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Abstract

Given a simple graph on n vertices and a parameter k, the triangle-densest-k-subgraph problem is
known to be computationally hard in the worst case. To circumvent the computational hardness,
we study an average-case model where a triangle-dense subgraph on k vertices is planted in an
Erd6s—Rényi random graph on n vertices. For the recovery of the planted subgraph, we propose
a simple spectral algorithm and a semidefinite program, both of which use a graph matrix whose
entries are local signed triangle counts. Theoretical guarantees for these algorithms are established
through spectral analysis of the graph matrix. Finally, we provide evidence showing a statistical-to-
computational gap analogous to that for the planted clique problem. The computational threshold in
terms of the subgraph size k is at least /n in the framework of low-degree polynomial algorithms,
while the information-theoretic threshold is at most logarithmic in n.

Keywords: Planted models, random graphs, triangle-dense subgraphs, spectral methods, graph
matrices

1. Introduction

Planted models have achieved significant success in the study of average-case computational hard-
ness for inference on random graphs. A canonical example is the densest k-subgraph problem:
although it is NP-hard in the worst case, its planted variants on random graphs—most notably the
iconic planted clique problem (Jerrum, 1992; Alon et al., 1998) and the planted dense subgraph
problem (Feige and Seltser, 1997; Bhaskara et al., 2010)—have generated a substantial body of
work on computational thresholds and the development of efficient algorithms.

In this work, we propose a planted model for a triangle-dense subgraph in a random graph and
study the recovery of the planted subgraph. Our first motivation comes from the triangle-densest k-
subgraph problem, which refers to finding a subset of k vertices that induces the maximum number
of triangles in a graph on n vertices. This problem, as well as the approximation of the optimal
value, is known to be computationally hard in the worst case (Konar and Sidiropoulos, 2022). Our
work proposes an average-case model and efficient algorithms for this problem, analogous to the
study of the planted dense subgraph model for the densest k-subgraph problem.

The model we propose plants a k-subgraph in an ambient Erdés—Rényi graph on n vertices,
where the subgraph is a random geometric graph (RGG) generated from a linear inner product
kernel. RGGs are latent space models in which connections between nodes depend on the geomet-
ric proximity of corresponding node features in a latent space. The geometric structure of RGGs
makes them useful in applications including social networks (Hoff et al., 2002). Further, one of
the hallmark properties of RGGs is their elevated triangle density, which has been described as one
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of the defining characteristics of social networks (Easley and Kleinberg, 2010; Sala et al., 2010;
Ugander et al., 2013; Gupta et al., 2014). This phenomenon has also played a significant role in
recent theoretical studies of RGGs, as the signed triangle count has been identified as the optimal
statistic for distinguishing an RGG from an Erd6s—Rényi graph in various settings (Bubeck et al.,
2016; Liu et al., 2022; Liu and Réacz, 2023; Bangachev and Bresler, 2025; Mao et al., 2026). From
this perspective, our model is also an average-case model for planted geometry in a random graph.

1.1. Main contributions

We now briefly introduce our model and results. Suppose that we plant a subset S of size k in the
vertex set [n] := {1,...,n}. The observed graph, identified with its adjacency matrix A, follows
the Erd6s—Rényi model G(n, p) for p € (0, 1/2], except that the planted subgraph A [S] induced by
S has independent edges

A[S)ij ~ Ber(p(X;' X; + 1)) (1)

where X;’s are i.i.d. uniformly random vectors on the unit sphere S*~! in R? for some d > 3. It

is easily seen that the planted subgraph has edge density p, same as G(n,p), but triangle density

p3(1 4 1/d?), higher than p? in the ambient Erd6s—Rényi graph (see Lemma 2.3). Our goal is to

recover the planted subgraph, i.e., to estimate S, by leveraging the elevated triangle density.
Towards this end, we consider the matrix

M:=A%0A, 2)

where o denotes the Hadamard product and A denotes the centered adjacency matrix defined by
Aij = A;j —pfori # j and A;; = 0. The reason for considering this matrix is that each entry
M;; = Y7, AijAiAyjis the local, signed triangle count at (i, j). As aresult, M has an elevated
mean over entries in the planted part S (see Lemma 2.4 for a precise statement). Given this crucial
property, we can then recover S from M by running either (i) a spectral method that computes the
leading eigenvector of M and takes the indices of its k largest entries, or (ii) a semidefinite program
with M as the input. Our main results show that the above two efficient methods achieve almost
exact recovery and exact recovery of S, respectively, under the primary condition kp3/* > Cnl/?d
for a sufficiently large constant C' > 0.

When p and d are both constants, the above condition reduces to k = /n, which is the same as
the celebrated /n computational threshold for the planted clique problem. This motivates us to ask
whether an analogous statistical-to-computational gap exists for the planted triangle-dense subgraph
model. We provide evidence supporting this gap: if & = o(y/n), then no low-degree polynomial
can estimate S in the sense of Schramm and Wein (2022); however, if k is at least logarithmic in n,
then an exponential-time algorithm finds the planted triangle-dense subgraph.

Finally, the main technical challenge in proving theoretical guarantees for our algorithms lies
in the spectral analysis of the matrix IM defined in (2). Such matrices are known as graph matrices
(Medarametla and Potechin, 2016) or motif adjacency matrices (Benson et al., 2016), which are
special cases of polynomial random matrices (Rajendran and Tulsiani, 2023) or matrix chaoses
(Bandeira et al., 2025). Standard matrix concentration inequalities do not apply directly to such
graph matrices because their entries are polynomials of the entries of the adjacency matrix. In
addition, the planted subgraph in our case is defined through latent points on a sphere as in (1),
which further complicates the analysis. To tackle these challenges, our proofs combine decoupling
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inequalities (de la Pefia and Giné, 2012) with iterated matrix concentration inequalities (similar to
Bandeira et al. (2025)) for the noise part, and use tools from spherical harmonics (Dai and Xu, 2013)
for the signal part.

1.2. Related work

Planted dense subgraphs: There is an extensive literature on community detection (Fortu-
nato, 2010; Arias-Castro and Verzelen, 2014; Abbe et al., 2016; Mossel et al., 2015) and the dense
subgraph problem (Feige and Seltser, 1997; Bhaskara et al., 2010; Ames, 2015). Particularly, the
computational thresholds for both detection and recovery have received considerable attention in
recent years (Hajek et al., 2015; Bresler and Jiang, 2023; Schramm and Wein, 2022; Dhawan et al.,
2025). Moving beyond the assumption of inhomogeneous edge density in the observed graph, one
may ask how to recover a planted subgraph that has the same expected edge density as the ambient
graph, but a different expected density of another template graph. We initiate this study by consider-
ing the case of elevated triangle density. Both the spectral method and the semidefinite program we
use are analogous to their counterparts for planted dense subgraph recovery (Hajek et al., 2016a),
with the centered adjacency matrix replaced by (2).

Triangle-densest k-subgraph problem: The triangle-densest k-subgraph problem refers to
finding a subset of k vertices in a given graph that induces the maximum number of triangles.
Konar and Sidiropoulos (2022) proved that this problem is NP-hard and cannot be approximated
efficiently in the worst case. This is also related to a few other optimization problems concerning
triangle-densest subgraphs in the literature (Tsourakakis, 2015; Samusevich et al., 2016; Wang et al.,
2020). It is worth noting that the semidefinite program we use for the triangle-densest k-subgraph
problem is quite different from the convex relaxation proposed by Konar and Sidiropoulos (2022)
and is more in line with the programs in Goemans and Williamson (1995); Abbe et al. (2016); Hajek
et al. (2016a) that are often used for planted models.

Random graphs with elevated triangle density: Triangle density is a central concept in
social network analysis. For example, the well-known clustering coefficient is defined to be the
triangle density in the neighborhood of a vertex (Watts and Strogatz, 1998), and the related concept
of the number of edges in an egonet also concerns the triangle count in a neighborhood (Bhadra
and Sengupta, 2018). To model a subgraph with an elevated triangle density, we use a random
geometric graph, which belongs to the general class of latent space models that has long been
studied in network analysis (Hoff et al., 2002). The node feature vectors in a latent space give rise
to a clustering effect, and thus to a higher triangle density.

The RGG model we consider is particularly motivated by a recent line of work on the detection
of latent geometry in random graphs using the signed triangle count (Bubeck et al., 2016; Liu et al.,
2022; Bangachev and Bresler, 2025; Mao et al., 2026). The linear kernel we assume is a special
case of general smooth kernels considered by (Liu and Récz, 2023). As noted above, the excess
triangle density of the planted subgraph compared to the ambient Erd6s—Rényi graph is p3/d?, so
the dimension d is a modeling parameter that determines the triangle density.

There are other models for random graphs with more triangles. One direct way is to plant extra
triangles in an Erd6s—Rényi graph (Bresler et al., 2023). It is also possible to consider Erd6s—Rényi
graphs conditional on having a higher triangle density (Chatterjee and Varadhan, 2011). Moreover,
a random graph with desired edge and triangle densities can be generated from the exponential ran-
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dom graph model (Chatterjee and Diaconis, 2013) or from a suitable choice of a graphon (Kenyon
et al., 2017). It is interesting and challenging to develop a general theory for triangle-dense sub-
graphs that applies to a range of models.

Graph matrices and matrix chaos: An important part of our work is a spectral analysis of
the graph matrix M defined in (2) and is therefore related to the literature on graph matrices and
matrix chaos. Also known as motif adjacency matrices, they have been used in higher-order spectral
methods in network analysis (Benson et al., 2016; Paul et al., 2023). Our work extends this line of
research. One step in our proofs, Theorem B.1, is bounding the spectral norm of Z? o Z where Z
is a Wigner matrix. The spectral norm of such a graph matrix has been studied by Medarametla
and Potechin (2016); Ahn et al. (2016); Rajendran and Tulsiani (2023), but their bounds are not
sufficiently sharp to yield the desired condition without extra logarithmic factors. More recently,
a remarkable work by Bandeira et al. (2025) provides a general way to obtain sharp bounds on
the expected norms of matrix chaos. Our proof follows a similar recipe, which consists of matrix
decoupling and iterated concentration inequalities, and establishes a high-probability bound.

2. Main results

2.1. Planted triangle-dense subgraph

For a positive integer n and an edge density parameter p = p, € (0,1), let G(n,p) denote the
Erd6s—Rényi random graph model. For a graph A on n vertices, we identify A with its adjacency
matrix in R™*™. We assume the graph is simple, so that A;; = 0 for i € [n]. For a subset of
vertices S C [n], we let A[S] denote the subgraph of A induced by S. Let us first define a model
for planting a fixed subgraph in an Erd6s—Rényi graph.

Definition 2.1 (Planting a subgraph in an Erdos—-Rényi graph) For k = k,, € [n|, fixa graph H
on k vertices. Let S be a uniformly random subset of [n| of size |S| = k. Given Ay ~ G(n,p),
we replace Ay[S| by H by assigning the vertices of H uniformly randomly to the vertices in S. We
denote the resulting graph by A and write A ~ G(n, p; H).

In this work, we focus on a subgraph H whose expected edge density is also p, matching
that of the ambient Erd6s—Rényi graph, and whose triangle density is higher than the Erd6s—Rényi
graph. To this end, we model H as a random geometric graph generated from a linear kernel of
inner products, or simply a random inner product graph, defined as follows.

Definition 2.2 (Random inner product graph) For positive integers k,d > 3, let X1, ..., Xy, be
i.i.d. random vectors from the uniform distribution on S*=1, the unit sphere in R%. For p € (0,1/2],
suppose that the random graph H on k vertices has independent edges H;; ~ Ber(p(X ZT X;+1))
up to symmetry H;; = H;;. We also zero the diagonal, H;; = 0. We write H ~ Grp(k,p, d).

One can potentially consider a different kernel (X, X;) that takes values in [0, 1] in the above
definition of the random inner product graph (see, e.g., Liu and Récz (2023)), but we focus on the
linear kernel x(t) = p(t + 1) for simplicity.

With the above definitions, our observation is a graph A ~ G(n,p; H), where here H ~
Grp(k, p, d). In other words, we observe a random graph A on n vertices which contains a subgraph
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H on k vertices planted in an unknown location S. Note that the planted subgraph H has edge
density p (averaged over the randomness in the X;’s). To see that it has a higher triangle density, let
us note the following.

Lemma 2.3 For distinct i, j, { € [n], we have E[H;;H;Hy;] = p*(1 + 1/d?).

Proof Since X;, X, X, are i.i.d. uniform over S*~!, we have E[X; X,'] = I;/d and E[X,' X,] = 0,
and similarly for other indices. Thus all the cross-terms vanish in the following expansion:

E[H;H;Hy] = p E[(X] X; + 1)(X] X¢ + 1)(X/ X; +1)]

= p’BIX X; X[ X, X/ X;] + p?
e (1) () x] +

=p*/d* +p°.
|

Since H;;H ;,H,; indicates the presence of the triangle with vertices i, j, ¢ in H, we see that H
indeed has a higher triangle density than the rest of A (which has triangle density p?).

2.2. Spectral method

Our spectral method for recovering the planted subgraph, i.e., estimating S, is as follows. Let M be
the matrix defined by (2). Let & = @(M) denote the leading eigenvector of M, i.e., the eigenvector
associated with the largest eigenvalue X of M. By convention 1 is a unit vector chosen with arbitrary
sign; compare to (4) below. We estimate the planted location S by the set S of indices i € [n] such
that |;| is among the largest k entries of 4 in absolute value (with ties broken arbitrarily).

Before presenting our theoretical guarantees for @ and S, let us first explain the intuition behind
the spectral method. To see that the matrix M captures the the triangle density of the graph, it is

helpful to consider the non-centered version A2 o A whose entry

(A0 A)i; =Y AyAyAj
(=1

is precisely the number of triangles in A that contain the edge (4, j). Therefore, the entries of A%0 A
are local triangle counts, while the entries of M = A? o A are local signed triangle counts, where
the centering has proved to be effective for variance reduction in various settings (Bubeck et al.,
2016). More formally, it is not hard to see the following.

Lemma 2.4 Let M be as defined above. Then we have

B = 20D g 1),

where 1s € R" is the indicator vector of the set S C [n], and Is € R™*™ denotes the matrix with a
k X k identity principal minor indexed by S and zeros elsewhere.
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Proof The diagonal of M is zero by definition. Consider ¢ 7 j. If ¢ or j is not in S, then it is easily
seen that E[A;;] = 0, E[A;yAy;A;;] = 0 for all £ € [n], and so E[M;;] = E[(A?0 A);;] = 0. If
i,j € S, then

n

E[M;;] = ZE[AMAEJ‘AM] = Z PEX] X, X XX/ Xi) = (k — 2)p*/d?
=1 teS\{ij}
where the last step has been shown in the proof of Lemma 2.3. |

Thus the spectrum of E[M] is explicit: it consists of an eigenvalue of %(\S |—1) =
% with corresponding eigenvector 1s, an eigenvalue of —% with multiplicity |S| —
1 = k — 1, and a kernel of dimension n — |S| = n — k. If k& — oo, then the first eigenvalue is
the leading one, meaning that E[M] has leading eigenvector 1s. In other words, one can recover
S from the top eigenvector of E[M]. If M is close to its expectation, then one might hope that the
top eigenvector of M would give approximate recovery of S. Our first main theorem, below, shows
that this heuristic is correct, even though its proof (deferred to Section 3) shows that M is not just

“E[M] plus small noise.”

Theorem 2.5 Let A ~ G(n,p;H) be given, where H ~ Gip(k, p, d). Recall that G is the leading
eigenvector of M defined by (2). For any ¢ > 0, there is C' > 0 depending only on € with the
following property. If

kp®/* > Cn'/?d (3)

and np?’/ 2> (logn 3/ 2 then the following holds with probability at least 1 — n~10: We have
g 8 p ty

1

min HC’&——ISH <e @)
¢ef£1} Vk

and for any set' S consisting of exactly k indices i € [n] such that |i;| is among the largest k entries
of U in absolute value, we have

ISAS| < 82k ®)

We note that the secondary assumption np3/2 > (log n)3/ 2 is mild. Moreover, it is, up to a
logarithmic factor, subsumed by the main condition kp3/* > Cn'/2d in (3). Indeed, if we have
n>k> Cn1/2d/p3/4, then np®/2 > Cd? > C.

To provide heuristics? for the main condition (3), suppose that vertex 1 is planted, i.e., 1 € S,
and consider the statistic

n n
T:= Z AlelgAgj = ZMU’
Gl=1 j=1

1. There can be more than one such set, because of possible ties when 4 has multiple entries with the same magnitude.

2. This simple heuristic is analogous to the case of planted clique recovery: the celebrated ¥ = +/n threshold can be
seen by comparing the number of additional neighbors of a planted vertex (order k) to the standard deviation of the
total number of neighbors of that vertex in G(n, 1/2) (order v/n). In our case, we consider (signed) triangles instead
of neighbors (i.e., incident edges).
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which is twice the signed count of triangles containing vertex 1. By Lemma 2.4, we have E[T] =

%(% -1) < ngz. On the other hand, the expectation of 7" under G(n, p) is zero, and the

variance of T under G(n, p) is

Varg(nvp) (T) = Z COVG(n,p) (AlelfAfj; Alj’Alé’Aﬁ’j’)
7 =15 4'=1

n
=2  Egup[ALALAL] < n?p’.
j=1

Comparing p?f to \/n2p3 yields the threshold kp®/4 = n'/2d.

This heuristic can potentially be turned into a rigorous analysis of the algorithm that computes
the local signed triangle count at each vertex (which would then be similar to the egonet method
in Bhadra and Sengupta (2018), except that the triangle count there is not signed). However, this
method is unlikely to achieve the tight condition (3), because the analysis of such a local algorithm
typically entails a union bound which incurs an additional logarithmic factor. On the other hand,
the spectral method aggregates information globally and is thus able to achieve the threshold (3).

The above spectral method, theoretical guarantees, and heuristics are all analogous to those
for the planted clique problem. However, the analysis of the spectral method is significantly more
challenging in this case, because we need to analyze the matrix M whose entries are polynomials
of random variables.

2.3. Semidefinite programming

Theorem 2.5 shows that the spectral method achieves (1 — ¢)-recovery of the planted part S for
any small € > 0 if kp?/* > Cn'/2d for a large enough C. One further direction is to design a
rounding step for the spectral estimator to obtain exact recovery of S, or to develop an iterative
procedure that uses the spectral method as a module to achieve recovery under an even weaker
condition, kp3/* > ¢n'/2d for any small ¢ > 0, analogous to Alon et al. (1998). Instead of pursuing
these directions, we focus in this work on global, one-shot algorithms and show that a semidefinite
program based on the matrix M defined in (2) achieves exact recovery, assuming the same main
condition as the spectral method.

Let J be the n x n matrix of all ones. Consider the following semidefinite program:
max (M, X)
st. X >0,
X;j >0, ,7=1,...,n,
X <1, i=1,...,n,
r(X) =k,
(J,X) = k2.

(6)

This program, with A in place of M, was proposed by Hajek et al. (2016a) to solve the planted
dense subgraph problem. The following theorem shows that the same program with M as the data
matrix succeeds at exact recovery of a planted triangle-dense subgraph.
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Theorem 2.6 Let A ~ G(n,p; H) be given, where H ~ Gip(k,p,d). Let M be defined by (2).
If (3) holds for a sufficiently large constant C' > 0 and np*/?> = w((dlogn)?), then 151 is the
unique optimizer of (6) with probability at least 1 — n =19,

Similar to the discussion after Theorem 2.5, the condition np®/? = w((dlogn)?) is a mild
assumption which does not involve the subgraph size k, and it is subsumed by the main condition
kp3/* > Cn/2d in (3) up to a logarithmic factor.

2.4. Statistical-to-computational gap

The main condition (3) reduces to k = +/n if p and d are both constants. Given the analogy to
the k& = \/n computational threshold for the planted clique problem, we provide evidence demon-
strating that this is also the computational threshold for the recovery of a planted triangle-dense
subgraph, and that there is a statistical-to-computational gap in our case, too.

For the computational hardness result, we follow Schramm and Wein (2022) to show a recovery
lower bound for low-degree polynomial algorithms. Let § := 1{1 € S} be the indicator for the
event that the first vertex belongs to the planted subgraph. We will show that if & = o(/n), then one
cannot estimate § much better than with a trivial estimator in the following sense. Let R[A]<p be
the set of real polynomials of degree at most D whose variables are the entries of A. The degree-D
maximum correlation is defined as

E[f(A)-0]

Corr<p := sup ——=F——.
ser(Al<p VE[f(A)?]
Theorem 2.7 Let A ~ G(n,p; H) be given, where H ~ Glp(/%,p, d) and k is a binomial random

variable with parameters n and r := k/n. Let p € (0,1/2), d > 2, and D = 0((10235);1”)2). If

k < n'/2=¢ for a constant € > 0 then
Corr<p = (1 +0(1))r.

Theorem 2.7 asserts that no degree-D estimator achieves asymptotically larger correlation than the
E[r-6]

VT
To provide evidence for a statistical-to-computational gap, it remains to prove an information-
theoretic upper bound. The result below shows that a logarithmically sized triangle-dense subgraph
can be partially recovered with high probability by a computationally inefficient estimator. More
precisely, if k = ©(n) then let S be a uniformly random k-subset of [r2], while if k = o(n) let

trivial estimator f = r, since

S € ATEMAX T C[n), |T|=k Z AijAleli) )
27]7l€T

which maximizes the signed triangle count over all k-subgraphs of A.
Theorem 2.8 Let A ~ G(n,p;H) be given, where H ~ Gip(k,p,d). For all constant p €

(0,1/2] and d > 2, there exist constants C = C(p,d) > 0 and € = e(d) > 0 such that if
k > Clogn, then |S N'S| > ek with probability 1 — o(1).
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Recall that r = k/n and § = 1{1 € S}. If we define 6 := 1{1 € S}, then by symmetry,
E[6 - 0] _ P ESﬂS} (1 —o0(1))ek/n

VEB2]  /P{1e S} vr

This is much larger than Corr<p = (1 + o(1))r in Theorem 2.7, so there is a statistical-to-
computational gap for recovery in the regime C'logn < k < n'/27¢,

=(1-o0(1))eyr.

The proofs of Theorems 2.7 and 2.8 are given in Appendices D and E respectively.

3. Analysis of the algorithms
3.1. Proof of Theorem 2.5

We now prove Theorem 2.5, our main theoretical result for the spectral method. Since the spectral
method is equivariant with respect to a relabeling of the vertices of the observed graph, we may
assume that S = [k] throughout the proof without loss of generality. We also introduce the following
notation: For any matrix B € R**¥ we let B# € R™ " be the matrix with B as its top-left k x k
principal minor and zeros elsewhere. In the remainder, we will frequently use that, for any matrices
A, B € R¥** we have A#B# = (AB)# and A# o B¥ = (A o B)#

Since the proof of Theorem 2.5 involves a long list of auxiliary matrices and lemmas, we first
provide a proof outline before delving into the details. At a high level, Theorem 2.5 follows from
a spectral perturbation analysis using, in particular, the classical Davis—Kahan theorem (originally
Davis and Kahan (1970), or see, e.g., Theorem 4.5.5 in Vershynin (2018) for a textbook treatment).

Lemma 3.1 (Davis—Kahan) For symmetric matrices A1, Ay € R™ ", let {(N\i(A1),u;(A1)) :
i € [n]} be the set of eigenpairs of A1 where the eigenvalues are ordered decreasingly, i.e.,
A(A1) > - > N(Ay), and every u;(Ay) is a unit vector. Define the notation for Ay in the
same way. Then we have

2V2||As — A4
As) —ui (A
B RV K Hivi)

where the norm on the left-hand side is the usual Euclidean distance on R" and the norm on the
right-hand side is the operator norm with respect to this distance.

To apply the Davis—Kahan theorem, we will take Ay = M. It would be nice if we could take A
to be E[M], because E[M] has top eigenvector 15 /+/k, and a large top eigengap (its top eigenvalue
is k times larger than the rest, and k is growing; see the discussion after Lemma 2.4). However, it
turns out that [M — E[M]|| is at the same order as this eigengap; thus A; = E[M] is not a good
choice in Davis—Kahan. Instead, we will define a random matrix M below, whose top eigenvector
is deterministically 1s/v'k Vk. Unlike E[M], the largest and second-largest eigenvalues of M (which
are deterministic) are of the same order as one another; however, we can get a better bound on
|IM — MH so that we will ultimately choose A; = M in Davis—Kahan.

Towards this end, the first step is to decompose the matrix M into a signal term plus a few
noise terms. With X := [X7 --- X3]T € R¥*?, we let K € R¥** denote the matrix XX T with its
diagonal replaced by zeros, i.e.,

K:=XX'" —I,. (8)
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Note that pK# = E[A | X]. We further define
W:.=A — pK#.
Therefore,

M=A%0A =p*(K2o K)¥ + p?(K?)# o W + pW? 0 K# + W20 W )
+ p?(K#¥W + WK7#) 0 K# 4 p(K¥W + WK#) o W.

In the above decomposition, p?(K? o K)# can be seen as the signal term, while all the other terms
are noise. We will bound the spectral norms of all the noise terms in Section A.2.

To understand the matrix K2 o K, we will first show that it is close to g(XXT) o (XXT),in
Lemma A.1. Next, we use the theory of spherical harmonics to write

%(XXT) o(XX")=YAY', (10)

where the columns of Y are defined from spherical harmonics and A is a diagonal matrix consist-
ing of the corresponding eigenvalues (ordered decreasingly), both to be specified in Lemma A.2.
Finally, we orthonormalize the columns of Y to obtain a matrix Q, and show that YAY ! is close
to QAQ', in Lemma A.3. We will see that by definition the first column of Q is exactly ﬁlk
where 1} is the all-ones vector in R”.
Putting it together, we eventually choose A; = M in Lemma 3.1, where
. 3 k2
M p

= T(QAQT)#, (11)

which then implies that

(12)

L H< 2v2|M - M|

min HCm(M)—\/E = () = xe (M)

ce{+1}

Moreover, by (9) and (10), we obtain

_ 3]{,‘ 3k2 3]{52 #
HM - MH - H <p3K2 oK — %(XXT) o (XX )+ pTYAYT - pTQAQT>
+ P (K?)# oW + pW? o K# + W2 o W
+ P2 (K*W + WK#) o K# 4 p(K*W + WK#) o WH

k 352
< p3HK2 oK~ Z(XXT)o (XXT)H + pTHYAYT —QAQ|| (13)

+ (K2 # o W[ + pl| W2 o K#[| + [W? o W
+ P2 (K#W + WK#) o K#|| + p||(K¥W + WK#) o W||.

In Appendix A, we will bound each of the terms in (13) to obtain the following result.
10
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Proposition 3.2 The matrix M defined in (11) has top two eigenvalues equal to © d2 ® and WIZI)
1

respectively, and top eigenvector equal to ﬁlg. Moreover, for any € > 0, there is C' > 0 depending
only on € such that the following holds. If np*/? > (logn)3/? and kp*/* > Cn'/?d, then with
probability at least 1 — n™'0, we have

i M3 < e

Then (4) is an immediate consequence of (12) together with Proposition 3.2. To prove (5), let

us focus on the case Hﬂ — ﬁlSH < g, and the case ( = —1 is analogous. We have
1 2 112
R AR
\/% €S \/E i€[n]\S
If |a,] < f forall i ¢ S, then
1\2 1
2> 3 (ai-—=) = IS SAS
F2 Y (- ) 2 s8I 15A3].
1€S\S
If |a;] > f for some i ¢ S, then we must have | ;| > f for all i € S. Therefore,
2> Y 2> 8\ 8 = —|sad).
T e 4k 8k
i€S\S

In either case, we have |SAS| < 8ke2.

3.2. Proof of Theorem 2.6

We again assume that S = [k] without loss of generality, and let § := 1y for brevity. Let us start
with a set of deterministic conditions that guarantee optimality.

Lemma 3.3 (Lemma 19 in Hajek et al. (2016b)) Ler X* = ££7. If there exist n X n matrices
D = diag(d) where d is an entrywise nonnegative vector, S = 0, and B > 0, and n, A € R such
that

S+M+B—-nl, - AJ-D=0,

(S, X*) =0,

(B,X*) =0,

(D, X*-1,) =0,

)\n—l(S) > 0,

then X* is the unique maximizer in (6).

11
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We now prove Theorem 2.6. Let § := n~10. It suffices to define matrices D, S, and B, and
real numbers 77, A > 0 that satisfy the conditions of Lemma 3.3 with probability at least 1 — §. We
claim that the following assignments suffice:

A= pmaxgeicn |(ME)i

n = minj<;<x(ME); — Ak,

di:=1{1 <i <k} ((ME); — Ak —n), D:=diag(ds,...,dy),
b = 1{i > k}- (A — £(M&);) , b = (by,...,b),
B:i=b¢' +¢bT,

S:=D-B-M+nl, +\J.

(14)

First notice that, by definition, we have that d; > 0 for each ¢, and that b; > 0 for each 4, so that B is
indeed entrywise nonnegative. The condition (D, X* — I,,) = 0 is immediate since d is supported
on its first k£ entries while X*; = 1 for all i € [k]. Since b is orthogonal to £, we also have that
(B, X*) = (£,BE) =0, as well as S§ = 0; indeed, we have

(S€); = —kA + (ME); — (ME); + kA =0, > k.
In particular, (S, X*) = (£, S¢) = 0, and we conclude that, in order to show S > 0 with A\,,_1(S) >

0, it suffices to show that (v, Sv) > 0 uniformly over unit vectors v which are orthogonal to £. That
is, it remains to prove that, with probability at least 1 — ¢,

inf (v, Sv) > 0.
vLg|vl=1

For S, we note that, if v is some unit vector which is orthogonal to £, we have
(v,Bv) = (v, bfTv> + <v,§bT7}> =2(&v) (b,v) =0,
so that
(v,8v) = (v,Dv) — (v, Bv) — (v, Mv) + 1+ A (v,1)? > 1 — (v, Mv),
where we used that D is positive semidefinite and that A > 0. Thus it suffices to show that

sup (v, Mv) <n
vLg,|v]=1

with probability at least 1 —§. For M defined in (11), Proposition 3.2 shows that the top eigenvector
— — 31.2 — 31.2

of M is &, that the second-largest eigenvalue of M is %, and that |[M — M| < 12 d]§ with

probability at least 1 — §/2. (Proposition 3.2 shows this event occurs with probability at least 1 — 4,

but the proof is easily modified to yield 1 — §/2.) Therefore,

2p3k2 N 1p3k,2 §p3k2
2d+2) 6 &2 —6 &2

sup  (v,Mv) < sup <’U,MU> + || M — 1\7I|| < 7 (15)

vLg |lv]|=1 vLg |lv]|=1
Applying Lemma C.1 with ¢ = 1/12 yields that n > 132 212“2 with probability at least 1 — §/2.
Combining this with (15) completes the proof.

12
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4. Future directions

Our work leaves more interesting problems open than it solves. Recall that we have provided ev-
idence showing that the condition & > C'y/n is optimal among low-degree polynomial algorithms
for constant p and d, and provided a heuristic suggesting that the condition kp®/* > Cn'/2d is
expected for methods based on triangle counts. However, the full picture of statistical and computa-
tional thresholds for the recovery problem remains an interesting open question. Moreover, we have
not studied the detection problem for planted triangle-dense subgraphs, which may have thresholds
different from those for the recovery problem.

In addition, to model a subgraph with the same edge density but higher triangle density than
that in the ambient Erd6s—Rényi graph, the random geometric graph we use is just one natural
model. As discussed in the introduction, other possibilities include a more general latent space
model, an exponential family random graph model, or an Erd6s—Rényi model conditional on having
more triangles, to name a few. It is an interesting direction to study a potentially more general model
for planted triangle-dense subgraphs, and we think our spectral method can be competitive in other
settings, too, thanks to its simplicity.

Taking this one step further, one may study planted subgraphs characterized by a general ho-
momorphism density. Is there a class of planted subgraph models where the subgraph has a higher
H-density for a template graph H? How can we build a suitable graph matrix and analyze the corre-
sponding spectral method? These questions pose substantial theoretical and algorithmic challenges.
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Appendix A. Additional proofs for the spectral method

Continuing from Section 3, we bound each of the terms in (13) to prove Proposition 3.2.

A.1. Analyzing the signal term

To analyze the matrix K2 o K, we first show that it is close to (XX T)o (XX ) up to normalization.

Lemma A.1 There is an absolute constant C > 0 such that the following holds for any § € (0, 1).
Ifk > d +1log(1/9), then with probability at least 1 — 6,

HK2 oK — g(XXT) 0 (XXT)H < CSEVCHIOZM.

k
K?oK — E(XXT) o(XXT)

k
- ((XXT L) - EXXT> o (XXT) = (XXT —I;)2 o I

k
_ (XXTXXT _ (E n 2>XXT) o(XXT) 410 (XXT) = (XXT —1,)% 01,

Proof We have

= (X(X'TX - §+2 I)XT) o (XXT) — (XXT)2 01, + 214, (16)
d

where the last equality holds because XX has all ones on its diagonal.
Let us start with the first term in (16). For any matrix L € R*** by Lemma F.2,

ILo(XXT)| < lgelﬁXiTXi L[] = [IL]]-
Therefore,

e - (G 2)aa)xT) o exT < 1P xTx - (G 4 2)ua]
17
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By the concentration of a sample covariance matrix (see, e.g., Theorem 5.7 in Rigollet and Hiitter
(2023)), there is an absolute constant Cy > 1 such that for any § € (0, 1), with probability at least
1-4,

G (| TEIB07) | d o los(1/o)y

XX - g ‘
d d k k

x> -3
Since k > d + log(1/6), we obtain

. k [d 1 log(1/0) k [d+log(1/0)
X (2 < Y = A S M (e M= At 4
Hx X (d+2>1dH_2+201d\/ : S
log(1
X2 = [XTX|| < & S 20 z,/c”(’kg(/d) < (20 + 1)2. (17)

We conclude that

and

K [d+1og(1/6)

H(X(XTX _ (S + 2)Id>XT> (xxT) H <401 (201 + 1) :

Moreover, the second term in (16) can be bounded as
k
(XX )20l = mz[u](XZTXTXXi < IXTX| < (2¢ + 1)~
i€k
Combining the above bounds with (16) using the triangle inequality finishes the proof. |

Next, we study the matrix (XX ") o (XX ) and justify (10) by choosing suitable Y and A.
Towards this end, we use the tools of spherical harmonics (see Dai and Xu (2013) for an introduction
to this topic). Let

D:=(d—2)/2, (18)

and consider the Oth and 2nd order Gegenbauer polynomials CJ’(t) = 1 and CP(t) = 2D(D +
1)t? — D respectively. Then we can write
1 1
2 D D
= —Cy(t)+ m————=C5(t).
2(D+1) ° ( )+2D(D+1) 2 ()

Moreover, let H g denote the space of real harmonic polynomials of degree ¢ on R%. By Corol-
lary 1.1.4 in Dai and Xu (2013), dim Hg =1and

d+1
m;_dimHg_< ; )—1. (19)
Let o9 = 1, and let ¢4, ..., ¢, be an orthonormal basis of Hg. The addition formula for spherical
harmonics, (1.2.8) in Dai and Xu (2013), states that
D +2 T =
= OP(XX5) = de(Xi)e( X)) (20)
=1
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Putting it together, we obtain

1
- 2(D+1)

1 1
- m¢0(Xi)¢0(Xj)+ I ESNES) Z(M i)Pe(X;)-

1

(X X;)? 2D(D+1)

CP(X,' X;) + CP (X, X))

This can be rewritten as the following result.

LemmaA.2 Let Y € RF*(mtl) pe deﬁned by Y = %qb] 1( i). Let the diagonal matrix

A € RODX(m+1) be defined by Aqq = and A;; = for2 <i<m++1. Then
(10) holds.

(D+1) (D+1) (D+2)
Note that the first column of Y is ﬁl k- Therefore, if £ > m + 1, we have the QR decomposi-

tion Y = QR such that Q € R¥*(m+1) hag orthonormal columns with the first column also equal
to ﬁl %> and R € RO +D)x(m+1) 5 an upper triangular matrix. The following holds.

Lemma A.3 Assume k > m —|— 1 and let Q be as defined above. The top two eigenvalues of the
matrix QAQ" are A1 = 2(D+1) and Aoy = m respectively, and the top eigenvector is
ﬁlk- Moreover, for any § € (0,1), if k> > (2D + 1)(D + 2) log %, then with probability at
least 1 — 0,

_ 1 \/(2D+1)(D—|—2)log2(”?rl)
I'< 2(D+ 1)(D +2) k '

Proof The first statement holds by the definition of Q. To bound the norm, we note that

IYAYT —QAQ"

[YAY" - QAQT| = |QRAR'Q" — QAQT| = [RAR — A|.

In the QR decomposition Y = QR, the first columns of Y and Q are the same and R is upper
triangular, so the first column of R is ej, the first standard basis vector in R™*1. Moreover, Agy =
-+ = Ayg1,m+1 from Lemma A.2. Therefore,

RAR'" — A = (A1 — Ap)ere] +AnRRT — (A1 — Agg)ere] — Aol
= AnRR" —1,1).

In addition, Y'Y = RTQTQR = R"R. As aresult,
IYAYT —QAQ"| = Agp|RRT —Tpp1]| = An|RTR = Lnjill = Aga[YTY — L.

Lemma 12 in De Castro et al. (2019) shows thatif § € (0,1) and k* > p(m) log (mﬂ) where
p(m) == max{1, || >}, @]l — 1}, then with probability at least 1 — §,

1
HYTY—IWHHS\/ i

(m+1)
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By the addition formula (20), for any = € Sd_l,

m m D + 9
S du@)? 1= dulw)? = =E=CP(1) = 2D+ 1)(D +2).
=0 (=1
Combining everything finishes the proof. |

A.2. Bounding the noise terms

We now turn to the remaining terms in (13). Each off-diagonal entry of the noise matrix W is
obtained from centering a Ber(p) or Ber(p(K;; + 1)) variable, so it is obvious that W satisfies the
following.

Lemma A.4 For the noise matrix W € R"*" defined by W;; = 0 for i € [n], W;; = A;j —
p(Kij + 1) for distinct i,j € [k], and Wy; = A;; — p otherwise, we have E[W | X] = 0,
Var(W;; | X) < 2p, and E[ij | X] < 2pforanyi,j € [n].

We are ready to bound the noise terms in (13).

Lemma A.5 There is an absolute constant C > 0 such that the following holds for any § € (0, 1).
Ifk > d+1og(2/9) and kp > C'log(2k/0), then with probability at least 1 — 0,

L3/2
) # o W < oF M

Proof Let W ;) denote the top-left £ X k principal minor of W. By Lemma F.2,

[(K*)# o W|| = [ K? o W] < Iilé%;]((K2)u‘ Wl

We have i
K= KiKji=X"Y X;X'X;=X'X"XX,; 1.
I+ % 7<% 7
J=1 J#i

By (17), for k > d + log(2/§) and an absolute constant C; > 0,

max(K*)s < [X'X|| +1 < C1k/d Q1)
1€

with probability at least 1 — §/2. Moreover, by Theorem F.1 and Lemma A.4, for an absolute
constant C'y > 0, we claim that

Wil < Co/kp +log(k/d) (22)

with probability at least 1 — §/2 as long as kp > C'log(2k/J). Indeed, conditionally on X, Theo-
rem F.1 applies with o0 < y/2kp and o, < 1. It gives that

P([Wiyll > Cov/kp +log(k/3)) < kexp(—t?/cc),
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as long as Ca+/kp + log(k/8) > 4(1+¢€)\/kp-+t, since the right-hand side is at least (1-+¢)2v/20+
t. We satisfy this by choosing t = Ca+/kp + log(k/d) — 4(1+ €)/kp. Thus the desired probability
is upper-bounded by /2 if we have t > \/c.log(2k/J). If we choose, say, ¢ = 1/2 and Cy =
4(14€)+1, thent > \/kp, which is at least \/C'log(2k /&) by assumption, as long as we choose the

absolute constant to satisfy C' > ¢y /o. Our assumptions imply that Ca/pk + log(k/d) < Cv/kp
for some absolute C, which we combine with (21) to complete the proof. |

Lemma A.6 There is an absolute constant C' > 0 such that for any 6 € (0, 1), ifnp > C'log(2n/9d)
then it holds with probability at least 1 — ¢ that

W2 o K#|| < C(np + log g)

Proof Let W 1., € R™*F denote the matrix consisting of the first k£ columns of W. By Lemma F.2,

W2 o K#|| = (W], W) o K[| < (W] W) o (XX )| + (W W) o I |
< 2W L Wil < 2[|WJ2.

Moreover, by Theorem F.1 and Lemma A.4, for an absolute constant C; > 0,
W] < Crv/np + log(n/9) (23)

with probability at least 1 — §, as long as np > C'log(2n/4). The proof of this goes as in (22); since
W is n x n whereas Wy, is k X k, we just replace k with n everywhere in the argument. The result
then follows. u

Lemma A.7 There is an absolute constant C > 0 such that the following holds for any § € (0, 1).
If k > d +1og(2/9), then with probability at least 1 — 6,

k k
[(K#W + WK#) o K#|| < Cg,/kpﬂogg.

Proof Let Wy denote the top-left k£ x k principal minor of W. Similar to the beginning of the
proof of Lemma A.6, it holds that

I(K#*W + WK#) o K#|| = [|(KW; + W K) o K|
< 2||[KWyy + Wi K| < 4] KJ|[[W |-

By (17), for k > d + log(2/6) and an absolute constant C; > 0,
K| < |IXTX|| +1 < Cik/d
with probability at least 1 — §/2. This together with (22) finishes the proof. |

To study the term (K#*W + WK7) o W, we first apply a decoupling inequality.
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Lemma A.8 Let W' be an independent copy of W conditional on X. There exists an absolute
constant C > 0 such that for all t > 0,

IP’{H(K#WJrWK#) oW >t | X} < CP{C|y(K#W+WK#) oW|| >t | X} .

Proof Let 2 = [—1, 1] and let B denote the separable Banach space R™*" with the spectral norm.
Let

Ju = {((0,4), (G.0) € ()% i < ', and j < £, and (i,7') # (.0)}.
For ((i,4), (4, £)) € Jy,, define the function h;; j; : % — B by
hijr je(,y) == 2y - Lijrje - (616’} + ej'ezT) )
where
Lijrje = Wi = jy K], + 1{i = 0 K], + 1{j =/} K], + 1{j' = 1 K]
and e; is the 7th standard basis vector. One then has
(K*W + WK#) o W = S iy je(Wijr, W)
((#,3"),(5,))EJn
and one can similarly check that
(K*W + WK#) o W' = Z hijrje(Wije, Wie)
((,57),(5,0))€JIn

so the result follows by applying Theorem 3.4.1 in de la Pefia and Giné (2012). |

Lemma A.9 There is an absolute constant C' > 0 such that if 6 € (0, 1) satisfies np > log(n/é),
then with probability at least 1 — 6,

I(K#W + WK#) o W| < ¢/ "P081/0) ”plog (n/9) (V/Fplog(n/5) +log(n/5))

Proof First, recall that Kf’; = K;; = X,' X, for distinct i, j € [k] and Kf; = 0 otherwise. Since
X" X, is sub-Gaussian with variance O(1/d), there is an absolute constant C; > 0 such that with
probability at least 1 — 6,

log(n/d)
d
for all ¢, j € [n]. Let us condition on an instance of X such that the above bound holds.
Moreover, recall that W;; € [—1,1], EflW | X] = 0, and Var(W;; | X) < 2p. By Bernstein’s
inequality, there is an absolute constant Co > 0 such that with probability at least 1 — 9,

< Oy ————= log n/6 (\/k:plog n/d) + log(n/d) )

for all ¢, j € [n]. We further condition on an instance of W such that the above bound holds.
22
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Let W’ be an independent copy of W conditional on X. Then for an absolute constant C'5 > 0,
we have

E[(K*W + WK#) o W')?, | X, W] < Cgplog(:;/(s) (kplog(n/d) + (log(n/d))?)

and
(FW -+ WEH) o W)y < Oy B0 (/i logns) + log(n/) )

foralli, j € [n]. By Theorem F.1, there are absolute constants Cy, C5 > 0 such that with probability
atleast 1 — 4,

[(K*W + WK#) o W/|| < C4<\/np10g(;/6) (kplog(n/d) + (log(n/d))?)

n \/W(s/kplog (n/8) + log(n/d) ) log(n/5)>
e bg(;‘/é) (VEploa(n]3) + log(n/5)) \/p + 1og(n]3)

Combining the above with Lemma A.8 completes the proof. |

It remains to control |[W? o W||. The following bound is an immediate consequence of The-
orem B.1 together with the properties of W in Lemma A .4.

Lemma A.10 There is an absolute constant C' > 0 such that if § € (0,1) satisfies n > log>(n/0)
and np > 1og®/3(n/8), then with probability at least 1 — 6,

W2 o W|| < C (np*? + n'?plog(n/6) + og**(n /) ).

A.3. Proof of Proposition 3.2

Recall the definition of D in (18) and the definitions of Aq; and A9 in Lemma A.2. The top two
eigenvalues and the top eigenvector of M are given by Lemma A.3 in view of the definition of D in
(18).

To control the spectral norm, we bound the right-hand side of (13) with probability at least
1 — n~ 19 Towards this end, we apply Lemmas A.1, A.3, A5, A.6, A7, A9, and A.10 with
§ =n10 /7. Also recall the definitions (18) and (19). To see that these lemmas are applicable,
we first check that the conditions assumed in the lemmas are all satisfied thanks to the assumption

k> Cy/nd/p3/*:
k> d+log(2/8): Obvious in view of the condition k > C'v/nd/p3/* > C(d + logn).

 k > m + 1: It suffices to have k > d? which is subsumed by k > C\/nd/p*/* if d < \/n.
Since k < n, we do have \/n > C’d/p?’/4 > d.

e k3> (2D +1)(D+2)log %: It suffices to have k% > C'd? log n which is subsumed by
k> d2 proved above together with k > C'y/nd/ p3/ 4> Clogn.

23



VAN DER POEL MAO MCKENNA

e kp > Clog(2k/5): Since k < n, it suffices to show that kp > C'log(14n'!). As noted
just after Theorem 2.5, our conditions imply np®/%2 > C, so kp = kp*/4pt/* > Cn'/2d -
C1/6p=1/6 > CO7/6p1/3 which suffices.

* np > Clog(2n/d): The previous bullet point actually showed that kp > C'log(2n/d), which
is stronger.

* np > log(n/d): Weaker than the previous bullet point.

« np > log®3(n/5): We showed above that, under the main assumption, we have np*/2 > C,
so that p > Cn~2/3 so np > Cn'/3 > 10g"/3(n/é).

« n > log®(n/d): Obvious.

Now we can apply the above lemmas together with (13) to obtain

HM-Mcha( e [ 605 7 flog(dfo]

5/2k3/2

—— +np? + plog +np®/? + n'/?plog(n/s) + log®?(n/)

,/kp+1og —I—p\/i VEkplog(n/) +log3/2(n/5))>

for an absolute constant C; > 0 with probability at least 1 — § where § = n~10/7.

In addition, kp > logn (an intermediate result of the fourth bullet point above), so the above
bound simplifies to

Jpr -]

31.3/2 5/2}.3/2 i
< (s <p 7 Vd1egn + pT +np3/2 +n1/2plogn+log3/2n+p2\/?logn)

for an absolute constant Cy > 0. Finally, it remains to use the assumptions k& > C'v/nd/p
and np>? > logn to show that each of the following quantities is smaller than ¢/(5C5) if C is
sufficiently large:

3/4

pg; 3k3/2 Vl1og n: It suffices to have &k > C'log n which is obvious.

. ng S/de/Q . Tt suffices to have pk > Cd?. Since n > k > C+/nd/p*/*, we have \/np >

Cd/p1/4 and kp > C/ndp'/* = Cn'/*d(np)'/* > Cn'/*d3/? /p!/8. Since we showed that
d < /n (see the second bullet point above), it follows that kp > Cd?/ pl/& > Cd2.

2

g’kg np®/?: The assumption k > C'/nd/p3/* is sufficient.

. 3zgnl/Qplogn Since ¢ < g\f we have
1/2
d? 2 plog(n) < 1/210,53;(71).])3/2 _ log(n) 1 log?(n) / '
p3k p2 2n C2 (np) 1/2 2 np

Previously we showed that, under our main assumption, we have np3/ 2 > (, so that p >
Cn~2/3. This means that np > Cn'/3, and thus log?(n)/(np) = o(1).
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2
. pg—kg log®/? n: 1t suffices to have

k > Cd(logn)®/ /p3/?
which is subsumed by k > C'/nd/p*/* since np/? > (logn)3/2.

. pgl—;pz %" logn: It suffices to have k > Cdn'/3(logn)?/?/p*/3 which is subsumed by
k> Cy\/nd/p/*.

This completes the proof.

Appendix B. Spectral norm of a graph matrix

In this section we establish Theorem B.1, which immediately implies Lemma A.10.

Theorem B.1 Let Z € R™™"™ be a symmetric matrix with independent entries above the diagonal
and zeros on the diagonal. For all 1 < i < j < n, assume ||Z;j||lc < 1, EZ;; = 0, EZ% < K,
and IEZ?J- < K for a quantity K € (0, 1] that may depend on n. Then there is an absolute constant
C > 0 such that if § € (0,1) satisfies n > log®(n/8) and nK > log®3(n/6), then the following
holds. With probability at least 1 — §, the matrix L := Z? o Z satisfies

IL| < C (nK3/2 +n'2K log(n/8) + 1og3/2(n/5)) .

A direct application of Theorem 4.1 in Rajendran and Tulsiani (2023) implies the norm of the
matrix L from Theorem B.1 is of order n/&3/2 with an extra multiplicative logarithmic factor. The
more recent work Bandeira et al. (2025) proves a general bound of the desired order on the expected
spectral norm but does not directly yield a high-probability bound that we need. Our purpose in
this section is to prove a high-probability spectral norm bound without any logarithmic factor in the
main term.

The first step toward proving Theorem B.1 is to decouple L = Z? o Z: If Z' is an independent
copy of Z, then we will show that it suffices to bound ||L|| where L = Z2 o Z/. The benefit of this
decoupling—which is the main idea of the proof of Theorem B.1—is that, if we decouple and then
condition on Z, then the matrix L has (conditionally) independent entries up to symmetry, so we
can apply Theorem F.1.

Lemma B.2 Let Z be as defined in Theorem B.1. Let Z' be an independent copy of Z. Define the
matrices L = Z2 o Z and L = Z? o Z'. There exists an absolute constant C > 0 such that for all
t>0, B

P{L]| >t} < CP{C||L|| > t} .

Proof We will prove this result by applying the decoupling inequalities of de la Pefia and Giné
(2012), which means that we need to find a way to write L and L in the form described there,
namely as functions of some underlying independent random variables. The entries of Z are not
independent, because of the symmetry. However, if we (abusively) write Zy; ;) for the common
value Z;; = Zj; when {i,j} € ([Z]) (i.e., {7, 7} is an unordered pair with ¢ # j), then the random

25



VAN DER POEL MAO MCKENNA

variables Zy; ;y are independent as {i,j} ranges over ([g}). They take values in Q = [—1,1].

3
Let J, C ([g]) be the set of ordered triples of distinct elements of ([g}). For each such triple
({i, 3"} g, K'}, {k,1'}), define the function hg; i (w3, (it} 03 — B, where B is the separable
Banach space of real-symmetric n X n matrices equipped with the spectral norm, by

1 o . ) .
Wi bty i} (25, 2) = STz 1{({i,5'}, {4, k'},{k,i'}) form a triangle} - (eie; +eje]l ),

where e; is the ith standard basis vector, and where we say that ({i,;'}, {7, &'}, {k,4'}) form a
triangle if all pairs of unordered pairs have nonempty intersection (i.e., if the triple is really of the

form ({a, b}, {b, c},{a, c}) up to reordering). Let (Zg)j}){ij}q[n]) for a = 1,2, 3 be independent
’ ) 2

copies of (Zy; ;1) (Y- For a,b,c € {1,2, 3}, write

{ij}e
a b c
Sabe 1= > Mo Gy iy (2357 250 2.
CRDRIAGRUNGINA

Then 5711 has the same law as L, whereas S129 has the same law as L=17207. By the decoupling
inequality in (de la Pefia and Giné, 2012, Theorem 3.4.1), applied to the independent variables
indexed by (%), there is a universal constant Cy > 0 such that

P{|[S111]| > t} < C1P{C1]|S123] > t}.

Next, conditional on (Z(DA )s: . (I]\> the sum Spa3 is an order-two decoupled U-statistic in the
{3} {i,5re())

second and third coordinates. In other words, we can write it as

7 2 3
Si23 = > h{j,kf},{k,mZék% zZ}),
(k1 i HETn

~ 2
where J,, C ([72"]) is the set of ordered pairs of distinct elements of ([Z}) and

gy niy (Y, 2)

Yz . . . . 1
- 3 1{({i,j'}. {4, K’} {k,1'}) form a triangle} Z(}) (e;e), + ejre] )
{7y (B} (hid}
Notice that these kernels are symmetric in the sense that Em,pz (y,2) = Em,pl (z,y). Hence the

reverse decoupling inequality in (de la Pefia and Giné, 2012, Theorem 3.4.1), applied conditionally
(1) . .
on (Z {M}) figye() gives a universal constant C'y > 0 such that

]P’{Cl||5123H > t} < CQP{C:LCQ”S]_QQH > t}.

Combining the above two inequalities gives the desired result. |

As previously mentioned, the crux of the proof of Theorem B.1 is an application of Theo-
rem F.1 of Bandeira and Van Handel to the partially decoupled matrix L. To apply Theorem F.1, we
need good control of the variables ¢ and o, which is given by the following two lemmas.
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Lemma B.3 Assume Z € R"*" satisfies the hypotheses of Theorem B.1. For all i € [n], define

o; = Z (ZQ)Z],

jem\{i}

where, for a matrix X € R™*", we write X?j = (Xij)z. Then there is an absolute constant C > 0
such that if § € (0, 1) satisfies nK > log(n/8) and n > log®(n/§), then the following holds. With
probability at least 1 — 0, we have that for all i € [n)],

0, <C (nK +nt/AKA log5/4(n/6)> .

Lemma B.4 Assume Z € R™*" satisfies the hypotheses of Theorem B.1. Then there is an absolute
constant C' > 0 such that the following holds for any 6 € (0, 1). With probability at least 1 — 6, we
have that for all i, j € [n),

(Z2)5] < € (02K log"/(n/6) + og(n/5) )

We first prove Theorem B.1 using Theorem F.1 and Lemmas B.3 and B .4.
Proof of Theorem B.1 Let Z' be an independent copy of Z and let L := Z2 o Z/. By Lemma B.2,
it suffices to prove the tail bound with L in place of L. In the sequel, we condition on a realization
of Z such that the bounds in Lemmas B.3 and B.4 hold, and all the probabilities and expectations
are with respect to Z’ conditional on Z. Define the quantities

Since E(Zj;)* < K, by the bound in Lemma B.3, we obtain

o= max |3 (22)2E(Z))? < CVE <nK + /AR 1A log5/4(n/5)> .
jemi}

Since [|Z; s < 1, by the bound in Lemma B.4, we obtain

0. = max (2l |1Z)lle < C (n'/2K 10g"/%(n/8) + log(n/9) ) .
1,j=1,...,n

We then claim that, for any 6 € (0, 1), we have
T S o + 0. /loa(n/0)
<VK (nK + /A4 1og5/4<n/5)) + (nl/QKlogl/z(n/é) + log(n/5)) log(n/d)
< nK3? 4 n2K log(n/6) + log®?(n/é)

with probability at least 1 — §. The first and second steps use Theorem F.1 and the estimates earlier
in this proof. In the third step, we use our assumption that n.K > log®®(n/d), so that log(n/§) <
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(nK)3/% and thus log®*(n/d) < (nK)3*. This implies that n*/*K3/410g®/4(n/8) < nK3/2,
Taking a union bound completes the proof. |

Proof of Lemma B.3 Fix i € [n]. Let Z; denote the ith column of Z. Note that

Ufi2: Z <Zi7Zj>2'

jen\{i}
If we define the quantities
Sl = Z Z?TZ?T, SQ = Z ZiijrZiSst,
]»7"6[ N} Jrs€n\{i}
j#r all distinct

then 012 =51 + 5.
Using the fact that [|Z3, [ < 1, EZ%, < K, and Var[Z3] < K, Bemnstein’s inequality
implies that for all € [n] \ {i}, the event

ST 72 <K+ nKlog<5)+log(6><nK 24)
jel i}

occurs with probability at least 1 — §/n, using the assumption nK > log(n/d). Hence by applying
(24) n times (n — 1 times corresponding with the indexes r € [n] \ {i} and once to the sum over r),
we find that the event

rell\} geln\(ir) rel\s)

occurs with probability at least 1 — &, which follows from a union bound.
To bound S, first define Brs := 3¢\ fi.r,s) ZirLjs forall v, s € [n] \ {i} such that r # s.

The quantities B,s satisfy
Z Zi'r Z ZisBrs .
relp\{i}  seln]\{ir}
Let {Z; } jc[n)\{s} be an independent copy of the collection {Z;;} je[n)\ {i}- and define

> Zi Y ZB.. (25)
rel\{i}  seln)\{ir}

For all (r,s) € ([n] \ {i})? such that  # s, define h,. s : R> — R by
hr,s(ﬂfv y) =xy - Bys.

Since
So = Z hr,s(zira Zis) )
(r9)e([n\{i})?

#s
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we can apply the decoupling inequality in Theorem 3.4.1 from de la Pefia and Giné (2012) to deduce
that for all ¢t > 0,
P{|Sy| >t} <C-P{C-|Sy| >t} (26)

for an absolute constant C' > 0. (Notice that, although the functions h,. ; are random, the collection
(Brs)r,se[n)\{i} is independent of the collection (Z; ), ([n)\{i}), because the former sees neither the
ith row nor the ith column of Z. Thus we can first condition on B,.¢, retaining the independence of
the Z;,’s necessary to apply de la Pefia and Giné (2012), then use that C is universal to see that the
bound also holds unconditionally.)

We will apply Bernstein’s inequality three times iteratively to the terms in (25). First, since
1ZjrZjs|l < 1and Var[Z;,Z;s] < K2, Bernstein’s inequality implies that for all 7, s € [n] \ {i}

with r # s, the event

Bys| < ([nk?log (%) +log (%) 7)
occurs with probability at least 1 — §/n?. For all » € [n] \ {i}, define
Dpi= > ZiB,.
sen)\{i,r}

For fixed values of B, for s € [n] \ {4, 7}, Bernstein’s inequality implies that the event

D= Y Z;sBrss\/ > KBlog(5)+max|Bullog(5)  @28)
sem]\{i,r} s€n]\{z,r}

occurs with probability at least 1 — 0 /n. We claim that conditioning on (27) for all s € [n] \ {i,r}
and applying (28) will give

D] < nK*?log (%) +log? (%) (29)

with probability at least 1—4 /n. Indeed, let Z be the principal submatrix of Z indexed by [n]\ {4, 7},
and let w = (Zjr) jefn)\{i,r}- Then (Brs)sen)\{i,;} = Zw as a column vector. By Theorem F.1 and
Bernstein’s inequality, with probability at least 1 — & /n,

1Z]] S VnK ++/log(n/6) S VaK,  |w|3 < nK +/nKlog(n/d) +log(n/é) S nkK,

where we use nK > log(n/d). Thus 35 ¢ ;.1 Brs < |Z||?||w||3 < n?K?2. Combining this with
(27) and (28) gives

|D,| < nK?>/?1log!/? (%) + n'2K log?/? (%) log? (%) .

The assumption nK > log(n/8) implies n'/2K log®?(n/8) < nkK?3/21og(n/5), proving (29).
Now for fixed values of D, for r € [n] \ {i}, Bernstein’s inequality implies that the event

S51=| > ZuD S | Y. KDog(%)+max|Dllog(5)  GO)
re[n]\{i} re[n)\{i}
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occurs with probability at least 1 — . (Notice that the collections (D), e[\ (i} @and (Zir)refn)\ i}
are independent, so we can indeed fix the values of D,.) Hence if we condition on (29) for all
r € [n] \ {7} and apply (30) together with (26), then we find that the event

< 3/2721,63/2 (T 1/23-1/27..5/2 (1
|Sa] S n/*K*log <5>+n K*/“log <5> (31)

occurs with probability at least 1 — §, using the assumption nK > log(n/d). Using a union bound
over the above events, the probability of (31) is at least 1 — 3.

Hence combining our bounds for Sy and S, together with the assumption n > log®(n/4), we
find that the event
O_iQ < n2K? 4 nl/2 12 10g5/2 (%)

occurs with probability at least 1 — 49, completing the proof. |
Proof of Lemma B.4 We will use that | Z;xZ k||« < 1 and Var Z;;Z;x < K2, which holds for all

distinct 7, j, k € [n]. Using Bernstein’s inequality, we have that for any § € (0, 1), with probability
at least 1 — §/n?,

251 =| Y ZuZ §C’(\/nK2log(n/5)+log(n/5)>
keln\ i)

for an absolute constant C' > (. Taking a union bound completes the proof. |

Appendix C. Additional proofs for the semidefinite program

This section is devoted to Lemma C.1, a key step in the proof of Theorem 2.6. We will refer
repeatedly to our assumptions on n, k, p, d, and §:

(A1) np*/? = w((dlogn)?),  (A2) kp*/* > Cn'/2d,
where C' > 0 is a sufficiently large constant.

Lemma C.1 For all fixed € € (0,1), if n) is defined as in (14) and (Al) and (A2) hold, then for all
large enough n depending on €, we have 1 > (1 — ¢) - p>k? /d? with probability at least 1 —n~'0/2.

Proof Let § := n~!0/2. Recall that 1 := minj<;<x(ME); — maxji<, |(ME);|. The proof
resembles the spectral method in Section 3 and analyzes the twocases 1 < i < kand k < ¢ < n.
In both cases we have (M¢); = 25:1 M;;.

Case 1: © < k. By (9), it holds that

k k k k k

Y My > p*y (K2 oK) —p®| Y (K)iWij| —p| D (W?)Kyj| — | D (W2 Wi
j=1 i=1 i=1 i=1 j=1

T Tz TYS Ty

k k

—P*| ) (KW + WK7);;K;j| —p| > (KW + WK*);; W) .
j=1 j=1
T Ts
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Case 2: i > k. By (9), it holds that
k
J

> My <D (W)W

j=1 J=1

k
> (WK#);; Wi
j=1

ij| TP

T7 Ts

since all the other terms vanish for 7 > k.
Forall 1 <17 < kand k < j < n, define the event

31.2
E;j = {(Mf)z — [(Mg);] < (1 - e)ly;} .

Using the inclusion

31.2 8 37.2
e\ p°k e p°k
Eijg{T1§(1_2>d?}UU{lel4 7 }

we calculate that

P{n§(1—6)p3 :

]; }§ Y. > P{Ey)

1<i<k k<j<n

< n? <1P’{T1§(1—2)W} Z]P’{ Z—14 Z’f})

We will show in the second half of the proof that assumptions (A1) and (A2) imply the right-hand
sides of Lemmas C.3 to C.5, C.7 and C.8 are all o(p3k?/d?) after multiplying by the corresponding
factor of p. For the moment, we use this fact to complete the proof of the lemma. We apply
Lemma C.2 with A = 1 — ¢/2 and Lemmas C.3 to C.5, C.7 and C.8 with § = n~'2/8. Notice that
T7 is the same as T}; additionally, Tg appears as the object S5 in the proof of Lemma C.8, so the
bound from Lemma C.8 also bounds 7Tg. We then obtain

31.2

p°k of —ckja . 7 —ck/2d 7 1
P{né(l—ﬁ) dQ}Sn <€ /+n1><€ / +W§n107

where in the last step we used that k/d > log n, which follows easily from (A2) (this also implies
that &k > d + log(1/¢), which we needed to apply these lemmas).

It remains to verify the right-hand sides of Lemmas C.3 to C.5, C.7 and C.8 are o(p3k?/d?)
after multiplying by the corresponding factor of p. We will repeatedly use the following easy con-
sequences of (Al) and (A2). Let L := log(1/d), Ly := log(k/d), and L,, := log(n/d). Since
6 =n~19/2, we have L,, < logn. From (A2), we have pk > Cn?/3d*/3k=1/3, hence

dlog4/3n < d10g4/3n B k1/3log4/3n < log4/3n

ok Y p2BdABE-1/3 T p2/34l3 —  pl/3 =o(1). (32)

We verify the terms one at a time:
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(LC.3) Dividing by p3k?/d?, the two constituent terms become +/dL/pk and dL/pk, respec-
tively, which are o(1) by L < logn and (32).

(LC.4) For the first term, we calculate

2 3/2
p°/nk/d L, d’/*\/nLy, < d\1/6
PRJE  pkaz ~ e (nk) =o(1),

where the inequality used L,, < logn and (A2) in the form p > (/nd/k)*/3. For the
second term,

pVkp/dLE  (dLy* N\
p3k2/d2 - pk - 0(1) ’
where we used L,, < logn and (32).
(LC.5) For the first term, we calculate
Vi nk:p?’/Qﬁ d*v/nL (1)
_ —o(1),

p3k:2/d2 - p3/2k3/2

where the o(1) follows since p‘ﬁj;/k% = 0(1) is equivalent to k > (n.L)'/3d*/? /p, which
in turn holds for the following reason: (A2) asserts k > +/nd/p*/*, and taking the ratio

(nL)1/3d4/3/p B (dL)1/3
\/ﬁd/p3/4 o nl/6pl/4’

R =

we notice that R = o(1) if and only if np3/? >> (dL)?, which is precisely (A1). For the
second term,

p\/ELim B dzLim B k7/6(log n)3/2 B log®/2 — o)
PR2JZ T RS2 N pAB@s S pl/6gels o)

where the first inequality uses L,, < logn and (A2) in the form p? > (y/nd/k)®/3, and
the second inequality uses £ < n. For the third term, the condition ]ﬁg‘/cp = o(1) is

equivalent to k > (dL,)/p*?, which holds for the following reason: again comparing
with the condition k > \/nd/p>* from (A2), the ratio

dLy, /p*/? L,

Viad/pt~ Jap

is o(1) if and only if np3/? > L2, which holds by (A1).
(LC.7) Identical to (LC.3).
(LC.8) For the first term, we calculate

PPkLy/Vd _ &Ly _ dY/kPlogn _ d'/Clogn _ .
PRE . pk ~ n2/3 S =o(1),
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where we used Ly < logn and (A2) in the form p = (y/nd/ k)4/ 3. Finally, (A2) implies
d < k//n < /7, hence d'/% logn < S{é/ﬁ = 0(1). For the second term,

/3

p\/pk/d L} _ 3202 < VE(logn)? _ (logn)?
p3k2/d2 p3/2k3/2 ~ n\/g \/ﬁ

where we used L, < logn and then (A2) in the form p*/2 > (\/nd/k)? = nd?/k>.

<

Having verified the right-hand sides of Lemmas C.3 to C.5, C.7 and C.8 are of the correct order, the
proof is complete. u

Lemma C.2 Let S := Z;‘?zl(K2 o K)1;. For every fixed X € (0,1) there exists a constant ¢ > 0
such that

k? —ck/d

Proof Throughout the proof we condition on X;. We can rewrite

S= D (X0 X)Xy, Xi)(X;, X)) (33)
2<5,1<k
T
Define the centered kernel A : (S%~1)2 — R by

1 1
(X1, x)? — g<X1,y>2 + 5 (34)

1
d

For Y ~ Unif(S~!) and any fixed 2 € S?~!, we have

h(I,y) = <X17$><X1,y><l‘,y>

Ey[(X1, 2)(X1,Y) (2, Y) | X1] = (X1,2) - X[ E[YY "]z = é(Xl,@Q,

1 1
Ey[(X1,Y)? | X1] = g<X17X1>2 =2
which implies
Ey [h(z,Y)] X1] = 0. (35)

By symmetry the same holds with x and y swapped.
Writing W := (X1, Xj>2 — 1/d, we directly expand (33) and (34) to obtain

k
20k — 2) (k—1)(k - 2)
S:u+T§ WitU, p=——mp——, U:= E’ hX;,X).  (36)
7j=2 2<5,l<k
J#l

In particular, E[S' | X;] = p. If we set ¢ := (1 — A)u then we find from (36) that

{Sﬁu—t}g{Us—;}u{W

33
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We will bound the two terms separately.

The random variables W5, ..., W}, are independent given X1, satisfy || W]y, < 1/d, and are
mean-zero. Hence by the subexponential Bernstein inequality (e.g. Theorem 2.8.1 in Vershynin
(2018)) conditional on X1, there exists ¢ > 0 such that

k 522
P W, < —sp < —cmi d
{]z:; ;< s}_exp( cmm{ 3 , 8 })

for all s > 0. Taking s := 4(,§i2) = (I_Aigf_l), we obtain
k

{ £-2) ZWJ } < ek, (38)

Jj=

We now move on to the U-statistic term. Let X' := {X7};c(y and X" := {X7};c[ be
independent copies of { X} jc(x], and define the decoupled U-statistic

= > h(X},X])
2<5,1<k
JAL
By the decoupling inequality for order-2 U-statistics (de la Pefia and Montgomery-Smith, 1995,
Theorem 1), there is an absolute constant C’ > 0 such that for all z > 0,

P{U| >z} <C"-P{C"-|U'| > z}. (39)

We now estimate tail probabilities for U’ using an exponential inequality for U-statistics due to Giné
et al., which we apply conditionally on X;. Equation (35) shows that, conditional on X7, the kernel
h is canonical in the sense needed to apply (Giné et al., 2000, Theorem 3.3). This result is written
in terms of various norms and expectations of h, which we now estimate using the simpler forms of
A, B, C, and D appearing before (Giné et al., 2000, Corollary 3.4).

Bound for A. It is easy to see that A = ||h||oc < 1 +2/d +1/d? < 4.

Bounds for B and C. We will use that for any fixed v, w € Sa-1

1+ 2{v,w)?

E[<U7Y> (w, Y> ] = W

For any fixed x € S, using (a + b + ¢ + d)? < 4(a® + b® + ¢ + d?), we find that there exists a
universal constant C' > 0 such that

Ey[h(z,Y)?| X1] < 4By [(X1,2)% (X1, V) (z,Y)?]

4 4 4
+ﬁ<X17$> dQEY[<X1’Y> ]"’ﬁ
1+ 2(Xy, x)? 1 C
<AXy, )2 2L o) < 2 40
Koo —gasey  + (d2>—d2 (40)
The same estimate holds with  and Y interchanged, hence
k
B = (k = D([Eyh(, Y)lloo + [ExA(X, ) ]lo0) S 25
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where the implicit constant is universal. Similarly, taking expectation of (40) over z = X and using
E[(X1, X)?] = 1/d gives E[h(X,Y)?] < 1/d3, which implies

)

k2
C? = (k= 1P E[R(X, Y] S o
where the implicit constant is again universal.
Bound for D. From (Giné et al., 2000, p. 20), we have D = (k — 1)||h|| 1,1, and ||| 1,1, <
2|z, = VE[R(X,Y)?] by Cauchy-Schwarz. Thus since E[h(X,Y)?] < 1/d3,

k

D < (k= Dkl $ =75
where the implicit constant is universal.

Using the above bounds on A, B, C, and D, we apply (Giné et al., 2000, Theorem 3.3) to U’,
conditional on X7, to obtain for all x > 0,

1 22z 2?3 g2
!/ .
P{|U'| > z| X1} < Lexp <— Lmln{CQ7D7-BQ/37‘Al/2}> ;
where L > 0 is an absolute constant. Applying our upper bounds for A, B, C, and D (which do not
depend on X), and then taking expectations over X; and using (39) gives
22d3 xd3/2 22/342/3 12
x .
K27 k7 kY3

P{|U| Zw}ﬁCexp(—cmin{

Setting z :=t/2 = (1 — \)p/2 and using p ~ k2 /d? yields

t t k
P{US—Z}SP{\U!ZQ}SCeXp (—cd) , (41)
where we used that ) is fixed and the last term in the minimum dominates. Combining (37), (38),
and (41) completes the proof. |

Lemma C.3 There is an absolute constant C' > 0 such that the following holds. Assume k >
d+log(1/6). Forall1 <i < kandd € (0,1),

pk3 1 k 1
< - — — —
C( 3log(6)+ log<5>>

Proof Fix 1 < i < k. Let S := Z?zl(Kz)ijWij and B; := (K?);; for all j € [k] \ {i}.
Throughout the proof, we condition on X;. We have Var[W;; | K] < 2p, so conditioned on K,
Bernstein’s inequality implies

1 1
< B2 log = B;| ) log =
sy 3 m o ()4 (g ) ()

jelk\ i}

(K?)i; Wi

k
=1

J

with probability at least 1 — .
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with probability at least 1 — §/3. In the remainder, we will show that the events

5/2
JelN) Jelk\ i}

occur with probability 1 — 24/3. It is easy to check that the statement of the lemma follows from
the above bound on | S|, (42), and the assumption k& > d + log(1/4).

If we define the quantities

k

Y = Z Kile y 7 = (KU)]G[k]\{Z} s G = Z XZXZT ,
= Lelk\{i}

then Bj = <Xj,Y> — Kij and
S BE=vTGY —2Y )P+ 2|

JEkN\{i} (43)
<[GIYI?+1ZI° < IGIPIZI* + 112>

To see the last inequality in (43), let H € R =>4 have rows (X, );c [\ s} and notice

Y * = Z KiKim (X1, Xm) = 2" (HR")Z < |[HH' (||| Z]* = |G|[|1Z]*,

I,m=1

since [HHT || = [[H"H| = ||G||. Using that EG = 2311, concentration of the sample covari-
ance matrix (e.g., Theorem 5.7 in Rigollet and Hiitter (2023)) implies the event

d'd k 2 d

Gl < 1; Z ( d+1og(1/3) d+log(1/5)> _k

occurs with probability at least 1 — 6 /6, where we used k > d +1og(1/6). Since E[Kfj] =1/d and
IK3; — 1/d||ly, < 1/d, the subexponential Bernstein inequality implies

k 1 1 1 1
2 <y = - -
1Z]]* < 7 d”klog <5> +d10g<6> (44)

with probability at least 1 — §/6. Continuing from (43) and using our bounds on |G| and ||Z||?,
and dropping redundant terms (using the assumption k > d + log(1/d)), we find that the event

N2k 1 1 k3 k:5/2 1
B2< (% Ykl () ) = 2 ]
P JN(d) (d*d kog(é)) BE Og(6>
jelRI\{i}

occurs with probability at least 1 — ¢ /3, which yields the first bound in (42).
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We now prove the bound on max; | Bj|. We have B; = Zle K;K ;. Conditional on X; and
X, the summands K;;K; have mean K;;/d and 11-norm < 1/d. Hence by the subexponential
Bernstein inequality and a union bound, the event

ko1 k k k
Bl<Ze = rog(E) +10g(Z)) <E
% P15 G ( o2 (5) + Og(6>> 4

occurs with probability at least 1 — /3, where we again used k& > d + log(1/4). [ |

Lemma C.4 There is an absolute constant C' > 0 such that if (A2) holds, then we have the follow-
ing. Assume k > d +1log(1/0). Forall1 <i<kandd € (0,1),

<o (1 s () + 70 (5))

Proof Fix 1 < ¢ < k. Let W/ be a conditionally independent copy of W given K. Define the sums

k n E n

j=11=1 j=11=1

(W) K

k
=1

J

with probability at least 1 — 9.

Foralll € [n]\ {i} let B; := Z§:1 W’ K;j, so that 8" = >7}L | Wy B;. We claim that there exists
a universal c such that, for all £ > 0, we have the decoupling inequality

P(|S| > t) < cB(c|S'] > ¢). (46)

This will follow from Theorem 3.4.1 in de la Pefia and Giné (2012), applied conditionally on K, if
we can write S and S” as sums of functions of independent random variables. As in the proof of
Lemma B.2, when {i,j} € ([g]), we write W ; 5y for the common value Wy; = W ;. These are
conditionally independent given K, and take values in = [—1,1]. Let J,, C ([;L])2 be the set of
ordered pairs of distinct elements. Say that ({a, b}, {c,d}) € Ja is “good” if {a,b} N {c,d} # 0
and i € {a,b} \ {c,d}. Such pairs must actually be of the form ({a, b}, {c,d}) = ({7, ¢}, {4,¢})
for some j, ¢ € [n] \ {i}. Write JE°° for the set of all such pairs, and 7 : JE! — [n] \ {i} for the
function which “extracts 77 in the sense of returning the element which is neither ¢ nor shared. This
is all well-defined, and it allows us to define hq 4} (c.a) : 02 — Rby

h{a,b},{c,d} (:Ea y) = xyl{({a, b}v {C7 d}) is gOOd}(K#>i,n({a,b},{c,d})'

With this definition, one can check that

S = Z Wi W (K#); = Z Piapy fe.dy(Wab, Wea)
Jt=1 ({a,b} {c,d})eTn

S’ = Z Wi W (K#); = Z hiapt fe.dt(Wap, Wig),
j,f:l ({avb}v{c’d})ejn
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so that Theorem 3.4.1 of de la Pefia and Giné (2012) indeed implies (46).

Conditional on K and W', the random variables {Ble‘l}zqn]\ (i) are independent, centered,
bounded in absolute value by |B;|, and have variance at most 2pBIQ. Hence Bernstein’s inequality

implies
15" < p( Z BlQ) log (%) + <le[n]\{z |Bl|) (;) 47)

1€[n]\{é}
with conditional probability at least 1 — §/(3c).
We first bound the variance term. For each [ € [n] \ {i}, let us define ¥; := Z?Zl WX so
that B; = X,'Y]. We then calculate that

S B < XTXTWY, (W) XX < X2 W12
le[n]\{d}

By concentration of the sample covariance matrix, with probability at least 1 — §/(6¢),

1\ _ k
X2 = XX <54 Liog (1) < ®
1X][= =1l IS 5 + 7 log (5)Nd

where we used k& > d + log(1/9).

Conditional on K, the entries of W' are independent, centered, bounded by 1, and have vari-
ance at most 2p. Applying Lemma C.6 to W’ with §/(6¢) in place of §, we obtain

n
IW'|| < v/np + 4 /log (5)
with conditional probability at least 1 — §/(6¢) given K. Combining these bounds, we obtain

3 AP b (mp+108 (%)) %)

with probability at least 1 — §/(3c).
To control the second term in (47), if we condition on K, Bernstein’s inequality and a union

bound yield
max |B| S p( Z K? >log( >+log<5>
ey jelkn i)

with probability at least 1 — §/(6¢). The bound from (44) applies directly t0 >\ (43 ng with
probability at least 1 — 6 /(6¢), so we obtain

e 1815/ 10g (%) 10 (1)

with probability at least 1 — §/(3c), where we used k > d + log(1/d). By combining the bounds
for the variance and max terms, using the decoupling inequality, and k£ > d + log(1/9), we obtain

pﬁlog (%) —+ \/%log?’/2 <c15> + \/%log2 (%) + log? (%) . (49)
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The second term in (49) is clearly at most the third term. The fourth term is at most the third term
since \/pk/d > 1, which in turn follows from (A2). Indeed, (A2) and k¥ < n imply p = n=2/3,
hence we have pk/d > /np'/* > n'/3 > 1. This completes the proof of the lemma. |

Lemma C.5 There is an absolute constant C' > 0 such that we have the following. Let 1 < i < k
and § € (0,1). If (Al), (A2), and § > n~C hold, then

S| € (o () ¢ (3) ()

7j=1
with probability at least 1 — 9.

Proof Fix 1 < ¢ < k and let
k n
S = Z Z WiuW;W;;, Z W Wi, Wi,
11=1

j=11=1 j=

where W/, W’ € R™** are conditionally independent copies of W given K. We claim that, for a
universal constant ¢ > O and all ¢ > 0,

P{|S| >t} < cP{c|S'| > t}.

3
Conditional on K, the random variables {W{a,b}} {abye(™) are independent. Let J,, C ([Z]) be
’ 2
the set of ordered triples of distinct unordered pairs. For ({a, b}, {c,d}, {e, f}) € J,, define

Piapy fe.dy fe.ft (T, Y, 2) = vyz - 1{{a, b}, {c,d}, {e, f} form a triangle }
’ 1{7’ S {a7 b} N {6, f}} : 1{{67 f} = {17]} for somej € [k]}

The nonzero terms are exactly those with ({a, b}, {c,d},{e, f}) = ({3,1},{l,7},{¢,j}) for some
j € [kland !l € [n] \ {i,7}. Therefore, using the convention that the diagonal of W vanishes,

k
Z hiapyiedyfe.f} (Wab, Wea, W Z Z WuW ;W;; =5,
({ab} {cd} {e.fHEIn j=1 I=1
and similarly
k n
Z hiapt fedb e} (Wab, Weg, Z Z W W, W ="
({ab}{cd}{e.fHEIn j=11=1

Theorem 3.4.1 in de la Pefia and Giné (2012), applied conditionally on K to the independent vari-
ables indexed by ([;l]), gives the desired conditional decoupling inequality. Taking expectations
over K gives the claimed unconditional version.

39



VAN DER POEL MAO MCKENNA

Let B; := Z Wi, Wi forl € [n], sothat 8" = 37, Bt'Wj;. Conditional on K, W', and
W, the Variables {Bqu}le[n]\{i} are independent, centered, bounded in absolute value by | B/,
and have variance at most 2pBIQ. From Bernstein’s inequality,

/ 2 1 1
1= p( 2 Bl>log(5>+<le[n]\{l 'Blolg(a) 0

le[n)\{i}

with probability at least 1 — §/(3c).
Let us write B := (B;) jen\ (i} and V := || B||*. Define the random vector Y := (W7;) ;)
with Y; := 0. We then have

= [[W'Y[* = B} < [[W'[I*[Y]|.

From Lemma C.6 below, we have the bound ||W'|| < ,/np with conditional probability at least 1 —
d/(6¢) given K, where the /log(n/d) term is O(,/np) due to (Al). Conditional on K, Bernstein’s

inequality implies
2 1 1 1
|Y|I* < kp+ [ kplog 5 + log 3 < kp + log 5

with probability at least 1 —d/(6¢). The fourth bullet point in the proof of Proposition 3.2 shows that
log(n) = o(kp) when (A2) holds; thus, since § > n~C, we have that ||Y||?> < kp with probability
at least 1 — 0/(6¢). It then follows that

V < nkp?

with probability at least 1 — §/(3c).
We now bound the second term in (50). Conditional on K, the summands W’ W” in B;

are centered, bounded in absolute value by 1, and have variance at most 4p?, hence Bernstein’s
inequality and a union bound imply

ity P15\ hwos (5) + 10w ()

with probability at least 1 — 0/(3¢). Combining the above bounds and taking a union bound, we

have
1S < \ﬁpg/%/log <5) + VEplog®/? <6> + log? (%)

with probability at least 1 — 6/c. The lemma now follows by applying the decoupling inequality
cited above to S and S’. |

Lemma C.6 There is an absolute constant C' > 0 such that the following holds. For all § € (0,1),

Wi < (v ios () )

with conditional probability at least 1 — 6 given K.
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Proof Condition on K throughout the proof. If we define the quantities

Oy 1= Inlax Wijlloo s
_7 7

then o, < 1 and 0 < 2np, since E[W | K] < 2p. The hypotheses of Theorem F.1 are satisfied
for W since it is symmetric with 1ndependent centered entries above the diagonal. Hence applying
Theorem F.1 and taking ¢ =< \/log(n/d) implies the event

WIS o+t vp+y/log (5)
occurs with probability at least 1 — 6. |

Lemma C.7 There is an absolute constant C' > 0 such that the following holds. Assume k >
d+log(1/8). Forall1 <i < kandé € (0,1),

pk3 1 k 1
< - v -

k
> (K#W + WK*);,K;;
j=1

with probability at least 1 — 9.

Proof Fix 1 < ¢ < k. Define the sums

k k
= Z(K#W + WK#)inij s Sl = Z KilelKij s SQ = Z WilKleij s
7j=1 1<j<i<k 7l=1

so that S = 257 + Sa. Notice |Sa| is precisely the quantity analyzed in Lemma C.3 (applied with
d/2), so it remains to bound |S7|. Conditional on K, the summands in S are independent, mean-
zero, and variance at most 2pK2 K2 Hence by applying Bernstein’s inequality given K, we have
that with probability at least 1 — 6/ 2

51| < p( > K2K2>10g<(15>+10g<(15>

1<5<I<k

(b v (1) + o (3)) s (2) 1 (2)
k:f 1og(5>+log<(15>7

where in the second inequality we used 3, K3 K3 < (3, K7;)? and applied (44) to the right-
hand side, and in the third inequality we used k 2 d+ Iog(l /9 ) Combining the bounds for |5 |

and |Sz|, and dropping redundant terms, implies the statement of the lemma. |
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Lemma C.8 There is an absolute constant C' > 0 such that the following holds. Assume (A2) and
k> d+1log(1/0). Forall1 <i<kandd € (0,1),

<o (Za(t) ¢ ()

k
Y (K#W + WK#);; Wy
j=1

with probability at least 1 — .

Proof Fix 1 < ¢ < k. Define the sums

k k k
=Y (K*W + WK?);;W;, S1:=> KyW;Wi;;, Sp:=> WKW,
j=1 Gl=1 gl=1

so that S = S7 + So. First note that S is precisely S as defined in (45), except with the sum over
[ € [k] instead of j € [n]. Hence it follows from Lemma C.4 (applied with § /2 and n = k) that

Pk k pfk‘ 2 E
115 Do () + /2 02 (5

with probability at least 1 — /2.

We will now bound |Sz2|. Let ¢ > 0 be the constant from the decoupling inequality for order-2
kernels (Theorem 3.4.1 in de la Pefia and Giné (2012)). Let W’ be an independent copy of W (that
is, W and W' are conditionally i.i.d. given K). Let B; := Z§:1 Wi, K; foralll € [k]\ {i}, and

define S := Zle B;W ;. Conditional on K and W', Bernstein’s inequality implies

1
S| < B? |1 Bil)1
54l < p( > )g() (o 1530 10 ()

lek)\{i}

with probability at least 1 — §/(6¢).
LetY := Z;?:l Wi, X, and let G € R4 and H € R*~1*4 be defined as in Lemma C.3.
Also let Z := (W;) jc(x)\ {s}- Notice that B; = (Y, X;) — W}, which implies

il’

oo oBi<ay [ Y XX |v+2 Y

EONG: EONG: EONG:
=2Y'GY +2(Z|* < 2|G[|IY]* + 2] Z|]*.

From Lemma C.3 we have |G| < g with probability at least 1 — §/(18¢). Conditional on X,
the random vectors V; := Wi, X; for j € [k] \ {i} are independent, mean-zero, and satisfy
|V;]I < 1 and E[||V;]|?|X] < 2p. Thus from the vector Bernstein inequality (e.g. (Tropp, 2012,

Theorem 1.6)),
d d
< = Z
Y]l < 4/kplog <5> + log <5>
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with probability at least 1 — §/(18¢). The scalar Bernstein inequality implies

||Z||2 <kp+ “kplog (;) + log <(15>

with probability at least 1 — §/(18¢). Combining the above three bounds, the event
d k d
B2 < P —log? |
e rog (5) + Soe? (1)
[K1\{i}

occurs with probability at least 1 — §/(6¢).
For the maximum term, conditional on K, Bernstein’s inequality gives

k k
2
|B)| < | p Z Kz | log <5> + log <5>

Jelk\{7}

forall [ € [k] \ {7} with conditional probability at least 1 — §/(12c). Further, applying (44) with
failure probability § /(12ck) and taking a union bound over [ € [k] \ {i} gives

_k 1 K\ 1 K\ &
max K% < = 4 =4/klo +-1lo <> S =
Ik} %;{} NSty g<5> a4 %\5)~4

with probability at least 1 — §/(12¢), where the last inequality uses k£ > d + log(1/d). Combining
the last two displays and absorbing constants, we obtain

pk k k pk k k
< I _ _ < T _ _
leI[I]%ﬁ}fi}|Bl‘N 7 log<5> —i—log<6) S/ 7 log 5 + log 5

with probability at least 1 — §/(6¢).
Combining the above bounds and using k£ > d + log(1/0) implies

< p d ]Lk 2 ﬁ 2 E
’SQ|N\f10 —|—\/dlog 5 + log 5)

with probability at least 1 — §/(2¢). By the decoupling inequality, the same bound holds for |Ss|
with probability at least 1 —0 /2. It remains to absorb the third term into the second on the right-hand
side using the same argument as at the end of the proof of Lemma C.4 together with (A2). |

Appendix D. Computational lower bound

We prove Theorem 2.7 in this section following Schramm and Wein (2022). Before stating the
proof, we need several definitions. Let B ~ G(n,p) coupled to A such that for all distinct pairs
1 < 4,5 < n not both in S, we have A;; = B;j, and the collections {A}; e[, and {B}; jes
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are independent. For a subset o C ( [g]) (which we identify with the binary vector with entries
1{e € a},e€ ([g‘])) and an n X n matrix Y, define

Y= ] Y-
iJEQ

We will also view « as a graph whose vertex set, denoted V' («), is induced by its edges. With these
definitions, the following calculation is the correct modification of the top of p. 17 in the technical
appendix of Schramm and Wein (2022):

E[A°|B] = Es[B*\() . E[A""C) | 5] | B
=Y E[1{a\ () =5} AC)] B = 3 MsB,
BCa BCa

where
Mos =E[1{a\ (§) = 6} - A"()] .

The following lemma now follows from the proof of Theorem 2.2 of Schramm and Wein (2022)
(see also p. 17 of the technical appendix).

Lemma D.1 (Schramm and Wein (2022)) Let A and B be as defined above. Suppose My, # 0
forall o C ([’21}) with || < D. Then

CorriD < E w?

where w,, are defined recursively as

wy =E[0], we:= E[A” 0] = > Magwg | , aC (%), |al>1,

BCa
where 3 C o means [ is a proper subgraph of a.
Proof of Theorem 2.7 The proof of Corr, < (1 + o(1))r? is nearly the same as that of Lemma
H.2(7) in the technical appendix of Schramm and Wein (2022), so we only describe the parts that
are different. We only need to confirm that Lemma H.4 of Schramm and Wein (2022) still holds in

our setting, for which it suffices to prove the same bounds on My, |Mag|, and [E[A* - §]|. Note
that Lemma H.3 in their article holds true unchanged in our setting.

Foralla C ([g]) we have
Maa == E [1{06\ (g) = a} . Aaﬁ(‘;)]
=P{a\ (§) =a} >P{V(a)nS =0} = (1 — )V
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For fixed 8 C a, since « \ (g) = B implies V(o \ ) C S, we calculate

| Mas| = ‘Es [1{(1\ (3) =8}-E [Aam(g) m
=P{a\(s)=ﬁ}~|E[Aa|V<> S]|

~#lo ) =) g T 2=
~rev @ =01 (12) " e[ T x|

iJEQ
<Pla\ (§) = 5} < VeV,

Finally we bound |E[A“-0]|. Let X1,..., X |V (a)| be1.1.d. uniformly distributed on the sphere ST,
Since E [A®|S] -6 # O only if V(o) U {1} C S, we have
E[A® 0] = Es [E [A%|S] - 0]
=P{V(a)U{1} C S} -E [Aa |V (a) C 5] < pIV@U{IH < V()]
where the first inequality holds via the same calculation as for |M,3|. The above bounds on M,

| M, [A% - 6]| match those in Schramm and Wein (2022), so indeed Lemma H.4 holds in
our setting, completing the proof. |

Appendix E. Information-theoretic upper bound

We prove Theorem 2.8 in this section. For clarity, let $* (instead of S) denote the vertex set of the
planted subgraph in A throughout the proof. If k > cn for a constant ¢ > 0 and we take € € (0, c?)
then |S* N S| > ek with high probability (recall S is defined as a random k-subset of [n] when
k = ©(n)). Thus in the remainder we may assume k = o(n), where S is defined by (7). For all
subsets A, B, C C [n] define

T(A,B,C) = Z Az‘jAﬂAli
€A, jeB,leC

and write 7(A) = 7(A, A, A). Moreover, define
Ti(A) :=7(A, 8"\ A8\ A),  T(A):=7(4 A48 \4), T3(4):=1(4),
Ti(A,B) :=7(B,S*\ A,§*\ 4), T5(A,B):=7(B,B,S§*\ A), Ts(B):=71(B).
At times we will write 11, . . ., T without their respective arguments to ease notation. Define
A(A, B) :=3T1(A) 4+ 3T»(A) + T5(A) — 3Ty (A, B) — 3T5(A, B) — Ts(B) .
By definition of A, if S € ([ }) A=8*\S,and B=S§\S* then S*\ A =85*NS and

A(A,B) =7(8%) — 7(S).
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Let € > 0 be a sufficiently small constant. The optimality of S implies A(S* \ S, S \ S*) is
nonpositive, hence

P{|S*NS| < ek} <P {T(S) > 7(8*) for some S € <[Z]> with [S* N S| < ek:}

_ P{A(A’ B) < 0 for some A € (Z (fi €)k>, Be <[n]\>1|8*>}

< Z P {A(A,B) < 0 for some B € <[n]’>18*> } ;

AE(Z(iSje)k)

and let us write P4 to denote the summand on the right-hand side. Let s := p3k3/2d2, and for all
A define the event

Ey:={T1(A) < —s/120or T5(A) < —s/12 0or T5(A) < s}.

‘We then have

S*
Py <P{Es} +P {A(A, B) <0 for some B € ([n]‘i‘ ) and £ holds}

2
<Y P{T; < —s/12} + P{T3 < s}
=1

+IP’{3T4 + 375 + T > s/2 for some B € (MQHS )}

2 6
S*
<> PT, < —s/12} + P{T5 < s} + ZIP’{TZ- > 5/14 for some B € <[n]’>1| >} .
i=1 i=4
Summarizing, and applying another union bound, we write
P{S* N8| <ek}< Y (P{Ty < —s/12} + P{Ty < —s5/12} + P{T5 < s})

AE(Z(iSje)k)

+Z > > P{T > s/14} .

= 4AE(>(1 e)k) Be([ \1\4‘?*)

If H(x) = —xlogy x — (1 — x) logy (1 — x) is the binary entropy then we have

k k n—k
< 2H(e)k < 2H(€)k‘ klog(en/k) ) 2
(z (1- e)k> = and s amgr)\ k) S ¢ (52)

To complete the proof, it suffices to show that for all A € (>(f;) k) and B € ([nl]f\l"s*), each of the

(5D

summands in (51) is o(-) of the reciprocal of the corresponding term in (52).

Tail bounds for 77, 75, and 75. We will prove a tail bound for 7} in two steps: first we control the
conditional expectation M := E[T7 | X]; then we control T} given M. The function

flai i eS8 =p> " > a, ) (s, o) (z, w:)
i€A jleS™\A
J
46



SPECTRAL RECOVERY OF A PLANTED TRIANGLE-DENSE SUBGRAPH

satisfies M = f(X;;i € S8*), and f satisfies the bounded differences property with parameters
c; = 2p3|S*\ A|> fori € A, and ¢; := 2p®|A| - |S*\ A| fori € S*\ A. If welet A := EM + s/24
then by the bounded differences inequality (Theorem 6.2 in Boucheron et al. (2013)),

k® k

for an absolute constant C' > 0 (that may vary between lines), where we used that |A| < k and
|S* \ A| < €k. Let E be the event on the left-hand side of (53). Using Theorem 2.1 from Janson
(2004) and redefining A := M + s/24,

82 6k2
]P){Tl S M — )\ and E‘c hOldS} S exp <—W> S exp <_Cpi62d4> . (54)

To apply Theorem 2.1 from Janson (2004), we simply used that the maximum degree of the depen-
dency graph of the variables {AijAleli}ieA,j,leS*\A (conditioned on X) is at most 3| A| — 2 (an
edge joins two variables in the dependency graph if and only if they are not independent). Combin-
ing (53) and (54), we have

P{Ty < —s/12} <P{E} +P{T1 < M — X and E° holds}

k pOk?
Sexp\ ~Gagr ) TP\ Toag )

Using precisely the same argument as for 77, we calculate that

k pOk?
P{T, < —s/12} < exp e + exp ~Cedt )

For the term T3, the argument only needs to be modified slightly. Note that

EM =p® ) 1/d® > 0.99p°k%/d* = 1.98s.
i,J,lEA

In this case, the function

flxi;ieS8"):= p° E (@i, x5) (), 1) (@), 24)
7’7]7ZGA
distinct

satisfies the bounded differences property with parameters ¢; = 2p®| A|2, so the variance term in
(Boucheron et al., 2013, Theorem 6.2) is p®|A|°. Therefore, choosing A = 0.4s in the above

argument yields
k pOk?
P{T3 < s} <exp <_Cﬂ4> + exp (—%> :

If € > 0 is taken to sufficiently small depending on C' and d, then above tail bounds are all
O(2—H(6)k‘).

Tail bounds for Ty, T5, and Ty. For Ty and T5, we may assume S* \ A # () (otherwise these
terms are O trivially). We first bound 7). Notice that E[T | X] = 0 with probability 1, since for
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i € Band j € §*\ A, the random variable A;; is centered and independent of all else. To apply
Theorem 2.1 from Janson (2004), note that the maximum degree of the dependency graph of the
random variables {AijAleh-}l-e B,jles*\4 (conditional on X)) is at most 3k. We thus have

(s/6)
61.2
Pk —H(e)k —klog(en/k)
< T ) =
= exp < 21662d4> o2 e )

where we used that |B| < k and |S* \ A| < €k, and in the last step we used that & > C'log n for
a large enough constant C' = C(p, d) > 0. Taking an expectation with respect to X completes the
proof.

Analogous tail bounds for 75 and 7§ are proved in exactly the same manner as 7. For 75, the
maximum degree of the dependency graph of the variables {A;AjiAy;}; jepcs«\ a (conditional
on X)) is again at most 3k. For 7§, we need not even condition on X since 7§ is simply the signed
triangle count of an Erd6s—Rényi random graph.

Appendix F. Probability and linear algebra tools

The following theorem is useful for multiple proofs in this work.

Theorem F.1 (Corollary 3.12 and Remark 3.13 in Bandeira and van Handel (2016)) Let X be
an n X n symmetric matrix whose entries X;; are centered random variables, independent up to
symmetry. Define the quantities

where we write ij = (X;;)2 Then for all 0 < € <  there exists a universal constant c, such that
foreveryt > 0,

2
P{|IX]| > (1 +€)2v20 + t} < nexp <_ ! 2) .

CeO2
The following is a useful result about the spectral norm of a Hadamard product of matrices.

Lemma F.2 ((3.7.9) in Horn (1990)) For matrices B € R™" XY € R™*"™ and A = X'y,
we have

[Ae Bl < \/HIn o (XTX)| -+ [Tn o (YTY) - | B]|.

In particular, if X =Y, then
| Ao B|l < max Ay - | B
1€[n]
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