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Abstract

We present an efficient algorithm for uniformly sampling from an arbitrary compact body X C R"
from a warm start under isoperimetry and a natural volume growth condition. Our result provides a
substantial common generalization of known results for convex bodies and star-shaped bodies. The
complexity of the algorithm is polynomial in the dimension, the Poincaré constant of the uniform
distribution on X" and the volume growth constant of the set X'
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1. Introduction

Sampling from a bounded set A" in a high-dimensional space R" is a classical problem with connec-
tions to many topics in mathematics and theoretical computer science. The literature for the problem
is largely based on the theory of sampling from a convex body X (see Figure 1(a) for an example).
The celebrated work of Dyer, Frieze and Kannan (Dyer et al., 1991) showed that convex bodies X
can be sampled efficiently, i.e., in time polynomial in the dimension n, with only membership oracle
access to the body & and a starting point inside the body. Applegate and Kannan (1991) extended
the frontier of polynomial-time sampling to the class of logconcave probability distributions, which
can be viewed as the functional generalization of convex sets. Subsequent works (Lovasz and Si-
monovits, 1990; Dyer and Frieze, 1991; Lovasz and Simonovits, 1993; Kannan et al., 1997; Lovasz
and Vempala, 2007, 2006a; Kook et al., 2024) improved the complexity by introducing new ideas
and refining the analyses. The state-of-the-art result by Kook, Vempala and Zhang (Kook et al.,
2024, 2026) provides an algorithm (In-and-Out) with an O~(n2) iteration complexity for sampling
from a (near-)isotropic convex body X C R™ with a warm start, where each iteration uses one call to
the membership query to X and O(n) arithmetic operations, with a guarantee in Rényi divergence.
See also related work of (Jia et al., 2026) for isotropic transformation, (Kook and Vempala, 2025b)
for sampling from general logconcave distributions, and (Kook and Vempala, 2025a) for improved
complexity of generating a warm start.

However, few results are known about the algorithmic complexity of sampling from nonconvex
bodies. The work of Chandrasekaran, Dadush and Vempala (Chandrasekaran et al., 2010) showed
that star-shaped bodies X (see Figure 1(b) for an example) can be sampled with iteration complex-
ity polynomial in the dimension 7, in the inverse fraction of volume taken up by the convex core (the
non-empty subset of the star-shaped body that can “see” all points in the body), and in e~ where
€ > 0 is the final error parameter in total variation distance specified in the input. Beyond this re-
sult, we are not aware of any rigorous results on the algorithmic complexity of uniformly sampling
nonconvex bodies. Indeed, sampling from nonconvex sets is intractable in the worst case (Koutis,
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Figure 1: Examples of bodies X C R™ that current theory covers ((a) convex and (b) star-shaped);
and examples of X" that current theory does not cover ((c) with a hole and (d) not star-shaped).

2003). Nevertheless, there are many “reasonable” nonconvex sets—such as those depicted in Fig-
ures 1(c) and 1(d)—that one should be able to sample in polynomial time, but such a statement does
not follow from the existing theory, since the sets are not star-shaped.

In this paper, we provide an efficient algorithm for uniformly sampling from an arbitrary com-
pact set X C R under two minimal assumptions: (1) The uniform distribution on X" satisfies
isoperimetry, namely a Poincaré inequality; and (2) the set X’ satisfies a natural volume growth
condition, which we define below. These conditions substantially generalize convexity and star-
shapedness, the two broad families previously known to be efficiently sampleable (and cover the
examples in Figures 1(c) and 1(d), and hence our results show that we can indeed sample them
in polynomial time). Here by efficient/polynomial-time, we mean polynomial in the dimension n,
the Poincaré constant of the target distribution, the volume growth constants of X', and in loge~!
where € > 0 is the final error parameter in Rényi divergence specified in the input. Therefore,
our result recovers the classical polynomial-time sampling from convex bodies, and it improves the
result of Chandrasekaran et al. (2010) to a polynomial-time sampling from star-shaped bodies (im-
proving the dependence from poly(¢~!) to poly(loge~!)) with stronger error guarantees in Rényi
divergence. We discuss these assumptions and the algorithm in more detail.

Isoperimetry. The analysis of sampling for convex bodies and logconcave densities reveals that
the isoperimetry of the target distribution is a crucial ingredient for efficient sampling. For example,
if a distribution has poor Cheeger isoperimetry (i.e., large Poincaré constant), then the domain can
be partitioned into two subsets with a small separating boundary (see Figure 2(a) for an example),
and any “local” process such as one based on diffusion, without global knowledge, would need
many steps to even cross from such a subset to its complement.

Our main question is thus the following:

Does isoperimetry (Poincaré inequality) suffice for polynomial-time sampling?

We recall that from the perspective of sampling via continuous-time diffusion processes such as
the Langevin dynamics, isoperimetry (Poincaré inequality) is a natural sufficient condition for effi-
cient sampling; see for example (Vempala and Wibisono, 2023, Theorem 3) for the convergence rate
of the continuous-time Langevin dynamics under Poincaré inequality. In discrete time, the Proximal
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(a) A dumbbell-shaped body. (b) A cylinder.

Figure 2: A body with (a) poor isoperimetry (large Poincaré constant), and (b) good isoperimetry
(small Poincaré constant) but large volume growth rate.

Sampler algorithm (Lee et al., 2021) has a convergence guarantee under Poincaré inequality analo-
gous to the continuous-time Langevin dynamics; see (Chen et al., 2022, Theorem 4) for the case of
the unconstrained target distribution, and (Kook et al., 2026, Theorem 2) for the case of the uniform
distribution on X (see also Lemma 14). However, the Proximal Sampler is an idealized algorithm,
since it requires sampling from a regularized distribution in each iteration (see Section A.1 for a re-
view). The work of Chen et al. (2022) shows how to implement the Proximal Sampler as a concrete
algorithm using rejection sampling when the target distribution = o exp(—f) has full support on
R™ and f is smooth (has a bounded second derivative). Subsequent works (Liang and Chen, 2022,
2023; Fan et al., 2023) show how to obtain an improved complexity using approximate rejection
sampling under weaker smoothness assumption such as Holder continuity of V f, or Lipschitzness
of f. However, for our setting of the uniform target distribution 7 o< 1y, the potential function f
is not even continuous: f(x) = 0if x € X, and f(z) = +oo if © ¢ X'; therefore, none of the
results above apply. When m o< 14 and X is convex, the work of Kook et al. (2026) shows how to
implement the Proximal Sampler via rejection sampling with a threshold on the number of trials,
resulting in the In-and-Out algorithm that they analyze and prove has O(nQ) complexity from a
warm start in an isotropic convex body. The work of Dang and Liang (2025) studies a variant of
In-and-Out using either the projection oracle or the separation oracle to the convex body. How-
ever, when X is not convex (or star-shaped with a large convex core), there is currently no such
algorithmic guarantee for sampling from A’; we address this gap in this paper.

Volume growth condition. For sampling from X C R", it turns out that isoperimetry (Poincaré
inequality) alone is not sufficient, and we need another condition. To illustrate, consider a cylinder
in R"™ of fixed axis length (say 1), and base radius € > 0 (see Figure 2(b)). The uniform distribution
on this cylinder has good isoperimetry, i.e., the Poincaré constant is O(1). However, as the radius
shrinks (¢ — 0), any known Markov chain would need more membership queries to go from one
end of the cylinder to another. Intuitively, any process that only has a local picture of the body to
be sampled either makes very small steps or has a large probability of stepping out. We can capture
this consideration via the volume growth rate of X (see Section 2.3 for a precise definition), which
is how fast the volume of X @ B, grows as a function of ¢, where By = B(0,t) is the ¢2-ball of
radius ¢ > 0, and & is the Minkowski sum between sets. When & is convex, the volume growth
rate can be controlled by the external isoperimetry of X', which is the ratio of the surface area to the
volume of X (see Lemma 5); the external isoperimetry can in turn be controlled by the reciprocal
of the radius of the largest /2-ball contained in X’ (the “inner radius” of &X’). In the cylinder example
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above (Figure 2(b)), which is convex, the volume growth rate of X scales as 1/e, which tends to
+o00 as € — 0, suggesting that sampling from X in this case is difficult.
This leads us to a more precise question:

Can the complexity of sampling from X C R™ be bounded by a polynomial in the dimension n, the
Poincdre constant of m < 1x and the volume growth rate of X?

In this paper, we answer this question affirmatively. We analyze the same In-and-Out algorithm
studied by Kook et al. (2026), which only requires a membership oracle to X'. Whereas Kook et al.
(2026) proved their result assuming X is convex, we prove our result without assuming convexity,
only isoperimetry and volume growth as stated above. We know that isoperimetry holds for a large
class of nonconvex sets. Similarly, we show that the volume growth condition is preserved under
operations including union and set subtraction, and so it captures a large class of nonconvex sets.
Therefore, our main result shows that a large class of nonconvex sets can be sampled in polynomial
time, substantially generalizing previous results for convex and star-shaped sets.

1.1. Algorithm: In-and-Out
The In-and-Out algorithm (Kook et al., 2026) is the following iteration.

Algorithm 1 : In-and-Out for sampling from 7 o< 1 y.
Input: Initial point g € X, step size h > 0, number of steps 7' € N, threshold N € N.
Output: x7 ~ pr.

1: fori=0,...,7T—1do

2:  Sample y; ~ N (z;, hl,).

3:  Repeat: Sample 2,11 ~ N (y;, hl,) until x; 41 € X. If #attempts; > N, declare Failure.
4: end for

The algorithm has three parameters: (1) the step size h > 0, (2) the number of steps (or outer
iterations) 7' € N, and (3) the threshold on the number of trials N € N in the rejection sampling
(Step 3) in each iteration. An outer iteration of the In-and-Out algorithm is one iteration (corre-
sponding to one value of 7 € {0,1,...,7 — 1}) of the Steps 2-3 in Algorithm 1. We call Step 2 the
forward step, and Step 3 the backward step.

We note the In-and-Out algorithm is an implementation of the idealized Proximal Sampler
scheme (described in Section A.1) via rejection sampling with a threshold NV on the number of tri-
als in Step 3. Without the threshold N (equivalently, when N = o0), the In-and-Out algorithm
becomes exactly the Proximal Sampler scheme. However, as explained in (Kook et al., 2026, Sec-
tion 3.3.1), without the threshold /V, the expected number of trials in the rejection sampling in Step
3 (when x; ~ m) is equal to infinity. Therefore, following Kook et al. (2026), we introduce the
threshold NV < oo to ensure the expected number of trials in Step 3 is finite. With the threshold
N < o0, the In-and-Out algorithm can fail when the rejection sampling in Step 3 exceeds N trials
in any iteration. When X’ satisfies a volume growth condition, we can control the failure probability
of the In-and-Out algorithm; see Lemma 13 in Section 3.4.

When it succeeds for 7' iterations, In-and-Out returns a point x7 ~ pr which is a random
variable with a probability distribution p7 supported on X, i.e., zr € X almost surely. In this case,
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the In-and-Out algorithm has a convergence guarantee (inherited from the Proximal Sampler with
a small bias introduced by the threshold /V) in Rényi divergence between the output distribution
pr and the target uniform distribution 7 < 1y, assuming that 7 satisfies a Poincaré inequality; see
Lemma 9 in Section 2.5.

1.2. Main result: Iteration complexity of In-and-Out with a warm start

Our main result is the following guarantee for In-and-Out for sampling from 7 o 1y under
isoperimetry and volume growth. Below, we assume 5 > % without loss of generality; if 5 is

smaller than %, we can always replace it by % We provide the proof of Theorem 1 in Appendix B.6.

Theorem 1 Let m < 1y where X C R" is a compact body, n > 2. Assume:
1. X satisfies an («, 3)-volume growth condition for some o € [1,00) and 3 € [%, 00);
2. 7 satisfies a Cpj-Poincaré inequality for some Cpj € [1, 00).

Let q € [2,00), € € (0,3), and M € [1,00) be arbitrary. Suppose xo ~ po is M-warm with
respect to . Then with a suitable choice of parameters (see (21) for T, (23) for h, 24) for N ), with
probability at least 1 — ¢, In-and-Out succeeds for T iterations, and outputs xT ~ pr satisfying
Ry(pr || ) < €, with the total number of trials over all T iterations bounded in expectation by:

- 1
E[# of trials in In-and—Out] =0 <q Cpjo 82 M n? log? 6) )

where each trial requires one query to the membership oracle 1y and O(n) arithmetic operations.

The O notation above hides logarithmic dependencies in the leading parameters ¢, n, Cp), «, 3,
M, and log % See the proof of Theorem 1 in Appendix B.6 for a precise bound (in equation (31))
for the expected total number of trials of In-and-Out. We also note the output guarantee in Rényi
divergence R, of index ¢ > 2 also implies guarantees in KL divergence and total variation distance,
since 2 TV? < KL < Ry < R, (see Section 2.4).

We recall that convex bodies and star-shaped bodies have bounded Poincaré constants (see Sec-
tion 2.2), and they also have bounded volume growth constants (see Section 2.3). Thus, our result
recovers polynomial-time sampling for convex bodies, albeit at a higher iteration complexity O(n3)
compared to O(nz) from (Kook et al., 2026). Our result provides polynomial-time sampling (with
polynomial dependence on log £~ 1) for star-shaped bodies with guarantee in Rényi divergence; this
strengthens the prior result of (Chandrasekaran et al., 2010) which has a polynomial dependence in
£~! and only provides guarantees in total variation distance. Perhaps most importantly, our result
vastly generalizes the scope of polynomial-time uniform sampling to a large class of nonconvex
bodies — those satisfying the volume growth condition and whose uniform distributions satisfy a
Poincaré inequality. We note that our result still requires a warm start. How to generate a warm start
for a nonconvex body remains an open question, as all previous techniques for generating warm
starts seem to heavily require convexity.

We remark on the differences compared to the convex case from Kook et al. (2026). A key
part in the analysis of In-and-Out is in showing that the forward step does not step too far away
from X', and that the backward step has a good chance of landing back in X. In the previous work
of Kook et al. (2026), both these steps were analyzed by crucially assuming convexity; see for




VEMPALA WIBISONO

example (Kook et al., 2026, Lemma 13). In our work, we analyze these steps without assuming
convexity, only assuming that X" satisfies a volume growth condition (Definition 2). We provide
further discussion on the differences with the convex setting in a remark following Lemma 10.

2. Preliminaries

Notation and definitions. Let R™ be the Euclidean space of dimension n > 2. Let ||z| =

\/ Do | 22 be the ¢*-norm of a vector x = (z1,...,x,) € R™ Let I, denote the n x n identity
matrix. Let A (u,X) denote the Gaussian distribution with mean vector ;1 € R™ and covariance
matrix ¥ € R™*™. In particular, N(0, I,,) is the standard Gaussian distribution in R".

Given a set ¥ C R", its interior X° is the set of points x € X such that a sufficiently small ball
around z is still contained in X'. Recall X C R"™ is open if X = X°. Recall X C R" is closed if
L s open, where X C—Rrn \ X is its complement. Recall a body X is a set X C R™ that is closed
and has a non-empty interior: X° # (). Recall a set X C R™ is compact if and only if it is closed
and bounded. Given a closed set X C R", recall the boundary 0X of X is the set of points in X’
that are not in the interior: X = X'\ X'°. Recall the volume of a body X C R" is the integral over
the body: Vol(X) = [ y dx, where du is the Lebesgue measure on R". The surface area of a body
X C R™ is the integral over the boundary 0.X: area(0X) = [, dH" ! (z), where dH"!(z) is
the (n — 1)-dimensional Hausdorff measure.

Given distributions p, 7w on R"”, recall we say p is absolutely continuous with respect to ,
denoted by p < , if for any measurable set A C R", w(A) = 0 implies p(A) = 0. If a probability
distribution 7 is absolutely continuous with respect to the Lebesgue measure dz, then we can write
m in terms of its probability density function (Radon-Nikodym derivative), which we also denote by
m: R™ — [0, 00), with [, 7(z) dz = 1. If p and 7 are both absolutely continuous with respect to
the Lebesgue measure dz and represented by their density functions, then p < 7 means 7(z) = 0
for some x € R™ implies p(z) = 0.

2.1. Geometry of the support set

Throughout, let X C R"™ be a compact body; this means X is closed, bounded, and has a non-empty
interior, so it has a finite volume Vol(X) € (0,+00). Note we do not assume X is convex. We
assume X has a sufficiently regular surface, so X has a finite surface area area(9X) € (0, +00).

We assume we have access to a membership oracle to X, which is a function 1x: R” — {0,1}
givenby 1y(z) = lifx € X, and 1x(z) = 0if z ¢ X. We measure the complexity of our
algorithm by the number of queries to the membership oracle 1 y.

Our goal is to sample from the uniform probability distribution 7 o« 1y supported on X'. Ex-
plicitly, 7 has probability density function 7: R™ — [0, co) given by:

m(x) = Voll(X) “1x(z) forall z € R".

We also define the following notions for convenience. Given a closed set ) C R", we define

the distance function dist(-,Y): R™ — [0,00) of z € R™ to ) by:

dist(z,)) = min ||x — y||.
(2,9 = mig 2 y]

Note that by definition, dist(z,)) = 0 if and only if x € ).
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Fort > 0, let B, = B(0,t) be the {2-ball of radius ¢ centered at 0 € R™:
B, ={x e R": ||z|| <t} = {z € R": dist(z, {0}) < t}.
Given X C R”, for t > 0, we define the enlarged set X; C R" by:
X, =X® B, ={zxeR": dist(z,X) <t}

where @ is the Minkowski sum between sets. We note the following relation, which we can also
take as the definition of surface area: area(9X) = limy_ +(Vol(&;) — Vol(X)).
Given a compact body X C R", we define the outer isoperimetry of X to be the ratio of the

surface area to volume:

_area(0X)
(X)) = Vol(X) € (0,00).

2.2. Isoperimetry: Poincaré inequality

Recall we say a probability distribution 7 on R" satisfies a Poincaré inequality (PI) with constant
Cpi(m) € (0, 00) if for all smooth functions ¢: R™ — R, the following holds:

Var,(¢) < Cpy(m) EW[HquHQ]

where Var,(¢) = E [(¢ — Ex[¢])?] is the variance of ¢ under .

We recall that if 7 is logconcave (i.e., — logm is a convex function on R"™), then it satisfies
a Poincaré inequality. The Kannan-Lovasz-Simonovitz (KLS) conjecture (Kannan et al., 1995)
states that if 7 is logconcave, then Cpi(m) = O(||X||op), Where ||X||op is the largest eigenvalue
of the covariance matrix ¥ = Cov,(X) of X ~ 7. The current best result (Klartag, 2023) is
Cpi(m) = O(||X]|op - log ).

We recall that the Poincaré inequality is stable under some types of perturbations of the distri-
butions (including bounded perturbations of the density, and pushforward by a Lipschitz mapping),
while these perturbations easily destroy logconcavity. Therefore, the class of distributions satisfying
Poincaré inequality is larger than the class of logconcave distributions.

In this work, we assume that the target uniform distribution m o< 1y satisfies a Poincaré inequal-
ity with some constant Cp; = Cp(7) € (0, 4+00). Note while X’ may be nonconvex, this assumption
implies X cannot be too bad; e.g., X must be connected and does not have a “bottleneck”. If X is
a convex body with diameter D > 0, then Cp(m) = O(D?). We also recall from (Chandrasekaran
et al., 2010) that if X" is a star-shaped body with diameter D > 0 and the volume of its convex core
is a fraction v € (0, 1] of the total volume, then Cp(7) = O(D?/~?).

2.3. Volume growth condition

We introduce the following key definition on the volume growth of the enlarged set Xy = X & By,
where recall B; = B(0, t) is the ¢2-ball of radius ¢ > 0.

Definition 2 We say a compact body X C R" satisfies an («, 5)-volume growth condition for
some constants o € [1,00) and 3 € (0,00) if forall t > 0:

Vol (X))
Vol(&X)

<a-(1+tp)". (1)
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We recall that convex sets satisfy the volume growth condition where the constant is determined
by the outer isoperimetry; see Lemma 5. We can show that a star-shaped body satisfies the volume
growth condition with a constant inherited from the convex body; see Lemma 6. Moreover, we
show that volume growth condition is preserved under some operations, including set union and set
exclusion; see Lemma 7 and Lemma 8. Therefore, the volume growth condition captures convex
bodies and a wide class of nonconvex sets. Later, we will see that the volume growth condition
allows us to control the failure probability of the In-and-Out algorithm (Lemma 10).

Remark 3 Any compact body X trivially satisfies the volume growth condition, but with a naive
estimate of « that may be exponentially large such that it is not useful for our algorithmic purpose.
Concretely, since X is a compact set with nonempty interior, it contains a ball of radius r and is
contained in a larger ball of radius R, so B(z,r) C X C B(x, R) for some x € X and R > r > 0.
Then Xy C B(x, R+1t) forallt > 0, and we can estimate:

Vol(&1) _ Vol(B(z, R+1)) _ <R>n. (1+ t>n.

Vol(X) = Vol(B(z,7)) r R

r

This shows X satisfies the volume growth condition with « = (R/r)" and f = 1/R. If we have
additional structures on X, such as being convex or star-shaped, or being a union or difference
of sets satisfying volume growth condition, then we may obtain better estimates on « and 3; see
Lemmas 5, 6, 7, and 8 below.

Remark 4 The volume growth property has been studied in prior work. Notably, the Brunn-
Minkowski theorem implies that convex bodies satisfy the volume growth condition with o« = 1;
see Lemma 5. Moreover, (Fradelizi and Marsiglietti, 2014, Theorem 3.7) show that if X C R"
is compact with a regularity condition," then t — Vol(X;) is eventually %-concave, i.e., there ex-
ists Ty € [0,00) such that t — Vol(X;)Y/™ is a concave function for all t > Ty. This implies
Vol(X;) < Vol(Xp,) (1 + (t —Tp)B)" for all t > Ty, where 3 = 1&(Xp); this shows the enlarged
body Xr, satisfies the volume growth condition with o = 1.

2.3.1. VOLUME GROWTH FOR CONVEX BODIES

When & is convex, it satisfies the volume growth condition with a constant bounded by the outer

isoperimetry ratio £(X) = a:fjl(&);); this is a consequence of the Brunn-Minkowski theorem. We

provide the proof of Lemma 5 in Appendix C.1.

Lemma 5 [f X C R" is a convex body, then it satisfies the (1, %{ (X))-volume growth condition.

We also recall that if X' is convex and contains a ball of radius » > 0, then we can bound
%5(2() < %; see e.g. (Belkin et al., 2013, Lemma 2.1).

2.3.2. VOLUME GROWTH FOR STAR-SHAPED BODIES

We recall from (Chandrasekaran et al., 2010) that a body X C R" is star-shaped if it is a union of
convex sets, all of which have a common (necessarily convex) intersection called the core of X'. We
can bound the volume growth constant of star-shaped bodies similar to convex bodies. We provide
the proof of Lemma 6 in Appendix C.2.

1. Namely, € — Vol(eX @ B ) is twice-differentiable in a neighborhood of 0, with a continuous second derivative at 0.
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Lemma 6 Let X C R" be a star-shaped body, so X = ;e X  where X' is a convex body for
each i € T in a finite index set T, and they share a common intersection )) = X' N X7 # () for all
i # j. Assume Y contains a ball of radius r > 0 centered at 0, i.e., B, C ). Then X satisfies the
(1, )-volume growth condition.

2.3.3. VOLUME GROWTH UNDER UNION

We show that the volume growth condition is preserved under set union. We provide the proof of
Lemma 7 in Appendix C.3.

Lemma 7 Suppose X' C R"™ is a compact body that satisfies the (c;, B;)-volume growth condition

for some «; € [1,00) and f5; € (0,00), for each i € T in some finite index set 1. Let qr be the

probability distribution supported on T with density qr(i) = %, for v € I. Then the
. JjeEL

union X = | J;.7 X' satisfies the (A, B)-volume growth condition, where:

A= (maxai)  Lieg Vol(A")

i€l Vol(X)
_ nil/n _ > IVOl(Xi)‘ﬁi" " ‘
B = E]NCII [/81 ] - < ZEJGIVol(X]) S r?earzxﬁz-

2.3.4. VOLUME GROWTH UNDER SET EXCLUSION

We also show that the volume growth condition is preserved under set exclusion. We provide the
proof of Lemma 8 in Appendix C.4.

Lemma 8 Let Y C R”™ be a compact body that satisfies the («, 3)-volume growth condition for
some o € [1,00) and € (0,00). Let X = Y \ Z, where Z C Y is an open set with \ol(Z) <
Vol(Y), and assume X is compact. Then X satisfies the (A, 3)-volume growth condition where

Vol(Y
A:O"vgl((x))'

2.4. Rényi divergence and other statistical divergences

Let p and 7 be probability distributions on R™ absolutely continuous with respect to the Lebesgue
measure, so we can represent them by their density functions. Assume p < 7.
The Rényi divergence of order q € (1, 00) between p and 7 is:

Ry(pllm) = —logEx [(2)].

Recall Ry(p || 7) > 0 for all p and 7, and R,(p || ) = 0 if and only if p = 7. We also recall the map
q — Ry(p|| ) is increasing. The limit ¢ — 1 is the Kullback-Leibler (KL) divergence or relative
entropy:

: p
m R (p | m) = KL(p || ) = E, [log 2]
Therefore, KL(p || m) < Ry(p|| ) for all ¢ > 1. The total variation distance between p and 7 is:

TV(p, ) = sup. [p(A) — m(A)].
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Recall by Pinsker’s inequality, we have 2 TV (p, 7)? < KL(p|| 7) for any p < 7. For a review of
the properties above, see e.g., Van Erven and Harremos (2014).

Suppose p and 7 both have support XY C R", and p < 7. We say that p is M-warm with
respect to 7 for some M € [1, 00) if

SupM<M.

TeEX 7T(.Z') N

Note that if p is M-warm with respect to 7, then KL(p || 7) < log M and R,(p|| 7) < log M for all
q € (1,00); in particular,

Roo(pllm) = lim Ry(p||7) <log M.

2.5. Review: Outer convergence of In-and-Out under isoperimetry

We recall that when it succeeds, In-and-Out has a rapid mixing guarantee to 7 in Rényi divergence
under Poincaré inequality; see Lemma 9 below. This follows from combining the convergence
guarantee of the ideal Proximal Sampler algorithm under Poincaré inequality (see Lemma 14 in
Section A.1 for a review), together with a control on the bias of the In-and-Out algorithm condi-
tioned on the success event which was shown in (Kook et al., 2026, Lemma 5). For completeness,
we provide the proof of Lemma 9 in Appendix B.1.

Lemma 9 Assume m 1y satisfies a Poincaré inequality with constant Cpj € [1,00). Let q €
[2,00) and h > 0. Let py be a probability distribution on X with py < 7 and Ry(po || ) < oo. Let

To := max {0, {W—‘ }, and let T' > Ty be the desired number of iterations. Let Succ
og Th

be the success event that In-and-Out (Algorithm 1) runs without failure for T iterations. Assume
Pr(Succ) > 1 — 1 for some n € [0, 3]. Then, conditioned on Succ, the output xp ~ pr of In-and-
Out satisfies:

h —4(T—To)
Rorlm < (14 20) ©
PI

Lemma 9 gives the number of outer iterations of the In-and-Out algorithm to achieve a desired
error threshold. Then it remains to control the complexity of implementing each outer iteration via
rejection sampling; we can do this via the notion of volume growth condition.

3. Analysis of the In-and-Out algorithm

We provide an analysis of the In-and-Out algorithm, focusing on the key steps to prove Theorem 1,
and provide additional details in Appendix B. In Lemma 10, we bound the stationary escape prob-
ability under the volume growth condition. We use this to bound the stationary failure probability
in Lemma 11, and bound the stationary expected number of trials in Lemma 12. In Lemma 13,
we prove inductively that warm start is maintained in each iteration, and use it to translate the
bounds on failure probability and expected number of trials from stationarity to each iteration of the
In-and-Out algorithm. We combine these steps to prove Theorem 1 in Appendix B.6.

10
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3.1. Bound on stationary escape probability under volume growth condition
Let X ~ 7 o 1. For h > 0, define the random variable Y}, := X + v/hZ where Z ~ N(0, I,,) is

independent, so Y}, ~ 7, where 7, := 7 * N(0, hl},).
In this section, we study the following “stationary escape probability” at scale » > 0 and h > 0:

Pr(Yy ¢ X,) = m (X,‘?) .

(Here “stationary” means that X ~ m, so Y}, ~ mp,.)
For m € N, we define the Gaussian tail probability Qy,: [0,00) — [0, 1] by:

Qm(r) == Pr([|Z]| = r)

where Z ~ N(0, I,,,) is a standard Gaussian random variable in R™.

We show the following bound on the stationary escape probability under the volume growth
condition. This will allow us to show that a typical step stays “close” to X'. We provide the proof of
Lemma 10 in Appendix B.2.

Lemma 10 Assume X C R" satisfies the («, 5)-volume growth condition for some o € [1,00)
and 8 € (0,00). If

1
0<h<——
< _2n3ﬁ2 ’

then for all r > 0:

h (XE) <a(n+1) Qo (&) . 2)

Comparison with convex case: Let us compare this result with the convex case from Kook et al.
(2026). When X is convex and contains a ball of radius 1, (Kook et al., 2026, Lemma 13) shows

that: Wh(XE) < exp(hT"Q) -1 (T\_/%") < exp(—% + rn); this involves the one-dimensional

Gaussian tail (1, and thus has an exponential decay for all » > 0. When & is nonconvex, our

bound (2) in Lemma 10 involves the 2n-dimensional Gaussian tail Q)9 (ﬁ), which only provides

an exponential decay after r > v/hn. This difference results in a smaller step size h = O(n3) in
the nonconvex case, compared to h = O(n‘z) in the convex case (Kook et al., 2026); this manifests
as the O(n3) iteration complexity of In-and-Out in the nonconvex case (Theorem 1), compared to
O(n2) in the convex case (Kook et al., 2026).

Let us illustrate where the difference above comes from. A key step of the proof of Lemma 10 is
to consider y € X,F, which lies at distance u(y) > 0 from X', and we want to bound the probability
Pr(y + vhZ € X) where Z ~ N(0,I,,).

* When X is convex, there is a halfspace H, containing y that is contained in X’ C (see Fig-
ure 3(a)), so we can bound: Pr(y +vhZ € X) < Pr(y+VhZ € HS), which is equal to the

one-dimensional Gaussian tail probability ()1 (%) .

* When X is nonconvex, such a halfspace containment may not hold; however, a weaker ball
containment still holds. Note the ball of radius u(y) = dist(y, X’) centered at y does not

11
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X fu
J
(a) X convex: There is a halfspace con- (b) X nonconvex: There is a ball con-
taining y that does not intersect X. taining y that does not intersect X'.

Figure 3: Difference of containment guarantee in the (a) convex case and (b) nonconvex case.

intersect X' (see Figure 3(b)): B(y,u(y)) € AT, so X C B(y,u(y))t. Then we can bound:
Pr(y + VhZ € X) < Pr(y + VhZ € B(y,u(y))"), which is equal to the n-dimensional

Gaussian tail probability @, ( %) . Subsequent steps of the proof result in a bound involving

the 2n-dimensional Gaussian tail probability ()2,. See Appendix B.2 for details.

3.2. Bound on stationary failure probability

For h > 0, let /5, : R™ — [0, 1] denote the local conductance (Kook et al., 2026):

lh(y) = /){Nh(y —z)dr = Pr <y +VhZ e X) . 3)

Z~N(0,1,)

For h > 0 and N € N, we define the failure probability under stationarity (where “‘stationarity”
means the expectation is under 7p,) to be:

F(h,N):=Eyr, [(1—,(Y)N]. “4)
We have the following bound. We provide the proof of Lemma 11 in Appendix B.3.

Lemma 11 Let X C R™ be a compact body which satisfies the («, 3)-volume growth condition.

Assume:
h < L
~ 2n242 - max{n, log((n + 1)aS)}
N =8aSlog S
where S > 3 is arbitrary. Then we have:
F(h,N) < 3
) f— S'

3.3. Bound on the expected number of trials under stationarity

For h > 0, N € N, and y € R", let M}, y(y) be a random variable that denotes the number of
trials in the rejection sampling for implementing one backward step of the In-and-Out algorithm

12
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with step size h starting from y and limited to NV trials, where each trial is independent with success
probability given by the local conductance ¢ (y). By definition, we can write

My, n(y) £ min{Gy(y), N} ®)

where 2 denotes equality in distribution, and G (y) € N is a geometric random variable with
success probability 5, (y).

Define the expected number of trials in the rejection sampling (for implementing one back-
ward step) starting from y:

pn,N (y) = E[Mp N (y)] (6)

where the expectation is over the geometric random variable G (y). Note forall h > 0, N € N,
and y € R™:

1
ﬂh,N(y) < min {gh(y), N} . @)

(Indeed, since M}, n(y) < N, we have up n(y) = E[M), n(y)] < N. And since M n(y) <

Gh(y). we also have pup, N (y) = E[Mu n(y)] < E[Gr(y)] = 1/¢n(y).)
We have the following bound. We provide the proof of Lemma 12 in Appendix B.4.

Lemma 12 Let X C R"™ be a compact body that satisfies the (o, B)-volume growth condition for
some o € [1,00) and 3 € (0,00). Assume:

< 1

~ 2n2B32 - max{n, log((n + 1)aS)}

N =8aSlog S

h

where S > 3 is arbitrary. Then:
Ex, [1tn,n] < 16clog S.

3.4. Per-iteration success probability and expected number of trials

Recall an iteration of In-and-Out is one forward step and one backward step which involves up to
N rejection sampling trials. We have the following guarantee on the success probability and the
expected number of trials of the rejection sampling step in the In-and-Out algorithm. We provide
the proof of Lemma 13 in Appendix B.5.

Lemma 13 Let 7 < 1y where X C R" satisfies the («, 3)-volume growth condition for some
a € [1,00) and B € (0,00). Let zg ~ po where po is M-warm with respect to T for some
M € [1,00). Assume:

h < L
= 26203 - max{1, 2 log((n + 1)aS)}

N =8aSlog S

where S > 3 is arbitrary. Assume In-and-Out succeeds for i > 0 iterations (i.e., conditioned on
the event “reach iteration i”), and is currently at x; ~ p; which is M -warm with respect to w. Then
the following hold:

13
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1. The next iteration (to compute x;1) succeeds with probability:

; . . L 3M
Pr (next iteration succeeds | reach iteration i) > 1 — <
@i~pi

2. The expected number of trials in the next iteration is

Eq,~p,; [# trials until success in next iteration | reach iteration i) < 16 M« log S.

3. Upon accepting x;+1 ~ pi+1, the next distribution p;41 is M-warm with respect to .

The lemma above allows us to induct over the iterations and bound the failure probability of
In-and-Out over 7T iterations. We use it to prove Theorem 1 in Appendix B.6.

4. Discussion and future work

In this paper, we have provided an efficient algorithm (In-and-Out) to sample from a large family of
compact, nonconvex sets. Our result significantly advances the frontier of provably efficient uniform
sampling; such results were previously known for the special convex bodies and star-shaped bodies.
We show it for nonconvex sets satisfying isoperimetry (Poincaré inequality) and a volume growth
condition; these conditions are preserved under natural set operations, and thereby capture a much
wider class beyond convexity.

The In-and-Out algorithm is an implementation of the ideal Proximal Sampler scheme, which
can be viewed as an approximate proximal discretization of the Langevin dynamics, and explains
why isoperimetry in the form of Poincaré inequality is a natural condition for fast mixing. The
difficulty is in controlling the complexity of implementing the Proximal Sampler scheme using
rejection sampling. We showed how to control the failure probability under the volume growth
condition. We conjecture that a Poincaré inequality and a bounded outer isoperimetry {(X) =
area(0X')/Vol(X) (which is even weaker than volume growth) are sufficient for efficient sampling.
Our result in this paper assumes a warm start initialization. How to generate a warm start efficiently
for a nonconvex set is an open problem.

It would be interesting to study if other algorithms, such as the Ball Walk or the Metropolis
Random Walk, also work for sampling from this class of nonconvex sets; all existing proofs still
assume convexity/star-shapedness. Beyond uniform sampling, it would be interesting to study how
to efficiently sample more general distributions under isoperimetry and without smoothness, e.g.
extending the works of Applegate and Kannan (1991); Frieze and Kannan (1999); Lovasz and Vem-
pala (2006b); Kook and Vempala (2025b) beyond logconcavity.

Acknowledgments

S.V. was supported in part by NSF award CCF-2504994 and a Simons Investigator award. A.W. was
supported by NSF awards CCF-2403391 and CAREER CCF-2443097. The authors thank Yunbum
Kook for helpful discussions.

14



THE GEOMETRY OF EFFICIENT NONCONVEX SAMPLING

References

Yasin Abbasi-Yadkori, Peter Bartlett, Victor Gabillon, and Alan Malek. Hit-and-run for sampling
and planning in non-convex spaces. In Artificial Intelligence and Statistics, pages 888-895.
PMLR, 2017.

David Applegate and Ravi Kannan. Sampling and integration of near log-concave functions. In
Symposium on Theory of Computing (STOC), pages 156-163. ACM, 1991.

Mikhail Belkin, Hariharan Narayanan, and Partha Niyogi. Heat flow and a faster algorithm to
compute the surface area of a convex body. Random Structures Algorithms, 43(4):407-428,
2013.

Stéphane Boucheron, Gadbor Lugosi, and Pascal Massart. Concentration Inequalities: A Nonasymp-
totic Theory of Independence. Oxford University Press, 02 2013.

Karthekeyan Chandrasekaran, Daniel Dadush, and Santosh S. Vempala. Thin partitions: Isoperi-
metric inequalities and a sampling algorithm for star shaped bodies. In Symposium on Discrete
Algorithms (SODA), pages 1630-1645, 2010.

Yongxin Chen, Sinho Chewi, Adil Salim, and Andre Wibisono. Improved analysis for a proximal
algorithm for sampling. In Conference on Learning Theory, volume 178, pages 2984-3014.
PMLR, 2022.

Thanh Dang and Jiaming Liang. Oracle-based uniform sampling from convex bodies. arXiv preprint
arXiv:2510.02983, 2025.

Martin Dyer and Alan Frieze. Computing the volume of a convex body: A case where randomness
provably helps. In Proceedings of the AMS Symposium on Probabilistic Combinatorics and Its
Applications, pages 123-170, 1991.

Martin Dyer, Alan Frieze, and Ravi Kannan. A random polynomial-time algorithm for approximat-
ing the volume of convex bodies. J. Assoc. Comput. Mach., 38(1):1-17, 1991.

Jiaojiao Fan, Bo Yuan, and Yongxin Chen. Improved dimension dependence of a proximal algorithm
for sampling. In Conference on Learning Theory, volume 195, pages 1473-1521. PMLR, 2023.

Matthieu Fradelizi and Arnaud Marsiglietti. On the analogue of the concavity of entropy power in
the Brunn—Minkowski theory. Advances in Applied Mathematics, 57:1-20, 2014.

Alan Frieze and Ravi Kannan. Log-Sobolev inequalities and sampling from log-concave distribu-
tions. The Annals of Applied Probability, 9(1):14-26, 02 1999.

Martin Grotschel, Laszl6 Lovasz, and Alexander Schrijver. Geometric algorithms and combinato-

rial optimization, volume 2 of Algorithms and Combinatorics. Springer-Verlag, second edition,
1993.

He Jia, Aditi Laddha, Yin Tat Lee, and Santosh Vempala. Reducing isotropy and volume to KLS:
faster rounding and volume algorithms. Journal of the ACM, 2026.

15



VEMPALA WIBISONO

Ravi Kannan, Laszl6 Lovasz, and Miklés Simonovits. Isoperimetric problems for convex bodies
and a localization lemma. Discrete Comput. Geom., 13(3-4):541-559, 1995.

Ravi Kannan, L4z16 Lovasz, and Miklés Simonovits. Random walks and an O*(n®°) volume algo-
rithm for convex bodies. Random Structures and Algorithms, 11:1-50, 1997.

Hamed Karimi, Julie Nutini, and Mark Schmidt. Linear convergence of gradient and proximal-
gradient methods under the Polyak-Lojasiewicz condition. In Joint European Conference on
Machine Learning and Knowledge Discovery in Databases, pages 795-811. Springer, 2016.

Bo’az Klartag. Logarithmic bounds for isoperimetry and slices of convex sets. Ars Inveniendi
Analytica, 2023.

Yunbum Kook and Santosh S. Vempala. Faster logconcave sampling from a cold start in high
dimension. In Symposium on Foundations of Computer Science (FOCS). IEEE, 2025a.

Yunbum Kook and Santosh S. Vempala. Sampling and integration of logconcave functions by
algorithmic diffusion. In ACM Symposium on the Theory of Computing, 2025b.

Yunbum Kook, Santosh S. Vempala, and Matthew Shunshi Zhang. In-and-Out: Algorithmic diffu-
sion for sampling convex bodies. In arXiv:2405.01425v4 (version 4); Presented at the Thirty-
eighth Annual Conference on Neural Information Processing Systems, 2024.

Yunbum Kook, Santosh S Vempala, and Matthew S Zhang. In-and-Out: Algorithmic diffusion for
sampling convex bodies. Random Structures & Algorithms, 68(3):€70061, 2026.

Ioannis Koutis. On the hardness of approximate multivariate integration. In Approximation,
Randomization, and Combinatorial Optimization: Algorithms and Techniques, pages 122-128.
Springer Berlin Heidelberg, 2003.

Yin Tat Lee, Aaron Sidford, and Santosh S. Vempala. Efficient convex optimization with member-
ship oracles. In Conference On Learning Theory, pages 1292—-1294. PMLR, 2018.

Yin Tat Lee, Ruoqi Shen, and Kevin Tian. Structured logconcave sampling with a restricted Gaus-
sian oracle. In Conference on Learning Theory, volume 134, pages 2993-3050. PMLR, 2021.

Jiaming Liang and Yongxin Chen. A proximal algorithm for sampling from non-smooth potentials.
In 2022 Winter Simulation Conference (WSC), pages 3229-3240. IEEE, 2022.

Jiaming Liang and Yongxin Chen. A proximal algorithm for sampling. Transactions on Machine
Learning Research, 2023. ISSN 2835-8856.

Laszl6é Lovasz and Mikl6és Simonovits. The mixing rate of Markov chains, an isoperimetric in-
equality, and computing the volume. In Symposium on Foundations of Computer Science, pages
346-354. IEEE, 1990.

Laszl6 Lovasz and Santosh S. Vempala. Hit-and-run from a corner. SIAM Journal on Computing,
35(4):985-1005, 2006a.

Laszl6 Lovész and Santosh S. Vempala. The geometry of logconcave functions and sampling algo-
rithms. Random Structures Algorithms, 30(3):307-358, 2007.

16



THE GEOMETRY OF EFFICIENT NONCONVEX SAMPLING

Lazl6 Lovasz and Miklds Simonovits. Random walks in a convex body and an improved volume
algorithm. In Random Structures and Alg., volume 4, pages 359-412, 1993.

Lazl6 Lovasz and Santosh S. Vempala. Fast algorithms for logconcave functions: Sampling, round-
ing, integration and optimization. In Foundations of Computer Science (FOCS), pages 5768,
2006b.

Pravin M. Vaidya. A new algorithm for minimizing convex functions over convex sets. Mathemat-
ical Programming, 73:291-341, 1996.

Tim Van Erven and Peter Harremos. Rényi divergence and Kullback-Leibler divergence. [EEE
Transactions on Information Theory, 60(7):3797-3820, 2014.

Santosh S. Vempala and Andre Wibisono. Rapid convergence of the unadjusted Langevin algorithm:
Isoperimetry suffices. In Geometric Aspects of Functional Analysis, volume 2327 of Lecture
Notes in Math., pages 381-438. Springer, Cham, 2023.

James G. Wendel. Note on the Gamma function. The American Mathematical Monthly, 55(9):
563-564, 1948.

17



VEMPALA WIBISONO

Appendix A. Additional discussion

A.1. A review of the Proximal Sampler

The ideal Proximal Sampler algorithm is the following (Algorithm 2). Here ideal means it assumes
we can implement both the forward step 2 and backward step 3 in Algorithm 2. If we implement
the backward step 3 via rejection sampling with a threshold on the number of trials, then we obtain
the In-and-Out algorithm (Algorithm 1). Below, N (y, h1,,) - 1x denotes the Gaussian distribution
N (y, hly,) restricted to X

Algorithm 2 : Proximal Sampler for sampling from 7 o< 1x
Input: Initial point xg ~ py € P(X), step size h > 0, number of steps 7" € N
Output: z7 ~ pr € P(X)

1: fort=0,..., 7T —1do

2:  Sample y; ~ N (z;, hl,)

3:  Sample z;11 ~ N (y;, hlp) - 1y
4: end for

Proximal Sampler as Gibbs sampling. As described in (Lee et al., 2021), we can derive the Prox-
imal Sampler algorithm as an alternating Gibbs sampling algorithm from a joint target distribution
XY € P(R?") with density function:

1
Y (0) o (o) - ex (~ gl — o).

Note the X -marginal of XY s 1 x 1y. If we can sample from 7XY  then we can return the
X -component as a sample from . We apply Gibbs sampling to sample from 7%, which results in
the following reversible Markov chain (x;, y;) — (2,41, y;+1) via the alternating update:

Tip1 | yi ~ XYY = Ny, hI) - 1

Yir1 | Tigr ~ 7w XTI = N (241, B,

which is precisely the Proximal Sampler (Algorithm 2). See also Chen et al. (2022) for further
optimization interpretation of the Proximal Sampler as an approximate proximal discretization of
the continuous-time Langevin dynamics.

A review on the convergence guarantee of the Proximal Sampler. We recall the following result
on the convergence guarantee of the Proximal Sampler under Poincaré inequality. This result was
shown in (Chen et al., 2022, Theorem 4) for target distribution 7 with full support on R™, and was
extended to the case of uniform distribution m o< 1y in (Kook et al., 2026, Theorem 2). We refer
the reader to (Kook et al., 2026, Theorem 2) for the proof.

Lemma 14 ((Kook et al., 2026, Theorem 2)) Assume w < 1y satisfies a Poincaré inequality with
constant Cpy € [1,00). Let q € [2,00). Let po be a probability distribution on X with py < m and
Ry(po || ™) < oo. Along the Proximal Sampler algorithm from xo ~ po with step size h > 0 for
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T € N iterations, the output T ~ pr satisfies:

h . R ]
R, 17) = F1og (14 7) o7 < bl
Pl

—L(r-1
(1 + C%,) a 0) if T > Tp := max {0, 9(Rq(po ||7T)1)“ } ]

1og(1+cipl)

Ry(pr | ) <

A.2. The analogy with optimization

The results for sampling logconcave densities can be viewed as parallels to classical results for
optimization, where again, there are polynomial-time algorithms for convex optimization (when the
objective function to be minimized and the feasible region of solutions are both convex) (Grétschel
et al., 1993; Vaidya, 1996; Lee et al., 2018). Since a logconcave density 7 has a convex potential,
ie., m(z) o< e f @) for some convex function £, this family is the natural analog of convex functions
in optimization.

Beyond convexity/logconcavity. For optimization, min,cx f(x), there are mild deviations from
convexity that still allow efficient algorithms; notably, when the objective function satisfies a gradient-
domination condition (Polyak-t.ojaciewicz/PL inequality), simple algorithms such as the proximal
gradient method or gradient descent (under smoothness) have exponential convergence guarantees
in objective function to the minimum value (Karimi et al., 2016). However, even under the PL
condition, it is crucial that any local minimum is also a global minimum. On the other hand, if the
function f is allowed to have spurious local (non-global) minima, then the task of finding the global
minimizer is NP-hard in the worst case.

For sampling, there are more significant extensions beyond logconcavity that still allow for
efficient algorithms. We mention two directions of existing results for efficient sampling beyond
log-concavity. First, star-shaped bodies can be efficiently sampled with complexity polynomial in
the dimension and the inverse fraction of volume taken up by the convex core (the non-empty subset
of the star-shaped body that can “see” all points in the body) (Chandrasekaran et al., 2010); as shown
in (Chandrasekaran et al., 2010), linear optimization over star-shaped bodies is hard, even to solve
approximately, and even when the convex core takes up a constant fraction of the star-shaped body.
Second, distributions satisfying a Poincaré or log-Sobolev inequality under smoothness, i.e., with a
bound on the Lipschitz constant of the logarithm of the target density (Vempala and Wibisono, 2023;
Chen et al., 2022); however, the iteration complexity scales with the smoothness constant, and in
any case it does not apply to our setting of uniform on X'. The work of Abbasi-Yadkori et al. (2017)
study the Hit-and-Run algorithm for sampling the uniform distribution over a nonconvex set under
the assumption that it is the image of a convex set under a bi-Lipschitz measure preserving map,
with a stronger oracle assumption beyond membership oracle, and with an iteration complexity that
depends on the smoothness and curvature of the set.

Despite only such modest deviations from convexity being known to be tractable, the existing
results above demonstrate that local minima being global minima or unimodality is not essential for
sampling. In fact, intuition suggests that sampling a substantially more general class of distributions
should be tractable. For optimization, the optimal solution can be hidden in a very small part of the
feasible region of a slightly nonconvex domain, such a bottleneck appears unlikely for sampling
— small parts of the domain can be effectively ignored as they take up small measure. Moreover,
assuming isoperimetry suggests that all parts are “reachable”. This leads us to our first motivating
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question as described in Section 1, and which we answer in this paper via the additional notion of
volume growth condition.

Appendix B. Proofs for the Analysis of In-and-Out
B.1. Proof of Lemma 9

Lemma 9 Assume m o 1y satisfies a Poincaré inequality with constant Cpj € [1,00). Let q €
[2,00) and h > 0. Let py be a probability distribution on X with py < 7 and Ry(po || ) < co. Let

Tp := max {07 {W—‘ }, and let T' > Ty be the desired number of iterations. Let Succ
og ciP/

be the success event that In-and-Out (Algorithm 1) runs without failure for T iterations. Assume

Pr(Succ) > 1 — 1 for some n) € [0, 5. Then, conditioned on Succ, the output xr ~ pr of In-and-

Out satisfies:

h —+(T—Ty)
Rl < (1+52)
PI

Proof Let o1 be the output of the ideal Proximal Sampler algorithm with step size h for T’ iterations,
starting from the same initialization zg ~ pg as In-and-Out. By Lemma 14, we have the guarantee
h —%(T—TO)
Ryrlm) < (1+ 41 ) . ®)
PI
By (Kook et al., 2026, Lemma 5), the output z7 ~ pr of In-and-Out conditioned on the success
event Succ satisfies:

R < R,(p a4 1 (‘21 h_%(T_TO)zL
dpr | 7) < q<pT|w>+q_1og1_,7_<+Cm> i

] SQ,andnS%solog

where the last inequality follows since ¢ > 2 so P

1

B.2. Proof of Lemma 10

We recall a few definitions. For h > 0, let NV}, : R™ — R denote the probability density function of
the Gaussian distribution N'(0, hl,,):

2
Ni(y) = (27h)~% exp (‘@l) .

For h > 0, recall ¢5,: R™ — [0, 1] denotes the local conductance:

Eh(y):/)(./\/'h(y—x)dx: Pr )(y—i—\/ﬁZGX).

Z~N (0,1
For h > 0, let 7, = m * N(0, h1,), so 7, has density function at any point y € R™:

_ 1 _ (y)
M) = g [, N =) de =GR ©
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Lemma 10 Assume X C R" satisfies the («, 5)-volume growth condition for some o € [1,00)
and 3 € (0,00). If

1
0<h§2 552

then for all r > 0:

m (AF) < aln+1)- Qs (\;E) .

Proof Let m;, = 7 N'(0, hl,), so it has density function (see (9)):

1 _ Prazno)W+VhZ € X)
~ Vol(X) /XNh(y —@)de = Vol(X)

Recall the distance function u(y) := dist(y, X') = mingex ||z — y||. If y € AT, then u(y) > 0 and
B(y, u(y)) C X, where B(y, u(y)) is the £5-ball of radius u(y) centered at y7. Therefore:

T (y)

X C B(y,u(y))". (10)

).

Then for y € A

Pr(y+ VhZ € X) < Pr (y + VhZ € B(y, u(y))’) = P (HZH >

—~
%‘S
=
Sle
N———"

This means for any y € X C we have the bound:

Pr(y+vhZeX) _ 1 Qn<u(y)>‘

mh(y) = Vol () = VoI(X) /h an

Fix ry > 0 (this is 7 in the statement of the lemma); we want to bound 7, (XF()). By the co-area
formula, we can write:

Th (Xfo) = /x,@ mh(y) dy
< Voll(X) /Xc @n (&73) dy
Vol()( / /{yew sy (\;ﬁ) dH" " (y) dr
1

-~ Vel() / @ <\/E) '/{yeRn: g B

=A(r)

Voll( )/ On <\/E> A(r) dr. (12)

In the third line above, we use the co-area formula to write the integration in terms of the level sets
of the distance function u(y). We also use the fact that the distance function u(y) = dist(y, X)
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satisfies ||Vu(y)|| = 1 for almost every y € X, which was shown in (Belkin et al., 2013, Proof
of Lemma 5.4) without assuming convexity; see also Lemma 15 for a self-contained proof. In the
last line above, we define A(r) to be the surface area of X, which is equal to the integral of the
(n — 1)-dimensional Hausdorff measure dH"~! on the level set of constant distance:

A(r) = / dH"(y) = area(d(X,.)).
{yeR™: u(y)=r}

Next, similar to the convex case (Kook et al., 2026), we do integration by parts. Let Z ~
N(0,1,) in R™. Recall Y = ||Z|| has the chi distribution with density function ~,,(r) at + > 0

given by:
1 2
(1) = —nrnfl exp (—g )

where [V, is the normalizing constant

n_ n
N, :=25-1p (5)

and recall the Gamma function I'(m) = fooo e~tt™=1dt for m > 0. Then by definition of Q,,,

d
Q(r) = SQu(r) = —).
For h > 0, define G}, : [0, 00) — [0, 1] by, for all » > 0:

G i=rr (122 ) =@ ().

We note the property:

d 1 r 1 r 1 r?
G (r)= —G =—Q (—=)|=—w|—=)]=—Fr—! ——).
n(7) = 3 o) hQn (ﬁ) N (\/E) N, P ( Qh)
Define the volume V(r) = Vol(X), and recall the relation:
d
V'(r) = JV(’I“) = area(d(X,)) = A(r).
Then by integration by parts:

/: On <\;E> Alr) dr = /: Gh(r)V'(r)dr

= (Gn(r) V(7)) - n(r) V(r)dr
r=rg o
1 > n—1 T2
= Jim Gu(r)V(r) = Galr)Viro) + o [ o esp (<37 ) vy
=0
1 00 1 ,,42
S e, ) ™ exp <_2h> V(r)dr
_ L /" u" " Lexp <—U2> V(uv'h) du (13)
Nn TO/\/E 2 ’
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where the last inequality is because lim,_,o, Gp(r) V(r) = 0 (since V(r) has a polynomial growth
by the volume growth assumption, and G, (7) has an exponential decay), and also because trivially
Gr(ro)V(rg) > 0. In the last equality we use change of variable u = ﬁ so dr = v/h du and note

the A™/2 term disappears in the last line.
By the volume growth condition, we have for all u, h > 0:

iy < (Vi) - "2 () (o) <o 2 (1/him)

%

n-(nfl)-:-(nfﬂrl) < n nt.

where in the last step we use the bound (7}) = =
Plugging this to (13), we obtain:

[ = 2 o () Bl

>[3
IN

%

n o/Vh =0
V() -a < /°° 1 < u2> i
= : u"lexp (—— ) (uwWhfn) du.
N2 5 ) (w/hsn)

Foreachi € {0,1,...,n}, we have:

/00 u" texp <_u22) (uﬁﬁn)l du = (\/ﬁﬂn)l/o/o\/ﬁ " exp (_u22> du

o/Vh
= Npi (\/5570 / Ynti(w) du
ro/Vh
< N,, - Yn+i(u) du
ro/Vh

= Np - Qn+i (\;%) :

where the inequality above follows from our assumption i < 1/(2n33?%) (see Lemma 16).
Combining the two parts above and plugging in the result back to (12) and (13), we obtain:

1 T

)<l 0 (3 a0

n

00 2 i
< Nin ) ZZ; /TO/\/E u" Lexp (u2> <U\/Eﬁn) du

<a- Z Qn+i (&%)
i=0

Sa-(n+1)-Q2n<:}Oﬁ>

where in the last inequality we use the trivial bound @Q,,+;(7) < Q2y,(r) fori < n and r > 0. [ |
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B.2.1. HELPER LEMMA ON GRADIENT OF DISTANCE FUNCTION

Lemma 15 Let X C R" be a closed set with non-empty interior. Define u: R™ — [0, 00) by:

u(y) := dist(y, X') = min ||z — y||.
TEX

Then u is differentiable almost everywhere, and if u differentiable at y € X, then |Vu(y)|| = 1.

Proof This follows the argument in (Belkin et al., 2013, Proof of Lemma 5.4). For any =,y € R",
by triangle inequality we have:

u(y) = min[ly — 2|l < min ([ly — 2f| + | = 2)) = ly — 2| + u(z)

Exchanging x and y gives |u(z) —u(y)| < ||z —y/||, which shows that u is 1-Lipschitz on R". Then
by Rademacher’s theorem, v is differentiable almost everywhere on R".

Now fix y € AT such that u is differentiable at . Since u is 1-Lipschitz, we know ||Vu(y)|| < 1.
We will show || Vu(y)|| > 1, which implies the claim ||Vu(y)|| = 1. Since X is closed, there exists
x € X such that u(y) = ||y — z|| > 0. Define the unit vector

Yy—x
V= .
ly — ||

Since z € X, forall t € (0, u(y)) we have

t

M)HZHZJ_:B'_t:u(y)—t.

uty—10) < =10 ol = =) (1 -
On the other hand, since u is 1-Lipschitz, we also have
u(y — tv) > u(y) — [[tv]| = uly) —t.
Therefore, for all t € (0, u(y)), we have u(y — tv) = u(y) — t. Hence,

Ceouly—t) —u(y)
(Vu(y), —v) = 1;%1 . =-1

or equivalently, (Vu(y),v) = 1. By Cauchy-Schwarz inequality, this implies
1= (Vu(y),v) < [Vu)]l - [lv

| = [IVu@)l-

This completes the proof. |

B.2.2. HELPER LEMMA ON THE NORMALIZING CONSTANT

Recall the normalizing constant N,, = 22 ~II'(%) for the chi distribution, where I'(m) = Jo ettt
is the Gamma function. We have the following estimate.

Lemma 16 Assume 0 < h < 1/(2n33?) for somen > 1and B3 > 0. Then foralli € {0,1,...,n},

<\/ﬁnﬂ)Z . ]\;C]H <1.
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Proof We recall a classical bound on Gamma function (Wendel, 1948) forany x > 0and 0 < s < 1:
I(z+s) <z® -T'(z).

Applying this bound with s = £, foreach i € {1,...,n} we have:

L) _ ﬁ P +3) _ ﬁ <n+k>1/2 . (n+i - 1)%'/2 o 2
L'(%) Pt F("T"'k) - Pt 2 = 2 <
Therefore, for i € {1,...,n} we can bound:
Npi — 9i/2 F(nT—H) < (2n)i/2'
Nn I'(z) ~
Therefore,
N, .
(VhnB)' - == < (V2hn*2p)" < 1
n
since we assume h < 1/(2n33?). [ |

B.3. Bound on expected failure probability under stationarity

We recall the notations introduced in Section 3.2.

Lemma 11 Let X C R™ be a compact body which satisfies the («, )-volume growth condition.

Assume:
h < L
~ 2n2B32 - max{n, log((n + 1)aS)}
N =8aSlog S
where S > 3 is arbitrary. Then we have:
F(h,N) < 3
) — S'

Proof We will use Lemma 17 below. Let

r = \/8h -max{n, log((n + 1)as)}.

Note this choice satisfies the constraint (15) for . The assumption on h satisfies the constraint (14).
Combining our choice of r with the assumption on h:

r< \/ 8 - max{n, log(a(n +1)S)} 2

2n232 - max{n, log(a(n +1)S)}  nfB’
Therefore, (1 + r3)" < exp(rnfB) < €? < 8. Therefore, the choice N = 8a.Slog S also satisfies
the constraint (16) for N. With these choices, the bound from Lemma 17 yields:

3

F(h,N) < —.
(h‘? )—S
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B.3.1. HELPER LEMMA ON A MORE GENERAL BOUND

We can bound the expected failure probability under stationarity. We specialize this in Lemma 11
by choosing specific values for r and N.

Lemma 17 Let X C R™ be a compact body which satisfies the («, 3)-volume growth condition.
Let h,r > 0 and N € N satisfy:

1
h < 32 (14)
r > +/8h - max{n, log((n + 1)aS)} (15)
N > aSlogS-(1+rp)" (16)
where S > 3 is arbitrary. Then we have:
Flh,N) < 2.
S

Proof Let Aj n: R" — R be the function:
Ann(y) = (1= Lu(y)Y.

We partition R = /’\,’E U By U By where
1
By =X N {y eR™: ly(y) > NlogS}

1
By =X, N {y eR": {(y) < NlogS} :
For simplicity, we suppress the dependence on the argument ¥ in the integrals below. We can split:

F(h,N): Ah,NdWh:/ Ah’Ndﬂ'h+ Ah7Nd7Th+ Ah,Ndﬂ'h-
Rn XS B1 Ba

We control each part separately:

1. Integral over XE: By the trivial bound A, y(y) = (1 — £4(y))Y < 1forally € R, and
using the bound from Lemma 10 (which applies since we assume h < 1/(2n33?)), we have:

Apndm, < | dm = m(AS) < aln+1) - n<T>.
/XE h,N Fh_/XC 7 = (X)) < a(n ) - Q2 N

(e

Since r > v 8hn, we have r—+v/2hn > 3, so by the Gaussian tail bound (17) from Lemma 18:

o () 22 () ) o[- (-2,

NG 2 \Vh 2h 8h,

Therefore, since we also assume % > log((n 4 1)a.S), we can bound the integral above by:

72 1
A dm, < 1)- —— ) < —=.
/XE pondmy < aln+1) exp( 8h) <3
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2. Integral over B;: By definition, for y € B; we have ¢;(y) > % log S, so

Apn(y) = (1= th(y)N < exp(—Lu(y)N) <

Nl

Therefore, since we also have 7, (B1) < 7, (R") = 1, we get

1 1 1
Ap,n dmp, < / < dmp, = 5 mp(Br) < 5.
/31 B, S S (B1) S

3. Integral over B>: We use the trivial bound A, y(y) < 1 for all y € R, the formula (9) for
the density of 7y, and the bound 5, (y) < % log S for y € By by the definition of By. We also
use the inclusion By C X, and the bound on Vol(X}.) from the volume growth condition, to

get:
‘n(y)
Ah,Ndﬂ'hS/ 1~d7rh(y _/ dy
. 5, )= Ji, Vol(x)

< log S 1

=N '/32 Voi(0) W
< log S / 1 dy — log S Vol(X;)
N x, Vol(X) N Vol(X)
< 10]%]3 ca(1+7B)"
1
< —
- S

where the last inequality follows from our assumption on V.

Combining the three parts above, we get the desired bound: F'(h, N) < % + % + % = % |
B.3.2. HELPER LEMMA ON GAUSSIAN TAIL BOUND
Recall Q,,(r) = Pr(||Z|| > r) where Z ~ N(0,1,,) in R".
Lemma 18 Forallr > \/n:
r—/n)?
Q) < exp (-0, an

Proof Note x — ||z|| is 1-Lipschitz, since by the triangle inequality, for any =,y € R™:

[zl =Ny ll| < llz = vl

Let Z ~ N (0, I,,) in R™. By the Gaussian concentration inequality for Lipschitz functions (Boucheron
et al., 2013, Theorem 5.6), for any ¢ > 0 we have:

2
Pr (121 - EllZ1] 2 ) < exp (-5 ).
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Letr > y/nandsett :=r — E[||Z]|] > 0. Then

e 2
Qu(r) = P21 2 r) = P (121 - Bl) 211 = r ~ El12]]) < exp (-C=E0Z00 ).
By Cauchy-Schwarz inequality, E[|| Z||]] < E|[||Z]|?] = v/n,sor —E[||Z]]] > r — /n. Since

a — e~ /2 g decreasing for a > 0, we have exp ( — %) < exp ( — M), which

proves the claim. |

B.4. Bound on the expected number of trials under stationarity

We recall the notations introduced in Section 3.3.

Lemma 12 Let X C R"™ be a compact body that satisfies the («, B)-volume growth condition for
some o € [1,00) and 3 € (0,00). Assume:

1
<
~ 2n2B32 - max{n, log((n + 1)aS)}
N =8aSlog S

h

where S > 3 is arbitrary. Then:
Er, [1tn,n] < 16alog S.

Proof We will use Lemma 19 below. Let

r = /8h - max{n, log((n + 1)asS)}.

Note this choice satisfies the constraint (20) for . The assumption on h satisfies the constraint (18).
Combining our choice of r with the assumption on h:

< 8 - max{n,log(a(n +1)S)} 2
— \ 2n2B2 - max{n, log(a(n+1)S)} np’

Therefore, (1 + r3)" < exp(rnB) < e < 8. Therefore, the choice N = 8a.S log S also satisfies
the constraint (19) for /N. With these choices, the bound from Lemma 19 yields:

2N
Eﬂh[ﬂh’]\[] < ? = 160[10g S.
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B.4.1. HELPER LEMMA ON A MORE GENERAL BOUND

We can bound the expected number of trials under stationarity. We specialize this in Lemma 12 by
choosing specific values for r and N.

Lemma 19 Let X C R"™ be a compact body that satisfies the (o, 3)-volume growth condition for
some o € [1,00) and B € (0,00). Assume h,r > 0 and N € N satisfy:

1

< —0 1
h< 2n3 32 (18)
N > aSlogS - (1+rp)" (19)
r > +/8h - max{n, log((n + 1)aS)} (20)
where S > 3 is arbitrary. Then:
2N
Em,ln,n] <~

Proof We split the integral into two parts:
Er, [tn,N] = / N Ay, = / pn, N dmp, + / LN dmrp,.
n o Xr

We can bound each integral above as follows:

1. Integral over X: Using the bound yu, v (y) < m from (7), the formula (9) for the density

of 7y, and the volume growth bound, we get:

1 1 Vol(&X,) N
< - . - = <a-(1 n <L .
/XT fun N dmp, < /X ) m(y) dy /X Vol (X) dy Vol(x) = ¢ (L+7f)" < Slog S

The last inequality follows from our assumption on N. Since we assume S > 3, log S > 1,

N N
so we can further bound SlogS <3

2. Integral over XC: Using the bound pn,n(y) < N from (7), and the bound from Lemma 10
(which applies since we assume h < 1/(2n33?)), we can bound:

Vh) =S

The last inequality follows since we assume r > +/8hn, so ﬁ —V2n > ﬁ; and by the

: : r 1 r 2 r?
Gaussian tail bound (see Lemma 18): Q2 <ﬁ) < exp <—2 (ﬁ — Qn) ) < exp (—@>;

N
/Euh,NdWh <N -m(XY < N-an+1) Qo (r) <
X’I‘

and since we assume 7 > /8h - log((n + 1)a.S), so that exp (—é%) < m

Combining the two estimates above, we have the bound:

N N 2N

E < 4=
o L, N] < g + g g
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B.5. Proof of Lemma 13

Lemma 13 Let m < 1x where X C R" satisfies the («, [3)-volume growth condition for some
a € [1,00) and B € (0,00). Let xg ~ po where py is M-warm with respect to  for some
M € [1,00). Assume:

h < L
= 26203 - max{1, 2 log((n + 1)aS)}
N = 8aS'log S

where S > 3 is arbitrary. Assume In-and-Out succeeds for i > 0 iterations (i.e., conditioned on

the event “reaches iteration 1”), and is currently at x; ~ p; which is M-warm with respect to .
Then the following hold:

1. The next iteration (to compute x;41) succeeds with probability:

. . . Lo 3M
Pr (next iteration succeeds | reach iteration i) > 1 — <
i~

2. The expected number of trials in the next iteration is

Eu;~p; [# trials until success in next iteration | reach iteration i) < 16 M« log S.

3. Upon accepting x;+1 ~ pi+1, the next distribution p;41 is M-warm with respect to .

Proof Suppose we are at x; ~ p; in the i-th iteration. When ¢ = 0, we know pg is M-warm by
assumption. For ¢ > 0, we assume p; is M -warm as an inductive hypothesis.

In the forward step of the algorithm, we draw y; ~ N (z;, hl,) to obtain y; with marginal
distribution p) = p; x N'(0,hI,). Note p! is M-warm with respect to 7, = 7 * N(0, hI,).
Indeed, letting NV}, (y) denote the density of (0, h1,,) aty € R™, we have by definition:

P ) = [ ple) Nily ) do < M- [ 7() Ny — ) e = M )

In the backward step, we try to draw «}_; ~ N (y;, hl,) and accept when 7, ; € X (in which
case we set x4 1 = 2 ), and repeat up to N times. We analyze this as follows:

1. Failure probability: Conditioning on y;, the failure probability of one trial in the next itera-

tion is
Pr(afy ¢ X |yi) =Pr(yi + VhZ ¢ X | yi) = 1 — lu(ws)

where Z ~ N(0,1,) in R", and recall ¢, is the local conductance defined in (3). If the
trial fails, then we repeat it (conditioning on the same y;) for < N trials. Then the failure
probability over N trials (conditioned on y;) is (1 — £5,(y;))" . Taking expectation over g; ~
pZY, the failure probability over NV trials is E Y [(1—£5,)™]; this is the probability that the next
iteration fails. Since pZY is M -warm with respect to 7, we can bound this by the expectation
under stationary:

8
S

where the last inequality follows from Lemma 11 (which holds for our choices of h and V).

v [(1— )] < M By, [(1-6,)"] <
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2. Controlling the expected number of trials: Conditioning on y;, let M}, n(y;) denote the
number of trials in the backward step, where each trial is independent and has success proba-
bility ¢5(y;), and we run at most N trials. Then M}, v (y;) 4 min{Gy,(yi), N} where Gy (y;)
is a geometric random variable with success probability ¢;(y;). The expected number of
trials (conditioned on y;, so the expectation is over the geometric random variable G}, (y;))
is pun, N (yi) = E[min{Gy(y;), N'}], which we also defined in (6). Taking expectation over
Yi ~ pZY, the expected number of trials in the backward step is E Y [tn, ). Since pZY is
M -warm with respect to 7, we can bound this by:

By [pnn] < M- B, [inn(y)] < 16Malog S

where the last inequality follows from Lemma 12 (which holds for our choices of / and V).

3. Warmness: Upon acceptance, the next random variable z;11 ~ p;41 has distribution:

pa@) = [ ol )7z )y

where 751 (- | y) o< N(y, h1,) - 1x. Since p) is M-warm with respect to 7, = 77, we get:
pivi(®) SM- | w(y)-m* (@] y)dy = M- ()
which shows p; 1 is M-warm with respect to 7.
|

B.6. Proof of Theorem 1

We are now ready to prove Theorem 1.

Proof [Proof of Theorem 1] Given the target error £ € (0, ), we define &' := 1¢ and 1 := e, so
g < i and n < 1—16. By assumption, xg ~ pg is M-warm with respect to 7 o« 1y. In particular,
Ry(po || m) < log M. We choose the number of iterations 7" to be:

aM M
T := 8¢Cpi 5*n? <n+log 3(n+n)a> -log< > X e

e
3 aM M
log <4qC'p|B2n2 (n + log W) -log (/>) . 21
n €
We define an auxiliary parameter S to be:
3TM
Si=—. (22)
n
We also define the step size h and the threshold on the number of trials IV in each iteration to be:
1
h = 23
28203 (1 + Llog((n +1)as)) 3
N :=8aS'log S. 24)

We note S > 3, h < ﬁ < % and our choices of i and N above satisfy the assumptions in
Lemma 13.

By Lemma 13 inductively for 7 > 0, conditioned on the event that In-and-Out reaches iteration
i, the iterate z; ~ p; of In-and-Out remains M -warm. Then we can do the following analysis.
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(1) Failure probability: For each i > 0, let F; denote the event that In-and-Out reaches iteration
i (i.e., the first ¢ iterations succeed) starting from x ~ pg. Then Pr(Ep) = 1, and we want to bound
Pr(Er). By Lemma 13 and the warmness guarantee, for each i € {0,1,...,7 — 1} we have

3Man

pr (68, 5) < S 2 2

Since the events F; are nested (F; 1 C E; for ¢ > 0), we can decompose:

T-1 -1
C C C n
I%(Ea::E:PrQQHEHJ::EZPMEQJ%<EH1L&)g' 1=,
=0 =0
Therefore, the probability that In-and-Out runs successfully for 7" iterations is:
C £
PMEﬂzlfPr@%)zlfnzlfg

(2) Error guarantee: In view of Lemma 9, we define the initial duration when Rényi divergence
decreases slowly along In-and-Out:

q (Ry(po|[m) —1)

Ty := max < 0, - 25)
log (1 + CT|>
After T iterations, the Rényi divergence decreases exponentially fast. We define:
~ log L
T =Ty + —2 8= 26)

log (1+CLPI)‘

We claim that our choice of T" in (21) satjsﬁes T > T; we show this below. Assuming this claim, if
In-and-Out runs successfully for 7" > T iterations (which holds with probability at least 1 — n by
part (1)), then by Lemma 9, the output x7 ~ pr satisfies:

h *%(T*To) h *%(T*To) (26)
Ry(pr || m) < (1+) +4n < (1+) +4n < & 4+4n =e.
Cpi Cpi

Thus, if In-and-Out succeeds for T iterations, then its output satisfies the desired error guarantee.
h

We now show 7' > T. Since h < % and Cp; > 1, we have o S % Using the inequality

log(1+1t) > L for0<t= CLM < %, we have log(1 + CLM) > %PI Using Ry(po || m) < log M, we
can estimate (25) by: Ty < quCP' log M. Furthermore, we can estimate (26) by:
2¢Cp, 1 _2qCp . M

N log M + N loggg log?.

It remains to show that with our choices of T"in (21) and A in (23), we have T > %’TCP' log % This
follows by a routine computation, which we provide in Lemma 20.
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(3) Expected number of trials: For each ¢ > 0, let V; denote the number of trials in iteration ¢
of In-and-Qut to compute x; 1 ~ p;+1. Recall from part (1) the event E; that In-and-Out reaches
iteration ¢. If In-and-Out fails before reaching iteration ¢ (i.e. on the event EE), then N; = 0. By
Lemma 13, if In-and-Out reaches iteration ¢ (i.e. on the event E;), then the expected number of
trials in the next iteration is:

3MT
E[N; | Ej] < 16MalogS @ 16Malog . @27)
7

Therefore, the expected number of trials over 7 iterations of In-and-Out is:

E [# of trials in T iterations of In-and-Out]|
T-1

= > (Pr(EF) xE [N | Bf] + Pr(B) < E[N; | E))

2n 3MT
< 16MaT log . (28)
n

To simplify this, we plug in our choice of T" from (21) which is of the form T" = 2z log z, where

z 1= 4¢qCp3*n’® <n + log W) - log <]g> . 29)

Using log z < z — 1 < z, we have

3MT 6M 2 6M =z
= log —— + log(log z) < log
n

M
log +logz < 2log 6 : (30)
n

Therefore, the expected number of trials over 7 iterations of In-and-Out is bounded by:

e 30) 6Mz
E [# of trials in T iterations of In-and-Out] < 64Maz(log 2) - log

2
6Mz> . 31)

<64Maz - (log

The expression (31) is a precise bound on the expected number of total trials of In-and-Out, where
z is defined in (29). To simplify this further, we use the O notation to hide constants and logarithmic
dependencies on the parameters, so for example, M log M = O(M ) and zlog z = O(z). Recalling
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1

"'=leandn = 5¢€, we can simplify the expression in (31) as:

=3

Mz\? - 1\ 2
64Maz - (108;6 Z) =0 (Maz <log ) )
U 7
3 1 aM M 1) 2
® (Ma st (1 Liog SO (M) (1, 1) )
n n 9 n
2
=0 (qCPl af® Mn® (1 + llog 1> . <log 1/) . <1Og1> )
n n IS n
~ 1 4
=0 (QCPI aB® Mn?. <log 6) >

as claimed in the theorem.
Finally, inspecting the algorithm, we see that each trial requires one call to the membership
oracle 1y and O(n) arithmetic operations. [ |

e

B.6.1. HELPER LEMMA ON BOUND ON NUMBER OF ITERATIONS

Lemma 20 Under the same assumptions as in Theorem 1, and with the definitions of T in (21), h
in (23), and S in (22), we have

24Cp. M
TPl g 2 (32)

5/

T>
Proof Our choice (21) of T is of the form T' = 2z log 2z, where

3 1)aM M
z 1= 4¢Cp) 3?1 <n + log W) - log </> > 323%n2 > 32
n €
sinceq > 2,Cp > 1,n 2> 2, logw > 2, log (a—]‘{) > 1, and we assume 3 > % We recall
(see Lemma 21) that for z > 2, y > 2z log z implies y/ log y > z. Then we observe that our choice
of T in (21) implies:

T 3 aM M
> 4C_ICPI52”2 n + log M log —
logT n gl

M
> 16¢Cpi/3*n” - log — (33)
19

where the last inequality holds since n > 2 and log 3(nt+l)aM >log9 > 2.

The right-hand side of the claim (32) is, using the definitions of h from (23) and S from (22):

2qC] M

RHS := i} log —
£

23) 2 2 M

=" 4¢p“Cpin” (n +log((n + 1)as)) - log -

(S(n —l—nl)aM)

22

M
= 4¢B%Cp n* (n + log + log T) -log —-.
€
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On the other hand, from our choice of T' = 2z log z in (21) with log z > 1, we have:

T
TZ;—FZ

T 1)aM M
=5+ 4qCpi %02 (n + log W) -log <€,>

T M
=3 + RHS — 4¢8%Cpin? - log (/) -logT.
€

Therefore, to show 7" > RHS, it suffices to show that:

1 2, 2 ‘24
> . -
1 8q0p|ﬁ n log < 7 >

which we observed in (33) for our choice of T'. This completes the proof. |

B.6.2. HELPER LEMMA ON LOGARITHM

Lemma 21 Ifz >2andy > 2zlog z, then y/logy > z.

Proof Define the function ¢: (0,00) — R by h(y) = 1o7§y- Its derivative is ¢'(y) = l(‘fggyy_)%, SO

¢(y) is increasing for y > e. Since y > 2zlog z > 4log2 > e, we have

y o 2zlog z
logy — log(2zlogz)

Then to show y/logy > z, it suffices to show 2log z > log(2z log z). Exponentiating and simpli-
fying, this is equivalent to showing z > 2log z, which is true for z > 2. |

Appendix C. Details for the volume growth condition
C.1. Volume growth condition for convex bodies

Lemma 5 [fX C R" is convex, then it satisfies the (1, %5 (X))-volume growth condition.

Proof Let ¢(t) = logVol(X;) so ¢'(t) = &(X:). By the Brunn-Minkowski theorem, we know
t = Vol(&;)Y/™ = exp (L ¢(t)) is a concave function. This means

d? 1 d? 1
> _ /n = — —
0> e Vol(X;) 32 &P <n¢(t))

_ % <71L¢’(t) exp <71L<b(t)>>

- % (g (t) + (¢/(1))*) exp Cﬂﬁ(t)) :
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Therefore, ng” (t) + (¢ ( )% <0. Equwalently, forall t > 0: — @ (Sg > . We can write this as:
d_1 t
IO = @ (E); Therefore, 7 (t) ¢,(0) Equlvalently,
1 n d n
§(X) = 9'(1) < — e = o (1 )
ﬁ +i ottt gm dt E(X)

Therefore, ft E(AXs)ds < ft —»—ds = nlog (H%&)) = nlog (1 +t- ﬂi) This shows the
claim:

Vol (X;) ¢ E(AX)\"

— X)ds ) < (1+¢- 227
Vol(X) exp< 0 §(A)ds J < {1+ n

C.2. Volume growth condition for star-shaped bodies

Lemma 6 Let X C R" be a star-shaped body, so X = ;.7 X " where X' is a convex body for
each i € T in a finite index set T, and they share a common intersection ) = X' N X7 % () for all
i # j. Assume ) contains a ball of radius v > 0 centered at 0, i.e., B, C ). Then X satisfies the
(1, LY-volume growth condition.

Proof Fix t > 0. Since X = J;; X", we observe that X; C |J,c7(X")s; this is because any
x € Xy = X @ By is of the form z = y + 2z where y € X? for some i € Z and z € By, so
r € X'® By = (X%);. Next, since B, C Y C X, we have B; = fBr - %Xi. Then we have
(X)) =X'®B CX' D %Xi = (1 + %) X', where the last equality holds since X is convex and
contains 0. Furthermore, since X* C X, we also have (1 + %) Xt C (1 + %) X. Combining the
relations above, we obtain

: t ; t
X, C Yy C - tC - .
e e Ui+t ac (141)
1€T €L

Taking volume on both sides, we conclude Vol(X;) < Vol ((1+ L) X) = (1+ £)" - Vol(X). This
shows that X satisfies the volume growth condition witha = 1 and 8 = 1/r. |

C.3. Volume growth condition under set union

Lemma 7 Suppose X' C R"™ is a compact body that satisfies the (c;, B;)-volume growth condition
for some «; € [1,00) and B; € (0,00), for each i € T in some finite index set I. Let qr be the

probability distribution supported on T with density qr(i) = %, for i € I. Then the

union X = ;.7 X' satisfies the (A, B)-volume growth condition, where:

A= (1?6&2(041-) .W

< max 5;.
T ieZ ﬁz

Siep Vol(ar) - g\ "
> ez VolI(X9)

et
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Proof As in the proof of Lemma 6, we have &; C |J;c7 Af where X} = (X*); = X' & B;. Since

each X' satisfies the (o, 3;)-volume growth condition, we have Vol(X}) < a; - (1+t3;)™ - Vol (X?)
Vol(X7)

for all ¢ € Z. Introducing the random variable I ~ gz with density ¢z (i) = s vei(xr) Ve have:
J
VoI(Xt 1
Vol (X))
Vol(X) = Vol(X) 2 Vol
i€l

1 .
< Gy - 04180 Vollx)

ZJGIVO| 7) .

e () B for - (14 25"
Vol(X
< Z]f/zol(()) : <maIXOéi> Erg, (1 +t8D)"].

1€

For a random variable U € R we denote its LP-norm, p > 1, by |U]||, := E[|JU[P]*/P. Note that
B = ||Br]|n where I ~ gz. Then we can write, using this notation and using triangle inequality:

Eo (L4 t80)"] = 1+ tBilln < (ILln + tllBrlln)" = (L +tB)™.

Therefore, continuing the bound above, we obtain:

Vol(&) _ Xjer Vol(A7) <

max Ozi) “Eregr [(1+181)"]

Vol(X) =  Vol(X) i€T
> ez Vol (X9)
<= 0 7 ) (1B,
=7 Vol(x) <I?eazx a’) (1+1B)
. . ... Zj€IVoI(Xj)
This shows X satisfies the (A, B)-volume growth condition where A = =Nem (max;er ;)
and B = || 81]|». In particular, B < max;ez ;. [ ]

C.4. Volume growth condition under set exclusion

Lemma 8 Let Y C R" be a compact body that satisfies the («, 3)-volume growth condition for
some o € [1,00) and 8 € (0,00). Let X = Y \ Z, where Z C ) is an open set with Vol(Z) <
Vol(Y), and assume X is compact. Then X satisfies the (A, 3)-volume growth condition where

— . VOI)
A=a- V(o)I(X)‘
Proof Since X C ), we have X; C ), forallt > 0 where X; = X & B; and ); = Y @ B;. Thus,
since ) satisfies the («, 3)-volume growth condition,

Vol(X) < Vol(Vy) < Vol(Y) - - (1 +tB)".

Dividing by Vol(X') yields

Vol(,) _ Vol()
Vol(X) ~ Vol(X)

a-(1+tp)".

This shows that X" satisfies the (A, 3)-volume growth condition, where A = « - \\;f:l' 8?) |
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