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Abstract
We study the constrained variant of the multi-armed bandit (MAB) problem, in which the learner
aims not only at minimizing the total loss incurred during the learning dynamic, but also at con-
trolling the violation of multiple unknown constraints, under both full and bandit feedback. We
consider a non-stationary environment that subsumes both stochastic and adversarial models and
where, at each round, both losses and constraints are drawn from distributions that may change
arbitrarily over time. In such a setting, it is provably not possible to guarantee both sublinear re-
gret and sublinear violation. Accordingly, prior work has mainly focused either on settings with
stochastic constraints or on relaxing the benchmark with fully adversarial constraints (e.g., via com-
petitive ratios with respect to the optimum). We provide the first algorithms that achieve optimal
rates of regret and positive constraint violation when the constraints are stochastic while the losses
may vary arbitrarily, and that simultaneously yield guarantees that degrade smoothly with the de-
gree of adversariality of the constraints. Specifically, under full feedback we propose an algorithm
attaining Õ(

√
T +C) regret and Õ(

√
T +C) positive violation, where C quantifies the amount of

non-stationarity in the constraints. We then show how to extend these guarantees when only bandit
feedback is available for the losses. Finally, when bandit feedback is available for the constraints,
we design an algorithm achieving Õ(

√
T + C) positive violation and Õ(

√
T + C

√
T ) regret.

Keywords: Online Learning, Multi-Armed Bandits, Constraints

1. Introduction

Over the past few years, constrained multi-armed bandit (MAB) problems have attracted growing
attention in learning theory (see, e.g., (Liakopoulos et al., 2019; Pacchiano et al., 2021; Castiglioni
et al., 2022b)). In the unconstrained MAB setting, the learner is evaluated solely in terms of regret,
which captures the gap between the learner’s performance and that of an optimal-in-hindsight (fixed)
action. Constrained variants introduce additional challenges: while learning, the learner must not
only minimize regret, but also ensure that the prescribed constraints are not violated excessively.

In these settings, a well-known impossibility result by Mannor et al. (2009) shows that it is
provably impossible to achieve both regret and constraint violation that are sublinear in the number
of rounds T when the constraints are chosen adversarially, i.e., when they can change arbitrarily
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across rounds.1 For this reason, the literature has largely focused on different regimes. Indeed, many
works study settings in which both losses and constraints are sampled i.i.d. from a fixed distribution
at each round (Efroni et al., 2020; Gangrade et al., 2024), or where constraints are stochastic while
losses may be adversarial (Qiu et al., 2020; Stradi et al., 2025a). In both cases, optimal Õ(

√
T )

regret and constraint violation are attainable. More recent contributions aim to provide best-of-
both-worlds guarantees, allowing constraints to be either stochastic or adversarial (Castiglioni et al.,
2022b; Stradi et al., 2024; Bernasconi et al., 2024). These works typically guarantee Õ(

√
T ) regret

and violation in the stochastic regime, while in the adversarial regime they ensure sublinear violation
together with sublinear α-regret, i.e., regret measured against a fraction of the optimal reward.
However, these algorithms come with several drawbacks. For instance, when constraints are only
mildly adversarial, they may fail to provide any sublinear regret guarantee. Furthermore, in the
adversarial regime, they typically control only a notion of violation that allows for cancellation,
meaning that strictly feasible decisions can compensate for unfeasible ones.

A recent attempt to overcome these challenges is (Stradi et al., 2025c), where the authors study
constrained MABs in a regime more general than the fully adversarial one, in which both losses
and constraints are drawn from distributions that may vary across rounds.2 Crucially, however, they
assume that the non-stationarity of both losses and constraint distributions is bounded. Under this
assumption, they propose a meta-algorithm achieving Õ(

√
T + C) regret and positive violation—

thereby not allowing cancellation of violation across rounds—where C measures the maximum
amount of non-stationarity in both losses and constraints. Their approach has two main drawbacks.
First, the resulting regret and violation bounds become vacuous (i.e., linear in T ) in the adversarial-
loss regime; in particular, they do not recover the optimal Õ(

√
T ) guarantees in the mixed setting

where losses are adversarial and constraints are stochastic. Second, the meta-algorithm relies on a
rather complex corralling technique, i.e., a no-regret master procedure that selects among multiple
subroutines instantiated with different values of C. This design makes the algorithm complex, and
the analysis technically involved and somewhat intricate. Moreover, it yields a quadratic depen-
dence on the number of constraints. We finally note that the coralling technique of Stradi et al.
(2025c) cannot be applied when losses are fully adversarial, since bounding the violations would
require a sublinear upper bound on the negative regret incurred by the subroutines, which is clearly
unattainable in adversarial loss settings. Indeed, the analysis of Stradi et al. (2025c) relies on the
fact that the negative regret of the subroutines is bounded by C, since the losses are non-stationary
in the same way as the constraints.

Due to space constraints, we refer to Appendix A for a complete discussion on related works.
In this work, we aim to advance the theoretical understanding of constrained MABs. In partic-

ular, we address the following research question:

Is it possible to achieve sublinear regret and sublinear positive constraint violation that
degrade only with the degree of non-stationarity in the constraints?

In this paper, we provide an affirmative answer to the question above, as we describe next.

1. In this paper, we say that a quantity is sublinear in T if it is o(T ).
2. Indeed, Stradi et al. (2025c) study constrained Markov decision processes (CMDPs). Nonetheless, the way unknown

constraints are handled is essentially equivalent in constrained MABs and CMDPs.
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1.1. Original Contribution

We study the constrained MAB problem in which both the losses and the unknown constraints are
drawn at each round from distributions that may change arbitrarily over time. We quantify the non-
stationarity of the constraints via a corruption level C, which measures the distance between the
mean values of the constraint distributions and a fictitious uncorrupted constraint vector. Crucially,
our notion of corruption level accounts only for the non-stationarity of the constraints, and not for
that of the losses. Clearly, when the constraints are stochastic but stationary, C = 0, while in the
worst case C = Θ(T ) (see Section 2 for further details on the setting). Throughout the paper, we
consider different feedback models. Specifically, in the full feedback case, at the end of each round
the learner observes the losses and the constraint violation of every possible action. In contrast,
under bandit feedback, the learner observes only the loss and the violation of the chosen action.

As a warm-up, in Section 3 we provide a detailed discussion on the technical challenges posed
by our setting. Then, we show how simple concentration results for the corrupted constraints yield
Õ(
√
T + C) regret RT and positive constraint violation VT when the corruption level C is known.

Full feedback In Section 4, we focus on the full feedback setting. In this case, we propose an
algorithm that achieves Õ(

√
T + C) regret and positive violation without any prior knowledge of

the corruption. Our approach relies on two main components. First, at each round, the algorithm
constructs an approximate feasible decision set Xt, by using the optimism principle. Since C is
unknown, this optimistic approximation does not ensure that an optimal strategy is included in the
set at every round. To tackle this challenge, we leverage a second component: a no-regret optimiza-
tion procedure that guarantees small switching regret on moving decision spaces. Specifically, we
employ online mirror descent with a fixed-share update (Cesa-Bianchi et al., 2012), and we show
that, when the number of switches of a dynamic benchmark—allowed to lie in moving decision
spaces—is small, the procedure attains sublinear dynamic regret. This property enables us to ef-
fectively analyze the performance of our algorithm against a fixed benchmark that may not always
belong to the per-round decision space, leading to our final result. Finally, in Section 4.3, we show
how to extend this result to the case where only bandit feedback is available on the losses.

Bandit feedback In Section 5, we study the bandit feedback setting. We propose an algorithm
that attains Õ(Tmax{1/2,β} +C) positive violation and Õ(T β +CT 1−β) regret, where β is given as
input. Specifically, by setting β = 1/2 we obtain Õ(

√
T +C) positive violation and Õ(

√
T +C

√
T )

regret. As we discuss in Section 5, under bandit feedback, we cannot rely on switching-regret
guarantees to address the main technical challenges. Intuitively, in adversarial-loss settings, one
cannot ensure convergence to an optimal strategy; consequently, the support of an optimal strategy
is not guaranteed to be explored sufficiently. We overcome this issue via a two-phase algorithm.
In the first phase, the learner enforces uniform exploration for Θ(T β) rounds. In the second phase,
it runs online mirror descent (Orabona, 2019) over Xt. The final guarantee follows from the fact
that the forced exploration allows us to show that, with high probability, an approximately optimal
strategy belongs to Xt throughout the entire second phase.

Comparison with the state-of-the-art To conclude the section, we provide a brief comparison
between the regret and violation bounds derived in this work and the state-of-the-art:
• Our results match those in the stochastic constraints literature, including settings with stochastic

losses (Efroni et al., 2020), adversarial losses with full feedback (Qiu et al., 2020), and adversarial
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Protocol 1 Learner-Environment Interaction
for t ∈ [T ] do

The adversary selects Lt, Gt,i for all i ∈ [m]
ℓt ∼ Lt and gt,i ∼ Gt,i for all i ∈ [m] are drawn
Select strategy xt and choose at ∼ xt

Suffer loss ℓt(at) and violation gt,i(at) for all i ∈ [m]

Observe ℓt and gt,i for all i ∈ [m] // Full Feedback

Observe ℓt(at) and gt,i(at) for all i ∈ [m] // Bandit Feedback

end

losses with bandit feedback (Stradi et al., 2025a).3 Specifically, we match their Õ(
√
T ) regret and

violation bounds, while additionally providing guarantees when the constraints are adversarial.
• Comparing to the best-of-both-worlds results of Bernasconi et al. (2024), we match their guaran-

tees when the constraints are stochastic. When the constraints are (even only mildly) adversarial,
they do not provide any sublinear regret guarantee with respect to an optimal strategy; specifically,
they obtain Õ(

√
T ) regret against a fraction of the optimum. The same guarantee can be easily

recovered by our algorithm, as discussed in Section 3. In contrast, we show that our algorithm
achieves sublinear regret whenever the constraints are mildly adversarial. Moreover, under ad-
versarial constraints, Bernasconi et al. (2024) do not provide guarantees on the positive violation,
thus allowing for cancellations. Finally, their techniques do not extend to adversarial settings with
noise, namely when both losses and constraints are drawn from distributions that vary over time.

• Comparing to Stradi et al. (2025c), who provide regret and positive violation bounds that degrade
with the amount of corruption affecting both losses and constraints, we obtain guarantees that
degrade only with the degree of non-stationarity of the constraints, and are thus optimal in the
setting with adversarial losses and stochastic constraints.

2. Preliminaries

We study online learning problems (Cesa-Bianchi and Lugosi, 2006) in which a learner interacts
with an unknown environment over T rounds, so as to minimize long-term losses subject to m ∈ N+

unknown constraints. At each round t ∈ [T ],4 the learner selects a strategy xt ∈ ∆K over K ∈ N+

arms, where ∆K is the (K − 1)-dimensional simplex. Then, they select arm at ∼ xt, suffering a
loss ℓt(at) ∈ [0, 1] and a constraint violation gt,i(at) ∈ [−1, 1] for each i ∈ [m], where non-strictly-
positive values stand for satisfaction of the constraint. The loss vector ℓt ∈ [0, 1]K is sampled at
each round from a distribution Lt while, for all i ∈ [m], the constraint vector gt,i ∈ [−1, 1]K is
sampled at each round from a distribution Gt,i. Lt and Gt,i are allowed to change arbitrarily across
rounds, i.e., they may be chosen adversarially. We refer to ℓ̄t ∈ [0, 1]K as the expected value of
Lt, and to ḡt,i ∈ [−1, 1]K as the expected value of Gt,i. When full feedback (on the losses and/or
constraints) is available, the learner observes the full (loss and/or constraint) vectors at the end of
each round. When only bandit feedback is available, the learner observes the loss and the constraint
violation only of the selected arm. In Protocol 1, we provide the learner-environment interaction.

3. We again acknowledge that these works address the more general CMDP setting.
4. In this paper, we denote by [a . . . b] the set of all the natural numbers from a ∈ N to b ∈ N (both included), while

[b] := [1 . . . b] denotes the set of the first b ∈ N natural numbers.
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Given the impossibility of learning under adversarial constraints (Mannor et al., 2009)—and
noting that our setting is a generalization of standard adversarial ones, where no noise is added to
adversarial losses and constraints—we aim at results parametrized by the amount of adversariality
of the constraints. Formally, we introduce the notion of (adversarial) corruption of the constraints
defined as C := maxi∈[m]Ci where Ci := mingi∈[−1,1]K

∑T
t=1∥ḡt,i − gi∥1. For every i ∈ [m], we

let g◦
i ∈ [−1, 1]K be the constraint vector that attains the minimum in the definition of Ci. Intu-

itively, Ci can be interpreted as a corruption measure on the constraint i. Specifically, suppose there
exists a fixed constraint distribution with mean g◦i . Then, an adversary is allowed, for C rounds,
to arbitrarily alter the mean of this distribution. This modeling choice is primarily motivated by
impossibility results for learning under adversarial constraints (Balseiro and Gur, 2019; Bernasconi
et al., 2025), where the lower bounds are established through a step change in the constraints, cor-
responding to the regime C = Θ(T ).

2.1. Performance Metrics

To define the performance metrics used to evaluate our learning algorithms, we need to introduce an
offline optimization problem. Program (1) defines an (offline) optimal feasible solution in hindsight:

OPT :=

{
minx∈∆K

∑T
t=1 ℓ̄

⊤
t x s.t.∑T

t=1 ḡ
⊤
t,ix ≤ 0 ∀i ∈ [m].

(1)

Notice that, differently from standard MAB problems (Orabona, 2019), in their constrained coun-
terpart an optimal solution in hindsight may need to randomize over arms, since the constraints can
potentially cut out vertices of the simplex, thus making choosing any arm potentially suboptimal.

Throughout the paper, we make use of the following Slater’s like assumption, which is stan-
dard in adversarial online learning with unknown constraints (see, e.g., (Immorlica et al., 2022;
Castiglioni et al., 2022b; Stradi et al., 2024; Bernasconi et al., 2025)).

Assumption 1 There exists a strategy x◦ ∈ ∆K such that maxt∈[T ] ḡ
⊤
t,ix

◦ < 0 for all i ∈ [m].

We also introduce a problem-specific feasibility parameter ρ ∈ [0, 1] related to Assumption 1,
defined as ρ := maxx∈∆K

mint∈[T ]mini∈[m]−ḡ⊤
t,ix. We denote by x⋄ ∈ ∆K a strategy that attains

the value ρ, which we refer to in the following as a strictly feasible strategy. Intuitively, ρ represents
by how much x⋄ strictly satisfies the constraints. Assumption 1 is equivalent to assuming that ρ > 0.

Now, we introduce the notion of (cumulative) regret and (cumulative) positive constraint viola-
tion, the performance metrics used to evaluate algorithms. The regret over the T rounds is defined
as RT :=

∑T
t=1 ℓt(at) − OPT. In the following, we denote by x∗ a strategy solving Program (1).

Thus, OPT =
∑T

t=1 ℓ̄
⊤
t x

∗ and the regret can be written as RT :=
∑T

t=1 ℓt(at)−
∑T

t=1 ℓ̄
⊤
t x

∗.
The cumulative positive constraint violation over T rounds is VT := maxi∈[m]

∑
t∈[T ]

[
ḡ⊤
t,ixt

]+,
where we let [·]+ := max{0, ·}. To be consistent with the definition of OPT, we use the random-
ized strategy played by the learner instead of the actual arm (and similarly, we take the expectation
over the constraint distribution) in the constraint violation definition. Notice that replacing the
strategy with the realized arm (and the expectation with the sampled constraint) in the violation
definition would lead to linear violation even if the optimal solution x∗ is played for T rounds,
due to the [·]+ operator. We remark that a sublinear bound on VT directly implies a bound on
maxi∈[m]

∑
t∈[T ] gt,i(at) (where [·]+ is not used) up to a Õ(

√
T ) factor, thanks to a straightforward

application of the Azuma–Hoeffding inequality.
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The goal of the learner is to attain sublinear regret and sublinear positive constraint violation
with bounds that degrade gracefully with respect to the constraint corruption term C.

3. Warm-Up: The Trade-Off Between Regret and Violation

We start highlighting the technical challenges of our setting, namely, the trade-off that any algorithm
has to face when dealing with an adversarial online learning problem under unknown constraints.

It is well known that adversarial regret minimizers are capable of being no-regret with respect
to any strategy that is included in their decision space Xt at every round t ∈ [T ] (see, e.g., (Jin et al.,
2020; Stradi et al., 2025a; Bernasconi et al., 2024)). Thus, the fundamental challenge of our setting
is to simultaneously ensure that: (i) an optimal feasible solution is included in the decision space at
every round, so that no-regret guarantees can be easily attained; and (ii) the decision spaces are not
“too large”, which would lead to large constraint violation.

When the losses are adversarial, and each constraint i ∈ [m] is sampled from a fixed distribution
Gi at each round, the most natural idea is to build an optimistic feasible set by employing Hoeffding
inequality. Specifically, referring to ĝt,i as the empirical mean of the observed constraint violation,
it can be easily shown that the expected value of Gi lies in ĝt,i ± ξt with high probability, where
ξt is of order O(1/√t) under full feedback, while it is of order O(1/

√
Nt(a)), where Nt(a) is the

number of pulls of arm a, when only bandit feedback is available. Thus, by taking at each round
(ĝt,i − ξt)

⊤x ≤ 0 as an optimistic estimated constraint and optimizing over the set of strategies
that satisfy it, one can show that an optimal feasible solution x∗ is included in Xt at every round t.
Similarly, by definition of ξt, Xt concentrates to the true feasible decision space at a rate ofO(1/√t),
and this allows to show that Xt is not “too large” and, thus, VT is sublinear.

When both the losses and the constraints are adversarial,5 and it is thus provably not possible
to simultaneously attain sublinear regret and sublinear violation, state-of-the-art results (Castiglioni
et al., 2022b; Bernasconi et al., 2024) focus on attaining sublinear (non-positive) violation and sub-
linear regret with respect to a ρ/(1+ρ) fraction of the optimal reward. To have a high-level intuition
on how to get these results, it is sufficient to notice that Slater’s condition implies that a ρ/1+ρ con-
vex combination between the strictly feasible strategy x⋄ and the optimal strategy x∗ is feasible
at every round and, thus, it is included in any “reasonable” per-round decision space Xt.6 Hence,
building a decision space that simply moves toward feasible strategies, based solely on the observed
violations, is sufficient to attain sublinear regret w.r.t. a fraction ρ/1+ρ of the optimal reward.

In this work, the goal is to attain sublinear regret. Thus, we cannot simply play strategy that
are (approximately) feasible according to observed violations, since we cannot cut out arms that are
unfeasible only in some rounds. Indeed, notice that x∗ may violate the constraints in many rounds.
Furthermore, the use of confidence intervals is not sufficient to guarantee that x∗ is included in Xt,
since the constraints are corrupted by C, making standard confidence intervals ineffective. In the
following section, as a warm-up, we show how to deal with this problem when C is known.

3.1. A Simple Approach When C is Known

Throughout this section, we assume that the value of C is known to the learner. We show that, in such
a case, it is easy to build suitable decision spaces Xt. Specifically, we define an unbiased estimator

5. The same reasoning holds even when only the losses are stochastic.
6. By “reasonable” decision space, here we mean one that does not cut out strategies that are feasible at every round.
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of the constraint violation ĝt,i(a) := 1
Nt(a)

∑t
τ=1 Iτ (a)gτ (a) for all a ∈ [K], i ∈ [m], t ∈ [T ],

where Nt(a) is the number of pulls of arm a up to round t and Iτ (a) is the indicator function of a
being selected at round τ ∈ [T ]. We refer to ĝt,i as the vector whose entries are the estimates ĝt,i(a)
for all a ∈ [K]. We remark that, when full feedback is available, we can define ĝt,i by using t in
place of Nt(a) and setting Iτ (a) = 1 for all a ∈ [K] and τ ∈ [T ]. Now, we are able to bound the
distance between the estimator and the constraint violation in hindsight, as follows.

Lemma 1 Let δ ∈ (0, 1). When full feedback is available, with probability at least 1− δ it holds:

max
i∈[m]

∣∣∣∣∣ĝt,i(a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ ≤ 4

√
1

t
ln

(
TKm

δ

)
+

C

t
+

C

T
∀t ∈ [T ], a ∈ [K].

Similarly, when only bandit feedback is available, with probability at least 1− δ it holds:

max
i∈[m]

∣∣∣∣∣ĝt,i(a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ ≤ 4

√
1

Nt(a)
ln

(
TKm

δ

)
+

C

Nt(a)
+

C

T
∀t ∈ [T ], a ∈ [K].

By Lemma 1, when C is known, one can define ζt(a) := 4
√

ln(TKm/δ)/Nt(a) + C/Nt(a) + C/T for
every action a ∈ [K], so that the constraint violation in hindsight belongs to the interval ĝt,i ± ζt
with high probability. Thus, a simple instantiation of online mirror descent with implicit explo-
ration (Neu, 2015; Jin et al., 2020) on the per-round decision space {x ∈ ∆K : (gt,i − ζt)

⊤x ≤ 0}
attains sublinear regret and positive violation of order Õ(

√
T + C), by a reasoning similar to the

one for the stochastic setting with fixed distributions.
In the rest of the paper, we focus on overcoming the challenge that C is not known, precluding

the possibility of building meaningful confidence intervals that depend on C. In the following, we
show a substantially less trivial way to exploit the previous inequalities even when C is unknown.

4. Learning With Full Feedback: Switching Regret on Moving Decision Spaces

In this section, we focus on the full feedback setting, in which the entire loss and constraint vectors
are observed by the learner at the end of each round. A simple application of Lemma 1 leads to

maxi∈[m]

∣∣∣ĝt,i(a)− 1
T

∑T
t=1 ḡt,i(a)

∣∣∣ ≤ 4
√

1
t ln

(
TKm

δ

)
+ C

t + C
T for all t ∈ [T ], a ∈ [K], which

holds with probability at least 1 − δ. The first component of the right-hand side can be easily
computed by a learning algorithm, since all the quantities are known beforehand. Instead, the term
C/t + C/T is unknown to the learner. Fortunately, the term concentrates independently of the arms
pulled. As we show next, this feature is fundamental for the analysis provided in this section.

4.1. Algorithm

In Algorithm 1, we provide the pseudocode of ConOMD-FS.
The algorithm relies on two components. First, it builds a per-round approximate feasible de-

cision space Xt. This is done by computing the empirical mean of the observed violation ĝt,i

for each i ∈ [m] (Line 6) and by constructing a confidence interval based solely on the only
term in Lemma 1 known to the learner, namely ξt (Line 7). Then, Xt is built optimistically, by
taking the lower bound on the estimated constraint violation (Line 8). The second component

7
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Algorithm 1 Constrained OMD with Fixed Share (ConOMD-FS)
Input: T ∈ N, K ∈ N, δ ∈ (0, 1)

1 Initialize x1 ← xU where xU (a) := 1/K for a ∈ [K]

2 Initialize η ←
√
ln(KT )/T

3 for t ∈ [T ] do
4 Choose at ∼ xt

5 Observe loss ℓt and violation gt,i for all i ∈ [m]

6 Update estimator ĝt,i for all i ∈ [m]

7 Define ξt as ξt(a) := 4
√

1
t ln

(
TKm

δ

)
for a ∈ [K]

8 Build Xt := {x ∈ ∆K : (ĝt,i − ξt)
⊤x ≤ 0}

9 Compute x̃t+1 ← argminx∈Xt
ℓ⊤t x+ 1

ηD(x||xt)

10 Select xt+1 := (1− 1
T )x̃t+1 +

1
T xU

11 end

is a regret minimizer for the losses over the sets Xt. In the following, we show that we cannot
employ an arbitrary regret minimizer due to the nature of the sets Xt, which are only approxi-
mations of the true feasible decision space and, thus, are not guaranteed to contain x∗ at every
round. We choose online mirror descent (OMD) with entropic regularizer (Orabona, 2019) (Line 9),
where D(x1||x2) :=

∑
a∈[K] x1(a) ln (x1(a)/x2(a))−

∑
a∈[K](x1(a)−x2(a)), and a fixed-share up-

date (Cesa-Bianchi et al., 2012) (Line 10). Intuitively, the strategy selected by OMD is combined
with the uniform strategy in order to make the learning dynamic more stable.

4.2. Analysis and Theoretical Guarantees

In this section, we provide the theoretical guarantees of Algorithm 1, in terms of regret and violation.
We start by providing some intuitions about the regret analysis. To do that, we first study the

approximate feasible decision space Xt and its connection to the optimal solution x∗. As previously
discussed, since the corruption value C is not known a priori, it is not guaranteed that x∗ ∈ Xt

at every round t ∈ [T ]. Nonetheless, we can still show the following fundamental results. First,
given Assumption 1, it is possible to show that Xt is never empty. This is a consequence of both
the definition of x⋄ and the optimism employed in Algorithm 1. Specifically, it is possible to show
that, with probability at least 1 − δ, it holds (ĝt,i − ξt)

⊤x⋄ ≤ −ρ < 0. We provide a similar
result for the optimal solution, that is, (ĝt,i− ξt)

⊤x∗ ≤ C
T + C

t , which follows from Lemma 1 with
probability at least 1 − δ. By combining the previous results, we can always build a t-dependent
convex combination between x⋄ and x∗, defined as x∗

αt
:= (1 − αt)x

⋄ + αtx
∗, which is always

included in Xt. Indeed, by setting αt =
ρ

ρ+2C/t , with probability at least 1− δ:

(
ĝt,i − ξt

)⊤
x∗
αt
≤ −(1− αt)ρ+ αt

2C

t
≤ 0. (2)

Thus, on the one hand, Equation (2) shows that Xt is not too far from x∗, while, on the other hand,
a general adversarial regret minimizer is guaranteed to be no-regret only against benchmarks that
belong to Xt at every round, which is not the case for x∗. We overcome this technical challenge by
showing that OMD with an entropic regularizer and a fixed-share update attains sublinear switching
regret of order Õ(S

√
T ) on moving decision spaces, that is, sublinear dynamic regret with respect

to S-switch dynamic benchmarks on moving decision spaces, which are formally defined as follows.

8
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Definition 2 (S-switch dynamic benchmark) Let {Xt}Tt=1 be the sequence of decision spaces
available to the learner. Define S ≤ T consecutive phases over the T rounds, and let I1, . . . , IS be
the associated partition of [T ]. We say that {ut}Tt=1 is a S-switch dynamic benchmark on moving
decision spaces if and only if the following two conditions hold: (i) ut = ut′ for all j ∈ [S],
t, t′ ∈ Ij; and (ii) ut ∈ Xj for all t ∈ [T ], where Xj =

⋂
t∈Ij Xt.

Thus, the regret associated with {ut}Tt=1 is defined as RT ({ut}Tt=1) :=
∑T

t=1

[
ℓ⊤t xt − ℓ⊤t ut

]
,

which extends the well-known notion of switching regret (Cesa-Bianchi et al., 2012) to benchmarks
that may belong to different decision spaces at each round.7

A key final challenge is to deal with the dependence on the number of phases S. Indeed, we
cannot select S = T (and ut = x∗

αt
), since it would lead to a superlinear regret bound. Nonetheless,

by noticing that αt ≤ αt+1 and thus, x∗
αt
∈ Xτ for τ ≥ t, we can employ a doubling trick approach.

Specifically, we define S = log2(T ) phases, so that t1 = 1 and tj+1 = 2tj for all j ∈ [S−1], where
tj ∈ [T ] denotes the first round of phase j ∈ [S]. Moreover, we set ut = x∗

αtj
for all j ∈ [S], t ∈ Ij .

This results in a logarithmic error in the final regret bound. In the following, for ease of notation
and with a slight abuse of notation, we let αj := αtj for all j ∈ [S].

We show the final regret bound in the following theorem.

Theorem 3 Let δ ∈ (0, 1). With probability at least 1− 3δ, Algorithm 1 attains:

RT ≤ 4 log2(T )
√

T ln(KT ) +
2C

ρ
log2(T ) + 4

√
T ln

(
TK

δ

)
.

Theorem 3 shows that Algorithm 1 attains regret of order Õ(
√
T + C). Intuitively, the result is

proved by employing the bound on the switching regret on moving decision spaces and the doubling
trick approach. By letting ϕ : [T ] → [S] be a mapping such that ϕ(t) :=

∑
j∈[S] j · I{t ∈ Ij}, the

final regret guarantee follows by
∑

t∈[T ]

[
ℓ⊤t x

∗
αϕ(t)

− ℓ⊤t x
∗
]
≤
∑

t∈[T ]

(
1− αϕ(t)

)
≤ 2C

ρ log2(T ).
We are now ready to provide the violation bound. This is done in the following theorem, where

we show that Algorithm 1 effectively attains a positive violation of order Õ(
√
T + C).

Theorem 4 Let δ ∈ (0, 1). With probability at least 1− δ, Algorithm 1 attains:

VT ≤ 2 + 2C + C ln(T ) + 16

√
T ln

(
TKm

δ

)
.

Intuitively, Theorem 4 relies on two components. First, similarly to Theorem 3, the fact that Xt is
non-empty at every round, thanks to both optimism and Assumption 1. Thus, Algorithm 1 effec-
tively works inside Xt, up to the fixed-share update. This leads to a negligible (constant) violation
term. By noticing that the positive violation in hindsight is far from the uncorrupted vector g◦

i of a
Ci factor, it is sufficient to bound how the terms in Lemma 1 concentrate. Specifically, ξt concen-
trates as 1/

√
t, leading to the O(

√
T ln(TKm/δ) term in the violation bound, C/t concentrates as

1/t, leading to C ln(T ) violation, while we pay an additional C term for the concentration of C/T .

7. A similar switching-regret result has been developed by Moreno et al. (2025) in the context of unconstrained MDPs.
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4.3. Extension to Bandit Feedback on the Losses

In this section, we show how to extend the previous result to the case where only bandit feedback is
available on the losses, i.e., the learner only observes ℓt(at) at each round t ∈ [T ].

From an algorithmic perspective, we simply modify Algorithm 1 in the following way. The loss
is estimated by employing an implicit exploration approach (Neu, 2015). Specifically, at each round
t ∈ [T ], we build ℓ̂t such that ℓ̂t(a) :=

ℓt(a)
xt(a)+γ It(a) for all a ∈ [K], where γ := η/2 is the implicit

exploration factor and It(a) is the indicator function that is equal to 1 whenever a = at. Then,
OMD with fixed-share update is used on ℓ̂t and η is set to

√
ln(KT )/KT . Due to space constraints,

we refer to Algorithm 3 in Appendix D for the complete algorithm.
We provide the regret bound attained by Algorithm 3 in the following theorem.

Theorem 5 Let δ ∈ (0, 1). With probability at least 1− 6δ, Algorithm 3 attains:

RT ≤ K log2(T ) ln

(
log2(T )K

δ

)
+11 log2(T ) ln

(
K log2(T )

δ

)√
KT ln

(
TK

δ

)
+
2C

ρ
log2(T ).

Theorem 5 shows that a regret bound of order Õ(
√
T + C) is still attainable when the learner

has bandit feedback on the losses. The analysis of Theorem 5 shares many similarities with the
full feedback case. The key difference is that we prove no-switching-regret guarantees on moving
decision spaces for OMD with implicit exploration, and we employ those guarantees to attain the
final regret bound. Finally, both the bound and the analysis of the violation attained by Algorithm 3
are equivalent to the full feedback (on the losses) case. Thus, it is omitted for simplicity.

5. Learning With Bandit Feedback by Forcing Exploration

In this section, we focus on the bandit feedback setting, where the learner observes the loss and the
constraint violation only for the chosen arm.

To handle bandit feedback, we require a slightly stronger assumption than Assumption 1. Specif-
ically, we require the existence of a strictly feasible arm, as stated in the following.

Assumption 2 There exists an arm a◦ ∈ [K] such that maxt∈[T ] ḡt,i(a
◦) < 0 for all i ∈ [m].

We remark that this assumption is not novel in settings with adversarial constraints and bandit
feedback. Specifically, it has already been employed in the analysis of the state-of-the-art algo-
rithm for constrained MABs (Bernasconi et al., 2024) and the special case of bandits with knap-
sack (Immorlica et al., 2022; Castiglioni et al., 2022a). Throughout this section, we define the
problem-specific feasibility parameter ρ ∈ [0, 1] according to Assumption 2, as follows ρ :=
maxa∈[K]mint∈[T ]mini∈[m]−ḡt,i(a). We refer to a⋄ ∈ [K] as the are attaining the value ρ.

Similarly to the full feedback setting, we employ Lemma 1, which, in the bandit case, leads to
maxi∈[m]

∣∣∣ĝt,i(a)− 1
T

∑T
t=1 ḡt,i(a)

∣∣∣ ≤ 4
√

1
Nt(a)

ln
(
TKm

δ

)
+ C

Nt(a)
+ C

T for all t ∈ [T ], a ∈ [K],
with probability at least 1 − δ. Notice that, while the first term can be computed by the learning
algorithm, in the bandit feedback setting, the confidence interval does not concentrate independently
of the selected arms, resulting in the impossibility of applying the techniques of the previous section.

10
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Algorithm 2 Explore and Optimize with Constrained OMD (ExpOpt-ConOMD)
Input: T ∈ N, K ∈ N, δ ∈ (0, 1), β ∈ [0, 1]

1 Initialize T0 ← K⌈T β⌉, N0(a)← 0 for all a ∈ [K]
2 Initialize xT0+1 ← xU where xU (a) := 1/K for all a ∈ [K]

3 Initialize η ←
√
ln(KT )/KT , γ ← η/2

4 for a ∈ [K] do
5 Choose at = a for ⌈T β⌉ rounds // Exploration Phase
6 Observe loss ℓt(at) and constraint violation gt,i(at) for all i ∈ [m]
7 Update counter Nt(at) and empirical estimator ĝt,i(at) for all i ∈ [m]

8 end
9 for t = T0 + 1, . . . , T do

10 Choose at ∼ xt // Optimization Phase
11 Observe loss ℓt(at) and constraint violation gt,i(at) for all i ∈ [m]
12 Update counter Nt(at) and empirical estimator ĝt,i(at) for all i ∈ [m]

13 Define ξt as ξt(a) := 4
√

1
Nt(a)

ln
(
TKm

δ

)
for all a ∈ [K]

14 Build Xt := {x ∈ ∆K : (gt,i − ξt)
⊤x ≤ 0}

15 Build ℓ̂t such that ℓ̂t(a) :=
ℓt(a)

xt(a)+γ It(a) for all a ∈ [K]

16 Compute xt+1 ← argminx∈Xt
ℓ̂
⊤
t x+ 1

ηD(x||xt)

17 end

5.1. Algorithm

In Algorithm 2, we provide the pseudocode of ExpOpt-ConOMD.
The algorithm splits the learning dynamic into two phases. In the first phase, which we call

exploration phase, the learner uniformly chooses all the actions (Lines 4–8). Intuitively, this phase
allows the algorithm to get a good estimate of the true feasible decision space. Notice that the length
of the exploration T0 is given as input through the parameter β. In the second phase, which we call
optimization phase, the algorithm employs OMD with implicit exploration over the approximate
feasible sets Xt (Lines 9–17). The following remarks are in order. First, Xt is estimated given
the empirical mean and the confidence intervals computed under bandit feedback. Specifically,
the counters Nt(a) for all actions a ∈ [K] are employed to compute both ĝt,i and ξt. Second,
Algorithm 2 does not employ any fixed-share update. Indeed, as we show next, we do not require
the optimization procedure to attain the sublinear switching regret property, since, when only bandit
feedback is available, this property cannot be employed to bound the distance between the optimum
and the best strategy inside Xt. Thus, the fixed-share update is not helpful in this setting.

5.2. Analysis and Theoretical Guarantees

In this section, we provide the theoretical guarantees of Algorithm 2 in terms of regret and violation.
We start by providing some intuitions about the regret analysis. First, notice that the regret in

the exploration phase can be easily bounded by K(T β+1). Thus, we can simply focus on the regret
in the second phase. By letting x⋄ ∈ ∆K be the strategy that chooses arm a⋄ deterministically and
x∗
αt

:= (1− αt)x
⋄ + αtx

∗, it is possible to show that, with probability at least 1− δ:

(
ĝt,i − ξt

)⊤
x∗
αt
≤ −(1− αt)ρ+ αt · 2C

∑
a∈[K]

x∗(a)

Nt(a)
, (3)

11
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by following a reasoning similar to the one used for the full feedback case. Equation (3) highlights
the intrinsic difficulty of our setting when only bandit feedback is available. Specifically, to recover
the same regret rate as in the full feedback case, it is necessary to make sure that the mismatch
between the optimal strategy x∗ and the pulls performed by the algorithm concentrates. Intuitively,
this not possible, since, when the losses are allowed to arbitrarily change across rounds, no conver-
gence guarantees to the optimal strategy can be attained. We tackle this challenge by introducing
the exploration phase, which forces an upper bound on such a mismatch. Specifically:(

ĝt,i − ξt
)⊤

x∗
αt
≤ −(1− αt)ρ+ αt

2C

T β
,

for all t > T0. This in turn implies that the convex combination x∗
αt

satisfies (ĝt,i − ξt)
⊤x∗

αt
≤ 0

and x∗
αT0
∈ Xt for all t > T0, by setting αt = αT0

:= ρ
ρ+2C/Tβ for all t > T0. As a result, it is

possible to employ the no-regret guarantees of OMD against the comparator x∗
αT0

, which is included
in the decision space at every round of the second phase. The final result follows by bounding the
distance between the optimal strategy x∗ and x∗

αT0
.

We provide the regret bound attained by Algorithm 2 in the following theorem.

Theorem 6 Let δ ∈ (0, 1). With probability at least 1− 6δ, Algorithm 2 attains:

RT ≤ K(T β+1)+3
√
KT ln(KT )+K ln

(
K

δ

)
+5

√
T ln

(
TK

δ

)
+
√
KT ln

(
K

δ

)
+
2C

ρ
T 1−β.

Theorem 6 shows that our algorithm attains a regret of order Õ(max{
√
T , T β} + CT 1−β), which

clearly highlights the tension between the exploration and the optimization phases. Specifically,
when the exploration length is large, the corruption can be mitigated by a precise estimation of the
decision space; nonetheless, the additional exploration is paid in the first component of the regret
bound, which encompasses the number of rounds the algorithm is not properly minimizing the loss.

We are now ready to provide the violation bound attained by our algorithm.

Theorem 7 Let δ ∈ (0, 1). With probability at least 1− 3δ, Algorithm 2 attains:

VT ≤ 1 +K(T β + 1) + C +KC +KC ln(T ) + 30

√
KT ln

(
TKm

δ

)
.

Theorem 7 shows that the violation does not get any benefit from exploration. Indeed, optimizing
over Xt is sufficient to get the desired Õ(

√
T + C) bound, while the exploration phase only adds

the K(T β + 1) term in the final result. The violation bound is proved similarly to Theorem 4, with
the main exception that the confidence intervals concentrate with respect to the played action only.

We remark that by setting β = 1/2—thus exploring for K
√
T rounds—we get, with high prob-

ability, the following regret and violation bounds RT ≤ Õ(
√
T + C

√
T ), VT ≤ Õ(

√
T + C).

6. Open Problem: Towards the Lower Bound For the Bandit Case

In this final section, we include a discussion on the technical challenges that prevented us from
formally proving the lower bound for the bandit feedback case.

First, we state the result that we conjecture may be a valid lower bound for our setting.

12
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Conjecture 8 There exist two instances of the constrained MAB problem with bandit feedback,
where C = Θ(

√
T ), such that any algorithm attaining O(

√
T ) positive violation in one of the

instances must necessarily incur Ω(T
1
2
+α) regret in the other instance, for a constant α > 0.

The following considerations are in order to find proper instances. On the one hand, we recall that,
if we assume that the losses have bounded and small adversariality, i.e., we define the corruption C
as the maximum between the corruption of the losses Cℓ and the corruption of the constraints Cg,
then Õ(

√
T+C) regret and violation can be attained by the algorithm of Stradi et al. (2025c). Thus,

at least in one of the instances, we need to enforce Cℓ = ω(
√
T ). To have an intuition on this aspect,

notice that the last term of Equation (3) can be easily controlled in a setting with fully stochastic
losses, where it is possible to converge to the optimal strategy. Similarly, when Cℓ is small, it is still
possible to employ uniform exploration techniques (i.e., uniformly explore with small probability),
to reduce the impact of Cg in the regret bound. On the other hand, our conjecture prescribes a
corruption to be of order Θ(

√
T ); thus, the constraint distributions of one of the instances can be

corrupted for Θ(
√
T ) rounds. This leads to our first challenge, that is, the instances are in a hybrid

setting between fully stochastic and adversarial ones. This prevented us from employing standard
arguments such as Pinsker’s inequality and KL-decomposition, which are tailored for stochastic
settings, to relate the instances. Similarly, the same reasoning holds for techniques tailored for fully
adversarial lower bounds—generally used for impossibility results—as we need to show that the
instances are hard to distinguish due to both the noise and the corruption.

As a second aspect, notice that, when full feedback is available to the learner, Algorithm 1
shows that Õ(

√
T + C) regret and violation can be attained. Thus, bandit feedback jointly with

adversarial losses must play a crucial role in the lower bound. This leads to our second challenge,
that is, we need to effectively relate the corruption in one of the instances to the strategy played by
the learner. In this way, we conjecture that it is possible to show that the corruption perceived by the
learner C̃ is strictly larger than the expected corruption injected in the instances by the opponent
C, leading to the desired lower bound, after carefully noticing that the regret must scale at least
as the perceived corruption. A bit more formally, we define the perceived corruption on an arm
as the corruption observed on the arm normalized by the number of pulls. Intuitively, this is the
quantity that really affects the estimation and the regret. For instance, suppose that we employ
two instances: the first one is fully stochastic, while we inject the corruption into both losses and
constraints for one action ā of the second instance. We select the corruption on the constraint at
time t as P g

t = f(xt(ā)) = xt(ā), where xt(ā) is the probability of playing ā. Thus, the following
chain of inequalities relates the perceived corruption C̃ to the corruption C:

C̃ ≈ T

∑
t∈[T ] xt(ā)P

g
t∑

t∈[T ] xt(ā)
= T

∑
t∈[T ] x

2
t (ā)∑

t∈[T ] xt(ā)
≥ T

(∑
t∈[T ] xt(ā)

)2
T
∑

t∈[T ] xt(ā)
=
∑
t∈[T ]

xt(ā) = C.

The inequality holds strictly—up to Azuma inequality concentration terms—whenever the action is
not chosen uniformly over T , which could be “enforced” by the adversariality of the losses.
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Nicolo Cesa-Bianchi and Gábor Lugosi. Prediction, learning, and games. Cambridge university
press, 2006.

14

https://proceedings.mlr.press/v237/agrawal24a.html
https://proceedings.mlr.press/v237/agrawal24a.html
https://openreview.net/forum?id=vxM49M5B4s
https://openreview.net/forum?id=vxM49M5B4s
https://proceedings.mlr.press/v130/bogunovic21a.html
https://proceedings.mlr.press/v130/bogunovic21a.html
https://proceedings.mlr.press/v162/castiglioni22a.html
https://proceedings.mlr.press/v162/castiglioni22a.html


TRULY ADAPTING TO ADVERSARIAL CONSTRAINTS IN CONSTRAINED MABS
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Appendix A. Related Works

In this section, we provide a summary of the literature which is mainly related to our work. We
first discuss the constrained online learning literature and then we survey the main results in the
corruption robust online learning one.

Online learning under unknown constraints Online leaning with unknown constraints has been
recently explored (see, e.g., (Mannor et al., 2009; Liakopoulos et al., 2019; Pacchiano et al., 2021)).
In such a setting, a well known impossibility result from (Mannor et al., 2009) prevents any algo-
rithm from attaining both sublinear regret and sublinear violation when the constraints are adversar-
ial and the optimal solution is feasible in hindsight, on average. Thus, the literature mainly focused
on stochastic constrained setting (Chen et al., 2022; Pacchiano et al., 2021; Gangrade et al., 2024).
Differently, some works focus on constrained online convex optimization settings (see, e.g., (Mah-
davi et al., 2012; Jenatton et al., 2016; Yu et al., 2017)). Notice that, even when full feedback is
available non both losses and constraints, these works are not applicable to our setting for the two
following reasons. First, we employ as a benchmark the optimum which satisfies the constraints
on average, while constrained online convex optimization focus on benchmarks satisfying the con-
straints at each round. Second, they are not tailored to work in adversarial settings with noise. On
the other hand, more recent contributions aim to provide best-of-both-worlds guarantees, allow-
ing constraints to be either stochastic or adversarial (Castiglioni et al., 2022a,b; Bernasconi et al.,
2024). These works typically guarantee Õ(

√
T ) regret and violation in the stochastic regime, while

in the adversarial regime they ensure sublinear violation together with sublinear α-regret, i.e., regret
measured against a fraction of the optimal reward.

Online learning in constrained Markov decision processes Our paper is strongly related with
the constrained Markov decision processes (CMDPs) (Altman, 1999) literature, which we highlight
in the following. Wei et al. (2018) study episodic CMDPs with known transitions, full-information
feedback, adversarial losses, and stochastic constraints. Their algorithm guarantees Õ(

√
T ) upper

bounds for both regret and constraint violations. Zheng and Ratliff (2020) consider stochastic losses
and constraints with known transition dynamics under bandit feedback. They obtain a regret bound
of Õ(T 3/4) and ensure that cumulative constraint violations stay below a prescribed threshold with
high probability. Bai et al. (2020) propose the first method achieving sublinear regret when tran-
sition probabilities are unknown, under the assumptions of deterministic rewards and structured
stochastic constraints. Efroni et al. (2020) investigate unknown stochastic transitions, rewards, and
constraints in the bandit setting. They design two algorithms that achieve sublinear regret and sub-
linear constraint violations by carefully balancing exploration and exploitation. Qiu et al. (2020)
develop a primal-dual strategy inspired by optimism in the face of uncertainty. They show that,
for episodic CMDPs with adversarial losses and stochastic constraints under full-information feed-
back, the approach attains sublinear regret and sublinear constraint violations. Liu et al. (2021)
analyze stochastic rewards and constraints with sub-Gaussian noise, proving Õ(

√
T ) regret and

zero violations when a strictly safe policy exists and is known. When such a policy is not known
a priori, the algorithm guarantees bounded violations. Ding et al. (2021) introduce a primal-dual,
no-regret policy optimization procedure for CMDPs with stochastic rewards and constraints. Wei
et al. (2022b) present a model-free, simulator-free RL algorithm for CMDPs, obtaining Õ(T 4/5)
regret with zero constraint violations, provided that the number of episodes increases exponentially
in 1/ρ. Ding and Lavaei (2023), and Stradi et al. (2025c) study non-stationary rewards and con-
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straints under bounded-variation assumptions. Notice that, both the aforementioned works do not
attain sublinear regret when the rewards are fully adversarial. Stradi et al. (2025a) consider adver-
sarial losses, stochastic constraints, and partial feedback, establishing sublinear regret together with
sublinear positive constraint violations. Stradi et al. (2024) propose the first best-of-both-worlds al-
gorithm for CMDPs with full feedback on rewards and constraints, and Stradi et al. (2025b) extend
the guarantee to the bandit feedback scenario.

Corruption-robust online learning A related line studies corruption-robust unconstrained on-
line learning, where the observed feedback is perturbed by adversarial or stochastic corruptions
(e.g., budgeted or contamination-based), and the goal is to obtain regret bounds that explicitly scale
with an appropriate corruption measure. In stochastic multi-armed bandits with adversarially cor-
rupted rewards, Lykouris et al. (2018) obtain regret bounds of order Õ(KC

∑
a̸=a∗ 1/∆a), where

∆a is the sub-optimality gap of arm a ∈ [K]. Gupta et al. (2019) significantly sharpen this de-
pendence getting an additive dependence on the corruption term, namely, Õ(KC +

∑
a̸=a∗ 1/∆a).

A complementary attacker model, where corruptions are chosen after observing the learner’s ac-
tion, is studied by Yang et al. (2020), who establish regret lower bounds and separations between
budget-aware and budget-agnostic strategies; see also recent developments for stochastic bandits
under attacks in Wang et al. (2025). Extensions beyond standard multi-armed bandits have been
considered as well, e.g., stochastic linear bandits under adversarial attacks (Bogunovic et al., 2021).
More recently, stochastic contamination models allowing heavy-tailed and even unbounded corrup-
tions have been analyzed, yielding instance-dependent lower bounds and asymptotically optimal
algorithms (see, e.g., Mathieu et al., 2024; Agrawal et al., 2024).

In episodic reinforcement learning, corruption-robust guarantees for MDPs with corrupted re-
wards and/or transitions under bandit feedback are developed in Lykouris et al. (2021) and sub-
sequently improved by Chen et al. (2021); Wei et al. (2022a). Jin et al. (2024) study adversarial
MDPs with corrupted (non-stationary) transitions providing Õ(

√
T + C) regret guarantees. No-

tice that, while the above contributions relate regret to corruption/non-stationarity measures, they
do not address constraints satisfaction and thus do not capture the dual objective of simultaneously
controlling regret and (positive) constraint violation.

Appendix B. Omitted Proofs of Section 3

Lemma 9 It holds:

max
i∈[m]

∑
a∈[K]

∣∣∣∣∣g◦i (a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ ≤ C

T
.

Proof By definition of the uncorrupted vector, it holds:

max
i∈[m]

∑
a∈[K]

∣∣∣∣∣g◦i (a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ = max
i∈[m]

∑
a∈[K]

∣∣∣∣∣ 1T
T∑
t=1

g◦i (a)−
1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣
= max

i∈[m]

1

T

∑
a∈[K]

∣∣∣∣∣
T∑
t=1

g◦i (a)−
T∑
t=1

ḡt,i(a)

∣∣∣∣∣
≤ max

i∈[m]

1

T

T∑
t=1

∑
a∈[K]

|g◦i (a)− ḡt,i(a)|
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= max
i∈[m]

Ci

T

=
C

T
.

This concludes the proof.

Lemma 10 Let δ ∈ (0, 1). When full feedback is available, it holds, with probability at least 1−δ:

max
i∈[m]

|ĝt,i(a)− g◦i (a)| ≤ 4

√
1

t
ln

(
TKm

δ

)
+

C

t
∀t ∈ [T ], a ∈ [K].

Similarly, when only bandit feedback is available, it holds, with probability at least 1− δ:

max
i∈[m]

|ĝt,i(a)− g◦i (a)| ≤ 4

√
1

Nt(a)
ln

(
TKm

δ

)
+

C

Nt(a)
∀t ∈ [T ], a ∈ [K].

Proof We prove the results for the bandit feedback case. The same reasoning holds for the full
feedback case, replacing Nt(a) with t for all a ∈ [K]. Indeed, applying the triangle inequality, it
holds:

max
i∈[m]

|ĝt,i(a)− g◦i (a)| = max
i∈[m]

∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

gτ,i(a)Iτ (a)±
1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)− g◦i (a)

∣∣∣∣∣∣
≤ max

i∈[m]

∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

gτ,i(a)Iτ (a)−
1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)

∣∣∣∣∣∣
+max

i∈[m]

∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)− g◦i (a)

∣∣∣∣∣∣ .
We start bounding the first term. Let δ ∈ (0, 1), we employ the Azuma inequality to get, with

probability at least 1− δ:∣∣∣∣∣∣
∑
τ∈[t]

gτ,i(a)Iτ (a)−
∑
τ∈[t]

ḡτ,i(a)Iτ (a)

∣∣∣∣∣∣ ≤ 4

√
Nt(a) ln

(
TKm

δ

)
,

which holds for all t ∈ [T ], a ∈ [K], i ∈ [m], by union bound. Thus, we can conclude that:

max
i∈[m]

∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

gτ,i(a)Iτ (a)−
1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)

∣∣∣∣∣∣ = 4

√
1

Nt(a)
ln

(
TKm

δ

)
.

To bound the second term, we proceed as follows:

max
i∈[m]

∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)− g◦i (a)

∣∣∣∣∣∣ = max
i∈[m]

∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)−
1

Nt(a)

∑
τ∈[t]

g◦i (a)Iτ (a)

∣∣∣∣∣∣
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= max
i∈[m]

1

Nt(a)

∣∣∣∣∣∣
∑
τ∈[t]

ḡτ,i(a)Iτ (a)−
∑
τ∈[t]

g◦i (a)Iτ (a)

∣∣∣∣∣∣
≤ max

i∈[m]

1

Nt(a)

∑
τ∈[t]

It(a) |ḡτ,i(a)− g◦i (a)|

≤ max
i∈[m]

Ci

Nt(a)

=
C

Nt(a)
.

Combining the previous results concludes the proof.

Lemma 11 Let δ ∈ (0, 1). When full feedback is available, with probability at least 1− δ it holds:

max
i∈[m]

∣∣∣∣∣ĝt,i(a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ ≤ 4

√
1

t
ln

(
TKm

δ

)
+

C

t
+

C

T
∀t ∈ [T ], a ∈ [K].

Similarly, when only bandit feedback is available, with probability at least 1− δ it holds:

max
i∈[m]

∣∣∣∣∣ĝt,i(a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ ≤ 4

√
1

Nt(a)
ln

(
TKm

δ

)
+

C

Nt(a)
+

C

T
∀t ∈ [T ], a ∈ [K].

Proof Employing the triangle inequality, it holds:

max
i∈[m]

∣∣∣∣∣ĝt,i(a)− 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ = max
i∈[m]

∣∣∣∣∣ĝt,i(a)± g◦i −
1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣
≤ max

i∈[m]
|ĝt,i(a)− g◦i |+ max

i∈[m]

∣∣∣∣∣g◦i − 1

T

T∑
t=1

ḡt,i(a)

∣∣∣∣∣ .
Applying Lemma 9 to bound the second term and Lemma 10 to bound the first term gives the result.

Appendix C. Omitted Proofs of Section 4

C.1. Preliminary Results

Lemma 12 Let δ ∈ (0, 1). With probability at least 1− δ, Xt is not empty at each round t ∈ [T ].

Proof To prove the result, we show that any strategy x̄ so that ḡ⊤
t,ix̄ ≤ 0 for all i ∈ [m], t ∈ [T ]–

notice that x̄ exists thanks to Assumption 1–is included with high probability in Xt at each round
t ∈ [T ].
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Let δ ∈ (0, 1). Similarly to what was done in Lemma 10, we employ the Azuma inequality to
get, with probability at least 1− δ:∣∣∣∣∣∣

∑
τ∈[t]

gτ,i(a)−
∑
τ∈[t]

ḡτ,i(a)

∣∣∣∣∣∣ ≤ 4

√
t ln

(
TKm

δ

)
,

which holds for all t ∈ [T ], a ∈ [K], i ∈ [m], by union bound. Thus, we get:∣∣∣∣∣∣1t
∑
τ∈[t]

gτ,i(a)−
1

t

∑
τ∈[t]

ḡτ,i(a)

∣∣∣∣∣∣ = 4

√
1

t
ln

(
TKm

δ

)
∀a ∈ [K], i ∈ [m], t ∈ [T ].

From that, we get, with probability at least 1− δ:

(ĝt,i − ξt)
⊤x̄ =

1

t

∑
τ∈[t]

gτ,i − ξt

⊤

x̄

≤

1

t

∑
τ∈[t]

ḡτ,i

⊤

x̄

≤ 0,

where the last step holds by definition of x̄. This concludes the proof.

C.2. Regret

Lemma 13 Let x∗
ϕ(1), . . . ,x

∗
ϕ(T ) be a S-switch dynamic benchmark as defined in Definition 2.

Thus, OMD with the following fixed share update:

x̃t+1 ← argmin
x∈Xt

ℓ⊤t xt +
1

η
D(x||xt) ; xt+1 :=

(
1− 1

T

)
x̃t+1 +

1

T
xU ,

attains:

RT ({x∗
ϕ(t)}

T
t=1) ≤

2S

η
+

S ln (KT )

η
+ ηST.

Proof To prove the result, we fix a phase j ∈ [S], so that the baseline x∗
j used in the regret associated

with that phase is fixed.
Thus, we recall the definition of the Bregman divergence

D(x1||x2) :=
∑
a∈[K]

x1(a) ln

(
x1(a)

x2(a)

)
−
∑
a∈[K]

(x1(a)− x2(a)),

which is equivalent to D(x1||x2) :=
∑

a∈[K] x1(a) ln (x1(a)/x2(a)) whenever x1 and x2 are in the
simplex and we define x̄t+1 the vector whose components are x̄t+1(a) = xt(a)e

−ηℓt(a) so that

x̃t+1 = argmin
x∈Xt

D(x||x̄t+1).
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We proceed by bounding the instantaneous regret attained by the algorithm at t ∈ [T ] s.t. ϕ(t+1) =
j as:

D(x∗
j∥xt)−D(x∗

j∥xt+1) +D(xt∥x̄t+1)

=
∑
a∈[K]

[
x∗j (a) ln

(
x∗j (a)

xt(a)

)
− x∗j (a) + xt(a)

]

−
∑
a∈[K]

[
x∗j (a) ln

(
x∗j (a)

xt+1(a)

)
− x∗j (a) + xt+1(a)

]

+
∑
a∈[K]

[
xt(a) ln

(
xt(a)

xt(a)e−ηℓt(a)

)
− xt(a) + xt(a)e

−ηℓt(a)

]

=
∑
a∈[K]

x∗j (a) ln

(
xt+1(a)

xt(a)

)
+ ηℓ⊤t xt − 1 +

∑
a∈[K]

xt(a)e
−ηℓt(a)

=
∑
a∈[K]

x∗j (a) ln

(
(1− 1/T )x̃t+1(a) +

1
T xU (a)

(1− 1/T )x̃t(a) +
1
T xU (a)

)
+ ηℓ⊤t xt − 1 +

∑
a∈[K]

xt(a)e
−ηℓt(a)

≥
∑
a∈[K]

x∗j (a) ln

(
(1− 1/T )x̃t+1(a)

(1− 1/T )x̃t(a) +
1
T xU (a)

)
+ ηℓ⊤t xt − 1 +

∑
a∈[K]

xt(a)e
−ηℓt(a)

=
∑
a∈[K]

x∗j (a) ln

(
x̃t+1(a)

(1− 1/T )x̃t(a) +
1
T xU (a)

)
− ln

(
1

1− 1
T

)
+ ηℓ⊤t xt − 1 +

∑
a∈[K]

xt(a)e
−ηℓt(a)

= D(x∗
j∥xt)−D(x∗

j∥x̃t+1) + ηℓ⊤t xt − 1 +
∑
a∈[K]

xt(a)e
−ηℓt(a) − ln

(
1

1− 1
T

)

≥ D(x∗
j∥xt)−D(x∗

j∥x̄t+1) + ηℓ⊤t xt − 1 +
∑
a∈[K]

xt(a)e
−ηℓt(a) − ln

(
1

1− 1
T

)

=
∑
a∈[K]

x∗j (a) ln

(
x∗j (a)

xt(a)

)
−
∑
a∈[K]

x∗j (a) ln

(
x∗j (a)

xt(a)e−ηℓt(a)

)
+ 1−

∑
a∈[K]

xt(a)e
−ηℓt(a)

+ ηℓ⊤t xt − 1 +
∑
a∈[K]

xt(a)e
−ηℓt(a) − ln

(
1

1− 1
T

)

= ηℓ⊤t (xt − x∗
j )− ln

(
1

1− 1
T

)
,

where we used that D(x∗
j ||x̄t+1) ≥ D(x∗

j ||x̃t+1) by definition of x̃t+1 and the fact that it is in-
cluded in Xt. Thus, we get the following bound on the instantaneous regret:

ηℓ⊤t (xt − x∗
j ) ≤ D(x∗

j ||xt)−D(x∗
j ||xt+1) +D(xt||x̄t+1) + ln

(
1

1− 1
T

)
.
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Now, we define the quantities Ij := {t ∈ [T ] : ϕ(t) = j}, tj := mint∈Ij t and we proceed bounding
the regret in phase j as follows:

η
∑
t∈Ij

ℓ⊤t (xt − x∗
j )

≤
∑
t∈Ij

[
D(x∗

j ||xt)−D(x∗
j ||xt+1)

]
+
∑
t∈Ij

D(xt||x̄t+1) +
∑
t∈Ij

ln

(
1

1− 1
T

)

= D(x∗
j ||xtj )−D(x∗

j ||xtj+1
) +

∑
t∈Ij

D(xt||x̄t+1) +
∑
t∈Ij

ln

(
1

1− 1
T

)

≤ 2 +
∑
a∈[K]

x∗j (a) ln

(
xtj+1

(a)

xtj(a)

)
+
∑
t∈Ij

D(xt||x̄t+1)

≤ 2 + ln (KT ) +
∑
t∈Ij

D(xt||x̄t+1)

= 2 + ln (KT ) +
∑
t∈Ij

∑
a∈[K]

xt(a) ln

(
xt(a)

xt(a)e−ηℓt(a)

)
− 1 +

∑
a∈[K]

xt(a)e
−ηℓt(a)


= 2 + ln (KT ) +

∑
t∈Ij

η ∑
a∈[K]

xt(a)ℓt(a)− 1 +
∑
a∈[K]

xt(a)e
−ηℓt(a)


≤ 2 + ln (KT ) +

∑
t∈Ij

η ∑
a∈[K]

xt(a)ℓt(a)− 1 + 1− η
∑
a∈[K]

xt(a)ℓt(a) +
∑
a∈[K]

xt(a)η
2ℓ2t (a)


≤ 2 + ln (KT ) + η2T,

where we used ln
(

1
1−1/T

)
≤ 1/T

1−1/T = 1/T−1 ≤ 2/T , the definition of the fixed share update and the

inequality e−z ≤ 1− z + z2 for z ≥ 0.
Thus, rearranging, we obtain the following bound:∑

t∈Ij

ℓ⊤t (xt − x∗
j ) ≤

2

η
+

ln (KT )

η
+ ηT.

Noticing that the regret can be rewritten as:

RT ({x∗
ϕ(t)}

T
t=1) :=

T∑
t=1

[
ℓ⊤t xt − ℓ⊤t x

∗
ϕ(t)

]
=
∑
j∈[S]

∑
t∈Ij

ℓ⊤t (xt − x∗
j ),

concludes the proof.

Theorem 3 Let δ ∈ (0, 1). With probability at least 1− 3δ, Algorithm 1 attains:

RT ≤ 4 log2(T )
√

T ln(KT ) +
2C

ρ
log2(T ) + 4

√
T ln

(
TK

δ

)
.
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Proof To prove the result, we first employ Lemma 12 to state that the update of Algorithm 1 admits
a solution for all t ∈ [T ].

Thus, we study the decision space Xt. Specifically, thanks to Lemma 1, the following bound
holds for all x ∈ ∆K , t ∈ [T ] and i ∈ [m] with probability at least 1− δ:

(
ĝt,i − ξt

)⊤
x ≤ 1

T

T∑
t=1

ḡ⊤
t,ix+ C/T + C/t,

which in turn implies: (
ĝt,i − ξt

)⊤
x∗ ≤ C/T + C/t ∀t ∈ [T ], i ∈ [m].

On the other hand, by Assumption 1 and proceeding as in Lemma 12, it holds:

(ĝt,i − ξt)
⊤x⋄ =

1

t

∑
τ∈[t]

gτ,i − ξt

⊤

x⋄

≤

1

t

∑
τ∈[t]

ḡτ,i

⊤

x⋄

≤ −ρ,

with probability at least 1− δ.
Thus, we build the following convex combination between x∗ and x⋄, parametrized given αt,

that is:
x∗
αt

= (1− αt)x
⋄ + αtx

∗.

Studying the per round optimistic violation attained by x∗
αt

, we get:(
ĝt,i − ξt

)⊤
x∗
αt

= (1− αt)
(
ĝt,i − ξt

)⊤
x⋄ + αt

(
ĝt,i − ξt

)⊤
x∗

≤ −(1− αt)ρ+ αt

(
C

T
+

C

t

)
≤ −(1− αt)ρ+ αt

2C

t
.

Setting αt =
ρ

ρ+2C/t , we get (ĝt,i − ξt)
⊤x∗

αt
≤ 0, that is, x∗

αt
∈ Xt for all t ∈ [T ].

We are now ready to employ Lemma 13. Notice that, since the guarantees of online mirror
descent with fixed share scales linearly in the number of switches S, we employ a doubling trick
approach. Specifically, in the analysis, the benchmark x∗

αt
is updated log2(T ) times, namely, when-

ever the number of rounds doubles. Thus, we have the following result:

RT ({x∗
αϕ(t)
}Tt=1) :=

T∑
t=1

[
ℓ⊤t xt − ℓ⊤t x

∗
αϕ(t)

]
≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ),

where a new phase j ∈ [S] starts whenever the number of rounds has doubled.
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Now, we proceed by bounding the expected regret bound as follows:∑
t∈[T ]

[
ℓ⊤t xt − ℓ⊤t x

∗
]
=
∑
t∈[T ]

[
ℓ⊤t xt ± ℓ⊤t x

∗
αϕ(t)

− ℓ⊤t x
∗
]

≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

∑
t∈[T ]

[
ℓ⊤t x

∗
αϕ(t)

− ℓ⊤t x
∗
]

≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

∑
t∈[T ]

(
1− αϕ(t)

)
ℓ⊤t x

⋄

≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

∑
t∈[T ]

(
1− αϕ(t)

)
=

2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

∑
j∈[S]

(1− αj) · |Ij |

=
2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

∑
j∈[S]

2C/tj
ρ+ 2C/tj

· |Ij |

=
2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

∑
j∈[S]

2C

tjρ+ 2C
· |Ij |

=
2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

k∑
i=1

2C

2i−1ρ+ 2C
· 2i−1

≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ ηT log2(T ) +

2C

ρ
log2(T ),

where |Ij | is the number of rounds of phase j and tj := mint∈Ij t with Ij := {t ∈ [T ] : ϕ(t) = j}.

Setting η =

√
ln(KT )√

T
we obtain, with probability at least 1− δ:

∑
t∈[T ]

[
ℓ⊤t xt − ℓ⊤t x

∗
]
≤ 4 log2(T )

√
T ln(KT ) +

2C

ρ
log2(T ).

Employing the Azuma-Höeffding inequality to bound |
∑

t∈[T ] ℓ
⊤
t xt−

∑
t∈[T ] ℓt(at)| and |

∑
t∈[T ] ℓ

⊤
t x

∗−∑
t∈[T ] ℓ̄

⊤
t x

∗| with an additional union bound concludes the proof.

C.3. Violation

Theorem 4 Let δ ∈ (0, 1). With probability at least 1− δ, Algorithm 1 attains:

VT ≤ 2 + 2C + C ln(T ) + 16

√
T ln

(
TKm

δ

)
.

Proof To prove the result, we first employ Lemma 12 to state that the update of Algorithm 1 admits
a solution for all t ∈ [T ]. Then, we bound the violation for a general constraint i ∈ [m], which we
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call

VT,i :=
∑
t∈[T ]

[
ḡ⊤
t,ixt

]+
,

for simplicity, which implies the same bound on VT := maxi∈[m] VT,i.
Thus, we proceed as follows:

VT,i =
∑
t∈[T ]

[
ḡ⊤
t,ixt

]+
=
∑
t∈[T ]

[(
1− 1

T

)
ḡ⊤
t,ix̃t +

1

T
ḡ⊤
t,ixU

]+

≤
∑
t∈[T ]

[(
1− 1

T

)
ḡ⊤
t,ix̃t

]+
+
∑
t∈[T ]

[
1

T
ḡ⊤
t,ixU

]+
=

(
1− 1

T

) ∑
t∈[T ]

[
ḡ⊤
t,ix̃t

]+
+

1

T

∑
t∈[T ]

[
ḡ⊤
t,ixU

]+
≤ 1 +

∑
t∈[T ]

[
ḡ⊤
t,ix̃t

]+
,

where we simply used the definition of the fixed share update employed in Algorithm 1, the inequal-
ity [a + b]+ ≤ [a]+ + [b]+ and the fact that the maximum violation attainable in a single round is
bounded by 1.

We proceed focusing on the violations attained by x̃t. Thus, it holds:

∑
t∈[T ]

[
ḡ⊤
t,ix̃t

]+
= ḡ⊤

1,ix̃1 +
T∑
t=2

[
ḡ⊤
t,ix̃t ± g◦⊤

i x̃t

]+
≤ 1 +

T∑
t=2

∥ḡt,i − g◦
i ∥1 +

T∑
t=2

[
g◦⊤
i x̃t

]+
(4a)

≤ 1 + C +
T∑
t=2

[
g◦⊤
i x̃t ± (ĝt−1,i − ξt−1)

⊤x̃t

]+
(4b)

≤ 1 + C +
T∑
t=2

[
g◦⊤
i x̃t − (ĝt−1,i − ξt−1)

⊤x̃t

]+
+

T∑
t=2

[
(ĝt−1,i − ξt−1)

⊤x̃t

]+
(4c)

= 1 + C +

T∑
t=2

[
g◦⊤
i x̃t − (ĝt−1,i − ξt−1)

⊤x̃t

]+
(4d)

≤ 1 + C +

T∑
t=2

[(
g◦
i − ĝt−1,i

)⊤
x̃t

]+
+

T∑
t=2

[
ξ⊤t−1x̃t

]+
(4e)
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≤ 1 + C +
T∑
t=2

[
σ⊤
t−1x̃t

]+
+ 2

T∑
t=2

[
ξ⊤t−1x̃t

]+
(4f)

= 1 + C +
T∑
t=2

σ⊤
t−1x̃t + 2

T∑
t=2

ξ⊤t−1x̃t (4g)

≤ 1 + C + C(1 + ln(T )) + 16

√
T ln

(
TKm

δ

)
(4h)

= 1 + 2C + C ln(T ) + 16

√
T ln

(
TKm

δ

)
,

where Inequality (4a) holds using [a + b]+ ≤ [a]+ + [b]+, the Hölder inequality and the fact that
the violation attained in the first round is upper bounded by 1, Inequality (4b) holds by definition
of C, Inequality (4c) follows from [a + b]+ ≤ [a]+ + [b]+, Equation (4d) holds since (ĝt−1,i −
ξt−1)

⊤x̃t ≤ 0 for all t ∈ [T ] by definition ofXt, Inequality (4e) follows from [a+b]+ ≤ [a]++[b]+,
Inequality (4f) holds with probability at least 1 − δ employing Lemma 10 and defining σt ∈ RK

such that σt(a) = C/t for all a ∈ [K], Equation (4g) follows from the fact that the quantities inside
the [·]+ operator are positive and Inequality (4h) holds since

T∑
t=2

1

t− 1
≤ 1 + ln(T ),

T∑
t=2

1√
t− 1

≤ 2
√
T ,

and the fact that any strategy sums to 1.
Combining the previous equations concludes the proof.

Appendix D. Omitted Proofs of Section 4.3

Lemma 14 Let x∗
ϕ(1), . . . ,x

∗
ϕ(T ) be a S-switch dynamic benchmark as defined in Definition 2.

Thus, OMD with implicit exploration and the following fixed share update:

x̃t+1 ← argmin
x∈Xt

ℓ̂
⊤
t xt +

1

η
D(x||xt) ; xt+1 :=

(
1− 1

T

)
x̃t+1 +

1

T
xU ,

where ℓ̂t s.t. ℓ̂t(a) :=
ℓt(a)

xt(a)+γ It(a) for all a ∈ [K] attains, with probability at least 1− 3δ:

RT ({x∗
ϕ(t)}

T
t=1) ≤

2S

η
+

S ln (KT )

η
+2ηSKT +SK ln

(
SK

δ

)
+S

√
2T ln

(
S

δ

)
+

S ln
(
KS
δ

)
η

.

Proof To prove the result, we fix a phase j ∈ [S], so that the baseline x∗
j used in the regret associated

to that phase is fixed.
Thus, we recall the definition of the Bregman divergence

D(x1||x2) :=
∑
a∈[K]

x1(a) ln

(
x1(a)

x2(a)

)
−
∑
a∈[K]

(x1(a)− x2(a)),
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Algorithm 3 Constrained OMD with Fixed Share and Implicit Exploration (ConOMD-FS IX)
Input: T ∈ N, K ∈ N, δ ∈ (0, 1)

1 Initialize x1 ← xU where xU (a) := 1/K ∀a ∈ [K]

2 Initialize η ←
√

ln(KT )/KT , γ ← η/2
3 for t ∈ [T ] do
4 Play at ∼ xt

5 Observe loss ℓt(at) and constraints gt,i ∀i ∈ [m]

6 Update empirical mean ĝt,i ∀i ∈ [m]

7 Define ξt as ξt(a) := 4
√

1
t ln

(
TKm

δ

)
for all a ∈ [K]

8 Build Xt := {x ∈ ∆K : (gt,i − ξt)
⊤x ≤ 0}

9 Build ℓ̂t such that ℓ̂t(a) :=
ℓt(a)

xt(a)+γ It(a) for all a ∈ [K]

10 Compute x̃t+1 ← argminx∈Xt
ℓ̂
⊤
t x+ 1

ηD(x||xt)

11 Select xt+1 := (1− 1
T )x̃t+1 +

1
T xU

12 end

which is equivalent to D(x1||x2) :=
∑

a∈[K] x1(a) ln (x1(a)/x2(a)) whenever x1 and x2 are in the

simplex and we define x̄t+1 the vector whose components are x̄t+1(a) = xt(a)e
−ηℓ̂t(a) so that

x̃t+1 = argmin
x∈Xt

D(x||x̄t+1).

We first decompose the regret in phase j ∈ [S] as follows:∑
t∈Ij

ℓ⊤t (xt − x∗
j ) =

∑
t∈Ij

ℓ̂
⊤
t (xt − x∗

j ) +
∑
t∈Ij

(ℓt − ℓ̂t)
⊤xt +

∑
t∈Ij

(ℓ̂t − ℓt)
⊤x∗

j .

We bound the three terms separately.

Bound on the first term We proceed similarly to Lemma 13 fixing t ∈ [T ] s.t. ϕ(t+ 1) = j and
we get:

ηℓ̂
⊤
t (xt − x∗

j ) ≤ D(x∗
j ||xt)−D(x∗

j ||xt+1) +D(xt||x̄t+1) + ln

(
1

1− 1
T

)
.

Now, we define the quantities Ij := {t ∈ [T ] : ϕ(t) = j}, tj := mint∈Ij t and we proceed bounding
the first term in phase j as follows:

η
∑
t∈Ij

ℓ̂
⊤
t (xt − x∗

j )

≤
∑
t∈Ij

[
D(x∗

j ||xt)−D(x∗
j ||xt+1)

]
+
∑
t∈Ij

D(xt||x̄t+1) +
∑
t∈Ij

ln

(
1

1− 1
T

)

= D(x∗
j ||xtj )−D(x∗

j ||xtj+1
) +

∑
t∈Ij

D(xt||x̄t+1) +
∑
t∈Ij

ln

(
1

1− 1
T

)
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≤ 2 +
∑
a∈[K]

x∗j (a) ln

(
xtj+1

(a)

xtj(a)

)
+
∑
t∈Ij

D(xt||x̄t+1)

≤ 2 + ln (KT ) +
∑
t∈Ij

D(xt||x̄t+1)

= 2 + ln (KT ) +
∑
t∈Ij

∑
a∈[K]

xt(a) ln

(
xt(a)

xt(a)e−ηℓ̂t(a)

)
− 1 +

∑
a∈[K]

xt(a)e
−ηℓ̂t(a)


= 2 + ln (KT ) +

∑
t∈Ij

η ∑
a∈[K]

xt(a)ℓ̂t(a)− 1 +
∑
a∈[K]

xt(a)e
−ηℓ̂t(a)


≤ 2 + ln (KT ) +

∑
t∈Ij

η ∑
a∈[K]

xt(a)ℓ̂t(a)− 1 + 1− η
∑
a∈[K]

xt(a)ℓt(a) +
∑
a∈[K]

xt(a)η
2ℓ̂t(a)

2


= 2 + ln (KT ) + η2

∑
a∈[K]

ℓ̂t(a)
2xt(a),

where we used ln
(

1
1−1/T

)
≤ 1/T

1−1/T = 1/T−1 ≤ 2/T , the definition of the fixed share update and the

inequality e−z ≤ 1− z + z2 for z ≥ 0.
Thus, rearranging, we obtain the following bound for the second term:∑

t∈Ij

ℓ̂
⊤
t (xt − x∗

j ) ≤
2

η
+

ln (KT )

η
+ η

∑
t∈Ij

∑
a∈[K]

ℓ̂t(a)
2xt(a)

=
2

η
+

ln (KT )

η
+ η

∑
t∈Ij

∑
a∈[K]

ℓt(a)It(a)
xt(a) + γ

· ℓt(a)It(a)
xt(a) + γ

xt(a)

≤ 2

η
+

ln (KT )

η
+ η

∑
t∈Ij

∑
a∈[K]

ℓt(a)It(a)
xt(a) + γ

· xt(a)

xt(a) + γ

≤ 2

η
+

ln (KT )

η
+ η

∑
t∈Ij

∑
a∈[K]

ℓ̂t(a)

≤ 2

η
+

ln (KT )

η
+ η

∑
t∈Ij

∑
a∈[K]

ℓt(a) +
ηK ln

(
K
δ

)
2γ

≤ 2

η
+

ln (KT )

η
+ ηTK +

ηK ln
(
K
δ

)
2γ

,

where we employed Corollary 1 of (Neu, 2015), which holds with probability at least 1− δ.

Bound on the second term We bound the term of interest as follows:∑
t∈Ij

(
ℓt − ℓ̂t

)⊤
xt =

∑
t∈Ij

(
E[ℓ̂t]− ℓ̂t

)⊤
xt +

∑
t∈Ij

(
ℓt − E[ℓ̂t]

)⊤
xt

≤

√
2|Ij | ln

(
1

δ

)
+
∑
t∈Ij

∑
a∈[K]

(
ℓt(a)− E[ℓ̂t(a)]

)
xt(a)
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=

√
2|Ij | ln

(
1

δ

)
+
∑
t∈Ij

∑
a∈[K]

(
ℓt(a)−

ℓt(a)xt(a)

xt(a) + γ

)
xt(a)

≤

√
2|Ij | ln

(
1

δ

)
+ γK|Ij |

≤

√
2T ln

(
1

δ

)
+ γKT,

where the first inequality holds with probability at least 1 − δ thanks to the Azuma-Höeffding

inequality noticing that
∣∣∣∣(E[ℓ̂t]− ℓ̂t

)⊤
xt

∣∣∣∣ ≤ 1 for all t ∈ [T ].

Bound on the third term To bound the last term we apply again Corollary 1 of (Neu, 2015) to
get:

∑
t∈Ij

(
ℓ̂t − ℓt

)⊤
x∗
j ≤

ln
(
K
δ

)
2γ

,

which holds with probability at least 1− δ.

Final bound Combining the previous results, we get with probability at least 1 − 3δ by union
bound:

∑
t∈Ij

ℓ⊤t (xt − x∗
j ) =

2

η
+

ln (KT )

η
+ ηTK +

ηK ln
(
K
δ

)
2γ

+

√
2T ln

(
1

δ

)
+ γKT +

ln
(
K
δ

)
2γ

,

which tacking η = 2γ implies:

∑
t∈Ij

ℓ⊤t (xt − x∗
j ) =

2

η
+

ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

,

Noticing that the regret can be rewritten as:

RT ({x∗
ϕ(t)}

T
t=1) :=

T∑
t=1

[
ℓ⊤t xt − ℓ⊤t x

∗
ϕ(t)

]
=
∑
j∈[S]

∑
t∈Ij

ℓ⊤t (xt − x∗
j ),

and taking a final union bound over the S phases concludes the proof.

Theorem 5 Let δ ∈ (0, 1). With probability at least 1− 6δ, Algorithm 3 attains:

RT ≤ K log2(T ) ln

(
log2(T )K

δ

)
+11 log2(T ) ln

(
K log2(T )

δ

)√
KT ln

(
TK

δ

)
+
2C

ρ
log2(T ).
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Proof To prove the result, we follow the analysis of Theorem 3.
Differently to Theorem 3, we employ the regret bound attained in Lemma 14 on the benchmark

x∗
αt

, which is updated log2(T ) times, namely, whenever the number of rounds doubles. Thus, we
have the following result, which holds with probability at least 1− 3δ:

RT ({x∗
αϕ(t)
}Tt=1) :=

T∑
t=1

[
ℓ⊤t xt − ℓ⊤t x

∗
αϕ(t)

]
≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ 2ηKT log2(T )

+K log2(T ) ln

(
log2(T )K

δ

)
+ log2(T )

√
2T ln

(
log2(T )

δ

)

+
log2(T ) ln

(
K log2(T )

δ

)
η

.

Following the analysis of Theorem 3, we get:∑
t∈[T ]

[
ℓ⊤t xt − ℓ⊤t x

∗
]
=
∑
t∈[T ]

[
ℓ⊤t xt ± ℓ⊤t x

∗
αϕ(t)

− ℓ⊤t x
∗
]

≤ 2 log2(T )

η
+

log2(T ) ln (KT )

η
+ 2ηKT log2(T )

+K log2(T ) ln

(
log2(T )K

δ

)
+ log2(T )

√
2T ln

(
log2(T )

δ

)

+
log2(T ) ln

(
K log2(T )

δ

)
η

+
2C

ρ
log2(T ),

which holds with probability at least 1− 4δ, by union bound.

Setting η =

√
ln(KT )√
KT

we obtain, with probability at least 1− 4δ:

∑
t∈[T ]

[
ℓ⊤t xt − ℓ⊤t x

∗
]
≤ K log2(T ) ln

(
log2(T )K

δ

)
+7 log2(T ) ln

(
K log2(T )

δ

)√
KT ln(KT )+

2C

ρ
log2(T ).

Employing the Azuma-Höeffding inequality to bound |
∑

t∈[T ] ℓ
⊤
t xt−

∑
t∈[T ] ℓt(at)| and |

∑
t∈[T ] ℓ

⊤
t x

∗−∑
t∈[T ] ℓ̄

⊤
t x

∗| with an additional union bound concludes the proof.

Appendix E. Omitted Proofs of Section 5

E.1. Preliminary Results

Lemma 15 Let δ ∈ (0, 1). With probability at least 1− δ, Xt is not empty at each round t ∈ [T ].

Proof To prove the result, we show that any action ā so that ḡt,i(ā) ≤ 0 for all i ∈ [m], t ∈ [T ]–
notice that ā exists thanks to Assumption 2–is included with high probability in Xt at each round
t ∈ [T ].
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Let δ ∈ (0, 1). Similarly to what was done in Lemma 10, we employ the Azuma inequality to
get, with probability at least 1− δ:∣∣∣∣∣∣

∑
τ∈[t]

gτ,i(a)Iτ (a)−
∑
τ∈[t]

ḡτ,i(a)Iτ (a)

∣∣∣∣∣∣ ≤ 4

√
Nt(a) ln

(
TKm

δ

)
,

which holds for all t ∈ [T ], a ∈ [K], i ∈ [m], by union bound. Thus, we get:∣∣∣∣∣∣ 1

Nt(a)

∑
τ∈[t]

gτ,i(a)Iτ (a)−
1

Nt(a)

∑
τ∈[t]

ḡτ,i(a)Iτ (a)

∣∣∣∣∣∣ = 4

√
1

Nt(a)
ln

(
TKm

δ

)
,

for all a ∈ [K], i ∈ [m], t ∈ [T ].
From that, we get, with probability at least 1− δ:

ĝt,i(ā)− ξt(ā) =
1

Nt(ā)

∑
τ∈[t]

gτ,i(ā)Iτ (ā)− ξt(ā)

≤ 1

Nt(ā)

∑
τ∈[t]

ḡτ,i(ā)Iτ (ā)

≤ 0,

where the last step holds by definition of ā. This concludes the proof.

E.2. Regret

Theorem 6 Let δ ∈ (0, 1). With probability at least 1− 6δ, Algorithm 2 attains:

RT ≤ K(T β+1)+3
√
KT ln(KT )+K ln

(
K

δ

)
+5

√
T ln

(
TK

δ

)
+
√
KT ln

(
K

δ

)
+
2C

ρ
T 1−β.

Proof To prove the result, we first employ Lemma 15 to state that the update of Algorithm 2 admits
a solution for all t ∈ [T ].

Then, we split the regret as follows:

RT :=
T∑
t=1

ℓt(at)−
T∑
t=1

ℓ̄
⊤
t x

∗

=
∑
t∈[T0]

ℓt(at)−
∑
t∈[T0]

ℓ̄
⊤
t x

∗ +

T∑
t=T0+1

ℓt(at)−
T∑

t=T0+1

ℓ̄
⊤
t x

∗

≤ K(T β + 1) +
T∑

t=T0+1

ℓt(at)−
T∑

t=T0+1

ℓ̄
⊤
t x

∗.
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Thus, we study the decision space Xt. Specifically, thanks to Lemma 1, the following bound holds
for all x ∈ ∆K , t ∈ [T ] and i ∈ [m] with probability at least 1− δ:

(
ĝt,i − ξt

)⊤
x ≤ 1

T

T∑
t=1

ḡ⊤
t,ix+ C

∑
a∈[K]

x(a)

Nt(a)
+

C

T
,

which in turn implies:(
ĝt,i − ξt

)⊤
x∗ ≤ C

∑
a∈[K]

x∗(a)

Nt(a)
+

C

T
∀t ∈ [T ], i ∈ [m].

On the other hand, by Assumption 2 and proceeding as in Lemma 15, it holds:

ĝt,i(a
⋄)− ξt(a

⋄) =
1

Nt(a⋄)

∑
τ∈[t]

gτ,i(a
⋄)Iτ (a⋄)− ξt(a

⋄)

≤ 1

Nt(a⋄)

∑
τ∈[t]

ḡτ,i(a
⋄)Iτ (a⋄)

≤ −ρ,

with probability at least 1− δ.
Thus, we build the following convex combination between x∗ and x⋄—where, in this case, we

define x⋄ as the strategy the play a⋄ deterministically—parametrized given αt, that is:

x∗
αt

= (1− αt)x
⋄ + αtx

∗.

Studying the per round optimistic violation attained by x∗
αt

, we get:(
ĝt,i − ξt

)⊤
x∗
αt

= (1− αt)
(
ĝt,i − ξt

)⊤
x⋄ + αt

(
ĝt,i − ξt

)⊤
x∗

≤ −(1− αt)ρ+ αt

C
∑
a∈[K]

x∗(a)

Nt(a)
+

C

T


≤ −(1− αt)ρ+ αt · 2C

∑
a∈[K]

x∗(a)

Nt(a)
.

Now, we focus on the case t > T0, that is, Algorithm 2 has concluded the forced exploration phase.
In such a case, the algorithm guarantees Nt(a) ≥ T β for all a ∈ [K]. From that, we have:(

ĝt,i − ξt
)⊤

x∗
αt
≤ −(1− αt)ρ+ αt

2C

T β
,

for all t > T0. Setting αt = αT0
:= ρ

ρ+2C/Tβ , we get (ĝt,i − ξt)
⊤x∗

αt
≤ 0, that is, x∗

αT0
∈ Xt for all

t > T0. We are now ready to employ the guarantees of online mirror descent with negative entropy
regularizer. Indeed, by standard analysis (e.g., following the analysis Lemma 14 without the fixed
share update) and setting γ = η/2, we have the following result for all x ∈ ∩Tt=T0+1Xt:

T∑
t=T0+1

[
ℓ⊤t xt − ℓ⊤t x

]
≤ ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

,
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which holds with probability at least 1− 3δ.
Now, we are ready to bound the expected regret bound as follows:

T∑
t=T0+1

[
ℓ⊤t xt − ℓ⊤t x

∗
]

=
T∑

t=T0+1

[
ℓ⊤t xt ± ℓ⊤t x

∗
αT0
− ℓ⊤t x

∗
]

≤ ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

+
T∑

t=T0+1

[
ℓ⊤t x

∗
αT0
− ℓ⊤t x

∗
]

≤ ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

+

T∑
t=T0+1

(1− αT0) ℓ
⊤
t x

⋄

≤ ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

+
T∑

t=T0+1

(1− αT0)

≤ ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

+ (1− αT0) · T

=
ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

+
2CT

ρT β + 2C

≤ ln (KT )

η
+ 2ηTK +K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+

ln
(
K
δ

)
η

+
2C

ρ
T 1−β,

which holds with probability at least 1− 4δ by union bound.

Setting η =

√
ln(KT )√
KT

we obtain, with probability at least 1− 4δ:

T∑
t=T0+1

[
ℓ⊤t xt − ℓ⊤t x

∗
]
≤ 3
√
KT ln(KT )+K ln

(
K

δ

)
+

√
2T ln

(
1

δ

)
+
√
KT ln

(
K

δ

)
+
2C

ρ
T 1−β.

Employing the Azuma-Höeffding inequality to bound |
∑T

t=T0+1 ℓ
⊤
t xt−

∑T
t=T0+1 ℓt(at)| and

∑T
t=T0+1 ℓ

⊤
t x

∗−∑T
t=T0+1 ℓ̄

⊤
t x

∗| with an additional union bound and adding the regret incurred in the exploration
phase concludes the proof.

E.3. Violation

Theorem 7 Let δ ∈ (0, 1). With probability at least 1− 3δ, Algorithm 2 attains:

VT ≤ 1 +K(T β + 1) + C +KC +KC ln(T ) + 30

√
KT ln

(
TKm

δ

)
.

37



STRADI KALUPAHANA CASTIGLIONI MARCHESI GATTI

Proof To prove the result, we first employ Lemma 15 to state that the update of Algorithm 2 admits
a solution for all t ∈ [T ]. Then, we bound the violation for a general constraint i ∈ [m], which we
call

VT,i :=
∑
t∈[T ]

[
ḡ⊤
t,ixt

]+
,

for simplicity, which implies the same bound on VT := maxi∈[m] VT,i.
Thus, we proceed splitting the violation as follows:

VT,i =
∑
t∈[T ]

[
ḡ⊤
t,ixt

]+
≤ K(T β + 1) +

T∑
t=T0+1

[
ḡ⊤
t,ixt

]+
,

where we simply used the fact that the maximum violation attainable in a single round is bounded
by 1.

We proceed bounding the violation attained in the second phase of the algorithm. Thus, it holds:

T∑
t=T0+1

[
ḡ⊤
t,ixt

]+
= ḡ⊤

T0+1,ixT0+1 +
T∑

t=T0+2

[
ḡ⊤
t,ixt ± g◦⊤

i xt

]+
≤ 1 +

T∑
t=T0+2

∥ḡt,i − g◦
i ∥1 +

T∑
t=T0+2

[
g◦⊤
i xt

]+
(5a)

≤ 1 + C +
T∑

t=T0+2

[
g◦⊤
i xt ± (ĝt−1,i − ξt−1)

⊤xt

]+
(5b)

≤ 1 + C +
T∑

t=T0+2

[
g◦⊤
i xt − (ĝt−1,i − ξt−1)

⊤xt

]+
+

T∑
t=T0+2

[
(ĝt−1,i − ξt−1)

⊤xt

]+
(5c)

= 1 + C +
T∑

t=T0+2

[
g◦⊤
i xt − (ĝt−1,i − ξt−1)

⊤xt

]+
(5d)

≤ 1 + C +
T∑

t=T0+2

[(
g◦
i − ĝt−1,i

)⊤
xt

]+
+

T∑
t=T0+2

[
ξ⊤t−1xt

]+
(5e)

≤ 1 + C +
T∑

t=T0+2

[
σ⊤
t−1xt

]+
+ 2

T∑
t=T0+2

[
ξ⊤t−1xt

]+
(5f)

= 1 + C +
T∑

t=T0+2

σ⊤
t−1xt + 2

T∑
t=T0+2

ξ⊤t−1xt (5g)
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≤ 1 + C +
T∑

t=T0+2

∑
a∈[K]

σt−1(a)It(a)

+ 2

T∑
t=T0+2

∑
a∈[K]

ξt−1(a)It(a) + 6

√
T ln

(
TK

δ

)
(5h)

≤ 1 + C + CK(1 + ln(T )) + 24

√
KT ln

(
TKm

δ

)
+ 6

√
T ln

(
TK

δ

)
(5i)

≤ 1 + C +KC +KC ln(T ) + 30

√
KT ln

(
TKm

δ

)
,

where Inequality (5a) holds using [a + b]+ ≤ [a]+ + [b]+, the Hölder inequality and the fact
that the violation for each round is upper bounded by 1, Inequality (5b) holds by definition of
C, Inequality (5c) follows from [a + b]+ ≤ [a]+ + [b]+, Equation (5d) holds since (ĝt−1,i −
ξt−1)

⊤xt ≤ 0 for all t ∈ [T ] by definition ofXt, Inequality (5e) follows from [a+b]+ ≤ [a]++[b]+,
Inequality (5f) holds with probability at least 1 − δ employing Lemma 10 and defining σt ∈ RK

such that σt(a) = C/Nt(a) for all a ∈ [K], Equation (5g) follows from the fact that the quantities
inside the [·]+ operator are positive, Inequality (5h) holds with probability at least 1−2δ employing
the Azuma-Höeffding inequality after noticing that the confidence intervals can be capped to 1 still
making Lemma 10 valid and a union bound and Inequality (5i) holds since:

T∑
t=1

∑
a∈[K]

It(a)
Nt−1(a)

≤ K(1 + ln(T )),

T∑
t=1

∑
a∈[K]

It(a)√
Nt−1(a)

≤ 3
√
KT,

given that
∑

a∈[K]

√
NT (a) ≤

√
K
∑

a∈[K]NT (a) ≤
√
KT .

Combining the previous equations with a final union bound concludes the proof.
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