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Abstract

Online eXp-concave Optimization (OXO) is a fundamental problem in online learning, where the
goal is to minimize regret when loss functions are exponentially concave. The standard algorithm,
Online Newton Step (ONS), guarantees an optimal O(d log T') regret, where d is the dimension and
T is the time horizon. Despite its simplicity, ONS may face a computational bottleneck due to the
Mahalanobis projection at each round. This step costs €2(d*) arithmetic operations for bounded
domains, even for simple domains such as the unit ball, where w € (2, 3] is the matrix-multiplication
exponent. As a result, the total runtime can reach 6(dwT), particularly when iterates frequently
oscillate near the domain boundary. This paper proposes a simple variant of ONS, called LightONS,
which reduces the total runtime to O(d*T + d“+/TlogT) while preserving the optimal regret.
Deploying LightONS with the online-to-batch conversion implies a method for stochastic exp-
concave optimization with runtime O(d® /<), thereby answering an open problem posed by Koren
[2013]. The design leverages domain-conversion techniques from parameter-free online learning and
defers expensive Mahalanobis projections until necessary, thereby preserving the elegant structure
of ONS and enabling LightONS to act as an efficient plug-in replacement in broader scenarios,
including gradient-norm adaptivity, parametric stochastic bandits, and memory-efficient OXO.

1. Introduction

Online Convex Optimization (OCO) provides a versatile framework for online learning, with deep
connections to stochastic optimization, game theory, and information theory [Cesa-Bianchi and
Lugosi, 2006; Hazan, 2016]. Online eXp-concave Optimization (OXO) is an important instance,
where loss functions are exponentially concave (exp-concave), i.e., exp(—af(+)) is concave for
some o > 0 with f denoting the loss function. Exp-concavity naturally arises in many machine
learning applications such as linear/logistic regression [Foster, 1991; Vovk, 1997; Foster et al., 2018],
portfolio selection [Cover, 1991], linear-quadratic regulator control [Foster and Simchowitz, 2020],
and so on. From a theoretical perspective, it introduces rich structures beyond convexity, allowing
algorithms to exploit the local geometry of the loss landscape, often through local norms induced
along the optimization trajectory. Such structures yield sharper statistical guarantees: Exp-concave
losses admit a minimax-optimal regret of O(dlogT) [Ordentlich and Cover, 1998], an exponential
improvement over the Q(1/T') lower bound for convex losses [Abernethy et al., 2008].

Online Newton Step (ONS) [Hazan et al., 2007] is the de facto standard for OXO, achieving
an optimal regret bound of O(dlogT') with constant time and space per round. ONS exhibits
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remarkable simplicity, which has driven many advances in diverse optimization settings [Orabona
et al., 2012; Luo et al., 2016; Cutkosky and Orabona, 2018] and in machine learning applications
even beyond regret minimization, such as generalized linear bandits [Zhang et al., 2016; Jun et al.,
2017; Zhang et al., 2025]. The important insight of ONS is to leverage exp-concavity by maintaining
a Hessian-related matrix that captures the local geometry of the optimization trajectory, which is
crucial for a balance between statistical optimality and computational practicality. Indeed, all known
optimal OXO algorithms that avoid ONS-like Hessian maintenance, such as Exponential Weight
Online Optimization (EWOO) [Hazan et al., 2007], incur prohibitive time complexity O(T?*) due to
integrating over the domain [Bubeck et al., 2018].

However, the time-varying Hessian-related matrix in ONS necessitates a Mahalanobis projection
at each round to ensure feasibility, which introduces the computational bottleneck. Specifically, the
Mahalanobis projection solves the quadratic program I}/ [y] = arg min,c y(x — y)TM(x — y)
for some positive-definite and symmetric matrix M and compact convex domain X C R?. When
the domain X is bounded, best-known implementations require 2(d*) arithmetic operations due to
matrix factorizations such as matrix square root [Golub and Van Loan, 2013], where w € (2, 3] is the
matrix-multiplication exponent. ! Even for - simple domains such as the unit ball and the probability
simplex, Mahalanobis projection requires O(d“’) time (see Appendix B.3) and O(d“”rO %) time (via
interior-point methods [Nesterov and Nemirovskii, 1994]), respectively. Thus, the total runtime of
ONS can reach O(d“T), particularly when iterates frequently oscillate near the domain boundary.
Although Alman et al. [2025] establish w < 2.3714 theoretically, linear algebra libraries typically
operate with w = 3, yielding O(d>T) time in practice. In contrast, for convex and strongly convex
online optimization, Online Gradient Descent (OGD) [Zinkevich, 2003] requires only Euclidean
projections and achieves minimax-optimal regret with a runtime of O(dT") for these simple domains.

Similar computational challenges arise in Stochastic eXp-concave Optimization (SXO). As high-
lighted by a COLT 13 open problem of Koren [2013], ONS remains the default algorithm for SXO
when equipped with the online-to-batch conversion. The optimal regret O(d log T') translates into an
optimal sample complexity T = O(d /¢) for an excess risk of &, where O( ) hides poly-logarithmic
factors in d/e. Consequently, solving SXO with ONS incurs a total runtime of O(d“*! /¢), which
evaluates to O(d*/¢) in practice. The open problem asks for an SXO algorithm with runtime below
O(d*/e), i.e., one that achieves both statistical optimality and computational efficiency.

Related work. The pursuit of computationally efficient OXO algorithms can be divided into
two main research lines. (i) The first, which we focus on in this paper, aims to minimize runtime
while preserving optimal regret. The most closely related work is by Mhammedi and Gatmiry
[2023], who proposed OQNS (Online Quasi-Newton Steps), achieving the optimal regret O(d log T')
with runtime O(d?T'log T + d“+/Tlog T). They employ a log-barrier to eliminate Mahalanobis
projections, transferring the computational burden to Hessian-inverse evaluations under log-barrier
regularization, which is similar to interior-point methods [Hazan and Megiddo, 2023]. However, their
method departs from canonical algorithmic frameworks such as online mirror descent (OMD) and
Follow-the-Regularized-Leader (FTRL) [Orabona, 2019], making it difficult to accommodate diverse
local norms and thereby limiting its applicability beyond standard OXO. A concrete comparison
between our method and OQNS is deferred to Section 5. (ii) The second line aims to reduce regret
within a time or space budget, for example via matrix sketching techniques [Luo et al., 2016]. These

1. The factorization underlying Mahalanobis projections is related to eigendecomposition, equivalent to finding roots of a
d-degree polynomial, which is not exactly solvable by finitely many arithmetic operations when d > 5.
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Table 1: Algorithmic upper bounds on regret and total runtime of OXO algorithms with respect
to d and T over a simple domain of the unit ball. “ONS-Like” indicates whether the
method can be integrated into other settings where ONS serves as the backbone, including
gradient-norm adaptivity, parametric stochastic bandits, and memory-efficient OXO.

Algorithm Regret Total Runtime ONS-Like
OGD [Zinkevich, 2003] VT dT -
ONS [Hazan et al., 2007] dlogT d*T + d“Tlog T -
OQNS [Mhammedi and Gatmiry, 2023] dlogT d*TlogT + d*\/TlogT X
LightONS (This Paper) dlogT d*T + d“\/Tlog T v

methods achieve linear-in-d runtime and working memory, albeit under additional assumptions on
the loss functions and domains. This line also includes projection-free methods that trade statistical
optimality for computational gains, leading to suboptimal regret bounds like O(TZ/ 3) [Garber and
Kretzu, 2023; Wan et al., 2022].

Contributions. We propose LightONS (Light Online Newton Step), a simple variant of ONS
that substantially reduces the runtime while retaining the optimal regret. Our method preserves the
elegant structure of ONS and inherits its applicability to various scenarios. Our contributions include:

* An optimal and efficient algorithm for OXO. As summarized in Table 1, LightONS attains
the best-known total runtime O(d?T + d“+/T log T) to achieve the minimax-optimal regret
O(dlog T') for OXO. In terms of regret, LightONS matches ONS’s dependence on all problem
parameters in OXO (T, d, D, G, «), whereas the prior method [Mhammedi and Gatmiry,
2023] suffers from large multiplicative constants. Empirical validations in Appendix A also
corroborate the theoretical superiority of our method.

* An optimal and efficient algorithm for SXO. Equipped with the online-to-batch conversion,
LightONS yields (up to poly-logarithmic factors) the optimal sample complexity 1" = 6(d /€)
for an excess risk of ¢, thus reducing the total runtime to O(d3/¢). Our result answers a
COLT’13 open problem of Koren [2013]. We further provide evidence that the runtime
O(d3/¢) is unlikely to be improved in practice.

* Applicability across various scenarios. Importantly, LightONS preserves the online mirror
descent (OMD) framework of ONS and inherits ONS’s structural flexibility, especially in ac-
commodating diverse local norms. In Section 5, we demonstrate LightONS smoothly replaces
ONS and reduces runtime in various scenarios, including gradient-norm adaptivity, parametric
stochastic bandits, and memory-efficient OXO. In contrast, the prior method [Mhammedi and
Gatmiry, 2023], tailored for OXO, lacks the flexibility to fit these scenarios.

Outline. The remainder of this paper is organized as follows. Section 2 presents preliminaries.
Section 3 introduces our method and key analytical ingredients. Section 4 discusses the implications
of LightONS to SXO, which answers a COLT’ 13 open problem. Section 5 demonstrates the broad
applicability of LightONS inherited from ONS. Section 6 concludes the paper and discusses future
directions. Omitted technical details are deferred to the appendices.
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2. Preliminaries

In this section, we introduce notations used throughout this paper, formalize the problem setting of
Online eXp-concave Optimization (OXO), and review key relevant prior work.

Notations. Let [a]; = max{0,a}, [N] = {1,...,N}, and B(R) = {x]| ||x||, < R}. For a
positive-definite and symmetric matrix M, let A\;(1/) be its i-th greatest eigenvalue and let ||x||,, =
VxTMx be the Mahalanobis norm. Let IT{/[y] = argmin,,y [x — y|/3; be the Mahalanobis
projection, which exists and is unique for a convex and compact domain X’ [Boyd and Vandenberghe,
2004], and let Iy [y] = T4 [y] = arg min,. y ||x — y||3 be the Euclidean projection. We write EP y
and MP y for the runtime of Euclidean and Mahalanobis projection onto X, respectively.

2.1. Problem Setting

Online Convex Optimization (OCO) unfolds as a game between a learner and an environment over
T rounds. At each round ¢ € [T, the learner selects a decision x; from a compact convex domain
X C R% and the environment simultaneously reveals a convex loss function f; : X — R; then the
learner incurs a loss f;(x;) and observes a gradient V f;(x;) for updates. The performance of the
learner is measured by its regret against some comparator u € &', which is defined as:

T T
REGr(u) = Z fi(xe) — Z fe(a).
=1 =1

The definition of exp-concavity [Kivinen and Warmuth, 1999; Cesa-Bianchi and Lugosi, 2006]
and standard regularity assumptions of OXO [Hazan, 2016; Hazan et al., 2007; Mhammedi and
Gatmiry, 2023] are formally stated below.

Assumption 1 (bounded domain) The domain X C R% is convex and compact, and has a diam-
eter of D, i.e., max(y yycx? |x —yl|lo < D. For technical convenience, we further assume that
maxxey ||x|ly < D/2.

Assumption 2 (bounded gradient) For anyt € [T, the loss function f; : X — R is differentiable
and G-Lipschitz on X, i.e., maxxex |V fe(x)|l, < G.

Assumption 3 (exp-concave loss) For any t € [T, the loss function f; : X — R is a-exp-concave
on X, i.e., exp (—afi(-)) is concave on X.

2.2. Important Progress

In this subsection, we review two important OXO algorithms, namely Online Newton Step (ONS)
[Hazan et al., 2007] and Online Quasi-Newton Step (OQNS) [Mhammedi and Gatmiry, 2023].

Online Newton Step (ONS). Algorithm 1 summarizes the update of ONS and enjoys the following
theoretical guarantees on its regret and runtime.

Proposition 1 (Theorem 2 of Hazan et al. [2007]) Under Assumptions 1-3, ONS (Algorithm 1)
with vy = %min{%, o} satisfies that, for any u € X,

d G? yoeD?
< il
REG7(u) < o log <1 + o T> + PR (la)
RUNTIME < O((d? +MPx)T). (1b)
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ONS follows the classical framework of online mirror descent (OMD) [Orabona, 2019], equipped
with a time-varying Mahalanobis norm induced by the Hessian-related matrix A;. The computational
bottleneck of ONS lies in Line 6 of Algorithm 1, the Mahalanobis projection x;41 = Hfj [Xit1].
Once the decision X; 1 exits the domain X, it must be projected back immediately. Since each
Mahalanobis projection takes §2(d“’) arithmetic operations and ONS projects in O(T") rounds in the
worst case, the crippling total runtime O(d“T) emerges, which evaluates to O(d®T) in practice.

Hazan et al. [2007] introduce the following lemma to characterize the curvature induced by exp-
concavity, which is crucial to ONS and other practical OXO algorithms. This lemma is essentially
Lemma 3 of Hazan et al. [2007], with improved constants. Its proof is deferred to Appendix B.1.

Lemma 1 [fa function f : X — R is a-exp-concave and differentiable, then for any (x,u) € X2,
D> |x—uly G>|VF(x)ly v <0 = 3 min{pg, o}, it holds that

2

F66) = f(u) < VF)T(x =) = 3 (VAT (x —w)) @

We remark that the preceding lemma necessitates the bounded domain assumption (Assumption 1)
to achieve the optimal regret O(dlogT'). In particular, a finite diameter D is always required to
obtain a non-zero curvature parameter -y, which reflects the curvature induced by exp-concavity.

Online Quasi-Newton Step (OQNS). OQNS [Mhammedi and Gatmiry, 2023] effectively reduces
the runtime to reach the optimal asymptotic regret O(dlog T'), as the following proposition states.

Proposition 2 (Theorem 9 of Mhammedi and Gatmiry [2023]) Under Assumptions 1-3, OQNS
(Algorithm 3 of Mhammedi and Gatmiry [2023]) with v = % min{ﬁ, a} satisfies that, for any
ueE X,

d 11DGd

REGy(u) < od log (d+T) + ¢ logT 4 3DGd, (3a)
g

RUNTIME < O((EPx + d*log T)T + d*+/Tlog T). (3b)

OQNS eliminates Mahalanobis projections with a log-barrier, such as log ﬁ for X = B(1),
T2

shifting the computational burden to Hessian-inverse evaluations. Key components of OQNS are
illustrated below, with X = B(1) and G = 1 as in [Mhammedi and Gatmiry, 2023].

X141 = X — Approx((Vbet(xt))_IV(IDt(xt)), where

t 4
Ixll3 + > (st<xs>Tx+ (V30T - x$>)2)- @
s=1

1 d+n
2 + 2
1 — [|x[3

@y (x) £ ndlog

Evaluating the Hessian-inverse still takes O(d“) time and OQNS mitigates this issue by approxi-
mating the Hessian-inverse gradient product with incremental updates. The approximation pro-
cedure, Approx(-), returns within O(d?logT) time under proper conditions. OQNS controls
the number of exact Hessian-inverse evaluations to O(y/T logT), leading to a total runtime of
O(d?T1og T + d*+/TlogT), while achieving the optimal regret O(dlog T)).

However, their improvement introduces large constant factors. Specifically, when o > DLG’ the
leading term of ONS, log 7', carries coefficient DGd in Eq. (1a), whereas OQNS’s leading coefficient
is %DGd in Eq. (3a). Moreover, OQNS departs from the OMD framework of ONS, limiting its
adaptability to broader scenarios, which will be discussed in Section 5.
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Algorithm 1 ONS [Hazan et al., 2007] Algorithm 2 LightONS.Core

Input: preconditioner coefficient e. Input: preconditioner coef. €, deferral coef. k.
1: Initialize yo = § min{ 55, o}, 1: Initialize v = %min{i(kHQ)DG, a}, Ay = el,
Ag=¢€l,x; =0. x1 = 0.

2: fort =1,...,T do 2 fort=1,...,Tdo

3:  Observe V fi(xy). 3: Observe V fi(xy). .

4. At = At—l + Vft(Xt)Vft(Xt)T. 4 ft = At—l +1vfz(1xt>vft(xt) .

5: §t+1 = Xt — ;—OA;IVft(xt). 5 Xt+1 = Xt — aAt vft(xt)-

6 Xpp1 = T4 [Repa]. . _ ) Xen if [[Xeqally < KD/2
. Xt+1 = Ap . .

IT%! [Xi4+1] otherwise

7: end for 7: end for

3. Our Algorithm: LightONS

Prior progress naturally raises a question: Can we retain the optimality and simplicity of ONS, while
achieving a total runtime that is competitive with, or even superior to, the state-of-the-art? Our work
is motivated by answering this question in the affirmative.

In this spirit, we present our algorithm LightONS. In Section 3.1, to illustrate the key idea, we
introduce the core algorithm that only differs from ONS by one line of code. However, the core
algorithm is essentially improper learning. To address this issue, we introduce the improper-to-proper
conversion in Section 3.2, which yields the complete version of LightONS.

Furthermore, we empirically validate the superiority of our method, which corroborates theoreti-
cal guarantees. Details of the experiments are deferred to Appendix A.

3.1. Amortizing Deferred Projections

We first introduce the LightONS.Core in Algorithm 2, which amortizes the costly Mahalanobis
projections with a deferred-projection mechanism. LightONS.Core only differs from ONS by one
line of code, as shown in Line 6 of Algorithms 1 and 2. While ONS projects onto X immediately
when the decision exits X, LightONS.Core continues to update without projection outside X', and
projects only when the decision exits an expanded domain X, C RY defined as

Xy 2 B(kD/2) = {x e RY] ||x||, < kD/2}, (5)

where k£ > 1 is the deferral coefficient. Essentially, j(vk is obtained by scaling a Euclidean ball that
contains X by a factor of k > 1.

Clearly, a larger k£ implies lower runtime, as it invokes fewer Mahalanobis projections. The
following lemma quantifies the relationship between the deferral coefficient £ and the number of
Mahalanobis projections N. Its proof is deferred to Appendix C.1.

Lemma 2 Under Assumption 1, and that the loss functions { ft}z:1 are a-exp-concave, differen-
tiable and G-Lipschitz on Xy, let N denote the number of Mahalanobis projections in LightONS. Core
(Algorithm 2) over T rounds, then

2 q
N= {(k = 1)D7\/6>TJ ‘ ©
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Algorithm 3 LightONS
Input: preconditioner coefﬁcient €, deferral coefficient k.
4 _ vy —
1: Initialize ' = 3 mm{ De O W}’ Ag=€l,x1 =y1 =0.
2: fort=1,...,T do
3:  Observe V fi(x¢); and construct Vg;(y;) satisfying Condition 1.

4 A=A+ VtVt ,where V; = ¢tV (ye).
55 Vi1 =Yt — A 'v,.

{Yt—H if [|¥i41]ly < ]‘CD/Q
6:  Yiy1 =

HA( B(D/2) [Vi+1] otherwise

70 X1 = Hx[yesa)-
8: end for

On the other hand, a larger k exacerbates the deviation of LightONS.Core from ONS, potentially
harming the regret guarantee. In particular, increasing k degrades the curvature parameter v,
jeopardizing the curvature benefit of exp-concavity. In the extreme case where k& approaches infinity,
~ collapses to zero, and exp-concavity degenerates to mere convexity. The following theorem
establishes the theoretical guarantees of LightONS.Core, revealing the trade-off between regret and
runtime induced by the deferral coefficient k. Its proof is deferred to Appendix C.2.

Theorem 1 Under Assumption 1, and that the loss functions { ft}thl are a-exp-concave, differen-
tiable and G-Lipschitz on Xy, withy = 3 min{m, a}, LightONS.Core (Algorithm 2) satisfies
that, for any u € X,

d 2 D?
REG7(u) g — log ( + 3T> 768 , (7a)
RUNTIME < O(d2T + ( “1dT Je -MPy). (7b)

Trade-off of the deferral coefficient .. When k increases, the regret bound in Eq. (7a) grows
as O(l) = O(k: + 1), whereas the time spent on Mahalanobis projections in Eq. (7b) decreases as

O(N ) = O0(= 1) With £ = 2, LightONS.Core already achieves a significant runtime improvement
over ONS without sacrificing the optimal regret. Specifically, the regret bound grows by at most a
factor of % while the number of projections is substantially reduced from O(T') to O(\/T)

Improper learning issue. Unfortunately, LightONS.Core falls in the scope of improper learning
[Shalev-Shwartz and Ben-David, 2014], as the algorithm’s decisions x; € X, O X may reside
beyond the domain while the comparator u € X is strictly constrained to the domain. Moreover,
LightONS.Core requires additional assumptions that the Lipschitzness and exp-concavity of the loss
functions extend to the expanded domain AX},. Vitally, improper learning suppresses the theoretical
performance limits of its proper counterparts. A notable illustration is online logistic regression,
where an improper learner achieves the regret bound of O(dlog(GT')) [Foster et al., 2018], while
proper learners are limited to a regret lower bound of Q(de® log T') [Hazan et al., 2014].

3.2. The Improper-to-Proper Conversion

We introduce LightONS in Algorithm 3, which inherits the favorable regret-runtime trade-off of
LightONS.Core while ensuring proper learning over the domain X, thanks to domain-conversion
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techniques from parameter-free online learning [Cutkosky and Orabona, 2018; Cutkosky, 2020]. The
improper-to-proper conversion is conceptually straightforward yet technically subtle, as the surrogate
loss preserves the curvature benefit of exp-concavity even though it is not exp-concave.

The conversion works by constructing surrogate losses and projecting surrogate decisions. At
each round, LightONS constructs a surrogate loss g; : R? — R and supplies g; to an underlying
LightONS.Core; then the underlying LightONS.Core outputs a surrogate decision y; € &}, which
LightONS maps to a proper true decision x; € & via a Euclidean projection.

Any surrogate loss satisfying the condition below guarantees a valid conversion.

Condition 1 For some cy > 1 and cy > 1, the surrogate loss function g; R? — R satisfies that,
foranyu € X, |Vgi(y:)lly < g [V fe(xe)|ly and V fi(xe) T (xe — w) < ¢ Vge(y2)" (v — ).

We note that two such conversions have been proposed in the literature. The first, by Cutkosky
and Orabona [2018], achieves ¢y = 2 and ¢, = 1. Later, an improved conversion by Cutkosky
[2020] achieves ¢y = ¢, = 1. We prefer the latter which yields smaller constants and tighter regret.

Lemma 3 (Theorem 2 of Cutkosky [2020]) Under Assumptions 1 and 2, let x; = x|y, the
surrogate loss function g; : RY — R and its subgradient at y; are defined as follows:

g (Y) £ Vf (X )Ty + [_vft(xt)T(Yt - Xt)]+
t - Ive—xil,

[~V /i) (ye — x0)]4
lly: — XtHg

then for any u € X, ||[Vgi(ye)llo < ||V fe(xe)||y and Vii(xe)T(x¢ —u) < Vgi(ye) T (ye — ).

ly — x[y]ll (8a)

Vi(ye) = Vfe(xt) + (¥t —x¢) (8b)

Side effects of the conversion. The computational overhead of the conversion is negligible. In
each round, Eq. (8b) constructs the surrogate gradient Vg;(y;) with only O(d) time apart from the
Euclidean projection, dominated by the O(d?) cost of updating A; and A;” ! (see Appendix B.3).

A notable observation is that the surrogate loss g; in Lemma 3 is not exp-concave, seemingly
precluding the curvature benefit. Fortunately, the following lemma shows that the surrogate loss g;
inherits the curvature in a form closely mirroring Lemma 1, with proof in Appendix C.3.
Lemmad4 Under Assumptions 1-3, with v = %min{DLG, Q, W}, for any u € X and
any surrogate loss function g; satisfying Condition 1, let Vi = cyV g¢(y¢), then

2

fibx) = folw) < Vfi(xe) (e = 0) = 3 (Vfulxe) T — )

<V/(y:—n) —g(VI(Yt—U)>2-

We remark that, when the deferral coefficient k¥ < 3 and ¢y = ¢, = 1 (e.g., in Lemma 3), the
surrogate curvature parameter 7' in Lemma 4 is unimpaired relative to the original 7o in Lemma 1.

It is worth noting that prior work has also employed this domain-conversion technique to
address projection-related issues, though for different purposes, including non-stationary online
learning [Zhao et al., 2025] and universal online learning [Yang et al., 2024].

The following theorem establishes the theoretical guarantees of LightONS, and an immediate
corollary specifies its regret and runtime by instantiating deferral coefficient £ = 2 and the surrogate
loss in Lemma 3. Its proof is deferred to Appendix C.4.

€))
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Theorem 2 Under Assumptions 1-3, and that each surrogate gradient V g;(y:) takes O(EPx + d)

time, with ' = % min{DiG, a, m}, LightONS (Algorithm 3) satisfies that, for anyu € X,

d C?C?}GQ f}//eDQ
R < —1log|1 T 10
EGr(u) < 2 og< + I )+ g (10a)
RUNTIME < O((EPx + d*)T + (k — 1) 1d“T%°\/T/elog T). (10b)

Corollary 1 Under Assumptions 1-3, using the surrogate loss function in Lemma 3, k = 2, and
e=1+dlogT, withyy = 3 min{DiG, a}, LightONS (Algorithm 3) satisfies that, for any u € X,

d G? yoeD?
< — R
REGy(u) < 5 log (1 + 7 T) + g (11a)
RUNTIME < O((EPx + d*)T + d*\/TlogT). (11b)

Remark 1 LightONS achieves a runtime better than both ONS and OQNS, at the cost of a regret
slightly worse than ONS, as seen in the second inequality in Eq. (9). Nonetheless, this degradation is
dominated by the problem-dependent parameters of OXO, namely T, d, D, G, o. In their dependence
on these parameters, LightONS’s regret in Eq. (11a) exactly matches ONS’s regret in Eq. (1a).

Remark 2 LightONS retains the flexible OMD framework of ONS. In fact, LightONS differs from
ONS only in two aspects: (i) the deferred-projection mechanism (introduced in LightONS.Core
to boost efficiency) and (i) the improper-to-proper conversion (introduced here to ensure proper
learning), both of which are largely orthogonal to the mirror-descent update in the standard ONS.
Consequently, LightONS applies to various scenarios where ONS is essential, particularly when its
mirror-descent update plays a critical role. We illustrate these applications in Section 5.

Numerical implementation. The runtime in Eq. (11b) arises from efficient numerical primitives,
detailed in Appendix B.3. The term O(d*T) reflects rank-one updates of A, ! which avoids the
O(d¥) cost of inverting A; from scratch. The term O(d“+/T logT) accounts for the infrequent
Mahalanobis projections onto 3(D/2): each projection reduces to a one-dimensional root-finding
problem solvable by bisection in O(d“ log T') time, and the deferred-projection mechanism caps the
total number of such projections, so that their cumulative cost remains sublinear in 7'

4. Answering a COLT’13 Open Problem

Via the online-to-batch conversion, our method applies to Stochastic eXp-concave Optimization
(§X0), where the optimal OXO regret translates into the (near) optimal SXO sample complexity
while substantially reducing the computational cost. This extension answers a COLT 13 open
problem posed by Koren [2013], demonstrating our method’s significance beyond OXO.

4.1. Restatement of the Open Problem

SXO seeks to minimize an exp-concave function F' : X — R over a convex domain X C R<, and
the learner has access to F’ only through some stochastic oracle. In this section, we consider the case
where F' is the expectation of a random function f : X X Z — R over a distribution on =, and the
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learner has access to the gradient of f(-;£) with £ drawn from D¢. We are interested in the sample
complexity and total runtime required to find an e-optimal solution x, i.e.,

F(x:) —min F(x) <g, where F(x)= E [f(x;§)].
xeX €D

The regularity of the random function is formally stated below.

Assumption 4 The loss function F' : X — R is the expectation of a random function f : X x= — R
over an unknown distribution D¢ on Z, i.e., F'(x) = E¢np, [f(x;€)]. For any § € Z, the random
loss function f(-;€) is a-exp-concave, differentiable and G-Lipschitz over X. For any query point
X € X, the stochastic gradient oracle returns V f(x; &) with £ i.i.d. drawn from De.

Koren [2013] notes that, with the online-to-batch conversion, ONS’s O(d log T') regret for OXO
implies a sample complexity of O(d/e) and a total runtime of O(d*/e) for SXO, ? where O(")
hides poly-logarithmic factors in d/e. This quartic dependence on d is even more pronounced in
comparison to stochastic strongly convex optimization, where Online Gradient Descent (OGD)
implies a total runtime 6(d /e) [Hazan and Kale, 2011], motivating the following open problem.

Open problem [Koren, 2013]. Under Assumption 4 and that X = B(1),

(a) Is it possible to find an SXO algorithm that attains the sample complexity of 5(d /€)
with only linear-in-d runtime per iteration, i.e., O(d? /) runtime overall?

(b) Is it possible to perform any better than O(d*/e) runtime overall?

The first part of the open problem remains open. In particular, Mahdavi et al. [2015] establish an
information-theoretic sample complexity lower bound of Q(d/e) for SXO, which implies a runtime
lower bound of Q(d? /) since each gradient query costs 2(d) time.

Section 4.2 answers the second part in the affirmative by combining LightONS with the online-
to-batch conversion, obtaining total runtime O(d? /<) while maintaining the optimal O(d/e) sample
complexity. In Section 4.3, we further present evidence that this O(d3 /) runtime is likely unimprov-
able. If confirmed, it would refute the first part and settle the full open problem.

4.2. Answering the Open Problem with LightONS

Built upon the online—to—baEch conversion of Mehta [2017], the LightONS-based SXO method
reduces the total runtime to O(d?/¢) for e = O(1/d). It is reasonable to only consider ¢ = O(1/d).
Indeed, when € = €2(1/d), the OGD-based SXO method achieves both a better sample complexity
of T = O(1/£?) and a better runtime of O(d/<?). The LightONS-based SXO method also achieves
the (near) optimal convergence rate both with high probability and in expectation, as the following
theorem shows. Its proof is deferred to Appendix D.1.

Theorem 3 Under Assumption 4 and that X = B(1), let LightONS (Algorithm 3) run for T rounds
with gradients {V f (x; &)}, where {x;}{_, are decisions, let X7 = 7 Z?:l Xy, then

2. From a theoretical perspective, the total runtime of applying ONS to SXO is 6(dw+1 /€), as discussed in Section 1.
We adopt w = 3 following the statement of the open problem [Koren, 2013], with emphasis on implementability.

10
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Table 2: Regret and total runtime comparison between ONS and LightONS on three benchmark
applications. “OQNS?” indicates whether OQNS supports the same application.

c . Regret Runtime Regret Runtime o
Application (ONS) (ONS)  (LightONS) (LightONS) OQNS?
Gradient-norm ~ o w
adaptivity O(dlog Gr) O(d“T) same O(d?*T + d“\/TlogT)  hardly
Generalized ~ o O(PKT+ O(PKT + d* -
linear bandits O@VT + rd?) a“T) same order min{vkdT logx,T}) hardly
Memog;e(:)fﬁment O(d'logT) O(d“T) same O(d'dT + d“/T) intricate
* Forany ¢ € (0, 1), with probability at least 1 — 6, when T = @(g log g log %)
F(%r) — mingex F(x) < O(e) and RUNTIME < O(£ + 42,
— . ~ 3 3.5
« When T' = ©(%log 2), E[F(X7+) — minkex F(x)] < O(g) and RUNTIME < O(£ + %)

4.3. Discussions on SXO

The LightONS-based SXO method in Theorem 3 matches the best-known SXO runtime up to poly-
logarithmic factors. An online-to-batch conversion of OQNS also yields a total runtime of 6((13 /€)
but carries significant practical overheads due to its large constant factors, as discussed in Section 3.
Our experiments in Appendix A, conducted under SXO settings, confirm this difference.

We conjecture that no SXO algorithm can asymptotically beat total runtime O(d®/¢). A natural
alternative approach to SXO is empirical risk minimization (ERM) [Koren and Levy, 2015; Mehta,
2017], which reduces SXO to offline exp-concave optimization and admits offline acceleration
techniques. The following two observations indicate that ERM-based SXO methods are unlikely
to surpass the O(d®/e) runtime barrier, even when these methods use more working memory
Q(d? + d/e) to store all samples, whereas the OXO-based methods require only O(d?) memory.

* Fast matrix multiplication. Linear regression with random design, a special case of SXO,
reduces to solving a linear system with d variables and 5(d /€) equations. Although fast matrix
multiplication accelerates this to O(d“ /) runtime [Ibarra et al., 1982], this runtime does not
plausibly extend beyond linear regression and reverts to 6(d3 /€) in practice.

* Cutting-plane methods. The best-known cutting-plane methods of Lee et al. [2015]; Jiang
et al. [2020], as detailed in Appendix D.2, solve the offline exp-concave optimization problem
to O(e)-accuracy in O(d? /) time. We remark that cutting-plane methods further assume
well-roundedness of the domain, which may bring additional computational overhead.

Moreover, we give an intuitive explanation of the runtime barrier O(d?/¢) in Appendix D.2.

5. Applications to Various Problems

ONS extends its influence far beyond the classical settings of OXO and SXO. Since LightONS is
designed to retain core updates of ONS with minimal modifications, it preserves its elegant structure.

11
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This enables seamless integration into a range of applications where ONS serves as the computational
core, not only maintaining its statistical advantages but also significantly enhancing efficiency.

We highlight three representative applications of ONS (gradient-norm adaptivity, parametric
stochastic bandits, and memory-efficient OXO) where LightONS seamlessly fits, preserving statistical
benefits while requiring minimal additional analytical effort. In contrast, deploying OQNS in these
settings is either infeasible or would require substantial and non-trivial modifications. The main
results are summarized in Table 2, comparing ONS with LightONS and OQNS. Due to space
constraints, we defer details and proofs to Appendix E.

5.1. Gradient-Norm Adaptivity

As shown by Orabona et al. [2012], ONS achieves the following problem-dependent regret bound
that scales with the accumulated squared gradient norms G instead of the time horizon T":

T
REGr(u) = O (dlogGr), where Gr £ ||V fi(x))l3, (12)
t=1

where G can be o(T") in benign environments, yielding regret far below worst-case bounds that
scale with T'. Yet, since G7 < G2T, the gradient-norm adaptive bound safeguards the optimal regret
O(dlog T') against worst cases. Prior work has leveraged Eq. (12) to achieve strong guarantees in
various settings, including small-loss adaptivity for OXO with smoothness and comparator-norm
adaptivity for unbounded OCO, as discussed below.

OXO with smoothness. Orabona et al. [2012] show that the gradient-norm adaptivity in Eq. (12)
can be enhanced to small-loss adaptivity [Srebro et al., 2010; Zhao et al., 2020] in Eq. (13) under
smoothness assumptions on loss functions { ft}?:p

T
REGr = O (dlog L7), where Ly = 31612; <ft(u) - Xmel)rfl ft(x)> ) (13)

where the regret scales with the cumulative loss of the best comparator in hindsight.

Unbounded OCO. For OCO with unbounded domains, i.e., X = R, Cutkosky and Orabona
[2018] achieve a comparator-norm adaptive regret bound without prior knowledge of the comparator
norm ||uf|, based on the gradient-norm adaptivity in Eq. (12),

REGp(u) = O (HuH2 \/dGT> . for any unbounded comparator u € R?. (14)

Such guarantees for unbounded comparators are unachievable via classical OCO algorithms that
explicitly depend on the domain diameter D, for example, OGD demands an explicit D to obtain
O(DG+/T) regret [Zinkevich, 2003; Abernethy et al., 2008].

Improvements by LightONS. Nevertheless, both [Orabona et al., 2012; Cutkosky and Orabona,
2018] incur the worst-case 5(dwT) runtime bottleneck of ONS. Replacing ONS in these pipelines,
LightONS preserves the same regret bounds while improving the runtime to O(d*T + d“v/Tlog T).

In contrast, OQNS can hardly achieve gradient-norm adaptivity, let alone the small-loss adaptivity
and comparator-norm adaptivity. Its computational efficiency relies on the log-barrier, which

12
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inevitably introduces an O(log T") term which precludes adaptation to G7. The OMD framework
permits a flexible trade-off between stability and bias in the regret decomposition. While LightONS
retains this flexibility, the log-barrier in OQNS overly suppresses the stability term, leading to a large
bias term that does not scale with the gradient norms. Details are deferred to Appendix E.1.

5.2. Parametric Stochastic Bandits

Parametric stochastic bandits model decision-making problems with partial feedback, and generalized
linear bandits (GLB) is a fundamental instance where the expected loss depends on an unknown
parameter through a known link function. This formulation introduces non-linearities into linear
bandits, enhancing their expressivity while retaining tractable solutions.

Current results. A notable challenge of GLB is the dependence on the condition number x
exp(D) in regret bounds. Directly applying ONS to GLB yields an 6(ndﬁ) regret [Jun et al.,
2017], which becomes vacuous for k = Q(\/T) Recently, Zhang et al. [2025] propose the first
jointly efficient GLB algorithm, which achieves an 5(d\/T + Kd?) regret (statistically efficient)
and is one-pass (computationally efficient). Their key technique is an ONS-based subroutine with
carefully designed non-monotonic local norms, which enjoys the one-pass efficiency of ONS and
eliminates x from leading terms in regret.

Improvements by LightONS. By replacing the ONS-based subroutine with a LightONS-based
counterpart, we retain the same regret bound and improve the runtime from O((d?K + d*)T) to
O(2KT + d - min{/xdT log k, T}), where K is the number of arms for bandits. When the regret
is sublinear in 7', i.e., kK = o(T"), our improvement yields a strictly lower runtime order.

OQNS can hardly be adapted to the method of Zhang et al. [2025]. The reasons are two-fold:
(i) The GLB analysis treats the ONS-based subroutine as a white-box, exploiting negative terms
in the OMD analysis, while OQNS fails to provide such analytical properties due to its deviation
from OMD; (ii) The GLB method relies on non-monotonic local norms, while OQNS is tailored
for monotonic local norms as in Eq. (4), to which OQNS’s analysis is deeply coupled. On the
contrary, the key ingredients of LightONS (deferred projection and domain conversion) are largely
orthogonal to the core mirror-descent updates, seamlessly accommodating customized local norms
and preserving necessary analytical properties for GLB. Details are deferred to Appendix E.2.

5.3. Memory-Efficient 0XO

Another computational challenge of ONS is its O(d?) working memory, in contrast to OGD’s O(d)
working memory. Luo et al. [2016] propose Sketched Online Newton Step (SON), which mitigates
this issue by incorporating matrix sketching into ONS.

Current results. SON achieves linear-in-d runtime and working memory when the sketched
dimension d’ < d. The value of d’ typically depends on the problem’s intrinsic dimensionality,
such as the number of non-zero eigenvalues in the Hessian-related matrix. However, SON demands
additional assumptions. Its domain X; must be an intersection of two parallel half-spaces, onto
which Mahalanobis projections admit closed-form with O(d?) time. Under the standard OXO setting
(Assumptions 1-3), SON loses its computational advantage and reverts to the high computational
cost of ONS. The domain restriction further imposes a stronger assumption on loss functions.
The curvature parameter g = %min{DiG, a} in Lemma 1 collapses to zero for the unbounded
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intersection-of-parallel-half-spaces domain, reducing exp-concavity to convexity. Consequently, SON
assumes an explicit quadratic property mirroring Lemma 1, rather than the standard Assumption 3.

Improvements by LightONS. We propose LightONS.Sketch (Algorithm 6 in Appendix E.3),
which replaces LightONS’s accesses to the Hessian-related matrix A; with the sketching primitives
as in SON. LightONS.Sketch combines the projection efficiency of LightONS with the memory
efficiency of SON. This hybrid method extends linear-in-d runtime and working memory to the
standard OXO setting, while retaining SON’s regret O(d’logT'). Theoretical guarantees of the
hybrid method are summarized in the following theorem.

Theorem 4 (LightONS’s improvement for memory-efficient 0XQO) Under Assumptions 1-3,
with vo = % min{Dig, o}, LightONS.Sketch (Algorithm 6) satisfies that, for any u € X,

d/ G2 ’)/(]ED2 AI'T
REG < —1 1 T . 15
E T(u) =~ % Og< + 2d ) + ) + 270 ) (15a)
RUNTIME < O ((EPX +d'dlog T) T + d*/(d + Ayr)T/elog T) , (15b)

and the working memory is O(d'd). With the surrogate gradient Vg,(y:) as in Lemma 3, the
cumulative sketching error A1.7 can be bounded as

9d' d T
Ay < min —m— i Vi (y)Vae(y T, (16)
jeld] (d’ —j+ 1)6 zz_j: 7 <; t( t) t( t)

Although Mhammedi and Gatmiry [2023] suggest integrating sketching into OQNS, their algo-
rithm’s considerable structural complexity may pose significant obstacles to algorithmic design and

theoretical analysis. Details are deferred to Appendix E.3.

6. Conclusion

For online exp-concave optimization (OXO), we propose LightONS, a simple yet powerful variant
of ONS. By combining the deferred-projection mechanism with the improper-to-proper conversion,
LightONS achieves significant reductions in worst-case total runtime while preserving the regret
optimality of ONS. These gains extend to the stochastic optimization setting, answering a COLT’ 13
open problem on efficient and optimal SXO [Koren, 2013]. Moreover, due to its fidelity to the mirror-
descent update of ONS, LightONS serves as an efficient drop-in replacement of ONS across diverse
applications, including gradient-norm adaptivity, parametric stochastic bandits, and memory-efficient
settings, all without compromising statistical guarantees.

Several important directions remain open. First, while LightONS adapts to gradient norms,
achieving adaptivity to gradient variation for OXO within 6(d2T) runtime remains an open chal-
lenge [Chiang et al., 2012; Zhao et al., 2024]. Second, applying the LightONS technique to other
preconditioned online learning algorithms may not improve their (asymptotic) runtime if the bottle-
neck lies in other operations, such as explicit matrix factorization rather than Mahalanobis projections
(e.g., in AdaGrad [Duchi et al., 2011]). Accelerating these algorithms remains unclear. These fu-
ture directions motivate the development of broader, general-purpose acceleration techniques for
Hessian-related online learning algorithms.
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Appendix A. Empirical Validation

We conduct numerical experiments to validate the theoretical guarantees of LightONS, especially its
negligible statistical gap from ONS and its non-asymptotic statistical advantages over OQNS.

Setup. We evaluate on two fundamental tasks, linear and logistic regression, over the Euclidean
ball domain X = B(D/2) C R over a time horizon of T". With {(x;,y:)}_; sampled i.i.d. from
the folded standard Gaussian distribution, i.e., each entry of x; and y; is the absolute value of a
standard Gaussian random variable, the (online) loss functions are designed as

2
. 1 G DG ogistic
gltmear(w) _ 5 < lﬁxz—w + F%) ’ 4 gist (w) = log (1 + exp (GX;I—W)) .

2

Both loss functions are G-Lipschitz and a-exp-concave with o = 1/(DG) and o = exp(—DG),
respectively. Our logistic regression setup slightly differs from the standard formulation, as we omit
the binary label y; € {0, 1} for simplicity, which does not affect exp-concavity.

Three algorithms, LightONS, ONS, and OQNS, are configured with their theoretically optimal
parameters. The implementation of ONS and LightONS follows Algorithms 1 and 3, respectively;
OQNS is implemented in accordance with Algorithm 3 of Mhammedi and Gatmiry [2023].

Results. Figure 1 displays all results averaged over 5 independent runs with the same seeds, where
the averaged performance is shown as a dark line, while individual runs are in transparent lines.

Our experiments confirm that computational gains of LightONS incur negligible loss in statistical
performance. As shown in Figures 1(a), 1(b), 1(d) and 1(e), curves of LightONS (red dotted) overlap
with those of ONS (green solid). This provides empirical evidence that LightONS retains the sharp
regret constants of ONS. In contrast, OQNS (blue dashed) shows noticeably higher regret, indicating
that its theoretical bounds may carry greater constants.
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Figure 1: Numerical results with 7' = 10%, d = 10, and D = 2. The first row shows linear regression
results with G = 1/10, a = 5 and the second row shows logistic regression results with
G =1/10, a = exp (—1/5).
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The key advantage of LightONS, its computational efficiency, is evident in Figures 1(c) and 1(f).
After an initial convergence phase (e.g., the first 102 rounds in Figure 1(f)), both ONS and LightONS
stabilize near the offline optimal solution. Then ONS frequently pushes decisions outside the domain,
triggering costly Mahalanobis projections. In contrast, LightONS consistently outputs decisions with
lly¢]l < kD/2 = 2 and avoids Mahalanobis projections.

Appendix B. Technical Lemmas

In this section, we present technical lemmas used in the subsequent analysis.

B.1. Proof of Lemma 1

Proof Since g(x) = e~/ is concave and positive, we have that h(x) = e~270/() is also concave.
Specifically, for any A € [0,1] and any (x,y) € X2, it holds that

h(x + (1= N)y) = gOx + (1 — \)y)?/% > (Ag(x) + (1 — N)g(y)) >/
> Ag(x)270/% 4 (1 — N)g(y)2/* = Mh(x) + (1 — Mh(y),

where the first inequality follows from the concavity of g and the second from the concavity of
a — a?0/® (where 2vp/a < 1). Next, by the concavity of h, for any (x,u) € X2, we have

N
e=20f(W) < g=290F(x) | <_2,Yoe—2vof(x)v f(x)> (4 - x).

Rearranging the preceding inequality yields
1
Jx) = f(w) < 5 log (1-290V ()T (=)

To prove Eq. (2), it suffices to apply that log(1 + a) < a — a?/4 (which holds for any |a| < 1) to
the right-hand side of the preceding inequality. We note that ’2'yOV fx)T(x - u)’ < 1 due to the
selection of the curvature parameter vy = % min{DiG, at. |

B.2. Elliptical Potential Lemmas

We introduce two lemmas tackling Hessian-related matrices, which are essential for both regret and
runtime analysis. Lemma 5 is standard in the ONS literature (e.g., [Hazan et al., 2007; Luo et al.,
2016]). The proof of Lemma 6 mirrors that of Lemma 5, differing only in the potential function:
F(A) = —tr(A~1) versus F(A) = log det(A).

Lemma5 Let A; = A\ + Zj.:l VjV]T, if||vill, < L for any i € [n], then

n L2
ZVZTA;IVZ- < logdet(A,) —logdet(4g) < dlog (1 + d)\n) . 17)
=1

Lemma 6 Let A; = X\ + 23:1 v;jv], then

- d
ZVZTA;?VZ- <tr(4gh) —tr(4,h) < N (18)

n
i=1
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Algorithm 4 FastProj onto Euclidean ball B(R) with Mahalanobis norm ||-||

Input: pointy ¢ B(R), error tolerance ¢, range of A’s eigenvalues [\, AJ.
Output: approximate Mahalanobis projection x = Hé( R) ly].

1: (Choice 1.) v = Ay, let p(u) = || (A + pI) " v||3 — R%.

2: (Choice 2.) Tridiagonalize QCQT = A, w = CQTyLIet p(p) = || (C + puI) ' w|32 — R2.
3 ar= (" — DA b= (Bl — )X 0 = [logy(2(3 — 1) yll, (B3 —1))].

4: forie=1,...,ndo

50 (@iy1,bi41) = {

(552, 0:),if p(25) > 0;

(a;, 4EP), otherwise.

2
6: end for
- ﬁ X, where X = (A + %ntltbnit 1)1 gy,

Proof of Lemmas 5 and 6 Let S, denote the set of d-dimensional positive-definite and symmetric
matrices, and let (-, -); denote the inner product induced by the Frobenius matrix norm. Then for
any concave function F': S, — R, we have

n

> VIVFE(Ai)vi =Y (VF(A), A — Ai1)p < (F(Ai) — F(Ai1)) = F(An) — F(Ay).
=1 =1

i=1 (19)
The first equality follows from A; — A;_1 = v;v] (by the definition of A;) and u’ Av = (A,vu')_
(by the definition of the (-, -)); The second inequality from the concavity of F'; The last equality from
telescoping. Substituting the respective potentials into Eq. (19) yields Lemmas 5 and 6. Concretely,

s For Lemma 5, F(A) = logdet(A) and VF(A) = A~1.
* For Lemma 6, F/(A) = —tr(A™!) and VF(A) = A2,

Concavity of F'is standard [Boyd and Vandenberghe, 2004] and gradients of ' follow from matrix
calculus [Petersen and Petersen, 2012]. [ |

B.3. Numerical Lemmas

The overall efficiency of LightONS hinges on two key operations, namely the matrix inversion A, !
and the (infrequent) Mahalanobis projection Héé D/2) [V¢+1]. In this subsection, we detail efficient
numerical approaches for the two operations, respectively.

Matrix inversion. The per-round update of the matrix A; is a rank-one update. Instead of inverting
from scratch at a cost of O(d“), we can update A, ", to obtain A; * in only O(d?) time with the
Sherman-Morrison-Woodbury formula. The following equation ensures V; = A, L forany t € [T].

1

1
VWo=-I, Vijmi=Vi— ———-
€ 1"_”Vt||%/t

VtVtVtTVt, whereVy = ¢V (y¢). (20)
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Mahalanobis projection onto Euclidean ball. In LightONS, all Mahalanobis projections are
onto the Euclidean ball B(D/2) rather than the potentially complex domain X’. This geometry
enables customized numerical approaches faster than generic solvers [Lee et al., 2015; Jiang et al.,
2020]. Specifically, the dual problem of the Mahalanobis projection reduces to a one-dimensional
root-finding problem (Exercise 4.22 of Boyd and Vandenberghe [2004]), solvable via bisection.

We propose FastProj in Algorithm 4, which offers two implementation choices for different pur-
poses. Choice 1 attains superior theoretical dependence on d by exploiting fast matrix multiplication
with exponent w < 2.3714 [Alman et al., 2025]. Choice 2 offers stronger practical performance via
tridiagonalization tricks [Parlett, 1998; Golub and Van Loan, 2013], which are more favorable in
practice where w = 3. The following lemma characterizes the error and runtime of FastProj.

Lemma 7 Let x be the output of FastProj (Algorithm 4), and x* = HQ( R) [y] be the exact Maha-

lanobis projection, then x € B(R) and ||x — x*||, < (. The number of bisections is O(log(%%)).
With choice 1, the runtime is O(d*“n), and with choice 2, the runtime is O(d® + dn).

In the context of LightONS (Algorithm 3), it suffices to set the error tolerance as ¢; = O(1/t?)
at the ¢-th round. The accumulated truncation error contributes only a negligible additive constant to
the regret of LightONS. A detailed discussion is deferred to Lemma 12 in Appendix C.4. Moreover,
with ¢ = Q(1/t3), )\, = eand \; = € + c?echQt, we have n; = O(logt) at the ¢-th round.

To prove Lemma 7, we first present two supporting lemmas. Lemma 8 reduces the Mahalanobis
projection onto a Euclidean ball to a one-dimensional root-finding problem. Lemma 9 bridges the
truncation error of root-finding and the truncation error of Mahalanobis projection.

Lemma 8 Hé( R) [y] = (A+ pu*I)~t Ay, where u* is the only positive zero of the following function

d
- 2 v?
o) = |[(A+uD " ay| - B2 =Y s - R, @D
(e 4)
and p* satisfies that
Iyl [yl
—=—1)A * —=—1]A 22
( R a < M < R 1, ( )

where v; = eZ-TQTy, e; is the i-th standard basis vector, and A = QAQT is the eigendecomposition,
A:diag()\l,...,)\d) with Ay > --- > )\d > 0.

Proof of Lemma 8 The Mahalanobis projection onto a Euclidean ball is formulated as
min (x —y)TA(x —y)

xcRd
st x'x < R?

The Lagrangian of this quadratic program is £ = (x —y)T A(x — y) + u(x'x — R?). According
to the KKT conditions, VL = 2A(x — y) + 2ux = 0 with ¢ > 0. (Otherwise, 1 = 0 implies
y € B(R) and the projection is trivial.) Rearranging V£ = 0 yields x = (A + uI)~! Ay, thus

x'x = R? is equivalent to p(u) = 0, which proves Eq. (21).
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To prove Eq. (22), since p monotonically decreases on [0, o), it suffices to bound p(u). By the
orthogonality of ), we have Zle v? = ||Qy||3 = |ly|l5. Therefore,

d

[T AT S SO 4 - )
L E D (O

Then it is straightforward that p((‘b;%|2 — 1)Ag) > 0 and ,o((”’l’zH2 — 1)A1) < 0, yielding that
wr e ((% — 1)Ag, (Hy% — 1)A1) and p* is unique on [0, 00). [

Lemma9 Letx* = (A+ p*I)~' Ay, where p(u*) = 0 as in Lemma 8. If fi > 0 and |ji — p*| <
”;\,—TBC, then x € B(R) and ||x — x*||, < (, where x is constructed from [i as

R _

x =T /] = - % X=(4+ Al Ay. (23)

Proof of Lemma 9 Eq. (23) immediately implies x € B(R).
To prove ||x — x*||, < ¢, since ||x — x*[|;, < ||x —x*||, by Lemma 10, it suffices to prove
|x —x*||5 < (. By the definition of v; in Lemma 8, we have

2
%~ 3= (4 +an " Ay — (A+uD) Ay Zv (1+ﬁ—1jm>
A A

d 2 d ~ 2 ~ 2
1 p— p—
Z 2 _ Z 2 2 2
< ‘ v (1 14 |ﬁ—#*> < ' Yy ( M\ > < ||y||2 < Ad < C :
=1 i =1

7

The first inequality uses that A; > 0, # > 0 and u* > 0; The second inequality comes from the

2

following inequality, ( 1J1ra)2 = ﬁ < a? for any a > 0; The third inequality uses that
Zf L v? = ||ly||3; The last inequality uses that |ji — p*| < ”y” C. [ |

With the help of these lemmas, we can prove Lemma 7.
Proof of Lemma 7 First, we justify the bisection. By Lemma 8, the wanted zero satisfies that
w* e (ar,b) = ((% —1)Ag, (% — 1)A1), which implies the initial interval of bisection (Line 3
in Algorithm 4). Furthermore, p monotonically decreases on [0, o), which implies the selection of
a;+1 and b; 11 (Lines 4-6 in Algorithm 4).

Next, we show the convergence of the bisection. With the interval length halving each iteration,
based on the value of n (Line 3 in Algorithm 4), we have

b—ar (B2 -—agy  Bh_pnx-) 2 A

|1 — 1| < = < < ¢ <
n on on 2 Iyll, Iyl

.

Then by Lemma 9, Algorithm 4 achieves an error ||x — x*||, < (.
Finally, we bound the runtime. We note that choice 1 and 2 are equivalent, since

s = e s acars] = o

23



WANG ZHAO ZHOU

With choice 1, each iteration requires d* arithmetic operations, where the computational bottleneck
lies in the matrix inversion (A + uI)~!, resulting in a runtime of O(d“n). With choice 2, the
tridiagonalization of A requires O(d?) arithmetic operations [Golub and Van Loan, 2013], and
each iteration can evaluate (C + puI)~'w via the Thomas algorithm with only O(d) arithmetic
operations [Golub and Van Loan, 2013], resulting in a runtime of O(d® + dn). |

Appendix C. Proofs for Section 3

In this section, we prove the theoretical guarantees of LightONS.

C.1. Proof of Lemma 2

Proof Let &7 denote the sum of squared norms of updates, as in the left-hand side of Eq. (18) in
Lemma 6. Note that A, = el + >'_, Vf,(x;)V fi(x;)T in Algorithm 2 and ||V f;(x;)|, < G in
Assumption 2. Then by Lemma 6 we have

T

@Téz

t=1

2

1
—ATW (x| <

1d
2 e

We prove Lemma 2 by bounding N with ®7. Let {r;}2¥, C [T] denote all the rounds when
LightONS.Core performs the Mahalanobis projection. With 7y = 1, we have that for any ¢ € [N],

Ti—1

— Z 7A Vft(xt)—xT Xri -

t’Tzl

Since %, I, > kD/2 and ||xr,_, ||, = [ e, ]

) < D/2, we have

T;i—1

~ D
> Alwt(x,:) = [Rr = x5 [l, > (= 1D)5
t=Ti—1 )

By applying the inequality n 37 [|vi]3 > |30, VZ'H;, we obtain

Ti—1
(i—=7ic1) Y lAt_IVft(Xt) 2 > Z A W) > (k- 1)222.
t=Ti_1 2 t=Ti_1 9
Rearranging the preceding inequality yields
1 2
Ti_Tz‘—l _12D2t;1 A Vi) .
Since 7; — 1,1 > 1, applying the “harmonic mean < arithmetic mean” inequality Z?j al < i =1 i

for a; = m > 0, we have

N
N? N? 1

L S
T TN =T0 i Ti —Ti-1
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Combining the preceding two inequalities, we obtain

N

N? 1 4 X
— < <
T —Zrn-7ia (k- 1)2D? ;

o4
, = (k—1)°D?

b

1
aAt_lVft(Xt)

Finally, rearranging the preceding inequality yields the desired result
VAN 2 d

N < L < V=T
(k—1)D — (k—=1)DyV €

We remark that Lemma 2 is tight in terms of 7" up to logarithmic factors. Consider d = 1
and V fi(x¢) = 1/\/T, then A;1Vft(xt) = Q(l/\/T) and || Zthl A;1Vft(xt)||2 = Q(\/T) We
notice that Theorem 2.3 of Simchowit [2020] corroborates this point.

C.2. Proof of Theorem 1

Proof The proof of Theorem 1 follows as a specialization of the proof of Theorem 2 given in
Appendix C.4. The only substantive difference is that, in the present setting, the analysis is carried
out directly on the original loss functions f;, rather than on surrogate losses g.

We therefore omit the repetitive details and highlight only the key intermediate arguments.

* Choice of the expanded curvature parameter v in LightONS.Core. The selection of
V=1 min{m, a} directly follows from Lemma 1.

* Regret analysis with selective projections. The regret analysis follows the same structure as
Lemma 11, which accounts for projections triggered only when the iterate exits the expanded
domain &}. Details are given in Appendix C.4.

* Runtime analysis with selective projections. The runtime bound is derived in the same
manner as in the proof of Theorem 2 in Appendix C.4.

C.3. Proof of Lemma 4

Proof By the selection of curvature parameters o (in Lemma 1) and 4/ (in Algorithm 3), it holds
that v/ = L min{ 35, o, m} = min{~y, m} < 7. Thus by Lemma 1 we have

i) = o) < 9 i) = w) = 2 (i) T — w)

< Vfi(x) T (x¢ — u) — % (Vft(xt)T(xt _ u)>2.

To finish the proof, it suffices to show that, with U(a) = a — %/aQ,
U (vft(xt)T(Xt - U)) <U <Cngt(.Vt)T(yt - U)> :
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Note that U'(a) = 1 — 4/a, thus U monotonically increases on (—oo, %] It can be verified that

kE+1 1
V()T (x¢ —w) < ¢ Vgi(ye) T (ye — u) < creyG - TD < o
The first inequality follows from Condition 1; The second inequality from the Cauchy-Schwarz
inequality u'v < |lul|, ||v||5; The last inequality from the selection of . [ |

C.4. Proof of Theorem 2

We first introduce a property of the Mahalanobis projection. This lemma is often referred to as the
Pythagorean theorem in Banach space or the non-expansiveness of projections.

Lemma 10 (Lemma 8 of Hazan et al. [2007]) If A € R is a positive-definite and symmetric
matrix, then for any convex and compact domain X C R%, any point y € R* and any point u € X,

T4 Ly] —ul[, < lly —ula
Based on Lemma 10, we can decompose the regret of LightONS as the following lemma shows.

Lemma 11 Ignoring the truncation error of Mahalanobis projections, under the same assumptions
as Theorem 2, in Algorithm 3, for any t € [T'] and all u € X, it holds that, with V; = c¢;V g(y+),
1

2V (y: —u) < >

IVl s+ lye —ul%, = lyess —ull, - 24)

Proof of Lemma 11 When ||y:11]|, < kD/2, no Mahalanobis projection is triggered, i.e.,
Vil = Vitl = Yi — %A;lvt, then for any u € R?, we have

2

1 _
yt——/Atlvt—u
~

2
lyts1 — U—”At =
Ay

Otherwise, when ||y;+1||, > kD/2 and the Mahalanobis projection is triggered, by Lemma 10,
for any u € X, we have

2 2

A L
HBED/Q) |:yt — ?At Vt —u

S ‘

1
||yt+1 - U—H?At = ’ Yt — ?At 1Vt —u

At At
Combining both cases, we conclude that, for any ¢t € [T'] and any u € X,

2

1
lyes —ul, < Hm “w - Laty,
Y A,

Rearranging the preceding inequality yields the desired result of Eq. (24). |

We note that Lemma 11 ignores the truncation error of the Mahalanobis projections. The matrix
factorization underlying Mahalanobis projections is related to eigendecomposition, equivalent to
finding roots of a d-degree polynomial, which is not exactly solvable by finitely many arithmetic
operations when d > 5. The next lemma complements the analysis. Thanks to FastProj (Algorithm 4
in Appendix B.3), the truncation error only incurs a negligible additive O(1/¢?) term in the regret
decomposition of Lemma 11, which can be safely ignored in the final regret bound of LightONS.
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Lemma 12 Let the Mahalanobis projection of Algorithm 3 be implemented with Algorithm 4 with
A=A, R=D/2,u=y11,(=C A= X=¢€+ cf gGQt where (; is defined as

1 1 1
— 1 — pry :Q ry . 2
Gt mm{(k:—l—l)D-)\'v’tT”)\-V’tz} <t3> (25)

Then under the same assumptions as Theorem 2, in Algorithm 3, for any t € [T| and all u € X, with
Vi=c¢tVgi(y)

1 2
2V (ye —u) < 5 Vel + " Iy =, = llyes =3, + 5. (26)

Proof of Lemma 12 It suffices to consider the case when the Mahalanobis projection is trig-
gered, ie., ||yi1l, > kED/2. Lety; |, = ngDﬂ) [y++1] be the exact Mahalanobis projec-
tion without truncation error, and ; = y;,; — y¢+1 be the truncation error. By Lemma 9,
16¢]], = HYtH - nyHQ < (;; By Lemma 10, for any u € X,

lyess —ulh, = [[yien —uly, +2 (vien —u)" Aoy + |87,

< lyivs =l + (k+ DD -X- 6]l + X [|84]12

2 2
+W'

I
yi— —A7'Vi—u
7

Ay

The first inequality is because the operator norm of A; is at most A = ¢ fc2 G?t + €, which comes
from Condition 1, i.e., || V¢||y = |[cfVgi(ye)ll, < crcgGs The second inequality uses the selection
of (; in Eq. (25). [ |

For conciseness, we ignore the truncation error of the Mahalanobis projections in the proof of
Theorem 2, since it only incurs an additive O(th=1 1/t?) = O(1) term in the final regret bound.
Proof of Theorem 2 Recall that V; = ¢y Vg;(y;). Plugging Lemma 11 into Lemma 4 yields:

® T 5 2
filx) = folw) < VT (y: —u) = T (VI (v - w))
@11 2 2 2 ol 2
<3 (7, Iel 4 lye =l =7 yers =iy, ) = 5 (97 (ve—w)
1 2 ol 2
=5 Vil + 5 Dy —ulfy, |~ L llyees —ul?,

The equality is because A; = A;_1 + VtVtT in Algorithm 3. Summing over the time horizon and
telescoping the right-hand side establishes the desired regret of Eq. (10a):

T

1 2 o4 2
S (i) — i) < > (55 19l 4 3 =l = 3 v — wl
t=1 =

/

1 a 7' 2 Y 2
= g tz:: ||Vt||,4— + o ly1 — u||AO ) lyr+1 — UHAT

G? T) N y'eD?
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The last inequality uses Lemma 5 and Condition 1, i.e., || V||, = |[cf Vg (ye)ll, < cregG.
Finally, the desired runtime of Eq. (10b) follows from the following two parts:

* Runtime aside from FastProj. In each round, the domain conversion of Lemma 3 takes
O(EPx +d) time, updating and inverting A; as Eq. (20) takes O(d?) time, and other operations,
such as computing the surrogate gradient as Eq. (8b), take only O(d) time. The overall runtime
aside from FastProj is O((EPx + d?)T).

* Runtime of FastProj. By Lemma 7, the number of bisections n; = O(logt) = O(logT)
and each bisection takes O(d“) time with choice 1. Since LightONS.Core is a subroutine in
LightONS, the number of calls to FastProj is at most O((k — 1)71d*,/T'/¢) by Lemma 2.
Specifically, since A; = el + Zle ViViT in Algorithm 3, we have

T 2
1d 20/ Tdr 2 d
o £ <—-, N < ~T.
T tzl LS NS -DD S k—1Dy Ve

The first inequality uses Lemma 6, which controls @7 as a constant unrelated to the gradients;
The second inequality follows from the proof of Lemma 2, which remains valid as long as
the domain to project onto and the extended domain are separated by a margin of at least
(k — 1)D/2. The overall runtime of FastProj is O((k — 1)~1d*®\/T /e - d* logT).

1
?At_IVt

Appendix D. Proofs for Section 4

In this section, we provide the proofs and details for Section 4.

D.1. Proof of Theorem 3

Before proving Theorem 3, we first give a more detailed presentation of the convergence rates
induced by LightONS. With T = © (g log g log %) we have

1 R 4logT 4logT
F(xr) — xmelfvl F(x) < T <REGT + 4\/ QE;T log c;g + jolog c;g ) =0(e), (272
B d, 1 & d 1 (B
RUNTIME < O | —log—log—-+ —=log—log—- | =0 — |, (27b)
5 e T8 e Te 746 5

where REG7 follows from Eq. (11a) in Corollary 1. With + = 7" = © (g log g), we have

E|F(xq) — mig(l F(X)] < O(e), (28a)
x€
3 3.5 /3
RUNTIME < O (d log d + o log d) =0 (d> . (28b)
£ e e e 5

We remark that shifting the online loss function from f;(u) = f(u;&) to hy(u) = f(25*%;&)
improves the high-probability excess risk bound of Eq. (27a) to % <REGT + % log %) . This removes
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the log log T" term, though the asymptotic rate in Theorem 3 remains unchanged. We refer readers to
Theorem 1 of van der Hoeven et al. [2023] for details.
Proof First, we prove Eq. (27a). Without loss of generality, we consider 7" > 3. Then the high-
probability excess risk bound of Eq. (27a) directly follows from Corollary 2 of Mehta [2017] by
substituting LightONS’s regret in Corollary 1.

Then, we verify that the choice of "= © (g log g log %) yields a high-probability excess risk of
O(e). LetI's = ngT =0 (% logg + %loglog %) We have

o <
F(xr) xmel/’r\’lF(X)_O

REGT + v/REG7 - logT's + log I'; REGT + logI's

The first inequality is essentially Corollary 2 of Mehta [2017], and the second inequality follows from
the fact that vab < %2 = O(a + b) for any positive terms a and b. Since REGy = O(dlog T') =
(@) (dlog g + dloglog %), it suffices to show that

R d (log ¢ + loglog }
O( EGT> :O (Odga dog Cl)gd) :O(E)’ and

d
o log I’y _0 log%—i—log (logg—l—loglog %) =0 (E) = O(g)
T glogglog% d

Next, we prove Eq. (28a) from Eq. (27a). By the definition of expectation, we have

REGy" + /REGp Tog Ty 70 + Ty /v
E|:F()_(T/)H11HF(X):| < <111_’/>O< T \/ T 108111 1/T>

xeX T
1 .
T T i )
REGT/ + FI/T’ DG REGT/ + Fl/T’
<0 ( X + = <0 )

The above inequalities use the Lipschitzness of F' and the boundedness of X'. Similarly, we verify
that the choice of 77 = © (g log g) yields an in-expectation excess risk of O(g) with % =T =
© (£1log 2). It suffices to note that I'y 7 = 47" log 7" = O (4 log? ¢) and that

log I'y 7/ B logg B ey

Finally, the total runtime in Eqgs. (27b) and (28b) follows from Theorem 2. |

D.2. Proofs and Details for ERM-based SXO Methods

In this subsection, we construct an SXO instance where applying cutting-plane methods incurs
O(d3/¢) runtime, and we give an intuitive explanation of the runtime barrier O(d? /).
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Proposition 3 Under Assumption 4 and that X = B(1), let the stochastic functions take the form
f(x:6) = ¢ (W(S)Tx), where ¢ : R — R is a black-box function, and w : = — R% is a fixed
mapping. By [Koren and Levy, 2015; Mehta, 2017], obtaining an c-optimal solution for SXO reduces
to obtaining an O(e)-optimal minimizer of the offline a-exp-concave objective

N 1 E
F(x) = T Z ) (W(ﬁt)TX) )
t=1

where T = 5(d /€) is the necessary sample size. The best-known cutting-plane methods of Lee et al.
[2015]; Jiang et al. [2020] solve this offline problem to O(g)-accuracy in O(d> /<) time.

Proof of Proposition 3 Cutting-plane methods query the gradient of F for 5(d) times, and each
gradient query costs O(dT') time due to the finite-sum structure of /" and the black-box nature of ¢.
Therefore, the total runtime is O(d*T + d®) = O(d?/¢). [

An intuitive explanation of the runtime O(d3 /). With the online-to-batch conversion, OGD’s
regret O(v/T) for OCO translates to a sample complexity of O(1/¢?) and a runtime of O(d/e?)
for SXO. When the target excess risk ¢ is relatively large, i.e., ¢ = Q(1/d?), the OGD-based SXO
method may circumvent the O(d> /<) runtime barrier. Thus the computational challenge of SXO
mainly manifests when pursuing the (near) optimal sample complexity of 5(d /€).

Lemma 1 indicates that an exp-concave function can be regarded as a strongly convex function in
the direction of its gradient. Comparing the sample complexity lower bound €2(d/e) for SXO [Mah-
davi et al., 2015] to the Q(1/¢) rate for stochastic strongly convex optimization [Hazan and Kale,
2011], the exp-concave offline objective F' can be viewed as the sum of d strongly convex objectives
on d directions, one along each dimension corresponding to the eigenvectors of the Hessian-related
matrix A; in ONS.

Our intuition is as follows: the difficulty of pursuing the (near) optimal sample complexity
arises from exploiting the directional strong convexity, which necessitates estimating the covariance
structure of the stochastic gradients. Cai et al. [2010] establish a minimax sample complexity
for covariance matrix estimation under squared Frobenius norm, which coincides with the sample
complexity lower bound for SXO. Specifically, for some family of covariance matrices S, with T’
samples i.i.d. sampled from a distribution with covariance > € S, the estimator S satisfies

a d
inf supE[|£ - SJ2| =0 <> .
SIS T
We refer readers to Theorem 1 of Cai et al. [2010] for a formal statement. Since computing the

sample covariance matrix requires O(d2T) time, estimating the covariance structure of stochastic
gradients plausibly incurs at least O(d?T’) runtime, leading to the O(d>/¢) runtime barrier.

Appendix E. Proofs for Section 5

In this section, we provide algorithms and proofs for LightONS’s applications listed in Section 5.
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E.1. Proofs and Details for Gradient-Norm Adaptivity

In this subsection, we show how LightONS recovers ONS’s gradient-norm adaptive regret bound in
Eq. (12), and thereby leads to small-loss adaptivity for OXO with smoothness, as well as comparator-
norm adaptivity for unbounded OCO. We state the theoretical guarantees based on LightONS and
omit those of the original ONS-based methods as they are identical except for the runtime.

We say f is H-smooth on X’ if for any (x,y) € (x) =V, < H|x -yl

Theorem 5 (LightONS’s improvement for OXO with smoothness) Under Assumptions 1-3, and
that fy is H-smooth for any t € [T), LightONS (Algorithm 3) satisfies that,

d 8H AH AH D?H D?
REGT < —— log | oLy + —log —— + 02 = 1 o) 4 102
270 de Yo€ e'yge d 8

RUNTIME < O ((EPX + d2) T+ d“’\/Tlog T) ,
where L is defined in Eq. (13), and 7y is defined in Corollary 1.
Proof of Theorem 5 Based on the proof of Theorem 1 of Orabona et al. [2012], it suffices to bound
the gradient norms of the surrogate loss by those of the original loss. We note that Appendix B.4.2

of Yang et al. [2024] also discusses the small-loss bounds of ONS with domain conversion, although
with a different domain conversion. Since |V g;(y¢)||, < ||V fi(x¢)]|5 by Lemma 3, we have

T T
2 2
Grg 2 Y [IVaeyo)lls < DIV flxe)llz £ Gy
t=1 t=1
Theorem 2 implies the runtime with € = d and the regret of

d Gr yoeD? d Gr,f YoeD?
REG < —log|1 g < —log|1 ’ :
r(u) < 2% og( * de ) * 8 T 2v s\t de * 8

The preceding inequality uses Jensen’s inequality and tr(A7) = de + G, i.e.,
tr(A G
log det(Ar) —logdet(Ag) < dlog r(dT) —logdet(Ag) = dlog <1 + C;‘Fg> .9
€

Then Corollary 5 of Orabona et al. [2012] converts the gradient-norm adaptive bound to the small-loss
bound with respect to L and completes the proof. |

Theorem 6 (LightONS’s improvement for unbounded OCO) If the loss function f; : R — R
is convex and 1-Lipschitz for any t € [T, then there exists an algorithm satisfying that, for any
u € R%,

T

REGr(w) < O [ a3 (Vfix)Tw)? | <O (Hu||2 \/dGT) ,
t=1

RUNTIME < O (d2T + d“VT log T) )
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Proof of Theorem 6 Theorem 8 of Cutkosky and Orabona [2018] hinges on their Algorithm 7,
Lemmas 16 and 17, apart from the coin-betting framework. To prove Theorem 6, we show how
LightONS adapts their analysis with minimal changes.

* Modifications to their Algorithm 7. Since the decisions of their ONS are intermediate
decisions to maximize the “wealth” in the coin-betting framework instead of true decisions to
minimize regret, we can ignore the improper-to-proper conversion and replace their ONS with
LightONS.Core. Specifically, their ONS runs on X = 5(1/2) while LightONS.Core runs on
Y = B(3/4) with the deferral coefficient k¥ = 3/2.

» Modifications to their Lemma 16. Their ONS’s domain X = 3(1/2) implies a curvature

parameter y = 2= log?’ while LightONS.Core’s domain ) = B(3/4) implies v = %= 10%7_

» Modifications to their Lemma 17. Relaxing the radius from 1/2 to 3/4 enlarges constants
in the regret. Nonetheless, the numerical constants in their Lemma 17 are loose enough to
accommodate our changes, greatly simplifying our analysis. Following their proof, let z;
denote the gradient that LightONS.Core receives at time ¢, Theorem 2 and Eq. (29) imply

D2
Yl tng) L eD?

d
REGT < —1
=9, Og( de 8

Plugging D = 1,7 = %9%7 € (0.225,0.226), ¢ = d, and ||z||3 < 16 ||V f;(x;)||5 yields

5
REGr < d <210g (1 + = Z IV fe(x¢ |2> ) :

The preceding regret bound fully recovers their Lemma 17 when d > 2.

The runtime follows from Theorem 2 with € = d. [ |

Comparison with OQNS. We remark that OQNS can hardly achieve full gradient-norm adaptivity,
as the log-barrier regularization introduces an unavoidable O(log T") bias term independent of Gp.
From the perspective of OMD, the regret can be decomposed into a stability term and a bias term.
Adopted from Hazan [2016]; Orabona [2019], the regret decomposition of a typical OMD algorithm
is as follows:

T 2
u— X1
REG7(u gZHVf [k +H2n" (30)
t=1 ~—
stability bias

While ONS and LightONS, as instances of OMD, can flexibly balance stability and bias, > OQNS
sacrifices such flexibility for computational efficiency. OQNS employs a highly stable log-barrier,
which suppresses the stability term but inflates the bias term in a manner resistant to small gradient
norms. Specifically, the log-barrier contributes a term — log(D? — |lu||3) in the regret for any

3. For ONS and LightONS, the learning rate 7 is replaced with the time-varying Hessian-related matrix’s inverse A; '
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comparator u € B(D). As ||ul|, approaches D, this term diverges to infinity. This issue is mitigated
with the fixed-share trick [Mhammedi and Gatmiry, 2023], an illustration of which is as follows:

T T T 1
E ft Xt Z ft Xt (V)) + § (ft(V) — ft(u)), where v = (1 — T) u.
t=1 t=1

t=1

fixed-share regret fixed-share margin

The fixed-share margin term f:(v) — f:(u) < O(GD/T) due to boundedness and Lipschitzness,
summing to O(1 ) over T rounds. Since 1—||v||3 > Q(D?/T), the fixed-share regret term contributes
—log(D? — HVH ) = O(log T') to the regret, which prevents full gradient-norm adaptivity.

E.2. Proofs and Details for Logistic Bandits

In this subsection, we focus on logistic bandits as a representative instance of generalized linear
bandits (GLB) to concretely illustrate the applicability of LightONS.

Problem setting. Logistic bandits can be interpreted as interactions between a learner and an
adversary, which unfolds as follows: At each round ¢ € [T, the learner selects an arm x; from an
arm set X; C B(1)% with K arms, and suffers a stochastic loss y; € {0, 1}, where P(y; = 1|x;) =
o(x] w*). The true parameter w* € W = B(D/2) is unknown, and o(z) = 1/(1 + exp(—z))
denotes the sigmoid function. The performance of the learner is measured by its pseudo-regret,
quantifying the cumulative expected loss against the optimal arms in hindsight, which is defined as

REGy = i (J(x;rw*) - O‘(X;TW*)> ,

t=1

where x} = arg max, ¢y, x' w*.
A challenge in GLB lies in its dependence on £ = maxxex wew 1/0’(x"w), a problem-
dependent constant that may grow exponentially with D.

Jointly efficient GLB algorithm. Zhang et al. [2025] propose the first one-pass (constant memory
and constant per-round time) GLB algorithm achieving «-free-leading-term pseudo-regret. Their
pseudo-regret is O(dv/T log T + r(dlog T')?), which remains sublinear in T for = o(T).

Their key idea is to estimate the parameter w* with a “look-ahead” variant of ONS, whose
analytical properties can remove the dependence on « in the pseudo-regret’s leading terms while
retaining the constant-memory and constant-time efficiency of ONS. An illustration of their “look-
ahead” ONS is provided as follows:

t—1
Ht =+ <Z V2€i(wi+1)> + nVQEt(wt),
i=1
. 1~ (€2
Wit = W — EHt lv&(wt),
Wi+l = Hg(tD/Q) [V/‘\/t-i-l]?
where /4(w) = —y; log o(x] w) — (1 — y¢) log(1 — o(x] w)) denotes the logistic loss for parameter

estimation at round ¢.
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Algorithm 5 “look-ahead” LightONS for [Zhang et al., 2025]
Input: domain W = B(D/2), regularization coefficient ), inverse step size 7.
1: Initialize Hy = A\, w = 0.
2. fort=1,...,T do
Update the lower confidence bound function as in Algorithm 1 of Zhang et al. [2025].
4 S~elect the arm x; as in Algorithm 1 of Zhang et al. [2025] and observe the loss y;.
5 Hy=H; 1+ 77V~2€t(wt).
6: V/€7t+1 = W — %Ht_lv&(wt).

w if |w <k*D/2
T Wiyl = g—l N | tJ_r1||2 N / , where £* =1 + 10214 =0(1+1/D).
yp /2 [Wer1] otherwise

8: Ht = Ht—l + V2€t(wt+1).
9: end for

Because of ONS, their algorithm incurs the worst-case 6((d2K + d¥)T) runtime bottleneck,
where K is the number of arms. Below we show that plugging LightONS can improve the runtime
while preserving the x-free-leading-term pseudo-regret guarantee.

LightONS-based counterpart. We propose an analogous “look-ahead” variant of LightONS in
Algorithm 5, which replaces the ONS-based subroutine in Zhang et al. [2025]. Line 7 of Algo-
rithm 5 introduces the deferred-projection mechanism of LightONS.Core to replace the Mahalanobis
projection in Eq. (31).

Algorithm 5 improves the runtime to O(d2KT + d* - min{v/xdT log x, T'}), while preserving
the x-free-leading-term pseudo-regret guarantee. When x = o(T'), as required for sublinear pseudo-
regret, the improved algorithm is asymptotically faster than the original algorithm. We state the
theoretical guarantee of Algorithm 5 in the theorem below.

Theorem 7 (LightONS’s improvement for logistic bandits) For binary logistic bandits, under
the conditions U;rzl X, C B(1), and |w*|| < D/2 where D is known a priori, there exists
an algorithm achieving a pseudo-regret of O(d\/T log T + k(dlogT)?), and a total runtime of
O(2KT + d* - min{v/kdT log , T}).

We remark that Algorithm 5 does not suffer from improper learning concerns, because the
algorithm’s decision is the arm x;, rather than the estimated parameter w;. Consequently, Algorithm 5
is free from the improper-to-proper conversion and resembles LightONS.Core.

Before proving Theorem 7, we first present two critical lemmas that facilitate migrating the
original ONS-based subroutine to LightONS-based Algorithm 5. The following lemma resembles
our Lemma 11 and Lemma 1 of Zhang et al. [2025], showing that Algorithm 5 implies an OMD-like
regret decomposition form similar to that of the original ONS-based subroutine.

Lemma 13 Algorithm 5 satisfies that, for any u € 3(D/2),
2 5 2 2
Wi —ullz, | < 29Vh(win) (a—wir) + lwe —ull, | = Ilwe—well,

where Uy is the second-order Taylor expansion of {; at wy, i.e.,

1
Co(w) £ Lo(wy) + Ve(we) (W — wy) + 5 llw = WillZ2g, (wy) -
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Proof of Lemma 13 We note that the descent-and-projection update in Algorithm 5 is equivalent to
the OMD update, as Appendix D of Zhang et al. [2025] has shown. Specifically,

~ I~
Wit = Tl o) [Wea] = Ty o) (Wi — ﬁHt Ve (we)

1 (32)
.5 2
<= Wy = argmin 4(w) + o W —wellg, >
weB(D/2) n
and 1
Wil = Wil = Wy — EHflvgt(Wt)
(33)

. 1 2
= Wi = argminfy(w) + — [|w — w3, -
weRd 21

To recover Lemma 1 of Zhang et al. [2025], we examine whether the following inequality holds

7 1 2 2 2
Va(wia) T (ween =) < oo (we =l Iwen =l — Iwe = willy ) - G4

When ||W4 1], < k*D/2 and the Mahalanobis projection is not triggered, by Eq. (33) we have

- 1 T
Vw=wii (MW) + % [w — Wtqut_1> (Wip1 —u) = OT(Wt+1 —u)=0.

Rearranging terms, we have
7 T 1 T
Vi(Wit1)' (W1 —u) = _E(WHl —wy) Hi1(wip1 —u)

2 2 2
= g (Iwe =l = wes =l — e —will )

which means that Eq. (34) holds with equality.
When || W¢41]|, > k*D/2 and the Mahalanobis projection is triggered, by Eq. (32), we have

)
~ 1
Vs (W) + 5 I = wily, ) (s —w) <o

Rearranging terms, we have
7 T 1 T
Vil (Wig1) (Wi —u) < _E(Wt-&-l —wy) Hi_1(Wi1 —u)

1 9 5 )
= 5 (Iwe =l = Iwes =l — wer —willf_,)

which means that Eq. (34) holds.
Therefore, combining both cases, we have that Eq. (34) always holds. |

The next lemma gives the total runtime of Algorithm 5.

Lemma 14 Algorithm 5 has a runtime of O(d*T + d* - min{v/kdT log &, T}).
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Proof of Lemma 14 We first show that the expansion of the domain influences the condition number
r. We recall that £;(w) = —y; log o(x] w) — (1 — y;) log(1 — o(x] w)) is the logistic loss function,
with Vl(w) = (o(x[w) — y;) x; and V2, (w) = o’ (x[ w)x;x[, where o(2) = 1/(1+exp(—z))
is the sigmoid function. By the definition,

1 T T
k= max ———— < max 1+exp(x' w))(l+exp(—x w)) < 2+2exp(D/2).
xeX . wew o’ (xTw) ~ ||x||QS1,||wH2§D/2( <p(x W) p( )< <p(D/2)

Therefore, the condition number x grows exponentially with the diameter of the domain. For
technical convenience, we write v’ = x* when the diameter of the domain is expanded from D to
D’ = kD for some k > 1.

Compared with the runtime of LightONS Theorem 2, the only difference is that s appears in
the number of Mahalanobis projections. We note that H; and H, also admit rank-one updates. It
suffices to show how the logistic loss function affects the analysis of Lemma 2. Specifically, we need

to bound the quantity
2

T
/A
DY
t=1

By the update rule of Algorithm 5 and that 7 > 1 in [Zhang et al., 2025], we have

1~
EHt 1V€¢(Wt)

2

t—1 t

~ 1

H, =M\ + E o (x] wip1)xix! +no’ (x] wi)xix] = M + E ?xix;r.
i=1 i=1

Since ‘O‘(X;I—Wt) — yt‘ < 1, we have

- 2 sy o 2 2
H; Vi (wy) )= H; 7 (o(x; Wi) — ye)xy ) < ||H; ¢ )
2

t -1 t -1
1
< <)J+ g /{,{XiX;I—) Xt|| = K2k (Hk)\f+ E xix;r> Xy
i=1 =1

2

2

2
Summing up the preceding inequality with Lemma 6, we have
k2 & ! P kkd
T < oy Z KFAT + inx;r x| < 55
K i=1 9 A

Therefore, reusing the proof of Lemma 2, we obtain that the runtime of Algorithm 5 with deferral

coefficient k is 6(d2T + d“ - min{ V,’;f‘fT, T}). LetI'(k) = Zk—ff, then minimizing I'(k) over k& > 1
yields k* =1+ IO;{, kP = e?k, and I(k*) = $y/klog k. [ |

Based on the preceding lemmas, we are ready to prove Theorem 7.
Proof of Theorem 7 The upper-confidence-bound-based pseudo-regret analysis in [Zhang et al.,
2025] primarily relies on their Theorem 1, which constitutes their Lemmas 4—6. To prove Theorem 7,
we examine how replacing the ONS-based subroutine with LightONS-based Algorithm 5 affects
these lemmas.
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* Modifications to their Lemma 4. Their Lemma 4 is supported by their Lemma 1 and local
relaxation of generalized linear models. Lemma 13 shows that their Lemma 1 still holds when
using Algorithm 5 as a replacement. The local relaxation is independent of the specific update
rules of w; and remains valid.

* Modifications to their Lemmas 5 and 6. Their Lemmas 5 and 6 depend solely on the alge-
braic structure of the covariance matrix, i.e., H; = A + >_._, o’ (x] w;;1)x;x] . Therefore,

Algorithm 5 does not affect their Lemmas 5 and 6.

Therefore, the pseudo-regret analysis of Zhang et al. [2025] still holds when replacing their
ONS-based subroutine with Algorithm 5, although with an expanded domain diameter D’ = k*D
and a correspondingly larger condition number ' = k¥ = e?x = O(k). Finally, the runtime of
Algorithm 5 follows from Lemma 14. With the overhead O(d? KT') for selecting arms as in [Zhang

et al., 2025], the total runtime is O(d2KT + d* - min{v/xdT log x, T}). [

We remark that extending Algorithm 5 from the binary logistic bandits to the generalized linear
bandits directly follows from [Zhang et al., 2025].

Comparison with OQNS. OQNS can hardly be integrated into the method of [Zhang et al.,
2025], as it is tailored to the OXO protocol and does not admit a regret decomposition analogous
to Lemma 13, which is essential for eliminating x from leading terms in pseudo-regret. Moreover,
OQNS lacks the flexibility to accommodate customized local norms beyond those used in standard
ONS. Specifically, the local norm ﬁt in [Zhang et al., 2025], i.e., Eq. (31), is not a simple accumula-
tion of gradient outer products, unlike OQNS’s local norm in Eq. (4). In contrast, LightONS retains
the structural flexibility of ONS, enabling integration into GLB with minimal modifications.

E.3. Proofs and Details for Memory-Efficient OXO

In this subsection, we seek to reduce the working memory required to achieve the optimal O(d log T")
regret in OXO, albeit conditioned on geometric properties of the problem instance.
First, we list the additional assumptions of Luo et al. [2016] as follows:

* Additional assumption on domains. For any ¢ € [T, the domain at the ¢-th round is the
intersection of two parallel half-spaces, i.e.,

Xy = {x||w[x| < D/2}, wherew; € R?isknown and |w;|| = 1. (35)

+ Additional assumption on loss functions. For any ¢ € [T, the curvature parameter -, the
loss function f;, the trajectory {x;}_; and the comparator u € ﬂthl Ay satisfy

Fi%) = i) < VAGOTG = w = 2 (VAT - w) (36)

Next, we formally state the theoretical guarantees of SON in the following proposition.
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Algorithm 6 LightONS.Sketch
Input: preconditioner coefﬁcient €, dimension to reduce to d'.
1: Initialize vg = mln{ pasts So = Oagrxa, Ro = *Ilex2d/ x; =y1 =0.
cfort=1,. T do
3:  Observe V ft (x¢); and construct Vg;(y;) as in Lemma 3.

4:  Sketch Vg, (yt) into Sy and R; with Algorithm 7. > Ay < Ay + Vg(y) Va(y)T.
5 Y1 =Yt — *A "V (ye). > A =11 - STRS,).
if < D ~
6:  Yi+1 = {thl ¥+l > Ay = el + SIS,
IT ! B(D/2) [Vi+1] otherwise

70 X1 = Hx[yesa).
8: end for

Algorithm 7 Fast Frequent Directions of Ghashami et al. [2016]
Input: new gradient Vg, (y;), frequent directions S;_1, low-dimension inverse R;_1.
Output: updated frequent directions S, updated low-dimension inverse Rj.
1: S; = S;_1+€;,Vgi(y:)", where i; is the index of the first all-zero row of S;_;.
2: if S; still has all-zero rows then
3: R; = (€I+ StStT)_l
4: else
5: UtEtVtT = S, truncated SVD with top d’ singular values.

o g [@% = (0% D)2V
O xd
. — di 1 1 l 1
7 R, = diag E+(Ef)%,17(2t)3/7d/ ye e €+(Et)?l’,d/ (Et)d/ g 6> .
8: end if

Proposition 4 (Theorem 3 of Luo et al. [2016]) Under Assumption 2 and additional assumptions
described in Egs. (35) and (36), SON (Algorithms 1 and 6 of Luo et al. [2016]) satisfies that, 4

dl G2 ’}/EDZ AI'T
R < —1 1 T : 7
EGyr(u) < 5 og( + e ) + 3 + 2y (37a)
RUNTIME < O (d'dT logT) , (37b)

and the working memory is O(d'd). The cumulative sketching error Ay.1 can be bounded as

d

Aur < min s EZA (Zwt x0)V fi(x2) ) (38)

Then, we present the LightONS.Sketch algorithm in Algorithm 6, a memory-efficient variant
of LightONS. The key difference between LightONS.Sketch and LightONS is the storage strategy.
Instead of storing full matrices 4; € R and V; € R4*?, LightONS.Sketch maintains compact

4. The log T term in SON’s runtime arises from the eigendecomposition underlying sketching. Although Theorem 3
of Luo et al. [2016] ignores it, we include it for comparison with LightONS and OQNS.
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sketches S; € R24'%d and R, € R24*2d" Each row of S; stores a principal gradient component,
while I?; plays a role analogous to V; in Eq. (20). The full matrix and its inverse are reconstructed as

~ ~ 1 -
Ay =el + 878, A7l=- (I - StTRtSt) , Ry = (d+ StStT)
€
This relationship follows from the Sherman-Morrison-Woodbury formula:
(A+ BCD) ' =A"1—A"'B(C'+ DA™IB)"'DA™L.

Following Luo et al. [2016], LightONS.Sketch uses Fast Frequent Directions of Ghashami et al.
[2016] in Algorithm 7 to update S; and R;.

Before proving Theorem 4, we first introduce three lemmas to characterize the error introduced
by sketching. We introduce the notation A, to denote the sketching error at the ¢-th round.

)

A, L delad/ (S;)? if SVD is triggered at ¢-th round
"o otherwise

where o;(Sy) is the i-th greatest singular value of S;. Specifically, Lemma 15 bounds the error for
regret analysis with Lemma 5, while Lemma 16 bounds the error for projection-count analysis with
Lemma 6. Lemma 17 bounds the total error with the spectrum of the Hessian-related matrix.

Lemma 15 At the t-th round of Algorithm 6, in Algorithm 7, Ay satisfies:
IVg ol < (A7 A=A )+ A
t F

Proof of Lemma 15 Let (-, -), denote the inner product induced by the Frobenius matrix norm, let
(+):; denote the i-th column of the matrix, and let UtitVf = S, be the full SVD with all 2d’ singular
values. When SVD is not triggered, then Ay = Ay g+ V:(y¢)Va(y:) " and Ay = 0 trivially holds.
When SVD is triggered,

<gt_17gt—1 + Var(ye)Var(ye) " — gt>F

2d’

. = 2d  _
= > min{(£)F;, ()i a} (Vi HA 1< =i = A
The inequality uses the fact that A, = eI and H (V2).. 1 < H(Vt)uiH?d)—l = % Substituting

(34)ii = 04(S¢) completes the proof. |

Lemma 16 At the t-th round of Algorithm 6, in Algorithm 7, Ay also satisfies:

0 7 A
IVgeye) %2 < (A% A= Aia) + ="

We omit the proof of Lemma 16, as it directly reuses the proof of Lemma 15.
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Lemma 17 (Theorem 1.1 and Section 3 of Ghashami et al. [2016]) In Algorithm 6, A1.7 satis-
fies that, for any j € [d'],

, d
AIT—ZAt_ —jd+162)\ (ZV% yt)Vae(ye) )

= t=1

With the preceding lemmas characterizing the sketching error, we can prove Theorem 4 by
bounding the difference between LightONS and LightONS.Sketch.
Proof of Theorem 4 We note that Lemma 11 holds for Algorithm 6, as the proof of Lemma 11 only
requires A; to be positive-definite. Thus by Lemmas 4 and 11 we obtain

(%) — £u(0) < Vaulyo) (e~ )~ 2 (Vaulyo) (e~ w)’

filx
)1 2 70 2
< : Va5 0 by =l =0 e =l ) = 3 (Vo) (3 — w)
70 2
< 2770 ”Vgt(yt)Hg;l + 5 lye — u||gt_1 5 [ye+r —ull7,

where the last inequality uses the fact that Ay < A+ Vg:(y:)Vgi(y:)T, which is ensured by
Algorithm 7. Then plugging Lemma 15 into the preceding inequality yields

ft(Xt) - ft(u)

1 70 2 70 2
20 (<At VA — At71>F + At) +tg lye —ull,_ — e} [ye+1 —ull7,

1 e e 0 2 o 2
o (108 det(A;) — log det(Ar—1) + A¢ ) + 3 lye —ul}, | =2 llyess —ul%,.

| /\

IN

where the inequality uses the fact that (X 1, X — Y>F < log det(X) — log det(Y"), which comes
from the proof of Lemmas 5 and 6. Telescoping the preceding inequality yields

T ~
1 det(Ar) 1 Y0 2
E X < —log——=—+—A7+— —-u||7 ,
£ (fe(xe) () 27 g det(Ao) 27 LT [y1 HAo

where the logarithmic term is further bounded with Jensen’s inequality, which differs slightly from
Lemma 5 due to the number of non-zero eigenvalues:

~ 2d/
det(Ar) U‘Z(ST) / I T”F / G?
log SN _ § log (14 TP < o/ log [ 1 < 2d'log ( 1 7).
%% det(Ao) o8 < L e e G Gy

=1

Finally, the runtime follows from the following two parts:

* Runtime aside from Algorithm 7. Following the same analysis of Lemmas 2 and 14, overall
runtime aside from Algorithm 7 is O(( \/ (d+ A1.p)T /e - d“logT) due to FastProj.
(Algorithm 6 applies k = 2.) It sufﬁces to Ver1fy the following inequality Wh1ch follows from

Lemma 16:
2
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e Runtime of Algorithm 7. Each time SVD is triggered, the last d’ + 1 rows of S; be-
come all-zero, thus SVD is triggered at most [7'/(d’ + 1)] times. The runtime of SVD is
o(d’ 2d log T') [Golub and Van Loan, 2013] to achieve the desired accuracy that does not affect
the regret bound. > The runtime of updating R; is O(d'd), as this can be implemented with
two rank-one updates:

1

(A + LIV'T)_1 = A_l — mA_luVTA_l.
\%

Specifically,

T
Rt_l =el + StS;r =l + (St—l + eitht(yt)T) (St—l + eitht(yt)T>

— el + 8,158 | +ei, (Si1Vag(y)) + (Sthgt(Yt) + e, Vgt(}’t)Vgt(Yt)T) e;';,

T ~\~

-1
R,y ay bt

where e;,, a; and b, are 2d'-dimensional vectors that can be computed in O(d'd) time.
Therefore, the overall runtime of Algorithm 7 is O(d”?d(log T)[T/(d’' + 1)] + d'dT) =
O(d'dT logT).

Comparison with OQNS. Mhammedi and Gatmiry [2023] mention the possibility of combining
OQNS with sketching but provide neither algorithms nor analysis. Incorporating sketching further
complicates OQNS’s already intricate analysis, as the sketching error interacts with the log-barrier,
Hessian approximation and decision updates in Eq. (4). In contrast, within the OMD framework,
sketching errors naturally appear as an additive term in the regret bound via OMD’s stability term,
illustrated in Eq. (30), since OMD’s regret decomposition is somewhat orthogonal to sketching.

5. The runtime of SVD can be improved to O(d"*(d + log T)) and the factor O(log T') can be independent of the
minimal singular value gap of S; and only depends on the scale of singular values of S; [Parlett, 1998].
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