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Abstract

We study the slice-matching scheme, an efficient iterative method for distribution matching based
on sliced optimal transport. We investigate convergence to the target distribution and derive quanti-
tative non-asymptotic rates. To this end, we establish Lojasiewicz-type inequalities for the Sliced-
Wasserstein objective. A key challenge is to control along the trajectory the constants in these in-
equalities. We show that this becomes tractable for Gaussian distributions. Specifically, eigenvalues
are controlled when matching along random orthonormal bases at each iteration. We complement
our theory with numerical experiments and illustrate the predicted dependence on dimension and
step-size, as well as the stabilizing effect of orthonormal-basis sampling.

Keywords: distribution matching, Sliced-Wasserstein distance, computational optimal transport,
non-convex optimization, stochastic gradient descent

1. Introduction

Many problems in modern machine learning require comparing and matching probability distribu-
tions, as in generative modeling (Marzouk et al., 2016; Grenioux et al., 2023), density estimation
(Wang and Marzouk, 2022; Irons et al., 2022) or domain adaptation (Courty et al., 2016). The goal
is typically to transform a source distribution in order to match a more complex target distribution.

Distribution matching and optimal transport. Distribution matching can be naturally formal-
ized through optimal transport (OT), which provides both a geometrically meaningful distance be-
tween probability measures and, when it exists, a transport map pushing a source distribution o to a
target distribution g (Villani, 2008; Ambrosio and Savaré, 2007). OT-based methods have led to ma-
jor theoretical and algorithmic advances across machine learning, image processing and scientific
computing (Peyré et al., 2019; Santambrogio, 2015). However, computing OT maps is in general
expensive both computationally and statistically (Hiitter and Rigollet, 2021; Chewi et al., 2024).
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Iterative approaches and measure interpolations. The high cost of OT has motivated alter-
native approaches that decompose the transport problem into simpler subproblems. A key idea
is to build an interpolation between o and p through a sequence of elementary transformations,
rather than estimating a single global transport map. This idea underlies many iterative correction
schemes: although each step may only partially reduce the discrepancy between o and u, their
composition is expected to gradually align them. Among all possible interpolations, the McCann
interpolation (McCann, 1997) plays a distinguished theoretical role, as it corresponds to geodesics
in Wasserstein space, but it is rarely tractable. A generic iterative sequence of measures that mimics
McCann'’s interpolation can be constructed through

Ory1 = ((1—)ld+ %fk)ﬁm €))

where T}, is an approximate transport map from oy, to 1, () a sequence of step sizes. Here, Tyo
denotes the pushforward of o by the function T": if X ~ o, then T'(X) ~ Tyo.

Different choices for fk have been proposed, such as entropy-regularized OT (Kassraie et al.,
2024) and neural-network parameterizations in diffusion or flow-based models (Song et al., 2021;
Albergo et al., 2025). In this work, we focus on sliced optimal transport, a computationally efficient
alternative that leverages one-dimensional projections (Pitié et al., 2007; Rabin et al., 2011, 2012).

Sliced optimal transport and slice-matching maps. The Sliced-Wasserstein distance (SW) com-
pares two distributions by projecting them onto one-dimensional subspaces and averaging the re-
sulting Wasserstein distances (Rabin et al., 2011, 2012). Thanks to its scalability and simple im-
plementation, SW has attracted growing interest in large-scale applications, including generative
modeling (Deshpande et al., 2019; Wu et al., 2019; Liutkus et al., 2019; Kolouri et al., 2018; Dai
and Seljak, 2021; Coeurdoux et al., 2022; Du et al., 2023). This empirical success has in turn moti-
vated theoretical work on the geometry induced by sliced OT, sample complexity, and convergence
properties of associated algorithms (Nadjahi et al., 2019, 2020; Manole et al., 2022; Tanguy, 2023;
Tanguy et al., 2025; Li et al., 2023; Vauthier et al., 2025).

Although sliced OT does not directly provide transport maps or geodesics (Kitagawa and Takatsu,
2024; Park and Slepcev, 2025), several constructions have been proposed in this spirit (Liu et al.,
2025; Mahey et al., 2023). In particular, slice-matching maps (Pitié et al., 2007; Li and Moosmiiller,
2024) correspond to Wasserstein gradients of the SW functional (Li et al., 2023). For a direction
6 € ST 1, let ¥ and ;i denote the push-forwards of o and by the projection  +— (z, §). Denoting

6
by T(’; , : R — R the univariate optimal transport map from o to 1%, the associated slice-matching
map is defined by

Tyo(x) = o+ (T' (07x) — 0T 2)0. 2)

Since the probability mass is transported along a single direction, T g does not transport o to p. The
Iterative Distribution Transfer (IDT) algorithm (Pitié et al., 2007) therefore constructs an iterative
composition of slice-matching maps, corresponding to (1) with constant step sizes v, = 1. Using
random directions @ at each iteration, this procedure is expected to gradually push o to p and has
been successfully applied in practice.

Related works. The IDT algorithm (Pitié et al., 2007) was introduced before the Sliced-Wasserstein
distance (Rabin et al., 2011, 2012) and was later interpreted as an iterative sliced OT procedure.
Early works established convergence of the IDT iterates when the target is the standard Gaussian dis-
tribution and studied its continuous-time limit, often referred to as the Sliced-Wasserstein flow (Pitié
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et al., 2007; Bonnotte, 2013). More recently, Cozzi and Santambrogio (2025) proved convergence
of SW flows to the isotropic Gaussian. Relatively few results are available on the convergence of
sliced OT procedures beyond the Gaussian setting. A more general analysis is conducted in Li et al.
(2023), which reinterprets IDT as a stochastic gradient descent method (SGD) on SW and accounts
for time discretization and randomness in the sampled directions. They prove asymptotic conver-
gence of the discrete-time dynamics under strong assumptions, notably that the iterates remain in a
compact set containing no other critical points than the target measure. In parallel, several works
have studied SW as a loss between discrete measures and highlight the existence of nontrivial criti-
cal points, which motivate noisy or regularized variants of SGD (Tanguy et al., 2024, 2025; Vauthier
et al., 2025).

Contributions. The main goal of this paper is to establish convergence rates for the slice-matching
scheme (Li et al., 2023). Our approach is based on identifying Polyak—t.ojasiewicz (PL) inequalities
for the Sliced-Wasserstein objective, which bound the loss by the squared norm of its Wasserstein
gradient. These inequalities imply quantitative convergence rates to the target distribution. The
main technical challenge is that the associated constants depend on lower and upper bounds on the
density of the iterates, which are difficult to control along the trajectory.

We address this difficulty within the class of elliptic distributions, for which slice-matching
maps are linear. In this regime, controlling the density of the iterates amounts to controlling the
eigenvalues of their covariance matrices. When the target distribution is isotropic, we show that
these eigenvalues can be controlled in expectation, which in turn yields explicit convergence rates.
Crucially, such spectral control holds from the very first iteration when the updates use random
orthonormal bases of directions. This stands in contrast with the single-direction setting, where the
lack of orthogonality leads to larger fluctuations in the covariance structure before stabilization.

Structure. Section 2 introduces the mathematical framework. Preliminary convergence results
to critical points are discussed in Section 3. Section 4 presents our main results on Lojasiewicz-
and PL-type inequalities and on the control of the associated constants. Numerical experiments are
reported in Section 5, followed by a conclusion. Technical proofs are deferred to the appendices.

Notation. For any probability measure v on R%, let My(v) = [z ||z[|*dv(z) be its second mo-
ment. P(RY) refers to the set of measures with a finite second moment and P 4.(R?) C Py(R9)
is the set of absolutely continuous measures with respect to the Lebesgue measure. We denote the
Euclidean norm and inner product on R? by ||-|| and (-, -). For v € Py(R%), we define L2(v) = {f :
RY 5 RY - o | f(@)Pdu(z) < oo}, and for f,g € L2(0), (gl = JpulF(2), 9(x))dw (),
£y = /{fs f)o. Let S = {# € R? : ||§]| = 1} be the unit sphere in R?. For any § € S9!,
79 : RY — R is the projection 7y (x) = (x, #). Finally, \;(A) refers to the i-th smallest eigenvalue
of a matrix A, with Apin(A) the smallest and \pax (A) the largest.

2. Background on the Slice-Matching Scheme

We begin by reviewing the definition of optimal transport and its properties for one-dimensional
measures, which motivates slicing. Let T} denote the OT map from o to i, defined as a minimizer
. o . 2 . .

in the Wasserstein distance: W(o, 1) = infr. Tyo=p E X~a”X - T(X) H . In dimension one, the
optimal transport map admits a closed-form expression, T4 = F, Lo F,,, where F), is the cumulative
distribution function of p € P2(IR). This motivates the definition of the Sliced-Wasserstein distance,
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which averages one-dimensional Wasserstein distances over random projections:

SWilew = | W3 (o?, 1) du(8),

0

where 0¥ = (mp)y0 and pu? = (mp)sp, and U is the uniform distribution on S4~1.

Slice-matching maps and scheme. We now introduce the slice-matching construction that under-
lies the iterative scheme studied in this paper. Let y € ngac(]Rd) be a target probability measure,
and let P = [0y, ..., 0,] € R%*? be an orthonormal basis of R?. For any direction § € S, denote

2
by tg = Tf: , the one-dimensional optimal transport map pushing the projected measure o onto .
Rather than transporting mass along a single direction, we simultaneously match d orthogonal
one-dimensional projections. This leads to the definition of the (matrix-)slice-matching map

to, (0]—35) — GI:U
to, (GQTx) — 92Ta? d
= to,(0] x) 6, 3)
i=1

Ve eRY, T,p(x)=z+P ,
tgd(ega:) — 9;—50

where the last equality follows from the fact that P is an orthonormal basis. Using several or-
thogonal directions at each iteration has been observed to significantly improve both stability and
empirical performance (Pitié et al., 2007; Bonneel et al., 2015; Li et al., 2023). From a theoretical
standpoint, matrix-slice-matching maps enjoy a moment-matching property (Li and Moosmiiller,
2024, Proposition 3.6), which will play a central role in our analysis:

Ey o, p)yolY] = Ey~pu[Y], Ms ((Ty,p)s0) = Ma(p).

The slice-matching scheme, main focus of this paper, is defined as follows: Starting from an initial
distribution og = 0 € P 4¢ (R9), the iterates are given by

vk > 07 Ok+1 = ((1 - ’}/k)Id + f}/k‘TO'k,ijgl)ﬁo-ka (4)

where (Py)i>1 is an ii.d. sequence of random orthonormal bases drawn according to the Haar
measure on O(d) (the set of d x d orthonormal matrices) and (7)x>0 consist of positive step sizes
satisfying the Robbins-Monro conditions

dom=H00, Y i < oo )

k>0 k>0

Stochastic gradient descent perspective. The slice-matching scheme admits a natural interpre-
tation as a stochastic gradient descent procedure in the 2-Wasserstein space for a Sliced-Wasserstein
loss (Li et al., 2023). Specifically, consider the variational problem

d

) — . g b a2
ae%l;(%d) F (o), with F(o) = 5 SW3 (o, ). (6)

For P = [01,...,04) an orthonormal basis of R%, defining .% (o, P) = 1 Z?:l W2(a%, %), one
has the decomposition
F(0) =Ep[F (0. P)],
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where the expectation is taken with respect to P'. Both .# and .% (-, P) depend on the target
measure /i, a dependence that we omit in the notation for simplicity. The Wasserstein gradient of
the random functional .% (-, P) is given by

VWQJOZ(O', P) =1Id - Ta,Pa

and provides an unbiased estimator of the full Wasserstein gradient: Ep [V, (0, P)| = Vi, Z (0),
see Rabin et al. (2011); Bonnotte (2013); Li et al. (2023); Cozzi and Santambrogio (2025) and
Proposition 6 (Appendix B). As a consequence, the slice-matching iteration (4) can be rewritten as

a stochastic gradient descent update in Wasserstein space. For any k£ > 0,

Oft1 = (Id — v (Id — Tgkﬁpkﬂ))ﬁak = (Id — 7%V, Z (o, Pk+1))ﬁak. @)
For completeness, Appendix A recalls basic notions of differentiation in Wasserstein space.

Bounded gradients. Cozzi and Santambrogio (2025) show that second-order moments are bounded
along the Sliced-Wasserstein flow. In our discrete time setting that incorporates stochastic choices
of directions Pg.1, we can show that the same holds as a result of the aforementioned moment-
matching property of slice-matching maps (see Proposition 7, Appendix B). Combining this with
IV, Z (0)||2 < 2% (o) (by Jensen’s inequality; see Proposition 6, Appendix B), one has

VE >0, |Vw,Z(ow)|2, < 2F(0k) < AMa(p).

Smoothness and non-convexity. A key property for SGD is the smoothness of the objective func-
tion. It is shown in Vauthier et al. (2025) (and recalled in Appendix B.2) that .% is 1-smooth in
Pg(Rd) endowed with Ws: for any o1, 09 € Pg(Rd) such that the OT map 7772 exists,

1
F(09) < F(01) + (VF(01), T3 —1d),, + §W22(01,02). (8)

Smoothness alone, however, is not sufficient to guarantee almost-sure convergence towards u. In
Wasserstein spaces, convergence rates typically rely on geodesic convexity (Ambrosio and Savaré,
2007), which .% does not satisfy in general (Vauthier et al., 2025). Nevertheless, convergence is
observed in practice (Pitié et al., 2007; Rabin et al., 2011), which suggests that the optimization
landscape remains highly structured, as studied in the next section.

3. Preliminary Analysis: Convergence to Critical Points

We recall convergence results from Li et al. (2023) and derive new results about averages of gradient
norms with standard proofs that use the smoothness property.

Descent lemma. The following lemma is a key recursion inequality that serves as a standard
descent condition in stochastic optimization. The proof follows by the smoothness property (8) and
direct computations, in the same fashion as for optimization over Euclidean spaces.

1. This equality follows from the invariance of the Haar measure, which ensures that the marginal distribution of each
direction 6, is uniform on S?~!, even though the directions are not independent.
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Lemma 1 (Li et al. (2023), Lemma A.1) Let (0))i>1 be the iterates generated by the slice-matching
scheme (4). Then, for any k > 0,

E[Z (op1)| k] < (1 +90)F (01) = wllVwaF (013, » ©)
where Ay, is the o-field generated by (P, . .., Py).

Given recursion (9) and step-sizes assumptions (5), a direct application of Robbins-Siegmund
theorem (Robbins and Siegmund, 1971) implies that (.7 (o) ) k>0 converges almost surely to a finite
random variable, and that

Z’kaVWQ (k)HZ < 400 a.s. (10)
k>1

An immediate byproduct is that a subsequence of (||Vw,-# (01)| s, )k>1 converges almost surely to
0, or equivalently liminfy_, | o ||Vw,Z (0k)|ls, = 0. Besides, (||Vw,-Z (0k)lls,)k>1 converges
almost surely to 0 if the sequence (o)x>1 remains in a compact subset of (Pzq.(RY), W) (Li
et al., 2023, Theorem 2). This holds true for instance if oy and p are continuous and compactly
supported, or under finite third-order moments (Li et al., 2023, Remark 9). Under the additional
assumption that V.# (o) = 0 <= o = p, the limit of o} must be 1 almost surely. To the best of
our knowledge, the only known sufficient condition for this equivalence is that densities are strictly
positive on their compact support (Bonnotte, 2013, Lemma 5.7.2).

Convergence Guarantees to Critical Points. The next proposition establishes convergence to-
ward a critical point using standard arguments, up to a random reshuffling of the indices (Ghadimi
and Lan, 2013). This result is weaker than the almost sure convergence o, 5 u from Li et al.
(2023, Theorem 2), but it has the benefit of requiring no additional assumptions than the ones of
Lemma 1. Here, this means absolute continuity for o and p, although smoothness (8) holds in fact
in the more difficult setting of Vauthier et al. (2025) where (o}) are discrete. In this case, the next
two propositions could be extended.

Proposition 1 Forany K € N, let i(K) be a random index such thatVk € {1,..., K}, P(i(K) =
k) = 1/K. Then, (|VZ (0;k)) |y§i(K))K20 converges in probability towards 0, i.e.,

lim P(||V.Z(0yx))2 =0.
Ve > 0, L (||VJ(U,(K))|| >€)=0

Ti(K)

Turning to convergence rates, assuming smoothness and boundedness of the iterates only yields the
following result, which concerns a weighted average of the gradients.

Proposition 2 For a number K of iterations, define the weigths w; = ~;/ Zszl Vg, for any 0 <
Jj < K, where (;); are the chosen learning rates. Then,

F (00) +4Ma(p )Zk 0%

(1)
Zk 0 Yk

ZwkE IVw, Z (o)) <

When choosing v, = 1/(k+1)*for1/2 < a < 1, considering that the numerator is bounded by
a constant, Proposition 2 yields a rate of order K1, since Z R (K 1=a 1), We also
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emphasize that the bound (11) would tend to zero for a constant step-size v, = 1/v/ K + 1 given a
finite time horizon K (as in Ghadimi and Lan, 2013; Khaled and Richtarik, 2023).

These propositions complement the related work by Vauthier et al. (2025) that also study con-
vergence towards critical points. Their setting is different in that they consider a discrete source o,
a continuous target y, a constant learning rate and their gradients are theoretically computed from
all directions 6 € S, as opposed to our stochastic gradients along finitely many directions.

The convergence results obtained so far are standard for stochastic optimization of smooth losses
with bounded gradients (Bottou et al., 2018; Dossal et al., 2024). For completeness, proofs are
provided in Appendix B.4. In the remainder of this paper, we will assume appropriate continuity
conditions, allowing us to strengthen and extend the preceding results.

In particular, our Lojasiewicz inequalities imply that the assumptions of Li et al. (2023, Theorem
2) hold for Gaussian measures. This readily gives almost-sure convergence, as stated hereafter and
proved in Appendix E.1.

Proposition 3 Let 0 = N'(0,%) and . = N(0, A), with ¥, A € R4 strictly positive definite. Let
(v) satisfy the Robbins-Monro conditions (5). Then, limy_, o, F(o}) = 0 almost surely.

The almost-sure convergence of the objective can be converted into convergence in Ws, using the
compactness of the iterates and the metric properties of SWa, as in the proof of (Cozzi and Santam-
brogio, 2025, Corollary 4.3).

Corollary 1 Under the assumptions of Proposition 3, limy_, o Wa(o, 1) = 0 almost surely.

4. Convergence Analysis under Lojasiewicz Inequalities

This section is devoted to the derivation of quantitative convergence rates for the slice-matching
scheme. Our main result concerns Gaussian source and target measures.

4.1. Main result: convergence analysis for Gaussian measures

Theorem 2 Assume 0 = N(0,%) and p = N(0,1;), where ¥ € R¥? is symmetric positive
definite. Let vy, = 1/(k + 1)*. For2/3 < a < 1, it exists C' > 0 such that, for all k > 1,

E[F(00)] < oy

For 0 < o < 2/3, it exists C' > 0 such that, for all k > 1 and for all 0 < € < min(a, 1 — @),

ELF(00)] € 1

The complete proof is deferred to Appendix E. The remainder of this section presents the main
ingredients and is organized as follows. We first introduce a general framework showing how con-
vergence rates follow from a random Polyak—tojasiewicz (PL) inequality along the trajectory. We
then discuss how such inequalities can be established in a static fashion under density bounds, and
why propagating these bounds is difficult in general. Finally, we show that the Gaussian struc-
ture allows one to control the corresponding PL constants through spectral estimates on covariance
matrices, which leads to Theorem 2.
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4.2. Step 1: From (random) PL inequalities to rates

Our starting point is a gradient-variance decomposition (see Appendix B.1, Proposition 6) which
isolates Lojasiewicz-type inequalities as the key ingredient. Denoting 7', = Ep[T, p], one has

2] . (12)

If the variance term is controlled by the squared Wasserstein gradient norm, i.e., if there exists s > 0
such that

27(0) = Vw7 ()5 + Ep[IITs — Top

Ep[|Ts = Toplls] < 8*[Vw, Z (0)]3,

then (12) yields a Polyak—t.ojasiewicz inequality
2
F(0) < B|Vw, Z (o), B =145,

a standard condition to prove convergence rates in nonconvex optimization (e.g. Garrigos and
Gower, 2023). This motivates the search for PL inequalities that hold along the iterates (o)k>0
with constants that can be controlled. We formalize this requirement through the following random
Lojasiewicz-type condition (Kurdyka et al., 2000; Attouch et al., 2010).

Assumption A Forsome T € {1,2} andany k > 1, F (0},)" < Bi||[Vw,-Z (o%)||2, with (By)k>1
a sequence of positive random variables s.1. supys1 E[B}| < ¢, with ¢, € (0,+00) for all p € N*.

By combining such inequalities along the trajectory with the descent recursion for .# (oy,)
(Lemma 1), we obtain the following rates.

Theorem 3 Consider Assumption A with T = 1. Choose the step sequence as v, = 1/(k + 1)
(i) If0 < o < 2/3, then, for any k > 1, E[Z (0})] < k~07279) forall 0 < € < min(a, 1 — a).
(ii) If2/3 < a < 1, then, for any k > 1, B[ (0},)] < k~ (o=,

Alternatively, consider Assumption A with T = 2. For p > 2a//(2 — 3a), let v = (21\/{2(/1)\/@)3/2.
Let vy = 1/(k +7)* with 1/2 < a < 2/3. Then, for any k > 1, E[F (o})] < 1/(k + )%~ L.

Only finitely many moments of By, are required for the analysis. More precisely, the proof requires
supy>; E[B}] < oo for some p > 4 /(1 — «) when 7 = 1, and for some p > 2a/(2 — 3a) when
7 = 2. For simplicity of exposition, Assumption A is stated with uniform bounds for all p € N*.

Beyond the slice-matching setting, the proof strategy applies more generally to optimization
schemes with smooth objectives, whose gradients are bounded and that satisfy Assumption A. The
argument follows a standard template: one first derives a descent recursion, and then applies an
appropriate variant of Chung’s lemma (Chung, 1954; Jiang et al., 2024). The main additional dif-
ficulty here is that the PL constant By is random. We address this by working on events of the
form {By, < gk_l} where g, — 0 is chosen so that these events eventually occur almost surely.
Similar arguments appear in Godichon-Baggioni (2019, Theorem 4.2) and Bercu and Bigot (2021,
Theorem 3.6) to leverage local strong convexity. The main remaining difficulty is therefore to verify
Assumption A for the slice-matching iterates.

4.3. Step 2: Static PL inequalities and bounded densities

In this section, we show that Lojasiewicz-type inequalities can be established in a sfatic manner,
i.e., for fixed measures with uniformly bounded densities.
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Gradient domination for bounded densities. For notational simplicity, we identify any o €
7727%(}1%‘1) with its density. Given a reference measure v € 7727ac(]Rd), we consider the convenient
setting of measures with uniformly bounded densities

PVM,M(R“]’) ={oePRY) :mv <o < Mv}, (13)
for which the following gradient-domination inequality can be obtained.

Proposition 4 Assume that v € 7727ac(Rd) satisfies a Poincaré inequality with constant C, > 0,
ie., for any f : R — R such that |V f||2 < +oo, Var,(f) 2 |f-EJfI> < CVFI2
Then, if 1 € Py m,m (]Rd), forany o € Py,m,M(]Rd),

F(o) < zcu%uvwﬁ(@ua.

The proof follows arguments similar to Chizat et al. (2025, Lemma 3.3). Note that, combined with
Vw7 (0)||2 < 2.7 (), we obtain the two-sided estimate

M
Vw2 Z@)I2/2 < F(0) < 26, ||V, #(0)]

In particular, Vy,.# () = 0 if and only if .# (o) = 0, i.e., 0 = p. We therefore retrieve a
characterization of critical points by Bonnotte (2013, Lemma 5.7.2), where compactness of the
support is no longer required.

PL inequality for Gaussians. We now turn to the Gaussian setting, in which PL inequalities can
be established. We consider the class

Gmam = {ps: T €S, mI; <% < M1}, (14)

where py, = N(0, %), and S‘i . is the set of positive definite d x d matrices. The notation = refers
to the Loewner partial order: for two symmetric matrices (A, B), A < B if and only if B — A is
positive semi-definite. Therefore, G, ys corresponds to Gaussian measures with uniformly bounded
covariance eigenvalues.

Proposition 5 (PL inequality on G, y/) Let 0 = ps; and |1 = pp such that 3, A are simultane-
ously diagonalizable by an orthogonal matrix (i.e., co-diagonalizable). Assume px, pn € Gm M.
Let Cqg = d(d+2)M/m. Then,

Cq

70) < L1+ 2 Vw7 0)|

2

e

15)

Proposition 5 is proved by adapting Chewi et al. (2020, Theorem 19), which yields an intermediate
inequality relating .% (0) and || Vw,.% (0)|| for o, u € G, ar (see Appendix C.2). We then refine it
into a PL inequality by proving that, for co-diagonalizable covariances,

W3(ps, pa) < Cqa SWE(ps, pa)- (16)

To our knowledge, this is the first comparison between W5 and SW5 with polynomial dimension
dependence, instead of exponential dependence obtained in general settings, e.g., Bonnotte (2013,
Theorem 5.1.5) and Carlier et al. (2025). This result may be of independent interest for other
research problems involving Gaussian distributions and the Bures-Wasserstein metric.
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From static inequalities to iterate stability. To use Proposition 4 (or Proposition 5) in a conver-
gence analysis, one must ensure that the iterates (oy)x>o remain in P, 1 (R?) (or Gm,vr) With
constants m, M uniform in k. However, if o satisfies such bounds, propagating them to o1 is
challenging. Indeed, since 041 = Si40}, the change-of-variables formula yields

o(z)

ok+1(Sk(2)) = det Jac [Sy](z)

A7)

Thus, propagating density bounds reduces to controlling det Jac [ S|, which typically requires strong
regularity estimates on Sy; see e.g., Caffarelli (1992, 2000); Bobkov and Ledoux (2019); Park and
Slepcev (2025). One possible way to circumvent this difficulty in general settings is to introduce
diffusion through entropic regularization (Chizat et al., 2025), but this leads to a different class of
distribution-matching algorithms (Liutkus et al., 2019) and falls outside the scope of the present
work. This observation motivates restricting attention to settings, such as the Gaussian case, where
the relevant constants can instead be controlled through an alternative, more tractable mechanism.

4.4. Step 3: Propagating PL constants along the trajectory in the Gaussian case

To apply Theorem 3, it remains to verify Assumption A along the slice-matching trajectory, in the
Gaussian setting.

Slice-matching on the Bures-Wasserstein manifold. We begin by making the slice-matching
updates explicit when matching two Gaussians. Let i = pp and for a fixed k € N, 0, = px;, . Then,
for any 6 € S?~1, the one-dimensional projections satisfy of = N'(0,07%0), u® = N(0,67 AG),
and the corresponding optimal transport map between these marginals is linear and given by

T;‘g(s):ms, with 75 = /0TA6/0T 0.

For Pyq = [0, , 04, define the diagonal matrix Dy, = diag(7y,, ..., 7,). The resulting slice-
matching map 75, p, ., , is also linear: Vx € Rd, Loy Pris (x) = Pk+1DkP,;r+1x. As a consequence,
the iterates remain Gaussian (Altschuler et al., 2021), i.e., 0, = pyx,, with covariance matrices
evolving according to the following recursion

Ske1 = A Sk AL, Ap = (1 = v5)Ig + 7 Pyr1 D Py 1 - (18)

Remark 4 (Centered Gaussians) If 1 = 1, the first iteration enforces equality of the means of
o1 and  due to the moment matching property of slice-matching maps (Li and Moosmiiller, 2024,
Proposition 3.6). Therefore, we may assume without loss of generality that o and | are centered.

Remark 5 (Elliptically contoured distributions) All results of this section extend beyond the Gaus-
sian case to elliptically contoured distributions. The key structural property used throughout is the
linearity of OT maps, which also holds in this broader class (Gelbrich, 1990, Theorem 2.1).

Control of PL constants along the trajectory. The convergence analysis relies on PL inequal-
ities whose constants depend inversely on the smallest eigenvalue of the covariance matrices Y.
Therefore, obtaining quantitative convergence rates requires uniform (in k) control of 1/Amin (X%),
in expectation and with finite moments. We thus proceed in three steps:

10
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(a) “Static” Lojasiewicz inequalities with random constants. Under the trace bound Tr(X) < Tr(A)
(Proposition 7), one has Apin(Xr) < Amax(A). Consequently, Propositions 5 and 8 yield, for
T € {1,2},

F(on)” < By||[VunZ (0w

o’

1
Br < 1
CISEY (19)

min (Ek ) '
Thus, the PL constant along the trajectory is random and may deteriorate if Apin (X% ) becomes
small, which motivates a quantitative control of this quantity.

(b) Recursion on Apin (2x41). We exploit the explicit covariance update (18). We show that for
any k > 0, there exists a direction §; among the columns of Py such that (Proposition 10)

0, AY;
Vnin(Zh1) 2V Amin(E) (1= 970) - 70= 4| a5 (20)

Since ¥ > 0 and A > 0, it holds by induction that Ay, (X%) > 0 for all finite k. Hence, the
PL inequality in Proposition 5 is well-defined along the trajectory.

(c) Moment control of 1/Anin(Xx). We now leverage the recursion (20) to bound 1/Apin(Xg) in
expectation. A sufficient condition is provided by Proposition 12: for some p > 1,

07>,0\"
E Z%E"KGTA%) —1] < 0. 1)
k>0

We are able to verify (21) in the isotropic target case A = I, although our numerical experi-
ments suggest that (21) is verified for more general target covariances. More precisely, for any
p € N*, supy>1 E[Amin(Ex) 7] < oo when A = I (Proposition 11).

Combining the PL inequality (19) with the above moment bounds shows that Assumption A holds
along the Gaussian slice-matching trajectory. Applying Theorem 3 then yields the convergence rate
stated in Theorem 2.

5. Numerical Experiments
5.1. Matching Gaussians

We implement the slice-matching scheme with source o = AN(0, ) and target © = N(0,1) to
illustrate our theoretical insights from Section 4. The updates are computed exactly following the
explicit covariance recursion (18). We run the algorithm for different dimensions d € [5,100]
and step-size schedules 7, = (k + 1)~% with @ € [0,1). For each (d, ), we perform N = 10
independent runs (independent initializations of 3), and we track the loss S W22 (ok, p) (to verify
convergence) and the extreme eigenvalues Apin (Xx), Amax(Zk)-

Convergence and impact of (d, ). Figure 1 reports SW3 (o, 1) as a function of the iteration
k. For all tested dimensions d, the loss decreases, indicating convergence of the iterates toward the
target measure. As d increases, the decay becomes slower, in agreement with our theoretical results,
since the constants in our bounds scale polynomially with d. Similarly, the extreme eigenvalues
converge to 1, which confirms that 3; becomes I;. Figure 1 also shows that smaller values of

11
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Figure 1: Evolution of SW2 (o, 1) when o = (0, %) and o = N(0, 1)
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Figure 2: Minimum and maximum eigenvalues of X3 when o = AV/(0, %) and 1 = N (0, 1)

« (i.e., more aggressive step sizes) yield faster empirical convergence, with o € {0,0.1} typically
performing best. This behavior is not captured by our non-asymptotic analysis, derived for o > 0.5.
Extending the theory to values of « close to 0 remains an open problem.

Eigenvalue control. A key ingredient in our proof is to control Ay (X)) along the trajectory in
order to verify Assumption A. In the isotropic target case u = N (0,1,), the theory predicts that
once the second-moment bound M (o) < Ma(u) holds, which happens from the first iteration
(Proposition 7), the eigenvalues remain uniformly bounded over k& (Proposition 11). This behavior
can be observed in Figure 2: the extreme eigenvalues settle in a fixed range from the first iteration.
We emphasize that this behavior is due the moment-matching property inherent to the choice of
an orthonormal basis Py, at each iteration. Another variant samples a single ;.1 € S~ ! per
iteration and updates only along that direction. The resulting extreme eigenvalues are shown in
Figure 3, and exhibit larger fluctuations before stabilizing, which correlates with slower loss decay.
The benefit of random orthonormal bases is consistent with recent work on sampling strategies in
sliced OT (Sisouk et al., 2025).

5.2. Beyond the Gaussian-to-Gaussian Setting

Figure 4 considers discrete empirical distributions of n = 500 samples. In each run, the source
and target are sampled from a Gaussian mixture with randomly-generated mixture components. We
plot SW3 (o, i) over iterations for N = 10 independent runs, across the same dimensions and
step-size schedules as in the Gaussian setting. We observe the same trends: the loss decreases for
all d, convergence slows down as d increases, and smaller values of « typically yield faster conver-
gence. It is worth noting that o = 0.1 outperforms av = 0 in our experiments, which illustrates the
interest of slice-matching algorithm (where (7 ) is decaying) over IDT (where 73, = 1). We provide
additional experiments on empirical measures in Appendix F. While these discrete settings are not

12
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Figure 3: Comparison of sampling strategies: single direction 6,1 or orthonormal basis Py 1. We
report Amin (k) and Apax(Xk) with o = N(0,X), u = N(0,14), d = 5.
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Figure 4: Evolution of SW2 (o, 11) for discrete source and target distributions. The source and
target samples are distributed from Gaussian mixtures.

covered by our theory, the empirical convergence suggests that regularity may hold more broadly,
despite identified technical issues (Tanguy et al., 2025; Vauthier et al., 2025).

6. Conclusion and Perspectives

We established convergence rates for the slice-matching algorithm through Lojasiewicz-type in-
equalities for the Sliced-Wasserstein objective.We show that controlling the associated constants is
tractable in the Gaussian (or elliptic) setting when sampling random orthonormal bases. A main
limitation is that our explicit rate requires an isotropic Gaussian target, similarly to Cozzi and San-
tambrogio (2025). Extending the theory to general Gaussian targets and non-elliptic distributions
remains open. A promising direction is to introduce regularization (e.g., diffusive terms) to help
maintain regularity along the dynamics (Liutkus et al., 2019; Tanguy et al., 2025; Chizat et al.,
2025). Finally, our experiments show faster convergence with orthonormal bases of directions and
step-size schedules 7, = 1/(k + 1)® with small . This behavior is not explained by our theo-
rems and may require tools beyond decreasing-step stochastic approximation, for example Markov
chains (Dieuleveut et al., 2020).
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Appendix A. Reminders on Wasserstein space

This appendix gathers existing results useful for optimization over the space of probability distribu-
tions. For further details, we refer the interesting reader to the classical references Ambrosio and
Savaré (2007); Santambrogio (2015). First, recall that, for ¢°(y) = inf,{3|lz — y||*> — ¢ (z)} the
c-transform of v, the dual of Kantorovich OT problem writes

Wi(a,8) = sup / da + / edB. 22)

YeLl(a)

The solution of the latter is called the Kantorovich potential, and it is unique (up to translations)
under finiteness of second-order moments, with o giving no mass to d — 1 surfaces (Santambrogio,
2015, Theorem 1.22).

A.1. Curves and convexity in Wasserstein space

The Wasserstein space (P2(R?), W5) is the space of square-integrable probability distributions en-
dowed with the Wasserstein distance W,. A first way to construct an absolutely continuous curve
between two measures o and o7 is the flat interpolation, given, for ¢ € [0, 1], by

o= (1 —t)og + toy. (23)

This convex combination between densities ignores the geometry induced by the Wasserstein dis-
tance. In contrast, denoting by 77! the OT map from o to o1, another interpolation is given by

o= ((1—-t)d+ tTg(})ﬁao. (24)

Due to the fact that (1 —¢)Id + ¢tT7! is the gradient of a convex function, it is the solution of Monge
OT problem (Brenier, 1991; Cuesta and Matran, 1989). Hence, o, corresponds to the shortest path
between o and o1, in the sense that

VOSSﬁtSl, WQ(O’S,O't):(t—S)WQ(O'(),O'1>.

While (23) corresponds to a mixture model between oy and o1, the interpolant (24) is more of a
barycenter (Agueh and Carlier, 2011; Rabin et al., 2011) and it is a building block for gradient
flows in the Wasserstein space (Ambrosio and Savaré, 2007). Interestingly enough, W2 (-, o) is
strictly convex along (23) as soon as ¢ is absolutely continuous (Santambrogio, 2015, Proposition
7.19). It is not hard to see that the same property holds for the Sliced-Wasserstein distance, with
arguments reminiscent to the ones of Ma (2023, Proposition 2.10) for Wasserstein barycenters. Such
convexity along (23) must be understood with respect to the 2-norm between densities. The analog
along (24), with respect to the Wasserstein distance, writes as follows.

Definition 6 F is geodesically a-convex if, for all 0y, 01 € P2(R?) and oy = ((1—t)Id+tTZ})400,

(6
——t

F(or) < (1 —=t)F(op) +tF(o1) 5 (1-— t)WQQ(O'(), o1).

Unfortunately, the reverse inequality holds for W2(-, o) in general dimension (Ambrosio and
Savaré, 2007, Theorem 7.3.2), and a fortiori for the Sliced-Wasserstein distance up to integration
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over the projection directions (Vauthier et al., 2025, Appendix A.5). These facts are discussed in
Lemma 3.

The situation is very different in dimension d = 1, due to the particular properties of (P2(R), W3).
In this setting, the composition of OT maps preserves their monotonicity (hence the optimality) and
Wy rewrites with (Qg, Q1 the quantile functions of o, o7:

1
W2 (o0, 01) = /0 1Qo(t) — Qu (1) 2dt 25)

or, equivalently, W5 (00, 01) = ||T5° —T7*||2 for any pivot measure p € P2 ac(R?). As abyproduct,
the geodesics in (24) coincide with the generalized geodesics oy = ((1 — t)T;;' 0 +tT7 1) 4> and one
can find in Ambrosio and Savaré (2007, Chapter 9) that they verify the generalized parallelogram
rule

Wi(og,0) = (1 —t)Wi(og,0) + tWi(o1,0) — t(1 — t)W2 (00, 01). (26)

This can be easily verified by expanding the square in W2(oy, o) via (25) and using the tricks
t? =t—t(1—t)and (1—t)? = (1—t)—t(1—t), as in Kloeckner (2010, Proposition 4.1). Next, we
turn to differentiation along geodesics. Unfortunately, (26) does not imply the same parallelogram
identity for the Sliced-Wasserstein distance, as it would require to identify a path o, in R¢ along the

map T : x — [, T 99 (z)dlU () with all projected generalized geodesics o?, which is not true.
A.2. Differentiation along geodesics

We borrow the differential structure of (P2(R?),W3) as described in e.g., Bonnet (2019); Bonet
et al. (2024); Lanzetti et al. (2025). The tangent space of P(R?) at ¢ is defined by

To ={V: ¢ € C[RI)},

where the closure is taken with respect to L2(), the set of o-square integrable functions from R?
to R?, and where C°(R?) is the set of infinitely differentiable functions with compact support.
Consider F : Po(R?) — R. At any o € P2(R?) such that F(o) < +oo, the Wasserstein gradient
Vw,F(c) is the unique vector in 7, verifying, for any 1 € P»(R?) and any optimal coupling
v € (o, ),

Fu) = Flo) + / (Vi F(0) (@), — 2)dy(z, y) + o(Walo, 1)), @7)

One way to compute the Wasserstein gradient is by taking Vi, F(0) = V3L (). for 3 (o) the
first variation (Santambrogio, 2015, Definition 7.12) defined as follows. Firstly, a measure p €
P2.ac(R?) is regular for F if, for every p € Paqc(RY) with L density and compact support,
F((1 —1t)p+tp) < +oo for every t € [0,1]. With this at hand, if p is regular for F, the first

L. SF .
variation ﬁ(p) verifies

d . Flp+te) —F §F
7 P+ =0 = lim L i) ) _ g(p)dﬁ,

forall{ =p— pwithp € ’Pg,ac(Rd) with L°° density and compact support. The following useful
remark is taken from (Santambrogio, 2015, Remark 7.14).

2. The set of couplings between o and 1 is TI(, j1) = {7 € P2(R*xR?) : 1(AxR?) = 0(A), 7(R*x B) = u(B)}.
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Remark 7 For o € Pao.(R?) and F : p— Wi(p, o), any p € Paac(RY) is regular if and only if
F(p) < +o0. Indeed, for every p € P2 4c(RY), F((1 —t)p+tp) < (1 —t)F(p) + tF(p) by strict
convexity (Santambrogio, 2015, Proposition 7.19). Hence, as soon as p is compactly supported,
F(p) < +oo and p is regular if F(p) < +oco. The reciprocal is immediate by taking t = 0 in the
definition of a regular measure.

When considering the Wasserstein distance o + W2 (o, 11), the first variation is 1), the Kan-
torovich potential that is solution of (22) (Proposition 7.17, Santambrogio, 2015), and a similar
statement holds for o — SW2 (o, i) (Cozzi and Santambrogio, 2025). We discuss this in Proposi-
tion 6.

Appendix B. Proofs of Sections 2 and 3

In this section, we detail the properties of the functional to be minimized. We discuss differentia-
bility and critical points, before turning to smoothness and boundedness of the gradient, the latter
being a byproduct of boundedness of moments along the iterations.

B.1. Differentiability, critical points

The next proposition describes Wasserstein gradients of our sliced objective, as previously provided
in Bonnotte (2013); Cozzi and Santambrogio (2025). We also detail simple properties of the gradient
norm, that are important with the purpose of SGD.

Proposition 6 Given that i € 7327aC(Rd) is compactly supported, the Wasserstein gradients of
F(-,0) and F at any o € P2 4.(R?) compactly supported are given by

Vw,Z(o,P) =1d —T,p and Vw,Z (o) —d/@(ld—T(’f‘:)omgdL{(Q),
where T(’; ; denotes the one-dimensional OT map pushing o° to u°. It follows that

IV, Z (o, P)llz = ZWQ (0%, %) and IVw, Z (0)|17 < dSWE(o, ),
that is

IVw, Z (0, P)|5 = 27 (0, P) and IV, Z(0)]17 < 27 (o).

In fact, this can be refined in the following decomposition, for Ty = Ep 15 Pl 3
27 (0) = |Vwa Z (0)ll5 + Ep[ITo — To,p|3)-

Proof For a given basis P, the Wasserstein gradient of o — % (o, P) is given by the euclidean
gradient of its first variation, i.e., Vy,.%# (0, P) = V%(J, P), as recalled in Appendix A.2. From
Santambrogio (Proposition 7.17, 2015), the first variation of o + W2 (0‘9, u?) is given by g ((-,0)),
for g the first Kantorovich potential g for the OT problem from ¢ to p? (assumlng compact-
ness of the underlying supports). Thus, the first variation of .% (o, P) = Ze | W2(a%, ube)

3. Equivalently, dSW3 (o, ) = |Ild — To||2 + Ep [|To — To,p||2]-
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is 2?21 ©0,((-,0¢)), and the euclidean gradient is given through Ve, ((z,0,)) = 0¢(z"0, —
T: 99 ; (x76,)). The first result directly follows as

d
2
Vi, Z(0,P) =Y 6,(1d = T",) o 79, = 1d — T, p.
=1
Regarding the integrated version over the directions, the first variation of . (¢) = dSW2(o, 1) is

z—d / ooz 0)dU(8), (28)

as stated in Cozzi and Santambrogio (2025). The detail of this calculus requires interchanging a
limit and an integral, because, by definition,

57 e = tim ZOHEO = F @) o FOHEP) = F (o, P)

oo t—>0 t t—0 t

)

for all ¢ = p — p with p € P 4.(R?) with L>° density and compact support. Under compact
assumptions, this can be treated as in the last step of the proof of Santambrogio (2015, Proposition

7.17). A direct consequence of (28) is that Vyy,.# () = d [ 6(Id — TC’T‘:) o mg did(0). Now,

d
|V, F (UP)HQ—ZH<'7915>—T;‘J 5 = sz 0%, %) = 2.7 (0, P),
/=1
so that
Ep(|Vw, 7 (0, P)|I2) = Ep(27 (0, P)) = 27 (). (29)

Also, Jensen’s inequality implies
IVw, 7 (0) |7 = IEpVw, Z (0, P)|2 < Ep||Vw, Z (0, P < 27 (0).
Finally, recall the decomposition
Vw,Z(0,P) =Vw,Z (o) +Ts — Ty p.
Taking the square norm, developing the square and using that Ep[T, — T, p] = 0, one obtains that
Ep (Ve Z (0, P)|2) = Vi, Z(0) 2 + Ep [Ty — Ty, plI2.

Combining the above with (29), provides the desired decomposition. |

Remark 8 Without compacity, Proposition 6 does not hold, but one can still define Vyy, 7 (o)

directly through Vy, F (o) = [6(1d — T“ ) o g dU(0). In this case, Vyy,.F (o) belongs to the
subdifferential of (o) ( Proposmon 4.7( b) Vauthier et al., 2025).

Vauthier et al. (2025) describe different possible notions of critical points, including the following.

22



CONVERGENCE RATES FOR DISTRIBUTION MATCHING WITH SLICED OPTIMAL TRANSPORT

Definition 9 (Definition 4.2 from Vauthier et al. (2025)) A measure o is a barycentric Lagrangian
critical point for SW2(-, u) if,

1
—x = / 0T“: (z"0)du(9) foro-a.e. x,
d Sd-1 i

6
where T’ ;‘ . corresponds to the OT map from o to 1%, the pushforward measures of o and 1 by
r— 0"

With our notations, a critical point of o +— % (o) verifies | Vyy,.% (0)|ls = 0, hence

J15 = [oroT o) o) ~o

and it is a barycentric Lagrangian critical point for SW2(-, u)*. We stress that this only implies
Tﬁ: = 1d and 0% = 1 on average w.r.t. 6, which is weaker than S5 (o, ) = 0 where T(f: =1d

for U-a.e. § € ST, Although critical points of .% may differ from x (Vauthier et al., 2025), the
next lemma describes conditions under which it must coincide.

Lemma 2 (Lemma 5.7.2 from Bonnotte (2013)) Suppose that the target measure |1 € P2 4.(B(0,1))
has a strictly positive density. Then, o =  if and only if Vy, F () = 0.

Lemma 2 provides assumptions under which convergence towards a critical point implies conver-
gence towards the target measure .

B.2. Smoothness

Lemma3 For o,y € Pa(RY), let F(o) = 1SW3(o, 1) = 2.7 (o). Let Ty, Ty € L*(0) such that
((1—

oo = Tofjo and o1 = Tifo. Fort € (0,1) and oy = ((1 — t)Tp + t11 )40,
1
SWy(ou, 1) = (1= )SWZ (00, p) + tSW3 (01, 1) = t(1 =) 5 To = Tallz, ~ (30)
and .
<VW2.7:(O'()) (¢} TO - VWQ,F(Ul) (¢] Tl,TO — T1>U S gHTO — T1H§ (31)
Besides, for any o, i € Po(RY), for any T € L?(0),
1
SW3(Tyo, 1) < SW3 (0, 1) + 2V, F(0), T — Id)g + S| T — Id][3. (32)

Lemma 3 is simply a rewriting of results from Vauthier et al. (2025, Proposition 4.7), with (31)
being a well-known equivalent characterization for smoothness (Zhou, 2018).
Proof Define 7, : T — F(Tyo) on (L*(0),] - ||s). One has that VF,(T) = Vy, F(Tyo) o T
(Bonet et al., 2024, Proposition 1), so that smoothness results on F, are equivalent to that on .%#,
except that the linear structure of (L?(o), || - ||) is easier to deal with than (Pa(R%), W5).

4. One might note that [ 00T xdU(0) = [ 007 dU(0)x = x/d.
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The inequality (31) is a rewriting of Vauthier et al. (2025, Proposition 4.7), that itself fol-
lows from the semi-concavity of Wasserstein distances along generalized geodesics (Ambrosio and
Savaré, 2007, Theorem 7.3.2). A change-of-variables (7' — Id = &) in (Vauthier et al., 2025, Propo-
sition 4.7(a)) gives us that

1
o T —||T=1d|> — F (T
G HQdH o — Fo(T)

is convex on (L%(c), || - ||»). But note that VG, (T') = (T —1d) — VF,(T). Hence, first-order
conditions for convexity (Bonet et al., 2024, Proposition 13) applied to F, yield

(VGy(Th) — VGy(T1),To — Th)s > 0,

which directly implies (31). Besides, one can find in Vauthier et al. (2025, Appendix B.6), namely
the equations (140) and (155), that, for any o, 1 € Po(R?):

(a) for &, & € L*(0), & = (1 — t)(Id + &) + t(Id + &) and ¢ = (&40

1
SW3 (a1, 11) = (1 = )SW3 (a0, ) + tSW3 (01, 1) — 1(1 — t)llgo — &l

(b) for ¢ € L?(0): SW3((1d + €)z0, 1) < SW3 (0, 1) +2(Vi, F(0),€)g + gllE]15-
When replacing T; = Id + &; and T = Id + £, one recovers immediately (30) and (32). |

Corollary 10 % is 1-smooth with respect to the Wasserstein distance on Po (Rd), i.e., for any
01,09 € Pa(RY),

1
F(03) € F(01) + (Vir, (1), T2 = Id ), + 5 W3 (01,02).

sy Loy

Proof For any 01,02 € P2(R?), if the OT map T2 from o to o exists, then || 792 — 1d[|2, =
W2(01,02). The final result follows from (32). |

The following lemma is new, although it is not required for our main results. It resembles a
well-known smoothness property, but we stress that, even in Euclidean settings, it is not equivalent
to the previous inequalities (Zhou, 2018).

Lemmad4 Fix 01,09 € 7327aC(Rd). If the density function of the target . is strictly larger than
1/k > 0 on its compact domain, then

”szﬁ(gl) — szﬁ(O'Q)Hi S 2K SWl(O'l, 0'2),
for X the Lebesgue measure.

Proof By Jensen’s inequality,
Vs F(01) — Viry F(o2) 3 < / / T (2T 0) — T (27 0)2dA(z)dU(6),
1 2

< / / |C’;91 0 Cpo(a'0) — c;; o Cog (2" 0)PAN(z)dU(0),
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for C,, the univariate distribution function of p € P»(R?). For all § € S¢~1, the quantile function
C,0 is r-lipschitz with 1 /k the essential infimum of the density of x on its domain, (Bobkov and
Ledoux, 2019). Then, the result follows from

Vo P (1) = Vs Pl < 20 [ [ 1C5(70) = CoyaT )N )U(6).

B.3. Moments are bounded

An important assumption when dealing with stochastic algorithms is the boundedness of the gradi-
ent norm. Here, a direct consequence of Proposition 6 is that, using respectively the definition of
the Haar measure and Jensen’s inequality,

Ep|Vw,Z (o, P)|7 = ]EPZW2 “u’) =2F(0) and ||V, Z (0)l* < 27 (0).

Hence, the gradient norm is bounded as long as the objective .% (¢) is. We now show that the
second-order moments remain bounded along the IDT iterations, a fact that implies a bound on
(% (ok))k- Bounds on the moments along the Sliced-Wasserstein flow were proved in Cozzi and
Santambrogio (2025) in a continuous-time setting, whereas we deal with discrete step sizes (7).
Denote by Ma(p) = [ || - ||dp the second-order moment of a probability distribution p € Pa(R?).

Proposition 7 Moments are bounded by My () along the IDT iterations (4). In other words, for
any k > 1, we have
Ma (o)) < Ma(p).

Consequently, for M = 4My(p),

Wi(op,p) <M and SW2 (o, 1) <

&=

Proof This result is a consequence of the moment-matching property of sliced maps. Indeed, as
shown in Li and Moosmiiller (2024, Proposition 3.6), forall k > 0,

/ | Toe e ()2 dos(2) / HZ% 6] 2)|2do(x) Z / Ito, (6] 2)[dors (),
d
=3 Ma(u®) Z/y,eﬁdu = [ 1?dnty) = Ma(o).
/=1

(33)

With this at hand, we proceed by induction. At initialization, for £ = 1, we have that v; = 1
and Mz (01) = [ || Ty, P, (z)||2doo(z) = Ma(u). For the induction step, assume that there exists an
index k € N* such that M (o) < Ma(p). Then, by convexity of || - |2,

My (0y41) = / le|2dogss (@ / 11— )2 + Ty s (2) 2o (),

< (1 - 3)Ma(or) + % / 1Ty pr (2) 2o (2). (34)
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Plugging (33) in (34) and invoking the induction hypothesis that Ma(o%) < Ma(p), the desired
result on the moment boundedness follows:

Ma(0k41) < (1 = )Ma(ok) + veMa(p) < (1 = ve)Ma(p) + veMa(p) < Ma ().  (35)

Next, to obtain the bound on the Wasserstein distance W (o, 1), let us call T* the OT map from o,
to 1. Young’s inequality for products together with the change-of-variable Ex .o, (|| T*(X)|?) =
Ey~u(]|Y]?) leads to

W3 (ks 1) = Exee, [ X = T7(X)|]
= E[||IX|"] + E[| 7" (X)|I*] - 2E[(X, T*(X))]

< 2 (E[I|X[]°] + E[IT*(X)[*])
< 2(Ma(op) + Ma(p)),

that is the desired result. |

B.4. Standard proofs for non-convex smooth optimization

The next two demonstrations are standard (Bottou et al., 2018; Dossal et al., 2024).

Proof of Proposition 1. From (10), the sequences ax = V|| Vw,-Z (o1) H and by, =, ! verify

Zak < 400 and lim by, = +oo.

k—+o0

Hence, by Kronecker’s lemma,

K

: 2
KEIEOOVK; Vw7 (0n) |2, = 0. (36)

Let e > 0. Markov’s inequality yields,

1
P(IVZ @) 50 > €) < ZEUIVF @313, 1)

The above expectation is taken with respect to the stochastic iterates o as well as the random choice
of i(K). Since these two sources of randomness are independent,

E(IVZ 000012, ) = ExEigaer IV @s020)) 12, 1, ).

where Ex denotes the expectation over the stochastic iterates o1, - - - , 0. Therefore,

P(IVF (0i(x) Iz, > € *EK ( ZHVJ (0% ||0'k> ,

which converges towards 0 from (36) with v > 1/K together with the dominated convergence
theorem, the domination assumption coming from the boundedness of gradients in Proposition 7.
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Proof of Proposition 2. Taking the expectation in (9), rearranging and telescoping the sum (with
—F(0g+1) < 0)yields

K K
> BV Z(on) |2, < F(00) + Y EF (o%).
k=0 k=0

By Proposition 7, .% (o)) < 2Ma (). The final result follows from dividing both sides of the above
inequality by > szl Vi

Appendix C. Proofs of Section 4: ¥L.ojasiewicz inequalities
C.1. Proof of Proposition 4: a PL-like inequality for smooth densities
By (flat) convexity over densities equipped with the 2-norm (38),

do du
< | Fold(o — pn) < o] —¢)(=— — —)d
Fo) < [ Floo-w < [(Flo) - (- Lan
where the second inequality uses the notation ¢ = [ .%'[o]dv and the fact that [ ¢(o — p)dv = 0
since o, v are both probability distributions. Using the Cauchy-Schwarz inequality, and then the
Poincaré inequality for v,

do d
F (o) < )‘i_d% VVar, (77[o])
do dp

<Gl — 5, | IVZ,

VF ol < 5IIVF 0)ll6s and [|§5 —
l, + ||§—“H,, < 2M, so the result follows by using that Vy, % (c) = V.Z7'[o].

v

Additionally, by the boundedness assumption (13),
1, < |92

C.2. Proof of Proposition 8: a PL-like inequality for Gaussian distributions

Proposition 8 (General covariances) Assume that o = N(0,%) and p = N (0, A), with ¥ and A
symmetric positive definite. Then,

Amax (A)
>\min (E)

As recalled in Appendix A, a Kantorovich potential is solution of the dual formulation of
OT. For ¢ the Kantorovich potential associated with the transport from o to p, let U(z) =
[ o(zT0)dU(0), so that

F(0) < s WE (o, (1+ Vw7 ()12 (37)

1
2

Wi = [wao+ [ [ vt 0)au6)auo).

Note that this dual formulation was recently proven for generalized sliced metrics (Kitagawa and
Takatsu, 2024, Main Theorem, (6)). Then,

/\I/da— /\I/du = /\Ilda— //wg(yTG)dL{(H)du(y).
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By definition of the c-transform, we have for all u, v that 1§(u) < i[ju — v[|> — ¢y(v), and, for

v =u, Pg(u) < —1g(u). As a byproduct, one recovers

%SW;(U,M) — /\Ildo+/z/}9 (y " O)dU(0)dpu(y) < /\Ild(a 1). (38)

We stress that the above is a rewriting of the (flat) convexity of L with respect to the 2-norm between
densities, because U is the first variation of L at o, (Cozzi and Santambrogio, 2025). Since U is
locally Lipschitz (Rockafellar, 1970, Theorem 10.4), a direct application of Chewi et al. (2020,

Lemma 13) yields
‘/\Ildo—/\l'du

where p; = ((1 —t)Id +tTY) )40 is the Wasserstein geodesic between o and p. Combining (38) and
(39),

< Wa(o, p / |V ,,dt, (39)

1
SWH o) < Walerp) [ V]t

Taking the square and applying Jensen’s inequality,
1
SWio) < Wi [ IV .
We stress that VU (z) = [0(z "6 — T” (z70))auU(0) = (1/d)Vw,.F (c)(x), so

1
170 <Wion) [ 9T @), (40)
0

Thus, it only remains to show that fol ||Vw2ﬁ(a)||gtdt < IVw,Z (a)||%. Under conditions on
eigenvalues and the linearity of OT maps for Gaussian distributions, we proceed with the same
arguments as in the proof of Chewi et al. (2020, Theorem 19). Since o = N (0, GTEH) and

p? = N(0,07 AB), we have T(f; 2+ 19z for Tg = \/OTAO/0TX0. As a byproduct,
Vi, F(0)(z) = d / 670 — T (27 0))dU(8) = d / (1= 7)007 dU(0)z = Ax,

for A =d [(1—75)00" dU(6). Denote by B = X ~1/2($1/2A%1/2)1/25,71/2 quch that the OT map
from o to p verifies Ty (x) = Bx. Then, the integration over p; writes, for X ~ o,

IV, Z (0)|2, = E[(1 — ) AX + tABX|]* < (1 — )E|AX|]* + tE[|[ABX|]*  (41)
Because BX ~ N(0,A), one has ABX ~ N(0, AAAT) and thus E[|ABX||?> = Tr(AAA) =

Tr(AA2). Using the von Neumann’s trace inequality (singular values coincide with eigenvalues for
normal and positive matrices),

d
_ Amax(A) Amax(A)

2 _ 12 22 2y 2y _ 2
E|ABX|? = Tr(AS"15A2) §:: ((24%) < TR = (R AX]
Plugging this in (41) induces

Amax(A) 2 1 Amax(A) 2
< = 7 < =
/ ||VW2 Hptdt 2(1+ )\mm(z))]EHAXH = 2<1+ Amin(z))HVWQ(Q(U)HJ’

and the results follows by combining with (40).
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C.3. Proof of Proposition 5

This section refines the PL-like inequality between Gaussian distributions with co-diagonalizable
covariance matrices. Proposition 5 stems upon the following result.

Proposition 9 Consider two centered Gaussian measures jis: and jip in R® with diagonal covari-
ance matrices 3 and N. Assume there exists finite constants 0 < m < M such that all diagonal
entries of ¥ and A lie in [m, M]. Then,

SW22 (ME? MA) ) W22 (ME? MA) . (42)

m
>
— Md(d+2

Proof Fori € {1,...,d}, denote by o7 and \? the i-th diagonal element of 3. and A respectively.

By the closed-form solution of the Wasserstein distance of order 2 between Gaussians,

d

W3 (s, pa) = [S2 = A2|% =D (00 = M)?.
=1

On the other hand, the Sliced-Wasserstein distance is defined as

SW3(ps, ta) = Eggysa—1y [(VOTS0 — VOTAG)?. (43)

For all (z,y) € R?, (Vz — /%) (VZ + /¥) = = — y. Additionally, if 0 < z,y < M,
2
_ 2 S (z —y) '
(Vo - virz
Since foralli € {1,...,d}, o2 and A\? are bounded between m and M, so are § ' X0 and 0 " A§. We
can thus bound (43) as,

1
SW3 (s, pa) = mE%u(sd—l)[(eTm)z], (44)

where I' = 3 — A. Since 6 is uniformly distributed on the sphere, one can show (Wiens, 1992)

(T2 v (T))2
Eggyoi)[(07T8)?) = Z2HL) + (Tr(T)

d(d+ 2)
The final result follows from Tr(T")2 > 0 and
d d
Tr(T?) =) (07 = A2 = (05— i)’ (00 + Ni)?

=1 =1

d
>4m Y (o5 — N\)?

=1
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Remark 11 (Extension to elliptically contoured distributions) Proposition 9 can be readily ex-
tended to the class of elliptically contoured distributions whose positive definite parameters are
co-diagonalizable.

Proof (Proof of Proposition 5) By Proposition 9, for co-diagonalizable covariance matrices, there
exists Cpp g > 0 such that Wi (o, u) < SWE(o, 1)Crna. We conclude by rearranging terms in
Proposition 8. |

Appendix D. Proofs of Section 4.4: Eigenvalues control along the iterations

Objective and bottleneck. Recall that the inequality provided in (37) writes

)\max(A)
)\min (E)

In order to use this inequality for convergence rates, one only needs to control eigenvalues along the
iterations, as Wa (o, 1) is bounded from Proposition 7. This is the purpose of the remaining of the
section. Firstly, the following recursion for covariances of (o) is known to hold for Wasserstein
geodesics between Gaussians, (Altschuler et al., 2021, Appendix A):

1

F(o)? < 5Who.m)(1+ Vw7 ()12

Ykp1 = (1= y)ld + Tp, ) Ek((1 = vi)Id+wTp,,, ),

where Tp, | = Pjy1Dg Py is the matrix form of the sliced map from oy, to p in the directions
Py (it will be detailed in the next Proposition 10). A convenient feature is that eigenvalues can
be controlled along such Wasserstein geodesics, by eigenvalues of o and T, , ,30x (Chewi et al.,
2020; Altschuler et al., 2021). Nonetheless, in our particular setting, sliced maps do not necessarily
push the source forward onto the target. Hence, the covariance matrix of Tp, , , 40 is not necessarily
the one of u, and control of eigenvalues is not a direct byproduct of assumptions on L.

Sketch. This section is structured as follows. A recursive inequality for eigenvalues of the co-
variance matrix of Tp, , 40y is given in Proposition 10. It includes randomness coming from the
stochastic gradients and the choice of projection directions. The latter randomness is controlled in
Proposition 11 by bounding expectations with Lemma 5, assuming that the target p is isotropic. If
instead p has a general covariance matrix, Proposition 12 gives only a sufficient condition.

D.1. Recursive inequalities on eigenvalues

Proposition 10 Assume that o, = N(0,%) and p = N(0,A), with Xy and A symmetric pos-
itive definite. Then, there exist directions 0;,0; taken from the basis Py such that, for 79 =

VOTAG/0T S0,

Amin(zk)(l“‘fYk(T@i_l)) < \//\min(zk—i-l) < \//\max(zk—}—l) < \/)\max(zk)(l‘i"}’k(ﬂ% _1))

(45)
In particular, ¥, 1 is symmetric positive definite.
Proof The distribution 041 corresponds to the random vector
(1 - ’Yk)X +'7kTPk+1(X)7 (46)
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where X ~ N(0, ;). Also, by definition,

d

d
T, (X)=> Oetg,(XT00) => 75,000] X = Poy1 Dy Py, X,
/=1 /=1

where Dy, = diag(7g,, ...,7s,) is positive definite. With these notations, Tp, , (X) ~ N(0,T)
with I = Pk+1DkPkT+1EkPk+1DkPJH and T'p, ,, is the gradient of a convex function.

As a byproduct, the interpolate (46) belongs to the path ¢ — ((1 — ¢)Id + tTp_, )40 that is
a Wasserstein geodesic bridging two Gaussian distributions. The functionals —v/Amin and v/ Amax
have been shown to be convex along barycenters (Altschuler et al., 2021, Theorem 6), a fortiori
convex along Wasserstein geodesics (Agueh and Carlier, 2011, Proposition 7.3). In other words,

(1 = 7))V Amin (C6) 7%V Amin(T) < v Amin (Sk1)
)\max(zk—f—l 1 - ’Yk \/ max Ek + Yk max F) (47)

Hence, it remains to control eigenvalues of I'. On the one hand, ¥ = P,;r +1EkPk+1 and X, have the
same eigenvalues, by orthonormality of Pj,1>. On the other hand, I" has the same eigenvalues
as DX.D;, from the same argument. Also, D is non singular because Y; and A have positive
eigenvalues, hence 79, > O forall ¢ = 1,--- ,d. Then, a direct application of Ostrowski’s Theorem

(Ostrowski, 1959) entails that

Ai(T) = Xi(DrEDy) = Bixi(Sw), (48)
with
) QJ-TAH]' GJ-TAHJ-
min —- < B; < max - .
J 9]- Ekej J 9]- Ekej
Thus, the result follows by combining (47) and (48). |

D.2. A bound in expectation for isotropic target

Proposition 11 gives a deterministic upper bound on eigenvalues of (3), and a lower bound in
expectation. It requires bounds on p-moments of @ " 32,0 — 1, that are provided just after in Lemma 5.

Proposition 11  Assume that 0o = N'(0,%0), with o € R symmetric, positive-definite, and
w=N(0,1;). Then, for any k > 1, the IDT iterates remain Gaussian, o, = N (0, Xy) with

E[l/Amin(Zk)] < ]E[l/)‘min(zl)] (49)

k
Vp € N*,  E[1/Amin(Zk)"] < E[L/ Amin(Z1)?] [ (1 + Bpat) - (50)
=1

where B, > 0. Note that [[;°,(1 + Bpn?) is finite for any step-sizes sequence (i), satisfying (5).

5. Eigenvectors of 3 are of the form P, ;u for u an eigenvector of ¥x. Indeed, (P u) " Pl Xk Pey1(Pryqu) =
u " ¥ju which equals an eigenvalue of 3.
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Proof A direct byproduct of Proposition 7 is that Apax(Xr) < Tr(Xg) < Tr(Id) = d. We now
focus on showing (49).

From (45), there exists 1 < i < d such that \/Amin(Ek) (1 + 76(70, = 1)) < v/ Amin(Skt1)-

Taking the inverse and using that the harmonic mean is always smaller than the arithmetic mean,
Amin (Zk41)) ™2 < Omin (Z0)) 72 (1 = 7k + W75, ).

Here, everything is positive due to the positivity of all (7p, );, so that taking the square and applying
Jensen’s inequality yields

min(Zr+1)) ™1 < Qi (Sa) 1L = v + 0, Zk;). (51)

Recall that #; belongs to the random basis Py, 1, whose distribution is independent from the o-
field Ay generated by P4, ..., P.. Also, 3; is measurable with respect to Ax. Hence, taking the
conditional expectation in (51) yields

E[min(Z1)) " 1A < anin(50)) 7 (1 + 4 E [ejzkei . 11Ak}).

By independence between the distribution of 6; and Ay, and by the Aj-measurability of ¥,
T T 1
E[@l Ekgl — 1’Ak] = Eg [9 Eke] —1= 8Tr(2k) —1.

However, moments are bounded along iterations from Proposition 7, so Tr(X;) < Tr(Id) = d.
Combining this with the two equations above induces

E[(Amin (Zr11)) ™ AR < Qnin (Z) 1,

and (49) follows by induction.
Now, fix p > 2. Taking the power p and applying Jensen’s inequality in (51) induces

Amin(Ze41)) 7 < Amin(Z) P (1 — v + 7 Si;)”. (52)

By the binomial theorem, for Zj, ; = 9: Yt — 1,

(14 1 Zes)’ =1+ pyZei + Zp: <p)¢zr §

N ) ~ r k“k,i

Taking the expectation with respect to Ay, and using upper-bounds from Lemma 5,
P
BI(1+ 201 < 1423 (7)o 2Bl AY < o
r=2

Plugging this in (52), and reasoning by induction, it exists B > 0 such that the desired result holds.
|
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Lemma 5 Let A € R™? be a positive semi-definite matrix verifying Tr(A) < d. For 0 uniformly
distributed over the unit sphere,

Eg(6" A0 — 1) <0,
and, for all p > 2,

Eg[(607 A0 — 1)] <1+Z(> max(A)"7H(=1)" < +o0.

Proof The first point is a byproduct of Bg(6 " A9 —1) = Tr(A)/d — 1. From the fact that Tr(a) = a
if a € R, and the cyclic property of T'r,

Eg[(07 A0)%] = EgTr[0" A00T A0] < EgTr[00" A0OT A].
Because A and 09" are positive semi-definite, the von Neumann’s trace inequality implies
Eo[(0" A0)%] < Ep(Amax(00")Tr[A007 A]) = Eg(Amax (00 )Tr[A%007]).
By linearity of Eg and T'r, together with Ay (007) < 1 and Ey[007] = 1d/d,

Tr(AQ)
d

Using again the von Neumann’s trace inequality, Tr(A4%) < Apax(A)Tr(A), and Tr(A) < d, so
Tr(A?)/d < Amax(A) which proves the first point:

Fo((07 A0 — 1)) = Eg[(0T A0)* + 1 — 207 A0] < Apmax(A) + 1.

Eg[(0" A0)%] < Tr[AZEq(007)] =

With the same arguments as above, one can deduce that, for all p > 1,

Tr(AP)
d

Eo[(0T AG)P] < < Amax(A)P7L

Thus, the last claims follows by the binomial theorem,

Eg[(1— 607 A0)7] EQZ ( ) BT A0 (-1)" <1 +Z ( ) max(A)"7H(=1)".

D.3. A sufficient condition under arbitrary covariance
Let u = N (0, A) for a general covariance matrix A.

Proposition 12 For all p > 1, a sufficient condition for the existence of a finite constant C}, > 0
such that

sup E[(Amin(Z%)) 7] < Cp
keEN

is the following,

)

k>0

33



THURIN BOYER NADJAHI

Proof As a byproduct of Proposition 10, and proceeding as in the beginning of Proposition 11, the
following counterpart of (51) holds,

0150,
Amin (Z41)) ™" < Onin(Za)) ™ (1 =9+ GZTAkH' )

Fix p > 1, and apply the power p and Jensen’s inequality to obtain that

—p —p QZT Ekei p
Cunin(B41) ™7 < Ouin () 7 (1= 2+ 3 (P ) ).
0, A0,
Taking the conditional expectation,

GTEkﬁ)p B 1} )

E[(Amin (Zr+1)) P AR] < (Amin (Z5)) 77 (1 + 7 Eo [(m

Taking the expectation and reasoning by induction, we deduce that

GTZkﬁ)p B 1}

k
E[(Amin(Zr+1)) 7] < E[(min(20)) T+ E | D wEo [(m

Jj=0

Thus: Vp > 1,3C), > 0, suppen E[(Amin(2x))7P] < Cp. [ |

Appendix E. Proof of our main result: Theorem 2

E.1. Proof of Proposition 3

Recall that Robbins and Siegmund (1971) implies (.% (o))r>0 converges almost surely to a finite
random variable, as a direct byproduct of (9). Hence, one only needs to show that the limit random
variable is zero a.s. For this, two assumptions are needed in Li et al. (2023, Theorem 2), with
standard arguments (Duflo, 1996): (i) (0%)x>1 remains in a compact subset K of (Pa4.(RY), W3)
and (i) V.Z (0) = 0 = o0 = pforo € K. Under continuity and compact supports, Li et al. (2023)
show (i), while (ii) holds for absolutely continuous measures from (Bonnotte, 2013, Lemma 5.7.2).
Taken together, these two facts imply almost-sure convergence.

To extend this result to Gaussian measures, we verify (i) and (ii) hereafter. By Li et al. (2023,
Propositions 4 and 5), the iterates o, remain in a compact set of (Pa,4.(RY), Wa) if o, 1 € P2 4c(RY)
and have finite third-order moments. This is verified for Gaussian distributions, hence there is a set
K such that (i) holds. In addition, by Proposition 10, each iterate o, remains Gaussian with strictly
positive definite covariance i for every finite k. Therefore, regarding (ii), Proposition 8 gives that

Flo? < M) (14 2220 [T, P,

where we also use that W3 (o, 1) < 4Ma(p) from Proposition 7. Consequently, (ii) is verified
under general Gaussian covariances, and the desired result follows.
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E.2. Proof of Theorem 2

By Proposition 5, the following PL condition holds for any k > 1,

b
Amin(zkz)

with Cy, ¢ = d(d + 2) My, /my, M}, = max(Amax(X), 1) and my = min(Amin(X%), 1). By Propo-
sition 11, My, < d, thus C, g < d?(d + 2)/m;.. Additionally, by Proposition 7, we have Tr(X) <
Tr(A) where A denotes the covariance matrix of the target Gaussian. A contradiction argument then
implies Apmin(Xx) < Amax(A), and in the special case A = I, this gives Apin(2x) < 1. There-
fore, Ca < d?(d + 2)/Amin(Zk) (since my, = Amin(Zk)), and 1 4+ 1/ Amin(Sk) < 2/ Amin (Zk).-
Therefore, (53) entails that

C
Flow) < =2 (1+ NIV Z @)2, (53)

F(o) < LU+

2
< m”vwggi(%)’\ak . (54)

Denote by By = d?(d + 2)/Amin(Zk)?. Proposition 11 gives us that all the moments of By, are
finite: sup;, E[B}] < ¢, < 4oc for all p € N*. In other words, the expected PL inequality in
Assumption A for 7 = 1 holds along the iterates oy. Thus, the result is a byproduct of Theorem 3.

E.3. Proof of Theorem 3

Random events and main recursion. Since (B});>1 is a sequence of random variables (As-
sumption A), we condition the analysis on the event Gy, = { By, < 1/g;, } to apply the PL inequality.
This is done by introducing a sequence of positive numbers (gj)r>1 With limy_, o g = 0, so that
1, converges to 1 almost surely. Denote by G, the complementary event: Gf, = { By, > 1/g}.

Expected PL inequality. We begin with the rates obtained under Assumption A with 7 = 1.
Using the descent lemma (9) and the PL inequality of Assumption A on the event G,

E[Z (ok41) Ak < (1+90)-F (o) — Wl Ve Z (0n) 12, (1, + Lag),
< (1497 (0k) = WmgeZ (o) La, — %l Vwe Z (on)l12, Les -

Now, we can plug the decomposition (12), that is 2F (o) — ||Vw,-Z (0k)|12, = Ej for E}, =
Ep[|Ts, — Ty, pliZ,]. This implies

E[Z (0k41)[Ak] < (1 +9%)F (08) — WoeZ (on)Lc, — Ww2F (1) lee + mBrlcs,  (55)
< (L4793 — mge) F (o) g, + (1= )2 F (0k)Lae + eErlas.  (56)

The first term holds under the event GGy, where the PL inequality holds. Depending on the choice of
gx (which, for now, only needs to converge to zero), this will result in an exponential rate governed
by exp(Z;?:O Y2 — Yrgr) since [1,(1 4 a;) < >, exp(a;).

On the event GG§, we obtained two terms from the decomposition (12). One first recovers
F (01)(1 — )2, which, if it were alone, would also imply an exponential rate. The final rate
will thus be governed by fykEk]le.
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In the absence of any convergence result for Fj, we observe that Ey, < 2F (o) < 4Ma(u) from
Proposition 7. Therefore, 'y;fEk]lGi < vd4Moy (,u)]lgz, and the final rate will be governed solely by
]lgz. Combining this with the recursion (56) and using that —2+;, < —~vxgy, we obtain

E[Z (0k41)] < (1 + 7% — Wgr)ELF (01)] + AMa (1) E[L e ]
after taking the expectation. By Markov’s inequality,
Vp e N*, P(G}) =P(Bk > 1/gx) < g E[B}] < cug;.- (57)

Here, p can be chosen freely. Choosing a larger value of p improves the decay of the factor gi , at
the cost of increasing the constant c,. This yields the main recursion: for any p € N*,

E[F (0k41)] < (1 + 77 — 198 E[F (k)] + 4Ma(11)cpyrgh- (58)

It only remains to choose (gx) and p. For two different choices, we obtain two different rates, whose
optimality depends on .

Case1l: 0 < a < 2/3. Forvy, =1/(k+ 1) let g = 1/(k + 1) so that the objective rephrases
as choosing € and p. For any k£ > 0, one has for € < «,

1 1 1
2
— Ykgk = -1) < (5= - 1)
Tk TkIk (k + 1)a+6 ((k; + 1)0{76 - (kj + 1)a+6 Qa—e
In other words, v2 — vegr = —a/(k +1)*" ¢ fora = 1 — 1/2%7¢ € (0, 1). Thus, (58) rewrites

a 1

E[Z(ok+1)] < (1 — W)E[ﬁ(ak)] + 4M2(u)cpm. (59)

The desired rate follows from Bercu and Bigot (2021, Lemma A.3), which is a variant of Chung’s
Lemma (Chung, 1954) (see also Moulines and Bach (2011, Theorem 1)). To allow for o < 1/2,
we rewrite Bercu and Bigot (2021, Lemma A.3) in Lemma 6. This gives the existence of a constant
C' > 0 such that

C

under € < « and conditions that rephrase as o + € < 1 < « + ep. Equivalently, the above needs
e < min(a, 1 — ) and 1—a<ep.

Forall 0 < € < min(«, 1 — «), there is p > 1 that meets this condition. Now, 1 —a —e < e(p— 1)
yields

< ¢ < ¢

= kelp—1) — fl-a—e’

Ve < min(a, 1 — «) : EL.Z (ok)]

In particular, this is true for 0 < a < 1, even if 0 < o < 1/2 does not satsify the Robbins-Monro
conditions.
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Case 2: 2/3 < o < 1. We now turn to the second rate, that is faster in the regime 2/3 < a < 1.
One can use Proposition 7 to bound v2E[.Z (0y)] by 2M2(11)72, hence (58) becomes

E[Z (0k41)] < (1 — ege)ELF (0k)] 4+ 2Ma(p)v; + 4Ma (1) cpyigh- (61)

By choosing v, = 1/(k 4+ 1)® and g, = 1/(k + 1)'~*, we have y,g; = 1/(k + 1) and g} =
1/(k + 1)(4=)P_ Therefore, g < -4 as soon as one chooses p > a/(1 — «). In this case, (61)
becomes, for C' = 2Ma (1) (1 + 2¢;),

_C¢
(k+1)2°

The desired rate follows directly from Chung’s Lemma (Chung, 1954):

EL7 (onn)) < (1 - o JBLF 0] +

E[.Z (ok)] < 7201
Remark 12 (Comparison of constants) When o < 1/2, min(«, 1 — o) = «, and one needs p >
(1—a)/e > (1—a)/on. When a > 2/3, the second rates requires p < o /(1—c). Thus, when o — 0
or when o — 1, the order of magnitude of p is the same, and a fortiori the constant c,. Hence,
constants in both rates are similar, and this does not explain the faster convergence observed when
« is almost O in practice.

Expected PL-like inequality. We now turn to show the second result. Using the descent lemma
(9), Assumption A with 7 = 2 would imply instead

ELZ (0k+1)Ak) < F (0k) e, — wonZ (o) 1a, + F (or)las + F(on),  (62)

where, in the last term, we also do not bound .% (o) by 2Ma(i). After taking the expectation,
Markov inequality can be applied as in (57) to deduce from (62) that

ELZ (0k41)] < B[(F (08) — mgr 7 (08)?) La] + 2Ma(p) /Gy > + ELF (op)hE. (63)

To remove 1, above, note that v,gx- 7 (1) < (2Ma(u)) "1 F (0k)? < F (0}), as soon as Y.gx <
(2My(u))~L. Because gy is a flexible choice, this just means that k needs to be large enough. For
such k, we deduce E[(ﬁ’(ok) — vkgkﬁ(ak)Q)]le] > 0. Adding this to (63) gives

ELZ (011)] < ELF (04)](1 +77) — gk ELZ (1)) + 2Ma () /g, (64)

where we also use that E[Z (0})]? < E[.Z (0} )?] by Jensen’s inequality. Now, all that remains is to
play around with the constants to obtain the recursion necessary for an extended Chung’s lemma.

Denote by C = 2My(1), /¢, and fix v = C%/2. Let v, = 1/(k + ) with 1/2 < o < 2/3. Let
gr = 1/(k +~)?73% hence

1 p/2 1

W9k = and e = (e yp(—3ar2)”

This leads to gi/z < 1/(k+~)?**if p > 2a/(2 — 3a), hence (64) rewrites

1 1

C
)~ )

(k+ )%

E[Z (0k11)] < E[Z (o)) (1 + 5= BLZ (o)]” + (65)

37



THURIN BOYER NADJAHI

Recall that this holds as soon as v,gx < (2M2(p)) ™1, which is equivalent to (k-+7)272% > 2Ma(u).
But since o < 2/3, (k +7)272% > (k+7)%3 > 42/3 > C > 2My(u). So the recursion (65) holds
forall k > 0.

We stress that this relates to an extension of Chung’s Lemma in the case of a PL-type inequality
with 7 = 2. Moulines and Bach (2011, Theorem 4) deals with a similar recursion, and Jiang et al.
(2024, Lemma 19) generalizes this in several ways. Thus, it only remains to verify that (65) fulfills
the correct requirements.

To stick to the notations of Jiang et al. (2024, Lemma 19), we introduce y;, = E[% (o1)],
ap = 1/(k+7)272¢, 0y = by = 1,03 = C, 7 = 2a/(2 — 2a), so that (65) rewrites, for all & > 0,

Yer1 < (1+ Gra})ye — L2axyi + Caaj,.

This is exactly the recursion in Jiang et al. (2024, Lemma 19), and our parameters lead to their
statement (b). Again, with their notations, ¢ = C'/2, uy = 2o — 1, p = p, which fulfills the
requirements
(22

¢

1>

1
)’ and > max{(g)l/“a G =¢
thus leading to
et <ACY2(k+14+9) 7 +y0(v  k+147))°
+1 > 7 Yo Y .
This is the desired result, as it rewrites
4C1/2 4 E[Z (00)]
200—1 \/5’
(k+7) (v 1k +7)

E[F (oy)] <
and the second term in the above is faster than the first one.

Auxiliary lemma. The next lemma is taken from Bercu and Bigot (2021, Lemma A.3). We just
verify that the proof holds without the assumptions 8 < 2 and 8 < 2a.

Lemma 6 Let 7}, be a sequence of positive numbers satisfying, for all k > 0,
b
(k+1)8

where a, b, «, B are positive constants satisfying a < 1 and o < 1 < 3. Then, there exists a positive
constant C such that

a
Zky1 < (1 - W)Zk +

C
Zi < 5a

Proof Proceeding as in Bercu and Bigot (2021, Lemma A.3), with0 < a <land 0 < a < 1,

1

78 (66)

k
Zy, < exp(n(1— k') Zo+0Y _ Py
/=1

where n = a/(1 — o) and
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with the convention that P,f ', = 1. For some integer m such that 2k < 4m < 3k,

k m

k
ZPE—H%é 7172 Z% Z Pf-i-leg’ (67)

{=m—+1
since P¥ | > PJ., forall ¢ < m. Besides, for { =1 — (3/4)' 7,

k

1 —a
Py <exp(—a Y —) <exp(n(2—a—£&k'™®),
i=m+1 t

where the first inequality uses 1 — 2 < ™7 and the second uses that m < (3/4)k and

§:<£2 1 %ka—mkﬂ—2_a gwﬂ%w2—m.

1 71—« l—a ™ 11—«
i=m+1
Plugging this in (67) together with the bound » ;" % <1+ % that holds since 5 > 1,
i 1
D Phags Sexp2—a—k )1+ 5 Z Py i (68)
/=1 l=m+1

Regarding the right term above, remark that

k
Pl — P = gaPEJrl

Therefore,
k k
1 1 1
k k k
Z Pz+1€73:g Z (Pe+1—Pé)fﬁ_a7
l=m+1 {=m+1

where we recall that 5 > «. Because £ > m > k/2,
2h—«

1
E Pfy— < E:PZ—H Pe—i(PknLl Pyq) < o
/B akB akB—o
l=m+1 fm—‘rl

25 o

Combining this with (68) and the bound (66) gives the final recursion, and the desired rate,

1 )+»§25—a
B—1" akf-o’

Zi < exp(n(l — K1) Zo + bexp(n(2 — a — k') (1 +

Appendix F. Additional Numerical Experiments
F.1. Continuous setting with explicit updates

In Figure 5, we extend the experiment of Figure 1 by considering a non-isotropic target distribution
w=N(0,A), where A is a diagonal matrix with entries drawn from a Gaussian distribution of mean
10 and variance 1 (negative values are discarded). Conclusions are similar in this general-covariance
setting, where our analysis provide convergence rates only up to the condition (21).

39



THURIN BOYER NADJAHI

2.0

5 — 50 1.75

10 75 1.50 3 s
5 — 20 — 100 e 1:25
10 10 1.00
0.75
0.5 0.5 0.50
0.25
0.0 0.0 0.00

0 200 400 0 200 400 0 200 400 0 200 400

(a) Setting b)a=0 (©)a=0.1 (d) a=0.51 e)a=0.9

Figure 5: Evolution of SW2 (o, 1) when o = N'(0, %) and = N(0, A)

F.2. Discrete source and target

We also complement Figure 4 with Figure 6 and Figure 7 on empirical distributions sampled with
n = 500 observations. The source is drawn from a mixture of Gaussians. The target is a Gaus-
sian distribution, either with isotropic or non-isotropic covariance. The evolution of the Sliced-
Wasserstein distance between iterates and the target reflects again that convergence is faster for
learning rates close to 1, especially for the case o = 0.1. The corresponding slowly decreasing
learning rate leads to faster convergence than the fixed learning rate 7, = 1 (o« = 0) in all our
experiments on discrete samples.
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Figure 6: Evolution of SW (oy, 1) for discrete source and target distributions. The source is sam-
pled from a mixture of Gaussians, and the target is sampled from A/ (0, I;)
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Figure 7: Evolution of SW2 (o, 1) for discrete source and target distributions. The source is sam-
pled from a mixture of Gaussians, and the target is sampled from N (0, A)
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Figure 8: Evolution of SWZ(oy, 1) when o = N(0,%) and u = N(0,1), with slice-matching
maps along a single direction 0y instead of an orthonormal basis P41
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Figure 9: Minimum and maximum eigenvalues of the estimated covariances >, when o = N (0, X2)
and . = N(0,1), with slice-matching maps along a single direction 6 instead of an
orthonormal basis P 1

F.3. A single direction for the slice-matching scheme

Figure 8 and Figure 9 provide alternative experiments when one replaces the orthonormal set of
directions Py by a single direction ;1. We consider continuous Gaussian source and target
distributions, so that iterates are explicit. Figure 8 shows the evolution of the Sliced-Wasserstein
loss for this alternative algorithm, and Figure 9 shows the evolution of the min/max eigenvalues.
Each considers N = 10 independent runs, each with a different source covariance. This illustrates
how the convergence is worsened for all learning rates and all dimensions d, as compared to our
experiments with multiple directions P 1.
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