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Abstract
Given a simple graph on n vertices and a parameter k, the triangle-densest-k-subgraph problem is
known to be computationally hard in the worst case. To circumvent the computational hardness,
we study an average-case model where a triangle-dense subgraph on k vertices is planted in an
Erdős–Rényi random graph on n vertices. For the recovery of the planted subgraph, we propose
a simple spectral algorithm and a semidefinite program, both of which use a graph matrix whose
entries are local signed triangle counts. Theoretical guarantees for these algorithms are established
through spectral analysis of the graph matrix. Finally, we provide evidence showing a statistical-to-
computational gap analogous to that for the planted clique problem. The computational threshold in
terms of the subgraph size k is at least

√
n in the framework of low-degree polynomial algorithms,

while the information-theoretic threshold is at most logarithmic in n.

Keywords: Planted models, random graphs, triangle-dense subgraphs, spectral methods, graph
matrices

1. Introduction

Planted models have achieved significant success in the study of average-case computational hard-
ness for inference on random graphs. A canonical example is the densest k-subgraph problem:
although it is NP-hard in the worst case, its planted variants on random graphs—most notably the
iconic planted clique problem (Jerrum, 1992; Alon et al., 1998) and the planted dense subgraph
problem (Feige and Seltser, 1997; Bhaskara et al., 2010)—have generated a substantial body of
work on computational thresholds and the development of efficient algorithms.

In this work, we propose a planted model for a triangle-dense subgraph in a random graph and
study the recovery of the planted subgraph. Our first motivation comes from the triangle-densest k-
subgraph problem, which refers to finding a subset of k vertices that induces the maximum number
of triangles in a graph on n vertices. This problem, as well as the approximation of the optimal
value, is known to be computationally hard in the worst case (Konar and Sidiropoulos, 2022). Our
work proposes an average-case model and efficient algorithms for this problem, analogous to the
study of the planted dense subgraph model for the densest k-subgraph problem.

The model we propose plants a k-subgraph in an ambient Erdős–Rényi graph on n vertices,
where the subgraph is a random geometric graph (RGG) generated from a linear inner product
kernel. RGGs are latent space models in which connections between nodes depend on the geomet-
ric proximity of corresponding node features in a latent space. The geometric structure of RGGs
makes them useful in applications including social networks (Hoff et al., 2002). Further, one of
the hallmark properties of RGGs is their elevated triangle density, which has been described as one
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of the defining characteristics of social networks (Easley and Kleinberg, 2010; Sala et al., 2010;
Ugander et al., 2013; Gupta et al., 2014). This phenomenon has also played a significant role in
recent theoretical studies of RGGs, as the signed triangle count has been identified as the optimal
statistic for distinguishing an RGG from an Erdős–Rényi graph in various settings (Bubeck et al.,
2016; Liu et al., 2022; Liu and Rácz, 2023; Bangachev and Bresler, 2025; Mao et al., 2026). From
this perspective, our model is also an average-case model for planted geometry in a random graph.

1.1. Main contributions

We now briefly introduce our model and results. Suppose that we plant a subset S of size k in the
vertex set [n] := {1, . . . , n}. The observed graph, identified with its adjacency matrix A, follows
the Erdős–Rényi model G(n, p) for p ∈ (0, 1/2], except that the planted subgraph A[S] induced by
S has independent edges

A[S]ij ∼ Ber(p(X⊤
i Xj + 1)) (1)

where Xi’s are i.i.d. uniformly random vectors on the unit sphere Sd−1 in Rd for some d ≥ 3. It
is easily seen that the planted subgraph has edge density p, same as G(n, p), but triangle density
p3(1 + 1/d2), higher than p3 in the ambient Erdős–Rényi graph (see Lemma 2.3). Our goal is to
recover the planted subgraph, i.e., to estimate S, by leveraging the elevated triangle density.

Towards this end, we consider the matrix

M := Ā2 ◦ Ā, (2)

where ◦ denotes the Hadamard product and Ā denotes the centered adjacency matrix defined by
Āij = Aij − p for i ̸= j and Āii = 0. The reason for considering this matrix is that each entry
Mij =

∑n
ℓ=1 ĀijĀiℓĀℓj is the local, signed triangle count at (i, j). As a result, M has an elevated

mean over entries in the planted part S (see Lemma 2.4 for a precise statement). Given this crucial
property, we can then recover S from M by running either (i) a spectral method that computes the
leading eigenvector of M and takes the indices of its k largest entries, or (ii) a semidefinite program
with M as the input. Our main results show that the above two efficient methods achieve almost
exact recovery and exact recovery of S, respectively, under the primary condition kp3/4 ≥ Cn1/2d
for a sufficiently large constant C > 0.

When p and d are both constants, the above condition reduces to k ≳
√
n, which is the same as

the celebrated
√
n computational threshold for the planted clique problem. This motivates us to ask

whether an analogous statistical-to-computational gap exists for the planted triangle-dense subgraph
model. We provide evidence supporting this gap: if k = o(

√
n), then no low-degree polynomial

can estimate S in the sense of Schramm and Wein (2022); however, if k is at least logarithmic in n,
then an exponential-time algorithm finds the planted triangle-dense subgraph.

Finally, the main technical challenge in proving theoretical guarantees for our algorithms lies
in the spectral analysis of the matrix M defined in (2). Such matrices are known as graph matrices
(Medarametla and Potechin, 2016) or motif adjacency matrices (Benson et al., 2016), which are
special cases of polynomial random matrices (Rajendran and Tulsiani, 2023) or matrix chaoses
(Bandeira et al., 2025). Standard matrix concentration inequalities do not apply directly to such
graph matrices because their entries are polynomials of the entries of the adjacency matrix. In
addition, the planted subgraph in our case is defined through latent points on a sphere as in (1),
which further complicates the analysis. To tackle these challenges, our proofs combine decoupling
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inequalities (de la Peña and Giné, 2012) with iterated matrix concentration inequalities (similar to
Bandeira et al. (2025)) for the noise part, and use tools from spherical harmonics (Dai and Xu, 2013)
for the signal part.

1.2. Related work

Planted dense subgraphs: There is an extensive literature on community detection (Fortu-
nato, 2010; Arias-Castro and Verzelen, 2014; Abbe et al., 2016; Mossel et al., 2015) and the dense
subgraph problem (Feige and Seltser, 1997; Bhaskara et al., 2010; Ames, 2015). Particularly, the
computational thresholds for both detection and recovery have received considerable attention in
recent years (Hajek et al., 2015; Bresler and Jiang, 2023; Schramm and Wein, 2022; Dhawan et al.,
2025). Moving beyond the assumption of inhomogeneous edge density in the observed graph, one
may ask how to recover a planted subgraph that has the same expected edge density as the ambient
graph, but a different expected density of another template graph. We initiate this study by consider-
ing the case of elevated triangle density. Both the spectral method and the semidefinite program we
use are analogous to their counterparts for planted dense subgraph recovery (Hajek et al., 2016a),
with the centered adjacency matrix replaced by (2).

Triangle-densest k-subgraph problem: The triangle-densest k-subgraph problem refers to
finding a subset of k vertices in a given graph that induces the maximum number of triangles.
Konar and Sidiropoulos (2022) proved that this problem is NP-hard and cannot be approximated
efficiently in the worst case. This is also related to a few other optimization problems concerning
triangle-densest subgraphs in the literature (Tsourakakis, 2015; Samusevich et al., 2016; Wang et al.,
2020). It is worth noting that the semidefinite program we use for the triangle-densest k-subgraph
problem is quite different from the convex relaxation proposed by Konar and Sidiropoulos (2022)
and is more in line with the programs in Goemans and Williamson (1995); Abbe et al. (2016); Hajek
et al. (2016a) that are often used for planted models.

Random graphs with elevated triangle density: Triangle density is a central concept in
social network analysis. For example, the well-known clustering coefficient is defined to be the
triangle density in the neighborhood of a vertex (Watts and Strogatz, 1998), and the related concept
of the number of edges in an egonet also concerns the triangle count in a neighborhood (Bhadra
and Sengupta, 2018). To model a subgraph with an elevated triangle density, we use a random
geometric graph, which belongs to the general class of latent space models that has long been
studied in network analysis (Hoff et al., 2002). The node feature vectors in a latent space give rise
to a clustering effect, and thus to a higher triangle density.

The RGG model we consider is particularly motivated by a recent line of work on the detection
of latent geometry in random graphs using the signed triangle count (Bubeck et al., 2016; Liu et al.,
2022; Bangachev and Bresler, 2025; Mao et al., 2026). The linear kernel we assume is a special
case of general smooth kernels considered by (Liu and Rácz, 2023). As noted above, the excess
triangle density of the planted subgraph compared to the ambient Erdős–Rényi graph is p3/d2, so
the dimension d is a modeling parameter that determines the triangle density.

There are other models for random graphs with more triangles. One direct way is to plant extra
triangles in an Erdős–Rényi graph (Bresler et al., 2023). It is also possible to consider Erdős–Rényi
graphs conditional on having a higher triangle density (Chatterjee and Varadhan, 2011). Moreover,
a random graph with desired edge and triangle densities can be generated from the exponential ran-
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dom graph model (Chatterjee and Diaconis, 2013) or from a suitable choice of a graphon (Kenyon
et al., 2017). It is interesting and challenging to develop a general theory for triangle-dense sub-
graphs that applies to a range of models.

Graph matrices and matrix chaos: An important part of our work is a spectral analysis of
the graph matrix M defined in (2) and is therefore related to the literature on graph matrices and
matrix chaos. Also known as motif adjacency matrices, they have been used in higher-order spectral
methods in network analysis (Benson et al., 2016; Paul et al., 2023). Our work extends this line of
research. One step in our proofs, Theorem B.1, is bounding the spectral norm of Z2 ◦ Z where Z
is a Wigner matrix. The spectral norm of such a graph matrix has been studied by Medarametla
and Potechin (2016); Ahn et al. (2016); Rajendran and Tulsiani (2023), but their bounds are not
sufficiently sharp to yield the desired condition without extra logarithmic factors. More recently,
a remarkable work by Bandeira et al. (2025) provides a general way to obtain sharp bounds on
the expected norms of matrix chaos. Our proof follows a similar recipe, which consists of matrix
decoupling and iterated concentration inequalities, and establishes a high-probability bound.

2. Main results

2.1. Planted triangle-dense subgraph

For a positive integer n and an edge density parameter p = pn ∈ (0, 1), let G(n, p) denote the
Erdős–Rényi random graph model. For a graph A on n vertices, we identify A with its adjacency
matrix in Rn×n. We assume the graph is simple, so that Aii = 0 for i ∈ [n]. For a subset of
vertices S ⊂ [n], we let A[S] denote the subgraph of A induced by S. Let us first define a model
for planting a fixed subgraph in an Erdős–Rényi graph.

Definition 2.1 (Planting a subgraph in an Erdős–Rényi graph) For k = kn ∈ [n], fix a graph H
on k vertices. Let S be a uniformly random subset of [n] of size |S| = k. Given A0 ∼ G(n, p),
we replace A0[S] by H by assigning the vertices of H uniformly randomly to the vertices in S. We
denote the resulting graph by A and write A ∼ G(n, p;H).

In this work, we focus on a subgraph H whose expected edge density is also p, matching
that of the ambient Erdős–Rényi graph, and whose triangle density is higher than the Erdős–Rényi
graph. To this end, we model H as a random geometric graph generated from a linear kernel of
inner products, or simply a random inner product graph, defined as follows.

Definition 2.2 (Random inner product graph) For positive integers k, d ≥ 3, let X1, . . . , Xk be
i.i.d. random vectors from the uniform distribution on Sd−1, the unit sphere in Rd. For p ∈ (0, 1/2],
suppose that the random graph H on k vertices has independent edges Hij ∼ Ber(p(X⊤

i Xj + 1))
up to symmetry Hij = Hji. We also zero the diagonal, Hii = 0. We write H ∼ GIP(k, p, d).

One can potentially consider a different kernel κ(X⊤
i Xj) that takes values in [0, 1] in the above

definition of the random inner product graph (see, e.g., Liu and Rácz (2023)), but we focus on the
linear kernel κ(t) = p(t+ 1) for simplicity.

With the above definitions, our observation is a graph A ∼ G(n, p;H), where here H ∼
GIP(k, p, d). In other words, we observe a random graph A on n vertices which contains a subgraph
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H on k vertices planted in an unknown location S. Note that the planted subgraph H has edge
density p (averaged over the randomness in the Xi’s). To see that it has a higher triangle density, let
us note the following.

Lemma 2.3 For distinct i, j, ℓ ∈ [n], we have E[HijHjℓHℓi] = p3(1 + 1/d2).

Proof SinceXi, Xj , Xℓ are i.i.d. uniform over Sd−1, we have E[XiX
⊤
i ] = Id/d and E[X⊤

i Xj ] = 0,
and similarly for other indices. Thus all the cross-terms vanish in the following expansion:

E[HijHjℓHℓi] = p3E[(X⊤
i Xj + 1)(X⊤

j Xℓ + 1)(X⊤
ℓ Xi + 1)]

= p3E[X⊤
i XjX

⊤
j XℓX

⊤
ℓ Xi] + p3

= p3E
[
X⊤
i

(1
d
Id

)(1
d
Id

)
Xi

]
+ p3

= p3/d2 + p3 .

Since HijHjℓHℓi indicates the presence of the triangle with vertices i, j, ℓ in H, we see that H
indeed has a higher triangle density than the rest of A (which has triangle density p3).

2.2. Spectral method

Our spectral method for recovering the planted subgraph, i.e., estimating S, is as follows. Let M be
the matrix defined by (2). Let û = û(M) denote the leading eigenvector of M, i.e., the eigenvector
associated with the largest eigenvalue λ̂ of M. By convention û is a unit vector chosen with arbitrary
sign; compare to (4) below. We estimate the planted location S by the set Ŝ of indices i ∈ [n] such
that |ûi| is among the largest k entries of û in absolute value (with ties broken arbitrarily).

Before presenting our theoretical guarantees for û and Ŝ, let us first explain the intuition behind
the spectral method. To see that the matrix M captures the the triangle density of the graph, it is
helpful to consider the non-centered version A2 ◦A whose entry

(A2 ◦A)ij =
n∑
ℓ=1

AiℓAℓjAij

is precisely the number of triangles in A that contain the edge (i, j). Therefore, the entries of A2◦A
are local triangle counts, while the entries of M = Ā2 ◦ Ā are local signed triangle counts, where
the centering has proved to be effective for variance reduction in various settings (Bubeck et al.,
2016). More formally, it is not hard to see the following.

Lemma 2.4 Let M be as defined above. Then we have

E[M] =
p3(k − 2)

d2
(1S1

⊤
S − IS),

where 1S ∈ Rn is the indicator vector of the set S ⊂ [n], and IS ∈ Rn×n denotes the matrix with a
k × k identity principal minor indexed by S and zeros elsewhere.
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Proof The diagonal of M is zero by definition. Consider i ̸= j. If i or j is not in S, then it is easily
seen that E[Āij ] = 0, E[ĀiℓĀℓjĀij ] = 0 for all ℓ ∈ [n], and so E[Mij ] = E[(Ā2 ◦ Ā)ij ] = 0. If
i, j ∈ S, then

E[Mij ] =
n∑
ℓ=1

E[ĀiℓĀℓjĀij ] =
∑

ℓ∈S\{i,j}

p3E[X⊤
i XjX

⊤
j XℓX

⊤
ℓ Xi] = (k − 2)p3/d2

where the last step has been shown in the proof of Lemma 2.3.

Thus the spectrum of E[M] is explicit: it consists of an eigenvalue of p3(k−2)
d2

(|S| − 1) =
p3(k−2)(k−1)

d2
with corresponding eigenvector 1S , an eigenvalue of −p3(k−2)

d2
with multiplicity |S| −

1 = k − 1, and a kernel of dimension n − |S| = n − k. If k → ∞, then the first eigenvalue is
the leading one, meaning that E[M] has leading eigenvector 1S . In other words, one can recover
S from the top eigenvector of E[M]. If M is close to its expectation, then one might hope that the
top eigenvector of M would give approximate recovery of S. Our first main theorem, below, shows
that this heuristic is correct, even though its proof (deferred to Section 3) shows that M is not just
“E[M] plus small noise.”

Theorem 2.5 Let A ∼ G(n, p;H) be given, where H ∼ GIP(k, p, d). Recall that û is the leading
eigenvector of M defined by (2). For any ϵ > 0, there is C > 0 depending only on ε with the
following property. If

kp3/4 ≥ Cn1/2d (3)

and np3/2 ≥ (log n)3/2, then the following holds with probability at least 1− n−10: We have

min
ζ∈{±1}

∥∥∥ζû− 1√
k
1S

∥∥∥ ≤ ϵ, (4)

and for any set1 Ŝ consisting of exactly k indices i ∈ [n] such that |ûi| is among the largest k entries
of û in absolute value, we have

|Ŝ△S| ≤ 8ε2k. (5)

We note that the secondary assumption np3/2 ≥ (log n)3/2 is mild. Moreover, it is, up to a
logarithmic factor, subsumed by the main condition kp3/4 ≥ Cn1/2d in (3). Indeed, if we have
n ≥ k ≥ Cn1/2d/p3/4, then np3/2 ≥ Cd2 ≥ C.

To provide heuristics2 for the main condition (3), suppose that vertex 1 is planted, i.e., 1 ∈ S ,
and consider the statistic

T :=
n∑

j,ℓ=1

Ā1jĀ1ℓĀℓj =
n∑
j=1

M1j ,

1. There can be more than one such set, because of possible ties when û has multiple entries with the same magnitude.
2. This simple heuristic is analogous to the case of planted clique recovery: the celebrated k =

√
n threshold can be

seen by comparing the number of additional neighbors of a planted vertex (order k) to the standard deviation of the
total number of neighbors of that vertex in G(n, 1/2) (order

√
n). In our case, we consider (signed) triangles instead

of neighbors (i.e., incident edges).
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which is twice the signed count of triangles containing vertex 1. By Lemma 2.4, we have E[T ] =
p3(k−2)
d2

(k − 1) ≍ p3k2

d2
. On the other hand, the expectation of T under G(n, p) is zero, and the

variance of T under G(n, p) is

VarG(n,p)(T ) =

n∑
j,ℓ=1

n∑
j′,ℓ′=1

CovG(n,p)(Ā1jĀ1ℓĀℓj , Ā1j′Ā1ℓ′Āℓ′j′)

= 2

n∑
j,ℓ=1

EG(n,p)[Ā
2
1jĀ

2
1ℓĀ

2
ℓj ] ≍ n2p3.

Comparing p3k2

d2
to
√
n2p3 yields the threshold kp3/4 = n1/2d.

This heuristic can potentially be turned into a rigorous analysis of the algorithm that computes
the local signed triangle count at each vertex (which would then be similar to the egonet method
in Bhadra and Sengupta (2018), except that the triangle count there is not signed). However, this
method is unlikely to achieve the tight condition (3), because the analysis of such a local algorithm
typically entails a union bound which incurs an additional logarithmic factor. On the other hand,
the spectral method aggregates information globally and is thus able to achieve the threshold (3).

The above spectral method, theoretical guarantees, and heuristics are all analogous to those
for the planted clique problem. However, the analysis of the spectral method is significantly more
challenging in this case, because we need to analyze the matrix M whose entries are polynomials
of random variables.

2.3. Semidefinite programming

Theorem 2.5 shows that the spectral method achieves (1 − ε)-recovery of the planted part S for
any small ϵ > 0 if kp3/4 ≥ Cn1/2d for a large enough C. One further direction is to design a
rounding step for the spectral estimator to obtain exact recovery of S, or to develop an iterative
procedure that uses the spectral method as a module to achieve recovery under an even weaker
condition, kp3/4 ≥ cn1/2d for any small c > 0, analogous to Alon et al. (1998). Instead of pursuing
these directions, we focus in this work on global, one-shot algorithms and show that a semidefinite
program based on the matrix M defined in (2) achieves exact recovery, assuming the same main
condition as the spectral method.

Let J be the n× n matrix of all ones. Consider the following semidefinite program:

max ⟨M,X⟩
s.t. X ⪰ 0 ,

Xij ≥ 0 , i, j = 1, . . . , n ,

Xii ≤ 1 , i = 1, . . . , n ,

Tr(X) = k ,

⟨J,X⟩ = k2 .

(6)

This program, with A in place of M, was proposed by Hajek et al. (2016a) to solve the planted
dense subgraph problem. The following theorem shows that the same program with M as the data
matrix succeeds at exact recovery of a planted triangle-dense subgraph.
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Theorem 2.6 Let A ∼ G(n, p;H) be given, where H ∼ GIP(k, p, d). Let M be defined by (2).
If (3) holds for a sufficiently large constant C > 0 and np3/2 = ω((d log n)2), then 1S1

⊤
S is the

unique optimizer of (6) with probability at least 1− n−10.

Similar to the discussion after Theorem 2.5, the condition np3/2 = ω((d log n)2) is a mild
assumption which does not involve the subgraph size k, and it is subsumed by the main condition
kp3/4 ≥ Cn1/2d in (3) up to a logarithmic factor.

2.4. Statistical-to-computational gap

The main condition (3) reduces to k ≳
√
n if p and d are both constants. Given the analogy to

the k =
√
n computational threshold for the planted clique problem, we provide evidence demon-

strating that this is also the computational threshold for the recovery of a planted triangle-dense
subgraph, and that there is a statistical-to-computational gap in our case, too.

For the computational hardness result, we follow Schramm and Wein (2022) to show a recovery
lower bound for low-degree polynomial algorithms. Let θ := 1{1 ∈ S} be the indicator for the
event that the first vertex belongs to the planted subgraph. We will show that if k = o(

√
n), then one

cannot estimate θ much better than with a trivial estimator in the following sense. Let R[A]≤D be
the set of real polynomials of degree at most D whose variables are the entries of A. The degree-D
maximum correlation is defined as

Corr⩽D := sup
f∈R[A]≤D

E[f(A) · θ]√
E[f(A)2]

.

Theorem 2.7 Let A ∼ G(n, p; H) be given, where H ∼ GIP(k̃, p, d) and k̃ is a binomial random
variable with parameters n and r := k/n. Let p ∈ (0, 1/2), d ≥ 2, and D = o

(( logn
log logn

)2). If
k ≤ n1/2−ϵ for a constant ϵ > 0 then

Corr⩽D = (1 + o(1))r .

Theorem 2.7 asserts that no degree-D estimator achieves asymptotically larger correlation than the
trivial estimator f ≡ r, since E[r·θ]√

E[r2]
= r.

To provide evidence for a statistical-to-computational gap, it remains to prove an information-
theoretic upper bound. The result below shows that a logarithmically sized triangle-dense subgraph
can be partially recovered with high probability by a computationally inefficient estimator. More
precisely, if k = Θ(n) then let Ŝ be a uniformly random k-subset of [n], while if k = o(n) let

Ŝ ∈ argmaxT⊆[n], |T |=k
∑
i,j,l∈T

ĀijĀjlĀli , (7)

which maximizes the signed triangle count over all k-subgraphs of A.

Theorem 2.8 Let A ∼ G(n, p;H) be given, where H ∼ GIP(k, p, d). For all constant p ∈
(0, 1/2] and d ≥ 2, there exist constants C = C(p, d) > 0 and ϵ = ϵ(d) > 0 such that if
k ≥ C log n, then |S ∩ Ŝ| ≥ ϵk with probability 1− o(1).
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Recall that r = k/n and θ = 1{1 ∈ S}. If we define θ̂ := 1{1 ∈ Ŝ}, then by symmetry,

E[θ̂ · θ]√
E[θ̂2]

=
P{1 ∈ S ∩ Ŝ}√

P{1 ∈ Ŝ}
≥ (1− o(1))ϵk/n√

r
= (1− o(1))ϵ

√
r .

This is much larger than Corr⩽D = (1 + o(1))r in Theorem 2.7, so there is a statistical-to-
computational gap for recovery in the regime C log n ≤ k ≤ n1/2−ϵ.

The proofs of Theorems 2.7 and 2.8 are given in Appendices D and E respectively.

3. Analysis of the algorithms

3.1. Proof of Theorem 2.5

We now prove Theorem 2.5, our main theoretical result for the spectral method. Since the spectral
method is equivariant with respect to a relabeling of the vertices of the observed graph, we may
assume that S = [k] throughout the proof without loss of generality. We also introduce the following
notation: For any matrix B ∈ Rk×k, we let B# ∈ Rn×n be the matrix with B as its top-left k × k
principal minor and zeros elsewhere. In the remainder, we will frequently use that, for any matrices
A,B ∈ Rk×k, we have A#B# = (AB)# and A# ◦B# = (A ◦B)#.

Since the proof of Theorem 2.5 involves a long list of auxiliary matrices and lemmas, we first
provide a proof outline before delving into the details. At a high level, Theorem 2.5 follows from
a spectral perturbation analysis using, in particular, the classical Davis–Kahan theorem (originally
Davis and Kahan (1970), or see, e.g., Theorem 4.5.5 in Vershynin (2018) for a textbook treatment).

Lemma 3.1 (Davis–Kahan) For symmetric matrices A1,A2 ∈ Rn×n, let {(λi(A1), ui(A1)) :
i ∈ [n]} be the set of eigenpairs of A1 where the eigenvalues are ordered decreasingly, i.e.,
λ1(A1) ≥ · · · ≥ λn(A1), and every ui(A1) is a unit vector. Define the notation for A2 in the
same way. Then we have

min
ζ∈{±1}

∥ζu1(A2)− u1(A1)∥ ≤ 2
√
2 ∥A2 −A1∥

λ1(A1)− λ2(A1)
,

where the norm on the left-hand side is the usual Euclidean distance on Rn and the norm on the
right-hand side is the operator norm with respect to this distance.

To apply the Davis–Kahan theorem, we will take A2 = M. It would be nice if we could take A1

to be E[M], because E[M] has top eigenvector 1S/
√
k, and a large top eigengap (its top eigenvalue

is k times larger than the rest, and k is growing; see the discussion after Lemma 2.4). However, it
turns out that ∥M − E[M]∥ is at the same order as this eigengap; thus A1 = E[M] is not a good
choice in Davis–Kahan. Instead, we will define a random matrix M̃ below, whose top eigenvector
is deterministically 1S/

√
k. Unlike E[M], the largest and second-largest eigenvalues of M̃ (which

are deterministic) are of the same order as one another; however, we can get a better bound on
∥M− M̃∥, so that we will ultimately choose A1 = M̃ in Davis–Kahan.

Towards this end, the first step is to decompose the matrix M into a signal term plus a few
noise terms. With X := [X1 · · ·Xk]

⊤ ∈ Rk×d, we let K ∈ Rk×k denote the matrix XX⊤ with its
diagonal replaced by zeros, i.e.,

K := XX⊤ − Ik. (8)

9
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Note that pK# = E[Ā | X]. We further define

W := Ā− pK#.

Therefore,

M = Ā2 ◦ Ā = p3(K2 ◦K)# + p2(K2)# ◦W + pW2 ◦K# +W2 ◦W (9)

+ p2(K#W +WK#) ◦K# + p(K#W +WK#) ◦W.

In the above decomposition, p3(K2 ◦K)# can be seen as the signal term, while all the other terms
are noise. We will bound the spectral norms of all the noise terms in Section A.2.

To understand the matrix K2 ◦K, we will first show that it is close to k
d (XX⊤) ◦ (XX⊤), in

Lemma A.1. Next, we use the theory of spherical harmonics to write

1

k
(XX⊤) ◦ (XX⊤) = YΛY⊤, (10)

where the columns of Y are defined from spherical harmonics and Λ is a diagonal matrix consist-
ing of the corresponding eigenvalues (ordered decreasingly), both to be specified in Lemma A.2.
Finally, we orthonormalize the columns of Y to obtain a matrix Q, and show that YΛY⊤ is close
to QΛQ⊤, in Lemma A.3. We will see that by definition the first column of Q is exactly 1√

k
1k

where 1k is the all-ones vector in Rk.
Putting it together, we eventually choose A1 = M̃ in Lemma 3.1, where

M̃ :=
p3k2

d
(QΛQ⊤)#, (11)

which then implies that

min
ζ∈{±1}

∥∥∥ζu1(M)− 1√
k
1S

∥∥∥ ≤ 2
√
2 ∥M− M̃∥

λ1(M̃)− λ2(M̃)
. (12)

Moreover, by (9) and (10), we obtain

∥∥∥M− M̃
∥∥∥ =

∥∥∥(p3K2 ◦K− p3k

d
(XX⊤) ◦ (XX⊤) +

p3k2

d
YΛY⊤ − p3k2

d
QΛQ⊤

)#
+ p2(K2)# ◦W + pW2 ◦K# +W2 ◦W

+ p2(K#W +WK#) ◦K# + p(K#W +WK#) ◦W
∥∥∥

≤ p3
∥∥∥K2 ◦K− k

d
(XX⊤) ◦ (XX⊤)

∥∥∥+ p3k2

d
∥YΛY⊤ −QΛQ⊤∥ (13)

+ p2∥(K2)# ◦W∥+ p∥W2 ◦K#∥+ ∥W2 ◦W∥
+ p2∥(K#W +WK#) ◦K#∥+ p∥(K#W +WK#) ◦W∥.

In Appendix A, we will bound each of the terms in (13) to obtain the following result.

10
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Proposition 3.2 The matrix M̃ defined in (11) has top two eigenvalues equal to p3k2

d2
and p3k2

d2(d/2+1)

respectively, and top eigenvector equal to 1√
k
1S . Moreover, for any ϵ > 0, there isC > 0 depending

only on ε such that the following holds. If np3/2 ≥ (log n)3/2 and kp3/4 ≥ Cn1/2d, then with
probability at least 1− n−10, we have

d2

p3k2

∥∥∥M− M̃
∥∥∥ ≤ ϵ.

Then (4) is an immediate consequence of (12) together with Proposition 3.2. To prove (5), let
us focus on the case

∥∥∥û− 1√
k
1S

∥∥∥ ≤ ε, and the case ζ = −1 is analogous. We have

∥∥∥û− 1√
k
1S

∥∥∥2 =∑
i∈S

(
ûi −

1√
k

)2
+
∑

i∈[n]\S

û2i ≤ ε2.

If |ûi| ≤ 1
2
√
k

for all i /∈ Ŝ, then

ε2 ≥
∑
i∈S\Ŝ

(
ûi −

1√
k

)2
≥ 1

4k
|S \ Ŝ| = 1

8k
|S△Ŝ|.

If |ûi| > 1
2
√
k

for some i /∈ Ŝ, then we must have |ûi| > 1
2
√
k

for all i ∈ Ŝ. Therefore,

ε2 ≥
∑
i∈Ŝ\S

û2i ≥
1

4k
|Ŝ \ S| = 1

8k
|S△Ŝ|.

In either case, we have |S△Ŝ| ≤ 8kε2.

3.2. Proof of Theorem 2.6

We again assume that S = [k] without loss of generality, and let ξ := 1[k] for brevity. Let us start
with a set of deterministic conditions that guarantee optimality.

Lemma 3.3 (Lemma 19 in Hajek et al. (2016b)) Let X∗ = ξξ⊤. If there exist n × n matrices
D = diag(d) where d is an entrywise nonnegative vector, S ⪰ 0, and B ≥ 0, and η, λ ∈ R such
that

S+M+B− ηIn − λJ−D = 0 ,

⟨S,X∗⟩ = 0 ,

⟨B,X∗⟩ = 0 ,

⟨D,X∗ − In⟩ = 0 ,

λn−1(S) > 0 ,

then X∗ is the unique maximizer in (6).

11
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We now prove Theorem 2.6. Let δ := n−10. It suffices to define matrices D, S, and B, and
real numbers η, λ > 0 that satisfy the conditions of Lemma 3.3 with probability at least 1− δ. We
claim that the following assignments suffice:

λ := 1
k maxk<i≤n |(Mξ)i| ,

η := min1≤i≤k(Mξ)i − λk ,

di := 1{1 ≤ i ≤ k} ·
(
(Mξ)i − λk − η

)
, D := diag(d1, . . . , dn) ,

bi := 1{i > k} ·
(
λ− 1

k (Mξ)i
)
, b := (b1, . . . , bn) ,

B := bξ⊤ + ξb⊤ ,

S := D−B−M+ ηIn + λJ .

(14)

First notice that, by definition, we have that di ≥ 0 for each i, and that bi ≥ 0 for each i, so that B is
indeed entrywise nonnegative. The condition ⟨D,X∗ − In⟩ = 0 is immediate since d is supported
on its first k entries while X∗

ii = 1 for all i ∈ [k]. Since b is orthogonal to ξ, we also have that
⟨B,X∗⟩ = ⟨ξ,Bξ⟩ = 0, as well as Sξ = 0; indeed, we have

(Sξ)i = di − (Mξ)i + η + λk = 0, i ≤ k,

(Sξ)i = −kλ+ (Mξ)i − (Mξ)i + kλ = 0, i > k.

In particular, ⟨S,X∗⟩ = ⟨ξ,Sξ⟩ = 0, and we conclude that, in order to show S ⪰ 0 with λn−1(S) >
0, it suffices to show that ⟨v,Sv⟩ > 0 uniformly over unit vectors v which are orthogonal to ξ. That
is, it remains to prove that, with probability at least 1− δ,

inf
v⊥ξ,∥v∥=1

⟨v,Sv⟩ > 0.

For S, we note that, if v is some unit vector which is orthogonal to ξ, we have

⟨v,Bv⟩ =
〈
v,bξT v

〉
+
〈
v, ξbT v

〉
= 2 ⟨ξ, v⟩ ⟨b, v⟩ = 0,

so that
⟨v,Sv⟩ = ⟨v,Dv⟩ − ⟨v,Bv⟩ − ⟨v,Mv⟩+ η + λ ⟨v, 1⟩2 ≥ η − ⟨v,Mv⟩ ,

where we used that D is positive semidefinite and that λ ≥ 0. Thus it suffices to show that

sup
v⊥ξ,∥v∥=1

⟨v,Mv⟩ < η

with probability at least 1−δ. For M̃ defined in (11), Proposition 3.2 shows that the top eigenvector
of M̃ is ξ, that the second-largest eigenvalue of M̃ is 2p3k2

d2(d+2)
, and that ∥M − M̃∥ ≤ 1

6
p3k2

d2
with

probability at least 1− δ/2. (Proposition 3.2 shows this event occurs with probability at least 1− δ,
but the proof is easily modified to yield 1− δ/2.) Therefore,

sup
v⊥ξ,∥v∥=1

⟨v,Mv⟩ ≤ sup
v⊥ξ,∥v∥=1

〈
v, M̃v

〉
+ ∥M− M̃∥ ≤ 2p3k2

d2(d+ 2)
+

1

6

p3k2

d2
≤ 5

6

p3k2

d2
. (15)

Applying Lemma C.1 with ϵ = 1/12 yields that η ≥ 11
12
p3k2

d2
with probability at least 1 − δ/2.

Combining this with (15) completes the proof.
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4. Future directions

Our work leaves more interesting problems open than it solves. Recall that we have provided ev-
idence showing that the condition k ≥ C

√
n is optimal among low-degree polynomial algorithms

for constant p and d, and provided a heuristic suggesting that the condition kp3/4 ≥ Cn1/2d is
expected for methods based on triangle counts. However, the full picture of statistical and computa-
tional thresholds for the recovery problem remains an interesting open question. Moreover, we have
not studied the detection problem for planted triangle-dense subgraphs, which may have thresholds
different from those for the recovery problem.

In addition, to model a subgraph with the same edge density but higher triangle density than
that in the ambient Erdős–Rényi graph, the random geometric graph we use is just one natural
model. As discussed in the introduction, other possibilities include a more general latent space
model, an exponential family random graph model, or an Erdős–Rényi model conditional on having
more triangles, to name a few. It is an interesting direction to study a potentially more general model
for planted triangle-dense subgraphs, and we think our spectral method can be competitive in other
settings, too, thanks to its simplicity.

Taking this one step further, one may study planted subgraphs characterized by a general ho-
momorphism density. Is there a class of planted subgraph models where the subgraph has a higher
H-density for a template graphH? How can we build a suitable graph matrix and analyze the corre-
sponding spectral method? These questions pose substantial theoretical and algorithmic challenges.
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Appendix A. Additional proofs for the spectral method

Continuing from Section 3, we bound each of the terms in (13) to prove Proposition 3.2.

A.1. Analyzing the signal term

To analyze the matrix K2 ◦K, we first show that it is close to (XX⊤)◦(XX⊤) up to normalization.

Lemma A.1 There is an absolute constant C > 0 such that the following holds for any δ ∈ (0, 1).
If k ≥ d+ log(1/δ), then with probability at least 1− δ,

∥∥∥K2 ◦K− k

d
(XX⊤) ◦ (XX⊤)

∥∥∥ ≤ C
k2

d2

√
d+ log(1/δ)

k
.

Proof We have

K2 ◦K− k

d
(XX⊤) ◦ (XX⊤)

=
(
(XX⊤ − Ik)

2 − k

d
XX⊤

)
◦ (XX⊤)− (XX⊤ − Ik)

2 ◦ Ik

=
(
XX⊤XX⊤ −

(k
d
+ 2
)
XX⊤

)
◦ (XX⊤) + Ik ◦ (XX⊤)− (XX⊤ − Ik)

2 ◦ Ik

=
(
X
(
X⊤X−

(k
d
+ 2
)
Id

)
X⊤
)
◦ (XX⊤)− (XX⊤)2 ◦ Ik + 2Ik, (16)

where the last equality holds because XX⊤ has all ones on its diagonal.
Let us start with the first term in (16). For any matrix L ∈ Rk×k, by Lemma F.2,

∥L ◦ (XX⊤)∥ ≤ max
i∈[k]

X⊤
i Xi · ∥L∥ = ∥L∥.

Therefore,∥∥∥(X(X⊤X−
(k
d
+ 2
)
Id

)
X⊤
)
◦ (XX⊤)

∥∥∥ ≤ ∥X∥2
∥∥∥X⊤X−

(k
d
+ 2
)
Id

∥∥∥.
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By the concentration of a sample covariance matrix (see, e.g., Theorem 5.7 in Rigollet and Hütter
(2023)), there is an absolute constant C1 > 1 such that for any δ ∈ (0, 1), with probability at least
1− δ, ∥∥∥1

k
X⊤X− 1

d
Id

∥∥∥ ≤ C1

d

(√d+ log(1/δ)

k
+
d+ log(1/δ)

k

)
.

Since k ≥ d+ log(1/δ), we obtain

∥∥∥X⊤X−
(k
d
+ 2
)
Id

∥∥∥ ≤ 2 + 2C1
k

d

√
d+ log(1/δ)

k
≤ 4C1

k

d

√
d+ log(1/δ)

k

and

∥X∥2 = ∥X⊤X∥ ≤ k

d
+ 2C1

k

d

√
d+ log(1/δ)

k
≤ (2C1 + 1)

k

d
. (17)

We conclude that∥∥∥(X(X⊤X−
(k
d
+ 2
)
Id

)
X⊤
)
◦ (XX⊤)

∥∥∥ ≤ 4C1(2C1 + 1)
k2

d2

√
d+ log(1/δ)

k
.

Moreover, the second term in (16) can be bounded as

∥(XX⊤)2 ◦ Ik∥ = max
i∈[k]

X⊤
i X

⊤XXi ≤ ∥X⊤X∥ ≤ (2C1 + 1)
k

d
.

Combining the above bounds with (16) using the triangle inequality finishes the proof.

Next, we study the matrix (XX⊤) ◦ (XX⊤) and justify (10) by choosing suitable Y and Λ.
Towards this end, we use the tools of spherical harmonics (see Dai and Xu (2013) for an introduction
to this topic). Let

D := (d− 2)/2, (18)

and consider the 0th and 2nd order Gegenbauer polynomials CD0 (t) = 1 and CD2 (t) = 2D(D +
1)t2 −D respectively. Then we can write

t2 =
1

2(D + 1)
CD0 (t) +

1

2D(D + 1)
CD2 (t) .

Moreover, let Hd
ℓ denote the space of real harmonic polynomials of degree ℓ on Rd. By Corol-

lary 1.1.4 in Dai and Xu (2013), dimHd
0 = 1 and

m := dimHd
2 =

(
d+ 1

2

)
− 1. (19)

Let ϕ0 ≡ 1, and let ϕ1, . . . , ϕm be an orthonormal basis of Hd
2 . The addition formula for spherical

harmonics, (1.2.8) in Dai and Xu (2013), states that

D + 2

D
CD2 (X⊤

i Xj) =
m∑
ℓ=1

ϕℓ(Xi)ϕℓ(Xj). (20)
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Putting it together, we obtain

(X⊤
i Xj)

2 =
1

2(D + 1)
CD0 (X⊤

i Xj) +
1

2D(D + 1)
CD2 (X⊤

i Xj)

=
1

2(D + 1)
ϕ0(Xi)ϕ0(Xj) +

1

2(D + 1)(D + 2)

m∑
ℓ=1

ϕℓ(Xi)ϕℓ(Xj).

This can be rewritten as the following result.

Lemma A.2 Let Y ∈ Rk×(m+1) be defined by Yij = 1√
k
ϕj−1(Xi). Let the diagonal matrix

Λ ∈ R(m+1)×(m+1) be defined by Λ11 =
1

2(D+1) and Λii =
1

2(D+1)(D+2) for 2 ≤ i ≤ m+ 1. Then
(10) holds.

Note that the first column of Y is 1√
k
1k. Therefore, if k ≥ m+1, we have the QR decomposi-

tion Y = QR such that Q ∈ Rk×(m+1) has orthonormal columns with the first column also equal
to 1√

k
1k, and R ∈ R(m+1)×(m+1) is an upper triangular matrix. The following holds.

Lemma A.3 Assume k ≥ m + 1 and let Q be as defined above. The top two eigenvalues of the
matrix QΛQ⊤ are Λ11 = 1

2(D+1) and Λ22 = 1
2(D+1)(D+2) respectively, and the top eigenvector is

1√
k
1k. Moreover, for any δ ∈ (0, 1), if k3 ≥ (2D + 1)(D + 2) log 2(m+1)

δ , then with probability at
least 1− δ,

∥YΛY⊤ −QΛQ⊤∥ ≤ 1

2(D + 1)(D + 2)

√
(2D + 1)(D + 2) log 2(m+1)

δ

k
.

Proof The first statement holds by the definition of Q. To bound the norm, we note that

∥YΛY⊤ −QΛQ⊤∥ = ∥QRΛR⊤Q⊤ −QΛQ⊤∥ = ∥RΛR⊤ −Λ∥.

In the QR decomposition Y = QR, the first columns of Y and Q are the same and R is upper
triangular, so the first column of R is e1, the first standard basis vector in Rm+1. Moreover, Λ22 =
· · · = Λm+1,m+1 from Lemma A.2. Therefore,

RΛR⊤ −Λ = (Λ11 −Λ22)e1e
⊤
1 +Λ22RR⊤ − (Λ11 −Λ22)e1e

⊤
1 −Λ22Im+1

= Λ22(RR⊤ − Im+1).

In addition, Y⊤Y = R⊤Q⊤QR = R⊤R. As a result,

∥YΛY⊤ −QΛQ⊤∥ = Λ22∥RR⊤ − Im+1∥ = Λ22∥R⊤R− Im+1∥ = Λ22∥Y⊤Y − Im+1∥.

Lemma 12 in De Castro et al. (2019) shows that if δ ∈ (0, 1) and k3 ≥ ρ(m) log 2(m+1)
δ where

ρ(m) := max{1, ∥
∑m

ℓ=0 ϕ
2
ℓ∥∞ − 1}, then with probability at least 1− δ,

∥Y⊤Y − Im+1∥ ≤

√
ρ(m) log 2(m+1)

δ

k
.
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By the addition formula (20), for any x ∈ Sd−1,

m∑
ℓ=0

ϕℓ(x)
2 − 1 =

m∑
ℓ=1

ϕℓ(x)
2 =

D + 2

D
CD2 (1) = (2D + 1)(D + 2).

Combining everything finishes the proof.

A.2. Bounding the noise terms

We now turn to the remaining terms in (13). Each off-diagonal entry of the noise matrix W is
obtained from centering a Ber(p) or Ber(p(Kij + 1)) variable, so it is obvious that W satisfies the
following.

Lemma A.4 For the noise matrix W ∈ Rn×n defined by Wii = 0 for i ∈ [n], Wij = Aij −
p(Kij + 1) for distinct i, j ∈ [k], and Wij = Aij − p otherwise, we have E[W | X] = 0,
Var(Wij | X) ≤ 2p, and E[W4

ij | X] ≤ 2p for any i, j ∈ [n].

We are ready to bound the noise terms in (13).

Lemma A.5 There is an absolute constant C > 0 such that the following holds for any δ ∈ (0, 1).
If k ≥ d+ log(2/δ) and kp ≥ C log(2k/δ), then with probability at least 1− δ,

∥(K2)# ◦W∥ ≤ C
k3/2

√
p

d
.

Proof Let W[k] denote the top-left k × k principal minor of W. By Lemma F.2,

∥(K2)# ◦W∥ = ∥K2 ◦W[k]∥ ≤ max
i∈[k]

(K2)ii · ∥W[k]∥.

We have

(K2)ii =
k∑
j=1

KijKji = X⊤
i

∑
j ̸=i

XjX
⊤
j Xi = X⊤

i X
⊤XXi − 1.

By (17), for k ≥ d+ log(2/δ) and an absolute constant C1 > 0,

max
i∈[k]

(K2)ii ≤ ∥X⊤X∥+ 1 ≤ C1k/d (21)

with probability at least 1 − δ/2. Moreover, by Theorem F.1 and Lemma A.4, for an absolute
constant C2 > 0, we claim that

∥W[k]∥ ≤ C2

√
kp+ log(k/δ) (22)

with probability at least 1 − δ/2 as long as kp ≥ C log(2k/δ). Indeed, conditionally on X, Theo-
rem F.1 applies with σ ≤

√
2kp and σ∗ ≤ 1. It gives that

P(∥W[k]∥ ≥ C2

√
kp+ log(k/δ)) ≤ k exp(−t2/cϵ),
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as long asC2

√
kp+ log(k/δ) ≥ 4(1+ϵ)

√
kp+t, since the right-hand side is at least (1+ϵ)2

√
2σ+

t. We satisfy this by choosing t = C2

√
kp+ log(k/δ)−4(1+ ϵ)

√
kp. Thus the desired probability

is upper-bounded by δ/2 if we have t ≥
√
cϵ log(2k/δ). If we choose, say, ϵ = 1/2 and C2 =

4(1+ϵ)+1, then t ≥
√
kp, which is at least

√
C log(2k/δ) by assumption, as long as we choose the

absolute constant to satisfy C ≥ c1/2. Our assumptions imply that C2

√
pk + log(k/δ) ≤ C

√
kp

for some absolute C, which we combine with (21) to complete the proof.

Lemma A.6 There is an absolute constantC > 0 such that for any δ ∈ (0, 1), if np ≥ C log(2n/δ)
then it holds with probability at least 1− δ that

∥W2 ◦K#∥ ≤ C
(
np+ log

n

δ

)
.

Proof Let W1:k ∈ Rn×k denote the matrix consisting of the first k columns of W. By Lemma F.2,

∥W2 ◦K#∥ = ∥(W⊤
1:kW1:k) ◦K∥ ≤ ∥(W⊤

1:kW1:k) ◦ (XX⊤)∥+ ∥(W⊤
1:kW1:k) ◦ Ik∥

≤ 2∥W⊤
1:kW1:k∥ ≤ 2∥W∥2.

Moreover, by Theorem F.1 and Lemma A.4, for an absolute constant C1 > 0,

∥W∥ ≤ C1

√
np+ log(n/δ) (23)

with probability at least 1−δ, as long as np ≥ C log(2n/δ). The proof of this goes as in (22); since
W is n×n whereas W[k] is k×k, we just replace k with n everywhere in the argument. The result
then follows.

Lemma A.7 There is an absolute constant C > 0 such that the following holds for any δ ∈ (0, 1).
If k ≥ d+ log(2/δ), then with probability at least 1− δ,

∥(K#W +WK#) ◦K#∥ ≤ C
k

d

√
kp+ log

k

δ
.

Proof Let W[k] denote the top-left k × k principal minor of W. Similar to the beginning of the
proof of Lemma A.6, it holds that

∥(K#W +WK#) ◦K#∥ = ∥(KW[k] +W[k]K) ◦K∥
≤ 2∥KW[k] +W[k]K∥ ≤ 4∥K∥∥W[k]∥.

By (17), for k ≥ d+ log(2/δ) and an absolute constant C1 > 0,

∥K∥ ≤ ∥X⊤X∥+ 1 ≤ C1k/d

with probability at least 1− δ/2. This together with (22) finishes the proof.

To study the term (K#W +WK#) ◦W, we first apply a decoupling inequality.
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Lemma A.8 Let W′ be an independent copy of W conditional on X. There exists an absolute
constant C > 0 such that for all t > 0,

P
{
∥(K#W +WK#) ◦W∥ > t | X

}
≤ CP

{
C∥(K#W +WK#) ◦W′∥ > t | X

}
.

Proof Let Ω = [−1, 1] and let B denote the separable Banach space Rn×n with the spectral norm.
Let

Jn :=
{
((i, j′), (j, ℓ)) ∈ ([n]2)2 : i < j′, and j < ℓ, and (i, j′) ̸= (j, ℓ)

}
.

For ((i, j′), (j, ℓ)) ∈ Jn, define the function hij′,jℓ : Ω2 → B by

hij′,jℓ(x, y) := xy · Iij′jℓ · (eie⊤j′ + ej′e
⊤
i ) ,

where
Iij′jℓ := 1{i = j}K#

j′ℓ + 1{i = ℓ}K#
jj′ + 1{j = j′}K#

iℓ + 1{j′ = ℓ}K#
ij

and ei is the ith standard basis vector. One then has

(K#W +WK#) ◦W =
∑

((i,j′),(j,ℓ))∈Jn

hij′,jℓ(Wij′ ,Wjℓ) ,

and one can similarly check that

(K#W +WK#) ◦W′ =
∑

((i,j′),(j,ℓ))∈Jn

hij′,jℓ(W
′
ij′ ,Wjℓ) ,

so the result follows by applying Theorem 3.4.1 in de la Peña and Giné (2012).

Lemma A.9 There is an absolute constant C > 0 such that if δ ∈ (0, 1) satisfies np ≥ log(n/δ),
then with probability at least 1− δ,

∥(K#W +WK#) ◦W∥ ≤ C

√
np log(n/δ)

d

(√
kp log(n/δ) + log(n/δ)

)
.

Proof First, recall that K#
ij = Kij = X⊤

i Xj for distinct i, j ∈ [k] and K#
ij = 0 otherwise. Since

X⊤
i Xj is sub-Gaussian with variance O(1/d), there is an absolute constant C1 > 0 such that with

probability at least 1− δ,

|Kij | ≤ C1

√
log(n/δ)

d

for all i, j ∈ [n]. Let us condition on an instance of X such that the above bound holds.
Moreover, recall that Wij ∈ [−1, 1], E[W | X] = 0, and Var(Wij | X) ≤ 2p. By Bernstein’s

inequality, there is an absolute constant C2 > 0 such that with probability at least 1− δ,

|(K#W)ij | =

∣∣∣∣∣
k∑
ℓ=1

KiℓWℓj

∣∣∣∣∣ ≤ C2

√
log(n/δ)

d

(√
kp log(n/δ) + log(n/δ)

)
for all i, j ∈ [n]. We further condition on an instance of W such that the above bound holds.
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Let W′ be an independent copy of W conditional on X. Then for an absolute constantC3 > 0,
we have

E[((K#W +WK#) ◦W′)2ij | X,W] ≤ C3p
log(n/δ)

d

(
kp log(n/δ) + (log(n/δ))2

)
and

|((K#W +WK#) ◦W′)ij | ≤ C3

√
log(n/δ)

d

(√
kp log(n/δ) + log(n/δ)

)
for all i, j ∈ [n]. By Theorem F.1, there are absolute constantsC4, C5 > 0 such that with probability
at least 1− δ,

∥(K#W +WK#) ◦W′∥ ≤ C4

(√
np

log(n/δ)

d
(kp log(n/δ) + (log(n/δ))2)

+

√
log(n/δ)

d

(√
kp log(n/δ) + log(n/δ)

)√
log(n/δ)

)
≤ C5

√
log(n/δ)

d

(√
kp log(n/δ) + log(n/δ)

)√
np+ log(n/δ)

Combining the above with Lemma A.8 completes the proof.

It remains to control ∥W2 ◦W∥. The following bound is an immediate consequence of The-
orem B.1 together with the properties of W in Lemma A.4.

Lemma A.10 There is an absolute constant C > 0 such that if δ ∈ (0, 1) satisfies n ≥ log3(n/δ)
and np ≥ log5/3(n/δ), then with probability at least 1− δ,

∥W2 ◦W∥ ≤ C
(
np3/2 + n1/2p log(n/δ) + log3/2(n/δ)

)
.

A.3. Proof of Proposition 3.2

Recall the definition of D in (18) and the definitions of Λ11 and Λ22 in Lemma A.2. The top two
eigenvalues and the top eigenvector of M̃ are given by Lemma A.3 in view of the definition of D in
(18).

To control the spectral norm, we bound the right-hand side of (13) with probability at least
1 − n−10. Towards this end, we apply Lemmas A.1, A.3, A.5, A.6, A.7, A.9, and A.10 with
δ = n−10/7. Also recall the definitions (18) and (19). To see that these lemmas are applicable,
we first check that the conditions assumed in the lemmas are all satisfied thanks to the assumption
k ≥ C

√
nd/p3/4:

• k ≥ d+ log(2/δ): Obvious in view of the condition k ≥ C
√
nd/p3/4 ≥ C(d+ log n).

• k ≥ m + 1: It suffices to have k ≥ d2 which is subsumed by k ≥ C
√
nd/p3/4 if d ≤

√
n.

Since k ≤ n, we do have
√
n ≥ Cd/p3/4 ≥ d.

• k3 ≥ (2D+1)(D+2) log 2(m+1)
δ : It suffices to have k3 ≥ Cd2 log n which is subsumed by

k ≥ d2 proved above together with k ≥ C
√
nd/p3/4 ≥ C log n.
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• kp ≥ C log(2k/δ): Since k ≤ n, it suffices to show that kp ≥ C log(14n11). As noted
just after Theorem 2.5, our conditions imply np3/2 ≥ C, so kp = kp3/4p1/4 ≥ Cn1/2d ·
C1/6n−1/6 ≥ C7/6n1/3 which suffices.

• np ≥ C log(2n/δ): The previous bullet point actually showed that kp ≥ C log(2n/δ), which
is stronger.

• np ≥ log(n/δ): Weaker than the previous bullet point.

• np ≥ log5/3(n/δ): We showed above that, under the main assumption, we have np3/2 ≥ C,
so that p ≥ Cn−2/3, so np ≥ Cn1/3 ≥ log5/3(n/δ).

• n ≥ log3(n/δ): Obvious.

Now we can apply the above lemmas together with (13) to obtain∥∥∥M− M̃
∥∥∥ ≤ C1

(
p3k2

d2

√
d+ log(1/δ)

k
+
p3k2

d2

√
log(d/δ)

k

+
p5/2k3/2

d
+ np2 + p log

n

δ
+ np3/2 + n1/2p log(n/δ) + log3/2(n/δ)

+
p2k

d

√
kp+ log

k

δ
+ p

√
np

d

(√
kp log(n/δ) + log3/2(n/δ)

))
for an absolute constant C1 > 0 with probability at least 1− δ where δ = n−10/7.

In addition, kp ≥ log n (an intermediate result of the fourth bullet point above), so the above
bound simplifies to∥∥∥M− M̃

∥∥∥
≤ C2

(
p3k3/2

d2

√
log n+

p5/2k3/2

d
+ np3/2 + n1/2p log n+ log3/2 n+ p2

√
kn

d
log n

)
for an absolute constant C2 > 0. Finally, it remains to use the assumptions k ≥ C

√
nd/p3/4

and np3/2 ≥ log n to show that each of the following quantities is smaller than ε/(5C2) if C is
sufficiently large:

• d2

p3k2
p3k3/2

d2

√
log n: It suffices to have k ≥ C log n which is obvious.

• d2

p3k2
p5/2k3/2

d : It suffices to have pk ≥ Cd2. Since n ≥ k ≥ C
√
nd/p3/4, we have

√
np ≥

Cd/p1/4, and kp ≥ C
√
ndp1/4 = Cn1/4d(np)1/4 ≥ Cn1/4d3/2/p1/8. Since we showed that

d ≤
√
n (see the second bullet point above), it follows that kp ≥ Cd2/p1/8 ≥ Cd2.

• d2

p3k2
np3/2: The assumption k ≥ C

√
nd/p3/4 is sufficient.

• d2

p3k2
n1/2p log n: Since d

k ≤ p3/4

C
√
n

, we have

d2

p3k2
n1/2p log(n) ≤ n1/2 log(n)

p2
· p

3/2

C2n
=

log(n)

C2(np)1/2
=

1

C2
·
(
log2(n)

np

)1/2

.

Previously we showed that, under our main assumption, we have np3/2 ≥ C, so that p ≥
Cn−2/3. This means that np ≥ Cn1/3, and thus log2(n)/(np) = o(1).

24



SPECTRAL RECOVERY OF A PLANTED TRIANGLE-DENSE SUBGRAPH

• d2

p3k2
log3/2 n: It suffices to have

k ≥ Cd(log n)3/4/p3/2

which is subsumed by k ≥ C
√
nd/p3/4 since np3/2 ≥ (log n)3/2.

• d2

p3k2
p2
√

kn
d log n: It suffices to have k ≥ Cdn1/3(log n)2/3/p2/3 which is subsumed by

k ≥ C
√
nd/p3/4.

This completes the proof.

Appendix B. Spectral norm of a graph matrix

In this section we establish Theorem B.1, which immediately implies Lemma A.10.

Theorem B.1 Let Z ∈ Rn×n be a symmetric matrix with independent entries above the diagonal
and zeros on the diagonal. For all 1 ≤ i < j ≤ n, assume ∥Zij∥∞ ≤ 1, EZij = 0, EZ2

ij ≤ K,
and EZ4

ij ≤ K for a quantity K ∈ (0, 1] that may depend on n. Then there is an absolute constant
C > 0 such that if δ ∈ (0, 1) satisfies n ≥ log3(n/δ) and nK ≥ log5/3(n/δ), then the following
holds. With probability at least 1− δ, the matrix L := Z2 ◦ Z satisfies

∥L∥ ≤ C
(
nK3/2 + n1/2K log(n/δ) + log3/2(n/δ)

)
.

A direct application of Theorem 4.1 in Rajendran and Tulsiani (2023) implies the norm of the
matrix L from Theorem B.1 is of order nK3/2 with an extra multiplicative logarithmic factor. The
more recent work Bandeira et al. (2025) proves a general bound of the desired order on the expected
spectral norm but does not directly yield a high-probability bound that we need. Our purpose in
this section is to prove a high-probability spectral norm bound without any logarithmic factor in the
main term.

The first step toward proving Theorem B.1 is to decouple L = Z2 ◦ Z: If Z′ is an independent
copy of Z, then we will show that it suffices to bound ∥L̃∥ where L̃ = Z2 ◦ Z′. The benefit of this
decoupling—which is the main idea of the proof of Theorem B.1—is that, if we decouple and then
condition on Z, then the matrix L̃ has (conditionally) independent entries up to symmetry, so we
can apply Theorem F.1.

Lemma B.2 Let Z be as defined in Theorem B.1. Let Z′ be an independent copy of Z. Define the
matrices L = Z2 ◦ Z and L̃ = Z2 ◦ Z′. There exists an absolute constant C > 0 such that for all
t > 0,

P {∥L∥ > t} ≤ CP{C∥L̃∥ > t} .

Proof We will prove this result by applying the decoupling inequalities of de la Peña and Giné
(2012), which means that we need to find a way to write L and L̃ in the form described there,
namely as functions of some underlying independent random variables. The entries of Z are not
independent, because of the symmetry. However, if we (abusively) write Z{i,j} for the common
value Zij = Zji when {i, j} ∈

(
[n]
2

)
(i.e., {i, j} is an unordered pair with i ̸= j), then the random
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variables Z{i,j} are independent as {i, j} ranges over
(
[n]
2

)
. They take values in Ω = [−1, 1].

Let Jn ⊂
(
[n]
2

)3
be the set of ordered triples of distinct elements of

(
[n]
2

)
. For each such triple

({i, j′}, {j, k′}, {k, i′}), define the function h{i,j′},{j,k′},{k,i′} : Ω3 → B, where B is the separable
Banach space of real-symmetric n× n matrices equipped with the spectral norm, by

h{i,j′},{j,k′},{k,i′}(x, y, z) =
1

2
xyz · 1{({i, j′}, {j, k′}, {k, i′}) form a triangle} · (eie⊤j′ + ej′e

⊤
i ),

where ei is the ith standard basis vector, and where we say that ({i, j′}, {j, k′}, {k, i′}) form a
triangle if all pairs of unordered pairs have nonempty intersection (i.e., if the triple is really of the
form ({a, b}, {b, c}, {a, c}) up to reordering). Let (Z(a)

{i,j}){i,j}∈([n]
2 )

for a = 1, 2, 3 be independent

copies of (Z{i,j}){i,j}∈([n]
2 )

. For a, b, c ∈ {1, 2, 3}, write

Sabc :=
∑

({i,j′},{j,k′},{k,i′})∈Jn

h{i,j′},{j,k′},{k,i′}(Z
(a)
ij′ ,Z

(b)
jk′ ,Z

(c)
ki′).

Then S111 has the same law as L, whereas S122 has the same law as L̃ = Z2 ◦Z′. By the decoupling
inequality in (de la Peña and Giné, 2012, Theorem 3.4.1), applied to the independent variables
indexed by

(
[n]
2

)
, there is a universal constant C1 > 0 such that

P{∥S111∥ > t} ≤ C1P{C1∥S123∥ > t}.

Next, conditional on (Z
(1)
{i,j}){i,j}∈([n]

2 )
, the sum S123 is an order-two decoupled U -statistic in the

second and third coordinates. In other words, we can write it as

S123 =
∑

({j,k′},{k,i′})∈J̃n

h̃{j,k′},{k,i′}(Z
(2)
jk′ ,Z

(3)
ki′ ),

where J̃n ⊂
(
[n]
2

)2
is the set of ordered pairs of distinct elements of

(
[n]
2

)
and

h̃{j,k′},{k,i}(y, z)

=
yz

2

 ∑
{i,j′}∈([n]

2 )\{{j,k′},{k,i}}

1{({i, j′}, {j, k′}, {k, i′}) form a triangle}Z(1)
ij′ (eie

⊤
j′ + ej′e

⊤
i )

 .

Notice that these kernels are symmetric in the sense that h̃p1,p2(y, z) = h̃p2,p1(z, y). Hence the
reverse decoupling inequality in (de la Peña and Giné, 2012, Theorem 3.4.1), applied conditionally
on (Z

(1)
{i,j}){i,j}∈([n]

2 )
, gives a universal constant C2 > 0 such that

P{C1∥S123∥ > t} ≤ C2P{C1C2∥S122∥ > t}.

Combining the above two inequalities gives the desired result.

As previously mentioned, the crux of the proof of Theorem B.1 is an application of Theo-
rem F.1 of Bandeira and Van Handel to the partially decoupled matrix L̃. To apply Theorem F.1, we
need good control of the variables σ and σ∗, which is given by the following two lemmas.
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Lemma B.3 Assume Z ∈ Rn×n satisfies the hypotheses of Theorem B.1. For all i ∈ [n], define

σi :=

√ ∑
j∈[n]\{i}

(Z2)2ij ,

where, for a matrix X ∈ Rn×n, we write X2
ij = (Xij)

2. Then there is an absolute constant C > 0

such that if δ ∈ (0, 1) satisfies nK ≥ log(n/δ) and n ≥ log3(n/δ), then the following holds. With
probability at least 1− δ, we have that for all i ∈ [n],

σi ≤ C
(
nK + n1/4K1/4 log5/4(n/δ)

)
.

Lemma B.4 Assume Z ∈ Rn×n satisfies the hypotheses of Theorem B.1. Then there is an absolute
constant C > 0 such that the following holds for any δ ∈ (0, 1). With probability at least 1− δ, we
have that for all i, j ∈ [n],

|(Z2)ij | ≤ C
(
n1/2K log1/2(n/δ) + log(n/δ)

)
.

We first prove Theorem B.1 using Theorem F.1 and Lemmas B.3 and B.4.
Proof of Theorem B.1 Let Z′ be an independent copy of Z and let L̃ := Z2 ◦ Z′. By Lemma B.2,
it suffices to prove the tail bound with L̃ in place of L. In the sequel, we condition on a realization
of Z such that the bounds in Lemmas B.3 and B.4 hold, and all the probabilities and expectations
are with respect to Z′ conditional on Z. Define the quantities

σ := max
i=1,...,n

√√√√ n∑
j=1

E
[(
L̃ij
)2]

, σ∗ := max
i,j=1,...,n

∥L̃ij∥∞ .

Since E(Z′
ij)

2 ≤ K, by the bound in Lemma B.3, we obtain

σ = max
i=1,...,n

√ ∑
j∈[n]\{i}

(Z2)2ijE(Z′
ij)

2 ≤ C
√
K
(
nK + n1/4K1/4 log5/4(n/δ)

)
.

Since ∥Z′
ij∥∞ ≤ 1, by the bound in Lemma B.4, we obtain

σ∗ = max
i,j=1,...,n

|(Z2)ij | · ∥Z′
ij∥∞ ≤ C

(
n1/2K log1/2(n/δ) + log(n/δ)

)
.

We then claim that, for any δ ∈ (0, 1), we have

∥L̃∥ ≲ σ + σ∗
√
log(n/δ)

≲
√
K
(
nK + n1/4K1/4 log5/4(n/δ)

)
+
(
n1/2K log1/2(n/δ) + log(n/δ)

)√
log(n/δ)

≲ nK3/2 + n1/2K log(n/δ) + log3/2(n/δ)

with probability at least 1− δ. The first and second steps use Theorem F.1 and the estimates earlier
in this proof. In the third step, we use our assumption that nK ≥ log5/3(n/δ), so that log(n/δ) ≤
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(nK)3/5 and thus log5/4(n/δ) ≤ (nK)3/4. This implies that n1/4K3/4 log5/4(n/δ) ≤ nK3/2.
Taking a union bound completes the proof.

Proof of Lemma B.3 Fix i ∈ [n]. Let Zi denote the ith column of Z. Note that

σ2i =
∑

j∈[n]\{i}

⟨Zi,Zj⟩2 .

If we define the quantities

S1 :=
∑

j,r∈[n]\{i}
j ̸=r

Z2
irZ

2
jr , S2 :=

∑
j,r,s∈[n]\{i}

all distinct

ZirZjrZisZjs ,

then σ2i = S1 + S2.
Using the fact that ∥Z2

jr∥∞ ≤ 1, EZ2
jr ≤ K, and Var[Z2

jr] ≤ K, Bernstein’s inequality
implies that for all r ∈ [n] \ {i}, the event

∑
j∈[n]\{i,r}

Z2
jr ≲ nK +

√
nK log

(n
δ

)
+ log

(n
δ

)
≲ nK (24)

occurs with probability at least 1− δ/n, using the assumption nK ≥ log(n/δ). Hence by applying
(24) n times (n− 1 times corresponding with the indexes r ∈ [n] \ {i} and once to the sum over r),
we find that the event

S1 =
∑

r∈[n]\{i}

Z2
ir

∑
j∈[n]\{i,r}

Z2
jr ≲ nK

∑
r∈[n]\{i}

Z2
ir ≲ n2K2

occurs with probability at least 1− δ, which follows from a union bound.
To bound S2, first define Brs :=

∑
j∈[n]\{i,r,s} ZjrZjs for all r, s ∈ [n] \ {i} such that r ̸= s.

The quantities Brs satisfy
S2 =

∑
r∈[n]\{i}

Zir
∑

s∈[n]\{i,r}

ZisBrs .

Let {Z′
ij}j∈[n]\{i} be an independent copy of the collection {Zij}j∈[n]\{i}, and define

S′
2 :=

∑
r∈[n]\{i}

Zir
∑

s∈[n]\{i,r}

Z′
isBrs . (25)

For all (r, s) ∈ ([n] \ {i})2 such that r ̸= s, define hr,s : R2 → R by

hr,s(x, y) := xy ·Brs .

Since
S2 =

∑
(r,s)∈([n]\{i})2

r ̸=s

hr,s(Zir,Zis) ,
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we can apply the decoupling inequality in Theorem 3.4.1 from de la Peña and Giné (2012) to deduce
that for all t > 0,

P {|S2| ≥ t} ≤ C · P
{
C · |S′

2| ≥ t
}

(26)

for an absolute constant C > 0. (Notice that, although the functions hr,s are random, the collection
(Brs)r,s∈[n]\{i} is independent of the collection (Zir)r∈([n]\{i}), because the former sees neither the
ith row nor the ith column of Z. Thus we can first condition on Brs, retaining the independence of
the Zir’s necessary to apply de la Peña and Giné (2012), then use that C is universal to see that the
bound also holds unconditionally.)

We will apply Bernstein’s inequality three times iteratively to the terms in (25). First, since
∥ZjrZjs∥∞ ≤ 1 and Var[ZjrZjs] ≤ K2, Bernstein’s inequality implies that for all r, s ∈ [n] \ {i}
with r ̸= s, the event

|Brs| ≲
√
nK2 log

(n
δ

)
+ log

(n
δ

)
(27)

occurs with probability at least 1− δ/n2. For all r ∈ [n] \ {i}, define

Dr :=
∑

s∈[n]\{i,r}

Z′
isBrs .

For fixed values of Brs for s ∈ [n] \ {i, r}, Bernstein’s inequality implies that the event

|Dr| =

∣∣∣∣∣∣
∑

s∈[n]\{i,r}

Z′
isBrs

∣∣∣∣∣∣ ≲
√ ∑
s∈[n]\{i,r}

KB2
rs log

(n
δ

)
+max

s
|Brs| log

(n
δ

)
(28)

occurs with probability at least 1− δ/n. We claim that conditioning on (27) for all s ∈ [n] \ {i, r}
and applying (28) will give

|Dr| ≲ nK3/2 log
(n
δ

)
+ log2

(n
δ

)
(29)

with probability at least 1−δ/n. Indeed, let Z̃ be the principal submatrix of Z indexed by [n]\{i, r},
and let w = (Zjr)j∈[n]\{i,r}. Then (Brs)s∈[n]\{i,r} = Z̃w as a column vector. By Theorem F.1 and
Bernstein’s inequality, with probability at least 1− δ/n,

∥Z̃∥ ≲
√
nK +

√
log(n/δ) ≲

√
nK, ∥w∥22 ≲ nK +

√
nK log(n/δ) + log(n/δ) ≲ nK,

where we use nK ≥ log(n/δ). Thus
∑

s∈[n]\{i,r}B
2
rs ≤ ∥Z̃∥2∥w∥22 ≲ n2K2. Combining this with

(27) and (28) gives

|Dr| ≲ nK3/2 log1/2
(n
δ

)
+ n1/2K log3/2

(n
δ

)
+ log2

(n
δ

)
.

The assumption nK ≥ log(n/δ) implies n1/2K log3/2(n/δ) ≤ nK3/2 log(n/δ), proving (29).
Now for fixed values of Dr for r ∈ [n] \ {i}, Bernstein’s inequality implies that the event

|S′
2| =

∣∣∣∣∣∣
∑

r∈[n]\{i}

ZirDr

∣∣∣∣∣∣ ≲
√ ∑
r∈[n]\{i}

KD2
r log

(n
δ

)
+max

r
|Dr| log

(n
δ

)
(30)
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occurs with probability at least 1 − δ. (Notice that the collections (Dr)r∈[n]\{i} and (Zir)r∈[n]\{i}
are independent, so we can indeed fix the values of Dr.) Hence if we condition on (29) for all
r ∈ [n] \ {i} and apply (30) together with (26), then we find that the event

|S2| ≲ n3/2K2 log3/2
(n
δ

)
+ n1/2K1/2 log5/2

(n
δ

)
(31)

occurs with probability at least 1− δ, using the assumption nK ≥ log(n/δ). Using a union bound
over the above events, the probability of (31) is at least 1− 3δ.

Hence combining our bounds for S1 and S2 together with the assumption n ≥ log3(n/δ), we
find that the event

σ2i ≲ n2K2 + n1/2K1/2 log5/2
(n
δ

)
occurs with probability at least 1− 4δ, completing the proof.

Proof of Lemma B.4 We will use that ∥ZikZjk∥∞ ≤ 1 and VarZikZjk ≤ K2, which holds for all
distinct i, j, k ∈ [n]. Using Bernstein’s inequality, we have that for any δ ∈ (0, 1), with probability
at least 1− δ/n2,

|(Z2)ij | =

∣∣∣∣∣∣
∑

k∈[n]\{i,j}

ZikZjk

∣∣∣∣∣∣ ≤ C
(√

nK2 log(n/δ) + log(n/δ)
)

for an absolute constant C > 0. Taking a union bound completes the proof.

Appendix C. Additional proofs for the semidefinite program

This section is devoted to Lemma C.1, a key step in the proof of Theorem 2.6. We will refer
repeatedly to our assumptions on n, k, p, d, and δ:

(A1) np3/2 = ω((d log n)2) , (A2) kp3/4 ≥ Cn1/2d ,

where C > 0 is a sufficiently large constant.

Lemma C.1 For all fixed ϵ ∈ (0, 1), if η is defined as in (14) and (A1) and (A2) hold, then for all
large enough n depending on ϵ, we have η > (1− ϵ) ·p3k2/d2 with probability at least 1−n−10/2.

Proof Let δ := n−10/2. Recall that η := min1≤i≤k(Mξ)i − maxk<i≤n |(Mξ)i|. The proof
resembles the spectral method in Section 3 and analyzes the two cases 1 ≤ i ≤ k and k < i ≤ n.
In both cases we have (Mξ)i =

∑k
j=1Mij .

Case 1: i ≤ k. By (9), it holds that
k∑
j=1

Mij ≥ p3
k∑
j=1

(K2 ◦K)ij︸ ︷︷ ︸
T1

− p2
∣∣∣∣ k∑
j=1

(K2)ijWij

∣∣∣∣︸ ︷︷ ︸
T2

− p

∣∣∣∣ k∑
j=1

(W2)ijKij

∣∣∣∣︸ ︷︷ ︸
T3

−
∣∣∣∣ k∑
j=1

(W2)ijWij

∣∣∣∣︸ ︷︷ ︸
T4

− p2
∣∣∣∣ k∑
j=1

(K#W +WK#)ijKij

∣∣∣∣︸ ︷︷ ︸
T5

− p

∣∣∣∣ k∑
j=1

(K#W +WK#)ijWij

∣∣∣∣︸ ︷︷ ︸
T6

.
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Case 2: i > k. By (9), it holds that∣∣∣∣ k∑
j=1

Mij

∣∣∣∣ ≤ ∣∣∣∣ k∑
j=1

(W2)ijWij

∣∣∣∣︸ ︷︷ ︸
T7

+ p

∣∣∣∣ k∑
j=1

(WK#)ijWij

∣∣∣∣︸ ︷︷ ︸
T8

since all the other terms vanish for i > k.
For all 1 ≤ i ≤ k and k < j ≤ n, define the event

Eij :=

{
(Mξ)i − |(Mξ)j | ≤ (1− ϵ)

p3k2

d2

}
.

Using the inclusion

Eij ⊆
{
T1 ≤

(
1− ϵ

2

) p3k2
d2

}
∪

8⋃
l=2

{
Tl ≥

ϵ

14

p3k2

d2

}
,

we calculate that

P
{
η ≤ (1− ϵ)

p3k2

d2

}
≤
∑

1≤i≤k

∑
k<j≤n

P {Eij}

≤ n2

(
P
{
T1 ≤

(
1− ϵ

2

) p3k2
d2

}
+

8∑
i=2

P
{
Ti ≥

ϵ

14

p3k2

d2

})
.

We will show in the second half of the proof that assumptions (A1) and (A2) imply the right-hand
sides of Lemmas C.3 to C.5, C.7 and C.8 are all o(p3k2/d2) after multiplying by the corresponding
factor of p. For the moment, we use this fact to complete the proof of the lemma. We apply
Lemma C.2 with λ = 1 − ϵ/2 and Lemmas C.3 to C.5, C.7 and C.8 with δ = n−12/8. Notice that
T7 is the same as T4; additionally, T8 appears as the object S2 in the proof of Lemma C.8, so the
bound from Lemma C.8 also bounds T8. We then obtain

P
{
η ≤ (1− ϵ)

p3k2

d2

}
≤ n2

(
e−ck/d +

7

n12

)
≤ e−ck/2d +

7

8n10
≤ 1

n10
,

where in the last step we used that k/d ≫ log n, which follows easily from (A2) (this also implies
that k ≥ d+ log(1/δ), which we needed to apply these lemmas).

It remains to verify the right-hand sides of Lemmas C.3 to C.5, C.7 and C.8 are o(p3k2/d2)
after multiplying by the corresponding factor of p. We will repeatedly use the following easy con-
sequences of (A1) and (A2). Let L := log(1/δ), Lk := log(k/δ), and Ln := log(n/δ). Since
δ = n−10/2, we have Ln ≲ log n. From (A2), we have pk ≥ Cn2/3d4/3k−1/3, hence

d log4/3 n

pk
≲

d log4/3 n

n2/3d4/3k−1/3
=
k1/3 log4/3 n

n2/3d1/3
≤ log4/3 n

n1/3
= o(1) . (32)

We verify the terms one at a time:
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(LC.3) Dividing by p3k2/d2, the two constituent terms become
√
dL/pk and dL/pk, respec-

tively, which are o(1) by L ≲ log n and (32).

(LC.4) For the first term, we calculate

p2
√
nk/dLn

p3k2/d2
=
d3/2

√
nLn

pk3/2
≲ log n ·

( d

nk

)1/6
= o(1) ,

where the inequality used Ln ≲ log n and (A2) in the form p ≳ (
√
nd/k)4/3. For the

second term,
p
√
kp/dL2

n

p3k2/d2
=

(
dL

4/3
n

pk

)3/2

= o(1) ,

where we used Ln ≲ log n and (32).

(LC.5) For the first term, we calculate
√
nkp3/2

√
L

p3k2/d2
=

d2
√
nL

p3/2k3/2
= o(1) ,

where the o(1) follows since d2
√
nL

p3/2k3/2
= o(1) is equivalent to k ≫ (nL)1/3d4/3/p, which

in turn holds for the following reason: (A2) asserts k ≳
√
nd/p3/4, and taking the ratio

R :=
(nL)1/3d4/3/p
√
nd/p3/4

=
(dL)1/3

n1/6p1/4
,

we notice that R = o(1) if and only if np3/2 ≫ (dL)2, which is precisely (A1). For the
second term,

p
√
kL

3/2
n

p3k2/d2
=
d2L

3/2
n

p2k3/2
≲
k7/6(log n)3/2

n4/3d2/3
≤ log3/2 n

n1/6d2/3
= o(1) ,

where the first inequality uses Ln ≲ log n and (A2) in the form p2 ≳ (
√
nd/k)8/3, and

the second inequality uses k ≤ n. For the third term, the condition L2
n

p3k2/d2
= o(1) is

equivalent to k ≫ (dLn)/p
3/2, which holds for the following reason: again comparing

with the condition k ≳
√
nd/p3/4 from (A2), the ratio

dLn/p
3/2

√
nd/p3/4

=
Ln√
np3/4

is o(1) if and only if np3/2 ≫ L2
n, which holds by (A1).

(LC.7) Identical to (LC.3).

(LC.8) For the first term, we calculate

p2kLk/
√
d

p3k2/d2
=
d3/2Lk
pk

≲
d1/6k1/3 log n

n2/3
≤ d1/6 log n

n1/3
= o(1) ,
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where we used Lk ≲ log n and (A2) in the form p ≳ (
√
nd/k)4/3. Finally, (A2) implies

d ≲ k/
√
n ≤

√
n, hence d1/6 logn

n1/3 ≲ logn
n1/4 = o(1). For the second term,

p
√
pk/dL2

k

p3k2/d2
=

d3/2L2
k

p3/2k3/2
≲

√
k(log n)2

n
√
d

≤ (log n)2√
n

= o(1) ,

where we used Lk ≲ log n and then (A2) in the form p3/2 ≳ (
√
nd/k)2 = nd2/k2.

Having verified the right-hand sides of Lemmas C.3 to C.5, C.7 and C.8 are of the correct order, the
proof is complete.

Lemma C.2 Let S :=
∑k

j=1(K
2 ◦K)1j . For every fixed λ ∈ (0, 1) there exists a constant c > 0

such that

P
{
S ≤ λ

k2

d2

}
≤ e−ck/d .

Proof Throughout the proof we condition on X1. We can rewrite

S =
∑

2≤j,l≤k
j ̸=l

⟨X1, Xj⟩⟨X1, Xl⟩⟨Xj , Xl⟩ . (33)

Define the centered kernel h : (Sd−1)2 → R by

h(x, y) := ⟨X1, x⟩⟨X1, y⟩⟨x, y⟩ −
1

d
⟨X1, x⟩2 −

1

d
⟨X1, y⟩2 +

1

d2
. (34)

For Y ∼ Unif(Sd−1) and any fixed x ∈ Sd−1, we have

EY [⟨X1, x⟩⟨X1, Y ⟩⟨x, Y ⟩ |X1] = ⟨X1, x⟩ ·X⊤
1 E[Y Y ⊤]x =

1

d
⟨X1, x⟩2 ,

EY [⟨X1, Y ⟩2 |X1] =
1

d
⟨X1, X1⟩2 =

1

d
,

which implies
EY [h(x, Y ) |X1] = 0 . (35)

By symmetry the same holds with x and y swapped.
Writing Wj := ⟨X1, Xj⟩2 − 1/d, we directly expand (33) and (34) to obtain

S = µ+
2(k − 2)

d

k∑
j=2

Wj + U , µ :=
(k − 1)(k − 2)

d2
, U :=

∑
2≤j,l≤k
j ̸=l

h(Xj , Xl). (36)

In particular, E[S |X1] = µ. If we set t := (1− λ)µ then we find from (36) that

{S ≤ µ− t} ⊆
{
U ≤ − t

2

}
∪
{
2(k − 2)

d

k∑
j=2

Wj ≤ − t

2

}
. (37)
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We will bound the two terms separately.
The random variables W2, . . . ,Wk are independent given X1, satisfy ∥Wj∥ψ1 ≲ 1/d, and are

mean-zero. Hence by the subexponential Bernstein inequality (e.g. Theorem 2.8.1 in Vershynin
(2018)) conditional on X1, there exists c > 0 such that

P
{ k∑
j=2

Wj ≤ −s
}

≤ exp

(
−cmin

{
s2d2

k
, sd

})

for all s > 0. Taking s := td
4(k−2) =

(1−λ)(k−1)
4d , we obtain

P
{
2(k − 2)

d

k∑
j=2

Wj ≤ − t

2

}
≤ e−c(1−λ)

2k . (38)

We now move on to the U-statistic term. Let X′ := {X ′
j}j∈[k] and X′′ := {X ′′

j }j∈[k] be
independent copies of {Xj}j∈[k], and define the decoupled U-statistic

U ′ :=
∑

2≤j,l≤k
j ̸=l

h(X ′
j , X

′′
l ) .

By the decoupling inequality for order-2 U -statistics (de la Peña and Montgomery-Smith, 1995,
Theorem 1), there is an absolute constant C ′ > 0 such that for all x > 0,

P {|U | ≥ x} ≤ C ′ · P
{
C ′ · |U ′| ≥ x

}
. (39)

We now estimate tail probabilities for U ′ using an exponential inequality for U -statistics due to Giné
et al., which we apply conditionally on X1. Equation (35) shows that, conditional on X1, the kernel
h is canonical in the sense needed to apply (Giné et al., 2000, Theorem 3.3). This result is written
in terms of various norms and expectations of h, which we now estimate using the simpler forms of
A, B, C, and D appearing before (Giné et al., 2000, Corollary 3.4).
Bound for A. It is easy to see that A = ∥h∥∞ ≤ 1 + 2/d+ 1/d2 ≤ 4.
Bounds for B and C. We will use that for any fixed v, w ∈ Sd−1,

E[⟨v, Y ⟩2⟨w, Y ⟩2] = 1 + 2⟨v, w⟩2

d(d+ 2)
.

For any fixed x ∈ Sd−1, using (a+ b+ c+ d)2 ≤ 4(a2 + b2 + c2 + d2), we find that there exists a
universal constant C > 0 such that

EY [h(x, Y )2 |X1] ≤ 4EY [⟨X1, x⟩2⟨X1, Y ⟩2⟨x, Y ⟩2]

+
4

d2
⟨X1, x⟩4 +

4

d2
EY [⟨X1, Y ⟩4] + 4

d4

≤ 4⟨X1, x⟩2
1 + 2⟨X1, x⟩2

d(d+ 2)
+O

(
1

d2

)
≤ C

d2
. (40)

The same estimate holds with x and Y interchanged, hence

B2 = (k − 1)
(
∥EY h(·, Y )2∥∞ + ∥EXh(X, ·)2∥∞

)
≲

k

d2
,
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where the implicit constant is universal. Similarly, taking expectation of (40) over x = X and using
E[⟨X1, X⟩2] = 1/d gives E[h(X,Y )2] ≲ 1/d3, which implies

C2 = (k − 1)2 E[h(X,Y )2] ≲
k2

d3
,

where the implicit constant is again universal.
Bound for D. From (Giné et al., 2000, p. 20), we have D = (k − 1)∥h∥L2→L2 and ∥h∥L2→L2 ≤
∥h∥L2 =

√
E[h(X,Y )2] by Cauchy–Schwarz. Thus since E[h(X,Y )2] ≲ 1/d3,

D ≤ (k − 1)∥h∥L2 ≲
k

d3/2
,

where the implicit constant is universal.
Using the above bounds on A, B, C, and D, we apply (Giné et al., 2000, Theorem 3.3) to U ′,

conditional on X1, to obtain for all x > 0,

P
{
|U ′| ≥ x |X1

}
≤ L exp

(
− 1

L
min

{
x2

C2
,
x

D
,
x2/3

B2/3
,
x1/2

A1/2

})
,

where L > 0 is an absolute constant. Applying our upper bounds for A, B, C, and D (which do not
depend on X1), and then taking expectations over X1 and using (39) gives

P {|U | ≥ x} ≤ C exp

(
− cmin

{
x2d3

k2
,
xd3/2

k
,
x2/3d2/3

k1/3
, x1/2

})
.

Setting x := t/2 = (1− λ)µ/2 and using µ ∼ k2/d2 yields

P
{
U ≤ − t

2

}
≤ P

{
|U | ≥ t

2

}
≤ C exp

(
−ck

d

)
, (41)

where we used that λ is fixed and the last term in the minimum dominates. Combining (37), (38),
and (41) completes the proof.

Lemma C.3 There is an absolute constant C > 0 such that the following holds. Assume k ≥
d+ log(1/δ). For all 1 ≤ i ≤ k and δ ∈ (0, 1),∣∣∣∣ k∑

j=1

(K2)ijWij

∣∣∣∣ ≤ C

(√
pk3

d3
log

(
1

δ

)
+
k

d
log

(
1

δ

))

with probability at least 1− δ.

Proof Fix 1 ≤ i ≤ k. Let S :=
∑k

j=1(K
2)ijWij and Bj := (K2)ij for all j ∈ [k] \ {i}.

Throughout the proof, we condition on Xi. We have Var[Wij |K] ≤ 2p, so conditioned on K,
Bernstein’s inequality implies

|S| ≲

√√√√p

( ∑
j∈[k]\{i}

B2
j

)
log

(
1

δ

)
+

(
max

j∈[k]\{i}
|Bj |

)
log

(
1

δ

)
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with probability at least 1− δ/3. In the remainder, we will show that the events

∑
j∈[k]\{i}

B2
j ≲

k3

d3
+
k5/2

d3

√
log

(
1

δ

)
, max

j∈[k]\{i}
|Bj | ≲

k

d
, (42)

occur with probability 1 − 2δ/3. It is easy to check that the statement of the lemma follows from
the above bound on |S|, (42), and the assumption k ≥ d+ log(1/δ).

If we define the quantities

Y :=

k∑
l=1

KilXl , Z := (Kij)j∈[k]\{i} , G :=
∑

l∈[k]\{i}

XlX
⊤
l ,

then Bj = ⟨Xj , Y ⟩ −Kij and∑
j∈[k]\{i}

B2
j = Y ⊤GY − 2∥Y ∥2 + ∥Z∥2

≤ ∥G∥∥Y ∥2 + ∥Z∥2 ≤ ∥G∥2∥Z∥2 + ∥Z∥2 .
(43)

To see the last inequality in (43), let H ∈ R(k−1)×d have rows (X⊤
l )l∈[k]\{i}, and notice

∥Y ∥2 =
k∑

l,m=1

KilKim⟨Xl, Xm⟩ = Z⊤(HH⊤)Z ≤ ∥HH⊤∥∥Z∥2 = ∥G∥∥Z∥2 ,

since ∥HH⊤∥ = ∥H⊤H∥ = ∥G∥. Using that EG = k−1
d Id, concentration of the sample covari-

ance matrix (e.g., Theorem 5.7 in Rigollet and Hütter (2023)) implies the event

∥G∥ ≲
k

d
+
k

d

(√
d+ log(1/δ)

k
+
d+ log(1/δ)

k

)
≍ k

d

occurs with probability at least 1− δ/6, where we used k ≥ d+ log(1/δ). Since E[K2
ij ] = 1/d and

∥K2
ij − 1/d∥ψ1 ≲ 1/d, the subexponential Bernstein inequality implies

∥Z∥2 ≲ k

d
+

1

d

√
k log

(
1

δ

)
+

1

d
log

(
1

δ

)
(44)

with probability at least 1 − δ/6. Continuing from (43) and using our bounds on ∥G∥ and ∥Z∥2,
and dropping redundant terms (using the assumption k ≥ d+ log(1/δ)), we find that the event

∑
j∈[k]\{i}

B2
j ≲

(
k

d

)2
(
k

d
+

1

d

√
k log

(
1

δ

))
=
k3

d3
+
k5/2

d3

√
log

(
1

δ

)

occurs with probability at least 1− δ/3, which yields the first bound in (42).
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We now prove the bound on maxj |Bj |. We have Bj =
∑k

l=1KilKjl. Conditional on Xi and
Xj , the summands KilKjl have mean Kij/d and ψ1-norm ≲ 1/d. Hence by the subexponential
Bernstein inequality and a union bound, the event

max
j∈[k]\{i}

|Bj | ≲
k

d
+

1

d

(√
k log

(
k

δ

)
+ log

(
k

δ

))
≲
k

d

occurs with probability at least 1− δ/3, where we again used k ≥ d+ log(1/δ).

Lemma C.4 There is an absolute constant C > 0 such that if (A2) holds, then we have the follow-
ing. Assume k ≥ d+ log(1/δ). For all 1 ≤ i ≤ k and δ ∈ (0, 1),∣∣∣∣ k∑

j=1

(W2)ijKij

∣∣∣∣ ≤ C

(
p

√
nk

d
log
(n
δ

)
+

√
kp

d
log2

(n
δ

))

with probability at least 1− δ.

Proof Fix 1 ≤ i ≤ k. Let W′ be a conditionally independent copy of W given K. Define the sums

S :=
k∑
j=1

n∑
l=1

WilWjlKij , S′ :=
k∑
j=1

n∑
l=1

WilW
′
jlKij . (45)

For all l ∈ [n] \ {i} let Bl :=
∑k

j=1W
′
jlKij , so that S′ =

∑n
l=1WilBl. We claim that there exists

a universal c such that, for all t > 0, we have the decoupling inequality

P(|S| ≥ t) ≤ cP(c|S′| ≥ t). (46)

This will follow from Theorem 3.4.1 in de la Peña and Giné (2012), applied conditionally on K, if
we can write S and S′ as sums of functions of independent random variables. As in the proof of
Lemma B.2, when {i, j} ∈

(
[n]
2

)
, we write W{i,j} for the common value Wij = Wji. These are

conditionally independent given K, and take values in Ω = [−1, 1]. Let Jn ⊂
(
[n]
2

)2
be the set of

ordered pairs of distinct elements. Say that ({a, b}, {c, d}) ∈ J2 is “good” if {a, b} ∩ {c, d} ≠ ∅
and i ∈ {a, b} \ {c, d}. Such pairs must actually be of the form ({a, b}, {c, d}) = ({i, ℓ}, {j, ℓ})
for some j, ℓ ∈ [n] \ {i}. Write Jgood

n for the set of all such pairs, and η : J
good
n → [n] \ {i} for the

function which “extracts j” in the sense of returning the element which is neither i nor shared. This
is all well-defined, and it allows us to define h{a,b},{c,d} : Ω2 → R by

h{a,b},{c,d}(x, y) = xy1{({a, b}, {c, d}) is good}(K#)i,η({a,b},{c,d}).

With this definition, one can check that

S =
n∑

j,ℓ=1

WiℓWjℓ(K
#)ij =

∑
({a,b},{c,d})∈Jn

h{a,b},{c,d}(Wab,Wcd)

S′ =
n∑

j,ℓ=1

WiℓWjℓ(K
#)ij =

∑
({a,b},{c,d})∈Jn

h{a,b},{c,d}(Wab,W
′
cd),
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so that Theorem 3.4.1 of de la Peña and Giné (2012) indeed implies (46).
Conditional on K and W′, the random variables {BlWil}l∈[n]\{i} are independent, centered,

bounded in absolute value by |Bl|, and have variance at most 2pB2
l . Hence Bernstein’s inequality

implies

|S′| ≲

√√√√p

( ∑
l∈[n]\{i}

B2
l

)
log
(1
δ

)
+
(

max
l∈[n]\{i}

|Bl|
)
log
(1
δ

)
(47)

with conditional probability at least 1− δ/(3c).
We first bound the variance term. For each l ∈ [n] \ {i}, let us define Yl :=

∑k
j=1W

′
jlXj so

that Bl = X⊤
i Yl. We then calculate that∑

l∈[n]\{i}

B2
l ≤ X⊤

i X
⊤W′

1:k,:(W
′
1:k,:)

⊤XXi ≤ ∥X∥2∥W′∥2 .

By concentration of the sample covariance matrix, with probability at least 1− δ/(6c),

∥X∥2 = ∥X⊤X∥ ≲
k

d
+

1

d
log
(1
δ

)
≲
k

d

where we used k ≥ d+ log(1/δ).
Conditional on K, the entries of W′ are independent, centered, bounded by 1, and have vari-

ance at most 2p. Applying Lemma C.6 to W′ with δ/(6c) in place of δ, we obtain

∥W′∥ ≲
√
np+

√
log
(n
δ

)
with conditional probability at least 1− δ/(6c) given K. Combining these bounds, we obtain∑

l∈[n]\{i}

B2
l ≲ ∥X∥2∥W′∥2 ≲ k

d
·
(
np+ log

(n
δ

))
(48)

with probability at least 1− δ/(3c).
To control the second term in (47), if we condition on K, Bernstein’s inequality and a union

bound yield

max
l∈[n]\{i}

|Bl| ≲

√√√√p

( ∑
j∈[k]\{i}

K2
ij

)
log
(n
δ

)
+ log

(n
δ

)
with probability at least 1 − δ/(6c). The bound from (44) applies directly to

∑
j∈[k]\{i}K

2
ij with

probability at least 1− δ/(6c), so we obtain

max
l∈[n]\{i}

|Bl| ≲
√
pk

d
log
(n
δ

)
+ log

(n
δ

)
with probability at least 1 − δ/(3c), where we used k ≥ d + log(1/δ). By combining the bounds
for the variance and max terms, using the decoupling inequality, and k ≥ d+ log(1/δ), we obtain

p

√
nk

d
log
(n
δ

)
+

√
pk

d
log3/2

(
1

δ

)
+

√
pk

d
log2

(n
δ

)
+ log2

(n
δ

)
. (49)
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The second term in (49) is clearly at most the third term. The fourth term is at most the third term
since

√
pk/d ≥ 1, which in turn follows from (A2). Indeed, (A2) and k ≤ n imply p ≳ n−2/3,

hence we have pk/d ≳
√
np1/4 ≳ n1/3 ≥ 1. This completes the proof of the lemma.

Lemma C.5 There is an absolute constant C > 0 such that we have the following. Let 1 ≤ i ≤ k
and δ ∈ (0, 1). If (A1), (A2), and δ ≥ n−C hold, then

∣∣∣∣ k∑
j=1

(W2)ijWij

∣∣∣∣ ≤ C

(
√
nkp3/2

√
log

(
1

δ

)
+ p

√
k log3/2

(n
δ

)
+ log2

(n
δ

))

with probability at least 1− δ.

Proof Fix 1 ≤ i ≤ k and let

S :=

k∑
j=1

n∑
l=1

WilWjlWij , S′ :=

k∑
j=1

n∑
l=1

WilW
′
ljW

′′
ij ,

where W′,W′′ ∈ Rn×k are conditionally independent copies of W given K. We claim that, for a
universal constant c > 0 and all t > 0,

P{|S| ≥ t} ≤ cP{c|S′| ≥ t}.

Conditional on K, the random variables {W{a,b}}{a,b}∈([n]
2 )

are independent. Let Jn ⊂
(
[n]
2

)3
be

the set of ordered triples of distinct unordered pairs. For ({a, b}, {c, d}, {e, f}) ∈ Jn, define

h{a,b},{c,d},{e,f}(x, y, z) = xyz · 1{{a, b}, {c, d}, {e, f} form a triangle}
· 1{i ∈ {a, b} ∩ {e, f}} · 1{{e, f} = {i, j} for some j ∈ [k]}.

The nonzero terms are exactly those with ({a, b}, {c, d}, {e, f}) = ({i, l}, {l, j}, {i, j}) for some
j ∈ [k] and l ∈ [n] \ {i, j}. Therefore, using the convention that the diagonal of W vanishes,

∑
({a,b},{c,d},{e,f})∈Jn

h{a,b},{c,d},{e,f}(Wab,Wcd,Wef ) =

k∑
j=1

n∑
l=1

WilWljWij = S,

and similarly

∑
({a,b},{c,d},{e,f})∈Jn

h{a,b},{c,d},{e,f}(Wab,W
′
cd,W

′′
ef ) =

k∑
j=1

n∑
l=1

WilW
′
ljW

′′
ij = S′.

Theorem 3.4.1 in de la Peña and Giné (2012), applied conditionally on K to the independent vari-
ables indexed by

(
[n]
2

)
, gives the desired conditional decoupling inequality. Taking expectations

over K gives the claimed unconditional version.
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LetBl :=
∑k

j=1W
′
ljW

′′
ij for l ∈ [n], so that S′ =

∑
l∈[n]BlWil. Conditional on K, W′, and

W′′, the variables {BlWil}l∈[n]\{i} are independent, centered, bounded in absolute value by |Bl|,
and have variance at most 2pB2

l . From Bernstein’s inequality,

|S′| ≲

√√√√p

( ∑
l∈[n]\{i}

B2
l

)
log

(
1

δ

)
+
(

max
l∈[n]\{i}

|Bl|
)
log

(
1

δ

)
(50)

with probability at least 1− δ/(3c).
Let us write B := (Bj)j∈[n]\{i} and V := ∥B∥2. Define the random vector Y := (W′′

ij)j∈[k]
with Yi := 0. We then have

V = ∥W′Y ∥2 −B2
i ≤ ∥W′∥2∥Y ∥2 .

From Lemma C.6 below, we have the bound ∥W′∥ ≲
√
np with conditional probability at least 1−

δ/(6c) given K, where the
√
log(n/δ) term is O(

√
np) due to (A1). Conditional on K, Bernstein’s

inequality implies

∥Y ∥2 ≲ kp+

√
kp log

(
1

δ

)
+ log

(
1

δ

)
≲ kp+ log

(
1

δ

)
with probability at least 1−δ/(6c). The fourth bullet point in the proof of Proposition 3.2 shows that
log(n) = o(kp) when (A2) holds; thus, since δ ≥ n−C , we have that ∥Y ∥2 ≲ kp with probability
at least 1− δ/(6c). It then follows that

V ≲ nkp2

with probability at least 1− δ/(3c).
We now bound the second term in (50). Conditional on K, the summands W′

ljW
′′
ij in Bl

are centered, bounded in absolute value by 1, and have variance at most 4p2, hence Bernstein’s
inequality and a union bound imply

max
l∈[n]\{i}

|Bl| ≲
√
kp2 log

(n
δ

)
+ log

(n
δ

)
with probability at least 1 − δ/(3c). Combining the above bounds and taking a union bound, we
have

|S′| ≲
√
nkp3/2

√
log

(
1

δ

)
+
√
kp log3/2

(n
δ

)
+ log2

(n
δ

)
with probability at least 1 − δ/c. The lemma now follows by applying the decoupling inequality
cited above to S and S′.

Lemma C.6 There is an absolute constant C > 0 such that the following holds. For all δ ∈ (0, 1),

∥W∥ ≤ C

(
√
np+

√
log
(n
δ

))
with conditional probability at least 1− δ given K.
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Proof Condition on K throughout the proof. If we define the quantities

σ := max
i=1,...,n

√√√√ n∑
j=1

E[W2
ij |K] , σ∗ := max

i,j=1,...,n
∥Wij∥∞ ,

then σ∗ ≤ 1 and σ2 ≤ 2np, since E[W2
ij |K] ≤ 2p. The hypotheses of Theorem F.1 are satisfied

for W since it is symmetric with independent centered entries above the diagonal. Hence applying
Theorem F.1 and taking t ≍

√
log(n/δ) implies the event

∥W∥ ≲ σ + t ≲
√
np+

√
log
(n
δ

)
occurs with probability at least 1− δ.

Lemma C.7 There is an absolute constant C > 0 such that the following holds. Assume k ≥
d+ log(1/δ). For all 1 ≤ i ≤ k and δ ∈ (0, 1),∣∣∣∣ k∑

j=1

(K#W +WK#)ijKij

∣∣∣∣ ≤ C

(√
pk3

d3
log

(
1

δ

)
+
k

d
log

(
1

δ

))

with probability at least 1− δ.

Proof Fix 1 ≤ i ≤ k. Define the sums

S :=

k∑
j=1

(K#W +WK#)ijKij , S1 :=
∑

1≤j<l≤k
KilWjlKij , S2 :=

k∑
j,l=1

WilKjlKij ,

so that S = 2S1 + S2. Notice |S2| is precisely the quantity analyzed in Lemma C.3 (applied with
δ/2), so it remains to bound |S1|. Conditional on K, the summands in S1 are independent, mean-
zero, and variance at most 2pK2

ilK
2
ij . Hence by applying Bernstein’s inequality given K, we have

that with probability at least 1− δ/2,

|S1| ≲

√√√√p

( ∑
1≤j<l≤k

K2
ijK

2
il

)
log

(
1

δ

)
+ log

(
1

δ

)

≲

(
k

d
+

1

d

√
k log

(
1

δ

)
+

1

d
log

(
1

δ

))√
p log

(
1

δ

)
+ log

(
1

δ

)

≲
k
√
p

d

√
log

(
1

δ

)
+ log

(
1

δ

)
,

where in the second inequality we used
∑

j<lK
2
ijK

2
il ≤ (

∑
j K

2
ij)

2 and applied (44) to the right-
hand side, and in the third inequality we used k ≥ d + log(1/δ). Combining the bounds for |S1|
and |S2|, and dropping redundant terms, implies the statement of the lemma.
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Lemma C.8 There is an absolute constant C > 0 such that the following holds. Assume (A2) and
k ≥ d+ log(1/δ). For all 1 ≤ i ≤ k and δ ∈ (0, 1),∣∣∣∣ k∑

j=1

(K#W +WK#)ijWij

∣∣∣∣ ≤ C

(
pk√
d
log

(
k

δ

)
+

√
pk

d
log2

(
k

δ

))

with probability at least 1− δ.

Proof Fix 1 ≤ i ≤ k. Define the sums

S :=
k∑
j=1

(K#W +WK#)ijWij , S1 :=
k∑

j,l=1

KilWjlWij , S2 :=
k∑

j,l=1

WilKjlWij ,

so that S = S1 + S2. First note that S1 is precisely S as defined in (45), except with the sum over
l ∈ [k] instead of j ∈ [n]. Hence it follows from Lemma C.4 (applied with δ/2 and n = k) that

|S1| ≲
pk√
d
log

(
k

δ

)
+

√
pk

d
log2

(
k

δ

)
with probability at least 1− δ/2.

We will now bound |S2|. Let c > 0 be the constant from the decoupling inequality for order-2
kernels (Theorem 3.4.1 in de la Peña and Giné (2012)). Let W′ be an independent copy of W (that
is, W and W′ are conditionally i.i.d. given K). Let Bl :=

∑k
j=1W

′
ijKjl for all l ∈ [k] \ {i}, and

define S′
2 :=

∑k
l=1BlWil. Conditional on K and W′, Bernstein’s inequality implies

|S′
2| ≲

√√√√p

( ∑
l∈[k]\{i}

B2
l

)
log

(
1

δ

)
+
(

max
l∈[k]\{i}

|Bl|
)
log

(
1

δ

)

with probability at least 1− δ/(6c).
Let Y :=

∑k
j=1W

′
ijXj , and let G ∈ Rd×d and H ∈ R(k−1)×d be defined as in Lemma C.3.

Also let Z := (W′
ij)j∈[k]\{i}. Notice that Bl = ⟨Y,Xl⟩ −W′

il, which implies

∑
l∈[k]\{i}

B2
l ≤ 2Y ⊤

 ∑
l∈[k]\{i}

XlX
⊤
l

Y + 2
∑

l∈[k]\{i}

(W′
il)

2

= 2Y ⊤GY + 2∥Z∥2 ≤ 2∥G∥∥Y ∥2 + 2∥Z∥2 .

From Lemma C.3 we have ∥G∥ ≲ k
d with probability at least 1 − δ/(18c). Conditional on X,

the random vectors Vj := W′
ijXj for j ∈ [k] \ {i} are independent, mean-zero, and satisfy

∥Vj∥ ≤ 1 and E[∥Vj∥2 |X] ≤ 2p. Thus from the vector Bernstein inequality (e.g. (Tropp, 2012,
Theorem 1.6)),

∥Y ∥ ≲

√
kp log

(
d

δ

)
+ log

(
d

δ

)
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with probability at least 1− δ/(18c). The scalar Bernstein inequality implies

∥Z∥2 ≲ kp+

√
kp log

(
1

δ

)
+ log

(
1

δ

)
with probability at least 1− δ/(18c). Combining the above three bounds, the event

∑
l∈[k]\{i}

B2
l ≲

k2p

d
log

(
d

δ

)
+
k

d
log2

(
d

δ

)

occurs with probability at least 1− δ/(6c).
For the maximum term, conditional on K, Bernstein’s inequality gives

|Bl| ≲

√√√√√p

 ∑
j∈[k]\{i}

K2
jl

 log

(
k

δ

)
+ log

(
k

δ

)

for all l ∈ [k] \ {i} with conditional probability at least 1 − δ/(12c). Further, applying (44) with
failure probability δ/(12ck) and taking a union bound over l ∈ [k] \ {i} gives

max
l∈[k]\{i}

∑
j∈[k]\{i}

K2
jl ≲

k

d
+

1

d

√
k log

(
k

δ

)
+

1

d
log

(
k

δ

)
≲
k

d

with probability at least 1− δ/(12c), where the last inequality uses k ≥ d+ log(1/δ). Combining
the last two displays and absorbing constants, we obtain

max
l∈[k]\{i}

|Bl| ≲

√
pk

d
log

(
k

δ

)
+ log

(
k

δ

)
≲

√
pk

d
log

(
k

δ

)
+ log

(
k

δ

)
with probability at least 1− δ/(6c).

Combining the above bounds and using k ≥ d+ log(1/δ) implies

|S′
2| ≲

kp√
d
log

(
d

δ

)
+

√
pk

d
log2

(
k

δ

)
+ log2

(
k

δ

)
,

with probability at least 1 − δ/(2c). By the decoupling inequality, the same bound holds for |S2|
with probability at least 1−δ/2. It remains to absorb the third term into the second on the right-hand
side using the same argument as at the end of the proof of Lemma C.4 together with (A2).

Appendix D. Computational lower bound

We prove Theorem 2.7 in this section following Schramm and Wein (2022). Before stating the
proof, we need several definitions. Let B ∼ G(n, p) coupled to A such that for all distinct pairs
1 ≤ i, j ≤ n not both in S, we have Aij = Bij , and the collections {A}i,j∈[n] and {B}i,j∈S
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are independent. For a subset α ⊆
(
[n]
2

)
(which we identify with the binary vector with entries

1{e ∈ α}, e ∈
(
[n]
2

)
) and an n× n matrix Y, define

Yα :=
∏
ij∈α

Yij .

We will also view α as a graph whose vertex set, denoted V (α), is induced by its edges. With these
definitions, the following calculation is the correct modification of the top of p. 17 in the technical
appendix of Schramm and Wein (2022):

E[Āα |B] = ES

[
B̄α\(S2) · E

[
Āα∩(S2)

∣∣∣S] ∣∣∣B]
=
∑
β⊆α

E
[
1{α \

(S
2

)
= β} · Āα∩(S2)

]
· B̄β =

∑
β⊆α

MαβB̄
β ,

where
Mαβ := E

[
1
{
α \

(S
2

)
= β

}
· Āα∩(S2)

]
.

The following lemma now follows from the proof of Theorem 2.2 of Schramm and Wein (2022)
(see also p. 17 of the technical appendix).

Lemma D.1 (Schramm and Wein (2022)) Let A and B be as defined above. Suppose Mαα ̸= 0
for all α ⊆

(
[n]
2

)
with |α| ≤ D. Then

Corr2⩽D ≤
∑

α⊆([n]
2 ), |α|≤D

w2
α ,

where wα are defined recursively as

w∅ = E[θ] , wα :=
1

Mαα

E[Āα · θ]−
∑
β⊊α

Mαβwβ

 , α ⊆
(
[n]
2

)
, |α| ≥ 1 ,

where β ⊊ α means β is a proper subgraph of α.

Proof of Theorem 2.7 The proof of Corr2⩽D ≤ (1 + o(1))r2 is nearly the same as that of Lemma
H.2(i) in the technical appendix of Schramm and Wein (2022), so we only describe the parts that
are different. We only need to confirm that Lemma H.4 of Schramm and Wein (2022) still holds in
our setting, for which it suffices to prove the same bounds on Mαα, |Mαβ|, and |E[Āα · θ]|. Note
that Lemma H.3 in their article holds true unchanged in our setting.

For all α ⊆
(
[n]
2

)
we have

Mαα = E
[
1
{
α \

(S
2

)
= α

}
· Āα∩(S2)

]
= P

{
α \

(S
2

)
= α

}
≥ P{V (α) ∩ S = ∅} = (1− r)|V (α)| .
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For fixed β ⊆ α, since α \
(S
2

)
= β implies V (α \ β) ⊆ S, we calculate

|Mαβ| =
∣∣∣ES

[
1{α \

(S
2

)
= β} · E

[
Āα∩(S2)

∣∣∣S]]∣∣∣
= P

{
α \

(S
2

)
= β

}
· |E

[
Āα |V (α) ⊆ S

]
|

= P
{
α \

(S
2

)
= β

}
·
∣∣∣∣E[ ∏

ij∈α

Aij − p√
p(1− p)

]∣∣∣∣
= P

{
α \

(S
2

)
= β

}
·
(

p

1− p

)|α|/2 ∣∣∣∣E[ ∏
ij∈α

⟨Xi, Xj⟩
]∣∣∣∣

≤ P
{
α \

(S
2

)
= β

}
≤ r|V (α\β)| .

Finally we bound |E[Āα ·θ]|. LetX1, . . . , X|V (α)| be i.i.d. uniformly distributed on the sphere Sd−1.
Since E

[
Āα | S

]
· θ ̸= 0 only if V (α) ∪ {1} ⊆ S , we have

E[Āα · θ] = ES
[
E
[
Āα | S

]
· θ
]

= P{V (α) ∪ {1} ⊆ S} · E
[
Āα |V (α) ⊆ S

]
≤ r|V (α)∪{1}| ≤ r|V (α)| ,

where the first inequality holds via the same calculation as for |Mαβ|. The above bounds on Mαα,
|Mαβ|, and |E[Āα · θ]| match those in Schramm and Wein (2022), so indeed Lemma H.4 holds in
our setting, completing the proof.

Appendix E. Information-theoretic upper bound

We prove Theorem 2.8 in this section. For clarity, let S∗ (instead of S) denote the vertex set of the
planted subgraph in A throughout the proof. If k ≥ cn for a constant c > 0 and we take ϵ ∈ (0, c2)
then |S∗ ∩ Ŝ| ≥ ϵk with high probability (recall Ŝ is defined as a random k-subset of [n] when
k = Θ(n)). Thus in the remainder we may assume k = o(n), where Ŝ is defined by (7). For all
subsets A,B,C ⊆ [n] define

τ(A,B,C) :=
∑

i∈A,j∈B,l∈C
ĀijĀjlĀli

and write τ(A) ≡ τ(A,A,A). Moreover, define

T1(A) := τ(A,S∗ \A,S∗ \A) , T2(A) := τ(A,A,S∗ \A) , T3(A) := τ(A) ,

T4(A,B) := τ(B,S∗ \A,S∗ \A) , T5(A,B) := τ(B,B,S∗ \A) , T6(B) := τ(B) .

At times we will write T1, . . . , T6 without their respective arguments to ease notation. Define

∆(A,B) := 3T1(A) + 3T2(A) + T3(A)− 3T4(A,B)− 3T5(A,B)− T6(B) .

By definition of ∆, if S ∈
([n]
k

)
, A = S∗ \ S , and B = S \ S∗, then S∗ \A = S∗ ∩ S and

∆(A,B) = τ(S∗)− τ(S).
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Let ϵ > 0 be a sufficiently small constant. The optimality of Ŝ implies ∆(S∗ \ Ŝ, Ŝ \ S∗) is
nonpositive, hence

P{|S∗ ∩ Ŝ| ≤ ϵk} ≤ P
{
τ(S) ≥ τ(S∗) for some S ∈

(
[n]

k

)
with |S∗ ∩ S| ≤ ϵk

}
= P

{
∆(A,B) ≤ 0 for some A ∈

(
S∗

≥ (1− ϵ)k

)
, B ∈

(
[n] \ S∗

|A|

)}
≤

∑
A∈( S∗

≥(1−ϵ)k)

P
{
∆(A,B) ≤ 0 for some B ∈

(
[n] \ S∗

|A|

)}
,

and let us write PA to denote the summand on the right-hand side. Let s := p3k3/2d2, and for all
A define the event

EA := {T1(A) ≤ −s/12 or T2(A) ≤ −s/12 or T3(A) ≤ s} .

We then have

PA ≤ P{EA}+ P
{
∆(A,B) ≤ 0 for some B ∈

(
[n] \ S∗

|A|

)
and EcA holds

}
≤

2∑
i=1

P {Ti ≤ −s/12}+ P{T3 ≤ s}

+ P
{
3T4 + 3T5 + T6 ≥ s/2 for some B ∈

(
[n] \ S∗

|A|

)}
≤

2∑
i=1

P {Ti ≤ −s/12}+ P{T3 ≤ s}+
6∑
i=4

P
{
Ti ≥ s/14 for some B ∈

(
[n] \ S∗

|A|

)}
.

Summarizing, and applying another union bound, we write

P{|S∗ ∩ Ŝ| ≤ ϵk} ≤
∑

A∈( S∗
≥(1−ϵ)k)

(P {T1 ≤ −s/12}+ P{T2 ≤ −s/12}+ P{T3 ≤ s})

+

6∑
i=4

∑
A∈( S∗

≥(1−ϵ)k)

∑
B∈([n]\S∗

|A| )

P {Ti ≥ s/14} .
(51)

If H(x) = −x log2 x− (1− x) log2(1− x) is the binary entropy then we have(
k

≥ (1− ϵ)k

)
≤ 2H(ϵ)k and

(
k

≥ (1− ϵ)k

)(
n− k

k

)
≤ 2H(ϵ)kek log(en/k) . (52)

To complete the proof, it suffices to show that for all A ∈
( S∗

≥(1−ϵ)k
)

and B ∈
([n]\S∗

|A|
)
, each of the

summands in (51) is o(·) of the reciprocal of the corresponding term in (52).
Tail bounds for T1, T2, and T3. We will prove a tail bound for T1 in two steps: first we control the
conditional expectation M := E[T1 |X]; then we control T1 given M . The function

f(xi ; i ∈ S∗) := p3
∑
i∈A

∑
j,l∈S∗\A
j ̸=l

⟨xi, xj⟩⟨xj , xl⟩⟨xl, xi⟩
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satisfies M = f(Xi ; i ∈ S∗), and f satisfies the bounded differences property with parameters
ci = 2p3|S∗ \A|2 for i ∈ A, and ci := 2p3|A| · |S∗ \A| for i ∈ S∗ \A. If we let λ := EM + s/24
then by the bounded differences inequality (Theorem 6.2 in Boucheron et al. (2013)),

P {M ≤ EM − λ} ≤ exp

(
− k5

Cd4|A| · |S∗ \A|3

)
≤ exp

(
− k

Cϵ3d4

)
(53)

for an absolute constant C > 0 (that may vary between lines), where we used that |A| ≤ k and
|S∗ \ A| ≤ ϵk. Let E be the event on the left-hand side of (53). Using Theorem 2.1 from Janson
(2004) and redefining λ :=M + s/24,

P {T1 ≤M − λ and Ec holds} ≤ exp

(
− s2

C|A|2|S∗ \A|2

)
≤ exp

(
− p6k2

Cϵ2d4

)
. (54)

To apply Theorem 2.1 from Janson (2004), we simply used that the maximum degree of the depen-
dency graph of the variables {ĀijĀjlĀli}i∈A, j,l∈S∗\A (conditioned on X) is at most 3|A| − 2 (an
edge joins two variables in the dependency graph if and only if they are not independent). Combin-
ing (53) and (54), we have

P{T1 ≤ −s/12} ≤ P{E}+ P {T1 ≤M − λ and Ec holds}

≤ exp

(
− k

Cϵ3d4

)
+ exp

(
− p6k2

Cϵ2d4

)
.

Using precisely the same argument as for T1, we calculate that

P{T2 ≤ −s/12} ≤ exp

(
− k

Cϵd4

)
+ exp

(
− p6k2

Cϵd4

)
.

For the term T3, the argument only needs to be modified slightly. Note that

EM = p3
∑
i,j,l∈A

1/d2 ≥ 0.99p3k3/d2 = 1.98s.

In this case, the function

f(xi ; i ∈ S∗) := p3
∑
i,j,l∈A
distinct

⟨xi, xj⟩⟨xj , xl⟩⟨xl, xi⟩

satisfies the bounded differences property with parameters ci = 2p3|A|2, so the variance term in
(Boucheron et al., 2013, Theorem 6.2) is p6|A|5. Therefore, choosing λ = 0.4s in the above
argument yields

P{T3 ≤ s} ≤ exp

(
− k

Cd4

)
+ exp

(
−p

6k2

Cd4

)
.

If ϵ > 0 is taken to sufficiently small depending on C and d, then above tail bounds are all
o(2−H(ϵ)k).
Tail bounds for T4, T5, and T6. For T4 and T5, we may assume S∗ \ A ̸= ∅ (otherwise these
terms are 0 trivially). We first bound T4. Notice that E[T4 |X] = 0 with probability 1, since for
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i ∈ B and j ∈ S∗ \ A, the random variable Aij is centered and independent of all else. To apply
Theorem 2.1 from Janson (2004), note that the maximum degree of the dependency graph of the
random variables {ĀijĀjlĀli}i∈B,j,l∈S∗\A (conditional on X) is at most 3k. We thus have

P{T4 ≥ s/6 |X} ≤ exp

(
−2 · (s/6)2

3k · |B| · |S∗ \A|2

)
≤ exp

(
− p6k2

216ϵ2d4

)
= o(2−H(ϵ)ke−k log(en/k)) ,

where we used that |B| ≤ k and |S∗ \ A| ≤ ϵk, and in the last step we used that k ≥ C log n for
a large enough constant C = C(p, d) > 0. Taking an expectation with respect to X completes the
proof.

Analogous tail bounds for T5 and T6 are proved in exactly the same manner as T4. For T5, the
maximum degree of the dependency graph of the variables {ĀijĀjlĀli}i,j∈B,l∈S∗\A (conditional
on X) is again at most 3k. For T6, we need not even condition on X since T6 is simply the signed
triangle count of an Erdős–Rényi random graph.

Appendix F. Probability and linear algebra tools

The following theorem is useful for multiple proofs in this work.

Theorem F.1 (Corollary 3.12 and Remark 3.13 in Bandeira and van Handel (2016)) Let X be
an n × n symmetric matrix whose entries Xij are centered random variables, independent up to
symmetry. Define the quantities

σ := max
i=1,...,n

√√√√ n∑
j=1

EX2
ij , σ∗ := max

i,j=1,...,n
∥Xij∥∞ ,

where we write X2
ij = (Xij)

2. Then for all 0 < ϵ ≤ 1
2 there exists a universal constant cϵ such that

for every t ≥ 0,

P{∥X∥ ≥ (1 + ϵ)2
√
2σ + t} ≤ n exp

(
− t2

cϵσ2∗

)
.

The following is a useful result about the spectral norm of a Hadamard product of matrices.

Lemma F.2 ((3.7.9) in Horn (1990)) For matrices B ∈ Rn×n, X,Y ∈ Rm×n, and A = X⊤Y ,
we have

∥A ◦B∥ ≤
√
∥In ◦ (X⊤X)∥ · ∥In ◦ (Y ⊤Y )∥ · ∥B∥.

In particular, if X = Y , then
∥A ◦B∥ ≤ max

i∈[n]
Aii · ∥B∥.
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