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Abstract

Sampling based on score diffusions has led to striking empirical results, and has attracted consider-
able attention from various research communities. It depends on the availability of (approximate)
Stein score functions for various levels of additive noise. We show how, in some generality, the
availability of scores allows the general problem to be “reduced” to sampling from an adaptively
constructed sequence of K strongly log-concave (SLC) sub-problems. The reduction is simple,
constructive and algorithm-independent, so that any SLC sampler can be used as a subroutine. Var-
ious bounds on score-based sampling complexity follow directly: for instance, high-accuracy SL.C
samplers yield O(v/dpolylog(1/¢)) guarantees for accuracy ¢ in dimension d, whereas random-

ized midpoint SLC schemes yield O(d"/3 poly(1/¢)) guarantees. When the original distribution
itself is SLC, we prove that KX < 1 + log,(k), thereby obtaining the first efficient procedure with
logarithmic dependence on the condition number ; for general distributions, the quantity K de-
pends on the geometry of the score Hessian across the trajectory. Our analysis is direct and simple,
involving techniques and insights complementary to those in standard analyses of discretized dif-
fusions.

Keywords: Log-concave sampling; diffusion sampling; score-based methods.

1. Introduction

The problem of drawing samples from a d-dimensional density is a core computational challenge.
Efficient samplers are essential for Monte Carlo approximation (e.g., Robert (2004); Rubinstein and
Kroese (2008)); exploration of posterior distributions in Bayesian statistics and inverse problems
(e.g., Gelman et al. (2013); Brooks et al. (2011)); and generation of images, audio and other struc-
tured data in generative Al (e.g., Rombach et al. (2022); Croitoru et al. (2023); Chen et al. (2024)).

Score-based diffusions: In recent years, researchers have demonstrated dramatic advances in
sampling through the use of score-based diffusion models (Sohl-Dickstein et al., 2015; Song and
Ermon, 2019; Ho et al., 2020; Song et al., 2021). All these procedures are based on a forward
noising process: beginning with a sample X from the target distribution py, it converts it to some
form of “noise”, most often a standard Gaussian vector. In continuous time, this forward process
can be described by a stochastic differential equation (SDE), and the problem of drawing samples
corresponds to simulating the evolution of the reverse-time SDE (Haussmann and Pardoux, 1986;
Anderson, 1982) that tracks backward from the noise W to a fresh sample from py. Stochastic sam-
pling schemes are based on careful discretizations of this reverse-time SDE (e.g., Ho et al. (2020);
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Song et al. (2021); Lee et al. (2022); Li et al. (2023); Lee et al. (2023); Chen et al. (2023c,a); Ben-
ton et al. (2024)), whereas other sampling schemes make use of an ordinary differential equation
(ODE) that describes the backwards evolution (e.g., Song et al. (2021); Benton et al. (2023); Al-
bergo et al. (2023); Chen et al. (2023b); Cai and Li (2025)). In both cases, the forward process
is useful because it provides the data needed to estimate the Stein score functions that describe the
backwards evolution, using methods such as score matching or Tweedie-based denoising (e.g., Rob-
bins (1956); Miyasawa (1961); Hyvérinen (2005); Vincent (2011)). There are now a wide variety of
schemes within the general diffusion framework along with a relatively rich theoretical understand-
ing; see Section 1.1 for further discussion.

Fast sampling for “nice” distributions: In parallel, the past ten years have witnessed tremendous
advances in sampling from “nice” distributions, based only on information from the original distri-
bution (and not invoking a diffusion path). For instance, there are highly efficient methods, along
with associated theoretical guarantees, for sampling from strongly log-concave (SLC) distributions,
as well as those that satisfy a geometric inequality (e.g., log-Sobolev, or Poincaré). Various methods
have been studied, including the unadjusted Langevin algorithm (ULA), its Metropolis-corrected
variant (MALA), higher-order extensions including Hamiltonian Monte Carlo, as well as proximal
schemes (e.g., Dalalyan (2016); Cheng and Bartlett (2018); Durmus and Moulines (2017); Dwivedi
et al. (2019); Mou et al. (2022); Chen et al. (2020); Vempala and Wibisono (2022); Chewi et al.
(2022); Chen and Gatmiry (2023b)). The modular scheme of this paper allows any strongly log-
concave (SLC) sampler to be applied, and we obtain a spectrum of rates depending on this choice.
Notably, for SLC problems with order-one conditioning, there exist high-accuracy Metropolized
samplers with v/d polylog(1/¢) iteration complexity (Altschuler and Chewi, 2023; Chewi, 2025).
While the standard Metropolis implementation requires density evaluations, concurrent work (Chen
et al., 2026) provides a randomized scheme that achieves the Metropolized complexity using only
first-order gradient information.

Our contributions: In this paper, we bring these two lines of research into close contact, in
particular by describing and analyzing a simple and modular scheme for score-based sampling.
We show how, given the availability of diffused Stein scores, it is possible to “reduce” the problem
of sampling from a general target density py to a sequence of K calls to any SLC sampler applied to
distributions with condition number at most 2. We give guarantees in which the number of calls K
to the SLC sampler is independent of the target accuracy €, but depends on the geometric structure
of the problem. More specifically, we prove two main theorems:

« In Theorem 1, we study the problem of sampling from a strongly log-concave density on R? with
condition number x. This is a very well-studied problem, and standard Langevin-type procedures
exhibit linear scaling with k. By adapting our modular scheme, we show that the availability
of diffused Stein scores reduces the dependence to logarithmic in k. In particular, we do so by
constructing a sequence of K SLC problems with K < 1+4logs (k). To the best of our knowledge,
this is the first efficient scheme that exhibits such logarithmic dependence. When high-accuracy
SLC samplers are applied to the sub-problems, we guarantee an overall iteration complexity of
O(\/E log(k) polylog(1/e)).

* In Theorem 2, we study the use of our modular scheme for sampling from a general multi-modal
density. We specify a forward trajectory of length K, specified by an adaptive stepsize sequence,
that ensures a SLC sequence of sub-problems. This leads to concrete bounds on sampling com-
plexity in terms of trajectory length K, and the complexity of solving these sub-problems, and we
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exhibit a sampler with iteration complexity O (K v/d polylog(1/¢)). In Corollary 1, we provide a
worst-case bound on K in terms of a geometric Lipschitz constant, but suspect that this guarantee
can be improved.

We put these results in the context of past work in the next section, as well as in the discussion
following the statement of our theorems.

1.1. Related work

There is a long line of work on fast algorithms for sampling from strongly log-concave distributions
(SLC), as well as more general families, including those satisfying log-Sobolev and Poincaré in-
equalities (e.g., Dalalyan (2016); Cheng and Bartlett (2018); Durmus and Moulines (2017); Dwivedi
et al. (2019); Mou et al. (2022); Chen et al. (2020); Vempala and Wibisono (2022); Chewi et al.
(2022); Chen and Gatmiry (2023b)). The modular reduction in this paper allows any of these pro-
cedures to be called as a black box routine. Various algorithms have been analyzed, including the
unadjusted Langevin (ULA) algorithm, its Metropolis-adjusted variant (known as MALA), higher-
order schemes including randomized midpoint and Hamiltonian Monte Carlo; and samplers based
on proximal updates. Suitable variants can achieve iteration complexity proportional to v/d; of
particular relevance to this paper are high-accuracy samplers for SLC distributions with iteration
complexity scaling polynomially in log(1/¢) (e.g., Dwivedi et al. (2019); Chen et al. (2020); Chen
and Gatmiry (2023b); Altschuler and Chewi (2023)). Other schemes, such as randomized mid-
point discretizations (Shen and Lee, 2019), sacrifice the polylog(1/¢) scaling but reduce dimension
dependence to d*/3. Our general scheme allows any of these SLC samplers to be applied.

For diffusion-based samplers, there is now a wide range of theoretical results, applying to both
stochastic (SDE-based) samplers (e.g., Lee et al. (2022); Li et al. (2023); Lee et al. (2023); Chen
et al. (2023c,a); Benton et al. (2024)) as well as (ODE or flow-based) deterministic ones (e.g., Song
et al. (2021); Albergo et al. (2023); Benton et al. (2023); Chen et al. (2023b); Cai and Li (2025)).
Earlier analyses of the iteration complexity, meaning the number of iterations needed to obtain
e-accurate samples, exhibited polynomial scaling in the dimension. Focusing on the KL diver-
gence, recent results have reduced this dependence to linear in dimension d for both stochastic sam-
plers (Conforti et al., 2023; Benton et al., 2024) and ODE-based samplers (Li et al., 2024), and both
classes of methods have polynomial scaling in (1/¢). By comparison, our modular scheme yields a
method with KL iteration complexity scaling as /d, and polynomially in log(1/e); see Theorem 2
for details.

The idea of decomposing a “hard” sampling problem into strongly log-concave problems can
be understood as an auxiliary variable method (Liu, 2001; Higdon, 1998), and has been exploited
for sampling from diffusions (Huang et al., 2024), as well as posterior distributions in neural net-
works (McDonald and Barron, 2024), and sparse linear regression (Montanari and Wu, 2024).
Most closely related to our work is the paper of Huang et al. (2024), who proposed two differ-
ent algorithms (RTK-ULA and RTK-MALA) that exploit log-concave segments within a diffusion.
Among other results, they showed that the RTK-MALA procedure has TV mixing time scaling as
d? polylog(1/¢), which is the first high-accuracy guarantee for a diffusion-based procedure. Our
work extends this idea of extracting SLC sub-problems in a way that is adaptive, depending on
the problem structure, and algorithm-independent, thereby allowing any SLC sampler to be ap-
plied to the sub-problems. Consequently, our guarantees inherit the best available bounds for the
SLC subroutine for TV, KL and Wasserstein distances. For instance, by using high-accuracy SLC
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samplers, we obtain TV and KL mixing time guarantees for multi-modal distributions that scale
as Vd polylog(1/¢), and for sampling from a x-SLC distribution, the adaptivity of our scheme
reduces the dependence to logarithmic in .

1.2. Tweedie-based structure of diffused scores

We now present the background that underlies our development. Score-based sampling procedures
operate on a sequence of random variables that are transformed by a simple linear operation with
Gaussian noise. So as to guide the reader, here we lay out the induced Tweedie structure. Given a
random vector U € R? and a pair of positive scalars a and b, consider the update

V =aU + bW where W ~ N(0,1) is standard Gaussian. €))

This transformation is a form of annealing: the density p, of V' will be smoother than the density
py of U, since it is obtained by convolving p, with the Gaussian density.

First-order Tweedie and sampling: The classical Robbins—Tweedie formula (Robbins, 1956;
Miyasawa, 1961; Efron, 2011) guarantees that the Stein score function V log p, can be expressed
in terms of E[U | V' = v], which allows for denoising-based score estimation. Knowledge of this
score function allows us to draw samples from p, using gradient-based sampling procedures. For
our scheme, it is essential that the conditional score V,, 1og p,, also has a simple representation. In
particular, we have

a
Vau 10gpu|v(u | v) = Vi logpu(u) + Vy logpv|u(v |u) = Vylogpy(u) — big(au - ’U), (2)

where the second equality follows from the fact that (V | U = u) ~ N(au,b?I), and the form
of the Gaussian density. Consequently, knowledge of the marginal score V, logp,(u) gives us
knowledge of the conditional score. In particular, we can then use gradient-based algorithms to
draw samples from the backwards conditional distribution p,,. In summary, for the 1-step model
V = aU + bW, knowledge of the marginal score functions enables us to exploit fast algorithms for
both (a) generating samples from the marginal distributions p, and p,, and (b) generating samples
from the backward conditional pj,.

Second-order Tweedie and Hessian structure: Instead of focusing on the score function—that
is, the first derivative of the log density—the bulk of our analysis is instead focused on second
derivatives. More precisely, still focusing on the update V' = alU + bW, we introduce the two
Hessian matrices

H,(u) = —V%logp,(u) and H,(v):= —V?logp,(v), 3)

associated with the marginal distributions p, and p, over U and V respectively, along with the Hes-
sian Jy), (u,v) = —V2log pup(u | v) associated with the conditional distribution of U | V. To
be clear, our analysis makes central use of these second-order objects, but the standard sampling
schemes that we use to solve sub-problems are still based on first-order information only. The fol-
lowing standard results, proved for completeness in Appendix C, play a central role in our analysis:
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2
Second-order Tweedie: H,(v) = b—lz{I - 2—2 cov(U |V = v)}, and (4a)
~——
—V2log py(v)
o2
Backward conditional Hessian: Jup(w,v)  =Hy(u) + 5L (4b)
—_——— b
_V% logpu\v(uh))

2. Statement of main results

We now turn to the statement of our main results, including exponentially accelerated log-concave
sampling (Theorem 1 in Section 2.1), and guarantees for general multi-modal distributions (Theo-
rem 2 in Section 2.2).

2.1. Exponential acceleration for log-concave sampling

We begin by studying the consequences of our modular scheme for the problem of sampling from a
smooth and strongly log-concave (SLC) distribution. For a given pair of scalars 0 < m < M < oo,
we say that a twice differentiable density py is (m, M )-SLC if its negative log Hessian satisfies the
sandwich relation mI < —V?2logp.(z) =< MI forall z € R% The ratio k := M/m > 1 de-
fines the condition number of the problem. While standard procedures exhibit iteration complexity
scaling linearly in &, the main result of this section gives a simple modular scheme that, by exploit-
ing the availability of diffused score functions, provides an exponential acceleration, in particular
reducing the dependence to log .

Procedure and a general guarantee: Given a trajectory length K and initial value Yy = X,
consider the Gaussian forward path given by

Yip1 = apYy 4+ /1 — a2 W fork=0,1,..., K — 1, (35)

where Wy, ~ N(0,1), and a;, € (0, 1) are stepsizes to be chosen. The sub-problems to be solved
in traversing the backward path are (i) sampling the terminal distribution Yx ~ pg, and (ii) for
each k = K —1,...,0, sampling from the backward conditionals pj;41 of Y | Yiy1. Letting
8& = {pk}U {Prjk+1 }52—01 denote the collection of all such sampling sub-problems, the following
result guarantees the existence of a “short” trajectory such that all sub-problems 8 are strongly
log-concave with condition number at most 2:
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Theorem 1 (Logarithmic reduction to SLC black box sampling) Given any (m, M )-strongly
log-concave target density p, there is a forward trajectory (5) of length at most

K +1<2+4logy (M/m) = 2+ log,(k), (62)

such that all sampling sub-problems Sé( are SLC with condition number at most 2. Conse-
quently, for each distance D € { Dy, Dg1,/mWs}, given any black-box SLC sampler with
query complexity N, we can perform e-accurate sampling (in distance D) from the target p
in at most

M=

T(e) = NSLc(e/(K + 1)) < {2 + 1Og2</€)} Nsm(*) queries. (6b)

2 + logy (k)

£
Il

0

In the proof, given in Section 3.1, we give an explicit but adaptively chosen sequence {ak}szl
that certifies the theorem’s claims. Analyzing the resulting sequence exploits the second-order
Tweedie formula (4a) as well as the backward Hessian structure (4b). The key technical challenge is
showing the logarithmic scaling (6a). We do so via a combination of the Cramér—Rao bound and the
Brascamp-Lieb bound to sandwich the SLC-conditioning (my, Mj) of the intermediate problems
along the sequence (5); we highlight Lemma 2 as a key result.

2.1.1. SOME SPECIFIC CONSEQUENCES

Theorem 1 is a general reduction that allows for any black-box SLC sampler to be used in solving the
sub-problems. Specific consequences of the iteration complexity bound (6b) are easy to extract for a
range of samplers; in all cases, we obtain a polylog(x) dependence, whereas the (d, €)-dependence
changes with the chosen sampler.

Low-accuracy samplers: We begin with the low-accuracy samplers, meaning that the iteration
complexity scales with 1/e. Recall from Section 1.2 that access to annealed score functions gives
us access to the required gradients for both marginal and backward conditional sampling. Using the
ULA updates, it is known that it suffices to take Ny (g) =< d/e? steps to achieve e-accuracy in KL;
combined with our general guarantee, this yields a total iteration complexity of T'(g) =< dl%j(”).
The linear-in-d dimension dependence can be reduced via the use of faster low-accuracy sam-
plers; for instance, schemes based on underdamped Langevin would achieve v/d-scaling, so an
_ Vdlog’(k)

overall complexity 7'(¢) < ~~——- in KL distance. As another example, if we use random-

ized midpoint discretization (Shen and Lee, 2019), then we obtain a total iteration complexity
T(e) < % log®3 (k) in the Wa-distance.

High-accuracy guarantees: Turning to high-accuracy samplers, as previously discussed, there
are Metropolized samplers (Altschuler and Chewi, 2023; Chewi, 2025) with KL iteration complex-
ity N....(¢) =< Vdpolylog(1/e). Coupled with the bound (6b), this yields an overall iteration

1. Since the sub-problems all have condition number at most 2, we need only focus on their dependence on the pair
(d,e).
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complexity scaling as

1+ log(k)

T(e) = Vd(1 + log()) log( ). (7)

To be clear, classical Metropolized samplers require access to both the score function (first deriva-
tive), and log density values; in certain cases, log densities can be estimated (e.g., Guth et al. (2025)),
but this is not always the case. In their work on RTK-MALA, Huang et al. (2024) tackled this issue,
and showed how to approximate Metropolis sampling using only gradient information, but did not
achieve N.... complexity. In concurrent work, Chen et al. (2026) analyze a “Bernoulli-factory”
randomized approximation, and show how it can be leveraged to implement a purely gradient-based
sampler that achieves iteration complexity N¢.... Since the reduction in Theorem 1 allows for any
SLC sampler, we can adopt their particular scheme; doing so leads to a purely score-based sampler
that achieves the guarantee (7). This bootstrapping via our scheme yields a refinement of their initial
guarantee, sharpening the linear in x scaling from their guarantee to logarithmic in .

2.1.2. ROBUSTNESS TO SCORE ERRORS

Letting p;. denote the marginal distribution of Y} at round k, we have stated Theorem 1 for samplers
that operate using the exact score functions si(z) := V, logpi(z). In practice, these exact score
functions are not available, but are instead estimated using samples (e.g., via denoising using the
first-order Tweedie representation). Here we describe how our guarantees remain robust when the
procedure is implemented using estimates s, of the true score functions. In addition to the compu-
tational error tracked by Theorem 1, this guarantee involves additional error in terms of the score
differences sy, — sy.

For concreteness, we focus on the TV error, and state a general stability result for score errors,
one that can be applied both to Theorem 1, as well as to Theorem 2, which is stated in Section 2.2.
At time £, let Q. (- | y) denote the family of backward transition kernels defined by the score es-
timate Sy, and let Q (- | y) be the backwards transition defined by a sampler used to implement
this backward transition. Suppose that: (a) the backward sampler is ei-accurate, meaning that
Drv(Qk(- | ), Qr(- | y)) < e for each y; and (b) the true backward transition Py(- | y) has den-
sity that is ay-strongly log-concave.

Lemma 1 (Robustness to score errors) Under the stated conditions, for each backward step
k=0,1,..., K — 1, the marginal q;, satisfies the TV norm recursion

8% — skllL2(gy)

2,/0%

Dryv(Gr, o) < e + + Drv(Qk+1,Pkt+1) where Gy = Gy 19k (8)

See Appendix F.1 for the proof of this claim.

Proving the TV guarantee in Theorem 1 exploits the bound (8) with no score error (5, = s, and
the settings e, = /(K + 1), so that the total error scales as Zf:o g¢ = €. Since Lemma 1 allows
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2

for score error,” we can prove a generalized result that involves the total error

iw N i I8¢ — sell 2(g,) ©
=0 = W

where, in the setting of Theorem 1, the strong log-concavity parameter is given by oy = 2 + 27 (k — 1)
in terms of the condition number x.

2.2. Multi-modal setting

We now turn to sampling from a general multi-modal distribution. In this case, given some § > 0
that is user-specified, our goal is to draw samples from the random vector Z = X + 6W, where
Wy ~ N(0,I). As in diffusion analyses, we refer to the parameter  as the early stopping error.
With this parameter fixed, our goal is to develop algorithms that produce e-accurate samples from
the distribution pz of Z. In order to do so, it is convenient to work with the rescaled random vector

Y, = %. This rescaling has no effect on the distances Dy;, and Dry.

2.2.1. ADAPTIVE SCHEME AND ITS ANALYSIS

Having reduced our problem to sampling from p; = py;, we note that Y] can be written as Y; =

%X + %WO, where X := X /0 is a rescaled version of the original variable X. In our analysis,

we state conditions directly on X. Given this Y7, we then generate the forward sequence

Vit1 = apYy + /1 — ai Wy, for stepsizes a; € (0, 1) to be chosen adaptively. (10a)
Our adaptive choice of stepsizes depends on the sequence

By = sup [|cov(X | Yi = y)[lo, (10b)
y€ER?

defined for each k = 1,2, ... in the forward trajectory. We construct the forward sequence with a

stepsize sequence {ay, } ;>0 based on the initialization ag = 1/ v/2,and for k = 1,2, .. ., the adaptive
updates
k—1
2M; + 2
)\k- = 4Bk Z]:[O CL% and ai = m (IOC)

As before, for a trajectory length K, we let 8§ = {px} U {py +1},§;()1 be the collection of
all sampling sub-problems: the terminal distribution pg, and each of the backward conditional
distributions.

2. The lemma applies to the backward transitions, and we can also prove an analogous stability result for the terminal
sub-problem pr .
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Theorem 2 (SLC reduction for multi-modal case) Given the adaptive stepsize choice (10c),
consider any trajectory of length K such that Hf: 61 a? < ﬁ. Then we are guaranteed that
all of the sampling sub-problems 85 are strongly log-concave (SLC) with condition number
at most 4. Consequently, for any distance D € {Dry, Dk, }, by using any SLC sampler with
query complexity N, we can obtain e-accurate samples using

K
T(e) = ZNSLC(E/(K +1)) queries. (11)
k=0

See Section 3.2 for the proof. Here the main technical challenge is showing how the adaptive
stepsize choice (10c) suffices to ensure the SLC property of the full collection Sg of sub-problems.
As with Theorem 1, this reduction allows for any SLC sampler, and so has consequences for both
low- and high-accuracy schemes.

Low-accuracy guarantees: If we use ULA as our base sampler, then we achieve an overall
guarantee of T'(¢) < K 35%; this is comparable to the RTK-ULA guarantee in the paper (Huang
et al., 2024). On the other hand, we could also use underdamped Langevin to achieve the scal-
ingT(e) < K 3%. If the trajectory length K is independent of dimension, then the end-to-end
procedure exhibits v/d-dependence, as opposed to the linear-in-d scaling that arises from optimal
KL bounds for ULA-based discretizations of diffusions (Conforti et al., 2023; Benton et al., 2024).
We can also use a more sophisticated Langevin discretization to go below the v/d barrier; for in-
stance, if we use a randomized midpoint scheme (RMC), then known TV guarantees for RMC-
Langevin (Gupta et al., 2025) give us an overall complexity of T'(e) =< K7/3d%/12 /*/3,

High-accuracy results: As discussed following Theorem 1, we can achieve e-accurate sam-
pling in KL for each sub-problem with complexity N....(¢) =< +/dpolylog(1/e), either by us-
ing Metropolized schemes (Altschuler and Chewi, 2023) that use gradients and density values, or
by applying the gradient-only SLC-Metropolis sampler (Chen et al., 2026), as discussed follow-
ing Theorem 1. In either case, when combined with the guarantee (11), our reduction yields an
overall iteration complexity of

T(e) = 6(}( Vd polylog (K)). (12)

€
In general, the trajectory length K is a function of the full sequence By from equation (10b); in the
next section, we bound K under a worst-case assumption.

2.2.2. TRAJECTORY LENGTH UNDER WORST-CASE ASSUMPTIONS

We now turn to an analysis of the trajectory length K under a particular worst-case assumption,
namely that the only knowledge about the sequence { By, }>1 is the existence of some Byax < 00
such that

By = sup |[cov(X | Yi =y)|lop < Bmax  forallk=1,2,.., (13)
y€ERd
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but no further structure is given. By comparison to the second-order Tweedie formula (4a), we see
that this type of uniform bound corresponds to assuming the score function has a bounded Lipschitz
constant. By careful analysis of the adaptive sequence (10c), we obtain the following guarantee:

Corollary 1 Under the uniform bound (13), the guarantees of Theorem 2 apply with trajec-
tory length at most K < 7(1 + Bpax)-

See Appendix B.2 for the proof.
Substituting the upper bound on K from Corollary 1 into our earlier bound (12), we find a
worst-case iteration complexity scaling as

Tworst (€) = BmaxVdpolylog(1/e), (14)

where By, is the Lipschitz constant. Comparing to past results (Chen et al., 2023a,c) on discretized
diffusions, these bounds exhibit a quadratic dependence on a Lipschitz condition, and d/s? depen-
dence on (d, ¢), as opposed to BpaxV/d polylog(1/e) in the guarantee (14). The polylog(1/c)-
scaling for diffusion models first appeared in the RTK-MALA guarantee of Huang et al. (2024),
albeit with d?-scaling, and applicable only to TV distance. In concurrent work, Chen et al. (2026)
impose a related Lipschitz assumption, and obtain guarantees with the same v/d polylog(1/¢) scal-
ing using a diffusion approach.

While Corollary 1 leads to concrete results, we note that imposing the global bound via B, ax is
a crude and worst-case assumption. For future work, it would be interesting to use our framework
to obtain bounds on K depending on a milder geometric quantity; we strongly suspect this should
be possible, since the covariance sequence {cov(X | Y; = y)}x>1 and associated operator norms
{Bj }r>1 evolve in a very structured way.

2.2.3. SOME OPEN QUESTIONS AND EXTENSIONS

Our scheme and results suggest a variety of other open questions and extensions. Let us comment
on a few of them here.

Best of all worlds? It is interesting to make further explicit comparisons in a specific setting,
which we refer to as the bounded (R, o)-model. Suppose that we wish to sample Y7 = X + oW,
where || X ||z < R. In this case, the worst-case bound (13) holds with Byax = R2/02, and our
approach yields the overall iteration complexity Tr () < (R/o)?vdpolylog(1/c). State-of-
the-art results on discretized diffusions (Conforti et al., 2023; Benton et al., 2024; Li et al., 2024)
provide iteration complexities with d/e? scaling, inferior to the v/d log(1/¢) scaling in Tg , (&), but
with a milder poly-logarithmic dependence on R/o. We are thus led to a natural open question: is
it possible to obtain a “best-of-both-worlds” guarantee: i.e., with poly-logarithmic dependence on
both (R/o) and (1/¢)?

Reductions beyond the SLC class: Theorem 1| and Theorem 2 both exploit trajectories of strongly
log-concave (SLC) problems, which allows us to exploit fast SLC sampling algorithms. However,
there are many other classes of distributions for which fast samplers are available, including those
satisfying geometric relations such as log-Sobolev (LSI) or Poincaré inequalities. For instance,
the class of LSI distributions is a strict superset of the SLC class, allowing for considerable multi-
modality depending on the LSI constant. There are various fast samplers available for LSI dis-
tributions (e.g., Vempala and Wibisono (2022); Chen and Gatmiry (2023a); Altschuler and Chewi

10
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(2023)), so that the scope of our scheme could be enlarged substantially by instead reducing to a
sequence of well-conditioned LSI problems. One natural open question is whether (for 1-Lipschitz
problems) one can obtain sampling guarantees with logarithmic dependence on the LSI constant,
thereby generalizing the logarithmic dependence on condition number « in Theorem 1.

3. Proof sketches

We now provide sketches of our two main results: Theorem 1 in Section 3.1 and Theorem 2 in Sec-
tion 3.2.

3.1. Proof sketch of Theorem 1

At a high level, the proof consists of three main steps:

(1) Rescaling: We apply a rescaling argument to reduce the problem to a sampling problem that is
(1, M /m)-strongly log-concave; see Appendix A.1 for this argument.

(2) Adaptive stepsizes: We prescribe an adaptive choice of stepsizes {ak}kK:_Ol, and analyze the evo-
lution of marginal distributions py, = py, of the forward process, and the conditional distributions
Pk|k+1 = DPy,Jyes, ©f the backward process; and

(3) Stability analysis: We control error propagation throughout the entire backward process; see Sec-
tion 3.1.3 for details of this step.

In the main body, we provide more detail on the adaptive stepsize and trajectory analysis in Step 2,
and the stability analysis in Step 3.

3.1.1. FORWARD RECURSION WITH ADAPTIVE STEPSIZE CHOICE

Introduce the shorthand My = M /m for the smoothness constant of the target distribution after the
rescaling step. We run the forward recursion (5) with the following choice of stepsizes {ak}kzl.
Given the initial value My, we initialize with a2 = My /(1+ M), and then evolve the pair (M, a)
according to the recursion

(@) My

@ M, 2
M1 = and =
T M —a2) +ad T M

at each round. (15)
Given these stepsize choices, the key technical steps in our proof are to establish that after K <
1+ logy My rounds, the Hessian Hk satisfies

I < Hg(y) < 2I  uniformly in y € R?, (16a)

and at each round k& € [K — 1], the Hessian J}; of the backward conditional py ;.. satisfies the
sandwich

1+ My < Ji(y) < 2M,,  uniformly iny € RY, (16b)

Note that the sandwich relation (16a) ensures that the terminal distribution px is SLC with condi-
tion number at most 2, whereas the sandwich relations (16b) guarantee that each of the backward
conditionals pyx41 1s SLC with condition number at most 2. Together, these results certify that all
the sampling sub-problems 86( satisfy the claims of Theorem 1.

11
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3.1.2. PROPAGATION OF SPECTRAL CONTROL

Proving the claims (16a) and (16b) hinges on the following auxiliary result. Each step in the se-
quence (5) is of the generic form V' = aU + bW, where W ~ N(0,1) is standard Gaussian.
Recalling the Hessian matrices from equation (3), the following result shows how control of the
spectrum of H,,(u) yields spectral control of H, (v).

Lemma 2 (Propagation of spectral control)
(a) Suppose there is some m > 0 such that Hy(u) = mI uniformly in u € R%. Then we have

H,(v) = %I uniformly in v € RY. (17a)
m a

(b) Suppose there is some M < oo such that Hy(u) < M1 uniformly in u € R%. Then we have

M
. . d
H,(v) < ml uniformly in v € R%. (17b)

See Appendix A.3 for the proof. Part (a) requires strong log-concavity (SLC), and exploits the
Brascamp-Lieb inequality applicable in this case. Part (b) applies in general, and makes use of the
Cramér-Rao lower bound on location estimation.

3.1.3. BACKWARDS ERROR PROPAGATION

Finally, we provide a lemma that allows us to control propagation of errors in moving along the
backward path. On one hand, we have the Markov kernel

PO = [ o)y (182

that defines the backwards evolution of the true marginals py+1 — pg. Our backwards sampler
defines a second kernel Qj, that underlies the backwards evolution g1 — gi of the algorithm’s
marginals. By our set-up, with a sufficient number of iterations, we can assume that our backwards
sampler is x-accurate uniformly in its inputs, meaning that

D(Qy(ey), Piley)) <8 forally € R%, (18b)

Lemma 3 (Error propagation in backwards kernel Py) Under the condition (18b), for any
of the distances D € { Dy, Dg;, W2}, we have

D(gr,pk) < 0+ D(@kt1,Pr+1) (19)
—— —_——
Round-k error Round-(k + 1) error

See Appendix A.4 for the proof. For the TV distance Dry, the bound (19) is a special case
of Lemma 1 without score error. Proof of the bound (19) for the KL. divergence Dy is an easy
consequence of the data processing inequality; the corresponding proof for Wasserstein is more
involved (cf. Lemma 8 for details).

12
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3.1.4. COMBINING THE PIECES

Let us now combine the pieces so as to complete the proof of Theorem 1. Recall that we say
that a problem is 2-SLC if it is strongly log-concave (SLC) with condition number at most 2. Let
(K, PK—1,---,P1,P0) denote the true sequence of marginal distributions, and let (¢, gk —1,- - -, q1,0)
denote the sequence of distributions generated by our approximate sampling algorithm. We assume
that:

* At the terminal stage K, we generate samples from a distribution gx that is ¢/(K + 1)-close to
pr . From the guarantee (16a), this terminal stage problem is 2-SLC-controlled, so that doing so
using our black-box SLC procedure requires Ng..(¢/(K + 1)) calls.

* In moving backward from (k + 1) to k, we run enough iterations of the sampler so that the
bound (18b) holds with 6 = /(K + 1). From the guarantee (16b), each backward conditional
is 2-SLC-controlled, so that doing so requires Ng;.(e/(K + 1)) calls.

By construction, the total number of calls required is ) | f:o Ng.c(e/(K+1)), matching the claim (6b).
For a given distance D € { Dy, Dx1, W2}, let us compute the error D(qo, po) at the initial stage.
By iterating the bound (19) at each round with §;, = /(K +1) and using D(qx,pr) < /(K +1),
we have D(qo,po) < /(K + 1)+ D(q1,p1) < ﬁ Zszo € = &, as claimed.

3.2. Proofs of Theorem 2 and Corollary 1

We now turn to the proof sketch for Theorem 2, along with the related Corollary 1. Here we sketch
the result for the KL divergence; it can be used to upper bound D2, via Pinsker’s inequality, but a
sharper TV guarantee can be obtained by direct analysis. This proof does not require the rescaling
step, and we can re-use the backward error propagation for Dy; given in Lemma 3. (However,
the Wasserstein error propagation there does not apply to the multi-modal case, as the Wasserstein
proof in Lemma 3 exploits the SLC structure.) Consequently, the new technical effort required is
analyzing the evolution of the forward and backward processes induced by the adaptive stepsize
sequence (10c).

Recall the Hessian matrices from equation (3). The following result shows how control of the
spectrum of H,(u) yields spectral control of H,(v). The following lemma controls the Hessian
structure of the trajectory, both in terms of the marginal Hessians of the forward process, and the
conditional Hessians of the backward trajectory. It allows us to show that all relevant sampling
sub-problems satisfy the requisite SLC conditions.

Lemma 4 (Trajectory control for multi-modal case) Given the adaptive stepsize choice (10c),
the following properties hold:
(a) At each round k € [K], we have

—)\kI j (1—)\k)I j Hk(y) j 21. (203)

(b) Foreachk € [K — 1], the backwards conditional distribution pyy,11 has a Hessian J(yx)
that satisfies the sandwich

M +2)T < J(y) 2 2(M+2)1 forally € RY (20b)

13
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See Section B.1 for the proof of this claim.

Completing the proof: We now sketch how to complete the proof of Theorem 2. From the
theorem set-up, recall that the trajectory length K is chosen to ensure that HkK:_Ol ai < ﬁ.
From the definition of the sequence A, this bound implies that A\ < 1/2. Thus, from part (a)
of Lemma 4, we see that the terminal Hessian H satisfies the sandwich bound %I < Hk(y) = 21
uniformly in y € R, so that it is SLC with condition number at most 4, as claimed. From part (b)
of Lemma 4, we see that the backward Hessians J;, have condition number at most 2. Thus, we have
established that the adaptive stepsize sequence constructs a sequence of K sub-problems that are
each SLC with condition number at most 4. Finally, the sampling guarantee (11) given in Theorem 2

follows from the same proof template used in Section 3.1.4.

4. Discussion

In this paper, we have described a modular approach to sampling from a given target distribution
px based on the availability of annealed score functions. It can be understood as a form of “divide-
and-conquer”, showing how the original sampling problem is reducible to a K-length sequence
of sub-problems, each defined by a well-conditioned and strongly log-concave (SLC) distribution.
Using this reduction, we proved novel results both for uni-modal and multi-modal distributions.
For sampling from a SLC distribution (Theorem 1), we exhibited efficient methods scaling as log x
with the condition number «, and dimension dependence ranging in {dl/ 3 Vd, d}, depending on
the SLC sampler used to solve the sub-problems. Using high-accuracy SLC samplers leads to
Vdpolylog(1/¢) scaling. We established similar guarantees for general multi-modal distributions
in Theorem 2; here the v/d polylog(1/¢) scaling obtained by high-accuracy samplers improves upon
the best known results for diffusion samplers prior to our work.

Our work leaves open various questions and potential extensions. In Corollary 1, we provided
a worst-case bound on the trajectory length K for multi-modal problems; this crude analysis does
not exploit any structure of the process, and we suspect that it could be sharpened. At a broader
level, we focused on adaptive schemes that generate sequences of SLC sub-problems with constant
conditioning, but our general reduction scheme is not limited to this choice. It could be enriched by
instead reducing to richer classes of distributions for which fast schemes are available (e.g., those
satisfying a log-Sobolev inequality (LSI)), since being forced to ensure SLC on the backward path
can be restrictive. Finally, it is likely that our current bounds on the trajectory length K for the
multi-modal case can be improved by exploiting structure of the covariance process.
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Appendix A. Auxiliary results for Theorem 1

In this appendix, we collect together the proofs of various auxiliary results related to Theorem 1.

A.1. Rescaling argument

It is convenient, as a first step, to reduce the problem of sampling from an (m, M )-conditioned
distribution to an equivalent one that is (1, M /m)-conditioned. In order to do so, letting X ~ p be
the original distribution, we define the rescaled vector Y = /mX. If the original distribution p is
(m, M)-conditioned, then the rescaled vector Y has a distribution that is (1, M /m)-conditioned.

Now suppose that we can generate samples of the random vector Y whose distribution is e-close
to that of Y in a given distance D. We then define X =Y /\/m, and consider the quality of the
X samples as approximations to the original X. The argument is slightly different, depending on
whether D is the TV or KL distance, as opposed to the Wasserstein distance.

When D is the KL distance, it is invariant to this linear transformation, so that we have
Dxi(pg,px) = Dxi(py,py) = €.

Consequently, the samples X are e-close to X in KL distance. A similar argument applies for the
TV distance.

When D is the Wasserstein distance, we use Wa(X,Y') to denote the Wasserstein distance
between px and py . In this case, we have

VImWa(X, X) = Wa (VmX,vmX) = Wo(Y,Y) = ¢

so that the samples are e-close in the rescaled Wasserstein norm /mWs. (Note that the theorem
statement involves this rescaled Wasserstein distance.)

Thus, for the remainder of the proof, we study the rescaled problem with initial values mg = 1
and My = % We prove bounds in terms of M, and then recall this transformation.

A.2. Analysis of forward-backward trajectory

The following lemma summarizes some key properties of the forward/backward trajectory:
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Lemma 5 (Properties of forward/backward trajectory)

(a) We have the Hessian sandwich

I < Hy(y) X Ml at each round k € [K]. (21a)

(b) After K <1+ log, My rounds, the Hessian Hy satisfies
I < Hg(y) < 21 uniformly iny € RY, (21b)

so that sup cond(Hk(y)) < 2.
y€ER4
(c) At each round k € [K — 1], the Hessian Jy, of the backwards conditional Dk|k+1 Satisfies
the sandwich

(1+ MpI < Ji(y) = 2M;I uniformly in y € R?, (21¢)

so that sup cond(Jg(y)) < 2.
y€ER4

Proof We first prove the Hessian sandwich (21a), in particular via induction on the iteration number
k. Beginning with the base case k = 0, the claim holds because the original problem is (1, My)-
conditioned by construction. Suppose that the sandwich (21a) holds at step k, and let us prove that
it holds at step k + 1.

Beginning with the lower bound, we apply the bound (17a) from Lemma 2 withm = 1, U =Y}
and V = Y, 1, and a® = a% and b? =1 — a%. Doing so yields

1

He1(yps1) = w51 =1
ai +(1- ai)

as required. Similarly, we apply the upper bound (17b) with M = M} and the same choices as
above. Doing so yields

M,
Mi(1—a?) + a2

Hy 1 (yre1) = I = My,

using the definition (15) of the (M}, ay) recursion.

Now we establish the claim (21b). Based on the Hessian sandwich (21a) from part (a), the proof
of this claim amounts to showing that My < 2 after at most K < 1 + logy My rounds. We claim
that the sequence M), evolves in a very simple way—namely as

M1 =1+ (M —1). (22)
To prove this claim, note that since 1 — ai =7 +1Mk , the denominator in the recursion (15) is given
by
M;, M;, 2M,

M 1— 2 2: =
k( ak)+ak 1—|—Mk+1—|—Mk 1—|—Mk
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Consequently, we have M1 = 2Mk/%li|er) = 1+2M’“ =1+ 3(Mj — 1), as claimed.

From the decay rate (22), we see that taking K = [logy, My| < 1 + logy My steps suf-
fices to ensure that Mk < 2. Since we also have Hy(y) > I uniformly in y, it follows that
sup,, cond(Hy(y)) < Mj. Consequently, this choice of K ensures that sup, cond(Hk(y)) < 2, as
claimed.

Proof of the claim (21c): By the representation (29b) from Lemma 6 applied with V' = Y; 4

2
and U = Y}, we have J;.(y) = Hy(y) + li’;i With our choice a; = lfliﬁk, we have 1 — a} =
2
ﬁ, and hence 1?; 7 = Mj.. Since the eigenvalues of Hy(y) all lie in the interval [1, M}] by

construction, the eigenvalues of J(y) all lie in the interval [1+ M}, 2M}], so that we are guaranteed
to have

as claimed. |

A.3. Proof of Lemma 2
We prove each of these two claims in turn.

Proof of the lower bound (17a): Combining the representation of J,, in equation (29b) with our
assumed lower bound on H,,, we have the uniform lower bound J u‘\,(u) > (m + ‘;—;)I Thus, the
conditional distribution py, is strongly log-concave, so that the Brascamp-Lieb inequality (cf. Ap-
pendix D) is in force. It allows us to argue that
(@) ., (@) 2\ 1
cov(U |V =v) 2B, [(Juy(@) ] = (m+5)7 T,
where step (i) follows from the bound (34b) in Appendix D; and step (ii) follows from the uniform
lower bound on J, (u).
Consequently, we have the lower bound

a? a? 1 mb?
L@ v (120 o (P
12 COV( ‘ 'U) - b2 m+ (blé mb2 + a2

Combining with the second-order Tweedie formula (29a) from Lemma 6, we have shown that
H,(v) = I, as claimed.

_m__
mb2+a?
Proof of the upper bound (17b): Returning to the second-order Tweedie representation (29a),
we see that upper bounds on H, require lower bounds on the covariance matrix cov(U | V' = v).
By a suitable embedding of our model into a parametric family, we can obtain such a lower bound
via the Cramer—Rao approach, as we now describe.

Fix a realization v € R?, and for each vector § € RY, define the shifted density go(u) =
Puv(u — 0). (To keep the notation clean, we are suppressing the dependence on v, since it remains
fixed throughout the argument.) We can now apply the Cramer—Rao bound to the parametric family
{qo | 6 € R?}. By construction, we have

—Vg log qp(u) = —Vilogpu\v(u) = Ju\v(u)-
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Consequently, the Fisher information for estimating 6 = 0 is given by F := Eyup, , [Juy (U)]. From
the representation (29b) of J |, and our assumed upper bound on H,,, we have

a2
F = Evep,, |[Ha(U) + beI] < (M + gé)l

-1
Inverting and negating the relation, we have —F~1 < — (M + %) I

Now observe that ¢)(u) = v — E[U | V' = v] is an unbiased estimate of § = 0 in this model, so
that the Cramer—Rao bound implies that cov(U | V = v) = F~!. Putting together the pieces, we
have

a? a? 1 Mb2
T-&eov(U |V =v) <T-2F " < (1-5— )1 = (- )L
b? b2 b2 M—i—%; Mb2 + g2

Combining with the Tweedie form (29a) of H,, we conclude that H, (v) < #ﬂbgl, as claimed.

A.4. Proof of Lemma 3

We divide our proof into two parts, corresponding to each of the two distances.

Proof for KL divergence: For the KL-divergence, let ) be the joint distribution over (Y, Yi11)
defined by the marginal g;1 and the backward kernel Qj, so that Y} has marginal ¢;. Similarly,
let P be the joint (Y%, Yy11) defined by the marginal py,1 and the backward kernel Py. By the
data-processing inequality, we have Dy (qx | pr) < Dxr(Q | P). Combined with the chain rule
for KL divergence, we find that

Dy (ak | k) < Egee | D (Qiler IIPe(er))] + Dralaisn | prs)

< Ok + Dxu(qr+1 | Prt1)s
as claimed.

Proof for Wasserstein Wo: The Wasserstein distance satisfies the triangle inequality, so that we
can write

Wa (g, k) = Wa(Qk(@kt1), Pe(pr+1)) < Wa(Qr(qr+1): Pr(@r+1)) + W (Pr(qs1), Pr(Prs1))-
We have
9 (%) 9 (@)
W3 (Qk(ar+1), Pr(r+1)) < Equy Wa(Qi(- | Y), Pi(- | Y)) < &%
where step (i) follows from joint convexity of W3 in its arguments, and step (ii) follows from the

assumed sampler accuracy (18b). Taking square roots of this upper bound, and combining the two
bounds yields

Wa(gr, pi) < 0k + Wa (Pr(gr+1), Pr(Prt1)) (23)
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To complete the proof, it remains to show that W (Pr(qk+1), Pr(Pk+1)) < Wa(qk+1, Ps1)-
We make use of Lemma 8, proved in Appendix E, which controls the Wasserstein stability of the
kernels that arise in our backward analysis. It allows us to prove that

Wa (Pr(qk+1), Pr(Pr+1)) < asWo(qit1,Pk41) < Wo(@ht1, Pr+1)s (24)

and the remainder of the proof goes through as in the KL case.

In order to prove inequality (24), we first show how our backward kernel can be converted to the
form assumed in Lemma 8. Let o< denote the proportionality relation, keeping only terms dependent
on y. Since Y41 | yr ~ N (aryx, I/(1 — a2)) by construction, we can write

Pk (e | 1) o< exp { log pi(u) — ﬁuakyk — yrsl3}

x eXp{ = (k) + iy (ks yk+1>}

2
where 9 (y) = —log pr(yx) + ﬁ\\yﬂ@ Since —V?log pi.(yx) = Hk(yk) > I, we have
the lower bound VQw(yk) =1+ 2,
b = we observe that 5 Laa’“) = ay, so that the claim (24) follows by
14—
1—-aj,

application of Lemma 8.

Appendix B. Auxiliary results related to Theorem 2

In this section, we collect the proofs of the auxiliary results related to Theorem 2.

B.1. Proof of Lemma 4

Define the sequence 2 = a3 = 1/2 and Hk = a20i71 for k =1,2,.... We split our proof into two
parts. By induction on £k, it is easy to show that

Vi =01 X +4/1—-602_ W[, where W}_; ~ N(0,1) is independent of X. (25)
We make use of this representation repeatedly.

Proof of the forward sandwich (20a): Applying the second-order Tweedie formula (29a) from Lemma 6
to the representation (25), we find that

1 02,
H = 7{1 — ———Cov (XY, = }
Since the covariance is positive semidefinite, it follows immediately that Hy (y) < TI =< 21,
k—1

where the final inequality follows since 9,%_1 <1/2forallk=1,2,....

As for the lower bound, we have 1 < m < 4, and hence
k—1

H(y) = {1— 467, sup [lov(X | Vi = y)ll JT= {1 =462, B}T = —46} | ByL,
yGRd h,/\_/
=—Ag

as claimed.
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Proof of the backward sandwich (20b): In this case, we use the equation Y;41 = arpYy +
1-— a%Wk. By the backward Hessian representation (29b) from Lemma 6 applied with U = Y,
V =Ypt1, a? = a% and b2 =1— a%, we find that

a2

2
a
Ju(yr) = Hi(yr) + T _’fazl where i = ks (26)
k

The sandwich condition (20a) ensures that (—A; + sx)I =< Jr(yx) = (2 4 sx)I. With the
adaptively chosen stepsizes (10c), we have

2X+2 242

-1
5 = (2Ak+2)+1< - (2)\k+2)+1> = 2X + 2.

Combining the pieces yields
(=X +20+2)T = (M +2)T 2 Ji(ye) = 2+ +2)T = 2\ +2) L,

as claimed.

B.2. Proof of Corollaryl

Define the auxiliary sequence {0}, via 63 = a3 = 1/2 and 67 = a30; | for k=1,2,....
Introducing the shorthand L = 8 By ax, it suffices to specify a choice of K that ensures 9%(_1 <1/L,
so that Theorem 2 can be applied. The remainder of our argument is devoted to showing that

K <1+ 4By + 3[10g2(§>-‘ < 7(1 + Buax) @7

rounds are sufficient.
For our analysis, it is convenient to make use of the auxiliary sequence defined by ug = 2B ax,
and ur = 4Bpnax 0,3. Suppose that we can establish that

ug—1 < U = 4Bpax/L, with K from equation (27). (28a)
It then follows that 0%_1 = ug_1/(4Bmax) < 1/L, as desired.
Our proof of the bound (28a) is based on the following descent guarantee: for k = 1,2,..., we

have
S

2(s+3/2)

We return to prove it momentarily; taking it as given for the moment, let us prove the bound (28a).

up — up—1 < —g(up—1) where g(s) = (28b)

Proof of the bound (28a): Introduce the shorthand 7' = K — 1. Our goal is to establish that
up < u* = 4Bpax/L. Since ug = 2Bpax, we have the ratio ug/u* = L/2, and we analyze the
evolution of the iterates {ug };>0 as they move through a sequence of J := [logy(L/2)] epochs.
Each epoch is constructed so that the value uy drops by a factor of 1/2 as it transitions from the
start to the end of the interval. Concretely, for j = 1,...,J + 1, we define the intervals
7)) — ( Uo _Yo }
2 7 -1 ]
- =~

=) =G
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so that v(© = up and o) = uo/ 27 < w*. At the terminal round K, we will ensure that up €
ZWUHD g0 that up < v < >,
The total number of steps 1 is defined by the sum 7" = ijl NG) where NU) is the number

of steps k for which u;, € ZU). In order to bound 7', we need to bound N). During epoch j,
we need to reduce the value of u from v?~1) down to v?), so that the total decrease is given by
AU = =1 — (@) = y() Observe that the function g from the descent condition (28b) is strictly
o)

increasing. Consequently, for values of v € ZUU), we have g(u) > g¢(v¥)) = 1373

. Using
this fact, we have the bound
AG) e)

N < g(0@) ~ v /200 +3/2)) 2o +3/2).

Using this upper bound and summing over the epochs 5 =1, ..., J yields

<

J
T => NV <3 209 +3/2)=2) o9 + 3J
j=1 j=1

j=1
Since ijl v = up(1 — 277) and uy = 2Bmax. We obtain
T < 4Bpax(1 —277) + 3J < 4Bpax + 3[logy(L/2)].

Since K =T+ 1, we have proved the claim (27).

Proof of the descent bound (28b): It remains to establish the descent condition. From the defini-
tion of )\ and the assumption that B, < By,ax, we have

Ay =407 By, <407 | Buax = Up_1.

For s > 0, define the function f(s) = gzig, and note that a? = f(\g) by construction. Since f is

an increasing function and \;, < uy_1, we have

Qup_1 +2 1

, 2w +2 s
a; —f()\k) §f(uk—1) - Qup_1 + 3 =1 Q(Uk_1+3/2)'

Multiplying both sides by ug_1 yields the one-step recursion

1
2
U = GF Uf— <u,(1 ),
k k k-1 = Bh—1 2(ug—1 +3/2)

and re-arranging yields the claim (28b).

Appendix C. Second-order Tweedie formula

In this section, we provide a proof of the following lemma:
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Lemma 6 (Forward and conditional Hessians) We have the second-order Tweedie formula

1 2
Second-order Tweedie: H,(v) = —2{1 — a—z cov(U |V = v)}. (29a)
—V2log py(v)
Moreover, we have
a2
Backward conditional Hessian: Juv(w,v)  =Hy(u) + 5L (29b)
SN—— b
*V% lngu\v(ulv)

The second-order Tweedie formula (29a) is a known result (see the papers Efron (2011); Chen et al.
(2023a); De Bortoli (2022); Benton et al. (2024) for variants), whereas the backward conditional
Hessian formula (29b) follows directly from the structure of the joint distribution. For completeness,

we provide a proof here.
We prove this lemma using a slightly more general result, which we begin by stating. Given a
pair of random vectors (U, V'), suppose that the integral representation

p(v) = /R , Poju(v | w) pu(u) du (30)

of the marginal density admits sufficient regularity so that differentiation under the integral is per-

mitted.

Lemma 7 (Hessian identity for marginal log densities) Under the above conditions, for ev-
ery v in the support of V, we have the identity

Valogpy(v) =E[G(U,v) | V =v] + cov (s(U,v) | V =), (31)

where s(u,v) = V,log py|y(v | u) is the conditional score, and G (u, v) = \% log py (v |
w) is the conditional Hessian.

We first use this lemma to prove the two claims (29a) and (29b) from Lemma 6. In Appendix C.3,

we return to prove Lemma 7.

C.1. Proof of equation (29a):

We apply Lemma 7 to our generative model V' = aU + bW, where W is standard Gaussian. By

definition, we have (V | U = u) ~ N (au, bI), so that

1 au — v
s(,v) = Vologpyu(v | 0) = Vo{ = ollo—aul} = “22, and
1
G(u,v) = V2 log pyju(v | u) = _ﬁI'

Thus, we have cov(s(U,v) | V = v) = cov (‘Z—g |V =v) = Z—icov(U | V' = v). Substituting

into (31) yields V2 log py (v) = — b%I—i— ‘;—i cov(U | V = v), and re-arranging yields the claim (29a).
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C.2. Proof of equation (29b):

Since pu\v(u |v) = pv|u(v | w)pu(u)/py(v), we have

J(u,v) = =V2logpyy(u | v) = =V log py(u) — V2 log pyu(v | u)

1
_ 2f 1 a2l a
= Hy(w) + Vi{ 55 llau— o3} = Hu(w) + 51
as claimed.
C.3. Proof of Lemma 7
By chain rule, we can compute V,, log p,(v) = Vp,(v)/py(v), and hence
V?} IngV(U) = ! V?}p\,(’u) - % (vvpv(v)) (vav(v))T
pv(U) pv(”)
1
= @) V2pu(v) — (Vologpy(v))(Vylogpy(v)". (32a)
Suppose that we can show that
Vylogpy(v) =E[s(U,v) |V =v], and (32b)
Vgp\,(v) = pv(v) E[G(U,U) + s(U,v)s(U, ’U)T |V = v]. (32¢)

Substituting these expressions into our decomposition (32a) then yields the claim (31).

Proof of the relation (32b): Beginning with the representation (30), differentiating under the
integral yields the relation Vypy(v) = [ Vypy |y (v | u) py(u) du. Next we observe that

vvpv\u(v | U) = pV|U(U | U) Vy 10gpv|u(v ‘ U) = pv|u(v ’ u) S(uvv)) and hence (33a)

Vope(v) = / Pugu(® | 1)3(11,v) po(u) dus (33b)

Using Bayes’ rule, we can rewrite this as V,p,(v) = py(v) E[s(U,v) | V = v], and dividing by
pyv(v) yields the claim (32b).

Proof of the relation (32c): Differentiating p, twice under the integral yields the expression

Vipu(v) = [ Vipyu(v | ) py(u) du. Now introduce the shorthand s(u,v) = V, log pyjy(v | u)
and G(u v) = Vys(u,v) = V2 log pyju(v | u), so that Vypy (v | u) = pyu(v | w)s(u,v).
Differentiating once more gives

V%p\,m(v ’ u) = Vv{pv|u(’l) ’ U)S(u7v)} = pv|u(v ‘ u){s(u7v)3<u7v)T + G(U, U)}

Putting together the pieces, we have

Vi) = [ (o] ) (o) + s(a,o)s(u,0)T) pulu) du
= py(v) E[G(U, v) + s(U, v)s(U,v)T |V = v],

again using Bayes’ rule. This completes the proof of the claim (32c¢).
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Appendix D. Elementary consequence of Brascamp-Lieb inequality

Consider a density on R? of the form p(z) o< exp(—1(z)) where 1 is twice differentiable and
strictly convex. The Brascamp-Lieb inequality asserts that for any differentiable function f : R —
R, we have

vany (£(X)) < B[ (V/(X), (V2(X)) 'V (X)) . (342)
Let us derive an elementary consequence that leads to an upper bound on the matrix cov,(X). For
any given v € R, define the linear function f,(x) = (v, x — p), where u := E[X]. Computing the

derivative V f,,(x) = v and then applying inequality (34a) yields the upper bound

v covp(X)v = vary(fo(X)) < vTE,[(V2 (X)) v.

Since the choice of v € R? was arbitrary, it follows that cov,,(X) < E, [(VQ’Q/J(X ))*1} . In particu-

lar, when V24(x) >= mI uniformly in z, it follows that

covp(X) = —L (34b)

1
m
Appendix E. Wasserstein stability of the backward kernel

Consider the Markov kernel ¢ — P(q)(-) = [ga pup (- | v)q(v)dv where, for some § € R, the
conditional density takes the form

pupulu | v) o< exp { = (u) + B (u, v) }, (350)
and the Hessian V24 satisfies

V2)(u) = ol uniformly over u € R%. (35b)

Lemma 8 (Wasserstein stability of the backward kernel) Under the above conditions, we
have

Wa(P(q),P(q)) < @ Wa(q, q) valid for any pair of distributions q,q.  (36)

Proof The Wasserstein distance is defined via an infimum over couplings; thus, by a standard
“gluing” argument, it is sufficient to show that

~ B ~ ~
Wa(pup (- | 0), pun(-19)) < a' lo—=22  forallv,v R (37a)
In order to do so, it is convenient to introduce the d-dimensional exponential family

ro(u) = exp { (0, u) —1(u) — A(0)}
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where A(0) = log [ {0 u)=v() gy is the log normalization constant. By construction, for each
v € R%, we have pup(u | v) = rgy)(u) where O(v) = Bv. Consequently, in order to prove the
bound (37a), it suffices to show that

1 . -
Ws(rg,m5) < a||9 — 0|l foreach, 0. (37b)

Since VZt(u) >= oI uniformly in v € R?, the density r5 is a-strongly-log-concave. Hence,
Talagrand’s T5-bound holds. (In particular, the Bakry—Emery criterion implies that r; satisfies a
log-Sobolev inequality (LSI) with parameter 2/, and the Otto—Villani translation from LSI to T
then implies that 7 satisfies Talagrand’s T5-inequality with parameter 2/c. See Corollary 7.3 and
Theorem 8.12 in the survey paper by Gozlan and Léonard (2010) for details.) Consequently, we
have

2
W3(r.75) < = Dia(rollrg), (38a)

where Dy, denotes the Kullback-Leibler divergence between 7 and ;. From the exponential family
structure (Wainwright and Jordan, 2008), we have Dy, (rg|75) = A(B) — A(9) — <VA(9), 0 — 0>.
Taking one more derivative, we can write

Du(rylirg) = 56— )TV AB)(@ - 0) (38b)

where @ is some vector on the line joining 6 and 6. Thus, it remains to bound the Hessian V2A.
Again using standard properties of exponential families (Wainwright and Jordan, 2008), we have
V2A() = covg(U), where covy denotes the covariance computed under the exponential family
density 7. Since rg is defined by a potential function that is c-strongly-convex, the Brascamp-Lieb
inequality (see equation (34b) in Appendix D) can be applied to assert that

_ 1 _
V2A(0) = covy(U) = -1 uniformly for all 6. (38¢c)

Applying the Brascamp-Lieb bound (38c¢) to equation (38b), we find that the KL can be upper
bounded as KL(ry | r7) < 5-||6 — 0]|3. Combining with our T-bound (38a), we find that

2 2 1 ~ 1 ~
W%(Te,rg)S&DKL(TeHTg) < - {m|9—9||%} = @HQ—@H%-

Taking square roots, we have proved the desired bound (37b). |

Appendix F. Results on score perturbations

This section is devoted to results on score perturbations, beginning in Appendix F.1 with the proof
of the robustness guarantee stated in Lemma 1. This proof makes use of an auxiliary result of
independent interest: Lemma 9 on perturbed drift functions in Appendix F.2.
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F.1. Proof of Lemma 1

By definition of the approximate and exact updates, we have g = Gx11 ék and py, = pg+1Pk. Thus,
we can write

_ . = (i) = ~
Drv (G, pr) = Drv (Qk—H Ok, pk-HPk) < Drv(@k+19ks Gk+1Pr) + Drv(@k+1Pr, Pr+1Pk)
(i) o~ -
< Drv(Qr+19%k: Gk+1Pr) + Drv(@it1, pe+1)  (39)

where step (i) follows from the triangle inequality; and step (ii) follows since the TV distance is
non-expansive under application of the Markov kernel Py. As for the first term in the inequality,
since both measures are mixtures over the same input law gy 1, we have

Drv(Gr1Qks Gri1Pr) < EY~§k+1DTV(ék(' | Y),Pr(-|Y)) (40a)

By triangle inequality, we have

Drv(Qu(- [ 9), Pi(- | 9)) < Drv(Qx(- | %), Qi(- | 9) + Drv(Qi(- | %), Pil(- | )
<ep+ Drv(Qu(- 1 9), Pe(- [ ), (40b)

where the second step uses our €;-accuracy assumption on the sampler Q. Next, we have

()1
D’?‘V(Qk?(' | y), Pr(- | y)) < -Dxo

(i2)
<

5Dk ([ IP( | 9)
1
Aoy

I(Qk( | YIPR(- 1 9)), (40c)

where step (i) follows from Pinsker’s inequality; and step (ii) follows since any ag-log-concave
density satisfies a log-Sobolev inequality with parameter a,. By definition, the distribution Py (- | y)

has score function f(z) = sg(z) — 125 (agx —y), whereas Qy(- | y) is stationary for the SDE with
k

drift function f(x) = 5k(z) — ™5 (g —y). Thus, the drift 7 is a perturbation of the score function
k

f, so that we can apply Lemma 9 to assert that I(Qx(- | ¥)||Px(- | v)) < ||5k — skH%Q(Qk(.‘y)).
Combining with the bounds (40b) and (40c), we have shown that

1 —~
Q@HSk — SkllL2(04(1y))-

Drv(Ok(- | 9), P(- | ) < er +
Taking expectations with respect to g1 and using the bound (40a), we find that

- = - 1 ~
Drv(Grt19%, Ger1Pr) < ek + %EY~%+1 8% — skll 20k (1)
1 .
<ek+ 55k — skl

2./

where the final step follows by Jensen’s inequality, and the definition of g;. Combining with in-
equality (39) completes the proof.
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F.2. Stationary drift perturbations

Let m be a smooth density with score function f, and let 7 be a smooth stationary distribution for
the perturbed diffusion dX; = f(X;)dt + /2 dB;.

Lemma 9 (Stationary drift perturbations) Under standard regularity conditions permit-
ting integration by parts, we have

I(7||m) ;:/Hwog;gguﬁ(@dx < NF = 1o @1)
Proof Introduce the shorthand e(z) = A(l’) — f(z) for the perturbation, and r(z) = log ig;
for the log density ratio. Observe that I(7||7) = ||Vr||3, () by definition. Moreover, since T is

stationary for the perturbed diffusion, it satisfies the stationary Fokker—Planck equation
0=-V-{fA}+AF = -V -{(f +e)7} + AT

Now we have
Vi =7Vlegw = 7V (logm+7r) = 7f +7Vr,

using the definition of r, and the fact that f is the score function of w. Consequently, the FP equation
can be rewritten as 0 = V - (V) — V - (em). Multiplying by 7 and integrating by parts® gives

0= —/||Vr|]§d%+/<e,Vr) i

Re-arranging, we find that

1/2
1) = [19ri3ar <| [(e.9rdaRl < 1GIm)' ( / Heu%d%) ,

where the last step follows by applying the Cauchy—Schwarz inequality in L?(7). |

3. Indeed, for any smooth vector field A, integration by parts gives fRd rV.-Ade = — fRd (Vr, A) dz provided the
boundary term limpg— oo fBBR r (A, n) dS vanishes. Applying this identity first with A = 7TVr, and then with

A=eryields0= [rV-(FVr)dz — [rV - (eR)dz = — [||Vr]|3d7 + [{e, Vr) dF.
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