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Abstract
We study the slice-matching scheme, an efficient iterative method for distribution matching based
on sliced optimal transport. We investigate convergence to the target distribution and derive quanti-
tative non-asymptotic rates. To this end, we establish Łojasiewicz-type inequalities for the Sliced-
Wasserstein objective. A key challenge is to control along the trajectory the constants in these in-
equalities. We show that this becomes tractable for Gaussian distributions. Specifically, eigenvalues
are controlled when matching along random orthonormal bases at each iteration. We complement
our theory with numerical experiments and illustrate the predicted dependence on dimension and
step-size, as well as the stabilizing effect of orthonormal-basis sampling.
Keywords: distribution matching, Sliced-Wasserstein distance, computational optimal transport,
non-convex optimization, stochastic gradient descent

1. Introduction

Many problems in modern machine learning require comparing and matching probability distribu-
tions, as in generative modeling (Marzouk et al., 2016; Grenioux et al., 2023), density estimation
(Wang and Marzouk, 2022; Irons et al., 2022) or domain adaptation (Courty et al., 2016). The goal
is typically to transform a source distribution in order to match a more complex target distribution.

Distribution matching and optimal transport. Distribution matching can be naturally formal-
ized through optimal transport (OT), which provides both a geometrically meaningful distance be-
tween probability measures and, when it exists, a transport map pushing a source distribution σ to a
target distribution µ (Villani, 2008; Ambrosio and Savaré, 2007). OT-based methods have led to ma-
jor theoretical and algorithmic advances across machine learning, image processing and scientific
computing (Peyré et al., 2019; Santambrogio, 2015). However, computing OT maps is in general
expensive both computationally and statistically (Hütter and Rigollet, 2021; Chewi et al., 2024).

© 2026 G. Thurin, C. Boyer & K. Nadjahi.



THURIN BOYER NADJAHI

Iterative approaches and measure interpolations. The high cost of OT has motivated alter-
native approaches that decompose the transport problem into simpler subproblems. A key idea
is to build an interpolation between σ and µ through a sequence of elementary transformations,
rather than estimating a single global transport map. This idea underlies many iterative correction
schemes: although each step may only partially reduce the discrepancy between σ and µ, their
composition is expected to gradually align them. Among all possible interpolations, the McCann
interpolation (McCann, 1997) plays a distinguished theoretical role, as it corresponds to geodesics
in Wasserstein space, but it is rarely tractable. A generic iterative sequence of measures that mimics
McCann’s interpolation can be constructed through

σ̂k+1 =
(
(1− γk)Id + γkT̂k

)
♯
σ̂k, (1)

where T̂k is an approximate transport map from σ̂k to µ, (γk)k a sequence of step sizes. Here, T♯σ
denotes the pushforward of σ by the function T : if X ∼ σ, then T (X) ∼ T♯σ.

Different choices for T̂k have been proposed, such as entropy-regularized OT (Kassraie et al.,
2024) and neural-network parameterizations in diffusion or flow-based models (Song et al., 2021;
Albergo et al., 2025). In this work, we focus on sliced optimal transport, a computationally efficient
alternative that leverages one-dimensional projections (Pitié et al., 2007; Rabin et al., 2011, 2012).

Sliced optimal transport and slice-matching maps. The Sliced-Wasserstein distance (SW) com-
pares two distributions by projecting them onto one-dimensional subspaces and averaging the re-
sulting Wasserstein distances (Rabin et al., 2011, 2012). Thanks to its scalability and simple im-
plementation, SW has attracted growing interest in large-scale applications, including generative
modeling (Deshpande et al., 2019; Wu et al., 2019; Liutkus et al., 2019; Kolouri et al., 2018; Dai
and Seljak, 2021; Coeurdoux et al., 2022; Du et al., 2023). This empirical success has in turn moti-
vated theoretical work on the geometry induced by sliced OT, sample complexity, and convergence
properties of associated algorithms (Nadjahi et al., 2019, 2020; Manole et al., 2022; Tanguy, 2023;
Tanguy et al., 2025; Li et al., 2023; Vauthier et al., 2025).

Although sliced OT does not directly provide transport maps or geodesics (Kitagawa and Takatsu,
2024; Park and Slepčev, 2025), several constructions have been proposed in this spirit (Liu et al.,
2025; Mahey et al., 2023). In particular, slice-matching maps (Pitié et al., 2007; Li and Moosmüller,
2024) correspond to Wasserstein gradients of the SW functional (Li et al., 2023). For a direction
θ ∈ Sd−1, let σθ and µθ denote the push-forwards of σ and µ by the projection x 7→ ⟨x, θ⟩. Denoting
by Tµ

θ

σθ : R → R the univariate optimal transport map from σθ to µθ, the associated slice-matching
map is defined by

Tσ,θ(x) = x+
(
Tµ

θ

σθ (θ
Tx)− θ⊤x

)
θ . (2)

Since the probability mass is transported along a single direction, Tσ,θ does not transport σ to µ. The
Iterative Distribution Transfer (IDT) algorithm (Pitié et al., 2007) therefore constructs an iterative
composition of slice-matching maps, corresponding to (1) with constant step sizes γk = 1. Using
random directions θ at each iteration, this procedure is expected to gradually push σ to µ and has
been successfully applied in practice.

Related works. The IDT algorithm (Pitié et al., 2007) was introduced before the Sliced-Wasserstein
distance (Rabin et al., 2011, 2012) and was later interpreted as an iterative sliced OT procedure.
Early works established convergence of the IDT iterates when the target is the standard Gaussian dis-
tribution and studied its continuous-time limit, often referred to as the Sliced-Wasserstein flow (Pitié

2



CONVERGENCE RATES FOR DISTRIBUTION MATCHING WITH SLICED OPTIMAL TRANSPORT

et al., 2007; Bonnotte, 2013). More recently, Cozzi and Santambrogio (2025) proved convergence
of SW flows to the isotropic Gaussian. Relatively few results are available on the convergence of
sliced OT procedures beyond the Gaussian setting. A more general analysis is conducted in Li et al.
(2023), which reinterprets IDT as a stochastic gradient descent method (SGD) on SW and accounts
for time discretization and randomness in the sampled directions. They prove asymptotic conver-
gence of the discrete-time dynamics under strong assumptions, notably that the iterates remain in a
compact set containing no other critical points than the target measure. In parallel, several works
have studied SW as a loss between discrete measures and highlight the existence of nontrivial criti-
cal points, which motivate noisy or regularized variants of SGD (Tanguy et al., 2024, 2025; Vauthier
et al., 2025).

Contributions. The main goal of this paper is to establish convergence rates for the slice-matching
scheme (Li et al., 2023). Our approach is based on identifying Polyak–Łojasiewicz (PL) inequalities
for the Sliced-Wasserstein objective, which bound the loss by the squared norm of its Wasserstein
gradient. These inequalities imply quantitative convergence rates to the target distribution. The
main technical challenge is that the associated constants depend on lower and upper bounds on the
density of the iterates, which are difficult to control along the trajectory.

We address this difficulty within the class of elliptic distributions, for which slice-matching
maps are linear. In this regime, controlling the density of the iterates amounts to controlling the
eigenvalues of their covariance matrices. When the target distribution is isotropic, we show that
these eigenvalues can be controlled in expectation, which in turn yields explicit convergence rates.
Crucially, such spectral control holds from the very first iteration when the updates use random
orthonormal bases of directions. This stands in contrast with the single-direction setting, where the
lack of orthogonality leads to larger fluctuations in the covariance structure before stabilization.

Structure. Section 2 introduces the mathematical framework. Preliminary convergence results
to critical points are discussed in Section 3. Section 4 presents our main results on Łojasiewicz-
and PL-type inequalities and on the control of the associated constants. Numerical experiments are
reported in Section 5, followed by a conclusion. Technical proofs are deferred to the appendices.

Notation. For any probability measure ν on Rd, let M2(ν) =
∫
Rd ∥x∥2dν(x) be its second mo-

ment. P2(Rd) refers to the set of measures with a finite second moment and P2,ac(Rd) ⊂ P2(Rd)
is the set of absolutely continuous measures with respect to the Lebesgue measure. We denote the
Euclidean norm and inner product on Rd by ∥·∥ and ⟨·, ·⟩. For ν ∈ P2(Rd), we define L2(ν) = {f :
Rd → Rd :

∫
Rd ∥f(x)∥2dν(x) ≤ +∞}, and for f, g ∈ L2(ν), ⟨f, g⟩ν =

∫
Rd⟨f(x), g(x)⟩dν(x),

∥f∥ν =
√
⟨f, f⟩ν . Let Sd−1 = {θ ∈ Rd : ∥θ∥ = 1} be the unit sphere in Rd. For any θ ∈ Sd−1,

πθ : Rd → R is the projection πθ(x) = ⟨x, θ⟩. Finally, λi(A) refers to the i-th smallest eigenvalue
of a matrix A, with λmin(A) the smallest and λmax(A) the largest.

2. Background on the Slice-Matching Scheme

We begin by reviewing the definition of optimal transport and its properties for one-dimensional
measures, which motivates slicing. Let Tµσ denote the OT map from σ to µ, defined as a minimizer
in the Wasserstein distance: W 2

2 (σ, µ) = infT :T♯σ=µ EX∼σ
∥∥X − T (X)

∥∥2. In dimension one, the
optimal transport map admits a closed-form expression, Tµσ = F−1

µ ◦Fσ,where Fρ is the cumulative
distribution function of ρ ∈ P2(R). This motivates the definition of the Sliced-Wasserstein distance,
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which averages one-dimensional Wasserstein distances over random projections:

SW 2
2 (σ, µ) =

∫
Sd−1

W 2
2 (σ

θ, µθ) dU(θ),

where σθ = (πθ)♯σ and µθ = (πθ)♯µ, and U is the uniform distribution on Sd−1.

Slice-matching maps and scheme. We now introduce the slice-matching construction that under-
lies the iterative scheme studied in this paper. Let µ ∈ P2,ac(Rd) be a target probability measure,
and let P = [θ1, . . . , θd] ∈ Rd×d be an orthonormal basis of Rd. For any direction θ ∈ Sd−1, denote
by tθ = Tµ

θ

σθ the one-dimensional optimal transport map pushing the projected measure σθ onto µθ.
Rather than transporting mass along a single direction, we simultaneously match d orthogonal

one-dimensional projections. This leads to the definition of the (matrix-)slice-matching map

∀x ∈ Rd, Tσ,P (x) = x+ P


tθ1(θ

⊤
1 x)− θ⊤1 x

tθ2(θ
⊤
2 x)− θ⊤2 x

...
tθd(θ

⊤
d x)− θ⊤d x

 =
d∑
i=1

tθi(θ
⊤
i x) θi, (3)

where the last equality follows from the fact that P is an orthonormal basis. Using several or-
thogonal directions at each iteration has been observed to significantly improve both stability and
empirical performance (Pitié et al., 2007; Bonneel et al., 2015; Li et al., 2023). From a theoretical
standpoint, matrix-slice-matching maps enjoy a moment-matching property (Li and Moosmüller,
2024, Proposition 3.6), which will play a central role in our analysis:

EY∼(Tσ,P )♯σ[Y ] = EY∼µ[Y ], M2

(
(Tσ,P )♯σ

)
= M2(µ).

The slice-matching scheme, main focus of this paper, is defined as follows: Starting from an initial
distribution σ0 = σ ∈ P2,ac(Rd), the iterates are given by

∀k ≥ 0, σk+1 =
(
(1− γk)Id + γkTσk,Pk+1

)
♯
σk, (4)

where (Pk)k≥1 is an i.i.d. sequence of random orthonormal bases drawn according to the Haar
measure on O(d) (the set of d× d orthonormal matrices) and (γk)k≥0 consist of positive step sizes
satisfying the Robbins-Monro conditions∑

k≥0

γk = +∞,
∑
k≥0

γ2k < +∞. (5)

Stochastic gradient descent perspective. The slice-matching scheme admits a natural interpre-
tation as a stochastic gradient descent procedure in the 2-Wasserstein space for a Sliced-Wasserstein
loss (Li et al., 2023). Specifically, consider the variational problem

min
σ∈P2(Rd)

F (σ), with F (σ) =
d

2
SW 2

2 (σ, µ). (6)

For P = [θ1, . . . , θd] an orthonormal basis of Rd, defining F (σ, P ) = 1
2

∑d
ℓ=1W

2
2 (σ

θℓ , µθℓ), one
has the decomposition

F (σ) = EP
[
F (σ, P )

]
,
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where the expectation is taken with respect to P 1. Both F and F (·, P ) depend on the target
measure µ, a dependence that we omit in the notation for simplicity. The Wasserstein gradient of
the random functional F (·, P ) is given by

∇W2F (σ, P ) = Id − Tσ,P ,

and provides an unbiased estimator of the full Wasserstein gradient: EP
[
∇W2F (σ, P )

]
= ∇W2F (σ),

see Rabin et al. (2011); Bonnotte (2013); Li et al. (2023); Cozzi and Santambrogio (2025) and
Proposition 6 (Appendix B). As a consequence, the slice-matching iteration (4) can be rewritten as
a stochastic gradient descent update in Wasserstein space. For any k ≥ 0,

σk+1 =
(
Id − γk(Id − Tσk,Pk+1

)
)
♯
σk =

(
Id − γk∇W2F (σk, Pk+1)

)
♯
σk. (7)

For completeness, Appendix A recalls basic notions of differentiation in Wasserstein space.

Bounded gradients. Cozzi and Santambrogio (2025) show that second-order moments are bounded
along the Sliced-Wasserstein flow. In our discrete time setting that incorporates stochastic choices
of directions Pk+1, we can show that the same holds as a result of the aforementioned moment-
matching property of slice-matching maps (see Proposition 7, Appendix B). Combining this with
∥∇W2F (σ)∥2σ ≤ 2F (σ) (by Jensen’s inequality; see Proposition 6, Appendix B), one has

∀k ≥ 0, ∥∇W2F (σk)∥2σk ≤ 2F (σk) ≤ 4M2(µ) .

Smoothness and non-convexity. A key property for SGD is the smoothness of the objective func-
tion. It is shown in Vauthier et al. (2025) (and recalled in Appendix B.2) that F is 1-smooth in
P2(Rd) endowed with W2: for any σ1, σ2 ∈ P2(Rd) such that the OT map T σ2σ1 exists,

F (σ2) ≤ F (σ1) + ⟨∇F (σ1), T
σ2
σ1 − Id ⟩σ1 +

1

2
W 2

2 (σ1, σ2). (8)

Smoothness alone, however, is not sufficient to guarantee almost-sure convergence towards µ. In
Wasserstein spaces, convergence rates typically rely on geodesic convexity (Ambrosio and Savaré,
2007), which F does not satisfy in general (Vauthier et al., 2025). Nevertheless, convergence is
observed in practice (Pitié et al., 2007; Rabin et al., 2011), which suggests that the optimization
landscape remains highly structured, as studied in the next section.

3. Preliminary Analysis: Convergence to Critical Points

We recall convergence results from Li et al. (2023) and derive new results about averages of gradient
norms with standard proofs that use the smoothness property.

Descent lemma. The following lemma is a key recursion inequality that serves as a standard
descent condition in stochastic optimization. The proof follows by the smoothness property (8) and
direct computations, in the same fashion as for optimization over Euclidean spaces.

1. This equality follows from the invariance of the Haar measure, which ensures that the marginal distribution of each
direction θℓ is uniform on Sd−1, even though the directions are not independent.
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Lemma 1 (Li et al. (2023), Lemma A.1) Let (σk)k≥1 be the iterates generated by the slice-matching
scheme (4). Then, for any k ≥ 0,

E[F (σk+1)|Ak] ≤ (1 + γ2k)F (σk)− γk∥∇W2F (σk)∥2σk , (9)

where Ak is the σ-field generated by (P1, . . . , Pk).

Given recursion (9) and step-sizes assumptions (5), a direct application of Robbins-Siegmund
theorem (Robbins and Siegmund, 1971) implies that (F (σk))k≥0 converges almost surely to a finite
random variable, and that ∑

k≥1

γk
∥∥∇W2F (σk)

∥∥2
σk
< +∞ a.s. (10)

An immediate byproduct is that a subsequence of (∥∇W2F (σk)∥σk)k≥1 converges almost surely to
0, or equivalently lim infk→+∞ ∥∇W2F (σk)∥σk = 0. Besides, (∥∇W2F (σk)∥σk)k≥1 converges
almost surely to 0 if the sequence (σk)k≥1 remains in a compact subset of (P2,ac(Rd),W2) (Li
et al., 2023, Theorem 2). This holds true for instance if σ0 and µ are continuous and compactly
supported, or under finite third-order moments (Li et al., 2023, Remark 9). Under the additional
assumption that ∇F (σ) = 0 ⇐⇒ σ = µ, the limit of σk must be µ almost surely. To the best of
our knowledge, the only known sufficient condition for this equivalence is that densities are strictly
positive on their compact support (Bonnotte, 2013, Lemma 5.7.2).

Convergence Guarantees to Critical Points. The next proposition establishes convergence to-
ward a critical point using standard arguments, up to a random reshuffling of the indices (Ghadimi
and Lan, 2013). This result is weaker than the almost sure convergence σk

a.s.→ µ from Li et al.
(2023, Theorem 2), but it has the benefit of requiring no additional assumptions than the ones of
Lemma 1. Here, this means absolute continuity for σ and µ, although smoothness (8) holds in fact
in the more difficult setting of Vauthier et al. (2025) where (σk) are discrete. In this case, the next
two propositions could be extended.

Proposition 1 For anyK ∈ N, let i(K) be a random index such that ∀k ∈ {1, . . . ,K}, P(i(K) =
k) = 1/K. Then, (∥∇F (σi(K))∥2σi(K)

)K≥0 converges in probability towards 0, i.e.,

∀ϵ > 0, lim
K→+∞

P
(
∥∇F (σi(K))∥2σi(K)

> ϵ
)
= 0 .

Turning to convergence rates, assuming smoothness and boundedness of the iterates only yields the
following result, which concerns a weighted average of the gradients.

Proposition 2 For a number K of iterations, define the weigths ωj = γj/
∑K

k=1 γk, for any 0 ≤
j ≤ K, where (γj)j are the chosen learning rates. Then,

K∑
k=0

ωkE[∥∇W2F (σk)∥2σk ] ≤
F (σ0) + 4M2(µ)

∑K
k=0 γ

2
k∑K

k=0 γk
. (11)

When choosing γk = 1/(k + 1)α for 1/2 < α < 1, considering that the numerator is bounded by
a constant, Proposition 2 yields a rate of order Kα−1, since

∑K
k=0 γk ≥ 1

1−α(K
1−α − 1). We also
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emphasize that the bound (11) would tend to zero for a constant step-size γk = 1/
√
K + 1 given a

finite time horizon K (as in Ghadimi and Lan, 2013; Khaled and Richtárik, 2023).
These propositions complement the related work by Vauthier et al. (2025) that also study con-

vergence towards critical points. Their setting is different in that they consider a discrete source σ,
a continuous target µ, a constant learning rate and their gradients are theoretically computed from
all directions θ ∈ Sd−1, as opposed to our stochastic gradients along finitely many directions.

The convergence results obtained so far are standard for stochastic optimization of smooth losses
with bounded gradients (Bottou et al., 2018; Dossal et al., 2024). For completeness, proofs are
provided in Appendix B.4. In the remainder of this paper, we will assume appropriate continuity
conditions, allowing us to strengthen and extend the preceding results.

In particular, our Łojasiewicz inequalities imply that the assumptions of Li et al. (2023, Theorem
2) hold for Gaussian measures. This readily gives almost-sure convergence, as stated hereafter and
proved in Appendix E.1.

Proposition 3 Let σ = N (0,Σ) and µ = N (0,Λ), with Σ,Λ ∈ Rd×d strictly positive definite. Let
(γk) satisfy the Robbins-Monro conditions (5). Then, limk→+∞F(σk) = 0 almost surely.

The almost-sure convergence of the objective can be converted into convergence in W2, using the
compactness of the iterates and the metric properties of SW2, as in the proof of (Cozzi and Santam-
brogio, 2025, Corollary 4.3).

Corollary 1 Under the assumptions of Proposition 3, limk→+∞W2(σk, µ) = 0 almost surely.

4. Convergence Analysis under Łojasiewicz Inequalities

This section is devoted to the derivation of quantitative convergence rates for the slice-matching
scheme. Our main result concerns Gaussian source and target measures.

4.1. Main result: convergence analysis for Gaussian measures

Theorem 2 Assume σ = N (0,Σ) and µ = N (0, Id), where Σ ∈ Rd×d is symmetric positive
definite. Let γk = 1/(k + 1)α. For 2/3 < α < 1, it exists C > 0 such that, for all k ≥ 1,

E[F (σk)] ≤
C

k2α−1
.

For 0 < α < 2/3, it exists C > 0 such that, for all k ≥ 1 and for all 0 < ϵ < min(α, 1− α),

E[F (σk)] ≤
C

k1−α−ϵ
.

The complete proof is deferred to Appendix E. The remainder of this section presents the main
ingredients and is organized as follows. We first introduce a general framework showing how con-
vergence rates follow from a random Polyak–Łojasiewicz (PL) inequality along the trajectory. We
then discuss how such inequalities can be established in a static fashion under density bounds, and
why propagating these bounds is difficult in general. Finally, we show that the Gaussian struc-
ture allows one to control the corresponding PL constants through spectral estimates on covariance
matrices, which leads to Theorem 2.
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4.2. Step 1: From (random) PL inequalities to rates

Our starting point is a gradient-variance decomposition (see Appendix B.1, Proposition 6) which
isolates Łojasiewicz-type inequalities as the key ingredient. Denoting T σ = EP [Tσ,P ], one has

2F (σ) = ∥∇W2F (σ)∥2σ + EP
[
∥T σ − Tσ,P ∥2σ

]
. (12)

If the variance term is controlled by the squared Wasserstein gradient norm, i.e., if there exists s > 0
such that

EP
[
∥T σ − Tσ,P ∥2σ

]
≤ s2∥∇W2F (σ)∥2σ,

then (12) yields a Polyak–Łojasiewicz inequality

F (σ) ≤ B∥∇W2F (σ)∥2σ, B = 1+s2

2 ,

a standard condition to prove convergence rates in nonconvex optimization (e.g. Garrigos and
Gower, 2023). This motivates the search for PL inequalities that hold along the iterates (σk)k≥0

with constants that can be controlled. We formalize this requirement through the following random
Łojasiewicz-type condition (Kurdyka et al., 2000; Attouch et al., 2010).

Assumption A For some τ ∈ {1, 2} and any k ≥ 1, F (σk)
τ ≤ Bk∥∇W2F (σk)∥2σk with (Bk)k≥1

a sequence of positive random variables s.t. supk≥1 E[B
p
k] ≤ cp with cp ∈ (0,+∞) for all p ∈ N∗.

By combining such inequalities along the trajectory with the descent recursion for F (σk)
(Lemma 1), we obtain the following rates.

Theorem 3 Consider Assumption A with τ = 1. Choose the step sequence as γk = 1/(k + 1)α.

(i) If 0 < α < 2/3, then, for any k ≥ 1, E[F (σk)] ≲ k−(1−α−ϵ) for all 0 < ϵ < min(α, 1− α).

(ii) If 2/3 < α < 1, then, for any k ≥ 1, E[F (σk)] ≲ k−(2α−1).

Alternatively, consider Assumption A with τ = 2. For p ≥ 2α/(2− 3α), let γ = (2M2(µ)
√
cp)

3/2.
Let γk = 1/(k + γ)α with 1/2 < α < 2/3. Then, for any k ≥ 1, E[F (σk)] ≲ 1/(k + γ)2α−1.

Only finitely many moments of Bk are required for the analysis. More precisely, the proof requires
supk≥1 E[B

p
k] < ∞ for some p > 4α/(1 − α) when τ = 1, and for some p ≥ 2α/(2 − 3α) when

τ = 2. For simplicity of exposition, Assumption A is stated with uniform bounds for all p ∈ N∗.
Beyond the slice-matching setting, the proof strategy applies more generally to optimization

schemes with smooth objectives, whose gradients are bounded and that satisfy Assumption A. The
argument follows a standard template: one first derives a descent recursion, and then applies an
appropriate variant of Chung’s lemma (Chung, 1954; Jiang et al., 2024). The main additional dif-
ficulty here is that the PL constant Bk is random. We address this by working on events of the
form {Bk ≤ g−1

k } where gk → 0 is chosen so that these events eventually occur almost surely.
Similar arguments appear in Godichon-Baggioni (2019, Theorem 4.2) and Bercu and Bigot (2021,
Theorem 3.6) to leverage local strong convexity. The main remaining difficulty is therefore to verify
Assumption A for the slice-matching iterates.

4.3. Step 2: Static PL inequalities and bounded densities

In this section, we show that Łojasiewicz-type inequalities can be established in a static manner,
i.e., for fixed measures with uniformly bounded densities.
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Gradient domination for bounded densities. For notational simplicity, we identify any σ ∈
P2,ac(Rd) with its density. Given a reference measure ν ∈ P2,ac(Rd), we consider the convenient
setting of measures with uniformly bounded densities

Pν,m,M (Rd) = {σ ∈ P(Rd) : mν ≤ σ ≤Mν} , (13)

for which the following gradient-domination inequality can be obtained.

Proposition 4 Assume that ν ∈ P2,ac(Rd) satisfies a Poincaré inequality with constant Cν > 0,
i.e., for any f : Rd → R such that ∥∇f∥2ν < +∞, Varν(f) ≜ ∥f − Eν [f ]∥2ν ≤ Cν∥∇f∥2ν .
Then, if µ ∈ Pν,m,M (Rd), for any σ ∈ Pν,m,M (Rd),

F (σ) ≤ 2Cν
M

m

∥∥∇W2F (σ)
∥∥
σ
.

The proof follows arguments similar to Chizat et al. (2025, Lemma 3.3). Note that, combined with
∥∇W2F (σ)∥2σ ≤ 2F (σ), we obtain the two-sided estimate

∥∇W2F (σ)∥2σ/2 ≤ F (σ) ≤ 2Cν
M

m

∥∥∇W2F (σ)
∥∥
σ
.

In particular, ∇W2F (σ) = 0 if and only if F (σ) = 0, i.e., σ = µ. We therefore retrieve a
characterization of critical points by Bonnotte (2013, Lemma 5.7.2), where compactness of the
support is no longer required.

PL inequality for Gaussians. We now turn to the Gaussian setting, in which PL inequalities can
be established. We consider the class

Gm,M = {ρΣ : Σ ∈ Sd++, mId ⪯ Σ ⪯MId}, (14)

where ρΣ = N (0,Σ), and Sd++ is the set of positive definite d× d matrices. The notation ⪯ refers
to the Loewner partial order: for two symmetric matrices (A,B), A ⪯ B if and only if B − A is
positive semi-definite. Therefore, Gm,M corresponds to Gaussian measures with uniformly bounded
covariance eigenvalues.

Proposition 5 (PL inequality on Gm,M ) Let σ = ρΣ and µ = ρΛ such that Σ,Λ are simultane-
ously diagonalizable by an orthogonal matrix (i.e., co-diagonalizable). Assume ρΣ, ρΛ ∈ Gm,M .
Let Cd = d(d+ 2)M/m . Then,

F (σ) ≤ Cd
2

(
1 +

M

m

) ∥∥∇W2F (σ)
∥∥2
σ
. (15)

Proposition 5 is proved by adapting Chewi et al. (2020, Theorem 19), which yields an intermediate
inequality relating F (σ) and ∥∇W2F (σ)∥ for σ, µ ∈ Gm,M (see Appendix C.2). We then refine it
into a PL inequality by proving that, for co-diagonalizable covariances,

W 2
2 (ρΣ, ρΛ) ≤ Cd SW

2
2 (ρΣ, ρΛ). (16)

To our knowledge, this is the first comparison between W2 and SW2 with polynomial dimension
dependence, instead of exponential dependence obtained in general settings, e.g., Bonnotte (2013,
Theorem 5.1.5) and Carlier et al. (2025). This result may be of independent interest for other
research problems involving Gaussian distributions and the Bures-Wasserstein metric.
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From static inequalities to iterate stability. To use Proposition 4 (or Proposition 5) in a conver-
gence analysis, one must ensure that the iterates (σk)k≥0 remain in Pν,m,M (Rd) (or Gm,M ) with
constants m,M uniform in k. However, if σk satisfies such bounds, propagating them to σk+1 is
challenging. Indeed, since σk+1 = Sk#σk, the change-of-variables formula yields

σk+1(Sk(x)) =
σk(x)

det Jac [Sk](x)
. (17)

Thus, propagating density bounds reduces to controlling det Jac [Sk], which typically requires strong
regularity estimates on Sk; see e.g., Caffarelli (1992, 2000); Bobkov and Ledoux (2019); Park and
Slepčev (2025). One possible way to circumvent this difficulty in general settings is to introduce
diffusion through entropic regularization (Chizat et al., 2025), but this leads to a different class of
distribution-matching algorithms (Liutkus et al., 2019) and falls outside the scope of the present
work. This observation motivates restricting attention to settings, such as the Gaussian case, where
the relevant constants can instead be controlled through an alternative, more tractable mechanism.

4.4. Step 3: Propagating PL constants along the trajectory in the Gaussian case

To apply Theorem 3, it remains to verify Assumption A along the slice-matching trajectory, in the
Gaussian setting.

Slice-matching on the Bures-Wasserstein manifold. We begin by making the slice-matching
updates explicit when matching two Gaussians. Let µ = ρΛ and for a fixed k ∈ N, σk = ρΣk

. Then,
for any θ ∈ Sd−1, the one-dimensional projections satisfy σθk = N (0, θ⊤Σθ), µθ = N (0, θ⊤Λθ),
and the corresponding optimal transport map between these marginals is linear and given by

Tµ
θ

σθ
k

(s) = τθs, with τθ =
√
θ⊤Λθ/θ⊤Σθ.

For Pk+1 = [θ1, · · · , θd], define the diagonal matrix Dk = diag(τθ1 , . . . , τθd). The resulting slice-
matching map Tσk,Pk+1

is also linear: ∀x ∈ Rd, Tσk,Pk+1
(x) = Pk+1DkP

⊤
k+1x. As a consequence,

the iterates remain Gaussian (Altschuler et al., 2021), i.e., σk = ρΣk
, with covariance matrices

evolving according to the following recursion

Σk+1 = Ak Σk A
⊤
k , Ak = (1− γk)Id + γkPk+1DkP

⊤
k+1 . (18)

Remark 4 (Centered Gaussians) If γ1 = 1, the first iteration enforces equality of the means of
σ1 and µ due to the moment matching property of slice-matching maps (Li and Moosmüller, 2024,
Proposition 3.6). Therefore, we may assume without loss of generality that σ and µ are centered.

Remark 5 (Elliptically contoured distributions) All results of this section extend beyond the Gaus-
sian case to elliptically contoured distributions. The key structural property used throughout is the
linearity of OT maps, which also holds in this broader class (Gelbrich, 1990, Theorem 2.1).

Control of PL constants along the trajectory. The convergence analysis relies on PL inequal-
ities whose constants depend inversely on the smallest eigenvalue of the covariance matrices Σk.
Therefore, obtaining quantitative convergence rates requires uniform (in k) control of 1/λmin(Σk),
in expectation and with finite moments. We thus proceed in three steps:

10
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(a) “Static” Łojasiewicz inequalities with random constants. Under the trace bound Tr(Σk) ≤ Tr(Λ)
(Proposition 7), one has λmin(Σk) ≤ λmax(Λ). Consequently, Propositions 5 and 8 yield, for
τ ∈ {1, 2},

F (σk)
τ ≤ Bk

∥∥∇W2F (σk)
∥∥2
σk
, Bk ≲

1

λmin(Σk)
. (19)

Thus, the PL constant along the trajectory is random and may deteriorate if λmin(Σk) becomes
small, which motivates a quantitative control of this quantity.

(b) Recursion on λmin(Σk+1). We exploit the explicit covariance update (18). We show that for
any k ≥ 0, there exists a direction θi among the columns of Pk+1 such that (Proposition 10)

√
λmin(Σk+1) ≥

√
λmin(Σk)

(
1− γk + γkτθi

)
, τθi =

√
θ⊤i Λθi

θ⊤i Σkθi
. (20)

Since Σ0 ≻ 0 and Λ ≻ 0, it holds by induction that λmin(Σk) > 0 for all finite k. Hence, the
PL inequality in Proposition 5 is well-defined along the trajectory.

(c) Moment control of 1/λmin(Σk). We now leverage the recursion (20) to bound 1/λmin(Σk) in
expectation. A sufficient condition is provided by Proposition 12: for some p ≥ 1,

E

∑
k≥0

γk Eθ
[(

θ⊤Σkθ

θ⊤Λθ

)p
− 1

] <∞. (21)

We are able to verify (21) in the isotropic target case Λ = Id, although our numerical experi-
ments suggest that (21) is verified for more general target covariances. More precisely, for any
p ∈ N∗, supk≥1 E[λmin(Σk)

−p] <∞ when Λ = Id (Proposition 11).

Combining the PL inequality (19) with the above moment bounds shows that Assumption A holds
along the Gaussian slice-matching trajectory. Applying Theorem 3 then yields the convergence rate
stated in Theorem 2.

5. Numerical Experiments

5.1. Matching Gaussians

We implement the slice-matching scheme with source σ = N (0,Σ) and target µ = N (0, Id) to
illustrate our theoretical insights from Section 4. The updates are computed exactly following the
explicit covariance recursion (18). We run the algorithm for different dimensions d ∈ [5, 100]
and step-size schedules γk = (k + 1)−α with α ∈ [0, 1). For each (d, α), we perform N = 10
independent runs (independent initializations of Σ), and we track the loss SW 2

2 (σk, µ) (to verify
convergence) and the extreme eigenvalues λmin(Σk), λmax(Σk).

Convergence and impact of (d, α). Figure 1 reports SW 2
2 (σk, µ) as a function of the iteration

k. For all tested dimensions d, the loss decreases, indicating convergence of the iterates toward the
target measure. As d increases, the decay becomes slower, in agreement with our theoretical results,
since the constants in our bounds scale polynomially with d. Similarly, the extreme eigenvalues
converge to 1, which confirms that Σk becomes Id. Figure 1 also shows that smaller values of
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Figure 1: Evolution of SW 2
2 (σk, µ) when σ = N (0,Σ) and µ = N (0, Id)
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Figure 2: Minimum and maximum eigenvalues of Σk when σ = N (0,Σ) and µ = N (0, Id)

α (i.e., more aggressive step sizes) yield faster empirical convergence, with α ∈ {0, 0.1} typically
performing best. This behavior is not captured by our non-asymptotic analysis, derived for α > 0.5.
Extending the theory to values of α close to 0 remains an open problem.

Eigenvalue control. A key ingredient in our proof is to control λmin(Σk) along the trajectory in
order to verify Assumption A. In the isotropic target case µ = N (0, Id), the theory predicts that
once the second-moment bound M2(σk) ≤ M2(µ) holds, which happens from the first iteration
(Proposition 7), the eigenvalues remain uniformly bounded over k (Proposition 11). This behavior
can be observed in Figure 2: the extreme eigenvalues settle in a fixed range from the first iteration.
We emphasize that this behavior is due the moment-matching property inherent to the choice of
an orthonormal basis Pk+1 at each iteration. Another variant samples a single θk+1 ∈ Sd−1 per
iteration and updates only along that direction. The resulting extreme eigenvalues are shown in
Figure 3, and exhibit larger fluctuations before stabilizing, which correlates with slower loss decay.
The benefit of random orthonormal bases is consistent with recent work on sampling strategies in
sliced OT (Sisouk et al., 2025).

5.2. Beyond the Gaussian-to-Gaussian Setting

Figure 4 considers discrete empirical distributions of n = 500 samples. In each run, the source
and target are sampled from a Gaussian mixture with randomly-generated mixture components. We
plot SW 2

2 (σk, µ) over iterations for N = 10 independent runs, across the same dimensions and
step-size schedules as in the Gaussian setting. We observe the same trends: the loss decreases for
all d, convergence slows down as d increases, and smaller values of α typically yield faster conver-
gence. It is worth noting that α = 0.1 outperforms α = 0 in our experiments, which illustrates the
interest of slice-matching algorithm (where (γk) is decaying) over IDT (where γk = 1). We provide
additional experiments on empirical measures in Appendix F. While these discrete settings are not
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Figure 3: Comparison of sampling strategies: single direction θk+1 or orthonormal basis Pk+1. We
report λmin(Σk) and λmax(Σk) with σ = N (0,Σ), µ = N (0, Id), d = 5.
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Figure 4: Evolution of SW 2
2 (σk, µ) for discrete source and target distributions. The source and

target samples are distributed from Gaussian mixtures.

covered by our theory, the empirical convergence suggests that regularity may hold more broadly,
despite identified technical issues (Tanguy et al., 2025; Vauthier et al., 2025).

6. Conclusion and Perspectives

We established convergence rates for the slice-matching algorithm through Łojasiewicz-type in-
equalities for the Sliced-Wasserstein objective.We show that controlling the associated constants is
tractable in the Gaussian (or elliptic) setting when sampling random orthonormal bases. A main
limitation is that our explicit rate requires an isotropic Gaussian target, similarly to Cozzi and San-
tambrogio (2025). Extending the theory to general Gaussian targets and non-elliptic distributions
remains open. A promising direction is to introduce regularization (e.g., diffusive terms) to help
maintain regularity along the dynamics (Liutkus et al., 2019; Tanguy et al., 2025; Chizat et al.,
2025). Finally, our experiments show faster convergence with orthonormal bases of directions and
step-size schedules γk = 1/(k + 1)α with small α. This behavior is not explained by our theo-
rems and may require tools beyond decreasing-step stochastic approximation, for example Markov
chains (Dieuleveut et al., 2020).
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Hédy Attouch, Jérôme Bolte, Patrick Redont, and Antoine Soubeyran. Proximal alternating mini-
mization and projection methods for nonconvex problems: An approach based on the kurdyka-
łojasiewicz inequality. Mathematics of operations research, 35(2):438–457, 2010.

Bernard Bercu and Jérémie Bigot. Asymptotic distribution and convergence rates of stochastic
algorithms for entropic optimal transportation between probability measures. The Annals of
Statistics, 49(2):968 – 987, 2021. doi: 10.1214/20-AOS1987.

Sergey Bobkov and Michel Ledoux. One-dimensional empirical measures, order statistics, and
Kantorovich transport distances, volume 261. American Mathematical Society, 2019.
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Kimia Nadjahi, Alain Durmus, Lénaı̈c Chizat, Soheil Kolouri, Shahin Shahrampour, and Umut
Simsekli. Statistical and topological properties of sliced probability divergences. Advances in
Neural Information Processing Systems, 33:20802–20812, 2020.

Alexander M Ostrowski. A quantitative formulation of sylvester’s law of inertia. Proceedings of
the National Academy of Sciences, 45(5):740–744, 1959.
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Appendix A. Reminders on Wasserstein space

This appendix gathers existing results useful for optimization over the space of probability distribu-
tions. For further details, we refer the interesting reader to the classical references Ambrosio and
Savaré (2007); Santambrogio (2015). First, recall that, for ψc(y) = infx{1

2∥x − y∥2 − ψ(x)} the
c-transform of ψ, the dual of Kantorovich OT problem writes

W 2
2 (α, β) = sup

ψ∈L1(α)

∫
ψdα+

∫
ψcdβ. (22)

The solution of the latter is called the Kantorovich potential, and it is unique (up to translations)
under finiteness of second-order moments, with α giving no mass to d− 1 surfaces (Santambrogio,
2015, Theorem 1.22).

A.1. Curves and convexity in Wasserstein space

The Wasserstein space (P2(Rd),W2) is the space of square-integrable probability distributions en-
dowed with the Wasserstein distance W2. A first way to construct an absolutely continuous curve
between two measures σ0 and σ1 is the flat interpolation, given, for t ∈ [0, 1], by

σt = (1− t)σ0 + tσ1. (23)

This convex combination between densities ignores the geometry induced by the Wasserstein dis-
tance. In contrast, denoting by T σ1σ0 the OT map from σ0 to σ1, another interpolation is given by

σt =
(
(1− t)Id + tT σ1σ0

)
♯
σ0. (24)

Due to the fact that (1− t)Id+ tT σ1σ0 is the gradient of a convex function, it is the solution of Monge
OT problem (Brenier, 1991; Cuesta and Matrán, 1989). Hence, σt corresponds to the shortest path
between σ0 and σ1, in the sense that

∀ 0 ≤ s ≤ t ≤ 1, W2(σs, σt) = (t− s)W2(σ0, σ1).

While (23) corresponds to a mixture model between σ0 and σ1, the interpolant (24) is more of a
barycenter (Agueh and Carlier, 2011; Rabin et al., 2011) and it is a building block for gradient
flows in the Wasserstein space (Ambrosio and Savaré, 2007). Interestingly enough, W 2

2 (·, σ) is
strictly convex along (23) as soon as σ is absolutely continuous (Santambrogio, 2015, Proposition
7.19). It is not hard to see that the same property holds for the Sliced-Wasserstein distance, with
arguments reminiscent to the ones of Ma (2023, Proposition 2.10) for Wasserstein barycenters. Such
convexity along (23) must be understood with respect to the 2-norm between densities. The analog
along (24), with respect to the Wasserstein distance, writes as follows.

Definition 6 F is geodesically α-convex if, for all σ0, σ1 ∈ P2(Rd) and σt = ((1−t)Id+tT σ1σ0 )♯σ0,

F(σt) ≤ (1− t)F(σ0) + tF(σ1)−
α

2
t(1− t)W 2

2 (σ0, σ1).

Unfortunately, the reverse inequality holds for W 2
2 (·, σ) in general dimension (Ambrosio and

Savaré, 2007, Theorem 7.3.2), and a fortiori for the Sliced-Wasserstein distance up to integration
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over the projection directions (Vauthier et al., 2025, Appendix A.5). These facts are discussed in
Lemma 3.

The situation is very different in dimension d = 1, due to the particular properties of (P2(R),W2).
In this setting, the composition of OT maps preserves their monotonicity (hence the optimality) and
W2 rewrites with Q0, Q1 the quantile functions of σ0, σ1:

W 2
2 (σ0, σ1) =

∫ 1

0
∥Q0(t)−Q1(t)∥2dt (25)

or, equivalently,W 2
2 (σ0, σ1) = ∥T σ0ρ −T σ1ρ ∥2ρ for any pivot measure ρ ∈ P2,ac(Rd). As a byproduct,

the geodesics in (24) coincide with the generalized geodesics σt =
(
(1− t)T σ0ρ + tT σ1ρ

)
♯
ρ, and one

can find in Ambrosio and Savaré (2007, Chapter 9) that they verify the generalized parallelogram
rule

W 2
2 (σt, σ) = (1− t)W 2

2 (σ0, σ) + tW 2
2 (σ1, σ)− t(1− t)W 2

2 (σ0, σ1). (26)

This can be easily verified by expanding the square in W 2
2 (σt, σ) via (25) and using the tricks

t2 = t−t(1−t) and (1−t)2 = (1−t)−t(1−t), as in Kloeckner (2010, Proposition 4.1). Next, we
turn to differentiation along geodesics. Unfortunately, (26) does not imply the same parallelogram
identity for the Sliced-Wasserstein distance, as it would require to identify a path σt in Rd along the
map T : x 7→

∫
θ T

µθ

σθ (x)dU(θ) with all projected generalized geodesics σθt , which is not true.

A.2. Differentiation along geodesics

We borrow the differential structure of (P2(Rd),W2) as described in e.g., Bonnet (2019); Bonet
et al. (2024); Lanzetti et al. (2025). The tangent space of P2(Rd) at σ is defined by

Tσ = {∇ψ : ψ ∈ C∞
c (Rd)},

where the closure is taken with respect to L2(σ), the set of σ-square integrable functions from Rd
to Rd, and where C∞

c (Rd) is the set of infinitely differentiable functions with compact support.
Consider F : P2(Rd) → R. At any σ ∈ P2(Rd) such that F(σ) < +∞, the Wasserstein gradient
∇W2F(σ) is the unique vector in Tσ verifying, for any µ ∈ P2(Rd) and any optimal coupling
γ ∈ Π(σ, µ)2,

F(µ) = F(σ) +

∫
⟨∇W2F(σ)(x), y − x⟩dγ(x, y) + o(W2(σ, µ)). (27)

One way to compute the Wasserstein gradient is by taking ∇W2F(σ) = ∇ δF
δσ (σ). for δF

δσ (σ) the
first variation (Santambrogio, 2015, Definition 7.12) defined as follows. Firstly, a measure ρ ∈
P2,ac(Rd) is regular for F if, for every ρ ∈ P2,ac(Rd) with L∞ density and compact support,
F((1 − t)ρ + tρ) < +∞ for every t ∈ [0, 1]. With this at hand, if ρ is regular for F , the first
variation δF

δρ (ρ) verifies

d

dt
F(ρ+ tξ)|t=0 = lim

t→0

F(ρ+ tξ)−F(ρ)

t
=

∫
δF
δρ

(ρ)dξ,

for all ξ = ρ − ρ with ρ ∈ P2,ac(Rd) with L∞ density and compact support. The following useful
remark is taken from (Santambrogio, 2015, Remark 7.14).

2. The set of couplings between σ and µ is Π(σ, µ) = {π ∈ P2(Rd×Rd) : π(A×Rd) = σ(A) , π(Rd×B) = µ(B)}.
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Remark 7 For σ ∈ P2,ac(Rd) and F : ρ 7→ W 2
2 (ρ, σ), any ρ ∈ P2,ac(Rd) is regular if and only if

F(ρ) < +∞. Indeed, for every ρ ∈ P2,ac(Rd), F((1− t)ρ+ tρ) ≤ (1− t)F(ρ) + tF(ρ) by strict
convexity (Santambrogio, 2015, Proposition 7.19). Hence, as soon as ρ is compactly supported,
F(ρ) < +∞ and ρ is regular if F(ρ) < +∞. The reciprocal is immediate by taking t = 0 in the
definition of a regular measure.

When considering the Wasserstein distance σ 7→ W 2
2 (σ, µ), the first variation is ψ, the Kan-

torovich potential that is solution of (22) (Proposition 7.17, Santambrogio, 2015), and a similar
statement holds for σ 7→ SW 2

2 (σ, µ) (Cozzi and Santambrogio, 2025). We discuss this in Proposi-
tion 6.

Appendix B. Proofs of Sections 2 and 3

In this section, we detail the properties of the functional to be minimized. We discuss differentia-
bility and critical points, before turning to smoothness and boundedness of the gradient, the latter
being a byproduct of boundedness of moments along the iterations.

B.1. Differentiability, critical points

The next proposition describes Wasserstein gradients of our sliced objective, as previously provided
in Bonnotte (2013); Cozzi and Santambrogio (2025). We also detail simple properties of the gradient
norm, that are important with the purpose of SGD.

Proposition 6 Given that µ ∈ P2,ac(Rd) is compactly supported, the Wasserstein gradients of
F (·, θ) and F at any σ ∈ P2,ac(Rd) compactly supported are given by

∇W2F (σ, P ) = Id − Tσ,P and ∇W2F (σ) = d

∫
θ(Id − Tµ

θ

σθ ) ◦ πθ dU(θ),

where Tµ
θ

σθ denotes the one-dimensional OT map pushing σθ to µθ. It follows that

∥∇W2F (σ, P )∥2σ =
d∑
ℓ=1

W 2
2 (σ

θℓ , µθℓ) and ∥∇W2F (σ)∥2σ ≤ dSW 2
2 (σ, µ),

that is
∥∇W2F (σ, P )∥2σ = 2F (σ, P ) and ∥∇W2F (σ)∥2σ ≤ 2F (σ).

In fact, this can be refined in the following decomposition, for T σ = EP [Tσ,P ], 3

2F (σ) = ∥∇W2F (σ)∥2σ + EP [∥T σ − Tσ,P ∥2σ].

Proof For a given basis P , the Wasserstein gradient of σ 7→ F (σ, P ) is given by the euclidean
gradient of its first variation, i.e., ∇W2F (σ, P ) = ∇ δF

δσ (σ, P ), as recalled in Appendix A.2. From
Santambrogio (Proposition 7.17, 2015), the first variation of σ 7→W 2

2 (σ
θ, µθ) is given by φθ(⟨·, θ⟩),

for φθ the first Kantorovich potential φθ for the OT problem from σθ to µθ (assuming compact-
ness of the underlying supports). Thus, the first variation of F (σ, P ) =

∑d
ℓ=1W

2
2 (σ

θℓ , µθℓ)

3. Equivalently, dSW 2
2 (σ, µ) = ∥Id − Tσ∥2σ + EP

[
∥Tσ − Tσ,P ∥2σ

]
.
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is
∑d

ℓ=1 φθℓ(⟨·, θℓ⟩), and the euclidean gradient is given through ∇φθℓ(⟨x, θℓ⟩) = θℓ(x
⊤θℓ −

Tµ
θℓ

σθℓ
(x⊤θℓ)). The first result directly follows as

∇W2F (σ, P ) =
d∑
ℓ=1

θℓ(Id − Tµ
θℓ

σθℓ
) ◦ πθℓ = Id − Tσ,P .

Regarding the integrated version over the directions, the first variation of F (σ) = dSW 2
2 (σ, µ) is

x 7→ d

∫
φθ(x

⊤θ)dU(θ), (28)

as stated in Cozzi and Santambrogio (2025). The detail of this calculus requires interchanging a
limit and an integral, because, by definition,∫

δF

δσ
(σ)dξ = lim

t→0

F (σ + tξ)− F (σ)

t
= lim

t→0
EP

F (σ + tξ, P )− F (σ, P )

t
,

for all ξ = ρ − ρ with ρ ∈ P2,ac(Rd) with L∞ density and compact support. Under compact
assumptions, this can be treated as in the last step of the proof of Santambrogio (2015, Proposition
7.17). A direct consequence of (28) is that ∇W2F (σ) = d

∫
θ(Id − Tµ

θ

σθ ) ◦ πθ dU(θ). Now,

∥∇W2F (σ, P )∥2σ =
d∑
ℓ=1

∥⟨·, θℓ⟩ − Tµ
θℓ

σθℓ
(⟨·, θℓ⟩)∥2σ =

d∑
ℓ=1

W 2
2 (σ

θℓ , µθℓ) = 2F (σ, P ),

so that
EP
(
∥∇W2F (σ, P )∥2σ

)
= EP

(
2F (σ, P )

)
= 2F (σ). (29)

Also, Jensen’s inequality implies

∥∇W2F (σ)∥2σ = ∥EP∇W2F (σ, P )∥2σ ≤ EP ∥∇W2F (σ, P )∥2σ ≤ 2F (σ).

Finally, recall the decomposition

∇W2F (σ, P ) = ∇W2F (σ) + T σ − Tσ,P .

Taking the square norm, developing the square and using that EP [T σ − Tσ,P ] = 0, one obtains that

EP
(
∥∇W2F (σ, P )∥2σ

)
= ∥∇W2F (σ)∥2σ + EP ∥T σ − Tσ,P ∥2σ.

Combining the above with (29), provides the desired decomposition.

Remark 8 Without compacity, Proposition 6 does not hold, but one can still define ∇W2F (σ)

directly through ∇W2F (σ) =
∫
θ(Id − Tµ

θ

σθ ) ◦ πθ dU(θ). In this case, ∇W2F (σ) belongs to the
subdifferential of F (σ) (Proposition 4.7(b), Vauthier et al., 2025).

Vauthier et al. (2025) describe different possible notions of critical points, including the following.
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Definition 9 (Definition 4.2 from Vauthier et al. (2025)) A measure σ is a barycentric Lagrangian
critical point for SW 2

2 (·, µ) if,

1

d
x =

∫
Sd−1

θTµ
θ

σθ (x
⊤θ)dU(θ) for σ-a.e. x ,

where Tµ
θ

σθ corresponds to the OT map from σθ to µθ, the pushforward measures of σ and µ by
x 7→ θ⊤x.

With our notations, a critical point of σ 7→ F (σ) verifies ∥∇W2F (σ)∥σ = 0, hence∫
∥x
d
−
∫
θTσθ(x⊤θ)dU(θ)∥2dσ(x) = 0,

and it is a barycentric Lagrangian critical point for SW 2
2 (·, µ)4. We stress that this only implies

Tµ
θ

σθ = Id and σθ = µθ on average w.r.t. θ, which is weaker than SW2(σ, µ) = 0 where Tµ
θ

σθ = Id
for U-a.e. θ ∈ Sd−1. Although critical points of F may differ from µ (Vauthier et al., 2025), the
next lemma describes conditions under which it must coincide.

Lemma 2 (Lemma 5.7.2 from Bonnotte (2013)) Suppose that the target measure µ ∈ P2,ac(B(0, r))
has a strictly positive density. Then, σ = µ if and only if ∇W2F (σ) = 0.

Lemma 2 provides assumptions under which convergence towards a critical point implies conver-
gence towards the target measure µ.

B.2. Smoothness

Lemma 3 For σ, µ ∈ P2(Rd), let F(σ) = 1
2SW

2
2 (σ, µ) =

1
dF (σ). Let T0, T1 ∈ L2(σ) such that

σ0 = T0♯σ and σ1 = T1♯σ. For t ∈ (0, 1) and σt = ((1− t)T0 + tT1)♯σ,

SW 2
2 (σt, µ) ≥ (1− t)SW 2

2 (σ0, µ) + tSW 2
2 (σ1, µ)− t(1− t)

1

d
∥T0 − T1∥2σ, (30)

and
⟨∇W2F(σ0) ◦ T0 −∇W2F(σ1) ◦ T1, T0 − T1⟩σ ≤ 1

d
∥T0 − T1∥2σ. (31)

Besides, for any σ, µ ∈ P2(Rd), for any T ∈ L2(σ),

SW 2
2 (T♯σ, µ) ≤ SW 2

2 (σ, µ) + 2⟨∇W2F(σ), T − Id⟩σ +
1

d
∥T − Id∥2σ. (32)

Lemma 3 is simply a rewriting of results from Vauthier et al. (2025, Proposition 4.7), with (31)
being a well-known equivalent characterization for smoothness (Zhou, 2018).
Proof Define Fσ : T 7→ F(T♯σ) on (L2(σ), ∥ · ∥σ). One has that ∇Fσ(T ) = ∇W2F(T♯σ) ◦ T
(Bonet et al., 2024, Proposition 1), so that smoothness results on Fσ are equivalent to that on F ,
except that the linear structure of (L2(σ), ∥ · ∥σ) is easier to deal with than (P2(Rd),W2).

4. One might note that
∫
θθ⊤xdU(θ) =

∫
θθ⊤dU(θ)x = x/d.
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The inequality (31) is a rewriting of Vauthier et al. (2025, Proposition 4.7), that itself fol-
lows from the semi-concavity of Wasserstein distances along generalized geodesics (Ambrosio and
Savaré, 2007, Theorem 7.3.2). A change-of-variables (T − Id = ξ) in (Vauthier et al., 2025, Propo-
sition 4.7(a)) gives us that

Gσ : T 7→ 1

2d
∥T − Id∥2σ −Fσ(T )

is convex on (L2(σ), ∥ · ∥σ). But note that ∇Gσ(T ) = 1
d(T − Id) − ∇Fσ(T ). Hence, first-order

conditions for convexity (Bonet et al., 2024, Proposition 13) applied to Fσ yield

⟨∇Gσ(T0)−∇Gσ(T1), T0 − T1⟩σ ≥ 0,

which directly implies (31). Besides, one can find in Vauthier et al. (2025, Appendix B.6), namely
the equations (140) and (155), that, for any σ, µ ∈ P2(Rd):

(a) for ξ0, ξ1 ∈ L2(σ), ξt = (1− t)(Id + ξ0) + t(Id + ξ1) and σt = (ξt)♯σ:

SW 2
2 (σt, µ) ≥ (1− t)SW 2

2 (σ0, µ) + tSW 2
2 (σ1, µ)− t(1− t)

1

d
∥ξ0 − ξ1∥2σ,

(b) for ξ ∈ L2(σ): SW 2
2 ((Id + ξ)♯σ, µ) ≤ SW 2

2 (σ, µ) + 2⟨∇W2F(σ), ξ⟩σ + 1
d∥ξ∥

2
σ.

When replacing Ti = Id + ξi and T = Id + ξ, one recovers immediately (30) and (32).

Corollary 10 F is 1-smooth with respect to the Wasserstein distance on P2(Rd), i.e., for any
σ1, σ2 ∈ P2(Rd),

F (σ2) ≤ F (σ1) + ⟨∇W2F (σ1), T
σ2
σ1 − Id ⟩σ1 +

1

2
W 2

2 (σ1, σ2) .

Proof For any σ1, σ2 ∈ P2(Rd), if the OT map T σ2σ1 from σ1 to σ2 exists, then ∥T σ2σ1 − Id∥2σ1 =
W 2

2 (σ1, σ2). The final result follows from (32).

The following lemma is new, although it is not required for our main results. It resembles a
well-known smoothness property, but we stress that, even in Euclidean settings, it is not equivalent
to the previous inequalities (Zhou, 2018).

Lemma 4 Fix σ1, σ2 ∈ P2,ac(Rd). If the density function of the target µ is strictly larger than
1/κ > 0 on its compact domain, then

∥∇W2F (σ1)−∇W2F (σ2)∥2λ ≤ 2κSW1(σ1, σ2),

for λ the Lebesgue measure.

Proof By Jensen’s inequality,

∥∇W2F (σ1)−∇W2F (σ2)∥2λ ≤
∫ ∫

|Tµ
θ

σθ
1
(x⊤θ)− Tµ

θ

σθ
2
(x⊤θ)|2dλ(x)dU(θ),

≤
∫ ∫

|C−1
µθ

◦ Cσθ
1
(x⊤θ)− C−1

µθ
◦ Cσθ

2
(x⊤θ)|2dλ(x)dU(θ),
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for Cρ the univariate distribution function of ρ ∈ P2(Rd). For all θ ∈ Sd−1, the quantile function
Cµθ is κ-lipschitz with 1/κ the essential infimum of the density of µ on its domain, (Bobkov and
Ledoux, 2019). Then, the result follows from

∥∇W2F (σ1)−∇W2F (σ2)∥2λ ≤ 2κ

∫ ∫
|Cσθ

1
(x⊤θ)− Cσθ

2
(x⊤θ)|dλ(x)dU(θ).

B.3. Moments are bounded

An important assumption when dealing with stochastic algorithms is the boundedness of the gradi-
ent norm. Here, a direct consequence of Proposition 6 is that, using respectively the definition of
the Haar measure and Jensen’s inequality,

EP ∥∇W2F (σ, P )∥2σ = EP
d∑
ℓ=1

W 2
2 (σ

θℓ , µθℓ) = 2F (σ) and ∥∇W2F (σ)∥2 ≤ 2F (σ).

Hence, the gradient norm is bounded as long as the objective F (σ) is. We now show that the
second-order moments remain bounded along the IDT iterations, a fact that implies a bound on
(F (σk))k. Bounds on the moments along the Sliced-Wasserstein flow were proved in Cozzi and
Santambrogio (2025), in a continuous-time setting, whereas we deal with discrete step sizes (γk).
Denote by M2(ρ) =

∫
∥ · ∥2dρ the second-order moment of a probability distribution ρ ∈ P2(Rd).

Proposition 7 Moments are bounded by M2(µ) along the IDT iterations (4). In other words, for
any k ≥ 1, we have

M2(σk) ≤ M2(µ).

Consequently, for M = 4M2(µ),

W 2
2 (σk, µ) ≤M and SW 2

2 (σk, µ) ≤
M

d
.

Proof This result is a consequence of the moment-matching property of sliced maps. Indeed, as
shown in Li and Moosmüller (2024, Proposition 3.6), for all k ≥ 0,∫

∥Tσk,Pk+1
(x)∥2dσk(x) =

∫
∥

d∑
ℓ=1

θℓtθℓ(θ
⊤
ℓ x)∥2dσk(x) =

d∑
ℓ=1

∫
∥tθℓ(θ

⊤
ℓ x)∥2dσk(x),

=
d∑
ℓ=1

M2(µ
θℓ) =

d∑
ℓ=1

∫
⟨y, θℓ⟩2dµ(y) =

∫
∥y∥2dµ(y) = M2(µ).

(33)

With this at hand, we proceed by induction. At initialization, for k = 1, we have that γ1 = 1
and M2(σ1) =

∫
∥Tσ0,P1(x)∥2dσ0(x) = M2(µ). For the induction step, assume that there exists an

index k ∈ N∗ such that M2(σk) ≤ M2(µ). Then, by convexity of ∥ · ∥2,

M2(σk+1) =

∫
∥x∥2dσk+1(x) =

∫
∥(1− γk)x+ γkTσk,Pk+1

(x)∥2dσk(x),

≤ (1− γk)M2(σk) + γk

∫
∥Tσk,Pk+1

(x)∥2dσk(x). (34)
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Plugging (33) in (34) and invoking the induction hypothesis that M2(σk) ≤ M2(µ), the desired
result on the moment boundedness follows:

M2(σk+1) ≤ (1− γk)M2(σk) + γkM2(µ) ≤ (1− γk)M2(µ) + γkM2(µ) ≤ M2(µ). (35)

Next, to obtain the bound on the Wasserstein distanceW 2
2 (σk, µ), let us call T ∗ the OT map from σk

to µ. Young’s inequality for products together with the change-of-variable EX∼σk(∥T ∗(X)∥2) =
EY∼µ(∥Y ∥2) leads to

W 2
2 (σk, µ) = EX∼σk [∥X − T ∗(X)∥2]

= E[∥X∥2] + E[∥T ∗(X)∥2]− 2E[⟨X,T ∗(X)⟩]
≤ 2

(
E[∥X∥2] + E[∥T ∗(X)∥2]

)
≤ 2(M2(σk) +M2(µ)) ,

that is the desired result.

B.4. Standard proofs for non-convex smooth optimization

The next two demonstrations are standard (Bottou et al., 2018; Dossal et al., 2024).

Proof of Proposition 1. From (10), the sequences ak = γk∥∇W2F (σk)∥2σk and bk = γ−1
k verify∑

k≥1

ak < +∞ and lim
k→+∞

bk = +∞.

Hence, by Kronecker’s lemma,

lim
K→+∞

γK

K∑
k=1

∥∇W2F (σk)∥2σk = 0. (36)

Let ϵ > 0. Markov’s inequality yields,

P
(
∥∇F (σi(K))∥2σi(K)

> ϵ
)
≤ 1

ϵ
E
(
∥∇F (σi(K))∥2σi(K)

)
.

The above expectation is taken with respect to the stochastic iterates σk as well as the random choice
of i(K). Since these two sources of randomness are independent,

E
(
∥∇F (σi(K))∥2σi(K)

)
= EKEi(K)

(
∥∇F (σi(K))∥2σi(K)

)
,

where EK denotes the expectation over the stochastic iterates σ1, · · · , σK . Therefore,

P
(
∥∇F (σi(K))∥2σi(K)

> ϵ
)
≤ 1

ϵ
EK

(
1

K

K∑
k=1

∥∇F (σk)∥2σk

)
,

which converges towards 0 from (36) with γK ≥ 1/K together with the dominated convergence
theorem, the domination assumption coming from the boundedness of gradients in Proposition 7.
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Proof of Proposition 2. Taking the expectation in (9), rearranging and telescoping the sum (with
−F (σK+1) ≤ 0) yields

K∑
k=0

γkE∥∇W2F (σk)∥2σk ≤ F (σ0) +

K∑
k=0

γ2kEF (σk).

By Proposition 7, F (σk) ≤ 2M2(µ). The final result follows from dividing both sides of the above
inequality by

∑K
k=1 γk.

Appendix C. Proofs of Section 4: Łojasiewicz inequalities

C.1. Proof of Proposition 4: a PL-like inequality for smooth densities

By (flat) convexity over densities equipped with the 2-norm (38),

F (σ) ≤
∫

F ′[σ]d(σ − µ) ≤
∫
(F ′[σ]− c)

(dσ
dν

− dµ

dν

)
dν,

where the second inequality uses the notation c =
∫

F ′[σ]dν and the fact that
∫
c(σ − µ)dν = 0

since σ, µ are both probability distributions. Using the Cauchy-Schwarz inequality, and then the
Poincaré inequality for ν,

F (σ) ≤
∥∥∥dσ
dν

− dµ

dν

∥∥∥
ν

√
Varν(F ′[σ])

≤ Cν

∥∥∥dσ
dν

− dµ

dν

∥∥∥
ν

∥∥∇F ′[σ]
∥∥
ν
.

Additionally, by the boundedness assumption (13), ∥∇F ′[σ]∥ν ≤ 1
m∥∇F ′[σ]∥σ, and ∥dσ

dν −
dµ
dν ∥ν ≤ ∥dσ

dν ∥ν + ∥dµ
dν ∥ν ≤ 2M , so the result follows by using that ∇W2F (σ) = ∇F ′[σ].

C.2. Proof of Proposition 8: a PL-like inequality for Gaussian distributions

Proposition 8 (General covariances) Assume that σ = N (0,Σ) and µ = N (0,Λ), with Σ and Λ
symmetric positive definite. Then,

F (σ)2 ≤ 1

2
W 2

2 (σ, µ)
(
1 +

λmax(Λ)

λmin(Σ)

)
∥∇W2F (σ)∥2σ. (37)

As recalled in Appendix A, a Kantorovich potential is solution of the dual formulation of
OT. For ψθ the Kantorovich potential associated with the transport from σθ to µθ, let Ψ(x) =∫
ψθ(x

⊤θ)dU(θ), so that

SW 2
2 (σ, µ) =

∫
Ψdσ +

∫ ∫
ψcθ(y

⊤θ)dU(θ)dµ(y).

Note that this dual formulation was recently proven for generalized sliced metrics (Kitagawa and
Takatsu, 2024, Main Theorem, (6)). Then,∫

Ψdσ −
∫

Ψdµ =

∫
Ψdσ −

∫ ∫
ψθ(y

⊤θ)dU(θ)dµ(y).
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By definition of the c-transform, we have for all u, v that ψcθ(u) ≤ 1
2∥u − v∥2 − ψθ(v), and, for

v = u, ψcθ(u) ≤ −ψθ(u). As a byproduct, one recovers

1

2
SW 2

2 (σ, µ) =

∫
Ψdσ +

∫
ψcθ(y

⊤θ)dU(θ)dµ(y) ≤
∫

Ψd(σ − µ). (38)

We stress that the above is a rewriting of the (flat) convexity of Lwith respect to the 2-norm between
densities, because Ψ is the first variation of L at σ, (Cozzi and Santambrogio, 2025). Since Ψ is
locally Lipschitz (Rockafellar, 1970, Theorem 10.4), a direct application of Chewi et al. (2020,
Lemma 13) yields ∣∣∣∣∫ Ψdσ −

∫
Ψdµ

∣∣∣∣ ≤W2(σ, µ)

∫ 1

0
∥∇Ψ∥ρtdt, (39)

where ρt = ((1− t)Id+ tTµσ )♯σ is the Wasserstein geodesic between σ and µ. Combining (38) and
(39),

SW 2
2 (σ, µ) ≤W2(σ, µ)

∫ 1

0
∥∇Ψ∥ρtdt.

Taking the square and applying Jensen’s inequality,

SW 4
2 (σ, µ) ≤W 2

2 (σ, µ)

∫ 1

0
∥∇Ψ∥2ρtdt.

We stress that ∇Ψ(x) =
∫
θ(x⊤θ − Tµ

θ

σθ (x
⊤θ))dU(θ) = (1/d)∇W2F (σ)(x), so

4F (σ)2 ≤W 2
2 (σ, µ)

∫ 1

0
∥∇W2F (σ)∥2ρtdt. (40)

Thus, it only remains to show that
∫ 1
0 ∥∇W2F (σ)∥2ρtdt ≲ ∥∇W2F (σ)∥2σ. Under conditions on

eigenvalues and the linearity of OT maps for Gaussian distributions, we proceed with the same
arguments as in the proof of Chewi et al. (2020, Theorem 19). Since σθ = N (0, θ⊤Σθ) and
µθ = N (0, θ⊤Λθ), we have Tµ

θ

σθ : z 7→ τθz for τθ =
√
θ⊤Λθ/θ⊤Σθ. As a byproduct,

∇W2F (σ)(x) = d

∫
θ(x⊤θ − Tµ

θ

σθ (x
⊤θ))dU(θ) = d

∫
(1− τθ)θθ

⊤dU(θ)x = Ax,

for A = d
∫
(1− τθ)θθ⊤dU(θ). Denote by B = Σ−1/2(Σ1/2ΛΣ1/2)1/2Σ−1/2 such that the OT map

from σ to µ verifies Tµσ (x) = Bx. Then, the integration over ρt writes, for X ∼ σ,

∥∇W2F (σ)∥2ρt = E∥(1− t)AX + tABX∥2 ≤ (1− t)E∥AX∥2 + tE∥ABX∥2 (41)

Because BX ∼ N (0,Λ), one has ABX ∼ N (0, AΛA⊤) and thus E∥ABX∥2 = Tr(AΛA) =
Tr(ΛA2). Using the von Neumann’s trace inequality (singular values coincide with eigenvalues for
normal and positive matrices),

E∥ABX∥2 = Tr(ΛΣ−1ΣA2) ≤
d∑
i=1

λi(ΛΣ
−1)λi(ΣA

2) ≤ λmax(Λ)

λmin(Σ)
Tr(ΣA2) =

λmax(Λ)

λmin(Σ)
E∥AX∥2,

Plugging this in (41) induces∫ 1

0
∥∇W2F (σ)∥2ρtdt ≤

1

2

(
1 +

λmax(Λ)

λmin(Σ)

)
E∥AX∥2 ≤ 1

2

(
1 +

λmax(Λ)

λmin(Σ)

)
∥∇W2F (σ)∥2σ,

and the results follows by combining with (40).
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C.3. Proof of Proposition 5

This section refines the PL-like inequality between Gaussian distributions with co-diagonalizable
covariance matrices. Proposition 5 stems upon the following result.

Proposition 9 Consider two centered Gaussian measures µΣ and µΛ in Rd with diagonal covari-
ance matrices Σ and Λ. Assume there exists finite constants 0 < m ≤ M such that all diagonal
entries of Σ and Λ lie in [m,M ]. Then,

SW 2
2 (µΣ, µΛ) ≥

m

Md(d+ 2)
W 2

2 (µΣ, µΛ) . (42)

Proof For i ∈ {1, . . . , d}, denote by σ2i and λ2i the i-th diagonal element of Σ and Λ respectively.
By the closed-form solution of the Wasserstein distance of order 2 between Gaussians,

W 2
2 (µΣ, µΛ) = ∥Σ1/2 − Λ1/2∥2F =

d∑
i=1

(σi − λi)
2 .

On the other hand, the Sliced-Wasserstein distance is defined as

SW 2
2 (µΣ, µΛ) = Eθ∼U(Sd−1)[(

√
θ⊤Σθ −

√
θ⊤Λθ)2] . (43)

For all (x, y) ∈ R2, (
√
x−√

y)(
√
x+

√
y) = x− y. Additionally, if 0 < x, y < M ,

(
√
x−√

y)2 ≥ (x− y)2

4M
.

Since for all i ∈ {1, . . . , d}, σ2i and λ2i are bounded between m and M , so are θ⊤Σθ and θ⊤Λθ. We
can thus bound (43) as,

SW 2
2 (µΣ, µΛ) ≥

1

4M
Eθ∼U(Sd−1)[(θ

⊤Γθ)2] , (44)

where Γ = Σ− Λ. Since θ is uniformly distributed on the sphere, one can show (Wiens, 1992)

Eθ∼U(Sd−1)[(θ
⊤Γθ)2] =

2Tr(Γ2) + (Tr(Γ))2

d(d+ 2)
.

The final result follows from Tr(Γ)2 ≥ 0 and

Tr(Γ2) =
d∑
i=1

(σ2i − λ2i )
2 =

d∑
i=1

(σi − λi)
2(σi + λi)

2

≥ 4m

d∑
i=1

(σi − λi)
2

≥ 4mW 2
2 (µΣ, µΛ) .
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Remark 11 (Extension to elliptically contoured distributions) Proposition 9 can be readily ex-
tended to the class of elliptically contoured distributions whose positive definite parameters are
co-diagonalizable.

Proof (Proof of Proposition 5) By Proposition 9, for co-diagonalizable covariance matrices, there
exists Cm,d > 0 such that W 2

2 (σ, µ) ≤ SW 2
2 (σ, µ)Cm,d. We conclude by rearranging terms in

Proposition 8.

Appendix D. Proofs of Section 4.4: Eigenvalues control along the iterations

Objective and bottleneck. Recall that the inequality provided in (37) writes

F (σ)2 ≤ 1

2
W 2

2 (σ, µ)
(
1 +

λmax(Λ)

λmin(Σ)

)
∥∇W2F (σ)∥2σ.

In order to use this inequality for convergence rates, one only needs to control eigenvalues along the
iterations, as W2(σk, µ) is bounded from Proposition 7. This is the purpose of the remaining of the
section. Firstly, the following recursion for covariances of (σk)k is known to hold for Wasserstein
geodesics between Gaussians, (Altschuler et al., 2021, Appendix A):

Σk+1 = ((1− γk)Id + γkTPk+1
)Σk((1− γk)Id + γkTPk+1

),

where TPk+1
= Pk+1DkPk+1 is the matrix form of the sliced map from σk to µ in the directions

Pk+1 (it will be detailed in the next Proposition 10). A convenient feature is that eigenvalues can
be controlled along such Wasserstein geodesics, by eigenvalues of σk and TPk+1♯σk (Chewi et al.,
2020; Altschuler et al., 2021). Nonetheless, in our particular setting, sliced maps do not necessarily
push the source forward onto the target. Hence, the covariance matrix of TPk+1 ♯σk is not necessarily
the one of µ, and control of eigenvalues is not a direct byproduct of assumptions on µ.

Sketch. This section is structured as follows. A recursive inequality for eigenvalues of the co-
variance matrix of TPk+1 ♯σk is given in Proposition 10. It includes randomness coming from the
stochastic gradients and the choice of projection directions. The latter randomness is controlled in
Proposition 11 by bounding expectations with Lemma 5, assuming that the target µ is isotropic. If
instead µ has a general covariance matrix, Proposition 12 gives only a sufficient condition.

D.1. Recursive inequalities on eigenvalues

Proposition 10 Assume that σk = N (0,Σk) and µ = N (0,Λ), with Σk and Λ symmetric pos-
itive definite. Then, there exist directions θi, θj taken from the basis Pk+1 such that, for τθ =√
θ⊤Λθ/θ⊤Σθ,√
λmin(Σk)

(
1+γk(τθi−1)

)
≤
√
λmin(Σk+1) ≤

√
λmax(Σk+1) ≤

√
λmax(Σk)

(
1+γk(τθj −1)

)
.

(45)
In particular, Σk+1 is symmetric positive definite.

Proof The distribution σk+1 corresponds to the random vector

(1− γk)X + γkTPk+1
(X), (46)
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where X ∼ N (0,Σk). Also, by definition,

TPk+1
(X) =

d∑
ℓ=1

θℓtθℓ(X
⊤θℓ) =

d∑
ℓ=1

τθℓθℓθ
⊤
ℓ X = Pk+1DkP

⊤
k+1X,

where Dk = diag(τθ1 , . . . , τθd) is positive definite. With these notations, TPk+1
(X) ∼ N (0,Γ)

with Γ = Pk+1DkP
⊤
k+1ΣkPk+1DkP

⊤
k+1 and TPk+1

is the gradient of a convex function.
As a byproduct, the interpolate (46) belongs to the path t 7→ ((1 − t)Id + tTPk+1

)♯σk that is
a Wasserstein geodesic bridging two Gaussian distributions. The functionals −

√
λmin and

√
λmax

have been shown to be convex along barycenters (Altschuler et al., 2021, Theorem 6), a fortiori
convex along Wasserstein geodesics (Agueh and Carlier, 2011, Proposition 7.3). In other words,

(1− γk)
√
λmin(Σk)+γk

√
λmin(Γ) ≤

√
λmin(Σk+1)√

λmax(Σk+1) ≤ (1− γk)
√
λmax(Σk) + γk

√
λmax(Γ). (47)

Hence, it remains to control eigenvalues of Γ. On the one hand, Σ = P⊤
k+1ΣkPk+1 and Σk have the

same eigenvalues, by orthonormality of Pk+1
5. On the other hand, Γ has the same eigenvalues

as DΣDk from the same argument. Also, D is non singular because Σk and Λ have positive
eigenvalues, hence τθℓ > 0 for all ℓ = 1, · · · , d. Then, a direct application of Ostrowski’s Theorem
(Ostrowski, 1959) entails that

λi(Γ) = λi(DkΣDk) = βiλi(Σk), (48)

with

min
j

θ⊤j Λθj

θ⊤j Σkθj
≤ βi ≤ max

j

θ⊤j Λθj

θ⊤j Σkθj
.

Thus, the result follows by combining (47) and (48).

D.2. A bound in expectation for isotropic target

Proposition 11 gives a deterministic upper bound on eigenvalues of (Σk), and a lower bound in
expectation. It requires bounds on p-moments of θ⊤Σkθ−1, that are provided just after in Lemma 5.

Proposition 11 Assume that σ0 = N (0,Σ0), with Σ0 ∈ Rd×d symmetric, positive-definite, and
µ = N (0, Id). Then, for any k ≥ 1, the IDT iterates remain Gaussian, σk = N (0,Σk) with

E[1/λmin(Σk)] ≤ E[1/λmin(Σ1)] (49)

∀p ∈ N∗, E[1/λmin(Σk)
p] ≤ E[1/λmin(Σ1)

p]

k∏
l=1

(1 +Bpγ
2
l ) . (50)

where Bp > 0. Note that
∏∞
l=1(1 +Bpγ

2
l ) is finite for any step-sizes sequence (γk)k satisfying (5).

5. Eigenvectors of Σ are of the form P⊤
k+1u for u an eigenvector of Σk. Indeed, (P⊤

k+1u)
⊤P⊤

k+1ΣkPk+1(P
⊤
k+1u) =

u⊤Σku which equals an eigenvalue of Σk.
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Proof A direct byproduct of Proposition 7 is that λmax(Σk) ≤ Tr(Σk) ≤ Tr(Id) = d. We now
focus on showing (49).

From (45), there exists 1 ≤ i ≤ d such that
√
λmin(Σk)

(
1 + γk(τθi − 1)

)
≤
√
λmin(Σk+1).

Taking the inverse and using that the harmonic mean is always smaller than the arithmetic mean,

(λmin(Σk+1))
−1/2 ≤ (λmin(Σk))

−1/2
(
1− γk + γkτ

−1
θi

)
.

Here, everything is positive due to the positivity of all (τθi)i, so that taking the square and applying
Jensen’s inequality yields

(λmin(Σk+1))
−1 ≤ (λmin(Σk))

−1
(
1− γk + γkθ

⊤
i Σkθi

)
. (51)

Recall that θi belongs to the random basis Pk+1, whose distribution is independent from the σ-
field Ak generated by P1, . . . , Pk. Also, Σk is measurable with respect to Ak. Hence, taking the
conditional expectation in (51) yields

E[(λmin(Σk+1))
−1|Ak] ≤ (λmin(Σk))

−1
(
1 + γkE

[
θ⊤i Σkθi − 1|Ak

])
.

By independence between the distribution of θj and Ak, and by the Ak-measurability of Σk,

E
[
θ⊤i Σkθi − 1|Ak

]
= Eθ

[
θ⊤Σkθ

]
− 1 =

1

d
Tr(Σk)− 1.

However, moments are bounded along iterations from Proposition 7, so Tr(Σk) ≤ Tr(Id) = d.
Combining this with the two equations above induces

E[(λmin(Σk+1))
−1|Ak] ≤ (λmin(Σk))

−1,

and (49) follows by induction.
Now, fix p ≥ 2. Taking the power p and applying Jensen’s inequality in (51) induces

(λmin(Σk+1))
−p ≤ (λmin(Σk))

−p(1− γk + γkθ
⊤
i Σkθi

)p
. (52)

By the binomial theorem, for Zk,i = θ⊤i Σkθi − 1,

(
1 + γkZk,i

)p
= 1 + pγkZk,i +

p∑
r=2

(
p

r

)
γrkZ

r
k,i.

Taking the expectation with respect to Ak, and using upper-bounds from Lemma 5,

E[
(
1 + γkZk,i

)p|Ak] ≤ 1 + γ2k

p∑
r=2

(
p

r

)
γr−2
k E(Zrk,i|Ak) < +∞.

Plugging this in (52), and reasoning by induction, it exists B > 0 such that the desired result holds.
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Lemma 5 Let A ∈ Rd×d be a positive semi-definite matrix verifying Tr(A) ≤ d. For θ uniformly
distributed over the unit sphere,

Eθ(θ⊤Aθ − 1) ≤ 0,

and, for all p ≥ 2,

Eθ[(θ⊤Aθ − 1)p] ≤ 1 +

p∑
r=1

(
p

r

)
λmax(A)

r−1(−1)r < +∞.

Proof The first point is a byproduct of Eθ(θ⊤Aθ−1) = Tr(A)/d−1. From the fact that Tr(a) = a
if a ∈ R, and the cyclic property of Tr,

Eθ[(θ⊤Aθ)2] = EθTr[θ⊤Aθθ⊤Aθ] ≤ EθTr[θθ⊤Aθθ⊤A].

Because A and θθ⊤ are positive semi-definite, the von Neumann’s trace inequality implies

Eθ[(θ⊤Aθ)2] ≤ Eθ
(
λmax(θθ

⊤)Tr[Aθθ⊤A]
)
= Eθ

(
λmax(θθ

⊤)Tr[A2θθ⊤]
)
.

By linearity of Eθ and Tr, together with λmax(θθ
⊤) ≤ 1 and Eθ[θθ⊤] = Id/d,

Eθ[(θ⊤Aθ)2] ≤ Tr[A2Eθ(θθ⊤)] =
Tr(A2)

d
.

Using again the von Neumann’s trace inequality, Tr(A2) ≤ λmax(A)Tr(A), and Tr(A) ≤ d, so
Tr(A2)/d ≤ λmax(A) which proves the first point:

Eθ((θ⊤Aθ − 1)2) = Eθ[(θ⊤Aθ)2 + 1− 2θ⊤Aθ] ≤ λmax(A) + 1.

With the same arguments as above, one can deduce that, for all p ≥ 1,

Eθ[(θ⊤Aθ)p] ≤
Tr(Ap)

d
≤ λmax(A)

p−1.

Thus, the last claims follows by the binomial theorem,

Eθ[(1− θ⊤Aθ)p] = Eθ
p∑
r=0

(
p

r

)
(θ⊤Aθ)r(−1)r ≤ 1 +

p∑
r=1

(
p

r

)
λmax(A)

r−1(−1)r.

D.3. A sufficient condition under arbitrary covariance

Let µ = N (0,Λ) for a general covariance matrix Λ.

Proposition 12 For all p ≥ 1, a sufficient condition for the existence of a finite constant Cp > 0
such that

sup
k∈N

E[(λmin(Σk))
−p] ≤ Cp

is the following,

E

 ∞∑
k≥0

γkEθ
[(θ⊤Σkθ

θ⊤Λθ

)p
− 1
] < +∞.
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Proof As a byproduct of Proposition 10, and proceeding as in the beginning of Proposition 11, the
following counterpart of (51) holds,

(λmin(Σk+1))
−1 ≤ (λmin(Σk))

−1
(
1− γk + γk

θ⊤i Σkθi

θ⊤i Λθi

)
.

Fix p ≥ 1, and apply the power p and Jensen’s inequality to obtain that

(λmin(Σk+1))
−p ≤ (λmin(Σk))

−p(1− γk + γk

(θ⊤i Σkθi
θ⊤i Λθi

)p)
.

Taking the conditional expectation,

E[(λmin(Σk+1))
−p|Ak] ≤ (λmin(Σk))

−p(1 + γkEθ
[(θ⊤Σkθ

θ⊤Λθ

)p
− 1
]
).

Taking the expectation and reasoning by induction, we deduce that

E[(λmin(Σk+1))
−p] ≤ E[(λmin(Σ0))

−1] + E

 k∑
j=0

γkEθ
[(θ⊤Σkθ

θ⊤Λθ

)p
− 1
] .

Thus: ∀p ≥ 1,∃Cp > 0, supk∈N E[(λmin(Σk))
−p] ≤ Cp.

Appendix E. Proof of our main result: Theorem 2

E.1. Proof of Proposition 3

Recall that Robbins and Siegmund (1971) implies (F (σk))k≥0 converges almost surely to a finite
random variable, as a direct byproduct of (9). Hence, one only needs to show that the limit random
variable is zero a.s. For this, two assumptions are needed in Li et al. (2023, Theorem 2), with
standard arguments (Duflo, 1996): (i) (σk)k≥1 remains in a compact subset K of (P2,ac(Rd),W2)
and (ii) ∇F (σ) = 0 =⇒ σ = µ for σ ∈ K. Under continuity and compact supports, Li et al. (2023)
show (i), while (ii) holds for absolutely continuous measures from (Bonnotte, 2013, Lemma 5.7.2).
Taken together, these two facts imply almost-sure convergence.

To extend this result to Gaussian measures, we verify (i) and (ii) hereafter. By Li et al. (2023,
Propositions 4 and 5), the iterates σk remain in a compact set of (P2,ac(Rd),W2) if σ, µ ∈ P2,ac(Rd)
and have finite third-order moments. This is verified for Gaussian distributions, hence there is a set
K such that (i) holds. In addition, by Proposition 10, each iterate σk remains Gaussian with strictly
positive definite covariance Σk for every finite k. Therefore, regarding (ii), Proposition 8 gives that

F (σk)
2 ≤ 2M2(µ)

(
1 +

λmax(Λ)

λmin(Σk)

)
∥∇W2F (σk)∥2σk ,

where we also use that W 2
2 (σk, µ) ≤ 4M2(µ) from Proposition 7. Consequently, (ii) is verified

under general Gaussian covariances, and the desired result follows.
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E.2. Proof of Theorem 2

By Proposition 5, the following PL condition holds for any k ≥ 1,

F (σk) ≤
Ck,d
2

(
1 +

1

λmin(Σk)

)
∥∇W2F (σk)∥2σk , (53)

with Ck,d = d(d+ 2)Mk/mk, Mk = max(λmax(Σk), 1) and mk = min(λmin(Σk), 1). By Propo-
sition 11, Mk ≤ d, thus Ck,d ≤ d2(d+ 2)/mk. Additionally, by Proposition 7, we have Tr(Σk) ≤
Tr(Λ) where Λ denotes the covariance matrix of the target Gaussian. A contradiction argument then
implies λmin(Σk) ≤ λmax(Λ), and in the special case Λ = Id, this gives λmin(Σk) ≤ 1. There-
fore, Ck,d ≤ d2(d + 2)/λmin(Σk) (since mk = λmin(Σk)), and 1 + 1/λmin(Σk) ≤ 2/λmin(Σk).
Therefore, (53) entails that

F (σk) ≤
d2(d+ 2)

λmin(Σk)2
∥∇W2F (σk)∥2σk . (54)

Denote by Bk = d2(d+ 2)/λmin(Σk)
2. Proposition 11 gives us that all the moments of Bk are

finite: supk E[B
p
k] ≤ cp < +∞ for all p ∈ N∗. In other words, the expected PL inequality in

Assumption A for τ = 1 holds along the iterates σk. Thus, the result is a byproduct of Theorem 3.

E.3. Proof of Theorem 3

Random events and main recursion. Since (Bk)k≥1 is a sequence of random variables (As-
sumption A), we condition the analysis on the event Gk = {Bk ≤ 1/gk} to apply the PL inequality.
This is done by introducing a sequence of positive numbers (gk)k≥1 with limk→+∞ gk = 0, so that
1Gk

converges to 1 almost surely. Denote by Gck the complementary event: Gck = {Bk > 1/gk}.

Expected PL inequality. We begin with the rates obtained under Assumption A with τ = 1.
Using the descent lemma (9) and the PL inequality of Assumption A on the event Gk,

E[F (σk+1)|Ak] ≤ (1 + γ2k)F (σk)− γk∥∇W2F (σk)∥2σk(1Gk
+ 1Gc

k
),

≤ (1 + γ2k)F (σk)− γkgkF (σk)1Gk
− γk∥∇W2F (σk)∥2σk1Gc

k
.

Now, we can plug the decomposition (12), that is 2F(σk) − ∥∇W2F (σk)∥2σk = Ek for Ek =

EP
[
∥T σk − Tσk,P ∥2σk

]
. This implies

E[F (σk+1)|Ak] ≤ (1 + γ2k)F (σk)− γkgkF (σk)1Gk
− γk2F (σk)1Gc

k
+ γkEk1Gc

k
, (55)

≤ (1 + γ2k − γkgk)F (σk)1Gk
+ (1− γk)

2F (σk)1Gc
k
+ γkEk1Gc

k
. (56)

The first term holds under the event Gk, where the PL inequality holds. Depending on the choice of
gk (which, for now, only needs to converge to zero), this will result in an exponential rate governed
by exp(

∑k
j=0 γ

2
k − γkgk) since

∏
i(1 + ai) ≤

∑
i exp(ai).

On the event Gck, we obtained two terms from the decomposition (12). One first recovers
F (σk)(1 − γk)

2, which, if it were alone, would also imply an exponential rate. The final rate
will thus be governed by γkEk1Gc

k
.
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In the absence of any convergence result for Ek, we observe that Ek ≤ 2F(σk) ≤ 4M2(µ) from
Proposition 7. Therefore, γkEk1Gc

k
≤ γk4M2(µ)1Gc

k
, and the final rate will be governed solely by

1Gc
k
. Combining this with the recursion (56) and using that −2γk ≤ −γkgk, we obtain

E[F (σk+1)] ≤ (1 + γ2k − γkgk)E[F (σk)] + 4M2(µ)γkE[1Gc
k
]

after taking the expectation. By Markov’s inequality,

∀p ∈ N∗, P(Gck) = P(Bk > 1/gk) ≤ gpkE[B
p
k] ≤ cpg

p
k. (57)

Here, p can be chosen freely. Choosing a larger value of p improves the decay of the factor gpk, at
the cost of increasing the constant cp. This yields the main recursion: for any p ∈ N∗,

E[F (σk+1)] ≤ (1 + γ2k − γkgk)E[F (σk)] + 4M2(µ)cpγkg
p
k. (58)

It only remains to choose (gk) and p. For two different choices, we obtain two different rates, whose
optimality depends on α.

Case 1: 0 < α < 2/3. For γk = 1/(k + 1)α, let gk = 1/(k + 1)ϵ so that the objective rephrases
as choosing ϵ and p. For any k ≥ 0, one has for ϵ < α,

γ2k − γkgk =
1

(k + 1)α+ϵ

( 1

(k + 1)α−ϵ
− 1
)
≤ 1

(k + 1)α+ϵ

( 1

2α−ϵ
− 1
)
.

In other words, γ2k − γkgk = −a/(k + 1)α+ϵ for a = 1− 1/2α−ϵ ∈ (0, 1). Thus, (58) rewrites

E[F (σk+1)] ≤ (1− a

(k + 1)α+ϵ
)E[F (σk)] + 4M2(µ)cp

1

(k + 1)α+ϵp
. (59)

The desired rate follows from Bercu and Bigot (2021, Lemma A.3), which is a variant of Chung’s
Lemma (Chung, 1954) (see also Moulines and Bach (2011, Theorem 1)). To allow for α < 1/2,
we rewrite Bercu and Bigot (2021, Lemma A.3) in Lemma 6. This gives the existence of a constant
C > 0 such that

E[F (σk)] ≤
C

kϵ(p−1)
, (60)

under ϵ < α and conditions that rephrase as α+ ϵ < 1 < α+ ϵp. Equivalently, the above needs

ϵ < min(α, 1− α) and 1− α < ϵp.

For all 0 < ϵ < min(α, 1−α), there is p ≥ 1 that meets this condition. Now, 1−α− ϵ < ϵ(p− 1)
yields

∀ϵ < min(α, 1− α) : E[F (σk)] ≤
C

kϵ(p−1)
≤ C

k1−α−ϵ
.

In particular, this is true for 0 < α < 1, even if 0 < α < 1/2 does not satsify the Robbins-Monro
conditions.
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Case 2: 2/3 < α < 1. We now turn to the second rate, that is faster in the regime 2/3 < α < 1.
One can use Proposition 7 to bound γ2kE[F (σk)] by 2M2(µ)γ

2
k , hence (58) becomes

E[F (σk+1)] ≤ (1− γkgk)E[F (σk)] + 2M2(µ)γ
2
k + 4M2(µ)cpγkg

p
k. (61)

By choosing γk = 1/(k + 1)α and gk = 1/(k + 1)1−α, we have γkgk = 1/(k + 1) and gpk =
1/(k + 1)(1−α)p. Therefore, gpk ≤ γk as soon as one chooses p ≥ α/(1 − α). In this case, (61)
becomes, for C = 2M2(µ)(1 + 2cp),

E[F (σk+1)] ≤
(
1− 1

k + 1

)
E[F (σk)] +

C

(k + 1)2α
.

The desired rate follows directly from Chung’s Lemma (Chung, 1954):

E[F (σk)] ≤
C

k2α−1
.

Remark 12 (Comparison of constants) When α < 1/2, min(α, 1 − α) = α, and one needs p >
(1−α)/ϵ > (1−α)/α. When α > 2/3, the second rates requires p ≤ α/(1−α). Thus, when α→ 0
or when α → 1, the order of magnitude of p is the same, and a fortiori the constant cp. Hence,
constants in both rates are similar, and this does not explain the faster convergence observed when
α is almost 0 in practice.

Expected PL-like inequality. We now turn to show the second result. Using the descent lemma
(9), Assumption A with τ = 2 would imply instead

E[F (σk+1)|Ak] ≤ F (σk)1Gk
− γkgkF (σk)

21Gk
+ F (σk)1Gc

k
+ F (σk)γ

2
k , (62)

where, in the last term, we also do not bound F (σk) by 2M2(µ). After taking the expectation,
Markov inequality can be applied as in (57) to deduce from (62) that

E[F (σk+1)] ≤ E[
(
F (σk)− γkgkF (σk)

2
)
1Gk

] + 2M2(µ)
√
cpg

p/2
k + E[F (σk)]γ

2
k . (63)

To remove 1Gk
above, note that γkgkF (σk)

2 ≤ (2M2(µ))
−1F (σk)

2 ≤ F (σk), as soon as γkgk ≤
(2M2(µ))

−1. Because gk is a flexible choice, this just means that k needs to be large enough. For
such k, we deduce E[

(
F (σk)− γkgkF (σk)

2
)
1Gc

k
] ≥ 0. Adding this to (63) gives

E[F (σk+1)] ≤ E[F (σk)](1 + γ2k)− γkgkE[F (σk)]
2 + 2M2(µ)

√
cpg

p/2
k , (64)

where we also use that E[F (σk)]
2 ≤ E[F (σk)

2] by Jensen’s inequality. Now, all that remains is to
play around with the constants to obtain the recursion necessary for an extended Chung’s lemma.

Denote by C = 2M2(µ)
√
cp and fix γ = C3/2. Let γk = 1/(k+ γ)α with 1/2 < α < 2/3. Let

gk = 1/(k + γ)2−3α hence

γkgk =
1

(k + γ)2−2α
and g

p/2
k =

1

(k + γ)p(1−3α/2)
.

This leads to gp/2k ≤ 1/(k + γ)2α if p ≥ 2α/(2− 3α), hence (64) rewrites

E[F (σk+1)] ≤ E[F (σk)]
(
1 +

1

(k + γ)2α
)
− 1

(k + γ)2−2α
E[F (σk)]

2 +
C

(k + γ)2α
. (65)
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Recall that this holds as soon as γkgk ≤ (2M2(µ))
−1, which is equivalent to (k+γ)2−2α ≥ 2M2(µ).

But since α < 2/3, (k+ γ)2−2α ≥ (k+ γ)2/3 ≥ γ2/3 ≥ C ≥ 2M2(µ). So the recursion (65) holds
for all k ≥ 0.

We stress that this relates to an extension of Chung’s Lemma in the case of a PL-type inequality
with τ = 2. Moulines and Bach (2011, Theorem 4) deals with a similar recursion, and Jiang et al.
(2024, Lemma 19) generalizes this in several ways. Thus, it only remains to verify that (65) fulfills
the correct requirements.

To stick to the notations of Jiang et al. (2024, Lemma 19), we introduce yk = E[F (σk)],
ak = 1/(k + γ)2−2α, ℓ1 = ℓ2 = 1, ℓ3 = C, τ = 2α/(2− 2α), so that (65) rewrites, for all k ≥ 0,

yk+1 ≤ (1 + ℓ1a
τ
k)yk − ℓ2aky

2
k + ℓ3a

τ
k.

This is exactly the recursion in Jiang et al. (2024, Lemma 19), and our parameters lead to their
statement (b). Again, with their notations, ζ = C1/2, u2 = 2α − 1, p = ρ, which fulfills the
requirements

1 ≥
(2u2
ζ

)ρ and γ ≥ max{(1
ζ
)1/u2 , ζ} = ζ,

thus leading to
yk+1 ≤ 4C1/2(k + 1 + γ)−u2 + y0

(
γ−1(k + 1 + γ)

)−ζ
.

This is the desired result, as it rewrites

E[F (σk)] ≤
4C1/2

(k + γ)2α−1
+

E[F (σ0)](
γ−1(k + γ)

)√C ,
and the second term in the above is faster than the first one.

Auxiliary lemma. The next lemma is taken from Bercu and Bigot (2021, Lemma A.3). We just
verify that the proof holds without the assumptions β < 2 and β ≤ 2α.

Lemma 6 Let Zk be a sequence of positive numbers satisfying, for all k ≥ 0,

Zk+1 ≤
(
1− a

(k + 1)α
)
Zk +

b

(k + 1)β
,

where a, b, α, β are positive constants satisfying a ≤ 1 and α < 1 < β. Then, there exists a positive
constant C such that

Zk ≤
C

kβ−α
.

Proof Proceeding as in Bercu and Bigot (2021, Lemma A.3), with 0 ≤ a ≤ 1 and 0 ≤ α < 1,

Zk ≤ exp(η(1− k1−α))Z0 + b

k∑
ℓ=1

P kℓ+1

1

ℓβ
(66)

where η = a/(1− α) and

P kℓ =
k∏
i=ℓ

(1− a

iα
),
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with the convention that P kk+1 = 1. For some integer m such that 2k ≤ 4m ≤ 3k,

k∑
ℓ=1

P kℓ+1

1

ℓβ
≤ P km+1

m∑
ℓ=1

1

ℓβ
+

k∑
ℓ=m+1

P kℓ+1

1

ℓβ
, (67)

since P km+1 ≥ P kℓ+1 for all ℓ ≤ m. Besides, for ξ = 1− (3/4)1−α,

P km+1 ≤ exp(−a
k∑

i=m+1

1

iα
) ≤ exp(η(2− α− ξk1−α)),

where the first inequality uses 1− x ≤ e−x and the second uses that m ≤ (3/4)k and

k∑
i=m+1

1

iα
≥ 1

1− α
(k1−α −m1−α)− 2− α

1− α
≥ ξk1−α − (2− α)

1− α
.

Plugging this in (67) together with the bound
∑m

ℓ=1
1
ℓβ

≤ 1 + 1
β−1 that holds since β > 1,

k∑
ℓ=1

P kℓ+1

1

ℓβ
≤ exp(η(2− α− ξk1−α))(1 +

1

β − 1
) +

k∑
ℓ=m+1

P kℓ+1

1

ℓβ
. (68)

Regarding the right term above, remark that

P kℓ+1 − P kℓ =
a

ℓα
P kℓ+1.

Therefore,
k∑

ℓ=m+1

P kℓ+1

1

ℓβ
=

1

a

k∑
ℓ=m+1

(P kℓ+1 − P kℓ )
1

ℓβ−α
,

where we recall that β > α. Because ℓ ≥ m ≥ k/2,

k∑
ℓ=m+1

P kℓ+1

1

ℓβ
≤ 2β−α

akβ−α

k∑
ℓ=m+1

P kℓ+1 − P kℓ ≤ 2β−α

akβ−α
(
P kk+1 − P km+1

)
≤ 2β−α

akβ−α
.

Combining this with (68) and the bound (66) gives the final recursion, and the desired rate,

Zk ≤ exp(η(1− k1−α))Z0 + b exp(η(2− α− ξk1−α))(1 +
1

β − 1
) +

b

a

2β−α

kβ−α
.

Appendix F. Additional Numerical Experiments

F.1. Continuous setting with explicit updates

In Figure 5, we extend the experiment of Figure 1 by considering a non-isotropic target distribution
µ = N (0,Λ), where Λ is a diagonal matrix with entries drawn from a Gaussian distribution of mean
10 and variance 1 (negative values are discarded). Conclusions are similar in this general-covariance
setting, where our analysis provide convergence rates only up to the condition (21).
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(e) α = 0.9

Figure 5: Evolution of SW 2
2 (σk, µ) when σ = N (0,Σ) and µ = N (0,Λ)

F.2. Discrete source and target

We also complement Figure 4 with Figure 6 and Figure 7 on empirical distributions sampled with
n = 500 observations. The source is drawn from a mixture of Gaussians. The target is a Gaus-
sian distribution, either with isotropic or non-isotropic covariance. The evolution of the Sliced-
Wasserstein distance between iterates and the target reflects again that convergence is faster for
learning rates close to 1, especially for the case α = 0.1. The corresponding slowly decreasing
learning rate leads to faster convergence than the fixed learning rate γk ≡ 1 (α = 0) in all our
experiments on discrete samples.
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Figure 6: Evolution of SW 2
2 (σk, µ) for discrete source and target distributions. The source is sam-

pled from a mixture of Gaussians, and the target is sampled from N (0, Id)
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Figure 7: Evolution of SW 2
2 (σk, µ) for discrete source and target distributions. The source is sam-

pled from a mixture of Gaussians, and the target is sampled from N (0,Λ)
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Figure 8: Evolution of SW 2
2 (σk, µ) when σ = N (0,Σ) and µ = N (0, Id), with slice-matching

maps along a single direction θk+1 instead of an orthonormal basis Pk+1
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Figure 9: Minimum and maximum eigenvalues of the estimated covariances Σk when σ = N (0,Σ)
and µ = N (0, Id), with slice-matching maps along a single direction θk+1 instead of an
orthonormal basis Pk+1

F.3. A single direction for the slice-matching scheme

Figure 8 and Figure 9 provide alternative experiments when one replaces the orthonormal set of
directions Pk+1 by a single direction θk+1. We consider continuous Gaussian source and target
distributions, so that iterates are explicit. Figure 8 shows the evolution of the Sliced-Wasserstein
loss for this alternative algorithm, and Figure 9 shows the evolution of the min/max eigenvalues.
Each considers N = 10 independent runs, each with a different source covariance. This illustrates
how the convergence is worsened for all learning rates and all dimensions d, as compared to our
experiments with multiple directions Pk+1.

41


	Introduction
	Background on the Slice-Matching Scheme
	Preliminary Analysis: Convergence to Critical Points
	Convergence Analysis under Łojasiewicz Inequalities
	Main result: convergence analysis for Gaussian measures
	Step 1: From (random) PL inequalities to rates
	Step 2: Static PL inequalities and bounded densities
	Step 3: Propagating PL constants along the trajectory in the Gaussian case

	Numerical Experiments
	Matching Gaussians
	Beyond the Gaussian-to-Gaussian Setting

	Conclusion and Perspectives
	Reminders on Wasserstein space
	Curves and convexity in Wasserstein space
	Differentiation along geodesics

	Proofs of Sections 2 and 3
	Differentiability, critical points
	Smoothness
	Moments are bounded
	Standard proofs for non-convex smooth optimization

	Proofs of Section 4: Łojasiewicz inequalities
	Proof of Proposition 4: a PL-like inequality for smooth densities
	Proof of Proposition 8: a PL-like inequality for Gaussian distributions
	Proof of Proposition 5

	Proofs of SecEigenControlConvergRates: Eigenvalues control along the iterations
	Recursive inequalities on eigenvalues
	A bound in expectation for isotropic target
	A sufficient condition under arbitrary covariance

	Proof of our main result: Theorem 2
	Proof of Proposition 3
	Proof of Theorem 2
	Proof of Theorem 3

	Additional Numerical Experiments
	Continuous setting with explicit updates
	Discrete source and target
	A single direction for the slice-matching scheme


