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Abstract

Best-of-N (BoN) sampling is a widely used inference-time alignment method for language
models, whereby N candidate responses are sampled from a reference model and the one with the
highest predicted reward according to a learned reward model is selected. Despite its widespread
practical use, recent theoretical work has suggested that it is statistically suboptimal and vulnerable
to reward hacking, the process by which models exploit weaknesses in the learned reward model
to achieve high estimated reward without genuinely improving performance. We revisit this ques-
tion under assumptions that more closely reflect practice than that of prior work. In particular, in
contradistinction to earlier analyses that focused on expected true reward, which may not be mean-
ingful in many practical settings, we investigate how inference-time alignment affects the win-rate,
a pairwise comparison-based metric more closely aligned with how reward models are trained and
evaluated in practice. We demonstrate that, under minimal conditions on the quality of the reference
model and learned reward model, properly tuned BoN is both computationally and statistically opti-
mal in achieving high win-rate, partially explaining its widespread practical success. Because BoN
remains susceptible to reward-hacking in this setting, we propose a simple and practical variant that
provably eliminates reward-hacking while maintaining optimal statistical performance. Finally, we
show that prior approaches are provably suboptimal when considering win-rate, highlighting the
importance of choosing appropriate objectives when analyzing inference-time alignment methods.
Keywords: Inference-time Alignment, Best-of-/V, Reward-Hacking, Language Models

1. Introduction

Inference-time compute has emerged as a critical new scaling axis in Language Models (LMs) over
the past few years, resulting in major advances in mathematical reasoning, coding ability, and reli-
ability (Brown et al., 2024; Guo et al., 2025; Jaech et al., 2024). Previous works have identified two
primary approaches to scaling inference-time compute: (i) parallel scaling, where a model samples
multiple outputs in parallel and selects the one to return to a user; and (ii) serial scaling, where
a model generates a much longer output that allows it access to computationally more involved
solutions (Mirtaheri et al., 2025). While both approaches have demonstrated significant empirical
success, parallel scaling is particularly appealing due to its simplicity, ease of implementation, and
ability to leverage existing models without additional training, with a number of empirical results
demonstrating strong performance improvements from parallel scaling alone (Brown et al., 2024;
Gui et al., 2024; Huang et al., 2025a). Additionally, the current approach to training models using
Reinforcement Learning to take advantage of serial scaling relies critically on parallel scaling in
order to estimate reward signals during the training process (Guo et al., 2025). Thus, understanding
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the theoretical underpinnings of parallel scaling is a critical step towards understanding the capabil-
ities of modern LMs.

The critical question that arises in the parallel scaling regime is how best to select the final
returned output from a set of NV independently sampled candidates. Initial empirical approaches
focused on verifiable settings, where the model’s output could be directly scored against a known
ground-truth reward r*(z, y) depending on a prompt x and candidate response y; in this setting, the
highest-scoring candidate could be selected (Brown et al., 2024). While such an approach leads to
a strong skyline performance, it is not applicable in the vast majority of real-world settings where
no such verification is possible. Instead, it has become the standard practice to use some learned
proxy reward 7(z,y), again depending on the prompt and candidate response, to select the best
candidate (Stiennon et al., 2020; Stroebl et al., 2024; Nakano et al., 2021; Wang et al., 2022; Li
et al., 2022); such an approach leads to the well-known Best-of-N (BoN) algorithm that returns
yn € argmax,, 7(x, y;). While the BoN algorithm has demonstrated strong empirical performance
across a variety of settings and has seen some prior theoretical work (Huang et al., 2025a,b), there
remain critical lacunae in our understanding of its behavior.

In Huang et al. (2025b), the authors provide a theoretical analysis of the BoN algorithm in the
setting where the learned reward 7 is close to the true reward r* in terms of mean-squared error
under the sampling distribution 7..¢(-|) used to generate candidates y; and demonstrate reasonable
performance compared to some ‘good’ language model 7* as long as 7* is close to 7 in an ap-
propriate sense. Critically, however, they demonstrate that the BoN algorithm is suboptimal in this
setting and that in order to achieve optimal performance, one must instead use a more sophisticated
(and complicated) x?-regularized variant of the BoN algorithm introduced therein. This subop-
timality arises due to another drawback of BoN: when the number of candidates N is large, the
algorithm engages in reward-hacking, a manifestation of Goodhart’s law (Goodhart, 1984) whereby
the algorithm selects candidates that achieve high reward 7 but are in fact low-quality according to
the true reward r* (Gao et al., 2023). The y2-regularized BoN algorithm is able to mitigate this
reward-hacking behavior by penalizing candidates that are unlikely under the sampling distribution
Tref, leading to improved performance. While an attractive theoretical result, the empirical relevance
of this suboptimality is unclear, as optimally tuned BoN algorithms mostly outperformed the more
complicated y2-regularized variant in practice, either statistically (leading to better performance) or
computationally (requiring fewer samples to achieve the same performance).

The gap between theory and practice in Huang et al. (2025b) is partially explained by the fact
that the authors in that paper recognize that in the special case where rewards are binary, as is often
the case in reasoning tasks where outputs are either correct or incorrect, the BoN algorithm is in fact
optimal when the number of candidate responses N is properly tuned.! On the other hand, in many
situations, such as open-ended generation tasks like dialog or creative writing, rewards are not binary
but instead take on a wide range of values depending on the quality of the response. In such settings,
it remains unclear whether the BoN algorithm is optimal or suboptimal, and if suboptimal, whether
more complicated variants can outperform it in practice. Moreover, in any setting, it remains unclear
whether the mean-squared error metric used in Huang et al. (2025b) is the most appropriate way
to measure the quality of learned reward models 7 and what the appropriate notion of ‘closeness’
between the sampling distribution 7. and the target language model 7* should be. In addition,

1. Technically, in that work the authors allow for comparator policies with uniformly bounded likelihood ratios, but
such an assumption is unlikely to hold for reasonable 7 in the absence of binary rewards due to the increasingly
long generations from modern LMs.
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the performance metric studied in that work is the expected true reward, which is often not very
meaningful in many practical situations, where win-rate with respect to some comparator policy
(cf. (1)) is a more natural evaluation (Li et al., 2023).

In this work, we aim to address these open questions by providing a more complete theoretical
understanding of the BoN algorithm that we believe better fits the empirical realities in which it is
used, as well as present a new algorithm that is both theoretically optimal and provably mitigates
reward-hacking. Our starting point is to observe that neither the mean-squared error metric for
reward models nor the metric of expected true reward under the target language model are fully
appropriate for understanding the performance of the BoN algorithm. Indeed, in most situations
where rewards for language models are nonbinary, the ‘ground truth’ notion of reward is the win-
rate, i.e., the proportion of times that some oracular alignment source (either human labellers or a
strong LM) prefers the returned response to an offline reference response (Li et al., 2023; Dubois
et al., 2023, 2024; Ouyang et al., 2022). Moreover, most reward models are trained in a similar
manner, via pairwise comparisons between candidate responses rather than direct regression against
some ground-truth reward value, which is rarely available in practice (Rafailov et al., 2023). Indeed,
there is a philosophical question to be asked as to the sense in which a ground-truth reward r* even
exists when there is never direct supervision thereof; most empirical work asserts the Bradley-Terry
model (Bradley and Terry, 1952; Ouyang et al., 2022) for practical purposes, but the expected reward
remains a somewhat artificial construct.

Furthermore, while natural in the context of learning theory, the use of squared error is somewhat
contrived in the context of the BoN algorithm in that it, unlike the algorithm itself, is not scale-
invariant: multiplying the reward model 7 by a positive constant does not change the behavior
of the BoN algorithm, but it does change the mean-squared error. Instead, a more natural notion
of reward mismatch respects the way in which 7 is used in BoN, i.e., monotone transformations
should not affect our quality metric. Finally, we address the ad hoc nature of the y2-regularized
BoN algorithm by considering a substantially more general notion of quality, that of £,,-divergence
(Polyanskiy, 2010), which was extensively studied in Block and Polyanskiy (2023) and intimately
connected to the recently introduced notion of coverage (Huang et al., 2025a; Chen et al., 2025a),
which has been fruitfully applied to understand LMs in a variety of settings.”

We have two main results in this work, the first of which is as follows.

Theorem 1 (Informal Statement of Theorems 4 and 5) If 7 is close to r* in terms of pairwise
win-rate error (cf. (2)), then the BoN algorithm using 7 with tuned N achieves optimal performance.

This result demonstrates that when using an appropriate notion of reward model error that is com-
monly used in practice, the BoN algorithm is in fact optimal, somewhat opposing the practical intu-
ition that arises from Huang et al. (2025b). Indeed, while not a formal contradiction to the difference
in formal settings, our result suggests that the suboptimality identified in Huang et al. (2025b) is an
artifact of the assumptions therein rather than a fundamental limitation of the BoN algorithm.

On the other hand, the fundamental insight that reward-hacking can occur when N is large
remains valid, and thus we further introduce a new &j;-regularized BoN algorithm that directly
penalizes candidates that are unlikely under the sampling distribution 7. in terms of the £ps-
divergence. Our second main result is as follows:

2. Formally, coverage is defined as Cov as (7*||7rret) = Pyrnr ( dr* (y) > M) It is easy to see that Epg (77 ||7rres) =

AT yef

Cov i (7 ||7re) — M - Py, ( dr” (1) > M) is bounded above by coverage.

dTyef
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Theorem 2 (Informal Statement of Theorem 9) If 7 is close to r* in terms of pairwise win-rate
error, then the Eyy-regularized BoN algorithm (cf. (6)) using 1 with appropriately tuned regulariza-
tion is both optimal and achieves performance that provably does not decay with N.

This result demonstrates that by using £,/-regularization, we can mitigate reward-hacking. A key
advantage of our proposed algorithm over prior approaches to combatting reward overoptimization
is the simplicity of implementation, which does not require online estimation, extensive additional
training, or significant computational overhead beyond that of the BoN algorithm itself (Huang et al.,
2025b; Khalaf et al., 2025; Jinnai et al., 2025). Moreover, we show in Proposition 10 that the XQ—
regularized BoN algorithm of Huang et al. (2025b) can be arbitrarily worse than our £,-regularized
BoN algorithm in terms of win-rate regret, demonstrating the insufficiency of prior approaches in
this setting.

We now proceed in Section 2 by introducing and motivating our formal setting as well as clar-
ifying how it differs from that considered in prior work, before stating our results for the BoN
algorithm in Section 3. We then introduce our coverage-regularized BoN algorithm in Section 4
before discussing some key proof techniques in Section 5. While in much of the paper we consider
a simplified setting where the comparator policy defining win-rate is equal to 7., we extend our
results to apply to settings where the win-rate is defined with respect to an arbitrary comparator in
Section 6. We conclude with a discussion of related work and future directions in Section 7.

2. Preliminaries and Problem Setup

In this section, we introduce our inference-time alignment framework and formally state the prob-
lems we consider. We first describe the computational model through which we interact with lan-
guage and reward models, before discussing the appropriate notions of model quality.

2.1. Inference-time alignment framework

Our framework is inspired by that of Huang et al. (2025a,b), although we consider different desider-
ata. Throughout, we let ) denote a space of possible responses and X denote a space of possible
prompts or contexts. A language model is any map 7 : X — A()) from prompts to distributions
over responses; due to the connections with RL, we use the terms language model and policy inter-
changeably. For the purposes of analysis, we will suppose that there exists a true reward function r* :
X x Y — R that measures the quality of a response y given a prompt x; in practice, this reward func-
tion will be unknown and only accessible through some learned reward model 7 : X x ) — R. For
the sake of simplicity, we will always assume that 0 < r*(z,y),7(x,y) < Rmax for some known
Rmax > 0. As in Huang et al. (2025b), we will consider a simplified setting where the prompt z is
fixed throughout, and thus we will suppress it from notation for clarity, i.e., we will write ¢ (+) in-
stead of ¢ (+|z) and similarly for 7* and 7. Note that there is no loss of generality in doing so, as we
can take expectations over the marginal distribution of prompts at the end of our analysis if desired.

We suppose that the learner has access to the following computational model, motivated by the
fact that empirical LM inference engines like vLLM (Kwon et al., 2023) can quickly sample from
large language models and evaluate reward models in parallel.

Definition 3 (Sample-and-Evaluate) The learner has access to a reference model m..¢ from which
he can sample responses y ~ Tt independently. In addition, for any sampled response 1y, the
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learner can query the reward model T to obtain the reward value 7(y). The efficiency of the learner
is measured by the total number of samples, N, drawn from .

The goal of the learner is to use this sample-and-evaluate access to produce a response ¢ that
achieves high true reward r*(y) while using as few samples from mf as possible. In order to
evaluate candidate policies 7 producing responses § ~ 7, it is natural to compare them to some
comparator policy 7* that achieves high true reward through regret. While Huang et al. (2025b) con-
sider regret in terms of expected true reward, i.e., trying to minimize E, .« [r*(y)] — Eyz[r*(y)],
we note that in many practical settings, the true reward is either (i) binary or (ii) accessible only
through (potentially noisy) pairwise comparisons. In the former case, expected true reward drasti-
cally simplifies to a search problem and is tightly analyzed in Huang et al. (2025b). In the latter
case, however, the expected numerical value of the reward is less meaningful as the learner will
never have access to r* itself. Instead, we consider the win-rate induced by r* of the learned policy
against the comparator policy me¢, defined to be:

*

/ 1 * * (.
R7(1) = Pyam e (17 (4) > 7)) + 5 - Py (77 () = 7)) - (1)

More generally, r* could be replaced with another reward function, such as 7, and (1) would define
the win-rate under that reward function. We remark that while (1) uses the base model from which
we draw candidate samples, m.f, as the comparator policy, in principle one could evaluate win-
rate against an arbitrary comparison distribution g. This latter setting is relevant in practice, as
it corresponds to AlpacaEval-style pipelines (Dubois et al., 2023, 2024) where ¢ corresponds to
a strong comparator like GPT-4. For the sake of simplicity and clarity of presentation, we will
first present our results for the special case where ¢ = mf, and then show that for general ¢,
under natural closeness assumptions between ¢ and ¢, the same arguments yield qualitatively
similar results, which we detail in Section 6. It is immediate that expected rewards coincide (up
to a constant factor) with the notion of win rate in the special case where all reward functions are
binary. Given a comparator policy 7*, we wish to minimize the regret of a candidate policy 7, i.e.,
Reg(T) = R (7*) — R™" (7). The fundamental question we ask is:

Within the sample-and-evaluate framework, how many samples from m,.t+ are nec-
essary and sufficient to achieve low regret with respect to a given comparator policy T*
and how should we select which output to return?

In order to answer this question, we have to better understand in what sense the reward model 7
is close to the true reward 7* and in what sense the reference policy 7t is a good proxy for the
comparator policy 7*. We discuss these two questions in turn below.

2.2. In what sense is 7 close to 7*?

Our first goal is to formalize the sense in which the learned reward model 7 is close to the true
reward 7*. Critically, the reward model 7 is trained on ‘typical’ outputs, which we formalize by

assuming that 7 is close to * on samples drawn from 7..;. While Huang et al. (2025b) supposed

that the squared error, €2,,(7) = Eyr,., |(T(y) — T*(y))ﬂ is small, we argue that this is not the

most appropriate metric in our setting for two reasons. First, squared error is not scale-invariant,
i.e., multiplying 7 by a positive constant does not change the behavior of any selection algorithm that
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uses 7 to select outputs, but it does change the squared error. Second, assuming small squared error
is somewhat unnatural when rewards are only accessible through pairwise comparisons. Indeed,
there is a philosophical point to be made here: if rewards are only accessible through pairwise
comparisons, then it is not clear that there is any meaningful ground-truth numerical reward function
r* at all beyond the ordinal information it induces. Numerical reward functions are often trained
by running Maximum Likelihood Estimation (MLE) on pairwise comparison data assuming the
Bradley-Terry model (Bradley and Terry, 1952; Rafailov et al., 2023), which is known to suffer
sample complexity scaling exponentially in the maximum reward value® (Rosset et al., 2024; Xie
etal., 2024; Chen et al., 2025b). Instead, we propose to measure the quality of 7" through its pairwise
win-rate error with respect to r*:

epw(T) := By oo 1070, ¥) — 0o (y,9)]] 2)

where ¢, (y,y') == 1{r(y) > r(y)} + 3 1{r(y) = 7(y')} encodes the outcome of a single pairwise
comparison under reward function r. Here, £, (7) quantifies the amount by which 7 disagrees
with r* on the outcome of two ‘typical’ responses sampled from 7.¢. In particular, the absolute
difference |¢7(y, y') — v+ (y,y')| vanishes when 7 and r* agree on the pairwise comparison outcome
between y and y/, is 1/2 when one of the reward functions has a tie and the other does not, and
penalizes disagreements between 7 and r* that flip the win-versus-loss outcome with a full penalty
of 1. This definition of e, (7) is thus closely aligned wth the notion of win rate, which rewards
strict wins more than ties. This alignment with the win-rate functional (which also half-counts ties
and ranges between 0 and 1) hearkens back to our discussion on win-rate in ?? and will prove to be
important in our later analyses.

This metric is clearly scale-invariant and more closely matches the way reward models are
trained in practice (Ouyang et al., 2022; Rafailov et al., 2023; Lambert et al., 2024), suggesting that
(2) may be a more reasonable quantity to expect controlled than £2,,. In the Bradley-Terry model,
an elementary analysis shows that the tightest relationship between the two quantities scales expo-
nentially in the maximum reward value, suggesting that when learning with finitely many samples
from myef, We may expect £y (7)) < €2, (7). In general, however, &y (T) is incomparable to €2, (7)
as we show in Appendix A. Indeed, the scale invariance of e}, immediately implies that there are
examples where £, = 0 but €2, is arbitrary. Another sense in which requiring 2, (7) to be small
is a stronger assumption than requiring e,y (7") to be small is that we cannot recover small regret in
terms of expected true reward from small ey, (7) (cf. Proposition 15 in Appendix A), in marked
contrast to small spw(?) (Huang et al., 2025b); as we discussed above, in many situations, winrate
is the more natural notion of reward.

2.3. In what sense is 7,or a good reference model?

In addition to the quality of 7" as a proxy for 7*, we must also consider the quality of the 7. Intu-
itively, if m.of places much less mass on high-reward outputs than the comparator policy 7*, then N
must be very large in order to obtain comparable performance to the comparator. Thus, any notion of
sample complexity must depend on some measure of discrepancy between 7* and m..¢. While prior

work has supposed that D, 2> (7*||7e) is small, where we recall that D, 2 (v[|u) = E [(dl’/du - 1)2]

is the y2-divergence between two distributions v and i, this assumption is somewhat ad hoc. Indeed,

3. Indeed, it arises naturally as a simple calculation reveals that the maximum inverse Fisher information scales similarly.



BEST-OF-N (SUB)OPTIMALITY

the requirement of small D, » (7*||mye¢) falls directly out of the assumption that e, (7) is small due
to the duality between x2-divergence and squared error; thus while natural in that context, there is
no a priori reason to prefer y2-divergence over any other discrepancy measure. We instead propose
to measure this discrepancy through the fundamental notion of £;/-divergence (Polyanskiy, 2010;
Block and Polyanskiy, 2023), where for any M > 0, we let

gM (W*Hﬂ—ref) = EyNﬂ'rcf [(dﬂ—*/dﬂ'ref (y) - M>+] . (3)

While the &£)/-divergence has many applications (Polyanskiy, 2010; Polyanskiy and Wu, 2025),
its relevance here stems from the fact that Block and Polyanskiy (2023) demonstrated its intimate
connection to the problem of approximate sampling: in order to generate samples from a target dis-
tribution 77* using only samples from a reference distribution ..t within tolerance (in total variation
distance) ¢, any algorithm requires at least M samples from 7.e¢, where Epy (7% || 7o) < €. Such a
characterization is natural in the sample-and-evaluate framework of Definition 3 because a natural
skyline for our setting would be to approximately sample from 7* using samples from 7.¢ and then
return the sampled output, if the learner had access to knowledge of 7* beyond that furnished by
7. Moreover, the £y;-divergence is intimately related to the recently introduced notion of coverage
(Chen et al., 2025a), which has been fruitfully applied to understand LMs in a variety of settings.
Coverage measures the tail discrepancy between two distributions and is defined for M > 0 to
be Cov s (7| Trer) = Pyorr (7" /dmer(y) > M); it is straightforward to see that &y (77| mrer) <
Cov s (7*||mpef) for all M > 0. More generally, £y,-divergence is a special case of f-divergences
(Polyanskiy and Wu, 2025), defined for convex f : R>9 — R>q with f(1) = f/(1) = 0to be
D¢ (v||p) = Ey~p [f (/du(y))]. This family includes many well-known divergences, such as KL-
divergence, Total Variation distance, and y>2-divergence and a key result of Block and Polyanskiy
(2023) shows that for any such f-divergence, we have &y (7% ||mrper) < M-Ds(7*[Imeet)/ £ (M).

With these notions of reward model and reference model quality in place, we may now refine
our central question to be:

3. Optimal Performance with Best-of-/V

In this section we begin answering the question posed at the end of Section 2 by providing upper
bounds on the win-rate regret achieved by the most naive algorithm in the sample-and-evaluate
framework, Best-of-N (BoN):

%BON = argmax ?(y)a Yi ~ Tref- 4
ye{y1,- YN}

The BoN algorithm in (4), introduced in (Stiennon et al., 2020), simply pretends that 7* = 7 and
returns the sample with the highest predicted reward among /N i.i.d. draws from the reference policy
Tref- While BoN is susceptible to overoptimization, due to the fact that 7 may not approximate r* on
typical outputs drawn from 7N even if it does so on typical outputs drawn from ¢, the algorithm
has seen widespread practical use. We have the following upper bound on the performance.

Theorem 4 For any N > 1, reference model m.o;, comparator m* <& Tref, ground truth reward r*,
and learned reward model 7, it holds that

* *

R"(7%) = R (TBon) S N - epw () - 10g (Yepw (M) + Enytog(1/ep @) (T |1Tet) - (5)
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There are two terms in the upper bound (5). The first term quantifies the degree to which reward
hacking occurs: as NN increases, the algorithm is more likely to select outputs on which 7 and
r* disagree. The second term quantifies the extent to which, even if 7 = r*, the BoN algorithm
is able to find high-reward outputs comparable to those of the comparator 7* using only samples
from m..¢; here the En-divergence naturally arises as the relevant measure of discrepancy between
m* and 7 due to the connection between £y and approximate rejection sampling outlined in
Block and Polyanskiy (2023). Applying a key lemma from that work relating £,/-divergence to
the f-divergence (cf. Section 2), we may further bound (5) by N - epy () + N-Dy(m*lImeet)/ f(N);
in the special case of y2-divergence, tuning N, we get (up to a log factor) an optimal rate of
V/Epw(T) - X2(m*||mrer) Of the regret, which bears at least cosmetic similarity to the results of Huang
et al. (2025b), although we emphasize that here we are considering win rate as opposed to expected
reward. In the special case of binary rewards, however, expected reward becomes a special case of
win rate (cf. Section 2), and thus the above upper bound recovers the result of Huang et al. (2025b)
in this setting.

In contradistinction to the case of expected reward, where BoN’s performance is suboptimal sta-
tistically, we find that BoN is in fact optimal for win-rate regret up to constant factors, as established
by the following lower bound.

Theorem 5 For any non-atomic T, any T4 in the sample-and-evaluate framework, and any
€ < 1/2, there exist reward functions 7, r* satisfying epw (1) < € and a comparator policy T <K Tyt
for which

*

R”(m*) = R" (74) > ij‘ndf {M -+ Enp(7*||mrer) } -

This result shows that unlike in the expected-reward setting, BoN is in fact optimal up to a log-
arithmic factor for win-rate regret within the sample-and-evaluate framework, which helps explain
its widespread practical use despite its simplicity. This observation gently pushes back against the
conclusion reached by Huang et al. (2025b) that observed that, when optimizing for expected re-
ward, BoN is statistically suboptimal and more sophisticated algorithms are necessary to achieve
optimal performance. As we have emphasized repeatedly, however, we believe that win rate is often
a more natural objective than expected reward in many practical settings, and thus the suggestion
that BoN should be avoided for being statistically suboptimal may be overstated. In addition to the
statistical lower bound above, we also provide a complementary computational lower bound.

Proposition 6 For any M > 2 and 6 < 1/2, there exist reward functions r* = 7 and policies
7, Tret With Epg (7| Trer) = O such that within the sample-and-evaluate framework, any policy T
achieving regret R™" (%) — R™" (T) < & must use at least N = Q(M) samples from Tes.

This bound is computational in the sense that if we did not care about computational efficiency
(quantified by N in the sample-and-evaluate framework), then it is trivial to achieve small regret
with 7o, as 7 = r*; on the other hand, if we want to achieve small regret, then we have a strong
lower bound on the number of samples required. We emphasize that this lower bound matches the
upper bound of Theorem 4 and thus BoN is computationally and statistically optimal for win-rate
regret within the sample-and-evaluate framework.
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4. Achieving Optimal Performance without Reward-Hacking

While in the previous section we saw that the naive Best-of-N algorithm given in (4) is computa-
tionally and statistically optimal for win-rate regret with optimally tuned N, it is still susceptible to
reward-hacking. That is, as IV increases, the algorithm is more likely to select outputs on which 7
and r* disagree, leading to performance that scales non-monotonically in N. While understandable,
this is an unfortunate property, as in practice one would like to be able to increase N to improve
performance without worrying about overfitting to the reward proxy 7. In this section, we present
a new algorithm, £ys-regularized Best-of-IN, that is able to mitigate reward-hacking and achieve
performance that is monotone in N while still being statistically and computationally optimal.
Intuitively, we would like a policy that returns high-reward outputs without straying too far
from the reference policy mef, as outputs that are unlikely under 7. are more likely to be subject
to reward-hacking. Our analysis and results from the previous section suggest that the appropriate
way to measure discrepancy from . is via the £yr-divergence for an appropriate choice of M,
defined in (3). Motivated by this observation, we consider the following variational problem:

my € argmax En [?(y)] — Rpax - 5M(7TH7Tref)a (6)

whose solution we refer to as the Eys-regularized Best-of-N policy. Note that it is perhaps not
immediate that (6) is a desirable objective to consider; indeed, while a similar objective, with £,
replaced by 2, was considered by Huang et al. (2025b) in the context of expected reward maxi-
mization, in our setting we do not care about the expected reward per se, but rather the win-rate.
Another potential concern is that the variational problem in (6) is not easily sampled from within
the sample-and-evaluate framework, as it is not immediately clear how to draw samples from the
optimal policy 7wp;. The second concern is allayed, however, by the following result, which shows
that the optimal policy for (6) takes a particularly simple form.

Lemma 7 Let \ be the (1 —1/M)-quantile of T under Tyet, i.e. any value satisfying P (7(y) > \) =
1/m. Then the optimal policy 7y solving (6) is given by was(+) = et (- | 7(+) > N).

Remark 8 One might instead consider a different variation of (6), where Ry is replaced by a
general scaling parameter B > 0. If 8 > Rpax then this will end up having the same solution, but
if B < Rmax then the solution can grow more complicated.

Lemma 7 is proved in Section D.1, where we use Lagrange multipliers and convexity to derive
a remarkably simple characterization of the optimal policy. Note that 75, can be approximately
sampled from within the sample-and-evaluate framework by drawing /N samples from 7. and re-
turning a sample uniform from the top-[N/nm | samples according to 77 with randomized tie-breaking
(cf. Appendix D); indeed, the total variation distance between this sampling procedure and 7y, is
bounded by 1/~ and 7ps can be interpreted as doing BoN for N < M, but maintaining monotonic-
ity as IV grows. We should emphasize that, in contrast to the procedure of Huang et al. (2025b), T,
is much simpler and does not require any additional estimation or rejection sampling. We have the
following bound on the performance of this variant, which we call 7;.

Theorem 9 Forany M, N > 1, reference model mw..t, comparator m* < e, ground truth reward
r*, and learned reward model 7, it holds that

* * * ].
RT (71'*) — RT (7TM) S g]\/[(ﬂ H7Tref) + M - Epw + —

N (N
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Note that the upper bound in (7) is very similar to that of BoN in Theorem 4, with the key difference
being that the scaling parameter N is now decoupled from the regularization parameter M. As a
result, by tuning M appropriately, we can achieve the performance skyline established in Theorem 4
while maintaining monotonicity in /N. Other than monotonicity, the monotone algorithm performs
similarly to BoN and we note that it still requires tuning of the regularization parameter M, so we
expect BoN to remain the dominant alignment algorithm when monotonicity is not required.

We conclude this section by observing that the only prior provably monotone algorithm, the
x2-regularized Best-of- N algorithm proposed by Huang et al. (2025b), can fail to achieve optimal
performance when win-rate regret is the goal. Specifically, we have the following result.

Proposition 10 (Separation between Wg vs mpr)  For every ¢ > 1, there exist policies Tyef, T,
reward functions 7, 1*, and €y, < 1 such that e,y (7) < epw and it holds that

: TR RTXY > ol [ r¥ox\ _ pr*
éI;%R (7*) = R" (m3) = c (A1/1n>f0R (7*) — R (7TM)>.

This result, whose proof is deferred to Section D.3, demonstrates that the x2-regularized Best-
of-IN algorithm can perform much worse than our proposed algorithm. In addition to the poor
performance demonstrated in Proposition 10, we emphasize that one of the chief advantages of
the algorithm proposed in this section over that of ﬂ'g and alternatives such as soft-BoN (Khalaf
et al., 2025; Verdun et al., 2025), running BoN with pessimistic reward estimates, and alternatives
(Jinnai et al., 2025) is in its simplicity: the optimal policy takes the form of a simple top-quantile
selector, which is easy to implement and sample from in practice and requires no online estimation
or additional computational overhead.

5. Proof Techniques

Next, we provide proof sketches of our main results on the performance of BoN under win-rate
regret (Theorems 4 and 5) and an upper bound for the £y;-regularized algorithm (Theorem 9).

5.1. Proof Sketch of Theorem 4

In order to compare the performance of 7T, to that of an arbitrary comparator policy 77* under the
true reward function r*, we need to overcome two main challenges: (1) if N is too small and 7* is
far from m..¢, then we could pay in regret for not being able to find high-reward outputs comparable
to those of 7*; and (2) if IV is too large, then we may overoptimize 7 and select outputs on which 7
and r* disagree. This tension is captured by the two terms in the upper bound (5), which arise out
of the following regret decomposition holding for any M > 0: the regret R”" (%) — R™" (TgoN) is
equal to the sum of three terms,

R (7*) — R" (7)) + R"(7%;) — R (FBoN) + R (Fpon) — R (FBoN) ®)
) (ii) (iii)

where 7}, is an intermediate comparator policy defined to be the policy that minimizes total vari-
ation distance to 7* subject to the constraint that its density ratio relative to 7. is upper bounded
by M almost surely. While a similar decomposition was introduced in Huang et al. (2025b), the
key challenge in our setting is that we are considering win-rate regret rather than expected-reward
regret, which requires different techniques to control each of the terms in (8).

10
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Term (i). We further decompose R’ (*) — R'(n%,;) = R™" (7*) — R""(7%,) + R (7%,) —
RF(T('X/[) and control each of the two resulting differences separately. For the first difference, we
observe that win-rate is bounded and thus 1-Lipschitz in total variation distance, so we can control
the loss from 7* to 7}, in terms of &ys(7*||7mer) by Block and Polyanskiy (2023). For the second
difference, we use the fact that the likelihood ratio of 7}, to 7. is upper bounded by M almost
surely to control the pairwise win-rate error under 7}, between r and r* by M - e, (7) using
change-of-measure.

Term (ii). Here, we again adopt the formalism of approximate rejection sampling from Block
and Polyanskiy (2023) to define a selection rule to be a policy ﬂjhej that approximates 7}, using

only N i.i.d. draws from 7. We again further decompose term (ii) as R’?(wj*w) — R?(%BON) =
R () — R (M rei) + B (Thyre) — ' (TBon) and control each of the two resulting terms
separately. For the first difference, we use the approximate rejection sampling analysis of Block
and Polyanskiy (2023) to show that 7r]*\47rej approximates 7}, in total variation distance up to an
exponentially small term in N/M, which again transfers to win-rate by boundedness. For the second
term, we observe that conditional on any fixed batch of N samples from 7m.f, BoN simply selects
the output with the highest 7 value, and thus dominates any other selection rule on that same batch
under 7, including wjhej; while this fact is intuitively true, we prove it rigorously in Appendix C.

Term (iii). Finally, we control term (iii) using a similar change-of-measure argument as for term
(1), observing that BoN has density ratio at most N relative to ¢ almost surely and thus the
pairwise win rate error under Tpon between 77 and 7* is at most N - ey (7).

Conclusion. Combining the bounds for terms (i), (ii), and (iii) yields, for any M > 0,

*

R™ (") = R” (FoN) S (M + N) - £ (F) + Ear (7| Tref) + exp(—N/M).

Setting M = N/ log(1/epw(7)) then gives the desired upper bound.

5.2. Proof Sketch of Theorem 5

Prior lower bounds for expected-reward regret (Huang et al., 2025b) do not directly apply to win-
rate regret, as they rely on constructing reward functions that differ on a small set of outputs with
low probability under m..¢ but high expected reward, which does not affect win rate significantly.
Indeed, it is precisely because such constructions do not seriously affect win rate that BoN is able
to achieve optimal performance for win-rate regret, in contrast to expected-reward regret. For fixed
T, Tref, and 7', we construct a family of % parameterized by measurable subsets A C ) such that
r% differs from 7" only on A4, ie., 7*(y) = 7(y) + Iy € A. A computation shows that epy (7)) <
Tref (A) - (1 — et (A)) < mrer(A), so by choosing A to have ms-measure at most £, we ensure that
the pairwise win rate error is small. A calculation tells us that with an appropriate choice of 7, we
can lower bound R"" (7*) — R™" (%) 2 n*(A) — 7(A) for any 7% in the family. Thus, the regret is
large if, subject to mf(A) being small, we can ensure that 7*(A) is large while 7(A) is small. We
apply Markov’s inequality to show that 7 ({d7/dm.s < 2}) > 1/2 and then use the non-atomicity of
Tref to demonstrate the existence of an A such that mf(A) < € and 7(A4) < 2e. We then choose
7* such that 7*/dr,. = M on A and some small constant elsewhere to ensure that 7* is a valid
probability measure. For an appropriate choice of M, we can use this instance to establish the lower
bound.

11
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5.3. Proof Sketch of Theorem 9

We begin in a similar way as the proof of Theorem 4 by considering a regret decomposition, i.e.,
the regret R (7*) — R"" (@) is equal to

* * = = *

R (r*) = R" (7um) = (R (7*) — R'(m3))) + (R (w}y) — R (")) + (R (Far) — R
@ (i) (i)

(%M))7

where 77}, is the same as that defined in Section 5.1. As such, term (i) is handled exactly as in
the BoN proof, contributing €y (7*||7es) + M - €pw (7). Similarly, term (iii) is also handled in
the same way as in the BoN proof, except we have that 7y, has density ratio at most M relative
to 7er almost surely (not increasing with IV, in contradistinction to BoN). It remains to control
term (ii). We now decompose R'(7%,) — R'(7yr) = R (7%,) — R'(mar) + R (mar) — R (Rar)
where 7, samples uniformly from the top 1/ quantile of 7(y) for y ~ m.c¢. The first difference is
non-positive by a similar argument as in the BoN analysis (cf. Section D.2). To bound the second
difference, we compute the win-rate of the empirical quantile policy 7, and the population quantile
policy my explicitly: after tie-breaking, the 7-ranks of the N samples are i.i.d. Unif]0, 1], so the
win-rate of 77 admits an explicit order statistic formula, yielding R™(73;) > 1 —1/2:m —1/N, while
R7(mpr) = 1 — 1/2, so the difference is at most 1/~. The result follows.

6. Performance Under Win-rate Against an Arbitrary Policy

In this section, we extend our performance guarantees for BoN and &p/-regularized BoN to the
setting where win-rate is evaluated against an arbitrary comparison policy ¢ (rather than the baseline
q = Tyef used in Equation (1)) as discussed in Section 2.1. This generality aligns with common
evaluation pipelines—for example, in AlpacaEval-style benchmarks (Dubois et al., 2023, 2024)
one often measures win-rate against a strong comparator like GPT-4. Formally, for any comparison
measure ¢ on ) and any reward function r, we define the win-rate against q by

Ri(7) :=Eyr, yng[or(y,y)]  and ¢, (y,9) = 1{r(y) > (@)} + 5 1{r(y) = ()}

This definition generalizes the win-rate in Equation (1) (which corresponds to ¢ = my.¢) by drawing
Yy’ ~ q as the baseline comparator. Throughout this section we assume that ¢ is dominated by 7 ef
(g < mer) with a pointwise density-ratio bound

_ dq
B dTeer

wq(y) : (y) <L mpet-as., 9)
for some constant L > 1. This condition lets us relate win-rate against g to quantities (such as
pairwise error and excess mass) that are defined with respect to ¢ via the same change-of-measure
steps as in Sections 5.1 and 5.3, up to a multiplicative factor L. One could instead work with a
weaker divergence control, e.g. £1(q||mref), but we use (9) to keep the bookkeeping minimal. We
continue to measure pairwise reward-model error with respect to 7ef via

Epw(?) = Ey,y’wwref H¢?(y7 y/) - ¢T* (yv y/) H :

The following result extends our BoN guarantee from the baseline comparison ¢ = 7t to an
arbitrary comparison measure ¢ satisfying (9).

12
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Theorem 11 Suppose that m..r and q satisfy (9) and let 7 < met. Then for any reward models
r* and 7 and any N > 1, it holds that

* *

Ry (7)) = Ry (ToN) S L+ N - epw(7) - 10g (Yepw (@) + ENJ1og(1/epw (7)) (T Tret) -

Theorem 11 recovers Theorem 4 in the case that ¢ = m..¢; more generally, we pay in regret for
the mismatch between reference model m..s and comparator ¢ through the uniform density ratio
bound. This factor arises because the regret decomposition and subsequent change-of-measure
steps are identical to the ¢ = ¢ case (cf. Section 5.1), except that expectations against ¢y’ ~ ¢
are controlled by expectations against y' ~ ¢ using (9). The remaining terms are bounded by
the same approximate rejection sampling arguments from Block and Polyanskiy (2023), so BoN
remains statistically and computationally optimal under win-rate regret, while still being susceptible
to reward hacking through e,y,. As discussed in Section 4, £y/-regularized BoN overcomes this
issue and decouples the scaling parameter /N from the regularization parameter M and yields a
monotone-in-N guarantee for ¢ = mef; in the next theorem we extend an analogous guarantee for
7 to general ¢ under (9).

Theorem 12 For any M, N > 1, reference model m..t, comparator m* <K Ty, ground truth
reward r*, and learned reward model 7, it holds that

()~ Ry (Far) S L Ena (0 ) + L M - (7)1 3
Once again, we recover the case where ¢ = m..¢ from Theorem 9 by setting L = 1, except we
now have introduced an additional term that decays as /M /N. We emphasize that this is purely a
computational phenomenon as, taking N 1 co, we recover the same statistical rate as in Best-of-N
above. In the special case when ¢ = 7, the win-rate of a top-1/M quantile policy under 7~ admits
an explicit order-statistics calculation, yielding a fast 1/N dependence. For a general g, the same
top-quantile selection step must be analyzed through how ¢ places mass across 7-level sets near
the cutoff; without additional structure, ¢ may concentrate its probability mass in a narrow band
of scores around the quantile threshold, making the win-rate highly sensitive to small fluctuations
in the empirical cutoff induced by a finite batch of N samples. Thus, we control this step using
concentration of empirical quantiles, which leads to the slower rate in N. Finally, we note that
the density-ratio bound in (9) is only one convenient way to relate win-rate against ¢ to quantities
defined with respect to m.r. We leave to future work the interesting question of the extent to which
such a term is necessary in the general-g setting, and whether one can recover a faster rate under
additional regularity assumptions on q.

7. Discussion and Related Work

In this work, we studied the problem of inference-time alignment within the sample-and-evaluate
framework, focusing on the widely used Best-of-/N (BoN) algorithm. In contradistinction to prior
work that focused on expected true reward as the objective of interest, we argued that win rate is
often a more natural objective in practical settings where reward models are trained and evaluated
using pairwise comparisons. We demonstrated that BoN is both statistically and computationally
optimal within the sample-and-evaluate framework for achieving good win rate, partially explaining

13
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its widespread practical success despite its simplicity. Because BoN remains susceptible to reward-
hacking even under the win-rate objective, we proposed a simple variant that provably eliminates
reward-hacking while maintaining optimal statistical performance. Our work suggests several inter-
esting directions for future research. First, we may ask if there is a unifying paradigm that captures
both expected-reward and win-rate objectives as special cases, allowing us to better understand un-
der what conditions (optimally tuned) BoN is optimal and when more sophisticated algorithms are
necessary. Second, while we have focused on the sample-and-evaluate framework as a natural ab-
straction of inference-time alignment, it would be interesting to understand if similar statistical and
computational guarantees can be achieved in more general frameworks that allow for adaptive sam-
pling or other forms of interaction with the reference model. Finally, while our proposed variant of
BoN eliminates reward-hacking in theory, it may still be too conservative in practice due to its re-
liance on information-theoretic guarantees; moving beyond such guarantees and leveraging the rich
structure that learned representations provide in order to improve inference-time alignment remains
an interesting question. We now discuss several related works in more detail.

Inference-time Alignment. Inference time alignment is a popular framework for aligning large
language models (LLMs) with human preferences without requiring expensive retraining (Stiennon
et al., 2020; Nakano et al., 2021; Wang et al., 2023; Ouyang et al., 2022; Huang et al., 2025a;
Gui et al., 2024). Both inference and training time alignment typically targets skills in reasoning,
knowledge, or value alignment (Jaech et al., 2024; Guo et al., 2025; Ouyang et al., 2022; Brown
et al., 2024), and has been successfully applied to a variety of tasks. The former domains often
involve binary rewards, where an answer is either true or not, while the latter often involves more
subjective human preferences that generally are measured through win rate (Li et al., 2023; Dubois
et al., 2023, 2024; Ouyang et al., 2022). Our work focuses on the latter setting, where win rate is a
more natural objective than expected reward.

Best-of-N. When the learner has access to a groundtruth verifier, Brown et al. (2024) demon-
strated that simply running a Best-of-N (BoN) procedure with samples from the base model and
selecting the output with the highest true reward is effective at producing high-quality outputs in a
range of tasks. In practice, however, the groundtruth reward is not accessible, and instead a learned
reward model is used to select among samples from the base model (Stiennon et al., 2020; Ouyang
et al., 2022; Bai et al., 2022). While BoN with a learned reward model has seen widespread practi-
cal use, it is vulnerable to reward-hacking, which has been extensively explored (Gao et al., 2023;
Stroebl et al., 2024). A number of ad hoc empirical mitigation attempts have been proposed, includ-
ing regularization in representation space (Jinnai et al., 2025), a pessimistic BoN using empirical
uncertainty quantification, and a KL-regularized variant of BoN (Verdun et al., 2025; Khalaf et al.,
2025). None of these approaches have theoretical guarantees that improve substantially over BoN.
On the theoretical side, the most relevant work is that of Huang et al. (2025b), which analyzed BoN
under the expected-reward objective and demonstrated that it is statistically suboptimal in general
due to its vulnerability to reward overoptimization. They then proposed a more sophisticated algo-
rithm that achieves optimal statistical performance by leveraging ideas from approximate rejection
sampling (Block and Polyanskiy, 2023). In contradistinction to their work, we demonstrated that
BoN is in fact statistically and computationally optimal under the win-rate objective, which we be-
lieve is often more natural in practice. Thus, while conceptually similar, our results paint a more
favorable picture of BoN than that of Huang et al. (2025b) and our techniques (in particular our
lower bounds) differ significantly.
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Appendix A. Proofs for Different Notions of Coverage

In this section, we demonstrate that the pairwise error and squared error as defined in Section 2.2
are generally incomparable. In particular, Lemma 13 shows that small ¢, does not imply small
£2,,» while Lemma 14 shows the converse. In addition, we provide a proof of Proposition 15, which
shows the impossibility of bounding expected reward regret as a function of the pairwise error and
excess mass divergence introduced in Section 2.3 uniformly across all problems.

A.1. Proofs for Reward Model Error Comparison

Lemma 13 Fix a base policy mies. For all ¢ > 0 there are unbounded reward models 7 and r* with
epw(T) =0 but 2 (7 r) > e

Proof Recall the pairwise outcome

brly) = 1{r(y) > r()} + 5 1r() = r()}.
and the pairwise error

epw(T) =By yromos [l07(y,¥) — b (y, )] -

The key observation is that the pairwise misranking loss is invariant under strictly increasing trans-
formations: if 7(y) = ¥ (r*(y)) for a strictly increasing ), then for i.i.d. y, y’ ~ Tet,

oy, y') = o (y,Y),

hence e, (77) = 0. Instantiating this with the strictly increasing map v(t) = ct (for any ¢ > 0), i.e.
7(y) = c¢r*(y), we have ey () = 0 < ¢ for every € > 0. Meanwhile,

et (P1) = By [(7(y) = 7 (0))%] = By (e = ¥ (1))* ] = (¢ = 1) By, [ ()]

Choosing any r* with nonzero second moment under 7,¢ and letting ¢ to grow arbitrarily large
yields the desired result. |

Lemma 14 Let Ry,ax > 0 and pick any p € (0,1). For every € > 0, there exist a response space
Y, a reference policy T on Y, a true reward r*() : Y — [0, Rmax|, and a reward model 7" such
that

(1—p)?
—

A\

e (P 7) = Bym o (F(y) — 7" (0))?] =%, epu(P)
and the reward has nontrivial scale:
Va’ryNﬂ—ref [T* (y)] 2 p(]‘ - p) (Rmax - 5/4)2 .

In particular, for fixed p, Rinax and € — 0, the MSE vanishes while ¢,y (7) stays (1) and Var(r*)
stays Q(R2

max)'
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Proof Fix € > 0. Define the response space
Y = {H} U [0,¢/2].

Define the reference policy m..¢ as: with probability p draw y = H; with probability 1 — p draw
y = u where u ~ Unif|0, /2]. Define the true reward by

r*(z, H) = Rmax, r*(z,u) =u foru € [0,e/2].
Let v ~ Rad(%1) be independent of y ~ ¢, and define

my) = r(y) +ev,
so that 7 is randomized conditional on y. For pairwise comparisons, use independent ~y,~’ Y
Rad(=+1) for (y,y').
Mean squared error. Conditioned on y, we have 7(y) — 7*(y) = &7, so
E[(7(y) — () |y] =<,

and hence €2 (7, 7*) = &2

Pairwise error lower bound. Recall the pairwise outcome

6rlu0) = 1{r(0) > rly)} + 5 1{rw) = (),

and the pairwise error
epw () = By yom,; wa (,9") — o7 (y,3/) ” :
Lety,y i Tref and consider the event
Li={y# Hyn{y # H),

which has probability P(L) = (1—p)2. On L we can write y = u,y’ = u’ with u, v’ pY Unif[0,e/2],
and take independent v, v’ i Rad(=+1). Define the true gap and predicted gap

A=ry) =) =u—u, A=) -7) =A+e(y =),

On L, P(A = 0) = 0 by continuity, and A is also continuous so P(A = 0) = 0. Hence, almost
surely on L,

G (y,y) = H{A > 0}, ¢e(y,y) = 1{A > 0},

and therefore |pr+ (1, ') — ¢r(y,y')| = 1{1{A > 0} # 1{A > 0}} on L. If y = +/, then
A = A so the absolute difference is 0. If y % o/ (which occurs w.p. 1/2), then e(y — 7/) € {£2¢}
dominates A since |A| < e/2. Hence on L N {y # 7'},

sign(A) = sign(y — 7).
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Moreover, sign(y — ') is symmetric and independent of sign(A), hence

E [!qf)r*(y, y') — oa(y, )| ‘ L, v# ﬂ =P (1{A >0} # 1{A > 0} ) L, y# 7/) = %
Therefore,

(1-p)*

1_
2 4

N =

=(1-p)?-

N |

epw(F) > P(L) - P(y #7') -
Reward variance (scale). Let B := 1{y = H} ~ Bernoulli(p). By the law of total variance,
Var(r*(y)) = Var(E[r*(y) | B]) + E[Var(r*(y) | B)].
We have E[r*(y) | B = 1] = Ruax and Elr*(y) | B = 0] = E[u] = /4, hence
Var(E[r*(y) | B]) = p(1 = p) (Rumax — £/4)*

Also, Var(r*(y) | B = 1) = 0 and Var(r*(y) | B = 0) = Var(u) = £2/48, so E[Var(r*(y) |
B)] = (1 — p)e?/48 > 0. Therefore

Var(r*(y)) > p(1 — p) (Rmax — 5/4)2 .

A.2. Proof of Proposition 15

To construct a lower bound on expected reward regret, we will make 7 assign the same maximal
score to a high-scoring region S of ms-mass 1/M, so that any alignment algorithm .4 has no in-
formation to distinguish points inside S and can only pick some distribution over S. We then define
r* to place all its value on the part of S that A selects least (while keeping epy, and Eng (7| Tpet)
small), forcing a large true-reward regret. For completeness, we first restate the theorem before
providing a proof.

Proposition 15 Fix a threshold M > 2. For any inference-time algorithm A and for every € €
(0,1/M) there exists an instance with unbounded rewards (Tyet, T, 7*) and a comparator policy
T &K et such that

epw < € and Eni (77| myef) = M,
while, for every target gap v > 0,

Enx [r*] — Ex , [r*] > 7. (10)

By taking € — 0, one can make the regret arbitrarily large while simultaneously having €,y — 0
and Epy (7 || per) — 0.
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Proof Define o := 1/M. We construct m, to be non-atomic and supported on two disjoint
measurable regions B and S with m.¢(S) = « and m.s(B) = 1 — a. Precisely, let B and S be
disjoint measurable sets, each equipped with a non-atomic probability measure. Define the reward
model

7(y) =0fory € B, 7(y) = Rmax fory € S.

Let 74 denote the (possibly randomized) policy output by A when run on input (mef, 7). Fix
e € (0, ). Because 7 is constant on S, the algorithm has no score-based signal to distinguish points
within S and may concentrate arbitrarily on some subset of S. We therefore choose a region P C .S
adversarially as an e-mass subset that captures as much of 7 4’s mass as possible:

P € argsup {WA(A) tACS, mer(A) = 5}.

Note that because ¢ is non-atomic and ¢ (S) = «, there exist measurable subsets of .S’ of any
prescribed 7 e-mass in [0, o). An exact maximizer need not exist; any P achieving the supremum
up to an arbitrarily small slack suffices. Also, define C' := S\ P as well, so m,f(C) = a — &.
Since P is (approximately) maximal among e-mass subsets of S, its 7 4-mass is at least the average
T 4-mass over an £/« fraction of S:

7Tref(P)
7Tref(s)

Now we can let the true reward be maximized on the rest of S by setting

TA(P) > mA(S) = (eM)ma(S).

cRyax, y€C,

m*(y) =cr(y) {y € C} = {0 y€ BUP,

for some ¢ > 0 to be chosen later, so that 7* := me¢(-] C') and then Ez«[r*] = ¢Rpax. Next, we
compute Epf(7*||mef). The density ratio w* = dirief equals m = —L_on C and 0 elsewhere.

Since M = 1/«, we have w* > M on C, and therefore
En (|| Tyet) = En, [(w* — M)+]

=eM.

We must also ensure that the pairwise error is small. Recall the pairwise outcome
or(y,y) = Hr(y) > r(y)} + 3 Hrly) = r(y)}
and the pairwise error
epw (7) = By g [| 60 (4, 0) — 65(y, )] -

In our construction, 7 is constant on S and 7* is constant on each of B, P,C. Thus ¢« (y,y’) =
¢=(y,y") except for when exactly one of (y,y’) falls in P and the other falls in B U C. Moreover,
when y ~ P and y/ ~ C (or vice versa), we have ¢7(y,y’) = 3 (a tie under 7) while ¢,+(y,y/) €
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{0,1} (a strict comparison under r*), and when y ~ P and y' ~ B (or vice versa) we have
¢r+(y,y') = 3 (a tie under r*) while ¢(y,y’) € {0,1} (a strict comparison under 7). In all these

cases, |¢p+ (,9') — ¢7(y,y')| = 3. Therefore,
epw(@) =1 (P(ye P,y ¢ P)+P(y eP,y¢P))
= % 2Tt (P) (1 — et (P))
=¢e(l—¢)<e.

Above, we chose P C S with 7t (P) = € so that

7Tref(P)
Wref(s)

Then, since r* is cRpax on C' = S\ P and 0 elsewhere,

TA(P) >

TA(S) = (eM)ma(9),

EWA [T*] = cRpax WA(C)
= CRmaX(WA(S) — WA(P))
< cRmaxmA(S) (1 —eM)
< cRpax(1 —eM).

Therefore,
Enx[r*] — Ex , [r*] > cRmaxe M.

Finally, for any target v > 0, choosing ¢ := 7/ (Rmaxe M) gives (10).

Appendix B. Supporting Lemmas

The lemmas in this section provide key auxiliary results used throughout the rest of the proofs.
Lemma 16 quantifies the win-rate penalty incurred when transferring between reward models, and
provides good intuition for maneuvering the regret decomposition in the upper bounds. It is here
where the alignment between the pairwise error and win-rate defintions is useful: we can translate
control of pairwise outcome disagreements into control of win-rate differences. Lemma 17 demon-
strates the relationship between our win-rate metric and the expected quantile under 7 achieved by
a policy under a fixed reward model.

Lemma 16 Fix a reference policy Tyef, a true reward r*, and a learned reward model 7. For any
policy T K Trye with density ratio wy = d7/dr,c and any M > 1,

R (1) = R (m)| < M -epw(7) + Ent(7||Tret)-

Proof For any score function r, we defined the pairwise outcome

/) = 1) > 1)} + 5 14rl) = /) € {051}
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Then by definition, the win-rate functional can be written as
R (7) = By, ymomer [0r(4:8)]
In addition, recall the pairwise error
epw (7) = By yrromeer 100+ (0, 9)) — 05y, 9] -

In order to bound the win-rate difference, we first observe that

R (x) — R(n \ = By, ymmeg [0+ (0,0 Y]]

< Eyror, yinmer [0 (,3) )] -

For shorthand, let £(y, ') = |o+(y,y') — ¢7(y,y')|. We can change measure using w;:

By, /ot [K(y,y’)] = Eymet, y/omres [ww(y) e(yayl)] .
Then, we can decompose w,(y) = (wx(y) A M) + (wx(y) — M)y and use £ € [0, 1]:
Eyymmer [ Wr ()Y, Y)] = By yamee [(wr(y) A M) Uy, y")] + By yramy [(wr(y) = M) 4 £(y,y)]

S M ’ Eyvy ~Tref [€(y7 y/)] + Ey"/ﬂ—ref [(wﬂ'(y) - M)+]
=M - epw(T) + Enr (]| Tyet ).

|
Lemma 17 Fix a reward model 7 : )) — R. Define the mid-CDF transform
Ft) = 5 (o) + (1)) € [0,1]
where
Fo(t) o= Py (F(Y) <t),  F(t7) 1= Pyrm, (FY) < 1),
Then for any policy T,
R(m) = Eyun| Fr (7)) |, an

Moreover, let V' ~ Unif[0, 1] be independent of everything, and define the randomized uniformized
score

a(y) = F(fly)7) + V- (F((y) — F((y)7)) € [0,1]. (12)
Then:
1. Foranym, R™ (1) = Eyor v [a(y)].

2. Ify' ~ Tyef, then u(y') ~ Unif]0, 1].
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Proof By the law of total expectation,

7 - N 1 N N
R'(m) = Ey~7r|:]P)y/~7rref (Tly) > 7)) | y) + 3 Py e (Tly) =7 | y) } :
Fix y. Then

]P)y"\’ﬂ'ref (?(y) > ?(y/) ‘ y) - ]P)y/'\’ﬂ'ref (?(y/) < ?(y)) = F?(?(y)_)7
and
By (F) = 70) | 9) = By (FW) < 7)) — Byams (F) < 7))
= Fp(r(y)) = F=(r(y)™).
Plugging these two identities into the previous display yields (11).
Next, let V' ~ Unif[0, 1] be independent. By (12) and E[V] = 3,
Elu(y) |y] = Fx(F(y)") + EV]- (F(F(y) - Fo(F(y)7))

= F(r(y)”) + % (F(F(y) — Fr(F(y) 7)) -

Taking . on both sides and comparing to (11) gives R (1) = Eywr v [a@(y)]-
Finally, we prove @(y’) ~ Unif[0, 1] when 3’ ~ mef. Let X := 7(y/) and write

A:=Fx(X), B := Fx(X),

so that conditional on X, @(y’) = A4V (B— A) is uniform on the interval [A, B]. Fix any u € [0, 1]
and define the generalized inverse

ty = inf{t e R: Fx(t) > u}.
By definition of ¢,,, we have Fx(t; ) < u < Fx(t,) and
P(X <tu) = F5(t,),  P(X =ty) = Fi(tu) — F(ty,)-
Now decompose according to X:
o If X <ty,,then B= FxX) < Fx(t;) <u,hence P(a < u | X)=1.
o If X >t,,then A = Fr(X ™) > Fr(ty) > u, hence P(z < u | X) =0.

 If X =t,, then by construction, % is uniform on [Fi(t;, ), Fi=(t,)], so

_ L u—F(t,)
Flsul X=h) = oy~ Frtn)

Therefore,
- u— Fx(t;)
Pla<u)=PX <ty) 1+ P(X =t,)- et
b b Fi(tu) — Fr(tu)
_ _ u— Fx(ty,)
= F(t,) + (Fr(ty) — Fr(ty,)) - i =
Since this holds for all u € [0, 1], we conclude (y') ~ Unif|0, 1]. [
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Appendix C. Proofs for Best of N

This section gives proofs for the guarantees of Best-of-/N in Section 3. The results in this section
build on the guarantees for approximate rejection sampling as mentioned in Section 5.1, and are
organized as follows:

1. Section C.1 provides a general upper bound on the regret of BoN in terms of the £,/-divergence
introduced in Section 2.3, and in Section C.2 we give a general lower bound on regret.

2. In Section C.3 we provide a lower bound to demonstrate the computational efficiency of BoN.

The proof of Theorem 4 below makes use of the approximate rejection sampling analysis of Block
and Polyanskiy (2023). We briefly remind the reader that, given a base distribution ¢ and a target
policy m < T With density ratio w := drn/dm.t, classical rejection sampling draws y ~ Trpef
and accepts it with probability min{w(y)/M,1}; if w < M m¢-a.s., then the accepted sample
is exactly distributed as 7 (Von Neumann (1963)). When w is not uniformly bounded, the same
accept/reject rule truncates the target: mass in regions where w(y) > M cannot be fully realized
and is effectively “clipped” at level M. Running this procedure for N proposals (returning a default
proposal if no acceptance occurs) and M sufficiently large induces a policy 7y that approximates m
in total variation, with error controlled by the clipped mass €y (7||7ret) plus an exponentially small
failure-to-accept term (Block and Polyanskiy, 2023; see Lemma 20).

C.1. Proof of Theorem 4

Proof As detailed in Section 5.1, in order to compare TN to an arbitrary comparator 7* under
the true reward 7*, we need to balance two competing effects: if N is too small, BoN may fail to
find responses comparable to those favored by 7*; if N is too large, BoN may overfit to 7~ and pick
outputs where 7 and r* disagree. These two effects correspond exactly to the two terms in the upper
bound (5), and they appear via the following regret decomposition, which holds for any M > 0: the
regret R”" (7*) — R"" (Tpon) is equal to the sum of three terms,

R™ (7%) — R"(n}) + R (7};) — R (Fpon) + R (FBon) — B (FBoN),
(T1) (T2) (T3)

where 77}, is an intermediate comparator policy that is a closest M -capped approximation to 7* in
total variation:

Ty € argmin TV(r*, 7).

T Tpef: diﬂef <M Te-a.s.

T

To bound (T1), we can further decompose R™ (7*)—R"(7%,) = R™ (7*)—R" (7%,) + R (7%,) —
R?(ﬂ'h) and control each of the two resulting terms separately. For the first difference, we observe
that win-rate is bounded and thus 1-Lipschitz in total variation distance (it can be written as an
expectation of the mid-CDF Fx(7(y)) € [0, 1] as in Lemma 17), so we can control the loss from 7*
to w4, in terms of Epy (7| myer) by Block and Polyanskiy (2023): Lemma 18 shows that no policy
with bounded density ratio can achieve total variation distance to 7* less than Epy (7*||mpef) itself,
and Lemma 19 demonstrates that the total variation distance between 7* and 7}, as defined above
is less than Epy (1|t ), s0 TV (7%, 73,) = Ep (77 || 7ret ), and hence

R (%) = R™ (7%;) < TV(x*,7%;) = Enr (7| Tret)-
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For the second difference, we use the fact that the likelihood ratio of 7}, to ¢ is upper bounded
by M almost surely to control the pairwise win rate error under 7}, between 7 and r*. Specifically,
we have wrs (y) < M myep-a.s., hence Epy (7 ||Trer) = 0 and applying Lemma 16 with 7 = 73,
and truncation M yields

R™ (wy) — R (w}y) < Mepu + Enr(wfy | er) = Mep.
Putting these together, we have
(T1) = R™ (x*) — R (n}y) < Ent (| meer) + Mepu.

To bound (T2), we introduce another intermediate comparator in order to utilize the optimality of
TBon under 7 on a fixed batch of N i.i.d. samples from 7,.¢. Adopting the formalism of approximate
rejection sampling from Block and Polyanskiy (2023), we define a selection rule to be a policy
771*\/1,rej that approximates 7}, using only N i.i.d. draws from 7f; it returns the first accepted y;, and

if no acceptance occurs it returns y;. We again further decompose (T2) as R’ (1%,) — R (Tox) =
RN () — B (T rei) + B (Thrre;) — 7 (TBon) and control each of the two resulting terms
separately. For the first difference, we use the approximate rejection sampling analysis of Block
and Polyanskiy (2023) to show that WX/[JGJ- approximates 7y, in total variation distance up to an
exponentially small term in N/M, which again transfers to win-rate by boundedness. Thus

R?(WX/I) - R?(Tr&,rej) < TV (ﬂ-X/l? 71ﬁ%rej)

1 N
< Eu(millman) + 5 oxp (=37 (1~ Eu(mielmer) )

1
= 5 eXp(_N/M)7
where the second inequality follows from Lemma 20, and the last equality holds because 7}, is
M-capped, so Epy (7}, ||mrer) = 0. To bound the second difference, we observe that conditional on
any fixed batch of N samples from 7., BON simply selects the output with the highest 7* value, and
thus dominates any other selection rule on that same batch under 7, including 7}, rej- 10 make this

concrete, we first apply Lemma 17 to rewrite win-rate under 7 as an expectation of Fi(7(+)), so that
R (h10ei) = B (Foon) = By, .y [ B )] = By [ B (0))]

We can now appeal to the optimality of 7p,N under 7. Below, we use Ey

N ~Tref

[[] to refer to

expectations over N samples Jy drawn from mef, and, given Yy, we use E_, to refer to
M

/I,rej‘yN H
the expectation over responses induced by running approximate rejection sampling conditioned on
the realization of the set Vv drawn by the algorithm; we define . [-] analogously. We can

then use the linearity of expectation, so that

B mrvs | Byt |7 O] = By 5 [ 00

BoN|VN

couples the set )A/N drawn by the two algorithms, and compares the performance of 7N and
T rej for a fixed set of N responses. Then, because the BoN policy always chooses a response
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with the largest value under 7" for any fixed Yn, and F- is nondecreasing, we have ﬁ?(?(y)) <
max;e[n] F7(7(y;)) for all y € V. Therefore,

R (Ti1ey) — B (Tmon) < 0.
Combining these steps gives
. - 1
(T2) = R'(m}y) — R (Tpon) < 5 exp(—NN/M).
Finally, we control (T3) using a similar change-of-measure argument as for (T1). Before ap-
plying Lemma 16 again, we first show that BoN has density ratio at most N relative to myf,

and thus the pairwise win-rate error under 7Tpon between 7 and 7* is at most N - e, (7). Let
Yn = (y1,...,yn) € YV denote the sequence of N i.i.d. draws from ¢, and write

N
Tref (j}N) = H 71'ref(yi)
=1

Since conditioned on jJ\N, the BoN algorithm outputs a single element of j)\N deterministically (via
the fixed tie-breaking rule), we can write T, in closed form as

Foox(y) = > maOn)- Uy € In}-1{Fy) 27) vy e Inf. (3
IneyN
Next, express 7ot (y) by marginalizing over Y and then sampling an index uniformly from {1,..., N}:
~ 1 y/ =y
Tret(Y) = AZ Tref (VN) - Z {N} (14)
YNeEYN Y'EYN

Combining (13) and (14), for any y with m.e¢(y) > 0 we have

TBoN (V) N. ZyNeyw Wref(j)\N) {y € 3A7N} . 1{?(3/) >7(y)Vy € )A/N}

Tret (¥) S5y eyn Tret (V) - ey, Y =9}
' EﬁNeyN 7Tref(j}N) : l{y S j)\N}
ZyNeyN 71'ref(j)\N) Yy € j}N}

IA

N

= N.

Thus 7BoN/7,.; < N pointwise, and by definition,

_ B TBoN(y) _
EN(TBoN [|Trer) = By, k Tref () N> J -0

Now we can apply Lemma 16 to m = TN With truncation M = N such that

(T3) < Nepw + En(TBoN || Tref) = Nepw.
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Combining all the preceding bounds, we obtain

*

R™ (") = R" (TBon) < Ear (7| 7ret) + (M + N)epy + exp(—N/M).

Setting M = N/ log (1/epw (7)) and observing that for such M, it holds that exp(—N/M) = epw(7),
we obtain the desired result. |

Lemma 18 (Lemma 32 in Block and Polyanskiy (2023)) Fix N > 1 and assume 7 << et With
density ratio w* := d7*/dr, ;. Then for any m < Tyt whose density ratio w := dv/dn,; satisfies
w < M meee-a.s., we have

TV(m,7*) > Enp(7*||ret)-

Lemma 19 Fix N > 1 and assume 7 < Ty with density ratio w* := d7*/dr,.;. Then there exists
. dm}
a policy my; < Tyer such that %Mf(y) < M mef-a.s., and

TV (7, ) = Epr (7| et
Proof Define the clipped density
wy(y) = min{w(y), M}.
Using w* = wys + (w* — M), pointwise and Ey ., . [w*(y)] = 1, we get
Byomeclwn (y)] = 1= En(7"|7vet).-

Thus wjy has total mass 1—Eps (7 || 7pef ) but is not yet a valid probability density when Eps (7 || 7per) >
0, so we must add back the excess mass while ensuring that the density ratio is still bounded. Define
the slack under M:

S = Eyme [(M — w*())4].
Since (M — w*)4 = M — min{w*, M} = M — w) pointwise, we have
S =M = Eym fwn(y)] = M = (1= Enr (77| Tret)) = Enr (7" |rrer)-
If Epr (7% ||7res) = 0, we set g = 0 and 7y, = 7* and we are done. Otherwise we define

9(y) = Ep (7| mres) - W

Then 0 < g(y) < (M — w*(y))+ mref-a.s. and Eyor [9(y)] = En(7*||7rer). Now we define
Ty <K Tref Via
dmy,
Wref(y) = wm(y) + 9(y)-

We can verify that normalization holds:

*
dmy,

&w4 (M=&mﬁw@H&wmwhO—WWWMH&MWMFL

dmrer
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In addition, the pointwise density ratio bound still holds: if w*(y) > M then wy;(y) = M and
(M —w*(y))+ = 0,50 g(y) = 0and wyr(y) + g(y) = M; if w*(y) < M then wys(y) = w*(y)
and g(y) < M — w*(y), so wn(y) + g(y) < M. Hence Eng (|| mrer) = 0. Finally, we compute
the total variation distance using densities:

* * 1
TV(T( 77TM) = 5 Ey"’ﬂ-ref |:

w*(y) — (war(y) + g(y)) H :
Pointwise,
’w*(y) — (wm(y) +9()) ’ = (w*(y) — M)+ +g(y),

because on {w* > M} we have wyy = M and g = 0, while on {w* < M} we have wy = w*.
Taking expectations gives

w(y) = (wrr(®) +90)) || = Eymmer (@ (5) = )] + By, 9(9)]

= QSM(F*Hﬂ'ref)y

Ey’\’ﬂ'ref |:

hence TV (7*, 73,) = En(7*|| et ), which implies the stated upper bound. [ |

The following lemma (which is originally adapted from Theorem 3 in Block and Polyanskiy
(2023)) contains sample complexity upper bounds for the approximate rejection sampling procedure
detailed in Block and Polyanskiy (2023). We refer to Huang et al. (2025b) for a detailed discussion
of this result.

Lemma 20 (Lemma D.4 in Huang et al. (2025b)) For any valid policy 1 € A(Y), and N, M >
0, let tp € A(Y) be the law of responses induced by running approximate rejection sampling. Then

(-0t

1
TV(m,mr) < Enr(m||mret) + 5 oXP

C.2. Proof of Theorem 5

We first restate the theorem for the sake of completeness, after which we provide the proof.

Theorem 21 For any non-atomic m.ef, any 7 4 in the sample-and-evaluate framework, and any
€ < 1/2, there exist reward functions T, v* satisfying epw () < € and a comparator policy T <K Tyt

for which

*

r *\ _ pr¥io > k. . *
R" (m*) = R" (ma) > k ]\l/lnzfl{M e+ En (|| mref) }

for some universal constant k > 0.

Proof We build a hard instance in three steps. First, we identify a large-probability region .S on
which 7 cannot overweight 7,.; by more than a constant factor; inside .S we carve out a small set A
whose m¢-mass is on the order of the pairwise-error budget € where 7(A) < e. Next, we choose
a simple reward pair (7, 7*) so that the algorithm cannot reliably distinguish A from A¢ while still
meeting the pairwise-error budget. Then, we let 7* upweight s by a factor of M* on A, which
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forces m*(A) ~ M*e. Since the regret is proportional to 7*(A) — w(A) in our instance, we will
relate this regret to the skyline objective.

First, we construct a small set A on which 7 has small mass. Fix any sample-and-evaluate algorithm
7. Let w(y) := d7/dm.;(y) so that B, [w] = 1. By Markov’s inequality,

]P)y'\"ﬂ-ref (w(y) > 2) S

N | =

50 S := {u < 2} satisfies m(S) > 1. Set
¢’ :=min{e, 1/M*} € (0, 3].

Since T is non-atomic and &’ < m¢(S), choose a measurable A C S with me¢(A) = &’. Then

)

(A) = /Awdﬂref < 2mmper(A) = 2€'. (15)

We set &’ in this way for two reasons: first, the comparator we construct below will place density
M* on A, so feasibility requires 7*(A) = M* mer(A) < 1, ie. mef(A) < 1/M*. In addition,
we will enforce the pairwise-error budget by choosing met(A) no larger than € under the pairwise
error, as we will see next. Define

*(y):=1{y € A},  F(y) =0.

Intuitively, 7* makes A the uniquely desirable region, while a constant 7* provides no signal about
membership in A, so any reliable preference for A must come from chance rather than information.
For any reward function r, recall the pairwise outcome

or(y,y) = 1{r(y) > r(y)} + 3 1{r(y) =)},

and the pairwise error

eow() = By yromer [ |0r (0 0) — 07y, 9)] ] -

Since 7'is constant, ¢7(y, y') = 5. Under r* = 14, we have ¢, (y,y’) € {0, 3,1} and ‘gzbr* (y,9) — %‘ =
3 iff exactly one of (y,y’) lies in A. Thus

. 1

1
Epw(r) = 5 'Py,y’wﬂref (]-A(y) 7& 1A(y,)) = 5 ! 25,(1 - 5,) < 5, <e.

Next, we construct 7* and evaluate the skyline objective. Define m7* < et via

ci=———— >0 (sincee’ <1/M™*).

* .
) ¢, y¢A, 1—¢

AT ref

dn* {M*, y € A, 1— M*

Note that since M* > 1 and ¢’ € (0,1), we have 1 — M*e’ < 1 — &/, hence ¢ < 1. Then
Er,.[w*] = M*e' + ¢(1 —¢') = 1, so n* is a valid policy and

T (A) = /A w* dmer = M*e'. (16)
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Moreover, for any M € [¢, M*],
En(m*||mrer) = By [(w* — M)1] = (M* = M)meer(A) = (M* — M)e'".
Hence for such M,
Me + Epn (7% || o) = Me + (M* — M)e' = M*e' + M (e — €). (17)

Next, we can explicitly compute the win-rate and regret. Fix any policy 7 and write mef(A4) = €'.

Using the definition of win-rate under 7* = 1 4:
R" (m) = P(r*(y) > " (y) + 5 P (y) = ()
— £(A)(L = () + 3 (7(A) T (A) + (1 = T(A)(L = meg(A)))

2
= (1 mer(4)) + 3 7(4)
=3 Tref 5 T(A).
Subtracting for 7 = 7* and © = 7 cancels the tie-mass term, yielding
* K o~ 1 =~
R (m*) — R" (%) = 5 (m"(4) = 7(4)). (18)
Combining (18) with (16) and (15) gives
. x 1 M*—2
R" (7*) — R" (%) > 3 (M*e' —2¢') = Te'. (19)

Finally, we relate the regret to the skyline objective. We consider two regimes.
Case 1: M*e < 1. Then ¢’ = ¢, and (17) gives, for all M € [c, M*],

Me + 5M(7T*”7Tref) = M*e.
In particular,

A141§1{M€ + EM(TF ||7Tref)} = M"¢.

Indeed, for M > M™*, Epr(n*||mper) = 0 so Me > M*e; thus the infimum over M > 1 equals
M*e. Combining with (19), for M™* > 4,

M* -2 1
>

>7
=Ty 7y

*

R™(n*) — R ()

* 1 : *
M*e = Z]\l/lnzfl{ME—’_EM(ﬂ | 7ref) }-

Case 2: M*e > 1. Then e’ = 1/M*, so (19) yields

x " M*—-2 1
r X R > > =
R ()= R (®) 2 "= = 1,

with M* > 4. On the other hand, for any M > 1, we have Epf (|| per) = B, [(w* — M) 4] <

Eﬂlref [w*] — 19 SO uSing £ S l’
3
inf {M & x < 1<2
]\l/jnzl{ €+ M(ﬂ- Hﬂ'ref)} e+ 1< 5
Thus % > %inszl{M € + En (7| mye) }- Taking k = % uniformly completes the proof. [
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C.3. Proof of Proposition 6

Proof Fix M > 2. We construct a hard instance in which the optimal policy must place all its
weight on a subset of 7, and show that any algorithm in the sample-and-evaluate framework
requires on the order of M samples to sample from this subset and avoid suffering constant regret.
Let Y = [0, 1] and let 7, be Unif[0, 1]. Define

1 1
I:=|1——,1 I = —.
|: M’ :|7 71'ref( ) M

Set 7(y) = 1 (y) := 1{y € I}, so epw(7,7*) = 0. Let 7 := mee(- | I) so that d‘f::f (y) =
M1{y € I} and hence Eyf(7*||mrer) = 0. Moreover, 7*(y) = 1 a.s. under 7*, and 7*(y') = 1 w.p.
1/M under 7y, SO

Tk * * 1 * *
R (7T ) = waw*,y’Nwref (T (y) >r (y/)) + 5 : PyNW*,y/Nﬂref (T (y) =r (y/)) (20)
1

_11+1
- M) 2 M

T 2M
Letyi,...,yn x Tref be the samples and let 4 be A’s output. By the sample-and-evaluate frame-

work, § € {y1,...,yn} almost surely. In addition, define the event E := {Ji € [N]: y; € I}. On
E€ we have y; ¢ I for all i, hence 7*(y) = 0 deterministically and therefore

" 1 1 1 1 1
B | B = 5 By (0 =0) = 3 (1= 3 ) = 3 - 7

Using (20), on E° we obtain

N —

R (7*) = R" (ma | E°) = =.

Since regret is nonnegative, taking expectations yields

E[R" (r) - R (r4)] = P(E)- % _ % (1 - 1)N.

If the expected regret is at most J, then the above implies

1 N
- — < .
<1 > <20

When § < %, the RHS is < 1, so taking logs on both sides gives

1 log(55)
N log <1 — ) <log(20) =— N>_—2207_
M log(5727)

For M > 2, we can apply z < —log(1 — z) < ;%= withz = 1/M, yielding
N = M log (%) :
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Appendix D. Proofs for Monotone Algorithms
This section gives proofs for the guarantees in Section 4, and are organized as follows:

1. Section D.1 provides a derivation of the optimal policy to the £5;-regularized variation prob-
lem, which is introduced in Section 4.

2. Section D.2 provides a general upper bound on the regret of monotone algorithm in terms of
the £y-divergence introduced in Section 2.3, matching the skyline lower bound on regret.

3. In Section D.3 we provide a separation result between £ys-regularized BoN and the only
other provably monotone algorithm: the solution to the y2-regularized variational problem
as analyzed in Huang et al. (2025b). Importantly, this highlights the weaknesses of previous
approaches under a win-rate regret goal.

D.1. Derivation of £;;-Regularized BoN Policy

Throughout this section, we fix a measurable score function s : J) — [0, 1] on a finite ); similar ar-
guments apply to any bounded score range and infinite response space. Consider the £;;-regularized
variational problem parameterized by 5 > 0:

max {Eﬂ[s(y)] — BSM(WH?Tref)}

TL Tref

which is equivalently the functional optimization over w:

max {Eﬂref [w(y)s(y)} — BEr,., [(w(y) — M)Jr] } 20

w>0, IEyNTrref [w (y)]:1

Lemma 22 Fix M > 2 and B > 1. Then there exists an optimizer w* to (21) satisfying 0 <
w*(y) < M Tyet-a.s., and consequently Epy(m*||mref) = O at the optimum (where T := W* Tyef).
In particular, (21) is equivalent to

et ) 22
w0t B et W) (22)

or, returning to m,

max Ex[s].
T yef: A [ dTper <M

Proof Define the primal objective

J(W) = Br [w®)s()] = BEr [(w(y) — M)4],  stw>0, Ex [u] =1

Since Y is finite, this is a finite-dimensional convex program: the penalty term is concave, so .J
is concave in w, and the constraints are affine. Slater’s condition holds because w = 1 is strictly
feasible (w(y) > 0 for all y and E,_,[w] = 1), so strong duality applies. Next, we introduce a
scalar Lagrange multiplier o € R for the constraint E,,,[w] = 1. The Lagrangian is

‘C(wv a) = Eﬂ'ref[w(y)s(y) - 5(w(y) - M)-i—] - O‘(Emef [’Uj] - 1)
= a+Er [wy)(s(y) —a) = Blw(y) — M)4].
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For fixed «, the maximization over w separates over y: for each y we maximize, over v > 0,

by(e) = max {u(sy) @)~ Blu— M) }.

u>0

This is a 1D piecewise-linear problem. Writing s = s(y),

u(s — ), 0<u<M,

u(s—a)—B(U_M)Jr:{u(s_a_5)+ﬁM, u> M.

Hence:

* If s —a — 3 > 0 for some y, then ¢, () = +0o (the u > M branch has positive slope), so
the dual function is infinite. Therefore any dual-optimal a* must satisfy

s(y) —a*—pB<0 foralye).

* Under this condition, the ¥ > M branch has nonpositive slope, so its maximizers can be
chosen at u = M. Thus, for every y, there exists a maximizer of ¢,(a*) lying in [0, M].
In other words: for any a with finite dual value, the inner maximization can be restricted to
0<u<M.

By strong duality, there exists a primal optimizer w* that attains the (finite) dual optimum at some
a*, and by the pointwise conclusion above we may choose w*(y) € [0, M] for every y. For such a
w*, we have (w*(y) — M)y = 0 for all y, hence Epy (7% ||7mef) = 0 and

J(W") = En,p [w”s].

Therefore, the optimal value of (21) equals the optimal value of (22), i.e., we may restrict attention
(without loss) to policies whose density ratios satisfy 0 < w < M 7¢-a.s.; moreover, an optimizer
exists within this restricted class. |

With this simplification in hand, we may work directly with the equivalent density-ratio program
(22). Since the problem is convex and strong duality holds, we can characterize the optimizer by
the KKT conditions, which are necessary and sufficient for optimality (Boyd and Vandenberghe,
2004). We now apply these conditions to derive the optimal policy. In the following proposition, we
assume for the sake of simplicity that there exists a threshold a* so that P, (s(y) > o*) = 1/M
exactly; otherwise one can randomize inclusion on the boundary set {y : s(y) = o*} to make the
selected 7¢-mass exactly 1/M, without affecting optimality.

Proposition 23 Consider (22) and assume the existence of an optimizer via Lemma 22. Fix M > 2.
Then there exists a threshold o* € R such that an optimal density ratio satisfies

wi(y) = MUs(y) =2 "} (mef-as.),
where o can be chosen so that Py, . (s(y) > o) = 1/M. Equivalently, the optimal policy is
T (-) = Tret (- | 5(-) > a¥),

i.e., the top-1/M score-threshold policy.
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Proof We solve (22) via the Lagrangian/KKT conditions. Introduce a scalar multiplier o € R for
the equality constraint E,. . [w(y)] = 1, and pointwise multipliers x(y) > 0 and v(y) > 0 for the
inequality constraints w(y) > 0 and w(y) < M, respectively. The Lagrangian is

L(wsa, p1,v) o= By [0(y) 5()] = @By [w(y)] — 1)
+ By [1(9) 0(Y)] + By [0 (y) (M = w(y))]-

The KKT conditions at an optimum (w*, o*, u*, v*) are:
(i) Primal feasibility: 0 < w*(y) < M and Eyr . [w*(y)] = 1.
(ii) Dual feasibility: p*(y) > 0 and v*(y) > 0 mpef-a.s.
(iii) Stationarity (pointwise): for mwf-a.s. y,

s(y) — o+ p*(y) — v*(y) = 0. (23)
(iv) Complementary slackness:
w(y) w*(y) =0, v*(y) (M —w*(y)) =0 (Trref-a.s.).

We now deduce the threshold structure. Fix y and consider three cases.

Case 1: 0 < w*(y) < M. Then complementary slackness forces x*(y) = 0 and v*(y) = 0, and
(23) gives s(y) = a*.

Case 2: w*(y) = 0. Then p*(y) > 0 may be nonzero, while v*(y) = 0 (since M —w*(y) = M > 0
implies v*(y) = 0 by slackness). Thus (23) becomes s(y) — a* + p*(y) = 0, so s(y) < a*.

Case 3: w*(y) = M. Then v*(y) > 0 may be nonzero, while p*(y) = 0 (since w*(y) > 0 implies
1 (y) = 0). Thus (23) becomes s(y) — a* — v*(y) =0, so s(y) > o*.

Putting the three cases together yields the pointwise characterization:

M, s(y) > o,
w™(y) =10, s(y) < o,
any value in [0, M], s(y) = o™

Then the density ratio of the optimizer satisfies
w*(y) = M 1{s(y) > a*} (Trref-a.s.).
Finally, enforce the normalization E,~  [w*(y)] = 1
1= By [0 ()] = M Pyr, (s(y) > a¥),

$0 Pyr.;(s(y) > a*) = 1/M. Then the induced policy is precisely mys = Tpet(- | s > ). W
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D.2. Proof of Theorem 9

Proof Fix M > 1andlet k := [N/M]. Recall that 7, is the (unconditional) law of the random
output Yoyt produced by: sample y, ..., yn i Tref and i.1.d. V1, ..., Viy ~ Unif[0, 1] independent;
let I index the top-k samples under the lexicographic order (7(y;), V;); output ; with J uniform on
I conditional on (JA)N, Vi.n). To compare the performance of 7y, to that of an arbitrary comparator
7*, we proceed in a similar fashion to the proof of Theorem 4 in Section C.1 by considering the
following regret decomposition:

*

R (w) = R () = (R () = R(w3p) ) + (R (i) = B Ran)) + (B Gar) = B

(T1) (T2) (T3)

*

() -

As in the proof of Theorem 4, 77}, is an intermediate comparator policy defined to be the policy
that minimizes total variation distance to 7* subject to the constraint that its density ratio relative
to 7o is upper bounded by M almost surely. To bound (T1), we can further decompose into
R™ (7*) — R"(%;) = R” (n*) — R"(n*) + R"(n*) — R"(n%,;) and control each of the two terms
separately. For the first difference, we can simply invoke Lemma 16, which states that for any policy
™,

|R™ () — R ()| < M epw + Enr(m|mret).-

Applying this with 7 = 7* yields

*

R (7*) — R (1%) < M epy + Enr (7| Tvet)-

For the second difference, as in the proof of Theorem 4, we observe that win-rate is bounded and
thus 1-Lipschitz in total variation distance (it can be written as an expectation of Fx(7(y)) € [0,1]
by Lemma 17), so we can control the loss from 7* to 7}, in terms of Ep/(7*||myef) by Block and
Polyanskiy (2023): Lemma 18 shows that no policy with bounded density ratio can achieve total
variation distance to 7* less than Eys(7*||meef) itself, and Lemma 19 demonstrates that the total
variation distance between 7* and 7y, as defined above is less than Epy (7% || Tyet ), s0 TV (7%, 7}y,) =
Eni (7*||mref ), and hence

R (7%) — R" () < TV(a*, ) = Enr (7| mret)-
Putting these together, we have
(T1) = R () = R (w3s) < Eat (7 |[Trer) + Mepu.

Next, to bound (T2), we again decompose further as R (r%,) — R (7a) = R (7%,) — R (7o) +
R"(mpr) — R7 (7). Here, we introduce another intermediate comparator 7y, the solution to the
Ep-regularized variational problem (6) and the “idealized” version of 7y, which selects uniformly
from a top-1/M tail under 7. To make this concrete, we derive the solution to (6) in Proposition 23
with s = 7, writing the resulting threshold as Ay so that Py (s(y) > o) = 1/M exactly. Thus,
the optimizer has bounded density ratio of the form

wi(y) = M {7 (y) > A},
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Tret-a.8. and A\ps is the (1 — ﬁ)—quantile of 7 under ¢, so the optimal policy is the top-1/M
threshold policy

7TM() = Tref ( | 7/:() > )\M) .

Now, for the first difference, recall that by Lemma 17 we can rewrite R’ (1) = Eyww[ﬁ:(?(y))].
Since F:(-) is non-decreasing, my; (output by Proposition 23 with s = 7) maximizes R’ () over
the class of policies with density ratio bounded by M. Recalling that 7}, is also subject to this
constraint, it follows that R”(7%,) < R (mar), and hence

R (7%;) — R (mar) < 0.

We now bound the second difference by directly comparing the win-rate of the ideal top-1/M
threshold policy 7y to that of our implementation 75,. A convenient way to analyze R (7);) when
7 may have ties is to “forget the scale” of 7 and work with a randomized quantile that induces a
strict total order under 7. Letting F» and F(-~) be as in Lemma 17, and given an auxiliary seed
V'~ Unif[0, 1] independent of y, we define

uy; V) = Fy)") + V- (FFy) - Fp(Py) 7)) € [0,1]. 24)

Indeed, u(y; V) is exactly the randomized CDF value: it is strictly increasing in 7(y), and on a
tie 7(y) = t it reduces to an independent linear interpolation over the CDF jump at ¢, so ordering
by (7, V) is the same as ordering by @. Then for y' ~ mef and V/ ~ Unif]0, 1] independent,
Lemma 17 shows that a(y’; V') ~ Unif|0, 1], and moreover the win-rate under 7 can be realized as
a strict comparison of these randomized quantiles: for any (possibly randomized) output v,

P (F(y) > 7)) + %P(?(y) =7@y)) = P(a(y; V) > a(y; V') -

(Indeed, if 7(y) # 7(y') the inequality agrees with @ by monotonicity, while if 7(y) = 7(y’) then
a(y; V) > a(y’; V') iff V. > V', which occurs with probability 1/2.) Recalling that 75; uses
uniform tie-breaking as described in the beginning of the proof, under (24), ranking by (7(y;), V;) is

equivalent to ranking by @; := u(y;; V;), and 4y, ..., Uy S Unif[0, 1]. Thus, we compute R’ (/)
via uniform order statistics in Lemma 25, which implies the lower bound
R ("p) >1— L (25)
- 2M  N+1

Next, we calculate the win-rate of the ideal top-1/M quantile policy 7. This should be intuitive, as
under 77, the draw y ~ 7 lies in the 7-upper tail of s of mass 1/M, so against an independent
y' ~ s it wins whenever 7(y) > 7(y’) (which happens with probability 1 — 1/M), and ties
occur exactly when y’ also falls in the same tail (probability 1/M), contributing a factor % under
our win-rate convention. Lemma 24 formalizes this intuition and gives

- 1

assuming feasibility of P, (7 > Ays) = 1/M as we did in Proposition 23. Combining (25) and
(26) yields

(26)

1

R'(rum) — R'(Fum) S N
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Thus, we have

1

N

Finally, to bound (T3), we will first show that Ey/(Tar[|meef) = O before applying Lemma 16 to

7. Let A € F be measurable. Conditional on (Y, Vi.n), the algorithm outputs Yo, = ys With
J ~ Unif(I(Yn, Vi.n)), hence

Tm(A) = Ej)NNmef’ Vi.n~Unif[0,1]N []P) (yout €A ) j}N7 Vl:N)]

(T2) = R'(n}) — R ("m)

1
- E)AJN,VLN % Z 1{% € A}
iGI(yN,VLN)

N
1
< EAvalzN k Z 1{'% € A}
L =1

N
= ? Tref (A) .
Therefore ), < 7o and its density ratio satisfies
ATy N
W= = < — T -a.S
™M (y) dﬂ-ref (y) =k ref

Since k = [N/M |, we have k > N/M and hence % < M. Thus wz,, < M Tes-a.s., sO
SM(%M”Wref) = EyNﬂ'ref [(w%J\l (y) - M)+] =0.

Applying Lemma 16 to m = 7 yields
(TS) S Mgpw + gM(%MHTrref) - Mgpw~

Combining all the preceding bounds yields

RT’*(T[‘*)—RT'*(%['\M) < 5M(7T*H7Tref) + Mepy + N
|

Lemma24 Let A € Rand Ay :={y : 7(y) > A} withpy = Pyr,(Ar). Let Ty := mper(- | A)).
Then

R (7)) =1— 5

Proof Fix A andlet Ay = {y : 7(y) > A}, px = met(Ay), and Ty = et (- | Ay). Then, for 7y,
7(y) > X always. To compute the win-rate of 7, we can split on the event that 7(y’) > A:

R (53) = By ymom (F0) > 7)) + 5 By e (70) = 70)
=P(F(y) <A +P(Fly) > 7)), 7)) > A) + %IP’ (Fly) =7(y"), 7(y') = A)
=(1—=p) +P(Fly) > 7)), 7)) = A) + %IP’ (Fly) =7(), 7)) = A).
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Next, we condition on the event {7(y) > A, 7(y') > A}, which is implied by the events in the last
two terms in the equation above. Let

q = P(Fy) >7W) |Fly) =X FW)=N),  t=PFEY) =707 =\ FY) > N).
By exchangeability, the events {7(y) > 7(v')} and {r(y') > 7(y)} have the same conditional

probability, and together with ties they partition the conditional sample space, hence 2q + ¢t = 1,

implying q + %t = % Therefore, by Bayes’ Theorem,

P(Ply) > 7)), 7(y) = A) + %P (Fly) =7(), 7(y) 2 A) =P (Fly) = A, 7(y) = A) - <q + ;t)

Finally, note that

P (?(y) Z )‘7 ?(y/) Z )\) = ]P)yNﬁ'A,'y/N’TFrCf (y € A)\a y/ € A/\)

1
= 7]P)y~77refvyl’\“7rref (y € A/\? y/ € A)\)
)
= Dx-
Plugging in gives
R (7)) =1- %.

Lemma 25 Fix M > 1and integer N > 1, and let k := [ N/M . Then the win-rate of Tps against
et Under T is

kE+1

R (7y) = 1—m.

Proof Let F- and F(-~) be as in Lemma 17, and define the randomized quantile
u(y; V) = F(f(y)") +V (F(Fy) — FE)7)).
Set ; := u(y;; V;). The randomized-PIT argument provided in Lemma 17 gives
... ay 2 Unif[0, 1].

Moreover, by construction, ordering the indices by (7(y;), V;) is equivalent to ordering them by ;
(since ties in 7 are broken by V;, which exactly corresponds to the interpolation inside each CDF
jump).

Let yout denote the algorithm output and define oyt = U(Yous; V). Introduce an inde-
pendent “opponent” draw y' ~ 7w and V/ ~ Unif[0, 1] independent of everything, and write
@ = u(y’; V') ~ Unif[0, 1]. Then

RF(Fa0) =P (Fyour) > 7)) + 3 B (Flyous) = 7(3)
=P (ﬂout > ﬂ/) = ]E[ﬂout]y
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where the last step uses @’ ~ Unif]0, 1] independent of oyt
Now condition on the realized batch (1, . .., uy) and ;) < -+ < @y be the order statistics.
Since J is uniform over the top-k indices (under the u-ranking),

N
_ _ _ 1 _
E[uout ]ul,...,uN] =% | Z ()
j=N—k+1
Taking expectations and using E[a ;)] = ﬁ for Unif|0, 1] order statistics gives
N N .
. 1 1 j k41
R"(7y) = Eltiout) = — Elu)] = — =1-—-.
(Tar) [tou] ko Z [ ;)] ko Z N +1 2(N +1)
j=N—k+1 Jj=N—-k+1
Since | 7£1 — 77| < w57, when k = [N/M], we in fact have
1 1 - 1 1
S —— R (7 < 1—- — 4 —
o vy = ) 2M T N +1

D.3. Proof of Proposition 10

We first describe the hard instance construction before stating the formal separation result and proof.

Hard instance setup. Fix a target constant ¢ > 1 and choose parameters k > v/2c and ¢ € (0,1)
with § > 1 — 5. Forany € € (0, 5], define o := ky/g and M := 1/a, and let the reference
distribution 7,¢¢ be supported on three outcomes { B, C, P} with masses

Tref(B) =1 — a, et (C) = a — €, Tref (P) = €, (27)
soe <a<1/2foralle < ﬁ). Define the score function 7 : {B,C, P} — [0, 1] by
7(B) =0, 7(C)=1-4, 7(P) =1, (28)
and the true reward r* : {B,C, P} — [0, 1] by

r*(B) =

N[ —=
=
-
—~
Q
~—
Il
\.}—‘
<
*
—~
’“U
~—
I
(e}

Recall for reward function r the pairwise outcome
1
Or(y,y') = Ur(y) > r(y)} + 5 H{r@y) = ()},
and the pairwise reward-model error

Epw = By yimm s Ufb?(y»y,) — ¢+ (y, y/)H :

In our construction, 7 and r* induce no ties except when y = 3/, in which case ¢:(y,y") =
b+ (y,y') = 53 hence |6 (y, ') — b= (y,y')| = L{o:(y,y) # b (y,y')}. Since 7(B) < 7(C) <
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7(P) while 7*(P) < r*(B) < r*(C), the only strict-order disagreements occur exactly when one
draw is P and the other is in { B, C'}. Therefore,

eow =P(y= Py # P)+P(y # P,y = P) = 2met(P) (1 — met(P)) = 2e(1 — ). (29)

Since the above expression is increasing on (0, %) and our setup assumes € < ﬁ, it follows that

1 1
< ——(1-—]).
0 <epw < 572 <1 4k:2>

Finally, the two policies to be compared are the top-« quantile policy under 7 and the family of
solutions (parametrized by 3) to the x?-regularized variational problem.

Proof sketch. Before stating the formal result, we first provide intuition for why this example
creates a separation. The construction creates a spurious top-score spike P of tiny reference mass
¢ that looks best under 7 but is worst under r*, alongside a near-top outcome C' of mass « — ¢ that
is truly optimal. The 7, must spread its mass over P U C, so it only pays a regret proportional
to the unavoidable contamination fraction £/a. In contrast, the y2-regularized solution reweights
proportionally to the score gap (# — \)4, so it overconcentrates on the spike P whenever P has
even a slight score advantage over C' (controlled by ), inducing an additional regret term that
cannot be tuned away uniformly over 5. Thus, in order to increase the constant factor win-rate
regret gap between the two policies prescribed by a fixed ¢, we would like to increase the score gap
by decreasing ¢ and increasing the total-mass of the top-quantile «, both as a function of c.

Proposition 26 For every target constant ¢ > 1, there exist (k,d) with k > /2cand 6 > 1 — 2%,
and an epy, = epw, (k) defined by ey, = 515 (1 — 155, such that for every epy € (0, py, |, there
exists a hard instance of the form in the above setup for which

: Xk r* X : r* r*
ér;%R (7*) = R" (m3) > c- <A14n>f0R (") — R (WM)) .

The range for €, above is implied by the constraint ¢ < ﬁ based on our construction. Moreover,
for any target e € (0, £pw,] We may choose the unique ¢ obtained by inverting (29). Since
epw = €, achieving larger c requires choosing smaller ¢ (hence smaller p,y,) to keep o = ky/e < %
In the proof below, we first solve for the explicit form of each policy before comparing performance
and concluding a separation result.

Proof Fix 5 > 0. Recall from Huang et al. (2025b) that the y>2-regularized solution admits the
pointwise form

) = ml)al) waly) = reln(37 ) - 0) = T
where A is chosen so that 3, Ter(y)ws(y) = 1, ie.
Eyeme [(F(y) = V4] = B. (30)
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Enforcing normalization. For our instance, plugging in the values of 7 from (28) and 7r,..¢ weights
from (27), the normalization condition (30) becomes

1—a)(0=XNy + (a—e)(1=0=-XNy + (1 =Xy = B. (31)
We will define for convenience the reference mean of 7 on this instance:
po=E; r] = (a—e)(1—0) + ¢ = a(l —0) +&d.

Solving for \(5). Before calculating an explicit form of Wg, we identify three A regimes for the
policy based on the values of 3. We solve (31) by cases, according to where \ falls relative to 0,
1—4,and 1.

Casel: A€ [1—6,1). Then (1—0— X)) =0and (0 — \); =0, while (1 —\);x =1— A, s0
B=ec(l=X) = X =1-p/e
This case is self-consistent iff A > 1 — 4, i.e. 1 — 8/e > 1 — J equivalently

B < ed.

CaselIl: A € [0, 1—6). Then (0—\)4 = 0, whileboth (1-d—A); =1—d—Xand (1-A); = 1—A\,
SO

B=(a—e)(1=0—-N)+e(l—X) =p—al.

Hence

M—B.

«

A:

Self-consistency requires A < 1 — § and A > 0. The first is
p—p _
——<1-0 <= p—fF<a(l-9) <= B>pu—a(l—-0)=-c¢d,
o
and the secondis 4 — 5 > 0 <= [ < . So Case II holds for

ed < B < p.

Case III: \ < 0. Then all three ReLU terms are active: (0—A)y = =\, (1 -0 - =1—-05— A,
(I=XNt=1-=\so0

B=1Q-a)(-N)+(a—e)(1=0-XN)+c(1=-N)=pn—A\

Self-consistency A < 0 is exactly
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Finding the explicit form of Wg. Recall wg = Tref - Wg With

~(Fly) =N+
wg(y) = — 5

and A = \(3) given by the previous case analysis. We now record the resulting ﬂ'g in each S-regime.
Regime I (8 < ed): here A\ =1— /e € [1 — 4, 1), so only P is active:

wy(p) = LA Bz 1

T¥(P)=1, w}(C)=0, 75(B)=0. (32)

Regime I (6 < 5 < p): here A = (u— B)/a € [0,1 — §), so B is inactive and C, P are active:

1-0-X B-ed C1-X a-—p+pB
wg(C) = 5" ap wg(P) = 5T e

Therefore

w3(B) =0, ng(c)z(a—5)<ﬁa;5)7 wg(P):g<W>. (33)

Regime III (5 > p): here A = . — B < 0, so all three actions are active. For B and C' we have

-A 1-6—-2AX 1-9)—
wﬁ(B):?:l—%a wﬁ(c)zﬁzlﬂL(ﬁ)M,
and for P we have
1—A 1-—
wﬁ(P):Tzl‘i'TM
Therefore, for B and C,
[ (1-0)—p
wg(B) =(1-a) (16>, WE(C) =(a—¢) (1+5>, (34)

and for P,

m(P)=¢ <1+1;’M)'

Using this explicit formulation of 77%‘ in these three regimes, we next compute the win-rate exactly.
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Computing R™" (7). For each region t € {B, C, P} recall the definition of win-rate as:

1

5 Py (1°(8) = (1)) -

v(t) = Py e (T*(t) >r*(y/)) + 2

By construction 7*(C) = 1, r*(B) = 3, r*(P) = 0, so ties occur only when y’ = ¢. Hence,

v(C) =Py € {B,P})—l—%ﬂ”(y’:C) = (1—04—1—8)4-%(@—6) =1- a;s,
v(B) :P@’:PH%P(y’:B) =c+ 1;0‘,
Wo(P) = %}P’(y’ =P)=%.
Therefore, for any policy 7 supported on { B, C, P},
R (1) = By g () > 7 0) + 5 Py () = 7)) 09
= > at)ut)=m(C)v(C) + n(B)v(B) + (P)v(P).
te{B,C,P}
We now plug in the mass of Wg in each regime given in (32)—(34).
Regime I (8 < e6). Using (32) and (35), we have ﬂg(P) =1, hence
R (w%) = o(P) = g (36)

Regime II (¢§ < 3 < p). Here W%‘(B) = 0 by (33), so by (35),

With the values v(P) = ¢/2 and v(C) —v(P) = 1 — /2, plugging in the explicit w’ﬁ((C) from (33)
yields

R () :§+ (1—%) (o —¢) (B;;5>. 37)

Regime III (3 > ). Plugging in the explicit Wg from (34) into (35) yields

R (7)) = (a—¢) <1+(1_2)_“> <1—O‘;5> (38)

+(1-a) (1—’;) <a+1_2a>+e<1+1;”) (5)-
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Computing R™" (7). On this instance (with a > ¢), the top-« set under 7 is exactly { P, C'}, so

v =me(- | {P,CY), (@) =" =15 npP)=

9
(07 (6% «

, mm(B) = 0.
Using the values for v(P) and v(C') and plugging into (35), we obtain
R™ (mar) = mar(C) v(C) + mar (P) v(P)

€ a—¢ € ¢
-(1-2)(1- £l
( o} ( 2 > * o 2
Equivalently, since v(C) — v(P) = 1 — «/2, this can be written more transparently as

T 1 R

Rewriting in this way will prove to be useful when comparing policies in regret. Now that we have
the win-rates for each policy, we can compute the regret against the best policy on this instance.

Computing win-rate regret. Since C is strictly optimal under r*, we take the benchmark policy
to be 7 := 4. Thus,

R (7*) = R™ (6¢) =v(C) =1 -2 > c
For compactness, we define the win-rate regret by
Reg(m) := R" (0¢) — R (7) = v(C) — R (x). (40)

Regret of mpr. Using (39) and v(C') = 1 — 95= = 1 — § + 5, the regret of the top-quantile selector
is

*

Reg(my) =v(C) — R (mum) (41)
a € € @ €
(=549 -G+ (-9 0-2)
( 2 + 2 2 + 2 Q@
- (1 - 9) €
2/ «
Regret of ﬂg: regime-wise. We use the regime-wise win-rate formulas (36)—(38) together with

Reg(m) = v(C) — R (x).
Regime I (3 < ¢6). From (36), R” (7)) = ¢/2, hence

Reg(m}) = v(C) — % —1- % 42)
Regime II (¢ < 8 < p). From (37), R™ (7%) = § + (1 — §) 75(C), so
Reg(my) = v(C) - R (73) 43)
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where in the last line we used 7rz< (C)=(1—-¢/a)(1—¢ed/p) (from (33)). In particular, comparing
to (41),

Ree(r) = (1-5) 0+ (1-5)-5 (1-2).

=Reg(mnr)

|

The second term above is the additional penalty induced by x? tilting: even though 7, only needs
to include a (1 — /2) - €/« fraction of the poisoned spike P, the x? solution incurs an extra
loss proportional to the score gap ¢ and inversely proportional to the regularization parameter /3,
matching our intuition in the hard instance setup.

Regime III (3 > p). Although we already showed how to calculate the win-rate in this regime in
(38), we will now show a simpler method that is more amenable to our casework. In this regime we
have A = . — 8 < 0, hence for all y € {B, C, P},

and therefore
Wg(y) = 7Tref<y) wp (y) = 7Tref(y) <1 + —F

Plugging m = ﬂ'g into the win-rate formula in (35) gives

:RT* (ﬂ'rcf) :ZS(Q,€,6)

where the constant S(a, ¢, d) depends only on the instance (and not on (3). Indeed, one can easily
verify this by rearranging (38). Thus, for 8 > p,

S(a,e,0)

R (m3) = R" (Trref) + 5

Consequently, using the regret definition (40) with benchmark v(C'), for all 5 > p,

* S(OZ,S,&)

Reg(ﬂ'g) =v(C) — R" (7yef) — 3 ) (44)

which is affine in 1/0.

47



SRIRAMAN BLOCK

Comparing regrets across regimes. Recall from (41) that

9

)

Reg(my) = (1 -3

and from (40) that Reg(m) = v(C) — R" (m) with v(C) = 1 — 252, We will now lower bound

infg~o Reg(ﬂg) by analyzing each -regime.

Regime I (8 < £6). From (42), Reg(wg) =1-%.Usinga = ky/cand e < ﬁ, we have
e_ve_ L
a ko — 2k?
Plugging into (45) yields
Reg( )_(1 g)i < (1 g)i
BIMI= ") = 2) 2%
Therefore,
Reg(my) =1 - % > 2k?Reg(my) > cReg(ma),
since k2 > 2¢.
Regime II (¢6 < 8 < p). From (43),
Reg(r) = (1—9) 5+@(1_E)
8\7p) = 2) |la B al |’
which is decreasing in (3, hence minimized at 5 = pu:
) W B a\ €
sag}g’fgy Reg(my) = Reg(m}) = ( — 5) s
Dividing by (45) gives
M e ; (46)
Reg(my) p (1=96)+de/a
Using e/a = \/e/k < 55> (from e < 33),
) 1 1 3 1
1-96)+0 <(1-0)+-—0— < —+—=—< -
( ) +oefa < ( >+2k2_20+4c dc — ¢’

where we used § > 1 — i and k2 > 2c in the second inequality. Plugging into (46) yields
Reg(m;) > cReg(mu). Since Reg(my) is decreasing in 3 on Regime II, for all 8 € (&6, u] we

have

Reg(73) > Reg(m) > cReg(mum).
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Regime III (5 > p). From (44),

X S(a,e,0
Reg(r}) = 0(C) — B (mep) - 2220,
) Reg(ﬂé‘) is affine in 1//3 over 8 > p. Hence the minimum over § > p is attained at an endpoint:
inf Reg(ﬂg) = min {Reg(ﬁ!’f), Reg(ﬂrof)}. 47)
B>

The first endpoint Reg(m)¥) is already lower bounded by ¢ Reg(mys) from Regime II. It remains to
lower bound the second endpoint, which is Reg(7f). Under the half-ties convention, by symmetry
of i.i.d. draws,

r* * 1 * *
R (Wref) = Pyﬂ/"’ﬂ'ref (T*(y) > (y/)) + §Pyvy/N7rref ('F (y) =r (y/)) =5

Therefore,

Reg(ﬂ-ref) = U(C) - RT* (Wref) = <1 -

where the last inequality follows from o < % by construction. On the other hand, using /o < ﬁ
again,

« 1

e ¢
Reg(mur) ( 2)a " o 2k2

1

4c’
where the last inequality uses k* > 2c. Hence Reg(mef) > 1 > cReg(mar). Plugging into (47)
gives Reg(my) > cReg(myr) for all § > pu.

Concluding the separation. Combining the three regimes yields
. f RT* * _ RT* X > . . f RT* * _ RT*
it B () < R ) 2 e () B - R () )

as claimed. [ |
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