e F

F(A) 2 Hi(A) _ Ey w [ e, w (A, W)L {(K, W) }} 40)
Py, (A)  P(F) Py, (A)
Py e, w (AKX, W)L{(K, W) € F}
=(1+0(1) E - A
(1+o(1) B | o | an
Now, by the data processing inequality for the total variation distance, we know that

drv(Pry, Pry) < drv(Prycow Py eow) = PIF = o(1). (42)
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Accordingly, combining (31)-(32) with (42), the triangle inequality implies that
EHO [22] =1+ 0(1) g dTV(PHOH]PHl) = O(l)a (43)

Er,[£7] = O(1) = drv(Py|IPp,) <1 - Q(1). (44)
Therefore, with a carefully chosen high probable truncation set JF, it suffices to analyze the second
moment of the truncated likelihood ratio.

We now proceed to define the truncation set and likelihood ratio in our setting. For any given
K C [n], define the truncation set as

K|
I = ﬂ {Ff;ﬁc N sz’K} , (45)
z2=2
where for z > 2
s () (1 X A5<Liap. (46)
TCK|TI=zieT (jem{i}
and
s N {IIAIT —dL |4, < LZf;d} , 47)
TCK,|T|==2

where we recall that A|7 is the restriction of A to the indices in T', Lg‘; = (1+C1)d(z—1)logk,

and L £ Cy(Vdz+1/dlog (];)) for some C, Co > 0, specified later on. Then, using (36)—(38)
and (39)—(40), we see that the truncated planted model on I'x is given by

- 1 o AL
Py, 1k (AIK) = W H QA”(l —q) Adg
k),
{i,jreE(K)
Ewpe | 1] Uz?'i’j (1= 035) 29 Ip (W) | (48)
{i,5teE(K)
and thus
B 1 0ij A;; I_Uij 1-A;
LA) = s—FxEwic | ][] <> ( ) Ir (W), (49
P[Tk] - q 1—gq
{i,j}eE(K)
We also denote the conditional likelihood
5 Py, i (AIK)
Lr(AlK) & 22 2 (50)
(AR 2 @A)
_ Pric (Ax) 1)
P, (Ax)
1 g \Aid (1 — g\ 1A
-~ F Y1 ij 1 2
P[] WIK H < q ) < 1—gq > re(W) |, (52)
{i,5teE(K)
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and we note that £(A) = Ex [EK (A|IC)] . Next, we show that the truncation set defined above has

high probability, and then derive conditions under which E4;, [52] is bounded or converges to unity.

C.1. High probability truncation set
We show that P[I'x] = 1 — o(1). We have

P[Cx] = Ex [Pwic[Tx]] = Pw(Tk,] (53)

where Ky is any fixed subset of size k in [n], the last equality is because Pyy|x[I'x] does not depend
on the particular choice of X by symmetry, and Py denotes the Wishart distribution. By the union
bound we have

Pw (%) < Pw [(Fﬁc‘;)} + Pw [(P%’Oﬂ , (54)

where F;&‘(’) £ ﬂ’;’:QFg‘k and F%Z) £ ﬂ’;zQFz?K, and we next prove that both terms at the right-hand
side of (54) converge to zero as n — oo.

We start with Py [(F;{‘(’))C] Fix z € [k] and T C Ky with |T'| = z. Recall that W;; =
(x4,%;), where x1,...,x, are ii.d. d-dimensional standard Gaussian vectors. Conditioning on
x; = x, we have for any j # 1,

d
(w,%;) = Y _wexje ~ N(O, %), (55)
(=1
and these random variables are independent across j. Consequently, given x; = x,
d
> Wi Szl A, (56)
JET\{i}

where A ~ x2_,. Since ||x;]|? ~ X3 and x; is independent of {x;};;, it follows that, uncondition-
ally,

S wi LA, (57)
JET\{i}

where B ~ x2, and A L B. Recall that for a chi-square random variable Y ~ x?2,, the following
standard Chernoff bound holds (see, e.g., (Boucheron et al., 2013, Ch. 2)):

P(Y > (14¢)m) < exp (—%(e—log(l—l—a))) , (58)
for any & > 0. Furthermore, note that ¢ — log(1 + &) > 2(157;) and that for ¢ > 1 we have
2(15;) > 5. Thus, in this regime, (58) simplifies to

P(Y > (1+e)m) < exp (—%E) : (59)
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Therefore, applying the union bound together with (59), we obtain

Pw [(rﬁgg” < zk: S S r(A-B>1L,) (60)

2=2 TCKg i€T
|T|==2

M=

Z<Iz) [P(A>(1+C))(z—1)logk) + P (B> (1+C7)d)] 61)
2

ek k ek d
e o (2) )]« Sl (2) - 12
~ 2 g z 8z

(62)

z

IN
= ||

z

k k
< Zexp [z (2log(ek) — Cllog k)] + Z exp [z <log(ek) — C{’;{;)} . (63)
z=2 z=2

where the second inequality follows from the trivial inclusion {A - B > (14 C1)d(z — 1) logk} C
{A> (14C7)(z—1)log k}U{B > (14+C7)d} where C7,Cy > 0 are such that (1+C7)(14+C7) <
(1 + C1). Now, define ¢ £ max {2log(ek) — C{ log k,log(ek) — C{&}. Then, for C] > 2
(achieved by choosing C' sufficiently large) the first term in the maximum converges to —oo as
k — oo. Furthermore, in the impossibility regime of Theorem 2, the condition d/(k?log? k) — oo

clearly implies that the second term in the maximum also converges to —oco. Thus, { — —oo, and

> ¢
1 \c z¢ €
IP’W((F,CO))§2;(3 < 20— 0, (64)
eventually.
Next, we bound Pw [(FOKF;) C} . By the union bound,
. k
Pw (1) ] <32 3 P[IWlr — L, > 237, ] (65)
2=2TCK,
|T|==2
Lk
op
< (D) (1w - avi, > 27, (66)
k k
< 6(1705) log (Z)’ (67)

2

w
[|

where in the last inequality we applied standard concentration inequalities for sample covariance
matrices (see, e.g., (Vershynin, 2018, Remark 4.7.3). Choosing C!, > 1 (which can be ensured
by taking C5 sufficiently large) makes the exponent (1 — C%)log (lz) negative for every z, and
therefore the sum in (67) converges to zero. Combining (54), (64), and (67), we conclude that
P[C'x] =1 — o(1), as required.
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C.2. Truncated second moment

We begin by deriving a simplified formula for the truncated second moment Ey,, [EQ], and then

derive conditions under which Ez;,[£?] = O(1) and Ey,[£?] = 1 + o(1). Let K and K be two

independent copies drawn uniformly at random over ([z]), ie., K L K" Unif (([Z])) Similarly
= iid

let W L W ~ puwy, be two independent copies of a Wishart matrix of size n x n. Recall (49), and
define
A; 1-A,
Ois 5] 1 — O ¥
O(A;;, W) 2 [ 2 — 68
(A W) 2 (% — , (68)

for (i,7) € ([g]). Below we denote by E i & w ) the expectation with respect to the distribution
Px x Pg X Py wi(k i) as defined above. Also, let 5;; denote the analogue of o;; constructed

from the independent copy W, for all (i, j) € ([Z]). Then, by Fubini’s theorem, we have

8 1
Eno [£%] = WE(ICK,W,W)EHO IT  0Ay, Wilr, (W)
{i.j}eE(K)
[T 6(Ay Wiir (W)
{i,j}€E(K)
1 _ _ _
= WE(IC,K,W,W) (L (W) Lp (W)n(K, K, W, W), (69)
where
K, KW, W) 2 Ey, | [ 0A;Wy) ] 0(A; Wiyl (70)
{i.5}eE(K) {i.j}eE(K)

If [N l€| < 1, namely, at most one vertex shared between / and K, then thfi set of edges formed
among nodes in K are disjoint from the set of edges formed among nodes in K. Using the fact that
Eqyy [0(As5, Wij5)] =1, forall (4, j) € ([g}), we get that

n(K,K,W, W) =1{|[KNnK|<1}. (71)

Otherwise, if [K N K| > 2, we have

n(lC, IC,W,W) = EHO 1 {VC N IC| > 2} H Q(A”,WU)Q(AU,W”)

{i,j}eE(KNK)
11 0(Aij, Wij) I1 0(Aij, Wij)
{i,j}YeE(K)\E(KNK) {i,j}eB(K)\E(KXNK)
(72)
= Ex, IT  0(A; Wij)o(A;, Wi 1 {IKnK| > 2} |, (73)

{i,j}€E(KNK)
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where the the second equality follows from the fact that Eqy[6(A;;, W;;)] = 1 and
E,[0(Aij, Wij)] = 1 forall (4, 7) € (). Combining (69), (71), and (73), we get

P[WeTlx,Welg,|KNK|<1]
(P[I'k])?
+ Excy cEx, [9(A, K, K)T{|KNK| > 2}] (74)
=P[|[KNK|<1|W eTx,W eTIg]
+ Excy cEn, [9(A, K K)T{IKNK| > 2}], (75)

Eu, [£?] =

where

_ 1
9(AK,K) = WEWLW\K,K [T 6Ay Wiin (W)
{i,j}eE(KNK)

IT A Wil (W) | . (76)
{i,j}€E(KNK)

Recall the definition of I'x in (45)—(47), and for brevity, for any 7' C [n], define the sets
fro & . fi A .

97 = MNier {A 2 jer\(i} Azzj < LﬁT|,d}= QF £ {A || Al — dIIT\Hop < LZj|T||,d}’ and

or & Qg@ N Q%p. Then, by definition, we note that ' Qi Qi and I'g C Q,m,;, and as so,

Ir. (W) < 1o, (W), and similarly 1p_ (W) < 1o, _(W). Denoting/ = K N K, we get

_ 1
9(A K, K) < WEWJLWUC,K ( I 0Ay Wiy)ig, (W)
* {id)EEW)
II oAy Wi1g, (W) a7
{t.7}eEWU)
2
(PlQu))* | 1
= Ewp | []  0(A;, Wij)lo, (W) (78)
2
(P[Tx))? | P[Qu] B
2
1
< (14 0(1))- WEWV/{ I Ay Wiyie,W) || ., (79
“ (i} €BWU)

where the last inequality is because we have proved that 1 — o(1) = P[['x] < P[Qy] < 1. Now
recalling (48) and (52) we readily see that the the right-hand side of (79) can be written as

[@Hl |Iml€(A|lmI€
Py, (A|IC|’TI€)

2
9(A,K,K) < (1+0(1))- )] = (1+0(1) L g (Alcng)- (80)
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Combining the above we get that

By, [£?] <P[IKNK| < 1|W €T, W € Tg]

~ 2
Pﬂl\KOK(A’KmK) =
— > .
+ Excy g B ( Por (Al ) 1{|[KNK|>2} (81)

At this point, we observe that the conditional likelihood in (80) corresponds exactly to a hypothesis
test between the Erd6s—Rényi distribution G(|ICN K|, q) and the truncated geometric random graph
distribution G4(|KC N K|, q), which is defined as the standard geometric random graph model with
the additional constraint that the latent vectors lie in the intersection of S*~! and Qy;. Accordingly,
let Z £ |K N K|, and note that Z ~ Hypergeometric(n, k, k). Then,

B [L?] <P[Z <1|W €Tk, W € T'g]
+ B [(1+ X2 (Gu(Z, 9)16(Z, 9)))1{Z > 2} (82)

< 1+ 0(1) + By [\*(Ga(Z,)19(2.0)1{Z = 2} (83)

Next, for a given Z = z > 2, we uniformly upper bound x? (éd(z,q)Hg(z, q)) over z. To this
end, following the approach of Bubeck et al. (2016), it is convenient to view the graph ensemble
distributions Gy4(z,q) and G(z,q) as being generated through a truncation procedure applied to
Wishart and Gaussian orthogonal ensemble (GOE) random matrices, as described below.

Specifically, recall that if x is a d-dimensional standard Gaussian vector, then x/||x||2 is uni-
formly distributed on the sphere S*~!. Let X be a z x d matrix obtained from stacking z i.i.d.
standard Gaussian vectors in R?, and let W = XX be the corresponding Wishart matrix. Define
the matrix A as

A — { 1, Wz]/\/w Z 7fq,d’ and ¢ 7& ja (84)

Y7o, i=j

Then A has the same law as the adjacency matrix of G4(z, ¢). We denote by H, 4 the map defined
by H, 4(W) = A. In the truncated case, we sample W from the Wishart distribution conditioned
on the event Qy, (that is, we repeatedly sample from the Wishart distribution until W € Qy), and
write H, 4(W) = A ~ Gy(z,q).

We next describe an analogous construction for Erd6s—Rényi graphs using Gaussian orthogo-
nal ensemble matrices. Let M(z) be a GOE matrix: a symmetric z X z matrix with diagonal entries
i.i.d. AV(0,2) and off-diagonal entries i.i.d. N'(0, 1). Define

(85)

Then B has the same law as the adjacency matrix of G(z, ¢). Since B depends only on off-diagonal
entries, it is convenient to rescale and shift M (z) so that it matches the normalization of the Wishart
ensemble. Define

M(z,d) 2 VdM(z) + dI, (86)
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and accordingly replace 6_1((]) with \/&5_1@). We denote by K, 4 the map taking M(z, d) to

B, ie, B = K;4(M(z,d)). In the truncated case, M is sampled from the GOE distribution
conditioned on the event Oy, and we write B = K, 4(M(z,d)) ~ G(z, q).

Remark 7 We are also interested in the probability of Qs under the GOE distribution. The proof
is essentially identical to the one provided in the previous section. Specifically, the high probability
of szjo under Py, follows from the concentration of the X§—1 distribution around its mean. Simi-
larly, the high probability of Qzlp is a consequence of the eigenvalues of M(z) concentrating in the
interval [—3+/z,3+/7] (see, e.g., (Vershynin, 2018, Theorem 4.4.3)). This leads us to conclude that

Py, (Tx) =1 —o(1).

We will frequently bound moments of likelihood ratios, so it is convenient to introduce the
following notation.

Definition 8 (D,,,—divergence) Let P, Q be two probability measures such that P is absolutely con-
tinuous with respect to Q, i.e., P < Q. For m € N define

Dy (P||Q) £ Eg Kj{g)m] — 1. (87)

It is rather a straightforward task to prove that D, (P||Q) is non negative and convex, implying that
it is an f divergence (Polyanskiy and Wu, 2024, Ch. 7). We will repeatedly use the following two
lemmata in our analysis; the first is standard (e.g., Polyanskiy and Wu (2024)), and the second is
proved in Appendix F.

Lemma 9 (Data processing inequality) Let Px,Qx € P(X) and let Py x be a transition kernel
from X to Y. Let Py and Qy be the resulting marginal measures on ) such that Py = Px Py |x
and Qy = Qx Py|x. Then, for any m € N

Dy (Py||Qy) < D (Px||@Qx). (88)

Lemma 10 (Cauchy-Schwarz inequality) Let P, R, Q be three measures over the same proba-
bility space, such that, P < R <« Q. Then, for any m € N

1+ D (P||Q) < /1 + Dam(P||R)v/1 + Dam—1(R[|Q). (89)

For simplicity of notations, we denote by I@Y) and }P’(()Z) the probability measures induced by
Ga(z,q) < H, 4(W(z,d)) and G(z, q) < Kq.4(M(z,d)), respectively. Furthermore, we denote by
]f”(()z) the probability measures induced by Hq7d(1\~/I(z, d)). Then, using the above notations, our goal
is to upper bound y (P |B{) = Dy(B?||P{”). By Lemma 10 we have

14 2P B \/1+D4 2)|BS \/1+D B P{). (90)

We now bound each of the two terms on the right-hand side separately. Throughout, z € [k] is fixed,
and to lighten the notation, we suppress the superscript (z) from the measures.
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Bounding D4 g@gz)|]1@éz)) Observe that under both P; and Py we map the random matrices

W (z,d) and M(z, d), respectively, using the same map H, 4. Accordingly, by applying the DPI in
Lemma 9, we obtain

L+ Da(BY [ B) =1+ Da(Hy a(W(z. )| Hy a(M(z, d) oD

<1+ Dy(W(z,d)||M(z,d)). (92)

Let P C R denote the cone of positive semidefinite matrices, and let f, ; be the density of
W (z,d) with respect to the Lebesgue measure on P when d > z. This condition holds since
z < k and, in the impossible regime, d/(k? log? k) — oco. Furthermore, let g, 4 denote the density

of M(z,d) with respect to tbe Lebesgue measure on R’ Accordingly, let fz,d and g, 4 be the
corresponding densities of W (z,d) and M(z,d), respectively, that is, the conditional densities
given Qy, i.e., f.4(-) = f.a(-|Qu) and g, 4(-) = g.4(-|Qu). We observe that

fz,d(') = cllfz,d(')]l{' € QM} and gz,d(') = Ctgz,d(')]l{' S Qu}, (93)

where ¢; = |, o, J=d(A)dA and ¢y = i) 0, 9=,d(A)dA are the normalization constants, and we
note that because P(Qy) = 1 — o(1), we have ¢c; = 1 — o(1), and by (7), that c2 = 1 — o(1).
Define o, g(A) £ log(f..a(A)/g.a(A)) and &, 4(A) £ log(f,.a(A)/G..a(A)). Using the above,
we clearly have

14 Dy(W(z,d)||M(z,d)) = E o ¥1(z,a) lexP (402,4(A)) 1p (A)] (94)
14 0(1) - Ep i [exp (daz.a(A) 1p (A)]. 95)
The following is a core estimate on «, 4(A ) used in the proof of (Bubeck et al., 2016, Thm. 7).

Lemma 11 ((Bubeck et al., 2016, eqns. (36)-(37))) Forany A € P, let {\;};_, denote the eigen-
values of A. With probability one,

<(
(A

d(A) = h(\; ol—), 96
a.q(A) Z;( ) + <d> (96)
asd— z — 0o, where
a 2+1 z+1 g d—z—1 3 d—z—1 4
h(z) = 5 (z d)+Td2 (x —d)* + o (z —d) 6¢i (x—=d)*, 97

and £ is some real number between x and d.

Applying Lemma 11 on (95), we obtain

L+ DUW (e, )Mz, ) = (7)o By g [exp <4Zhw>> 1{A6p}]' 08)

i=1

Next, recall that under Qy; the operator norm constraint in (47) implies that |\; — d| < Lk, 4=

Ca(Vdz+4/dlog (Z)) < 2C%+/dzlogk, for all i € [z]. Furthermore, because ¢; is between \; and

dforall i € [z], we get
1 3log? k
2+ SO(Z(%), 99)

d—z—-1
4d?

(N —d)? — (i —d)*

> j

i=1
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It remains to bound the linear and cubic terms in (97). Define hy(z) £ —Zt (z — d) and hs(z) £

d_6§3_1 (x — d)3. Then, combining (98) and (99), we have

- 0(423 13%“) z
14+ Dy(W(z,d)||M(z,d)) <e “Ep w10 [exp <4Z hi(X;) + hg(/\i)> ]l{Ae’p}]

i=1
(100)
23 log2 k
< eo( ¢ >-A1/2-Bl/2, (101)
where the last passage follows from Cauchy-Schwarz inequality and we define
ALE, Nz [exp (8 > hl()\l-)) 1y Aep}] : (102)
i=1
and
BLE, i) [exp (82 hg()\i)) 1y Aep}] : (103)
i=1
Let us upper bound A and B, starting with the former. First, note that
- 1
3 () = —z;; Tr(A — dL.), (104)
i=1
and so,
A<(l+4o0(1))-E [exp (—SMTT(A)>] (105)
z+1 z
=1+0(1) (Ex~ exp | —8 X 106
(1+0(1) - (Exovion [ (-5572x)] ) (106

3
= exp (O (d)> , (107)

where in the first inequality we have removed the truncation and use the fact that co = 1 — o(1),

the first equality is because [M(z)];; N (0,2), and in the second equality we used the fact that
Elexp(tX)] = exp(c?t?/2) for X ~ N(0,0?). Next, we bound B. Denote G(A) £ Tr(A3), and
note that

- d—z—1
3 hs(n) = T;G(A — dL,). (108)
i=1

Before continuing, we collect the statements that will be used in the proof. We first recall the
following definition.
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Definition 12 (Log—Sobolev inequality) Let i1 be a probability measure on R" that is absolutely
continuous with respect to Lebesgue measure. We say that i satisfies a log—Sobolev inequality with
constant Cis; > 0 if for all smooth functions f : R™ — R with f? integrable,

Entu (/%) < 2Cks [ 19500 Pdn(o). (109

where the entropy with respect to | is defined by

Ent,(G) £ /gloggdu - (/gdu) log (/gdu) . (110)

The smallest constant C\ s for which this inequality holds is called the log—Sobolev (LSI) constant
of 1.

Lemma 13 ((Anderson et al., 2009, Lemma 2.3.3)) Let P be a probability measure satisfying the
LSI on RM with constant Cys). Let G be a Lipschitz function on RM, with Lipschitz constant |G| r
Then forall 5 € R,

Ep [exp (8 (G — Ep[G]))] < exp (C’Ls|[32 G2 /2) . (111)

Lemma 14 ((Anderson et al., 2009, Lemma 2.3.2)) Let P be a Gaussian law with mean zero and
variance 0. Then, the C\s) = o2, additionally, if P = Q| Pi such that each probability measure
P; has LSI constant C; then C| g = max; C;.

Lemma 15 (McShane-Whitney extension theorem (e.g., (Gutev, 2025, Thm. 1.1))) Let (X,d)
be a metric space and A C X. Then every L-Lipschitz function f : A — R can be extended to an
L-Lipschitz function f* : X — R.

We are now in a position to bound B. First, note that

d—z-—1

o
= Exnicz) [exp (\QG(A)> H{Aem] (113)
C
< (1 o1) - Eavany [oxw (568 ) 1gp()]. (14)

where the second equality follows from the fact that d > z and C' > 0, and the inequality holds
since co = 1 — o(1). Moreover, we retain only the (rescaled, as in (86)) operator-norm truncation

set in (47)9 namCIYa QZ{P = {HAHOP < E:‘?Z,d} and EZE)Z,d £ LZI:)Z,d/\/g = CQ(\/E + log (Iz)) =

O(v/zlog k). Now, by the mean value theorem and the Cauchy—Schwarz inequality, for any A, B
there exists a matrix C on the line segment connecting A and B such that

|G(A) = G(B)| <(VG(C),A —B) < [[VG(C)|r-[[A—-B|F. (115)
Moreover, since QZ,” is convex, the matrix C also belongs to this set, and hence

IVG(C)|lr < VZIIVG(C)llop = 3V/z||C|12, = O(**log k), (116)
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which implies that |G|, < O(2*/?logk). We now apply Lemma 15 to extend G from Q;f to a
function G* defined on the space of GOE matrices, such that G* = G on Q;F and |G*|; = |G|,.
By Lemma 14, the LSI constant for the GOE is Cs) = 2. Using the fact that E o _ng(2) [Tr(A3)] =
and the positivity of the exponential function, Lemma 13 gives

5 (1010 B o (o a))] <o (0 (Z2£5)).

Combining (107) and (117) with (101) and (91), we conclude that

N N 3 2
1+ Dy(PP P < exp (0 (Zlodgk» . (118)

Bounding D3 (If”((]z) ||IP’E)Z)). We again introduce an intermediate probability measure. Recall that

fP’éz) and ]P(()z) denote the probability measures induced by the measurable mappings H, q,d(l\N/I(z, d))
and K, q,d(Mgz, d)), respectively. For notational convenience, we denote the corresponding random
matrices by X and Y, respectively. Furthermore, define

Dy & /(14 M)/ va) (14 M)/ Va), 119)
and
Dy 2/ (14 N/ V) (14 V1)), (120)
With this notation, the entries of X and Y can be written as
Xy = HD;'My; > Vitga},  Yiy=1{My > 37 (g)). (121)
Additionally, let Z denote the z x z matrix defined by
Zij = 1{My; > Vdtya}, (122)

forall1 < i < 5 < 2z, and let Q) denote its law. We denote by Z and Q%) the corresponding
non-truncated matrix and its law, respectively. By Lemma 10, we have

1+ Ds(B P \/1 + Dg(P{? Q) \/1 + D5(Q||P(). (123)
We now bound each of the two terms appearing on the right-hand side separately.
Bounding D5 (Q HIP’ ). By definition, it is clear that Z are stochastically dominated by Z.
Therefore
D5(Q@|P{?) < Ds(Q@ P 124
5(Q7[Pg7) < Ds(Q[[Fy™). (124)

Since both Q(*) and ]P’éz) are product measures, we have

14+ Ds@P P = T (1+ D@ IFS)) . (125)

1<i<j<z

where QZ(;.) = Bern(q + d,4) and I@g;) = Bern(q), where 8,4 = ®(Vdt,q) — Va(Vdt,q). We
utilize the following result.
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Lemma 16 ((Bubeck et al., 2016, Lemma 7)) For any fixed q € (0, 1), there exists a constant C,
such that:

10g.al = |2(Vdtga) — Wa(Vitga)| < Cod ™. (126)

Expanding Dj (QE;) H]?’E;)), we obtain

N 5. \® 5 5
1+ D5(Q7|BY) = ¢ (1 + Zd> +(1-q) (1 -5 qu> (127)
5502
— 9,d 3
=1+ =g + O4(3;, 4)- (128)

Applying Lemma 16, we have 52 < CQd 2. Substituting this bound into the product over edges
and using the inequality 1 + x < e® , We obtaln

B 5502 (;)
1+ D5(QW@|P1)) < (1 + md‘Q + O(d_3)> (129)
z2(z—=1) 550(12
< exp ( 5 =g (130)
2
< exp <Cq22> : (131)

for a constant C_‘q depending only on gq.

Bounding D6(I@’éz) |Q*)). We begin by introducing some notation. Recall that X =
H,q(M(z,d)) ~ ]f”(()z) and Z ~ Q) where the entries of Z are defined in (122). Let X and
Z denote the untruncated versions of X and Z, respectively, that is, X = H, 4(M(z,d)), and the
entries of Z are given by (122) with M replaced by M.

For any matrix A, let D’(A) denote the diagonal matrix formed by retaining only the diagonal
entries of A, and define the off-diagonal component by D(A) = A — D’(A). Introduce the
transformation

f(A) = <Iz + ng’(A)yU2 A <Iz + &D%A)) o 7 (132)

Observe that the random matrix Z is obtained by applying an entrywise thresholding procedure
to D(M), whereas X is obtained analogously from D(f(M)). Similarly, Z and X are obtained
from D(M) and D(f(M)), respectively, via the same entrywise thresholding procedure. Hence,
Lemma 9 implies that

1+ Ds(X[|Z) < 1+ Dg(D(f(M))[|D(M)), (133)

where, with a slight abuse of notation, we use the matrix-valued random variables to denote the
corresponding probability measures. Similarly,

1+ Dg(BY Q1)) = 1+ Ds(X||Z) < 1+ Dg(D(f(M))||D(M)). (134)
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Thus, to control the right-hand side of the above inequalities, it suffices to study the densities of
D(M) and D(f(M)), denoted by g(x) and w(x), respectively, together with their truncated coun-
terparts, whose densities are denoted by ¢(z) and w(x).

Let Q = R("~")/2 identified with the space of symmetric n X n matrices having zero diago-
nal, and let ' = R™, corresponding to the space of diagonal entries. Slightly abusing notation, we
treat D and D’ as maps from symmetric matrices into € and (', respectively. Under this identifica-
tion, the mapping D o f acts from Q & € into €.

Accordingly, w(x) arises as the push-forward of the Gaussian measure with density v(z, y)
under the transformation D o f, where (z, y) is the GOE density on Q & ', i.e.,

A 1 1 2 1 - 2
v(z,y) = /2 () 2 exp | —5 g T~ E vi |, (135)
i=1

1<i<j<n

for (x,y) € Q @ Q. Similarly, since D(M) is the image of the same Gaussian measure under the
map D, the density ¢(x) is given by

— — 1 1 2
Q(x)_/52,7(x’y)dy_(271.)(n2—n)/26}{p D) Z Tij | > (136)

1<i<j<n

which is the standard Gaussian density on 2. A closed-form expression for w(x) was derived in
(Bubeck et al., 2016, Lemma 6).

Lemma 17 ((Bubeck et al., 2016, Lemma 6)) The law of D(f(M)) is absolutely continuous with
respect to the law of D(M). Moreover, the Radon—Nikodym derivative is given by

dL(D(f(M))) (z) = ()
dL(D(M)) q(z)’

g
8

x €, (137)

where w and q denote the densities of D(f(M)) and D(M), respectively. Moreover,

z—1
2 1 9 [N+ Ay 2MA
_Z E 2 138
exp 5 Ty ( 72 + p ) (138)

1<i<j<z

w(r)
qlx) B

[
i Jam
where A = (Aq,...,A;) ~ N(0,I,).

Let us now characterize the truncated densities ¢(z) and w(z), starting with the former. Define the
conditional (truncated) law

A 9 ]1 U 9 A
ia,y) 2 1@VI@Y) 5 0 / (2, ), (z,y) dz dy. (139)
P, (Qu) QxQ
Define the random variables X = D(M) € Q and Z £ D(f(M)) € €. Then
q(x) —/Qlﬂ?(w,y)dy (140)
1
= IP(QZ,{)/Q v(z,y) Lo, (v, y)dy. (141)
ty /
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Define the conditional density of D'(M) given X = z by v(y|z) = Véﬁ)’). Then the conditional

probability of Qs given X = z is

B, (QulX =)= [ Toy(@u(ulady (142)
1
_ y) Loy, (2, y)dy. 143
) /Qlw(fc Yo, (z,y)dy (143)
Rearranging,
/Q/ Y(z,y)lo, (z,y)dy = q(z)P(Qu|X = z). (144)

Substituting into the expression for ¢(x) yields

i(e) = o) M 2UZ =0

P.(Qu) (145)
In a similar fashion, we obtain
P 4=z
w(z) = w(x)% (146)
Therefore, for all x € 2,
Br)  w) Py(QulZ=2) _w@ 1
Q@) al@) Py(QuIX =) = qla) B (QuiX =) (47
We are now in a position to bound Dg(D(f(M))| D(M)). By definition, we have
- 6
1+ DD (ND) D) = g | T (148)
w(X)1° 1
<=|[35] s w
B w(x) 6 1 _
- [ [50] w0
6
- /Q [Z((j))} G(z)dz. (151)

Next, we derive a uniform upper bound on %, for all x € Qyy. Specifically, using Lemma 17 and

the fact that |1 4 u| < eutu? (applied with uw = I'; /1 /d/2), we obtain

w(x) -1 z2—1&
S E ex A’L + — AZ
al@) = |7 ( v =M T
1 2 2
——= > TN+ Aj) - x5 A A (152)
\/ﬁ ; ]( .7) ; 9 J)
=E\ [exp (LTA + ATQA)], (153)

33



SILBER MOR OREN-LOBERMAN HULEIHEL

where the entries of the vector L are defined by

z

1
Lit—|Gz-1)- Y |, (154)
vad j=Li
for i € [z], and the entries of the matrix Q are given by
Z—l e .
)T = 155

for 1 < 4,5 < z. Crucially, the expectation in (153) is finite only if the matrix I, — 2Q is positive
definite. By the Gershgorin circle theorem, the eigenvalues of Q lie in the union of the discs

z—1 1 9
D; = )\GR.’)\— y ‘gd,z,% , (156)
J=1j#i

for i € [z]. Consequently, the operator norm of Q satisfies

z—1 1

1Qllop < ==+~ max  »  aj;. (157)

T T =LA

Furthermore,
1 2(z—1)2 2
2 2 2
||LH2—@Z Z_l—szij §T+27d lrgcg(z : 41"1‘]‘ . (158)
i=1 it i

Now, for any = € Oy, by the definition of Oy, we have

> af < (1+Cyd(z — 1) logk, (159)
J=1,j#i
for all ¢ € [z]. Consequently,
23 23log?k 23log? k
L3 < o+ o= < 025 (160)
and
-1 — 1)1 I
Qlloy < 2=+ (14 ¢y E D Iogk _ oyzlogk (161)
P d d

for some positive constants C’ and C”’. In the impossible regime, where d > k2 log? k, it follows
that for d sufficiently large we have ||Q|op < %, and we may therefore apply the Gaussian integral
formula to obtain

Ep [exp (LA + ATQA)] = det(I, — 2Q) /% exp (;LT(IZ — 2Q)1L) . (162)
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Moreover, since all eigenvalues of Q are of order ©(zlog k/d), the eigenvalues of I, — 2Q lie in
the interval [1 — O(zlogk/d), 1 + O(zlogk/d)]. In the regime where d > k? log? k, this interval
is contained in [1/2, 3/2]. Hence, letting {\;}7_; denote the eigenvalues of I, — 2Q, we obtain

det(L. —2Q) = [[ A = (1 - 2/Qlop)”. (163)
=1
This implies that
—%logdet (I, - 2Q) < —glog(l —2/|Qllop) (164)
<z 13”2?'('5""0’) (165)
< CZQIC;ng, (166)

for some constant C' > 0. Here, the first inequality follows from (163), while the second uses the
bound log(1 — z) < z/(1 — z) for 0 < x < 1, together with (161). Turning to the second factor in
(162), let {v;}7_, denote the eigenvectors of I, — 2Q. Then

1 1 «
LTI, —2Q) 'L = = A (o, LY 167
;LT (L - 2Q) 2;z\<v,>\ (167)
1 |L|3
< - (168)
21 -2[|Qllop
<C'|L|3 (169)
22 log? k
<onz o8l 170
< 7 (170)

for some positive constants C’, C" > 0. Finally, combining (151), (153), (162), (166), and (170),
we get

= () 2’2 2’3
1+ Ds(Py” |Q®) < exp (C (d + d) log? k:) , (171)

for some constant C' > 0.

Completing the second-moment calculation. ~After bounding each divergence separately, we are
ready to assemble the final bound on E4, [ﬁz]. To this end, we substitute (118), (123), (131), and
(171) into (90), and then into (83). We obtain

Ergy [£7] < 1+ 0(1) + By [x*(Ga(2.9)|9(Z, )1 {Z = 2}] (172)
<1+o0(1)+Eyg [(exp <0Z31((;g2k> — 1> 1{Z > 2}] (173)
<Ey [exp (nglzg%)} + o(1), (174)
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for some constant C' > 0, and the third inequality follows from the fact that P[Z > 0] = 1. Let us
find the conditions under which the right-hand side of (174) is converging to unity or bounded.

Next, we analyze the expectation on the right-hand side of (174). We decompose the expec-
tation into two regimes: the first corresponding to Z < zj, and its complement, where we define
21 2 C'[(d/1og? k)'/3], for some C’ > 0. We have

Z31og? Z3log?
E, [exp <ngk>} =Ey [exp <C(;gk> ]1{Z§z1}:|

Z3log? k
+Ey [exp (Cdg) 11{Z>Zl}} . (175)

As for the first expectation on the right-hand side of (175), we consider the impossibility of strong
and weak detection separately. For the former, we simply have

Z3log? k Slog? k
Ez {exp <02g> ﬂ{zgm}} <Ez {exp <Ozl‘f>} =0(1). (76
Next, we turn to the impossibility of weak detection. We assume that sz(k) — oo for any

function f(k) = w(1). We again split the analysis into two regimes: Z < zyp 2 (k?f(k))/n and
2o < Z < z1. For Z < 2y, we bound the expectation as follows:

Z3log? k ESlog? kf (k)
EZ |:6Xp <Cd> ]]'{Z<Zo}:| < exXp <Cn3d> =1+ 0(1) (177)

For the regime zp < Z < zi, we use the fact that Z ~ Hypergeometric(n, k, k) is stochastically
dominated by B ~ Binomial(k, p) with p = k/(n — k). Together with the Chernoff bound P(B >
z) < exp(—kdki(z/kl||p)). this yields

Z31og? k 2 23 1og? k z
E, [exp (Cf) 1{ZO<Z<Z1}} < Y e [Cdg — kdy <ka>] (178)
z=z0+1
2 22log? k z
3 ol (o2 () 1)
z=z0+1
(179)

where the last inequality follows from the identity (1 — ) log(1 — ) > —=x. For any fixed a > 0,
the function f(z) = ax? — logx is decreasing on (0,1/v/2a) and increasing on (1/v/2a,c0).
Consequently, for any z € {29 + 1,...,k}, we have

22log? k z
20T o[ 2 ) < — 180
where
2100? k 2100? k
we mm{c%jig log (k,) TR (kp)} (181)
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Focusing first on the first quantity in the minimum, we note that in our regime (k2log® k)/d — 0,
and hence (23 log? k)/d — 0 as well. Moreover, log(zo/(kp)) = log(f(k) + o(1)) — oo, and
therefore the first term diverges. Turning to the second quantity, its first term converges to zero by
the same reasoning. In addition, since z1 /(kp) = (dn®/(k%log? k))'/3 and dn?/ (kS log? k) — oo,
it follows that log(z1/(kp)) — oo. This implies that

Z3 lo 2 k B —w/2
Ey, [exp (Cdg> 1{ZO<Z<Z1}] E s p=oll),  (182)
z=z0+1

which consequently leads to

Z3log? k

Ez [exp (C’ g > ﬂ{ZSzl}:| <1+ o0(1). (183)
We now turn to the second expectation on the right-hand side of (175). We again use the
stochastic dominance of the binomial distribution over the hypergeometric distribution, together

with a Chernoff bound, to obtain

Z31og? k k s
Ey [exp <C’d> 11{Z>zl}] < ) e (184)
z=z1+1
where
21 2 21 2 1
w 2 min Cm—log ZL ,Cw—log - . (185)
d kp d )

We have already shown that the first term in the minimum diverges under the condition
dn?/(k%log* k) — oco. For the second term, we distinguish between the regimes k¥ = o(n) and
k= 0(n).

For k = o(n), the second term clearly diverges due to the growth of log(1/p) = log(n/k +
o(1)) together with the assumption d >> k2 log? k. Hence w — oo, which implies

Z%log? k
Ey, [exp <czg> 11{Z>Zl}} = o(1). (186)

Comblmng (183) and (186) 3we conclude that under the conditions of Theorem 2 but with
#gk — oo replaced by k:Gf(k) — oo for some function f(k) = w(log? k), By, [£%] < 1+ o(1),
and hence weak detection is impossible. Similarly, under the conditions of Theorem 2, equations
(176) and (186) yield E4;,[£?] = O(1), and therefore strong detection is impossible.

Finally, when k& = O(n), we use the fact that Z < k to obtain

Z31 2 31 2
Ey, [exp (0?;%]?)] < exp (Cl“;gk> . (187)

Then, under the conditions of Theorem 2, namely (dn®)/(k%log® k) — oo, when k = O(n) we

have k3log?k/d — 0. It follows that E4,[£?] < 1 4 o(1), and hence both weak and strong
detection are impossible. This concludes the proof of Theorem 2.
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Appendix D. Proofs of Upper Bounds
In this section, we prove Theorem 3. We begin by analyzing the Type-l and Il error probabilities of
the signed triangle test, and then turn to the triangle scan test.

D.1. Signed triangle test

Recall the signed triangle test in (9). To analyze its performance we use the second moment tech-
nique. To that end, we start by finding the first and second moments of Tyyiangle(Gr,) in (7), under
Ho and H;. Specifically, it is easy to show that (Bubeck et al., 2016, Section 3.1)

E"Hg [Ttriangle(Gn)] = 07 (188)

VE]I’H0 (Ttriangle(Gn)) = (g) q3(1 — q)3 < n3. (189)

On the other hand, define Tx = {{z, J,l} C ([g”]) 2, 5,0 € IC}, that is, the collection of all triples
whose indices lie entirely within the planted set /. Then, observe that

E’)—h [Ttriangle(Gn)] - EH1 Z TGn (i>j’ E) (190)
{ig.0c ()
= Y Ewny [Te,(i:4,0)] (191)
{7:7_]',[}67—]{
k\ C
> (") =<, 192
- (3)@ (5

where the second equality follows from the fact that the expectation of a signed triangle Tg, (¢, , ¢)
is zero unless all three indices (4, 7, ¢) belong to the planted set K. The inequality then follows from
(Bubeck et al., 2016, Lemma 3), where C, denotes a constant depending only on g. Finally,

Vary, (Tuiangle(Gn)) = Vary, > Te,(i4,0) (193)
{igerc (')

<2-Vary, | Y0 Te (4.0 | +2-Vary, | Y Te,(i,4.0)
{i,J,£}€Tk {4,5,0Y€TE
(194)

]{74
< 2k3 + 67 + 2n3, (195)

where first inequality follows from the fact that Var(X +Y") < 2-Var(X)+2-Var(Y), for any pair of
random variables (X, Y"). The second inequality is obtained by bounding the first variance term in
(194) using (Bubeck et al., 2016, eq. (29)), and the second variance term using (189). Consequently,
by Chebyshev’s inequality, we obtain

3
S Ey, [T(Gh)] ) <. dn

IP’HO (Ttriangle(Gn) = 9 F7 (196)
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for some constant C; > 0, and

197)

B, [T(Gn dk? + 3k* + dn?
]P’H1 (Ttriangle(Gn) < Hl[()]) <G

kS ’

for some constant Cy > 0. Therefore, we conclude that R(.At,;ang|e) — 0 as n — oo provided that
dn3/k® — 0 and d/k® — 0. Since the latter condition is implied by the former, this reduces to the
requirement dn3/k® — 0, as stated in item 1 of Theorem 3.

D.2. Triangle scan test

We analyze the Type-l and Type-Il error probabilities associated with the triangle scan test defined

in (8) and (10). We define 7gcan = %(’;) %, and denote the underlying planted set by . Note that

N . R\ Cq
{Z:J:Z}C(g)

where the inequality follows from (Bubeck et al., 2016, Lemma 3), and C,, as before, denotes a
constant depending only on g. We now turn to the Type-Il error probability; applying Chebyshev’s
inequality yields

PHl (Tscan(Gn) < 7'scan) = ]P)Hl SC[ITIL}??\—IC Z TGn (Z,j,g) < Tscan (199)

o {ianc(3)

<SP, | Y. Te,(ird:6) < Tecan (200)

{i3.r(5)

- Vary, (Z{i7j7g}c(’§) TGn(iajaZ))

< ; (201)
(C - 7'scan)

3 4
< L (202)

for some constant C3 > 0, and the last inequality follows from (Bubeck et al., 2016, eq. (29)). Thus,
we see that the Type-II converges to zero if d/k3 — 0 and k — oc.
Next, we analyze the Type-l error probability. By the union bound, we have

n ..
IP)’HO (Tscan(Gn) > 7'scan) < (k) : PHO Z TGn (Zajag) > Tscan | (203)
{i30rc ()

and thus, it remains to upper bound the probability term on the right-hand side of (203). The
following result provides the required bound.
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Lemma 18 Fix K C [n] with |K| = k > 3. Let Tscan be any threshold of the form Tscan > cok®/ Vid
for a constant ¢y = co(q) > 0. Then, for some C = C(q) > 0 and C' = C'(q) > 0,

. . k3
P, Z . Te, (1,7,0) > Tscan | < exp <_Cda log n> + exp (—aC’klog ”)’ (204)
{ig.e1c(5)
for any o > 0.

Assuming the validity of Lemma 18, we can bound (203) as follows:

n k3
> < . _ e
Py (Tscan(Gn) > Tscan) < (k) [exp ( Cadlogn) + exp ( C'k log n)] (205)

2

< exp [k . (logn -C )} + exp (—(aC’ -1) logn) . (206)

adlogn

Thus, we see that the first term at the right-hand side of (206) converges to zero provided that
2

k? > % and k — oo, while the second term converges to zero by taking any fixed constant

a > 1/C’, and k — oo. It therefore remains to establish Lemma 18. To this end, we prove a

sequence of auxiliary results, beginning with the following lemma.

Lemma 19 Fix K C [n] with |[K| = k > 3, and let G ~ G(n,q) under Ho. For an edge
e=(i,j) C (IQC) set

A 2A.—q, (207)
We2 > AyAy, (208)
(eK\{i.j}
Te(G) 2 > AjAyAy = Z AW, (209)
{i.3.63<(5)

There exists an absolute constant Cge. € (0, 00) (one may take Cye. = 8) such that for every 6 € R,

Elexp (0Tk(G))] < E |exp deCHQ w2, (210)
ec(})

Proof [Proof of Lemma 19] Introduce three independent copies of the edges {A;;} under Hy,

denoted by {AU 1, {A(Q)} {A” }, each distributed as G(n, ¢), and write A( ) A A(T) q. Define
the fully decoupled statistic

TEcG) 2 Y APAPAD. @11)
{30 (5)

We use the following classical decoupling inequality for canonical U -statistics of order 3. We start
with the following definition.
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Definition 20 Ler X1, Xo, ... bei.i.d. random variables with values in a measurable space (X, A).
For an integer m > 1, let h : X™ — R be a symmetric measurable function (the kernel). The kernel
h is said to be canonical if

E[h(X1,...,Xmn)|X;] =0 almost surely for everyr =1,...,m. (212)
A U-statistic of order m built from a canonical kernel is called a canonical U-statistic.

Lemma 21 (Decoupling for U-statistics (de la Pena and Giné, 1999, Thm. 3.1.1)) Ler U be a
canonical U-statistic of order m built from i.i.d. inputs. Let U denote the corresponding fully
decoupled version, constructed by evaluating the kernel on m independent copies of the input se-
quence. Then there exists a constant Cy, depending only on the order m such that, for every convex
nondecreasing function ® : R — R,

E[®(U)] <E {@ (CmUdec)] . (213)
One may take C,, = 2™~ L
Applying this lemma with ®(z) = €% and U = Tx(G) we get
E [exp (9Tk(G))] < E [exp (Caect TE(G))] (14)

where Cye. is an absolute constant. Now, for each edge e = (i, j), define the decoupled coefficient

se2 S ADAY. (215)
e K\{i,j}
Then we can rewrite
1 _
Téee(G) = 3 > AlS.. (216)
ec(’s)

Crucially, conditionally on the arrays {A(®)}, {A®)}, the family {AS) reC (’2C )} is independent,

mean-zero, and each A" € [—q,1 — ¢, while the coefficients {S.} are deterministic constants.
Therefore, by Hoeffding’s lemma” applied edgewise and then multiplied,

Caect A (D) 2) A(3) (Caect)? 2
dec” < Adec”/ .
E |exp | =5 ZC AMS, AP AB | <exp = ZC S2 (217)
eC(Z) eC(Q)
Taking expectation over (A2, A(3)) and using (214),
C3..0* 9
E [exp (0Tx(G)] < E exp [ =2 > s (218)
ec(5)

2. For mean-zero X € [a, b]: Ee*™ < exp{\*(b — a)?/8}.
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For fixed e = (4, j), the random sum S, = ), oy AE?)AE.‘E) is a sum of independent products of

independent, centered, bounded Bernoulli variables; hence S, has the same distribution as W, =
) ey AMA]-@ (the only difference is that the two factors in each product come from independent
copies, which does not change the one-dimensional law, since A ;¢ and A j, are independent already).
Consequently, the random vectors (S), (%) and (W), (%) have the same joint law under the

product Erdés—Rényi measure on arrays { A(?} x {A®)} and on { A}, respectively, up to relabeling
of underlying independent coordinates. In particular,

Soos2L S we (219)
ec(s)  ec(s)

and the right-hand sides of (218) and (210) coincide in distribution. This proves (210). |

Next, we have the following high probability upper bound on ) (%) W2,
2
Lemma 22 Let K C [n| with |[K| =k > 3, and for each e = (i,j) C (I2C) define
We= Y (Aiw—a)(Aj—aq). (220)
LeR\{i.g}

There exist constants C = C(q) > 0 C = C'(q) > 0 such that for sufficiently large n and
k= Q(logn)

P| Y WZ>aCk'logn | <3exp(—aC'klogn), (221)
ee(5)
for any a > 0.

Proof [Proof of Lemma 22] For simplicity of notations, let B € R*** be the symmetric matrix
indexed by K with

B, £ A —q, (222)
fori # j and B;; = 0, for i = j. Now for ¢ # j,

B%ij = > BimBu;. (223)
meK

Since B;; = B;; = 0 and B,,,; = B}, this becomes

B = D (Ain—)(Ajm—q) = Wi (224)
mek\{,5}

So W;; = [B?);; for all i # j. Therefore the “energy”

£ W? (225)

ec(3)
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satisfies
1 1 1
£="Y (B%y)* = 5 > ([B%y)? < 5 > (B%;)° = 5\\32”%' (226)
i<j i£j ij

But ||B2||2, = trace([B?]"[B?]) = trace(B*) since B is symmetric. Hence

1 1 1
£ < strace(B) = LB} < B2, Bl @27)

)

where we use the Frobenius-operator norm inequality.
Next, we derive high probability upper bounds for the above Frobenius and norm operators,
starting with the former. Note that for ¢ # j,

where ;1 £ (1 — q). We have
IBIIF=> B}=2 Y Bj22> z (229)
i

1<i<j<k i<j

where Z;; = B, € [0,1], iid. overi < j, and E[Z;j] = p. Let N = (5). Then 3", i Zij
is a sum of N i.i.d. [0,1]-bounded variables with mean . Let us apply Bernstein’s inequality to
X, 2 Z, — u. Wenote that | X,.| < 1 and Var(X,) < E[Z2] < E[Z,] = pusince 0 < Z, < 1. Thus,

Bernstein’s inequality yields

P|> Z;>2Np| =P (> (Zj—pn) >Ny (230)
i<j 1<j
2
< exp —% (231)
2Np+ 2Np
—exp (2] (232)
< exp (—Cpk?) (233)

for an absolute C' > 0. Therefore
P (IBl% > 2uk®) < exp(—Cuk?). (234)

As for ||B||op we can use classical results, e.g., (Vershynin, 2018, Thm. 4.4.3), and get for any
a>0

P (HBHOp > Cy/ak logn> < 2exp(—C'aklogn), (235)

for universal constants C, C’ > 0. Combining (227), (234), (235), and the union bound, we get

P Z W@Z > ac//(q)kgp logn S e—Cp,k‘2 4 2€—C’aklogn S 3e—C’aklogn7 (236)
ec(3)

for an constant C” = C"(q) > 0, and in the last inequality we used that fact that k = Q(logn). W

Using the above lemmata we prove the following general tail bound on T (G).

43



SILBER MOR OREN-LOBERMAN HULEIHEL

Proposition 1 (Upper tail for Tx(G)) Let Ti(G) be as above. Then for all t > 0 and u > 0,

CZ 02
P (T,C(G) > t, Z WE < u) < exp <—0t + d;;u) forall § > 0. (237)
eCK
Optimizing in 0 gives
9 18¢2
P Tk(G) >t > W2<u| <exp — ) (238)
eCK dec
Consequently,
182 5
P(Ti(G) > t)<exp|——5— | +P (D> W2 >u]. (239)
Cdecu eCK

Proof [Proof of Proposition 1] By Markov’s inequality and Lemma 19,

IP’(T,C(G) >ty W2 §u> =E [1 {T,C(G) >ty W? gu}] (240)

eCK eCK
< e OF [€€TK(G)]1 {Z We2 < u}] (241)
eCK
c2 62
< exp (—Ht n %—Qu) : (242)
The choice §* = 36t/(C3..u) minimizes the exponent and yields the result. [

Finally, we are in a position to prove Lemma 18. Specifically, apply Proposition 1 with u =
aCk?log n from Lemma 22. Then

1872
P(Ti(G) > Tscan) < exp (—%) + 3exp (—aC’k;log n) : (243)

dec

For Tcan > cok®/v/d and k > 3, the first term is < exp{—ck3/(adlogn)} for some ¢ = c(q) > 0.
This concludes the proof.

Appendix E. Computational Lower bounds

In this subsection we prove Theorem 6, starting with the lower bound component, showing when
|1£n,<Dl|F,, remains bounded.

Low-degree computational lower bound. Recall that L?(H,) is the Hilbert space of random
variables over the probability space on which Py, is defined, with a finite second moment, and
equipped with the inner product

(0(G),¥(G))gy, = Enyy [0(G) - (G)] . (244)
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For an edge e = {i, j} define the centered and normalized edge variable
Gij —¢

ijG = .
v5(©) q(1—q)

(245)

For any non-empty subset of edges in the complete graph o C ([g]), define the Fourier character x,
as

(246)

A
= ¢e
611 {I}[ea V4 1_‘1

and x¢(G) = 1, for each G € {0, 1}(3) Note that any subset of edges o C ([g]) induces a subgraph
H, = (V(a),a) containing no isolated vertices. In fact, there is a one-to-one correspondence
between subgraphs without isolated vertices and subsets of edges. We therefore identify each char-
acter y, with a subgraph H,,. Observe that x,, is polynomial in the entries of G, with degree |e(«)|,
which, with slight abuse of notation, we also denote by |a|. It is well known (and easy to verify)
that the set {Xa} c () forms an orthonormal basis for L?(H,).

Define the likelihood ratio £,, = jg“l For D > 0, let V,, <p be the subspace of polynomials
Ho

of total degree at most D with respect to the edge coordinates, and let P<p be the orthogonal
projection onto V,, <p in L?(P3,). The degree-D truncated likelihood ratio is

Ly<p = P<pl. (247)
By Parseval’s identity we have
1Ln<Dly = D Lnxadio = Y. Er[xa(G)* =14+ > (B, [xa(G)]))?. (248)
le|<D |e|<D 1<]a|<D
Thus it suffices to control
Ep2 ) (B [xa(G)))?, (249)
1<]a|<D

Fix a C ([72”), and let V(a) C [n] denote the set of vertices incident to edges in «, with
v(a) £ |V (a)|. For i, j € K define the planted, centered and normalized variable

Oij — 4

Zij = : (250)
’ q(1—q)
We have the following result.
Lemma 23 (Coefficient formula) For every a C ([72”),
(k)v(a
o, [xa(G)] = - “E | T[ 2] (251)
(") v(a) :
{ijrea
where the expectation on the right is taken over i.i.d. latent vectors {x1, ... ,xv(a)} ~ Unif(S%1)

and o;j = ]l{<Xz‘7Xj> > tq,d}'
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Proof Condition on (I, {x;}ickc). Under this conditioning, if an edge e = {i,j} is not fully
contained in /C, then G;; ~ Bern(q) and hence E[¢;;(G)|IC,x] = 0. If ¢, j € K then G;; = oy
deterministically and 1;;(G) = Z;;. Therefore,

Ze, ifV(a) CK,
E [xa(G)|K,x] = { [eea ' (a)_ (252)
0, otherwise.
Taking expectation gives
Eat,[Xa(G)] =E |1{V(a) CK} [[ Ze| =P(V(e) €K) - E]] Z.. (253)
eco eca

using independence of K and the latent vectors. Finally, for any fixed S C [n] with |S| = v(«),

n—v(a)
P(S - IC) _ (k—v(a)) _ (k)v(a) (254)
B () (o

and by exchangeability the latent expectation depends only on the unlabeled structure of «. This
yields the stated formula. n

Combining (248) and Lemma 23 yields

9 2
&p = Z ((k?)v(a)> (EHZe> ) (255)

1<|a|<D (n)v(a) eca

We proceed by considering two regimes: k < nl/2=¢, for arbitrary € > 0, and the comple-
mentary regime. We start with the former and show that £p = O(1) uniformly over all d. To this
end, since o, < 1, we have

1—gq

1z < ——4 - .
Vva(l—q) q

(256)

Consequently,

e Y ((k)v(co)Q(l;q)'“'. 257

The right-hand side of (257) is exactly the same expression that arises in the low-degree analysis of

the planted clique model. Indeed, this is not surprising: by bounding |Z,| by 4/ %, we effectively

dominate the geometric model by planted clique model. It is well-known (see, e.g., Hopkins (2018))
that for the planted clique model, the low-degree second moment is bounded, i.e., Ep = O(1), if
and only if k& < n'/2=¢, uniformly over all d. This establishes the first part of Theorem 6.

Next, we consider the more challenging regime where k& = Q(y/n). a key property of the
centered variables Z;; is that products over graphs with leaves have zero expectation, as proved
next.
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Lemma 24 Let H = (V, E) be a finite simple graph on vertex set V and edge set E. Let {xXy }ycv
be i.i.d. Unif(S41) and define oy = 1{(xy,%Xy) > tga} and Zyy = (ouw — q)/\/a(1 — q). Then
if H has a leaf vertex, i.e., there exists u € V with degy (u) = 1, we have

E H Zii| =o0. (258)

{i,j}€E

Proof [Proof of Lemma 24] Let u be a leaf and let v be its unique neighbor, so that e = {u, v} is
the unique edge incident to u. Condition on all latent vectors except x,,. Then the product factors
as

% =20 ] 2 (259)

feE feE\{e}

where [ ] ;¢ (¢} Z7 is measurable with respect to {Xu } e {u}- Therefore,

1] 2| =E T 2| E[Zwl{xwtwer] | - (260)
feE feE\{e}

By rotational symmetry, conditional on x,, the random vector x,, is uniform on S*~!, and the event
{(xu,xy) > t4,4} has probability g. Hence
_ __9-9 _
Elowlxy] =¢ = E[Zu|xy] = —~==0. (261)
q(1 —q)

Thus E[Zyy[{Xw }wev\{u}] = 0, and the whole expectation is zero. [ |

Accordingly, only edge sets o whose associated graph has minimum degree at least two con-
tribute to £p. The challenge is to bound the remaining contributions. Fortunately enough, in a
recent paper Bangachev and Bresler (2024), the following result was proved.

Lemma 25 ((Bangachev and Bresler, 2024, Thm. 1.1 & Prop. 1.2))  There exist constants
A B > O depending only on q such that for every connected graph H = (V, E) withv 2 |V| > 2
and m = |E| > 1, we have

v—1
-m - (log d)3/2 51
E| [] 2z||<a(B%" (log ) . (262)
Vd
ecE(H)
Now, denote the connected component of a by a1, ..., a.. Since these components are supported

on disjoint vertex sets, then the latent vectors on different components are independent, and so

EHZ_HEHZ (263)

eco ecar

47



SILBER MOR OREN-LOBERMAN HULEIHEL

Applying Lemma 25 to each component gives

3/2
B ] 2|<ae <B|a|v<a><1ogd> 6

)Zil [(v(ar)—1)/2]
e€E(H) \/8

Note that Y ._, [(v(ay) —1)/2] > % Because we assume that o has minimum degree at least

two, then each connected component has at least three vertices, so ¢ < v(«)/3 and therefore

v(a)/3
ecE(H) | \/;i
We are now in a position to bound £p. Define
6
B = —5-(logd)”. (266)

Suppose that there exists € > 0 such that for all sufficiently large n,
kS 3
— —€
Bn = —ngd(log d)® <n”c. (267)

Let D = D(n) satisfy D < clogn for a sufficiently small constant ¢ > 0 (depending only on p
and ¢). Fix integers v > 3 and m > 1. Consider any « with v(«) = v and |a| = m and such that
H, = (V(«), «) has minimum degree at least 2. First, Stirling’s approximation gives

(K)o <k>” (268)

(n)y n

Then, (265) gives

() () < () (=)

eca

Next, we bound the number of edge-sets o with v(«r) = v and || = m. Choose the v vertices

in (Z) ways, and then choose the m edges among the (;) possible edges on those vertices in ((;2;))

ways. Hence
{ac (“;]) Lv(a) =, |al = m}' < (Z) ((gj) (270)

(Z) < (%)v <(12]m)> < (i@)m < (;i)m (271)

Because we assume that H, has minimum degree at least two, then 2m > 2v and hence m > v.
Therefore v? /m < v and thus there exists an absolute constant Cy > 0 such that

Note that

((5)) < (Cov)™ 272)

m
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Combining these gives in our case

en

e () o) =vlal= m}\ < (™) €. @73)

Let us sum (269) over all o with fixed (v, m):

> (W) <EHZ) < (@) o (1) o (st

o v(a)=v ecxa
2\ v 2,2 3\ v/3
< (k) <B2”m(10gd)> (Croy™, 275)

|a|=m
n d

where C; = CyA? and we used the fact that v > 3. Note that

2\" /1 v/3 ;6 v/3
() b () "

Therefore,

(k). k o v 2,22 v/3 o)™
2 <(n)> (EHZ) S( d(lgd)> (B*v*m?) " (C1v) 277)

o v(a)=v e€a
|lal=m

= BY/3(B*®m?)V/3(Cro)™. (278)

Finally, we sum over m and v. Since the minimum degree is two, we must have m > v, and
we also have m < D because we only consider |«| < D. Thus

p < Z Z /Bv/3 B2v2m?2 )U/S Clv < Zﬁv/i’) BQ 2D2 v/3 Z Cl'U m (279)

v=3 m=v

Since v < D, we have (Cyv)™ < (C1D)™, and hence

D D
Z (Crv)™ Z (C1D)™ +1)(C1D)P < (C,D)P, (280)
for a constant C5 > 0 depending only on C. Therefore,
3 8
Ep < (C:D)P ) B (B2 D) < (C3D*)P - < 2(CsD**) P, (281)
v=3 1- n

for a constant C'3 > 0, and for all sufficiently large n since 3, — 0. Assume now (267), i.e.,
Brn < n~¢ for all large n. Let D < clogn/loglogn where ¢ > 0 is chosen sufficiently small (as
specified below). Then

logn

(C3D*%)PB, < exp(3Dlog D) -n~° < exp 3c—2l
loglogn

log log n> nTE=n%" (282)
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Thus for a sufficiently small absolute constant ¢ such that ¢ < /3, we have (C3D?*°)P3,, = o(1),
and hence £p = o(1). Therefore

1£n.<Dl3, =1+ Ep <1+ 0(1), (283)
which implies || £, <p |7, = O(1).
Low-degree computational upper bound. Finally we prove that when the dimension is below
the signed-triangle threshold, the low-degree norm diverges. The proof uses only the first nonzero
coefficients (degree-1 vanishes, and graphs with leaves vanish), and in particular it suffices to lower
bound the triangle contribution. Specifically, let Tri denote the set of edge sets @ C ([g]) that form

a triangle on three vertices, i.e. o = {{7,j}, {7, ¢}, {J, ¢}}, for some distinct 7, j, £.
For any D > 3, by (248),

1£n,<nll3, = 1+ Y (Ba,[xa(G)))?. (284)
a€eTri

Thus it suffices to show that the triangle sum diverges. Fix a = {{1,2},{1,3},{2,3}}. Then
v(a) = 3, so by Lemma 23,

k
Ev, [Xa(G)] = (k)s )SE[ZlesZzs]- (285)
(n)s
By exchangeability, the same value holds for every labeled triangle o € Tri. Since |Tri| = (g), we
obtain
2 (n\ [ (B)s)? 2
Z (Ex, [Xa(G)])” = 3) \(n)s (E[Z12213223])" . (286)

a€Tri
Therefore, the proof reduces to a quantitative lower bound on the signed triangle moment
E[Z127137Z53] for the spherical random geometric graph. It is rather classical that for every
0 < ¢ < 1, there exists a constant ¢, > 0 such that for all n and d we have (see, e.g., (Bubeck
et al., 2016, Lemma 3))

E[Z19713723) > % (287)
Fix any D > 3. By (284), (286), and (287),
2 n (k)3 2
lneolly, =1+ () (1) . s
Note that (g) > n3/6 for all n > 3, and
(k)s  k(k—1)(k—2) A
= g = A () (289
whenever k,n — oo. Hence
n\ ((K)3\*  (1+o0(1)k°
() () = 0

Combining,
(1+40(1))c kS
6 n3d’
Thus, if d < k%/n3, then the right-hand side diverges to oo, implying || £, <p 3, = w(1).

1£n<Dl5,, > 1+ (291)
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Appendix F. Proof of Lemma 10

Proof [Proof of Lemma 10] Let y be a measure such that P, R, Q < p, and write p = g, 7 = 5,

A dP . A& dR
wr T dp

and ¢ £ %. Then, % = %, ((1% =L and % = g. Hence, by definition
dP\™
1+ Dn(Pl|Q) = a0 dQ (292)
p m
= / () qdp (293)
q
= / P " dp (294)

m—1
fre ()

dP\™ /dR\™!
= — — R. 2
[(&) () « 20
Applying Cauchy—Schwarz we get

veonria =y [ ()] (B)" o)

Now, we note that

2m
/ <j£> dR =1+ Dym(PR) <1+ D2mn(P|Q), (298)
and
dR 2m—2 IR 2m—1
/ <d@> e / <d@> dQ = 1+ Da1 (R]Q). (299)
Thus
1+ Dy(PQ) < /T + Do (P|Q) /1 + Do 1 (R Q), (300)
as claimed. -

Appendix G. Densest subgraph test

In this appendix, we consider the case where the edge probability inside the planted set is taken to
be p # ¢, and propose an optimal detection algorithm. Specifically, consider the following statistic:

dense(Gn) scﬁ%—’“ijgﬁ ’ o

This statistic scans over all k-vertex subgraphs and selects the densest one in terms of edge count.
Define the following detection algorithm:

Adense(Gn) = 1 {Tdense(Gn> > 7—dense} s (302)

where Tgense € R is specified below. We have the following result.

51



SILBER MOR OREN-LOBERMAN HULEIHEL

Theorem 26 (Upper bounds) Consider the detection problem in (1), and the detection algorithm

in (302), with Tgense = ('5) pQﬁ' If Efgfg; =w <loin), then R(Agense) — 0, as k,n — oo.

When p # q is fixed, Theorem 26 shows that strong detection is achievable whenever k& = w(logn).

Proof [Proof of Theorem 26] Recall the densest subgraph test defined in (301) and (302), and let us

analyze its Type-l and Type-Il error probabilities. Set Tqense = (g) p—;rq. We begin with the analysis

A

of the Type-| error probability. For any subset S C [n] with [S| = k, define e(S) = 3, ;g Aij-

Under the null hypothesis g, we have e(S) ~ Binomial ((g),q> Consequently, by the union
bound together with Bernstein’s inequality, we obtain

Pty s G) =11 < () 2 [Binomia ( (5).4) = i 303)
2 _

< (&)o (‘z@)(?f%) 532—/3)/3) o

< exp [k logn — (kzg(’l__q;ﬂ , (305)

where the last inequality follows from Stirling’s approximation. We now turn to the analysis of
the Type-ll error probability. Denoting by XC the underlying planted vertex set, an application of
Chebyshev’s inequality yields

PHl [Adense(Gn) = O] < PHl [G(IC) < 7-dense] (306)

Vary, (e(K))

< V7
- (k)z(p—q)z (307)

2 4
Now,
Vary, (e(K)) = Vary, | > Ay (308)
i,JEL:1<]
= Y Varg(Aij)+ D cova, (Aiy, Ai ). (309)
1,jEK<] (4,9)#(",3")

By definition, for any ¢, j € K we have Vary, (A; ;) = p(1—p). We claim that for any 7,4’ j, 7' € K
with ¢ < jand i’ < j', such that (7, j) # (¢, j'), it holds that

Covyy, (A j, Ay 1) = 0. (310)

There are two cases to consider. First, if the indices 4,4, j, 7" are all distinct, then A; ; and A,/ ;v
are independent, and hence their covariance is zero. The second, less immediate case is when the
two edges share a vertex, for instance when ¢ = ¢’ and j # j'. In this case, we have

cova, (A, Ay j) =By, [Aij- Ay ] — PP (311)
= Py, [(xi%5) > tga (Xi,Xj1) > tga] — p* (312)
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By rotation invariance on the sphere, we can fix x; = e;, where e; is the d-dimensional unit vector
e; =(1,...,0). Then

]P)Hl [(el,xj> Z tq’d, <e1,xj/> Z tq,d] = [P)Hl [(el,xj> Z tq,d} . PHl [<e1,x]~/> Z tq,d] (313)
= p?. (314)

Combined with (312) we obtain that covy;, (A; ;, A; j) = 0. Therefore

k
Varia (e(K)) = () (1 = ). 615)
and by (307), we have

o e —p)

P, [Adense(Gr) = 0] < W (316)
2 1

_~p(1—p)

~Be-o o

for some constant C > 0. Combining (305) and (317), we conclude that R(Agense) — 0 provided
that

E2(p — )2 _a)? 1
M =7 _ ) ang 29", (logn) (318)
p(1—p) q(1—q) k
Since the latter condition implies the former, it follows that Ef(’;f)qj =w (10%) is the governing
requirement. |

Appendix H. Conclusion and Outlook

This work provides a sharp characterization of the statistical and computational limits of detecting
a planted high-dimensional geometric subgraph in a random graph. While our results focus on a
specific geometric model, they open several directions for future research.

It would be natural to extend our analysis beyond the Euclidean sphere to other probabilis-
tic metric spaces. For example, one could consider latent positions drawn from more general
manifolds, anisotropic distributions, or non-Euclidean geometries, and investigate how curva-
ture, intrinsic dimension, or metric structure affect detectability and computational hardness.

e Our model, as is standard in the literature, assumes that the latent feature vectors are com-
pletely unobserved. In many practical settings, however, one has partial access to side in-
formation about the latent geometry. For instance, one might observe a quantized or noisy
version of the feature vectors, or only a subset of their coordinates. Understanding how such
partial observations alter the statistical thresholds and computational barriers is an interesting
open problem. In particular, it is unclear whether even coarse or noisy geometric side infor-
mation can significantly reduce the sample complexity or break the computational barriers
identified here.
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* While we focus on detection, the recovery problem remain largely unexplored in the geomet-
ric setting. This includes identifying the planted vertex set, estimating latent positions, or de-
signing adaptive querying procedures that exploit sequential access to the graph. These prob-
lems are likely to exhibit their own statistical-computational tradeoffs, distinct from those
governing detection.

* Although we primarily study the geometry-only regime in which the null and alternative hy-
potheses have matching edge marginals, it is also of interest to understand settings where the
edge densities differ under the null and alternative. In the dense regime with fixed proba-
bilities, this reduces to classical planted dense subgraph detection, where geometry plays a
limited role. However, when edge probabilities depend on the graph size, such as in sparse
or vanishing density regimes, the interaction between density contrast and geometry becomes
substantially more intricate. Analyzing these regimes, where both sparsity and latent geom-
etry are present, poses significant challenges and may reveal new phase transitions beyond
those identified in this work.
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