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Abstract

We study fixed-horizon offline reinforcement learning (RL) with function approximation for both
policy evaluation and policy optimization. Prior work established that statistically efficient learning
is impossible for either of these problems when the only assumptions are that the data has good
coverage (concentrability) and the state-action value function of every policy is linearly realizable
(q™-realizability) [Foster et al., 2022]. Recently, Tkachuk et al. [2024] gave a statistically efficient
learner for policy optimization, if in addition the data is assumed to be given as trajectories. In this
work we present a statistically efficient learner for policy evaluation under the same assumptions,
with the additional requirement that the behavior policy is known. Further, we show that the sample
complexity of the learner used by Tkachuk et al. [2024] for policy optimization can be improved by
a tighter analysis.

Keywords: Reinforcement learning, Offline RL, Sample complexity, Linear function approximation,
Policy evaluation, Policy optimization

1. Introduction and Overview of Results

In offline RL a learner is given access to a dataset and is tasked with either evaluating a policy or
finding the optimal policy [Jiang and Xie, 2024]. If the dataset does not cover the state-action space
well, then certain parts of the Markov decision process (MDP) will be unseen, and no learner will be
able to succeed [Chen and Jiang, 2019]. Thus, some assumption needs to be made on the coverage of
the dataset to get positive results. One such assumption, which will be central to this work, is when
the dataset covers the states and actions reachable by all policies well. This assumption is known as
concentrability, with parameter Cj indicating the degree of coverage (see Assumption 3).

When the state space is large it is undesirable for the size of the dataset to scale with the number
of states in the MDP. As such, function approximation is often used to represent particular aspects of
the problem. In this work we focus on the case where a function class is used to represent state-action
value functions (g-functions). Foster et al. [2022] showed that if the dataset satisfies concentrability,
and the g-function of all policies is realizable by the function class, then achieving e-optimal policy
evaluation or optimization with high probability requires a dataset size that scales with the number of
states, which is considered statistically inefficient.
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Trajectory Data
Objective Obj 7 Realizable All 7 Lin-Realizable All 7 Realizable
Policy Evaluation x [Jia et al., 2024] v [This Work] x [Foster et al., 2022]

Policy Optimization x [Liu et al., 2026] v [Tkachuk et al., 2024] x [Foster et al., 2022]

Table 1: Concentrability is assumed in all cases. Obj m Realizable means only the evaluation/optimal
policy is realizable by the function class for policy evaluation/optimization. All 7 (Lin-)Realizable
means the ¢-function of all memoryless policies is realizable by the (linear) function class. The v*
means a poly(d, H, Cy, 1/¢) sample complexity upper bound, and x means a lower bound in terms
of the state space size or exponential in the horizon H.

Naturally, the question of how much these assumptions need to be strengthened to allow for
statistically efficient learning remained. Tkachuk et al. [2024] showed that if the dataset has the extra
structure of being full rollouts from some behavior policy (i.e., trajectories), and the g-function of
every policy is realizable by a linear function class (with known features), then the sample complexity
of policy optimization can be improved to scale polynomially with the feature dimension d and other
problem parameters. Importantly, this is considered statistically efficient, since the feature dimension
d is often chosen much smaller than the number of states. Their result does not imply a similar
bound for policy evaluation, since their learner follows a value-iteration approach, which does not
evaluate intermediate policies (see Section 4.4 for further discussion). Thus, whether a similar result
is possible for policy evaluation remained open.

In this work we give a positive answer, by providing a statistically efficient learner for policy
evaluation under the same assumptions as Tkachuk et al. [2024], except we additionally assume the
behavior policy is known. Interestingly, Jia et al. [2024] showed that if the g-function of only the
evaluation policy is realizable by the function class, then the dataset size must scale exponentially
with the horizon H of the MDP. Our result complements their work by showing that if the function
class is assumed to linearly realize the g-function of all memoryless policies, then the sample
complexity can be improved to scale polynomially with the horizon H, feature dimension d, and
other problem parameters. Recently, Liu et al. [2026] showed a negative result for policy optimization
when only the g-function of the optimal policy is realizable, which complements the result of Jia et al.
[2024] for policy evaluation. In Table 1 we summarize our above discussion. For a detailed account
of the offline RL literature we refer the reader to the excellent survey by Jiang and Xie [2024].

Another contribution comes as a consequence of our analysis building on the work of Tkachuk
et al. [2024]. In particular, we noticed that a bound in a key lemma used by Tkachuk et al. [2024]
can be improved. Therefore, we also provide a sample complexity bound for the policy optimization
objective, which improves on that of Tkachuk et al. [2024] by a factor of Cyd.

The remainder of the paper is structured as follows. Section 2 defines the offline RL setting. In
Section 3 we present our results. Then, in Section 4 we define the learners for which the results hold.

2. Problem Setting

Since we study the same setting as Tkachuk et al. [2024], we use similar notation and definitions.
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Notation: Throughout we fix the integer d > 1. Let 0 € R? be the d-dimensional, all zero
vector. For L > 0, let B(L) = {z € R? : ||z||2 < L} denote the d-dimensional Euclidean ball
of radius L centered at the origin, where || - ||2 denotes the Euclidean norm. The inner product
(x,y) for z,y € R? is defined as the dot product z'y. The closure of a set X is denoted by
cl(X). Let I{ B} be the indicator function of a boolean-valued variable B, taking the value 1 if B
is true and O if false. Let M;(X) denote the set of probability distributions over the set X. Let
Ep~p|[f(B)] denote the expectation of a random variable f(B) under distribution P. For integers
i,j,let[i] ={1,...,i}and [i: j] = {i,...,j}. For any two functions f, g, comparisons are always
pointwise (e.g. (f < g)(z) = f(z) < g(z) for all x).

The environment is modeled by a fixed-horizon Markov decision process (MDP) defined by
atuple (S, A, P,R, H). The state space S is finite but arbitrarily large, and organized by stages:
S = Uhe[H ] S, starting from a designated initial state s; (S; = {s1})! , and culminating
in a designated terminal state st (Sgy+1 = {ST})Z. Without loss of generality, we assume Sy
and Sy, for h # h' are disjoint sets. The action space A is finite. The transition kernel is P :
(Unerm Sn) x A = M (S), with the property that transitions occur between successive stages.
Specifically, for any h € [H], state s, € S, and action a € A, P(sp,a) € M;(Sp+1). The reward
kernel is R : S x A — M;([0,1]). To ensure that the terminal state st has no influence on the
learner we force the reward kernel to deterministically give zero reward for all actions a € A in sT.

We will define an agent’s interaction with the MDP through a memoryless policy m : S —
M (A), which assigns a probability distribution over actions based on a state. The set of all memo-
ryless policies is II = {7 : § — M (A)}. For m € II, we write m(a|s) to denote the probability
7(s) assigns to action a. For deterministic policies only (i.e., all the probability is concentrated on
a single action) we sometimes abuse notation by writing 7(s) to denote arg max,. 4 7(a|s). An
agent interacts with the MDP sequentially from a state s € S, by sampling an action according to its
policy m, receiving a reward specified by R, transitioning to a subsequent state according to P, and
repeating this process until receiving a reward at the terminal state sT. This interaction induces a
probability distribution over trajectories, denoted as P ;. Formally, for any h € [H + 1] and s € Sp,
we write Traj ~ P s to denote a trajectory Traj = (s, Ap, Rp, ..., Su+1, Ag+1, Rp41) distributed
according to P , where Sj, = s, A; ~ 7(S;) fori € [h: H+1], Sijy1 ~ P(S;, A;) fori € [h: H],
and R; ~ R(S;, A;) fori € [h: H + 1]. For any a € A, we also define P,  , as a distribution over
trajectories when first action a is taken in state s, and then policy 7 is followed. For h € [H + 1], we
write IP’% s (and Ph ) for the marginal distribution of (S, Ap,) (i.e., the state-action pair of stage h)

T,8,a

based on the joint distribution of P s (and P o).
For1 <t <t < H + 1, we use the notation R, = Zzzt R,. Atastage h € [H + 1], the
state-value and action-value functions v™ and ¢™, for a policy m € II, and s, € Sy, a € A, are:

™ . ™ .
V" (sn) = Etajnr, ,, Rrire1 and ¢ (sp, a) = B, ,, o Rhib+1 -

For any function f € R®, we write fj, € RS for its restriction to stage /. Similarly, for any function
g € RS*A we write g5, € RS> for its restriction to stage h. Let 7* € II be the optimal policy,
satisfying ¢™ (s, a) = sup,cp ¢ (s, a) for all (s,a) € S x A. The optimal policy is known to exist
and is deterministic [Puterman, 2014].

1. A deterministic start state s, is added for simplicity of presentation. It is easy to show that adding an additional stage
to the MDP allows for the transition dynamics to encode an arbitrary start state distribution.

2. A terminal state st is added purely as a technical convenience for the analysis. We will focus on the interaction of
learners for stages h € [H]| (not [H + 1]), since the terminal state will have no effect on the learner.
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2.1. Assumptions and Objective

For a fixed feature map ¢ : S x A — B(Lgy), Ly > 0 (known to the learner), the function class at
stage h € [H + 1] containing linear functions is defined as follows:

Fn={f:SpxA—=1[0,H|| f(-,-) =(&(-), 0),0 € B(Ly)} forsome Ly > 0.
The first assumption is that F, realizes the g-function of all memoryless policies exactly?.

Assumption 1 (¢"-Realizability’) ¢T € F, for all m € 11, and stages h € [H + 1]. For any
h € [H + 1], let 05 : 11 — B(Lg) be a mapping that satisfies qj, (-,-) = (¢(-, ), 05 (7)).

Now, we introduce our assumptions on the data.

Assumption 2 (Trajectory Data) The learner is given n > 1 trajectories’ (Trajj )?:1, where each

Traj/ = (Sj , A{L, R‘ZL) he[H+1] is an independent sample from P o, for behavior policy 7t e IL

A trajectory is a sample from the joint distribution P . This is in contrast to just having samples

from the marginal distributions (P”, el H}6, which hide temporal dependencies between states and
0,81

actions across stages that will be crucial for our learner (see Section 4.2). A sequence v = (V) he|H)s

where v, € M1 (S, x A), is admissible if there exists a policy 7 € II such that
vp(s,a) = IP’?SI(S, a) forall (s,a) € S, x A, h € [H].
We use 1 := (fn)he|m]» Where i, == PZ;; 5, for the behavior policy’s admissible distributions. The

following assumption requires the behavior policy’s coverage of the state-action space to be nearly
as good as any memoryless policy.

Assumption 3 (Concentrability) For all admissible distributions v = (Vi) he|m)»
maxpe(f] maX(s’a)esth(l/h(s, a)/pn(s,a)) < Cy, where Cy>1.

The policy optimization and evaluation objectives are as follows. Let € > 0. The policy optimization
objective is to minimize the number of trajectories n, while outputting a policy 7, such that v™ (s1) —
v™(s1) < €. Let 7© be an arbitrary evaluation policy. The policy evaluation objective is to minimize
the number of trajectories n, while outputting a value estimate © € R, such that [v™" (s1) — 9| < .

3. We assume exact realizability for simplicity of presentation. Our results can be extended to the approximate case with
minor modifications to the proofs, as was done by Tkachuk et al. [2024].

4. Since F}, is a linear function class, this should be called linear g™ -realizability; however, since we always work with
linear function classes in this paper, we omit the word “linear” for brevity. The same is done for future assumptions
that use F, (e.g., Assumptions 4 and 5).

5. Our learner does not require explicit knowledge of the states within each trajectory; the features alone are sufficient.

6. Since samples from the marginals are just state-action pairs, we of course mean that a reward and next state are also
provided for each state-action pair. Even weaker is having samples from a general distribution over S x A, for which
the negative result of Foster et al. [2022] applies.
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3. Results
Our main result is the first polynomial sample complexity for policy evaluation (proof: Appendix A).

Theorem 1 (Policy Evaluation) Ler Assumptions I to 3 hold and the behavior policy 7 be known.
For any evaluation policy ¢, 6 € (0,1) and € > 0, if the number of trajectories n = O(CH d?/€?),
then with probability at least 1 — 6, the value estimate U output by Algorithm 2 satisfies

‘v’re(sl)—@’ <e. (1)

The notations 2, @ and © hide polylogarithmic factors of (1/€,1/6,H,d,Cy, Ly, Lg). Due to our
improved analysis (in Appendix C.4), we obtain a sample complexity for policy optimization that
improves the bound on n by Tkachuk et al. [2024] by a factor of Cyd (proof: Appendix B).

Theorem 2 (Policy Optimization) Let Assumptions 1 to 3 hold and the behavior policy 7° be
unknown. For any § € (0,1) and € > 0, if the number of trajectories n = O(CS3H"d®/€%), then
with probability at least 1 — 9, the policy T output by Algorithm 1 satisfies

0™ (51) — 0™ (s1) <e. ()

4. Learners and Background

In Section 4.4 we present our main contribution, a sample efficient learner for policy evaluation
(Algorithm 2). We use the first three subsections to present known results, which we believe are
crucial for understanding our contribution. In Section 4.1 we present the fitted Q-iteration/evaluation
(FQE/FQI) algorithms for policy evaluation and optimization respectively. Since FQE/FQI works
with the Bellman completeness assumptions (Assumptions 4 and 5), we show how to get Bellman
completeness from g™ -realizability in Section 4.2. In Section 4.3 we show how Tkachuk et al. [2024]
used these ideas along with trajectory data to develop their learner for policy optimization. We finally
present our policy evaluation learner in Section 4.4.

4.1. Fitted Q-Iteration/Evaluation (FQI/FQE) with Bellman Completeness

The Bellman policy operator T™ : Uh6[2:H+1]RSh XA _y UhE[H]RSh XA for a policy , is defined as
follows: for all h € [H], qpy1 € RSh+1 XA

T"qny1(s, ) = Ergjnr, , o [RBh + @he1(Spy1,m)], forall (s,a) € Sp x A, 3)

where qp41(5,m) = D, 4 qh+1(8,a)m(a|s) is notation that will be used throughout the paper. No-
tice that g5, = 1" qj , . Since we do not have access to 7', and 7™ ¢y, , | 1s a conditional expectation,
we can approximate it from data by solving a regression problem. Let p/ = (u},. .., i), be an
arbitrary sequence of state-action distributions. Only for this subsection, we assume each offline
data sample j € [n] is generated as follows for all h € [H]: (Sf;,A{L) ~ W R{L ~ R(Sﬁ, Afl'),
S} .1 ~ P(:|S}, A7). This is more general than trajectory data, since the state-action pairs (S7,47)
are not necessarily generated by following the behavior policy 7%, and the next state 5‘% 1 heed not
be equal to S}{ 41~ The empirical Bellman policy operator 77 Unele: HH]RS’IXA — Une[H] RSR*A
for a policy 7, is defined as follows: for all b € [H], g 41 € ROw+1XA,

) ' ) o . y
T gy = argming, ez = 351 (qn(Sh, A7) — R}, — qny1(S) 4, m))2
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For policy evaluation, FQE starts with ggr+1 = O and calculates ¢, = T’re(jhﬂ forh=H,...,1. 1t
then outputs 0 = ¢ (s1, 7°). A sufficient condition (on F},) for FQE to work is:

Assumption 4 (Bellman Completeness (for 77)) T7qp11 € Fp, Vg1 € Fpe1 and Vh € [H].

Roughly speaking, Bellman completeness ensures that the approximation error does not multiplica-
tively accumulate across stages. If 1/ = (y},) ne[H) satisfies concentrability (Assumption 3) and
Bellman completeness (Assumption 4) holds’, then the policy evaluation objective can be achieved
with a polynomial number of samples that is independent of the state space size |S| [Le et al., 2019].
Notice how trajectory data (Assumption 2) was not necessary, if we have Bellman completeness.
Unfortunately, we cannot directly use FQE with ¢™-realizability (Assumption 1), since it does not
imply Bellman completeness [Zanette et al., 2020]. In fact, without further assumptions on the data,
Foster et al. [2022] showed that a policy evaluation bound (like in Eq. (1)), cannot be achieved unless
the sample complexity scales with the size of the state space |S|, which is undesirable. Naturally,
this leads to imposing an extra assumption on the data, which we choose to be trajectory data
(Assumption 2), whose benefits we discuss in the next section.

Before moving on, we address policy optimization. One could try to evaluate every policy
using FQE and then select the one with the largest value from the start state; however, since the
optimal policy is deterministic, there are |.A|!S! policies to evaluate, and thus even by taking a union
bound over this set of policies we would obtain a bound that scales as log(|.A|IS) = |S|log(].A]).
Fortunately, this can be improved if our ¢g-function class F is small or structured, by making use of the
Bellman optimality operator. In particular, the Bellman optimality operator T" : Upcjo. 57 H]RS}LX““ —

Une| H}Rshx““ and empirical Bellman optimality operator 7" : Unepe: HH]R‘S’LXA — Ung| H]RS’LXA
are defined as follows® : for all h € [H], 7 € TI, qj41 € RO+ XA,

Tqns1(s,a) = Ejup, , . [Rh + maxy gry1(She1,a’)], forall (s,a) e Spx A, (4
Tqnir = arg min,, 7, = > i-1(an(Sh, Ay) — Ry, — maxy ah1(S),1.a))7 (5)

For policy optimization, FQI starts with §z7+1 = 0 and calculates g, = T(th forh=H,...,1. It
then outputs () = arg max, (-, a). The Bellman completeness assumption for 7 is:

Assumption 5 (Bellman Completeness (of 7)) T'q,+1 € Fn, Yqn+1 € Fry1 and Vh € [H].

If o/ = (,u%)he[ ) satisfies Assumption 3, and Bellman completeness (Assumption 5) holds, it can
be shown that § is a good estimate of ¢™ in expectation. Finally, greedifying with respect to a
good estimate of g™ (see Lemma 17) achieves the policy optimization objective (Eq. (2)) with a
polynomial sample complexity [Munos and Szepesvari, 2008; Chen and Jiang, 2019]. Now, let us
see what happens when we consider g™ -realizability, and why trajectories are helpful.

4.2. From g™ -realizability to Bellman Completeness

What we will see in this subsection is that although an MDP that is g™ -realizable is not necessarily
Bellman complete, there exists a minor modification of the MDP such that Bellman completeness
does hold in the modified MDP. Then, if we knew the modified MDP we could simply use FQE/FQI,

7. The result holds even if each function class F}, is not necessarily linear, but still satisfies Bellman completeness.
8. We use purple to highlight important differences between equations throughout the paper.
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Figure 1: The features for both MDPs are ¢(s1,-) = 1, ¢(s3,-) = 0.5, ¢(-,-) = 0 otherwise. Left:
q"-realizable. Right: Linear MDP, due to skipping s; via the up action.

and since the modification is minor, it will imply good bounds in the original MDP. This observation
was made by Weisz et al. [2023]%, and is necessary background for the following subsections.

To relate the ¢™ -realizability assumption to Bellman completeness, we will make use of another
commonly used assumption called linear MDP [Jin et al., 2020]. Importantly, a linear MDP always
satisfies Bellman completeness and ¢™-realizability, but not vice versa [Zanette et al., 2020]. As
such, if we can show that a modification to the original ¢”-realizable MDP gives a linear MDP,
then we will also have Bellman completeness in the modified MDP. We begin by building some
intuition for why a ¢"-realizable MDP can fail to be a linear MDP. Informally, a linear MDP is an
MDP where the transition dynamics and expected rewards can be expressed as linear functions of the
same state-action features ¢. It is easy to construct an MDP for which there is a state that has the
same g-function for all policies and actions; however, it does not have the same reward function or
transition dynamics for all actions. Such an example is given on the left in Figure 1'° , where in state
s1 the g-function is 1 for all policies and actions; however, the reward for taking the up action is 1,
while the reward for taking the down action is 0.5. As such, to satisfy ¢ -realizability, the features
for the linear function class F can be defined as ¢(s1,) = 1, since (¢(s1,-), 1) = 1. But, such a
feature map cannot capture the difference in rewards between the two actions, as it assigns the same
value to both the up and down action. A similar issue arises for the transitions in state s;.

To formally describe such problematic states we define the following function:

range(s) = SuUp, ey MaxX, oca ¢ (s,a) — ¢ (s,a’), foralls e S.

Then, if the range is zero for a state s, we can encounter the issue described above. More generally,
we can encounter issues representing the rewards or transitions if there are states with low range.

One way to address this issue is to modify the MDP such that all the rewards and transitions are
the same at any states s with range less than a threshold oz > 0. In particular, at each such state, select
any action a and make the reward and transition of every other action equal to that of a. We will
refer to modifying a state in this way as skipping the state via action a. An example of this is shown
on the right in Figure 1, where we have skipped state s; via the up action. An MDP modified in this
way is indeed linear (with parameter norm bound Lg/«) and thus satisfies Bellman completeness
(see Lemma 5). At the end of this subsection we will see how the error due to modifying the MDP
depends on «. But first, we formalize the above intuition that the modified MDP is linear.

As we have seen, to modify the MDP we need to know the range function. But, the learner
is not given the range function, so it uses a parametric representation of it, to avoid estimating

9. Weisz et al. [2023] studied the online RL setting with linear ¢ -realizability. Since then Mhammedi [2025] and
Tkachuk et al. [2024] have also made use of this helpful observation.
10. A reader familiar with the work of Weisz et al. [2023] may wonder why our figure is different from their Figure 1.
First, this view of modifying the MDP is identical from a value function perspective, and secondly we find this view to
be more aligned with the skippy Bellman operators and skippy policies we will define later.
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the g-function of every policy. For any h € [H], let ©F = cl({6}(7) : = € II}) C B(Ly) be a
(compact) set containing the parameter values of all policies. When ¢”-realizability holds the range
function can be expressed in terms of the parameters in these sets:

range(s) = SUPg: cor max, o c A(0(s,a) — ¢(s,d’), 07), foralls e Sy, he[H].

Now we will construct a parametric bound on the range. For all h € [H], fix a subset G} C OF
of size |G}| = do := [4dloglog(d) + 16] that is the basis of a near-optimal design for O (i.e.,
satisfying Definition 18). The existence of such a near-optimal design follows from [Todd, 2016,
Part (i) of Lemma 3.7]. Any G = (G )pe(m) € G, where G := (B(Lg)%)#, can be used to define

an approximate range function that is completely specified by O(H d?) parameters:

range(s) = maxyeq, Max, ocA(P(s,a) — ¢(s,a’), V), foralls € S, h e [H].
Importantly, when G* := (G} )c[m) is used, the range. function upper bounds the true range:
Lemma 3 (Prop. 4.5 [Weisz et al., 2023]) range(s) < V2d - rangeq. ($), forall s € Sy, h € [H].

Recall that we want to modify the MDP by skipping over states with range lower than a threshold «.
The above lemma tells us that we can achieve this by skipping over states with range . (s) lower
than o/ v/2d. Tt will be useful to define a skipping function w¢ based on G € G, that indicates if we
skip a state or not. Although this function can be defined as an indicator, for technical reasons'!, we
define a smoothed version, which always skips states with range(s) < «/(2+v/2d), never skips for

states with range(s) > «/v/2d, and linearly interpolates between the two thresholds:

1, if s # sT and range(s) < a/(2v/2d);
we(s) =4 2 —2v2d -ranges(s)/a, if s # sT and o/ (2v/2d) < range(s) < a/V2d; (6)
0, otherwise.

Since each G' € G defines a skipping function wg, which in turn defines a modified MDP, we will
refer to G as a modification of the MDP, and call G* the correct modification.

So far we have discussed explicitly modifying the MDP. Instead, we will do so implicitly through
modified Bellman operators, which incorporate the skippy behavior into their choice of future g-
values'?. For h € [H],and 1 < [ < h, let Traj = (s, at, rt)1<t<m+1 be any fixed trajectory that
starts from some stage I. For 7 € [h+1: H + 1] let Fg raj nt1(7) = (1 —wa(sr)) H;;}H_l we(sy)
be the probability of stopping at stage 7 when starting from state s;, and skipping subsequent states
with probability wg(+). For any sequence of objects a1, . . ., ag+1, define ap, == (apt1, ..., ag+1)s
for all h € [H]. For a set C define C4n~ := CSnt1XA x ... x CSHH1 XA,

For a policy 7 and modification G, the skippy Bellman policy operator and empirical version
TZ, Tg : Uhe[Q:HH]R‘SA’H — Uhe[H]RS’LXA are defined as follows: for all h € [H], g, € Rn~,

TG gn—(s,a) = ETraijwb’S’agg(Qh_),Traj), forall (s,a) € S, x A, (7
TE G = arg min, z % Z;L:l(qh(Si, Ail) — 9&(qh—, Trajfl_)))% where (8)

gg(Qh—n Traj) = Zf:—zl-}-l(Rh:T—l + QT(STa 77)) FG,TrajJH—l (T) s

11. The smooth skipping behavior helps with covering arguments.
12. We find this makes the learners simpler to present (see Sections 4.3 and 4.4), and is also done by Tkachuk et al. [2024].
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wG(Sh_H) =1 wg(5h+2) =07 wg(5h+3) =0
always skip skip w.p. 0.7 never skip

\ \ \
i Ah+1 ~ b i Ah+2 ~ b i

Rhi Rp12
e

Figure 2: An example of computing the target ¢7i(qp-,Traj) for a trajectory Traj =
(8hs @, Ry, Spy1, Angts - - ) ~ Prs g, . Starting from (sy, a), the target is computed by following
the trajectory and accumulating rewards while skipping continues, using the value estimate ¢, (S-, 7)
at the first stage 7 where skipping stops, and then averaging over the random stopping time 7. For
the displayed trajectory, wg(Sp+1) = 1, wg(Shie) = 0.7, and wg(Spr3) = 0, so skipping stops
at stage h + 1 with probability Fg myajnt1(h + 1) = (1 — wg(Sh41)) = 0, stops at stage h + 2
with probability FG Trajnt1(h +2) = (1 — wg(Sh+2))wa(Shy1) = 0.3 and stops at stage 7 + 3
with probability Fg Trajnt1(h +3) = (1 — wa(Sh43))wa(Sht1)wa(Sh+2) = 0.7. The target is
9&(qn—, Traj) = O.B(Rh + Rpy1 + qne2(Shya, 7T)) + 0.7(Rh + Rpy1 + Ruta + qris(Shas, ﬂ'))
The values of wg(.Sy) were chosen for illustration purposes.

Traj) | = (7, Al R{)te[h+1:H+1}> and Fj, D F, is defined in Eq. (10)'? . Figure 2 shows how
the target g% (qn—, Traj) is computed for a single sampled trajectory Traj ~ Pr, s, 4. and how the
skipping probabilities w¢(.S;) determine the distribution over the stopping time 7. If the modifi-
cation G is such that no states are skipped (i.e., 7 = h + 1 for all states), then g7 (qp—, Traj) =
Ry, + qn+1(Shy1, ), which reduces Eq. (7) to the usual Bellman policy operator (Eq. (3)). Simi-
larly, for a modification G, the skippy Bellman optimality operator and empirical version T, T
Uh€[2;H+1]RSAh_’ — Uhe[H]RShXA are defined as follows: for all h € [H], q;— € R4n~,

Ta qn-(s,a) = Ernajep , | 96(qn-, Traj),  forall (s,a) € Sp x A,
Todn = argmin, x2S (@u(81, AL) — go(an-, Tra],))? where
gG(q}z—n Traj) = Zf;rhl_yl(Rh:T—l + maxg/ QT(STa a/)) FG,Traj,h—l—l(T) . )

Remark 4 Notice‘that the targets gz (qn—, Traj{H) and g (qn—, Trajgﬁ) are nonlinear functions of
the trajectory Traj{H, due to the product form of FGIraj ih +1(7’). This is why trajectory data (i.e.,
samples from the distribution P o, ) are important, and samples from the marginal distributions
Pfrb 5, are likely not sufficient.

The reason we will care about these skippy Bellman operators is that they will satisfy two
properties that we needed for FQE/FQI to work in Section 4.1. First, by a slight modification to
Lemma 4.2 in Tkachuk et al. [2024], if we have ¢™-realizability (Assumption 1), then Bellman
completeness holds (with a larger function class) for the skippy Bellman operators based on the
correct modification G* (proof: Appendix C.1).

13. The target gz (gn—, Traj) is equivalent to a state-dependent A-return [Sutton and Barto, 2018], where the continuation
parameter A is given by the skipping probability wg.
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Lemma 5 (¢”-realizability —> skippy Bellman completeness) Assume (Fj)ne(m) satisfies q"-
realizability (Assumption 1). Define a larger function class .7::h D Fpas:

Fon=A{f:Snx A= R f() = (), 0),6 € B(L)}, forallh € [H+1],  (10)

where Ly := Lg-(SH?do\/2d/a+1). Then, for any h € [H), g € [0, H]**"~ with qzr1(sT,-) =
0)

Tox qno € j":h and Tgiqhq € j':h~

Notice that we have abused the Bellman completeness naming convention, since the above holds for
arbitrary q¢p+41, - - . , ¢ +1, that are not necessarily in fh+1’ e ,f 7+ respectively. This is a stronger
property than in the regular Bellman completeness assumptions (Assumptions 4 and 5), and will be
important for the proofs of Lemmas 9 and 10.

Recall that with the regular Bellman policy operator g5, = T7¢qj , ;. The second useful property
is that a similar relationship holds for the skippy Bellman policy operators, except for skippy policies.
In particular, for a policy 7 define its skippy version based on a modification G as the policy that at
each state s chooses an action according to 7°(a/s) (this is the skippy action) with probability we(s)
and according to 7(a|s) with probability 1 — wg(s)'*:

a(als) = 7°(als)wa(s) + m(als)(1 — wa(s)). (11)
The following useful property holds for the skippy Bellman policy operator (proof: Appendix C.2):
Lemma 6 ¢, = T[ q;°, for any policy © € 11 and modification G € G.

This reduces to g5 = 1T™qj . if G is such that no states are skipped. If we knew G*, then for policy
evaluation, this motivates running FQE with the empirical skippy Bellman policy operator T gi
For policy optimization, we do not have access to 7*, and thus cannot estimate g™ using Eq. (8),
since gg* depends on 7*. Instead, we define a skippy optimal policy 7, that does not depend on 7*:
which at state s, with probability 1 — wg(s), takes the greedy action w.r.t. its future g-values,

7e(als) = w°(als)wg(s) + I{a = arg max, . 4 qzra(s, a ) H1 —wg(s)) .

A similar result to q,’{* = Tq,’;;l for the Bellman optimality operator holds for the skippy Bellman
optimality operator with the skippy optimal policy (proof: Appendix C.3):

Lemma 7 qzé’ =T1q ng for all modifications G € G.

This motivates running FQI with the empirical skippy Bellman optimality operator T
Finally, the error due to modifying a policy with G* is controlled by « (proof: Appendix B):

Lemma8 |v™ —v"¢*| < Ha, forany w € 1L, and v™ — v™c* < Ha,

This result makes intuitive sense: if we skip less states (i.e., make a smaller), then our modifi-
cation error decreases. But, in Lemma 5 the size of the function class F increases as we make o
smaller. This shows how « trades off between modification error and function class size.

Unfortunately, the above approaches for policy evaluation and optimization require knowledge
of G*, which we do not have. We are not aware of a sample efficient way to learn the correct
modification G*, since learning the range function seems at least as hard as solving the original
problem. Fortunately, in the next two sections we will see that we do not need to learn G* directly.

14. There is a relationship between a skippy policy 7¢ and a modified MDP based on G. In particular, the g-function for
the skippy policy ¢"¢ in the original MDP is equal to the g-function for 7, ¢™, in the modified MDP.

10
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4.3. A Learner for Policy Optimization with ¢” -realizability

In this subsection we present the policy optimization learner (Algorithm 1) by Tkachuk et al. [2024],
which is sample efficient when ¢™ -realizability holds (see Theorem 2).

Recall that if we knew G* we would simply run FQI, which estimates ¢"c* well, and then
greedifies. Since we do not know G*, we construct a set of estimates,

Qopt = {qG e RS q;? = TG q}CL;—H forh € [H],G € Gopts qg+1 = 0},

that contains at least one good estimate of ¢"c*, and every element of Qp is a good estimate of some
qﬁé, G € Gop. The set Gope € G is defined in Section 4.5, and uses the existence of G* to ensure
the preceding claims hold. The next lemma formalizes the above claims (proof: Appendix C.4).

Lemma 9 (Qop¢ guarantee) For all 6 € (0, 1), with probability at least 1 — 6,
1. for all ¢° € Qgp, admissible distributions v = (Vt)te[m), and stages h € [H],
E(s, 4, [07(S, A) = 476 (S, A)| < &= Olog(1/a)Cy*HY?d**n ™12, defn Eq. (33),
2. and there exists a ¢ € Qopr such that G = G*.

Although we use the O notation to hide logarithmic factors, we explicitly write the log(1 /) factor,
since it will be important to keep track of it when we set « at the end. For exposition only, we
make two simplifying assumptions'?: (i) in the first claim of the lemma we have perfect estimates
(i.e., € = 0), and (ii) that the bound holds pointwise instead of in expectation. Together, these
simplifications imply the following very useful properties: Qqp only contains the g-functions of 7,
under different modifications (i.e., Qopt C {¢"¢ : G € G}), and g e Qopt-

Based on these properties, this suggests a natural strategy for the learner. Recall that g™ > ¢”
for any policy 7, and that T - qﬁé* < Ha (Lemma 8). Thus, the g-function in Qo that has the
highest value at the start state must estimate ¢™ (s ) with error at most H . We have also seen at the
end of Section 4.1 that greedifying w.r.t. a good estimate of g™ gives a near optimal policy. Thus,
the learner should simply select the g-function in Qg that has the highest value at the start state, and
greedify w.r.t. it. Fortunately, this same idea extends to the case without the simplifying assumptions
(see Appendix B). The final error is Ha + 2HE€ (see Eq. (25)), and « is set to balance the two terms.
This learner is shown in Algorithm 1, and given the name LIN-¢™-FQI since the construction of
Qopt is related to FQI. The analysis in Appendix B formalizes the above steps.

Algorithm 1 LIN-¢™-FQI

input: accuracy e, failure probability §, concentrability coefficient Cy, trajectories (Traj’ ) jeln]-
I: ¢+ argmax,cq,, Maxq q(s1,a)
2: return 7(s) < arg max, ¢(s,a)

LIN-¢™-FQI is the learner defined by Tkachuk et al. [2024]. The only difference is in the
presentation, since Tkachuk et al. [2024] define 7 as the solution to an optimization problem, where
their feasible set is closely related to Q. We have explicitly defined the set Qo since it will be
helpful for understanding the learner we present for policy evaluation in the next section.

We are not aware of a computationally efficient way to implement LIN-¢™-FQI. One of the
difficulties is that the feasible set Qqp is not convex, since it is defined based on Tg, which depends
on a product of the non-convex function wq (see Eq. (9) and the definition of Fg 1raj 1)

15. The simplifying assumptions are not needed for the actual analysis, and are only made for presentation clarity.

11
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4.4. Our Learner for Policy Evaluation with ¢™-realizability

We are now ready to present our main contribution: Algorithm 2, which is a sample efficient learner
for policy evaluation when g™ -realizability holds (see Theorem 1). Similar to the previous section,
since we do not know G*, we construct a set,

Qeval = {¢¥ e RA ¢ = TE ¢, forh € [H],G € Geya, 541 = 0}, (12)

that contains at least one good estimate of g™+, and every element of Qe is a good estimate of
some q“g, G € Geya. We defer the definition of Geyy to Section 4.5. The claims are formally stated
in the following lemma (which parallels Lemma 9, proof: Appendix C.5).

Lemma 10 (Qcval guarantee) For all § € (0,1), with probability at least 1 — 2,
1. forall ¢ € Qe admissible distributions v = (Vt)te[m), and stages h € [H],

E(S,A)Nuh |qG(Sv A) - qﬂ—EG (‘51) A)| < ga
2. and there exists a ¢© € Quya such that G = G*.

Similar to the previous section, to streamline the explanation, we make the following simplifying
assumptions'®: (i) we have perfect estimates (i.e., € = 0), and (ii) that the bound holds pointwise
instead of in expectation. These, in turn, imply the following useful properties: Qeya Only contains
the g-functions of 7¢, under different modifications (i.e., Qeval € {q"g‘ : G € G}), and q”eG* € Qeval-
In other words, we have access to a set Qeva, Which we know contains a good estimate of q”e (namely
¢"c*); however, it can also contain g-functions of other policies. The question is how to select a
g-function from Qeyy that is a good estimate of q’re from the start state?

The main contribution of our work is providing a sample efficient answer to the above question.
To build some intuition for how we can do this let us consider the difference between the policy
optimization and evaluation objectives. In policy evaluation we know the policy 7¢, which we are
tasked with evaluating; however, we do not know the g-value of 7€. On the other hand, in policy
optimization we do not know the optimal policy 7*; however, we do know that the value function of
7 is the largest possible (i.e., ¢™ > ¢™ for any policy 7). Importantly, we made use of the latter to
design LIN-¢"-FQI when we selected the g-function in Qg that had the largest value at the start
state. Unfortunately, the same strategy does not work for policy evaluation since we do not know the
value of 7¢. Instead, we make use of our knowledge of 7.

If our learner outputs the value estimate g™ (s1, 7&) = v™G (s1) for some ¢"¢ € Qeyal, then, by
the performance difference lemma (Lemma 29),

0™ (1) = 0" (s)| = (S8 Bs, ayepn, | (@607 = 6 (Shme))l. (13)

The quantity inside the expectation is often called the advantage, and a bound on the expected
advantage for all h, clearly implies a bound on the error of our learner’s value estimate. Importantly,
the expected advantage only depends on ¢"c, ¢, and 7¢» all of which are known, and does not
depend on ¢™, which we are trying to estimate and is thus unknown.

16. As before, the simplifying assumptions are not needed for the actual analysis, and just for presentation.

12
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Remark 11 Knowing ¢, requires knowing 7 and G. This is why we assume that we know 7° in

Theorem I and Algorithm 2. Removing this assumption is an interesting direction for future work,
and has been studied in related settings [Zhan et al., 2022; Ozdaglar et al., 2023]. Furthermore, to
have access to G we should have defined the set Qeyq to contain pairs (qG, G); however, to simplify
notation we have omitted G and assume we know it implicitly for each ¢© € Qeya.

Notice that when G' = G*, maxses ‘q”é* (s,m) — ¢"c (s, m& )| < @, since 7€ and 7¢,. only differ
on states s with range(s) < «. Under the simplifying assumptions (where we have pointwise access
to ¢"G), the learner should select the ¢"¢ € Qeyar that minimizes max cs ‘qng (5,m¢) — ¢ (s, &)
since the value estimate v™G (s1) will be at most Ha away from v™ (s1) (by Eq. (13)).

Unfortunately, this idea does not quite work when we only have approximately good esti-
mates of ¢"¢ in expectation (as in Lemma 10). The reason for this is that the learner would
now need to select the ¢© € Qeya that minimizes maxcs ‘qG(s, 7€) — q% (s, 7@)‘ With the
simplifying assumptions, to show this quantity would not be too large we relied on the fact that
maxges }q’ré* (5, 7€) — g6 (s, 7é )| < a. To make use of this again we would need a pointwise
bound on |¢% (s, a) — ¢"¢* (s, a)| for some ¢¢ € Qevar. But, by the second claim in Lemma 10 we
only have a bound in expectation. Fortunately, this will be enough, since if we look back at Eq. (13)
we see that we only need to bound the expected advantage.

As such, the learner (that does indeed work without any simplifying assumptions) minimizes the
following estimate of the expected advantage over all qG € Qeval

maxpc(H| %Z?:l‘qg(sivﬂ-e) - qG(Sia ﬂ-&’” ) (14)

’

and then outputs the value estimate & = ¢ (s1, wg) where G € Geya is such that ¢ is the minimizer

of Eq. (14) over Qeya. The final error is @(Ha + CoHé) (see Eq. (21)), and « is set to balance
the two terms. We call this learner LIN-¢"-FQE (Algorithm 2), since the construction of Qey, (see
Section 4.5) is based on FQE!” . The analysis in Appendix A formalizes the above steps.

Algorithm 2 LIN-¢"-FQE

input: accuracy e, fail prob §, concentrability Cj, trajectories (Trajj )j[n]» behavior policy 7®, eval policy ¢
1: ¢¢ « arg min e cq,,, MaXhe[H] % Z?:1|qG(SiL,7re) — qG(S{L, &)

2: return ¥ qé(sl,wg)

4.5. Defining Gyt and Geyal

In this section, we define the sets Gop and Geyar Which are used to define Qop; and Qey,) in Sec-
tions 4.3 and 4.4 respectively. The set Gop is the same as the feasible set in the optimization
problem defined by Tkachuk et al. [2024]. Since the modified function class (F)xe(m) con-

tains bounded linear functions, it will be useful to define the following notation. For z € R,
let clipyy ;@ = max{0, min{H,z}}. For h € [H],0 € RY,6),. € (R)PTHAF et

qe('a ) = <¢(> ')7 9>7 q9,_ = (QGh+1> cee 7qu+1)7
() = clipy 190(s)s  Gop_. = (Topyrs- - Wrrs)-

17. Similar to LIN-¢" -FQI, we are not aware of a computationally efficient way to implement LIN-¢" -FQE since the
feasible set Qevar is not convex for the same reasons as Qop.

13
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Let Xp i= A + 3 e 6050, A7)6(S3, A}) T, with VA = H3/2d/Ly (defn Eq. (35)), be the
unnormalized empirical covariance matrix at stage h € [H|. Now we define sets based on least
squares estimates, that will be used to define Gop:

- ) . P _ . ] H+1
@OGp’th = {arg ming s ) % Z;-L:l(qé(S’i, A?l) — gG(qg,H,Tra_]?H))2 DOh € Xytha @2’;},

@(();th = {(9}7, S B(Ee) : minéheégfhneh _ ehHXh < 5}7 thH_,_l _ {0}’

where 8 = O log(1/a)H3/2d) (defn Eq. (36)). The sets ©F", should be thought of as expandin
! G.h g p g

the least squares estimates in @(gth to include parameters within a 3 neighborhood. The next lemma
shows that the effect of this is that the parameter 0} (7(;) that realizes the g-function of policy 7
will be in the set @(’Gpth for all modifications G € G.

Lemma 12 (Lemma D.2 in [Tkachuk et al., 2024]) For any 6 € (0, 1), with probability at least
1—10/5, forall G € G, and h € [H + 1), it holds that 6} (7(,) € @g’fh.

Due to the above lemma and skippy Bellman completeness (Lemma 5) holding for G*, the g-function

based on any parameter in @(gfy 5, Will be a good estimate of Qo5 (72,0) = qzc* . This implies that we
can construct a non-empty set based on a data dependent check of this condition:

Gop ={GeG:1 > (maxycgom (S5, A) — minge gon @ (S5, A))) < Vh e [H]},
where € = @(log(l/a)Cé/2H5/2d3/2n*1/2) (defn Eq. (41)).
Next, we define the set Gey,. In a similar manner to @"Gpth and @(gth, we define:

Aeval . . i AJ e/ - . H+1 :
Oa) = {argmingz - ) =30 (5(Sh, A7) — 97 (T, Traj), )% Ohe € Xy OF4 Y,

OF = {0n € B(Lg) : ming, coea 16 = Onll 5, < B}, O, = {0}

The only difference between (:)(’prh and (:)‘EY*‘,II is that the latter uses the target ggz instead of gg. The
set Geyal 18 defined similarly to Gy, but instead checks if the g-values based on 82”,11 are close:
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In Appendix A we will prove our main result (Theorem 1). For completeness we also prove
Theorem 2 in Appendix B, which follows the exact same steps as [Tkachuk et al., 2024]. The missing
proofs and definitions from Section 4 are given in Appendix C.

Appendix A. Analysis of LIN-¢"-FQE

Before proceeding we introduce a useful lemma that makes use of the concentrability coefficient
(Assumption 3) and will be used several times in this section.

Lemma 13 Let v = (vy)ne(m) be an admissible distribution and let f : S x A — R be a
non-negative function. Then, for all h € [H], E(s 4y, f(S, A) < Co - E(g a)p, (S, A).

Proof Es aywu, f(S, A) = E(s 4y, [£ (S, A) - vn (S, A) /un (S, A)] < Co - E(s aymp, f(S, A). B

Since we will make use of Lemma 10 multiple times, define £ to be the event (which occurs with
probability at least 1 — §/2) on which the two claims of Lemma 10 hold. An important property that
we will use throughout is that since ()¢ (p) are linear function classes, each q¢ € Q¥ where

eval’

Q= {q e RSA g, = T gy, forh € [H],G € G, qi1 = 0} 2 Qeval 5

is based on H least squares solutions. Thus for each h € [H], ¢§ = Gy, for some 0, € é)era,ll Before
proving our main result (Theorem 1), we state some useful definitions and lemmas.

First, we show that the estimate of expected advantage in Eq. (14) is close to its expectation
under the distribution py,. Define the event

E= () Ehaw> where (15)
he[H),a,a’ €A
N 1 « ; ,
gh,a,a’ E ‘qG(Sa a) - qG(S? a/)} - Z ‘qG<S}]17 CL) - qG(S}Jp a/)‘ < 627 qu € lellal ’
(SvA)N:u'h n j:1
~ 1 H
(=0 <log <> \/&) , defined in Eq. (19).
a) /n

Lemma 14 For any § € (0, 1), the probability of event £ is at least 1 — §/2.

eva
Since ég’a}L C B(Lg) the idea will be to show the result for a cover of B(Lg), and then relate any

0 c ég’a,ll back to the cover.
By Lemma 28, we know there exists a set

Proof Recall that for each ¢¢ € Q2! | there exists a 0 € éga}IL such that q}? = qp, for all h € [H].

Ce C B(Lg) with [C¢| = (1+2Lg/€)* where & >0, (16)
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such that, for any @ € B(Ly) there exists a § € Cg such that ||§ — ||z < £. Notice that for any
GeG,he[H]and 0 € @ev C B(Ly), there exists a § € C such that, for any (s,a) € S, x A,

‘579(37 CL) - (jg(S, a)‘ = ‘Clip[O,H} ((b(S, a), 6> - Clip[O,H} (¢(s,a), 6>
< |(¢(s,0), 0 = 0)

< |lé(s, a)l2]l6 — 6|2
< Ly€.

Thus, for any a,a’ € A,

||@o(s,a) — qo(s,a")| — |gz(s,a) — qy(s,a")| |
< ‘ ‘QG(Saa) - 65(870')‘ + |(79~(8,(L) - Q§(3aa,)‘ + ‘65(570',) - 69(576/)} - “7@(5’61) - 6§(87a/)‘ |
= ‘670(3761) - CE(S’a)‘ + ‘Q§(5aa,) - 679(&0/)‘ < 2L¢f~ (17)

For any 0 e Ce, h € [H), a,d’ € A, define the event
. - - 1< . - .
Eohaa = E ’qé(S, a) — gz(S,d)| — = Z ‘qé(S}Jl,a) —q;(51,d")
(S,A)~pn n =

\/ 4H|A|2|og|>}

Then, since |g4(s,a) — g5(s,a’)| € [0, H] for all (s,a) € S x A, by Hoeffding’s inequality
(Lemma 27), we have that, event £;,  , occurs with probability at least 1 — §/(2H|A|?|Cg|). Let

gh,a,a’ = ﬂ gé,h,a,a" (18)

éECg
Then, by applying a union bound over 0 e C¢ we have that the probability of gh,a,a/ is at least

1—0/(2H|A]?). )
Assume we are on event &}, o /. Fix any ¢“ e Q¥ andletf @eval be such that qh = qy. Let

eval?®

& > 0 be a parameter to be chosen later (see Eq. (19)). By Eq. (17),
B ao(S,a) = a(Sa)| = E  [g5(5a) = g5(S,d ‘<2L .

Since we are on event &, 4 o/,

1 ¢ : .
E 45 S7 a) — 15 S7 a’/ - d; Sjja/ —q; Sj)G//

H o[ amApc
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By Eq. (17),

1
gzb Sha) — 45(5}. o)

Z\% 1.a) = Go(S7 )| | < 2Lt

Putting the above results together via three triangle inequalities and recalling that q,? = (y, we have
that with probability at least 1 — §/(2H | A|?),

(SvA)NMh

H AH|AP2|C|
< \/ﬁ\/log <5 +4L4&

<@ b AH|A2(1 4 8y/nLyLy/(VdH)) +\/&H
R\ 5 Vi

LB 16908,0) — 08,00 - " [a (8 0) — €8] )
j=1

= (2, 19)

where the last inequality follows by setting § = V/dH /(4y/nLg). Notice the above event is exactly
Eh,a,ar as defined in Eq. (15). Finally, applying a union bound over h € [H] and a,d’ € A gives that
the probability of event £ is at least 1 — 0/2. |

Next, we show that there exists a qG € Qeval (in particular qG*) for which Eq. (14) is small, and
thus the minimum must be no larger.

Lemma 15 On event £ N E, the minimum over qG € Quvat of Eq. (14) is at most o + 2€ 4 (o, i.e.,

03/2H5/2d3/2
< —_— .
a+ 26+ (= a—I—log(a) T

1

i SR RS, g i
min max — I g -
¢ €Qea he[H] 1 ijl ‘q ( h ) — ( W &)

Proof On event € forall h € [H],

< E

G* e G* e
S, w¢) — S, T
E s - (sim)

Lm| 6 rej e i e
=3 | (S — 0 (5] ) G
=1

On event &, by the second claim in Lemma 10, qG* € Qeval C le}al. Then, by the first claim in
Lemma 10, and two triangle inequalities, for all h € [H],

E

G* e G* e
S, ) — S, T
(58, 19 (S,7) —q~ (S, mG)

< E Tar (S, 7€) — ¢7o* (S, mEn
,(S’A)Nuh‘q ( ) —q"e( a)

+ 2€.

Since 7§,.. only differs from 7€ on states s where range(s) < «, and for any such state, max, q/c 4 ¢"¢* (S, a)—
q"c* (S, a’) < a (by the definition of range), we have that

E Tar (S, ) — "o+ (S, T
B 1 (5) - e (5,7

= E [I{range(S) < a} |g"e* (S, 7¢) — g"c* (S, 7&)
(S, A)~pp,

]Sa.
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Putting everything together and noting that the minimum over ¢© € Qv of Eq. (14) is at most the
value at qG* (since on event &, qG* € Qeval), we get the desired result.
|

We state one final lemma, which makes use of the above lemmas, before proving Theorem 1.

Lemma 16 On event £ N &, for all admissible distributions v = (Ve)te(m)> and for all h € [H],

_ 5/2175/2 73/2
<a=0 <a+log (Cly) COH\Fd> )
n

Proof By two triangle inequalities and Lemma 10, on event &, for any admissible distribution
v = (Vt)se(m)> and for all h € [H],

E & S ey A S e,\
(s |7 ST T E S mE)

E  |q"a(S,7%) — ¢"a (S, &
(S,A)thc( ™)~ eSimg)
< E G(S, ) — ¢ (S, %) + 2. 20
_(SA)%q(ﬂr) q7 (8, mg,)| + 2€ (20)

all

va» on event &, for all

We bound the expectation on the right side next. Since qé € Qeva C Q
h € [H],

E

G e G e
S, ) — S, &
(58, |9 (S, 7€) — q7 (S, mz)

L] & S i
<=3 o8] m) - aC (8] 78| + e
j=1

and by Lemma 15, on event £ N &,

1

n
max = 3710 (5],7) — ¢%(5],78) < a2+ G
7j=1

helH] N

Combining the above two results, on event £ N &, for all h € [H],

E

G e G e
S, w¢) — S, &
s | (S,7) — g7 (5,7¢)

<a+2%+26.

Notice that since the expectation is over a non-negative function (due to the absolute value) we can
apply Lemma 13 to get that for all admissible distributions v = (1) ¢z, and for all h € [H],

E

(SvA)NVh

¢ (S, 7%) — ¢“(S, wg)( <Cy-(a+26426) = a.

Combining the above with Eq. (20) completes the proof.
|

We are now ready to prove our main result (Theorem 1).
Proof [of Theorem 1] Recall that Ge Geval 1S such that qG € Qeval is the minimizer of Eq. (14).

Our goal is to show that

v”e(sl) - qé(sl,w‘?) <e.

0™ (s1) — 0] = G

20



TRAJECTORY DATA SUFFICES FOR STATISTICALLY EFFICIENT OFFLINE RL

We relate things to v"¢ (+) = ¢"¢ (-, me):

€ e

‘v” (s1) — qG(Sl,ﬂ'g)‘ < ‘v’r (s1) — vwg(sl)‘ + ‘qﬂg(shﬂg) - qG(81,7rg)) .

) is an admissible distribution), on event g,

By Lemma 10 (since ]P’Zg’ s

(s, me) — Oy = B |re(Si ) - o%(s1,An)| < €.
(Sl,Al)N]P’

1
ﬂé,sl

To bound the first term we will use Eq. (13), which we restate here for clarity:

H

E Tl'% S , ey 71—2 S ’ % '
21 (SmaAn)~Pre <q (Sh, ) = a7 (S WG)>‘

h 1

Then by H triangle inequalities and Jensen’s inequality we have that:

H
E (4780 — 4 (Sn )

(ShyAn)~Ph ’qﬂé(shaﬂe)—qﬂé(shvﬂg) :
h=1 hs{h )™ €, 81

S An)~Phe |

Noting that P, _ is an admissible distribution, and applying Lemma 16, we have that on event

_ . m,81
ENE,

o™ (s1) — vweé(sl)’ < Ha.

By combining the above two bounds,

e X o B 05/2H7/2d3/2
0™ (s1) — D SHOz—l—e:(’)(Ha—i—log(l/a)o\/ﬁ . (21)
If we set
N Cg/2H5/2d3/2
a=0 (\/ﬁ : (22)

~ 517743
then if n = (4% ), it implies that

‘v’re(sl) - f)’ <e.

Since the probability of event & is at least 1 — §/2 (Lemma 10), and the probability of event £ is at
least 1 — /2 (Lemma 14), the desired result follows by a union bound. |
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Appendix B. Analysis of LIN-¢"-FQI

The following analysis is basically identical to that in Tkachuk et al. [2024][Theorem 1]. However,
we get an improved bound on n due to our improved bound in Lemma 9.

We begin by proving Lemma 8.
Proof [of Lemma 8] By the performance difference lemma (Lemma 29), for any h € [H + 1],
s € Sy, and 7 € 11,

07 (s) — 076 ()] = [0 B Aot (@7 (S,7) — 7 (St 7)) < Ha (23)

The inequality follows from the fact that 7 and w¢+ only differ on states s with range(s) < «, which
shows the first result of the lemma.
To show the second result we will show that for any h € [H], s € S,

0™ (8) — vTGr (5) < U™ (s) — v (s).

Then by applying first result we get second result.

It will be sufficient to show v7&* > v™G*. The proof is taken verbatim from [Tkachuk et al.,
2024][Lemma D.1]. We use induction. The base case of h = H + 1 is immediately true by definition
as v-values are 0 on s, regardless of the policy. Assuming the inductive hypothesis holds for h + 1,
we continue by proving it for h. Let (s,a) € Sy, x A be arbitrary. Notice that

Ty La) — T a)= E Tox (1) — ™6 (S >0,
0 (5,0) = e (sa) = BT (8) —07e () 2
where the inequality is due to the inductive hypothesis. Next, for any s € Sp,, by the above and the
definition of the policies,

vhe* (5) = CUG*(S)qﬁE’* (S,ﬂ'b) + (1 _WG*(S)) méﬁ(qﬁa* (S,CL)
ac

e (5,7%) + (1 — e () masc g™ (5,0)
acA

> wg (5)470" (5,7°) + (1 — wae (s))g"e (s, 77) = w6 (s),

Uy

> war(s)gq

finishing the induction. n

Now, we show that for any policy 7 the value function of a policy 7’ that is greedy with respect
to a good estimate of ¢ cannot be much worse than 7.

Lemma 17 Let 7,7 be any two policies. Let ¢ € RS*A be such that for any admissible distribution
v = (Vt)ie(m), and for all h € [H],

E (S, A) — q(S, A)| < k.
GE 105, 4) (5. 4)| <

If 7'(s) = argmax ¢ 4 (s, a) for all s € S, then for any admissible distribution v = (vy);c(p], and
forallh € [H + 1],

(SE&\)NW[U (Sp) —v™ (Sp)] <2(H —h+1)k.
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Proof We use induction. The base case of h = H + 1 is immediately true by definition as v-values
are 0 on s, regardless of the policy. Assuming the inductive hypothesis holds for ~ + 1, we continue
by proving it for h. Adding and subtracting ¢,

(Sh%)wh[v (Sp) —v™ (Sh)] = (ShH:EA)NVh[U (Sh) — q(Sh, m)] + (S}E)wh[Q(Sh,W) — 0" (Sh)].

The first term is bounded by « by the assumption of the lemma. To bound the second term, notice
that by the definition of 7', ¢(Sk, ) < q(Sp, 7). Thus, by making use of the assumption of the
lemma and the inductive hypothesis,

E  [q(Shm) —v" (S < E  [a(Sh7) = q" (Sp,7)]

(Sh,A)NVh - (Sh,A)NVh
< E T(Sh, ) — q" (Sp, )] + K
(SMA)N%[(I (Sh, ') = q" (Sh, 7')]
< E E 07 (Sh41) = V™ (Shy1)] | + &

T (Sh,A)~vp | Shp1~P(|Sh,A)
<2(H-h)k+ k.

Putting everything together we get the desired result. |

We are now ready to prove Theorem 2 .
Proof [of Theorem 2] We need to show that
0™ (51) — 0™ (s1) <e.
By Lemma 8,

0™ (51) — 07 (s1) < v7er (s1) — 0" (s1) + Har.

Recall that 7 (s) = arg max, {(s, a), where § = arg max,cq,, maxq ¢(s1,a). Adding and subtract-
ing ¢,
VTG (s1) — 0™ (s1) < 076 (s1) — G(s1,7) + G(s1,7F) — 0" (s1) . (24)

For the remainder of the proof, assume we are on the event (which occurs with probability at least
1 — ) for which the two claims of Lemma 9 hold.
By the second claim of Lemma 9, qG* € Qqpt. Thus, by the first claim of Lemma 9,

Ve (s1) = ¢ (51, Tew ) < qF (51, Tgwe ) + €.

Since ¢ is the maximizer of max, q(s1, a) over ¢ € Qqp, and max, ¢(s1,a) = ¢(s1,7) (by definition
of 7),

q% (51, 75) < G(s1,7).
Putting the above two inequalities together we get that following bound on the first term in Eq. (24):

v7Gr (s1) — G(s1,7) < €.
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Next we bound the second term in Eq. (24). Let G e Gopt be the modification for which ¢ is
based on. By the first claim of Lemma 9,

q(s1,%) < q"6(s1,%) + €.
Also,

Fo(snm) =i s = B [07(S) — v (S)].
(Sz,Ag)NIP’?

7,81
Since (by the first claim of Lemma 9), for all admissible distributions v = (Vt)te[ m]» and for all
h € [H],

E G(S, A) — ¢"a(S, A)| < e,
(5,A>~,,h“ ) —q"a(S,A)| <

we can apply Lemma 17 to get that

E (076 (Sy) — v™(Sy)] < 2(H — 1)é.
(SQ,AQ)NIP%

7,81
Putting the above three results together we get the following bound on the second term in Eq. (24):
G(s1,7) —v™(s1) < 2(H — 1)+ €.

Putting everything together we get that

3/2 177/2 13/2
. ) - H'2d
v'ar(s1) —v"(s1) < Hae+2He= O (Ha + log(l/a)co\/>> . (25)
n
If we set
_ (3252432
=0 L — 26
o(d) -
. 5 CeHTd®\ . . ..
then if n = ©(=%7—), it implies that
™ (s1) — v (s1) < €
|

Appendix C. Missing Proofs and Definitions from Section 4

Definition 18 (Definition F.1 in [Weisz et al., 2023]) A finite set G C R? is the basis of a near-
optimal design for a set © C R, if there exists a probability distribution p over elements of G, such
that for any 6 € O,

(v, 0) =0 forallv € Ker(V(G,p)), and (27)

16113 (.1 < 2, (28)

where V (G, p) = Z plx)zx’, (29)
el

where for a matrix X, X denotes the Moore—Penrose pseudoinverse of X, and Ker(X) denotes its
kernel (null space).
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C.1. Proof of Lemma 5
Proof The following lemma from [Tkachuk et al., 2024] will be useful (proof: Appendix C.1)'8.
Lemma 19 (Lemma 4.2 in [Tkachuk et al., 2024]) For any f : S — [0, H] with f(sT) = 0,

policy m € 11, and stage h € [H), there exists a parameter p}(f) € B(Lg) such that for all
(s,a) € Sp x A,

H+1
TraJ]}EP Z (RhZT—l + fT(ST)) FG’*7Traj,h+1(T) = <¢(S¢ a)> p;{(f)) .
T8 L —ht1

Set the policy in the above lemma to the behavior policy 7°. Notice that for any pzb (f) € B(Lg)
in the lemma (¢(-,-), pgb(f» € F,. Also, notice that for any h € [H], g, : [0, H]¥»~ with
qu+1(s7,°) =0,

T« qno(s,a) = E 96+ (qn—, Traj)

Traj~P 4 s

H+1
= E Z (Rh:T—l + QT(ST7 7T)) FG’*,Traj,h+1(T) ,
TraJNPWb’s’a o

which matches the left-hand side of the equality in the above lemma with f;(-) = ¢.(-, ) for all
t € [h: H + 1]. Thus, by the above lemma,

TCx qns € fh )
Similarly, if we let fi(-) = max, ¢:(-,a) forall ¢ € [h : H + 1], then by the above lemma,
TG+ qh € Fh -
This completes the proof of Lemma 5. |

We provide the proof of Lemma 19 for completeness, and since we found some minor errors
in the proof of the original lemma in [Tkachuk et al., 2024], after correcting them, the size of Eg
increases by a factor of v/2d.

Proof [of Lemma 19] We first mention a useful definition and lemma from Weisz et al. [2023].

Definition 20 (@-admissible function (Definition 4.6 in Weisz et al. [2023])) Foranyh € [H], f :
Sy — R is a-admissible for some & > 0 if for all s € Sp, &|f(s)| < rangeq(s).

Lemma 21 (Realizability of admissible functions (Lemma 4.7 in Weisz et al. [2023])) For any
te 2:H,he[t—1,a>0if f:S — Ris a-admissible, then for any = € 11, there exists a
0 € B(4doLg/@) such that for all (s,a) € Sy X A,

Etrajnpy ..o f(St) = (¢(s,a), 0) .

18. The actual lemma in [Tkachuk et al., 2024] is stated for the case with misspecification error; however, since in our
case the misspecification error is 0, we state the lemma for that case only.
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Now we prove the lemma. Fix any f : S — [0, H] with f(sT) =0, 7 € I. For h € [2: H + 1],
define gj, : S, = [-H,H| as gu+1(-) =0,and forall h € [2: H], s € S,

H+1
gh(s) = E [Z (7RT2H + fT(ST)) FG*,Traj,h,(T)] .

Traj~Pr s
T=h

Notice that for any h € [H], s € S, and a € A,

H+1
Z (Rh!T—l + fT(ST)) FG*7Traj,h+1 (7-)] = ]E [gh+1(5’h+1) + Rh:H] (30)

Traj~Pr s,a [T:h+1 Traj~Pr s,a

= E  [gh1(Sht1)] + g (s,a). 3D
Traj~Pr s,a
The second term of the sum, qj (-, -) is equal to (¢(-,-), 05 (7)) by Assumption 1. The first term

needs more work before Lemma 21 can be applied. First we can write gj, in a different form. For all
he[2: H],s €S8y,

H+1
gh(s) = Tra%[jzlp,r . [Z (_RT:H + fT(S’F)) FG*,Traj,h,(T)]

T=h

Traj~P
Tt T7=h u=h

H+1 T—1
= E [Z (=Rearr + fr(S7))(1 = wer (7)) [ wG*(Su)]

= (1—wg(s)) E  [=Rp. + fn(s)]

Traj~Pr s

Traj~P
ratme T=h+1 u=h+1

= (1 —wa=(s)) Trfipﬁ [P B + fa(s)] 4 we (s) Trg%ﬂmﬂ 1gn1(Sna1)]-

H+1
+OJG*(3) E [ Z (_RT:H+fT(ST))(1 _wG* H wG* ]

For h € [2: H]| define g, : Sp, = Ras

gn(s) = (1 —wg+(s)) _E  [=Rp.g + fu(s) = grhr1(Sh1)] -

Traj~Pr s

Then

gn(s) = gn(s) + Trﬁpw s[gh+1(5h+1)} .

Thus §j, can be decomposed into a sum of g, functions as forall h € [2: H], s € Sy,

() = E_ [Z 91(S1) ] : (32)

The benefit of decomposing gy into g; functions is that g; are «/(2H v/2d)-admissible (recall
Definition 20). To see this, note that for any trajectory, t € [2: H|, s € Sy,

—R.n + fi(s) = Ge41(Si41) € [-2H,2H].
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Then, g:(s) takes the expected value (which is still in [-2H, 2H]) of the above display and multiplies
it by 1 — wg+(s) (which by Eq. (6) is in [0, 1]). Notice that

V/2d - range . (s)

(%

1-— wa* (S) <

This holds since: when range . (s) > «/+/2d the right hand side is greater than 1, when range . (s) <
a/(2v2d), we+(s) = 1, and when o/(2v/2d) < ranges.(s) < a/V2d, 1 — wg+(s) = 2v/2d -
range.(s)/a — 1 < /2d - rangeg. (s)/a. Therefore g; is a/(2H+/2d)-admissible. By using
Lemma 21 we get that for any h € [H — 1], t € [h + 1 : H], there exists a §; € B(8Hdy/2dLg /)
such that for all (s,a) € S, x A,

9t(St) = (p(s,a), 64) .

Traj~Pr s,a

By combining this with Eq. (32), forall /» € [H], the parameter § = >"/*, | §, isin B(8H?dov/'2dLg/x),
and for all (s,a) € Sp, x A,

E Gh+1(Sh+1) = (6(s,a), 0) .

Traj~Pr s,a

Combining the above with Eq. (31), we have that for all h € [H], the parameter § = § -+ 0} (r) is in
B(8H?dg\v/2dLg/a + L), and for all (s,a) € Sy, x A,

H+1
TrajI?Pﬁ,s,a T_Z:Hl(Rh:T—l + f-(S:)) FG*,Traj,thl(T) = TrajI?Pﬁ,s,a[th(ShH)] + q}{(s, a)
= (¢(s,a), 0).

To finish the proof we define pj (f) = 6.

C.2. Proof of Lemma 6

Proof We need to show that ¢;¢ = T7 ¢;, for any policy 7 € II and modification G € G. We
make use of the fact that qZG = T”q}fil, and the definition of 7, to expand qZG as follows, for any
(s,a) € Sp x A, h € [H]:

6, (s,0) = T™q55,

B TrajIEPWG’S’a[Rh + 3§14 (Sht1, 76)]
= E [Rp + (1 — wa(Sha1))ahS 1 (Shi1, ™) + we(Spi1)ahs, (St 7)) -

TrajNJP’WG,S,a
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Notice that if we change the expectation to be with respect to P  , instead of Pr, 5.4, then the
value does not change. Thus, changing to P ¢ , and expanding q ¢ (S, 7Tb) repeatedly, we get that:

- Traj]E’]P’Trbysya[Rh +(1 - wG(ShH))QZ%(ShH, )

+ we(Shi1)(Rhy1 + (1 — we(Sni2)) @S (Shaz, T) + we(Shi2)dyFo(Sha2, ™)

H+1 71-1
i, [Z 11 wG(Su><RT—1+<1—wG(ST))q:G(sT,W))].

¢ Lr=h+1u=h+1

Since Z-zl-{:tzlJrl Z;}wl wa(Su)Rr—1 = Zf:tii»l(l —wa(Sr)) HZL;}L+1 wi(Su)Rh:r—1, we have
that:

H+1
=B [Z (1 —we(S H wa (Su) (Rp:r—1 + ¢7¢ (Snﬂ))]
b 50 T=h+1 u=h+1
H+1

= E Z FG,Traj,h+1(T)(Rh:‘rfl + q-T;-rG (ST7 TI'))

TraJNIP’Wb’Sﬂ e
= EK T TG qr ¢ .

TrajN]P’,,bys gG(qh ) I‘aj) G qha(87 CL)

Which completes the proof. |

C.3. Proof of Lemma 7

Proof We need to show that qh =Tg qh , for any modlﬁcatlon G € G. We make use of the fact

that qh =717 qh ¢, and the definition of 77, to expand qh as follows, for any (s,a) € S x A,
h e [H]:

v 7r TE
G _ ™ G
q,%(s,a) = T"¢q, ¢,

- E Ry, + 0% (Shav,
teip, B0 T 051 (S 7))
= Trajlfjp [Rh + (1 = wG(Sh+1)) max 0nS 1 (Sht1, @) + wa(Shi1)ap S (Shr1, 7).
‘r’r&,s,a

Notice that if we change the expectation to be with respect to P ; , instead of Pz s o, then the

value does not change. Thus, changing to P ¢ , and expanding q.7_ra (S., ) repeatedly, we get that:

7Tr*
- TrajIE{IPﬁb’S’a[Rh + (1 —wa(Sht1)) max 0,51 (Sht1,0)

+w6(She1) (Buer + (1 = wa(Sno)) max s (Snta, @) + we(Sha2)apGs(Shea, 7))

H+1 7-1

= E > 11 wG(Su><RT,1+(1—wG(ST)>mgxqf*G<sT,a>>

TraJNIP’Wb’s’a r—ht1umh+t1
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Since Y4 TTn 2 wa(Su)Rem1 = 8L (1 — we(S:)) T )11 w6 (Su) Rir—1, we have
that:

H+1
:T..]E[p Z (1 —wa(S H wa (Su) (Rp.r— 1+manT (Sr,a))
TY~E b o o r=h+1 w1
H+1 .
T,
- E Z FG)Traj,h"rl(T)(Rh:T—l + max qTG (STu a))
TraJNIPﬂ,b,S’a S pt

7 . 7
- TrajINE]P’ﬂb,s,a gG(qhi’ Tra]) =Te th(s, a) .

Which completes the proof. n

C.4. Proof of Lemma 9

We split the proof into two parts, showing each claim separately.
Proof

PROOF OF THE FIRST CLAIM:
To show the first claim we make use of the following lemma from Tkachuk et al. [2024].

Lemma 22 (Lemma 5.1 in [Tkachuk et al., 2024]) For all § € (0, 1), with probability at least
1—0/5, forall G € Gy, for all h € [H], for all (957a>(57a)€‘gh><_,4, (957(1)(5@)65th € (@oG’” )Sh xA
and for all admissible distributions v = (vt ).c|p), it holds that

3/2
0/ H5/243/2
(S,A)~uy, ’

_ _ 1\ C
E os. 4 (S, A) — Qg (S, A)} <e=Cy-(E+ @) = (lo <a> NG
(33)
where (1 is defined in Eq. (34).
Which gives the following corollary, which has an absolute value inside the expectation.

Corollary 23 Forall § € (0,1), with probability at least 1 — 6 /5, for all G € Gy, for all h € [H],
forall 8 and 6 € @(gth, and for all admissible distributions v = (Vt)te[ H)» it holds that

E  |g(S, A) — g5(5, A)| < &
(SA)N%\%( ) —q5(S, A)| <.

Proof Fix a stage h € [H], modification G € Gy, parameters 0,0 € @onh and admissible
distribution v},. Define

0. — 0 if go(s,a) — gy(s,a) > 0; g - 6 if Go(s,a) — q5(s,a) > 0;
o 0 if gz(s,a) — qo(s,a) > 0; 6 if gz(s,a) — Go(s,a) > 0.
Clearly, this implies that

@93,(1 (s,a) - Qésya(sﬂl) = |q€(8,a) - (jg(s,a)’ V(s,a) € Sp X A7
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which gives the desired result since by Lemma 22, E (g 4y, (05 4 (S, 4) — @5, ,(S;A)] <& W

Combining Lemma 12 and Corollary 23 with a union bound gives that with probability at least
1—26/5, forall G € Gop, h € [H] and 6 € OF,:

E Go (S, A) — Gy (z* A)| <e.
(S,4)~vn qe(Sv ) (Jeh(wc)(S, ) >¢€

opt

The above equation proves the first claim of the lemma, since for ¢© € Qopt, there exists a 6 € O,

such that q}? = qp, and Gpr (re,) = q:G by linear ¢"-realizability of 7.

PROOF OF THE SECOND CLAIM:

It will suffice to show that G* € Gy, since each ¢© e Qopt is defined based on some G' € Gp.
Lemma D.3 in Tkachuk et al. [2024] gave a weaker bound than ours, in the sense that their € in
the definition of Gy was larger by a factor of \/Cpd. Next, we prove the claim and show how we
improved upon their result.

The following lemma shows that the data dependent condition in the definition of Gy concen-
trates around its expectation.

Lemma 24 (Lemma L1 in [Tkachuk et al., 2024]) For all 5 € (0, 1), with probability at least
1—0/5, forall G € G, and forall h € [H],

1 S S
E 70(S, A) — min Go(S, A)| — — T0(S2, A) — min Go(S?, Al
(50D Lgéa;fh%(& ) eggghqe(& )} nj;} (eé%aéthe(Sh, n) eé%lghqe(sh’ h))
2H - 20H
< (= Sy [dHdy log (1—|—96\/ﬁ\/2dH2L¢Lgoﬁ1\/ﬁL¢L9/(H3/2d)> —I—log( % )

(34

Thus, it will sufficient to bound E g 4)
state a helpful lemma.

~pn MAXge04 , G0(S, A) — mingeo,,. , Go(S; A)]. First we

Lemma 25 (Lemma G.1 in [Tkachuk et al., 2024]) Let

V= B34/ T, (35)
8= \/XEQ + (36)

] 10H
3= ZH\/2dH(do +1)log (1+ 28V2dH2LoLyLya~") + dlog(A + nL2/d) — dlog(\) + log <%) .

For any § € (0, 1), with probability at least 1 — 6 /5 for all h € [H], (s,a) € S, x A, 0, € Og+ p, it
holds that

Traj~Pz s,a

H
@, (5,0) = g7 (s,0)| <26 B> “min{L,[|6(Sh, Al g1} (37)
t=h
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where, for all (s',a’) € S x A,

7(d'|s") = nb(d'|swan (s') + H{arg max g"(s',a") = a’}(l —wa(51), (38)
a’eA
and g™ is a state-action value function of policy 7 (similar to q™ ), except in the alternative MDP
that has the same state and action spaces, and transition distributions as the original MDP under
consideration, but with a reward function modified as follows. For all (s',a’) € S x A, the
reward in this alternative MDP is deterministically min{1, ||¢(s', a')|| x-1}. In particular for any
h

R e [H], (s a) € Sy x A

g7 (s, d) = Z min{L, || ¢(Si, Aol 51} - (39)

TraJNIPT—r s al Py

Let 7 be as defined in Lemma 25. Define a new policy 7y, as

b if st < h;
Fnlals) = 4 7 als)ifstage(s) Shi e L) e S x A,
7(als), if stage(s) > h;

where stage(s) gives the stage index of state s. Then, by Lemma 25, with probability at least 1 — §/5,
forall h € [H],

Sh, A in gy(Sh, A

(Sh>AR)~pn [Gelgi)fh qe( h h) Gen@nGI}JL QQ( h h)

= ol oo Shy An) — 076 (Sp) + v"E* (S min  gy(Sp, A
(ShAn)~pn [GGGG*th( h An) (Sh) (Sh) — GGQG*ﬁhqa( hy An)

< 4p TMJNPMme{l 16(Se: An)llg-1} -

So far the analysis has followed the same steps as in Tkachuk et al. [2024]. However, we will now
deviate from their analysis to get a tighter bound. To do so we first use the linearity of expectation
and Jensen’s inequality to get that

1 2
43 TraJNPTr ) gmln{l  lo( St,At)HX 1} < 452 TaJN mm{l, ”¢’(St"4t)”x;1}-
Notice that for any ¢ € [ : H], Ernjop, ., min{1, [|¢(5:, At)\@,l} is an admissible distribution.
By Lemma 13, ¢

45 Z Traj NIP’

Since we applied Jensen’s inequality first, and then used Lemma 13, the concentrability coefficient
Cp appears under the square root, which gives us an improvement over Tkachuk et al. [2024] by a
factor of 1/Cp.

The following lemma shows that the terms under the square root concentrate at a rate of (7)(d /n),
which improves upon the O(d?/n) rate in Tkachuk et al. [2024]. The improvement comes from an
elliptical potential and exponential supermartingale concentration argument.

(1 [o(5 A1) < /TR 6y L 100 A )
t=

(St,At)~pt

T,81
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Lemma 26 Forany 0 € (0, 1), with probability at least 1 — 0/5, for all h € [H],

E inq 1, [ ¢(Sh, A1 < é=0(d
(Sh,AhMmm{ N6(Sh, A% 1 } < &= Od/m).,

where € is defined in Eq. (40).
Proof Fix any h € [H]. Let
Hy = o{(S], A])jein}
be the sigma algebra generated by the first £ samples at stage h. Let
Vi= A+ > 6(S A))e(S], A))T
Jjelt]

be the unnormalized regularized empirical covariance matrix based on the first ¢ samples at stage h.
Forany ¢ € [n + 1], let

@ = 108 ADIE 1, Zei=min{Lge), w = E[ZufHe 1] = E[min{1, |9(Sh, A2 } | Hoa|
where S}’ZH, AZH is an independent sample from ;. Since V,, = X}, we have that

. 2A — . n+1 n+1\(12 _
B min{ 160k A b = E[min{ L 6(S] L AT Ha] = e

Thus, our goal is to bound u,, 1 with high probability. The proof will proceed with the following
steps:

1. We show that uy, 1 < % Zte[n} uy, since u; is non-increasing in ¢t due to V; = V;_1.
2. We show that 1, Z; < O(d) deterministically by using the elliptical potential lemma.

3. We show that with high probability, 3 e, ur < 23 7,¢p,; Z¢ + 21og(1/4”) by using a concen-
tration argument.

4. Combining the above steps gives that with high probability, u, 1 < O(d/n).
<

Step 1: Since V; = V;_; for all t € [n], we have that ||¢(S, A)||?>_, < ||¢(S, A)H%/_l for all
t t—1
(S, A) € S;, x A. For an independent sample S, A ~ 1, we have that

w1 = E|min{L, |6(S, A)Z-1} | He| < E[min{1,ll6(S, A1} | He]
— E[min{1, |6(S, )12} | Hir| = ue.
Thus, u; is non-increasing in ¢, which gives that u,+1 < % Zte[n} Ug.

Step 2: By the elliptical potential lemma (see, e.g., Lemma 19.4 in [Lattimore and Szepesvdri,
2020]), we have that deterministically,

7 < o2l (Vo) +nLj ol Ad +nL7
Z t> og 7ddet(\/b)1/d = og “a_ |

te[n]
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Step 3: For any z € [0, 1], it holds thate™* < 1 — cz < e~ with ¢ := 1 — e~ L. Since Z; € [0, 1]
for all ¢ € [n], we have that

}E[e_zt | Htfl] <E[l—cZi | Hi—1] =1 —cuy < et
This implies that
E[exp(cut — Zt) ’ Ht—l] S 1
Let
By = exp(cuy — Zy), My = H Bj=exp|c Z uj — Z Zj
JEl Jelt JElt
Since M;_1 is H;_1 measurable, we have that
E[M; | Hi—1] = E[My—1 Byt | Hi—1] = My E[By | He—1] < My

Thus, M, is a nonnegative supermartingale. By the supermartingale property we have that E[M,,] <
E[M)y] = 1. Markov’s inequality states that

P(M, >1/§') <§E[M,] < 4.
Thus, with probability at least 1 — §’,

c Z up — Z Z; = log(M,,) <log(1/4").

teln] te(n]

Rearranging gives that with probability at least 1 — ¢,

Zut< ZZtJrflog 1/5,)

te(n] tE [n]
Step 4: Combining the above steps gives that with probability at least 1 — ¢,
4 Ad + nLgS
! /
un+1<tg[: up < 1_6 A= tg{:}Zt—l—log(l/d) §n<dlog<)\d + log(1/4")
’I’L

To conclude, we can set &’ = ¢/(5H) and apply a union bound over all h € [H] to get that with
probability at least 1 — §/5, for all h € [H],

(Sh 7Ah)NH'}L

4 A+ nL?

=¢é=0(d/n). (40)

Which is the desired result. |
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By Lemma 26, with probability at least 1 — §/5,

4@&2\/ min{L [o(Sk, A% 1} < 4M62W

t»tN t—h

Putting the results from the proof of the second claim together, and using a union bound, we get that
with probability at least 1 — 35 /5, for all h € [H],

- Z < max y(S], A7) — min %(S,@Ai)) <G +4/CoHBVE=¢E.  (4])

0€Oag,n €Og,n
JG[ ]

Applying a union bound over the failure events of the two claims completes the proof of Lemma 9. ll

C.5. Proof of Lemma 10

Proof The proof follows the same steps as the proof of Lemma 9, except Geyal, 92"‘}1 and 7g,, are

used instead of Gigpy, @g’th and 7. Also, the lemmas need to be changed to hold with probability at
least 1 — §/10 instead of 1 — §/5. [

Appendix D. Useful Results

Lemma 27 (Hoeffding’s Inequality (Theorem 2 in [Hoeffding, 1994])) Let (X;);cn be indepen-
dent random variables such that X; € [a, b] for some a,b € R, and let S, = 2 37 | X;. Then, with
probability at least 1 — ( it holds that

IES, — S,| < (b\;ﬁ“) log (2) :

Lemma 28 (Covering number of the Euclidean ball) Ler a > 0,¢ > 0,d > 1, and By(a) =
{x € R%: ||z||2 < a} denote the d-dimensional Euclidean ball of radius a centered at the origin.

The covering number of By(a) is upper bounded by (1 + %)d.

Proof Same as the proof of Corollary 4.2.13 in [Vershynin, 2018] with 3(1) replaced with B(a). B

Lemma 29 (Performance Difference Lemma (Lemma 3.2 in [Cai et al., 2020])) For any poli-
cies T, T, it holds that

H
v (s1) —v" E (¢ (Sh, Ap) —v™(Sh)) -
(s1) thShAh - (S, An) (Sh))
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