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Abstract

We develop Hamiltonian dynamics-based algorithms for smooth convex optimization that achieve
accelerated rates of convergence. By exploiting contraction of averaged Hamiltonian flow trajecto-
ries rather than requiring contraction at trajectory endpoints, we show that Hamiltonian dynamics-
based optimization methods admit deterministic and accelerated convergence guarantees, extending
prior work that is limited to quadratic objectives or holds only in expectation. We analyze an ide-
alized continuous-time algorithm and derive practical discrete-time implementations with optimal
first-order complexity, thereby establishing Hamiltonian dynamics as a useful algorithmic primitive
for deterministic accelerated convex optimization.

Keywords: Convex optimization, first-order optimization, Hamiltonian dynamics, acceleration

1. Introduction

Algorithms to optimize a function are ubiquitous in science and engineering, and they have attracted
increased attention in recent years especially in machine learning, computer science, and statistics
owing to the need to solve large-scale high-dimensional computational problems. Recent algorith-
mic designs and analyses have drawn insights from continuous-time dynamical systems, both to
obtain a better understanding of existing optimization algorithms and their convergence analyses,
as well as to design new optimization algorithms with rigorous theoretical guarantees.

In this work, we study the optimization problem

min - f(z)

where f: R¢ — R is a differentiable convex function, and we assume access to the gradient oracle
Vf:RY — R? This is classically referred to as first-order convex optimization. We propose a
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novel accelerated optimization algorithm based on Hamiltonian dynamics, which has been highly
successful in the closely related algorithmic task of sampling.

The simplest gradient-based method for minimizing f is the gradient descent algorithm. Gradi-
ent descent can be viewed as the forward-Euler discretization of the gradient flow dynamics, which
is a simple continuous-time greedy dynamics that converges to a minimizer of f when f is convex.

Y forward Euler
X, = —Vf(Xy) —0CE g = — e V()
—_——— ~

Gradient flow of f Gradient descent of f

The choice of step size 7, determines the rate of convergence of gradient descent to a minimizer of
f, which is often chosen based on properties of f, or via a backtracking line search scheme. When
f is known to be L-smooth (see A7 sm), a recommended choice for 7y, is 1/L. In the table below, we
present the scalings of time " for the continuous-time dynamics, and the number of the iterations
K for the discrete-time algorithm, to return a point Z such that f(z) — f* < ¢ in the settings when
f is either convex or strongly convex, in addition to being L-smooth.

‘ Gradient Flow ‘ Gradient Descent
1/e L/e
(1/a)log(1/e) | (L/a)log(1/e)

f is convex

f is a-strongly convex

A natural question is if the complexity achieved by gradient flow and gradient descent can be
improved. The seminal work of Nesterov (1983) develops a discrete-time accelerated gradient de-
scent algorithm whose complexity are quantitatively better than gradient descent for smooth convex
optimization. Notably, this method is optimal in the sense that it achieves the best possible com-
plexity for this problem in discrete time (Nesterov, 2018, §2.1). However, both the method and
its analysis was rather delicate, and there have been many alternative constructions and analyses
of accelerated algorithms (Drori and Teboulle, 2014; Bubeck et al., 2015; Allen-Zhu and Orecchia,
2017; Drusvyatskiy et al., 2018; Wilson et al., 2019).

A dynamical perspective of Nesterov’s method was presented in Su et al. (2016), where they
demonstrate accelerated gradient descent is a discretization of a second-order continuous-time dy-
namics:

discretize

Xi 48X + V(X)) =0

Accelerated Gradient Flow of f

Accelerated Gradient Descent of f .

Su et al. (2016) shows the damping factor is 3; = 3/t for convex f, and shows accelerated gradient
flow has a matching convergence rate as accelerated gradient descent. For a-strongly convex f,
Wilson et al. (2021) show that accelerated gradient flow with 3; = 2/« converges faster than the
gradient flow, and that a discretization of these dynamics is equivalent to an accelerated method for
strongly convex function (Nesterov, 2018, §2.2.2). See table below for a summary of the rates.

‘ Accelerated Gradient Flow ‘ Accelerated Gradient Descent

1//2 L/e
(1/va) log(1/2) VIJa log(1/2)

f is convex

f is a-strongly convex
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While the accelerated gradient method continues to be studied past these developments, in recent
years, there have been new approaches to improve the complexity of gradient descent via a more
principled choice of stepsizes {7, } x>0; see Grimmer (2024) for an overview of recent work. Among
these approaches, the best known rates for minimizing L-smooth convex and «a-strongly convex f
scale as L/k? and (1 — (a/L)"/°)*, respectively, where 6 = log,(1 + v/2) ~ 1.2716 (Altschuler
and Parrilo, 2025a,b). These approaches are noteworthy in how they deviate from classical gradient
descent analyses which advocated for small stepsizes to enforce a descent method.

In this vein, our work deviates from classical dynamics and algorithm design for methods that
achieve accelerated rates of convergence for smooth (strongly) convex optimization by adopting
ideas from sampling while retaining a dynamical perspective. We specifically take inspiration from
the Hamiltonian Monte Carlo (HMC) (Duane et al., 1987; Neal, 2011), which is an algorithmic
framework for sampling based on the Hamiltonian flow (HF):

X;=Y,, Yi=-Vf(Xy). (HF)

HMC-based samplers are widely used in practice; a popular example is the No-U-Turn Sampler
(NUTS) (Hoffman and Gelman, 2014), which underlies modern probabilistic programming lan-
guages such as Stan (Carpenter et al., 2017), and is regarded as a leading approach for high-
dimensional Bayesian inference. In recent years, the perspective of sampling as performing op-
timization in the space of measures (Wibisono, 2018) have led to better analyses of sampling algo-
rithms (e.g., Dalalyan (2017a,b); Durmus et al. (2019)) and the development of sampling algorithms
that translate ideas from optimization (e.g., Salim et al. (2019); Zhang et al. (2020); Ma et al. (2021);
Srinivasan et al. (2025); Chen et al. (2025)). In contrast, our work takes the opposite perspective,
where we try to translate ideas from sampling to develop better optimization algorithms.

The Hamiltonian dynamics-based algorithm we study for optimization augments the position
space R? we want to optimize over with a velocity space R?, to get the phase space R?? over which
the Hamiltonian dynamics is defined (see Section 2.1 for a more detailed overview). The most
basic Hamiltonian dynamics-based optimization algorithms — which we call HFopt — performs the
following iteratively: from current iterate x;,, do

Step (i)  Lift to phase space as (Xo,Yy) = (2, 0) € R?? .
Step (ii))  Simulate (HF) for integration time T' > 0 to reach (X7, Y7) . (HFopt)
Step (iii) Output zoy := X7 as the next iterate.

This scheme results in a non-increasing sequence of function values, which is due to the conserva-
tion property of the Hamiltonian dynamics. To the best of our knowledge, this was first proposed
in Teel et al. (2019), and they show a non-accelerated rate of convergence. Wang (2025) studies
the specific setting of minimizing strongly convex quadratics, and show that a careful choice of
integration times can result in an accelerated rate of convergence. Subsequent work by Fu and
Wibisono (2025) advance this frontier by showing that HFopt with randomized integration times
achieve accelerated convergence rates for general smooth convex and strongly convex objective
functions, albeit the guarantees being in expectation over the randomness of the integration time.
See Appendix A for additional discussion on related works.

1.1. Our contributions

A key insight we develop in this work is in how time averages of the solutions of HF behave when f
is convex; this is formalized as Lemma 2 and Corollary 1. Essentially, we discover that an average
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Algorithm 1 Hamiltonian Flow for optimization with Averaging (HFA)

Input : Initialization: Xy € R number of iterations: K € N: parameter: A > 0; integration
time sequence: {71,...,Tk}.
for k = 1to K do
Solve HF from (Xo(k), Yo(k)) = (Xk—_1, 0) for time T}, to obtain trajectory ((Xt(k), Y;f(k)))te[O,Tk}-
2 [Tk
Compute X*'8(Xy_1;Ty) = T2/ (T, — t)Xt(k)dt.
L J0
1 A

X28(Xp 15 Ty) + —— X
1 (Xk—1;Tx) + T,

Set X = Nt 1

end
return X ;-

of the positions (X;),c[0,7] along HF over a sufficiently long integration time 7 is more conducive
to the goal of optimizing f rather than simply the endpoint X7 used in HFopt; we provide an ex-
ample to illustrate this in Appendix E.1.1. Specifically, when f satisfies the a-quadratic growth
condition (which is implied by a-strong convexity), we find a good choice of the integration time
scales as 1/,/a. Notably, this scaling coincides with the expected integration time considered by Fu
and Wibisono (2025) in their randomized version of HFopt in the strongly convex setting. This
can also be contrasted to short integration times for which non-accelerated guarantees for HFopt
have been shown, see (Fu and Wibisono, 2025, Theorem 1). This insight forms the basis of our
proposed idealized algorithm “Hamiltonian Flow for optimization with Averaging ” (HFA), shown
as Algorithm 1. (Here “idealized” means we assume we can simulate the continuous-time Hamil-
tonian flow HF exactly.) For minimizing convex and strongly convex f, we show in Section 3 that
HFA achieves accelerated convergence rates, matching those of the accelerated gradient flow; see
Theorem 2 for the convex case, and Theorem 1 for the strongly convex case.

While the Hamiltonian flow HF provide valuable algorithmic guidance, these dynamics admit
exact solutions only in special cases. Therefore, to implement the HFA as a concrete discrete-time
algorithm, we discretize HF via a numerical integrator, and replace the continuous-time average
with a discrete average of the iterates. In particular, we discretize the Hamiltonian flow using the
extragradient integrator (which approximates the implicit integrator, see Section 2.1 for a review).
Our discrete-time version of HFA is presented in Section 4. To the best of our knowledge, our
algorithm differs from previous strategies for designing accelerated gradient methods based on av-
eraging (d’ Aspremont et al., 2021). We show that the iteration complexity of this algorithm to find
an e-approximate solution has the same scaling as the iteration complexity of Nesterov’s acceler-
ated gradient method for smooth convex and strongly convex optimization presented in Table 1,
see Theorem 4 for the convex case and Theorem 3 for the strongly convex case. Furthermore, we
emphasize the rates of our Hamiltonian-based algorithms are deterministic, in contrast those in the
previous work of Fu and Wibisono (2025) which only hold in expectation.

2. Preliminaries

Notation. Throughout the paper, we consider minimizing a differentiable function f: R? — R.
The minimum of f is assumed to exist uniquely, which we denote with z*. For vectors v, w, the
Euclidean inner product is (v, w), and ||v|| = 4/(v,v) denotes the Euclidean norm of v. For a
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time-dependent quantity g;, we use the shorthand ¢; = % g: when the derivative exists. For a real
number a, the ceiling [a] denotes the smallest integer that is greater than or equal to a. We say that
Z is an e-accurate minimizer of f if f(z) — f(z*) <e.

Assumptions. We begin by introducing structural properties of f.

Acux  (Convexity: ) for any z, 2’ € RY, f(z') > f(z) + (Vf(z),2’ — ).

A/ .sm (L-Smoothness: ) for any 7,2’ € RY, f(z') < f(z) + (Vf(2),2' — z) + &[]2’ — 2|
A..qq (a-Quadratic Growth: ) forany z € R?, f(z) > f(2*) + |z — z*||%

A..sc (a-Strong Convexity: ) forany z,2’ € RY, f(2/) > f(z) +(Vf(z), 2’ —2)+ S|z — /||

For the key property of the Hamiltonian dynamics that we derive in Section 3, it is sufficient for
Acvx and Az _sm to hold. Note that A, sc implies A,.qg and Acyx, and our algorithmic results only
require Acyx and A,-qg. The assumptions Acyy and A,_qg imply for any z € RY, (Vf(z),z—x*) >
Sz — x*||?; this is the restricted strong convexity condition (Zhang and Yin, 2013, Definition 3),
which is weaker than strong convexity, and implies f satisfies the Polyak-t.ojasiewicz inequality,
see Karimi et al. (2016, Appendix A). When f satisfies A7_sm and A,_qg, We use £ := L/a to denote
the condition number of f.

2.1. Hamiltonian Dynamics

We review the Hamiltonian dynamics, which is the key ingredient of the algorithms in this paper.
Recall we seek to minimize an objective function f: R? — R. We define the energy function or the
Hamiltonian H : R¢ x R¢ — R by

Hz,y) = F(x) + 3yl

In classical mechanics, x denotes position and y denotes momentum (or velocity), and the Hamil-
tonian can be interpreted as the sum of the potential energy f(z) and the kinetic energy 3 ||y||? of
a unit-mass particle. The Hamiltonian dynamics or Hamiltonian flow is a system of differential
equations that describes the evolution of the position and velocity (X;,Y;) € R?? over time ¢ > 0
via

X, =V H(X, V) =Y:, Y= -V,H(X;,Y;) = -Vf(X;). (HF)

A key property of the Hamiltonian dynamics is that the energy function of the system is con-
served for all time ¢ > 0; this can be shown by direct computation (see Appendix B for a review).

Lemma 1 Foranyt > 0 and initial conditions (Xo,Yy), f(Xi) + 3||Y2||? = f(Xo) + 3[|Yol|*-

The Hamiltonian flow map HF : R?? x [0,00) — R?? maps a tuple (z,y) and time ¢ to the
solution of HF at time ¢ from initial condition (Xy, Yp) = (z,y) i.e.,

HF((z,y);t) = (X4, V7).

As discussed in Section 1, the Hamiltonian flow map cannot be computed explicitly for a general
potential f. A setting in which is this map is available is when f is quadratic, which is leveraged by
Wang (2025) to develop accelerated algorithms for minimizing strongly convex quadratic functions.
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Numerical integrators. We discuss two numerical integrators to approximate HF ((x, y); t): the
implicit integrator and the extragradient integrator, both of which depend on a step size > 0.
Below, n € Ny denotes the discrete-time index.

Definition 1 The implicit integrator of Hamiltonian flow (HF) from initial values (x, yo) with step
size 1 > 0 generates the sequence { (T, Yn) }n>0 where (xy, yn) satisfies the recursion

T+l = Tp + NYntl s

(HFMP)
Yn+1 = Yn — va(ﬂan) .

The implicit integrator is named as such since given the current iterate (x,,yy), the next iterate
(Zn+1, Yn+1) is obtained by solving an implicit update. We choose the implicit integrator as a start-
ing point due to: (a) its dissipative nature for convex Hamiltonian, which is sufficient for a descent
scheme; and (b) its numerical stability, which does not require smoothness of the Hamiltonian. The
implicit integrator can be implemented, for example, using a proximal oracle for f in addition to a
gradient oracle as stated below (see Appendix B.2).

Tng1 = Prox,2 (2 + nyn) ;
Yn+1 = Yn — va($n+1) .

However, a proximal oracle is stronger than having access to gradients of f. To circumvent this,
Fu and Wibisono (2025) propose the extragradient integrator, which approximates a step of the
implicit integrator. This specifically operates by replacing the call to the proximal oracle for f by a
gradient descent step, defined below.

Definition 2 The extragradient integrator of Hamiltonian flow (HF) from initial values (xo, yo)
with step size 1 > 0 generates the sequence {(xy, yn) }n>0 where (xy, yn) satisfies the recursion

Tpyi/z = Tn +NYn ;
Tyl = Tpjrjy — 772 Vf(a:n+1/2) : (HFext9)
Yn+1 = Yn — nvf<l'n+1) .

Since we are interested in the first-order methods for minimizing f, we focus on the extragradient
in the main text, and discuss further details of the integrators in Appendix B.2. For either integrator,
the output after n discrete iterations with step size 7 can be viewed as approximating the solution of
HF at continuous time ¢t = n x n.

3. Exact Hamiltonian Flow for minimizing convex f

3.1. Properties of the average position along the Hamiltonian flow trajectory

The principle of energy conservation (see Lemma 1) is a key property of the Hamiltonian flow, and
does not place any assumptions on the potential f beyond differentiability. As a consequence of
energy conservation, when Y = 0, we have f(X;) + 1||Y;||* = f(Xo), and hence f(X;) < f(Xo)
forevery t > 0. Therefore, outputting the endpoint of Hamiltonian flow is always a descent method.
In particular, for short integration times of order 1/+v/L when f is L-smooth, endpoint guarantees
can be obtained; see (Fu and Wibisono, 2025, Lemma 6). However, such short-time endpoint



ACCELERATED CONVEX OPTIMIZATION VIA HAMILTONIAN DYNAMICS

guarantees do not yield acceleration: in Lemma 13, we show that with a fixed short integration
time 7' = ¢/ V'L, the total integration time required to find an e-close point with (HFopt) scales as
Q((vV'L/a)log(1/¢)) in the worst case. Our key observation is that when f is convex, an averaged
iterate over a suitably long trajectory can yield a stronger descent guarantee than that implied by the
endpoint of Hamiltonian flow run from Yy = 0. We formalize this key property of the Hamiltonian
flow trajectory in the following lemma, which to the best of our knowledge has not been derived
previously.

Lemma 2 Assume f satisfies Acyx. For any t > 0, initial position Xy € R%, and any reference
position z € RY, the Hamiltonian flow trajectory (HF((Xo, 0); T))relo, Satisfies

1 d2

—E@HXt—ZHQ- )]

(f(Xo) = f(2))
Proof Consider h(t) = (X; — 2,Y;) = %HXt — 2||%. We have

1 d” L@
5l Xe =27 = h(t) = IVil* = (X, = 2, V(X))
D 2(f(Xo) — F(X0) — (X — 2, V(X))

227 (X0) — F(X0)) — (F(X0) — F(2))
— S3(F(X0) — F(2)) + 2(f(Xo) — £(2) -

Step (a) uses the Hamiltonian flow X; = Y;,Y; = —V f(X;) and the chain rule; step (b) uses the
fact that the Hamiltonian is conserved for any ¢ > 0; and step (c¢) uses the convexity of f . |

For any T" > 0, given the Hamiltonian flow trajectory (X;, Y;) = HF((X0,0);¢) for0 <t < T, we
define the weighted average:

T
XOVE(X0: T) = % /0 (T — )X, dt . @)

An important corollary of Lemma 2 is stated below, which we prove in Appendix E.2.1.

Corollary 1 Consider the setting of Lemma 2. The weighted average X*¢(X;T) satisfies

1

f(Xavg(XO;T))_f(z)_i_@”XT_ZHQ < (f(XO)—f(Z))'f'TJl-,QHXO_Z‘P 3

[SCIN )

Corollary 1 implies that optimality gap of the time-average of the solution to the Hamiltonian
flow can be controlled with respect to the optimality gap at the initialization, with a universal con-
traction factor % This key property allows us to leverage the Hamiltonian flow as a subroutine to

design deterministic algorithms for convex optimization with accelerated rates. Importantly, when
2|| Xo—a*||?

X =f ) * from the bound above we obtain

z+—xand T >

FOES(X0 7)) — f(a*) < 2 (F(Xo) — ).

7



WANG* SRINIVASAN* FU MITRA WILSON WIBISONO

Remark 1 A corollary of Lemma 2 that we show en route proving Corollary 1 is

2 (T 2
2 [ @000~ FEDA+ g X 212 < 2(7(X0) — £ + X0 — 2l @)
Suppose t is distributed according to density p(t) = %(T —t) over [0, T]. Then, Eq. (4) implies
2
B /(X0 — F(2)] 4 gl X — 22 € 2((X0) ~ (2)) + g |0 — 21

When T' > % the above inequality implies that f(X¢) — f(2*) < 3(f(Xo) — f(z*))
in expectation, taken over t ~ pi. This novel randomized scheme is fundamentally different from

the randomized Hamiltonian flow scheme studied in Fu and Wibisono (2025).

Additionally, Corollary 1 can be generalized to different weighting schemes like the simple
average; we elaborate on this in Appendix E.2.2.

3.2. Provable minimization of a-strongly convex f

We begin by stating an implication of Corollary 1 for functions satisfying a-quadratic growth.

Lemma 3 Assume f satisfies Acyx and Aq.qg. For any T' > 0, the weighted average X*V&(Xo; T)
defined in Eq. (2) satisfies

PR )~ ) < 5 (14 ) (00 = 1)

This is a direct consequence of the quadratic growth condition of f; the complete proof is given in
Appendix E.2.4. Algorithmically, this lemma conveys that when given access to the Hamiltonian
flow trajectory, aggregating the position according to the average X *V¢(X(; T") for sufficiently long
time results in an exponential contraction of the optimality gap. This suggests the algorithm HFA
presented in Algorithm 1 will converge exponentially fast; we present the formal guarantee in the
following theorem. We note for a strongly convex objective function, we do not need any additional
averaging (i.e., we set A = 0 in Algorithm 1).

Theorem 1 Assume that f satisfies Acyx and An.qg. Let Xgc be the output of HFA (Algorithm 1)
for K iterations with parameter X\ = 0 and the integration time sequence T, = T > - for all

Ja
k € [K], for some constant C' > 0. Then,

K
100 = 1) < (54 50 ) (00— £a)).

When C' > /2, we have % + =2, < 1. Moreover, when C' = 2, the lower bound for 7" in

3C2
Theorem 1 implies, by the c-quadratic growth condition of f, the choice T > \/g > %

discussed previously. From this theorem, we obtain a continuous-time convergence guarantee: an
e-accurate point can be obtained with total integration time scaling as o~ /2 log(1/¢).
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Corollary 2 Assume that f satisfies Acvx and A,.qq. To obtain X i that is an e-accurate minimizer,
it suffices to run HFA with parameter A = 0 for K iterations and constant integration times {Tk}le

where (X0) )
J(Xo) — f(a*
K= |4log ——————~=| ;. T, — Vk
’V og c ) k= 2\/— S [ }
The total integration time is Ty = % [4 log w—‘

The proofs of the above theorem and corollary are stated in Appendix E.2.3.

3.3. Provable minimization of convex f

We revisit Eq. (3) and the choice % which is sufficient for a contraction in the optimality

gap. When f is convex, this ratio can be arbitrarily large, and therefore optimizing f using the
averaged iterate can appear futile even when using exact Hamiltonian flow. We note that this lower
bound for 7" stems from disregarding the 3%||XT — 2*||2 term in Eq. (3). On the other hand, by
including this term, it is unclear if there exists some X that implies a decrease in optimality gap;
this is due to the mismatch between X*8(X; T") passed to f and the X in the squared norm term.
Interestingly, by using an additional averaging with the last iterate, we derive a version of Eq. (3)
that explicitly defines a X that leads to actionable algorithms in the convex setting.

Lemma4 Let f satisfy Acyx. For any initial position Xo € R% time T > 0, and parameter \ >

0, define
A 1
X™WX( X T X X*V8(Xo:T) .
(XoiT) = 3oy X o 1y X5 (X T)
Then, defining C), = é:j\?f B\Q) , we have
mix * 1 mix * (|2 * 2
. _ . _ < _ —
PO (X5 T)~ (0% g XX T) =[P < O\(F(Xo) = F )+ 31 X0~ 2

Proof Sketch By the properties of the Hamiltonian flow,

1 2

FIX™E(X0;T)) = f(2%) + g5 | X7 — 2”7 < S(f(Xo) = f(a7)) + 3T2 1Xo =™ (52)
1 1

7z | X8 (X0 T) = 2| < 5 (F(Xo) = f (7)) + 3T2||X0 — o[ (b)

F(Xr) = f(a*) < f(Xo) = f(a"). (5¢)

We simplify the weighted sum X - Eq. (5a) 4+ Eq. (5b) + A2 - Eq. (5¢), and use Jensen’s inequality
with the convexity of f and || - ||? to complete the proof. [

We give the complete proof in Appendix E.2.5. We highlight that C'y < 1 for all A > 3 ; Cy is
minimized at A = 1, where it takes the value C; = 9, and X™X for A\ = 1 is a uniform average
between X7 and X*¢(X(;T'). The above lemma implies a convergence guarantee for minimizing
convex functions using HFA, provided the integration times increase suitably at each iteration, and

we output X ™ as the next iterate (which is the reason we introduce the parameter \ in HFA).
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Theorem 2 Assume f satisfies Acvx. Suppose X is the output of HFA after K iterations with
parameter A = 1 and integration time sequence satisfying Ty = 1 and T, ,3 > %T,?_l forall k € [K].
Then,

000 ) < () (#0500 + Sio - 12)

While the above theorem indicates that the optimality gap decays geometrically by the factor
of %, the integration time increases geometrically at each iteration. However, since the squared
integration time T,f increases precisely by 2, the inverse contraction factor, the total integration time
to achieve a e-accurate solution scales as %; this is presented in the following corollary, which is a
counterpart to Corollary 2 for convex f.

Corollary 3 Ler [ satisfy Acvx. To obtain X i that is a e-accurate minimizer, it suffices to run HFA
with parameter A\ = 1 for K iterations and integration time sequence {1, k}le such that

- * 1 X2 k/2
K= |—log o) = Je) +glXo =\ o g <9) '
log(3) €

Xo)—f(z*)+3 | Xo—z*|2
6 .

The total integration time is Ty < 18 \/ £

The proofs of the above theorem and corollary are stated in Appendix E.2.6.

4. From exact Hamiltonian Flow to a discrete time method for minimizing convex f

The results of the prior section showcased the potential of an idealized iterative method based on
the Hamiltonian flow for minimizing f at an accelerated rate while only having access to a gradient
oracle of f and an exact solver for the Hamiltonian dynamics. In this section, we explore how to
transfer the guarantees therein to an implementable algorithm via a practical discretization of the
Hamiltonian flow, specifically using the extragradient integrator (Fu and Wibisono, 2025, Sec. 4).

4.1. Properties of the extragradient integrator

A crucial property of the extragradient integrator that makes it a viable scheme for minimizing
convex f is that, when the step size is sufficiently small, the Hamiltonian value decreases with
every iteration; this is stated in the following lemma (see Appendix F.1.1 for the proof).

Lemma 5 Let f satisfy Acvx and Ar_sm. Choose n < /L, and suppose (11, Yn+1) is produced
by one step of the extragradient integrator (HF®9) from (x,,,yy,). Then

1 1
Fania) + Sl l® < Fn) + 5 llynl* - (6)

We contrast this with the property of the exact Hamiltonian flow along which the Hamiltonian value
is preserved. Nonetheless, a consequence of this lemma is that running the extragradient integrator
from yo = O and any position zo € R results in a sequence of {z,},>0 such that f(z,) <
f(xo), mirroring what happens along the Hamiltonian flow. However, as in the continuous-time
setting, this bound relative to the initial function value alone does not provide an explicit quantitative
convergence rate. It is therefore natural to ask if the extragradient integrator satisfies a version of

10
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Algorithm 2 Discretized Hamiltonian Flow for optimization with Averaging (dHFA-eQ)

Input : Initialization: zg € RY, Number of iterations: K € N, parameter: A € R, step size:
n > 0, discretization steps sequence: {Ny,..., Nx} € NK
for k =1to K do

Obtain sequence {(x;’“), yé’“))}ff;l using HF®9 from (x[()k)u y(()k)) = (x-1,0).
Compute z*8 (415 Ni) = 1y SNk (N — 1+ 1),

1 . A (k)
Set xp = ml‘an(xk,h Nk) + m.%'gvk

end
return x g

Corollary 1, and we answer this affirmatively. In particular, provided that the step size is sufficiently
small, it is possible to control the optimality gap of an average of the iterates produced by the
extragradient integrator. For N > 0, we define the weighted average

N
2
l,an(gjo; N) = m Z(N —-n -+ 1)xn .
n=1

Lemma 6 Assume f satisfies Acyx and Ar-sm, and let {(xn, Yn) }n>1 be the iterates of extragradi-
ent integrator (HF®9) with step size n < ﬁ starting from (x¢,0). Then, for any N > 1,
*HQ

ey — |

3n2N(N +1)

|xg — x

f(@™®(wo; N)) — f(a") + SENIN 1 1)

< 2 (f(o) = f(27) + (M

2
3
We prove this lemma in Appendix F.1.2. The result above is motivated by the properties that we
establish for the average iterate along the Hamiltonian flow trajectory in the exact Hamiltonian flow
setting discussed in the prior section, which leads to the similarities between Eq. (7) and Eq. (3).
Lemma 6 provides the theoretical basis for the design of dHFA-eg (Algorithm 2) for minimiz-
ing convex and L-smooth functions. Contrary to HFA (which assumes we can simulate the exact
Hamiltonian flow), dHFA-eg is implementable with access to a gradient oracle to f. From an im-
plementation standpoint, obtaining the sequence {x%k), y,(@k) } fjﬁl for every k would be performed in
an inner loop. The computation of z2V8(x;_1; Nj) can be incorporated as part of this loop wherein
it is computed as a running weighted sum (analogous to a streaming sum), and therefore does not
require storing the entire sequence in memory for its computation; the presentation in Algorithm 2
is intended for readability. It is also possible to replace HF®*9 with HF™P, which requires ac-
cess to a proximal oracle for f (see details in Appendix F.2); essentially, this substitution results in
quantitatively similar iteration complexities as using HF®'9 but without assuming smoothness of f.

4.2. Provable minimization of a-strongly convex f

Theorem 3 Assume that f satisfies Acyx, Ar-sm and An.qg. Suppose x i is the output of running
dHFA-eq for K iterations from initialization xo € RY, with parameter \ = 0, step size 0 < 1 <
%, and discretization steps sequence satisfying N, = N > [n\‘j/a forall k € [K], for any ¢ > 0.

Then,
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From this, we obtain the following corollary on the iteration complexity of dHFA-eg for mini-
mizing convex functions that satisfy both a-quadratic growth and L-smoothness. The proofs of the
previous theorem and the following corollary are given in Appendix F.1.3.

Corollary 4 Assume that f satisfies Acyx, Ar-sm and Aq.qq. To obtain x i that is an e-accurate
minimizer, it suffices to run dHFA-eQ with parameter A = 0 and step size n = % for K iterations
and discretization step sequence { Ny }X_| such that

PO PO V) I LV R

The total number of gradient evaluations is Nyt = 2 - [%\/ﬂ . [4 log M—‘ .

4.3. Provable minimization of convex f

Owing to the similarity between Eq. (3) and Eq. (7), one can naturally expect that a combination of
x*8(xp; N) and xz leads to a viable strategy to minimizing f. In the following lemma, we show
that this is indeed the case, and this explains the necessity of the parameter A in dHFA-eg. We
provide the proof of this lemma in Appendix F.1.4.

Lemma 7 Assume that f satisfies Acyx and Ar-sm. Let {(xy, yn) }n>1 be generated by the extra-

gradient integrator with step size n < ﬁ For any N > 4 and initial position xq, define

) A 1
mix N — avg N X
2™ (205 N) P 1SUN + 1 +/\fﬂ (xo; N)
Then, defining c) = %, we have
™ (0; N) — 2*|? |0 — 2*|?

F@™(xo; N)) — f(a¥) +

< ex(f(zo) — f(a7)) +

3MEN(N + 1) BAPPN(N +1)

The factor c) is strictly less than 1 for A > %, is minimized at \* = @ (where it equals

Cyr = @), and this combination biases 2™ (z0; N) toward = . The discrepancy between C'
in Lemma 4 (for continuous time) and c) in the above lemma is due to a discrete sum appearing in
the analysis instead of an integral.

Theorem 4 Assume that [ satisfies Acyx and Aj_sm. Suppose x is the output of running dHFA-

eg for K iterations with parameter A = @, step size 0 < n < \%L, and discretization steps

sequence { Ny }I_| satisfying No = 4 and Ny(Nj, + 1) > ﬁNk—l(Nk—l + 1) forall k € [K].
Then,

K
flak) = fla") < (“1“) (f(l’o)—f(w*H\/(3§Em1||wo—x*!!2> .

Drawing a comparison to Theorem 2, we see a geometric rate of decrease over iterations K,
while the number of discretization steps per iteration increases exponentially. However, due to the
fact that the squared discretization steps increases by the reciprocal of the factor that the optimality
gap decreases by at each iteration, we obtain a % scaling in the total gradient complexity to obtain
an e-accurate solution. This is stated in the following corollary. The proofs of the previous theorem
and the following corollary are given in Appendix F.1.5.

12
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Corollary 5 Let f satisfy Acvx and Ap.sm. To obtain x i that is an e-accurate minimizey, it suffices
to run dHFA-eg with parameter A\ = @ and step size n = % for K iterations and discretization

step sequence { Ny }X_| such that

3 \! L 3
K=12(lo -lo Zlzg — 2* . Nj = Np_1+31: Ny=4.
{ ( g1+\/§) g( s” 0 ”)} k { 113 k—1 4 0

The total number of gradient evaluations satisfies Nyo, < 1620\/§ |zo — 2*]| -

5. Conclusion

In this work, we provide a new perspective on how the Hamiltonian flow can be used for convex
optimization. Through a novel differential inequality along Hamiltonian flow for convex objec-
tive (Lemma 2), we show that a suitably chosen aggregate of the Hamiltonian flow trajectory is
well-suited for optimization purposes, and leads to the idealized algorithm HFA. To make this prac-
tical in settings where HF cannot be simulated exactly, we propose a discretized version based on
the extragradient integrator in dHFA-eg, which only requires access to the gradients of f. We
prove dHFA-eg achieves accelerated convergence rates for smooth convex and strongly convex
optimization.

Our results spur many interesting future directions. We note that our analysis predicts the same
qualitative rate for different aggregation schemes such as the uniform average or the minimizer along
the trajectory. We conjecture that choosing the next iterate to be the minimizer along the trajectory
converges at a strictly better rate than other aggregation schemes. While we give guarantees for
minimizing convex functions, it would be interesting to study whether HFA or dHFA-eg can prov-
ably optimize other classes of functions, such as those satisfying a Polyak-Lojaciewicz inequality, or
even non-convex functions. In this work, we consider two integrators that dissipate the Hamiltonian
energy, namely implicit integrator and extragradient integrator. However, our experiments suggest
that the leapfrog integrator exhibits a convergence behavior similar to the implicit and extragradient
integrators; it would be interesting to study this theoretically. Finally, while the results of this paper
concern optimization, it would be interesting to see if the broader techniques developed in this work
can be translated to developed HMC-based algorithms that perform accelerated sampling.

Acknowledgments. Qiang Fu, Siddharth Mitra, Xiuyuan Wang, and Andre Wibisono were sup-
ported by NSF awards CCF-2403391 and CAREER CCF-2443097. Vishwak Srinivasan and Ashia
Wilson were supported in part by Assicurazioni Generali S.p.A. through MIT Award 036189-00006.
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Appendix A. Additional Related Works

Accelerated gradient flow and accelerated gradient descent. The accelerated gradient method
of Nesterov (1983) is the following update:

Tr+1 = Yk — NV f(Uk), (AGD)
Yk+1 = Thk+1 + ’Yk;(xk’-i-l - xk’)

The dynamical systems perspective of AGD presented in Su et al. (2016) spawned many follow-
up works pertaining to algorithm design and generalizations of the techniques. Wibisono et al.
(2016) develop a variational perspective of accelerated methods in optimization via the principle
of least action using the Bregman Lagrangian, which recover known accelerated methods and de-
rive new and faster accelerated methods beyond AGD, as well as the discrete-time algorithms with
matching convergence rates. Additional papers that adopt the dynamical perspective of acceleration
include Hu and Lessard (2017); Maddison et al. (2018); Muehlebach and Jordan (2019); Even et al.
(2021); Attouch et al. (2022); Shi et al. (2022). This continues to be an active area of research.

Hamiltonian dynamics for optimization. Taking this dynamical perspective further, the Hamil-
tonian flow (HF) corresponds to an undamped second-order system that conserves total energy and
therefore does not converge to a minimizer in continuous time. While there have been many works
that study damped Hamiltonian systems (such as those derived from accelerated gradient methods),
to the best of our knowledge, only a small number of prior works have investigated optimization
algorithms based on conservative Hamiltonian dynamics, as we study in this paper.

As mentioned in Section 1, Teel et al. (2019) propose HFopt, and in their scheme, the velocity
is reset to zero either when the trajectory approaches the boundary of the region {(x, ) € R? x R :
(Vf(z),y) <0, |lyll> > [[Vf(x)|?/L} where L is the smoothness constant, or when a fixed timer
expires; see the pseudocode below. They establish uniform global stability and (non-accelerated)
convergence guarantees for minimizing smooth and strongly convex functions, albeit only in the
idealized setting assuming we can simulate the continuous-time Hamiltonian flow.

Algorithm 3 Hybrid Hamiltonian Algorithm with Resets (Teel et al. (2019))

Input : Initialization: X, € R, number of iterations: K € N, maximum integration time: 1" €
(0, 00), threshold parameter: L > 0
for k = 1to K do

Solve HF from (X _1,0) for time 7T to obtain trajectory ((Xt(k), Yt(k)))te[O,T]-
(k)
Compute Tj = inf { ¢ € [0, 7] : (VF(X"), ¥,*y = 0 and ||V;7||2 > W} with the

convention that T, = T if this set is empty.
_ k)
Set X = XTk .
end
return X 5

Scagliotti and Colli Franzone (2021) propose a different restart rule for the same conservative
dynamics (HFopt). Starting from (Xj_1,0), they evolve the Hamiltonian flow until the mean

(k)12
dissipation t — w attains a local maximum. Along the Hamiltonian flow, this stopping rule
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can be written as
1
1=t e 05 - (TP - VPR <o},

see the pseudocode below. They proved that this restart time is finite for coercive objectives, and
uniformly bounded for c-strongly convex and L-smooth f. As a consequence, the resulting piece-
wise conservative trajectory converges linearly:

FE) - 1@y < (14 9) T o) - s, TR 22

and in particular
[0

150~ @) < (14 9) 7 (r0x0) - 1),

Algorithm 4 Hamiltonian Method of Scagliotti and Colli Franzone (2021)
Input : Initialization: X € R, number of iterations: K € N
for k =1to K do

(k)
Solve (HF) from (X;_1, 0) until the first time T}, = inf {t >0: 4 (”Yt% ”2> < 0} .

Set X = X, .
end
return X 5

Diakonikolas and Jordan (2021) analyze a class of generalized Hamiltonian dynamics driven by
a time-dependent Hamiltonian H (z,y,7) = h(7) f(z/7) +¢*(y), where h(7) > 0 is a function of
the scaled time 7, and ¢* is a strongly convex and differentiable function. They show that along the
Hamiltonian flow, the averaged gradient H% fot Vi(x,) dTH decays at an ¢! rate. Moreover, they
demonstrate that a broad family of momentum methods in both Euclidean and non-Euclidean ge-
ometries can be derived from these generalized dynamics, encompassing classical algorithms such
as AGD and other accelerated methods (Wibisono et al., 2016; Wilson et al., 2021). These gen-
eralized constructions are conceptually distinct from the energy-conserving Hamiltonian dynamics
studied in this work, where we use the standard Hamiltonian function which is time-independent
with a quadratic kinetic energy.

De Luca et al. (2023) propose a Hamiltonian-based method with Hamiltonian function H (x,y) =
Mog(F(z) — Fp) + log(||y||?), where ), Fy are user-specified parameters. They performs an em-
pirical evaluation of this algorithm, but do not provide a convergence rate guarantee.

Accelerated optimization via Hamiltonian dynamics. A recent work by Wang (2025) studies
HFopt for minimizing strongly convex quadratics f(x) = %xTA:c —b'zwithal < A=< LI.In
this quadratic setting, the Hamiltonian dynamics HF admit a closed-form solution, which enables a
sharp analysis. By selecting a sequence of integration times {7} } according to the roots of Cheby-
shev polynomials, Wang (2025) proves that HFopt converges to the minimizer of f at a rate of
exp(—k/+/k)) after k iterations, with a total integration time to achieve an e-accurate solution that
scales as 1//«, matching accelerated time complexity in Table 1. A more systematic investiga-
tion of HF as a foundation for first-order optimization was conducted by Fu and Wibisono (2025),
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wherein they study different integration schedules and discretization schemes, both for the general
convex and strongly convex objectives. In particular, they show that HF with a short integration
time recovers the convergence rate of gradient descent. Moreover, by randomizing the integration
time, the resulting dynamics exhibit acceleration convergence rates analogous to the accelerated
gradient flow. The corresponding discretized algorithm, termed randomized Hamiltonian gradient
descent (RHGD), achieves accelerated convergence rates that match the rates of AGD. These results
demonstrate that both non-accelerated and accelerated first-order methods can be viewed as arising
from Hamiltonian dynamics under different integration and discretization schemes. Whereas the
work of Fu and Wibisono (2025) provides accelerated rates for randomized integration times, so
the guarantees only hold in expectation or in high probability, in this work we provide deterministic
accelerated rates via long integration times.

Appendix B. Background on Hamiltonian Dynamics

We present an extended discussion about Hamiltonian dynamics and numerical integrators. In Sec-
tion 2.1, we restricted our attention to the energy function H(z,y) = f(z) + 1||y||? as it was more
pertinent to optimization. However, the Hamiltonian can be defined more generally over the phase
space R2¢. A key definition in the Hamiltonian dynamics is the symplectic matrix ) € R24*24;

0 I
Q.=
S
where I, is the identity matrix. Note that {2 is a skew-symmetric matrix, i.e., QT = —Q.

Definition 3 Let H: R?? — R be a continuously differentiable Hamiltonian function. The Hamil-
tonian flow with respect to H is the system of differential equations on the phase space given by

Zt = QVH(Zt) . (HFgen)

When the Hamiltonian function is separable, H (z,y) = f(x)+g(y), the Hamiltonian dynamics
in HF gen reduces to

Xt = VQ(YQ) ) Yt = —Vf(Xt) .

Note that when g(y) = 3||y||%, this recovers HF in Section 2.1. Throughout this paper, we assume

that the Hamiltonian flow admits a unique solution for any initial condition Zy = (Xo,Y)y) =
(z,y), and the solution at time ¢ is given by Z; = HF((x,y);t) as introduced in Section 2.1. See
e.g., Leimkuhler and Reich (2005, §3.1, §3.2) for additional details and examples of Hamiltonian
functions and dynamics in physical contexts.

B.1. Properties of the Hamiltonian flow

The Hamiltonian flow satisfies desirable properties in addition to the conservation property stated as
Lemma 1 (stated for a specific Hamiltonian, but holds more generally). These properties also play
a crucial role in the development of Hamiltonian Monte Carlo algorithm for sampling. Throughout,
we assume that the Hamiltonian is a continuously differentiable function over the phase space.
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Conservation of Hamiltonian

Lemma 8 For any time t > 0 and x,y € R, H(HF((x,y);t)) = H(x,y).

Proof Let Z; = HF((z,y);t). Since H is continuously differentiable, by the chain rule we have
d

3 H (@) = VH(Z)" Z; =VH(Z) " QVH(Z) =0

where we use the fact that v ' Qv = 0 for any vector v, since € is skew-symmetric. |

Symplecticity and preservation of volume

Definition 4 A differentiable map ®: R?>* — R2? s called symplectic if for every z € R?4, its
Jacobian V¥ (z) satisfies
Vo (2) T QVd(2) = Q.

Definition 5 A differentiable map ®: R?>* — R2? s called volume-preserving if for every z € R??,
its Jacobian V ®(z) satisfies
|det(V®(2))|=1.

The volume-preservation property is named as such since for any measurable set A € R?? and
O that satisfies | det(V®(z))| = 1, we have vol(®(A)) = vol(A). This follows by applying the
change-of-variables formula, which gives:

vol(®(A)) = /A |det (V®(20))| dzo = /Adzo = vol(A).

Lemma9 For any t > 0, the Hamiltonian flow map (x,y) — HF((z,y);t) associated with a
twice continuously Hamiltonian H is both symplectic and volume-preserving.

Proof For any zy € R??, define J(t) := V. HF(2;t)|,_,,- Since z; = QV H(z) along Hamilto-
nian flow HFgen, we have

J(t) = QV2H(z)J(t); J(0) =TIy
Define M (t) := J(t) " QJ(t). By the product rule,
M(t) = J(6) QI () + J(t) QI (t)
= J(t)'VEH(2)Q T QJ(t) + J(t) "Q*VZH () ()
= —J(t)"VZH (2)J(t) + J(t) "V?H(2)J(t) = 0.

In the third equality, we used the fact that Q2 = —Iy; and Q7 Q = I,4. In simpler terms, for M (t)
is a constant function. Consequently,

M(t)=M(0)= Jt)'QJ(1t)=Q.
Taking determinants on both sides and using the product rule results in
det(J(t))* = det(Q)* = 1.
However since det(.J(0)) = 1 and since ¢ — J(¢) is continuous, det J(¢) = 1. [
Consequently, for any measurable set A C R?? and for all ¢ > 0:
vol(HF(4;t)) = vol(A).
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Time reversibility

Lemma 10 Assume that the Hamiltonian H satisfies H(x,y) = H(xz,—y) for all x,y, and
let HF(-;t) denote the corresponding Hamiltonian flow map as defined by HFgen. If (x¢,y:) =
HF ((x0,y0); t) for any time t > 0 and initial conditions (xq, yo), then HF ((x¢, —y:); t) = (z0, —Y0)-

Proof Let (X, Ys)s>0 be the unique solution of HFgen with (X0, Yy) = (20, ¥0), and suppose that
(X, Y:) = (xt, y¢) for some ¢ > 0. Define a new pair of curves on [0, t] by

Xe=Xi s, Yei=—Yi,

Note that the derivative of an even function is odd. The assumption about H states that for any z,
y — H(x,y) is an even function, and hence V,H (z,y) = —V,H (x, —y). Therefore, by the chain
rule,

5(:3 = _Xt—s = _vyH(Xt—sa Y;f—s) = vyH(Xt—Sv _Y;f—s) = VZ/H(‘SZS’ ?5) :

Similarly,

Ys = _(_}‘/tfs) = i/tfs = _va(thsa Ygffs) = _va(thsa _}/tfs) = _vazH(jZSa f/ts) .

So ()A(;g, Y,) also satisfies the Hamiltonian dynamics X, =Y, Y, = —Vf(X,) on [0, t]. Moreover,
(Xo,Y0) = (X4, —Yy) = (w4, —y) and (X4, Y;) = (Xo, —Yp) = (w0, —¥0). By uniqueness of
solutions, the solution starting from (x;, —y;) must equal (X, Y5) on [0, ¢], and in particular at time
t we obtain HF ((z¢, —y¢);t) = (z0, —20)- [ |

B.2. Discussion of integrators

As discussed in Section 1, the Hamiltonian dynamics HF gep, is exactly solvable only in special cases,
for example, when H (z,y) = « ' Az +vy ' By. In general, we need to discretize the dynamics. Here
we discuss several elementary discretization schemes; see Hairer et al. (2006, Chap. 2), Leimkuhler
and Reich (2005, Chaps. 2, 4) for a more detailed exposition.

B.2.1. EXPLICIT AND IMPLICIT INTEGRATORS

Definition 6 The explicit integrator / forward Euler integrator of the Hamiltonian flow (HFgen)
from initial values (xq,yo) with step size n > 0 generates the sequence {(Tn,Yn)}n>0 where
(zn, yn) satisfies the recursion

Tn4l — Tp =10 vyH(xna yn) )

(3
Yn+1 — Yn = —1 - va(fEnv yn) .

More succinctly, using zy, := (Tpn, Yn),
Znt1 — 2n =1 QVH(2y) .
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Definition 7 The implicit integrator / backward Euler integrator of the Hamiltonian flow (HFgen)
from initial values (x¢,yo) with step size 7 > 0 generates the sequence {(Tn,Yn)}n>0 where
(2, yn) satisfies the recursion

LIn4+1 — Tp =1 VyH(fUnHa Yn+1) 5

(©)]
Ynt1 — Yn = =1 VoH (Tpi1,Yns1) -

More succinctly, using z, := (Tpn, Yn),
Zntl — 2n =1 QVH(2p41) -

Remark 2 The explicit integrator is implementable whenever NV H is accessible. The implicit
integrator, however, requires solving a nonlinear system. Consider the special case H(z,y) =
f(@) + Yyl% for which VyH(z,y) = y and V,H(z,y) = Vf(z). Then the implicit updates
read:

Tn+1l — Tn = NYn+1,
Ynt+1 — Yn = 0V [(Tnr1)
which is precisely HF™P. Eliminating 1,1 in the update for x,.1 in HF'™P yields the implicit
equation
Tp+1 = Tn +NYn — 772vf($n+1)7

or equivalently,

. 1
Tp41 = arg min {f(w) +53 Hx — (zn + 77yn>||2} = PrOXan(xn + NYn)
rcRd 2n

where Prox, ¢ is the proximal operator for x n? f(x) (Parikh et al., 2014). The update for y, 1

is the same as in HF"™P. Thus, when a proximal oracle for f is available, the implicit integrator
admits a simple implementation

LTn41 = PrOXan(xn + nyn)7 Yn+1 = Yn — va(xnﬂ)

The extragradient integrator is formed by replacing the call to the proximal oracle for f by a gra-
dient descent step. See Definition 2 for more detail.

Monotonicity properties for convex Hamiltonian. A key property about the explicit (resp. im-
plicit) integrator is that it produces iterates along which the Hamiltonian values are monotonically
increasing (resp. decreasing) when the Hamiltonian / is a convex function in the phase space. We
formalize this in following lemmas. We note the following results only use the property that the
Hamiltonian flow is a skew-gradient flow (i.e., the velocity vector field is orthogonal to the gradi-
ent); see also the discussion in Wibisono et al. (2022, Appendix B).

Lemma 11 Assume that the Hamiltonian H is convex. Suppose (11, Yn+1) is produced by one
step of the explicit integrator (Eq. (8)) from (2, yn) with step size n > 0. Then,

H(mn—‘rla yn—‘rl) > H(Ili‘n, yn) .
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Proof We use the notation z,, and z,; to denote the updates in phase space for convenience. By
convexity of H we have

H(zp41) > H(zn) + (VH(2n), Znt1 — 2n)

= H(z,) +n(VH(2,),QVH(z,))

Zn)

o

where the final step uses the fact that (v, Qv) = 0 since 2 is skew-symmetric. |

Lemma 12 Assume that the Hamiltonian H is convex. Suppose (Ty+1,Yn+1) is produced by one
step of the implicit integrator (Eq. (9)) from (xy,, yy) with step size n > 0. Then,

H(xn+17 yn+1) < H(mna yn) .

Proof We use the notation z, and 2,41 to denote the updates in phase space for convenience. By
convexity of H we have

H(zn11) < H(2) + (VH(2n41), 2041 — 2n)
H(zn) + n(VH (2n+1), OVH (2n+41))
H

(2n)

where the final step uses the fact that (v, Qu) = 0 since {2 is skew-symmetric. |

B.2.2. LEAPFROG INTEGRATOR
We describe another type of integrator called the leapfrog integrator. This differs from the design of

the explicit and implicit integrator due to interleaved updates for y and = as described below.

Definition 8 The leapfrog integrator of the Hamiltonian flow (HF gen) from initial values (o, yo)
with step size 1 > 0 generates the sequence {(Tn, Yn)}n>0 where (xy, yn) satisfies the recursion

n
yn+% =Yn — 9 Ve H (2, Yn)
Tpt1 = Tp + 1 VyH (2, ynJr%)
n

Remark 3 When H is separable, i.e. of the form H(x,y) = f(x) + g(y), the updates for y in the
leapfrog integrator can be combined, and the resulting update rule is known as the symplectic Euler
integrator for the separable Hamiltonian, which performs the update for the x and y variable in an
alternating way:

Tpyl = Tp + ﬂvyH(«Tm yn) sy Yn+1l = Yn — nvmﬂ(xn-l-h yn) .
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While the explicit and implicit Euler schemes result in monotonic sequences of Hamiltonian
values (Lemmas 11 and 12), the Hamiltonian H (z,,, y,,) along the iterates of the leapfrog integrator
does not change monotonically. Instead, it enjoys a higher-order one-step conservation error of
Hamiltonian: under mild smoothness assumptions,

}H($n+1,yn+1) - H(:Emyn)’ = 0(773) (n —0),

whereas the explicit/implicit Euler schemes have a one-step defect of order O(n?). We refer readers
to Section 3.3 of Bou-Rabee and Sanz-Serna (2018) for a detailed discussion.

Another important property of leapfrog integrator is the preservation of symplecticity of Hamil-
tonian flow (see Lemma 9); the symplecticity of the leapfrog integrator can be found in Bou-Rabee
and Sanz-Serna (2018, Theorem 4.1). In the continuous-time analysis of the present work, how-
ever, symplecticity does not play a direct role, and therefore we did not use leapfrog integrator in
our discretization analysis. That said, a number of previous works on Hamiltonian optimization,
including Betancourt et al. (2026); Tran and Leok (2023); Duruisseaux and Leok (2023); Lin et al.
(2023); Zhu and Wang (2026), have shown that symplectic integrators can substantially improve
the stability of the discrete trajectory, which in turn may lead to better convergence behavior. In the
context of Hamiltonian Monte Carlo, the use of symplectic integrators is even more fundamental,
as it is closely tied to the preservation of the target probability distribution. We refer to Bou-Rabee
and Sanz-Serna (2018) for a thorough discussion.

Appendix C. A Review of Hamiltonian Monte Carlo for Sampling

We review the Hamiltonian Monte Carlo (HMC) framework for sampling (Duane et al., 1987; Neal,
2011). Given a function f: R® — R, the goal in sampling is to draw approximate samples from
the target distribution v/(z) o< e~/ (@) on RY. We denote the set of probability distributions on RY
by P(R?). Assuming that the Hamiltonian dynamics HF can be solved exactly, the exact HMC
algorithm to sample from v is defined in eHMC (Algorithm 5).

Algorithm 5 Exact Hamiltonian Monte Carlo (€HMC)

Input : Initial distribution ;. € P(R?), Integration time 7" > 0, Number of iterations & € N
Sample Xy ~ u
for k =1to K do
Sample & ~ N (0, 1)
Define X}, := IT; o HF ((X,_1,£);T)
end
return X g

The difference between eHMC for sampling and HFopt for optimization is that for sampling,
the velocity is periodically refreshed to be an independent draw from a standard Gaussian £ ~
N(0,1,), instead of deterministically set to 0 € R? for optimization.

Since HF can be implemented exactly only in special cases, a discretization scheme of the
Hamiltonian dynamics has to be utilized, leading to the unadjusted HMC algorithm (Bou-Rabee and
Eberle, 2023; Bou-Rabee et al., 2026); several discretization schemes of the Hamiltonian dynamics
are discussed in Appendix B with a popular method being the Stérmer—Verlet or leapfrog integrator.
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Define 7 = v ® N(0,1) € P(R??). Therefore, 7 is a distribution defined on the phase space
and note that

m(z,y) oc e H@Y)

where the Hamiltonian energy function H : R?*¢ — R is defined in Section 2.1. To see that v is in
fact the stationary distribution for eHMC, we will show that the Hamiltonian flow (HF) preserves
m,i.e., forany ¢t > 0

HE(-; t)ym =m.

Let # = HF(-; t) 4. Then, by the change of variable formula, we have that for any (z,y) € R??,
m(z,y) = T(HF((z,); 1)) [ det(VHF((2, y); 1))| = T(HF((2,3); 1))
where the last equality is because the Hamiltonian flow preserves volume; see Appendix B. Thus,
F(HF((z,y):t) = m(z,y) = Z e HEW) = Z7 1 HHF(@):D)

where Z is a normalizing constant and the final equality is due to conservation of the Hamiltonian
along the Hamiltonian flow (see Appendix B). Hence @ = 7, and therefore, the position marginal v
is stationary for eHMC, when the velocity marginal is A/(0,I;) and is independent with v.

Further properties of eHMC can be found in Bou-Rabee et al. (2026, Section A) and a discussion
on how eHMC and HFopt fit into a general Lift-Conserve-Project (LCP) scheme can be found in Fu
and Wibisono (2025, Section B). For a discussion on prior works studying eHMC and unadjusted
HMC, see e.g., Bou-Rabee et al. (2026, Section 1.3).

Appendix D. Lower Bound for HFopt

Lemma 13 Fix ¢ > 0. For every k > max{1, c2 }, there exists an a-strongly convex and L = ka-
smooth quadratic function

« L
f(l') = Ex% + 5'%'%7 T = (xlva)T7

such that the algorithmic update (HFopt) with integration time T = ﬁ, initialized at xo =
(20,1,0), requires k = Q(rlog(1/e)) many iterations to ensure that f(xy) — f(z*) < e. The
total integration time T X k is therefore Q(% log(1/¢)).

Proof As f is separable, the dynamics (HF) decouple along both coordinates and are given by

Xi=—-aX,, Yi=-LY,.

As the initial velocity in Step (ii) of HFopt is 0 € R?, we have that X, = Y = 0. Note that in the
proof of this lemma, X,Y € R and denote the coordinates of the position space R2.

For any k € N, denote the kth iterate of the algorithm (HFopt) by z; = (z1,2r2) € R?
Given integration time 1" > 0, the update is therefore

T, = Tg1 cos(vaT), Tri12 = vp2cos(VLT),
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which can be rewritten as
Tp+1,1 = Lk,1 COS 7 ) Tp4+1,2 = Lg,2 COS(C) .
K
Considering the initialization xy = (a,0), we get that 21 » = 0 for all £ > 0 and that

k C
Zk,1 = Zo,1 - COS — .
, NG

Therefore,

o) = flat) = ks = Gadyeo (L) = cos® (52 (faw) = ).

As k > ¢, we have that 0 < -~ < 1. Therefore, using

G
2
U
>1—-—
cos(u) > 5
for 0 < u < 1 implies
02 2k
Flan) = ) = (1 5) () = ),
which implies the claimed iteration complexity. |

Appendix E. Extended discussion of Section 3
E.1. Examples
E.1.1. A QUADRATIC SETTING

As an example, we consider a quadratic objective function and illustrate how the final endpoint of
Hamiltonian flow trajectories compares against averaged trajectories. We take the objective function

to be f(z) = 12T Az where A is the 2 x 2 diagonal matrix A = ((2) 100

solution to the Hamiltonian dynamics is available in closed form. We set the initial position to be
Xo = [1,1]7, integration time to be T' = 4, and plot the three trajectories:

>. In this setting, the

* the position (X¢)ejo,7]»
* the aggregated position (X *'8(Xo;1)).e[o,r) as defined in Eq. (2),

* the aggregated position (X*~*8(Xo;?)).e(0,7) according to X°7*V8(Xo; 1) = 2 fot Xsds.
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.

o
ot
—
—
~——
X™8(Xo;t),
<k
XX ),
N
"4
—

—0.51 \
~1.01 T N (VA e = B m—
9 0 2 9 0 2 9 0 2
X, XX t), X5 ( X 1),
0.0 1.0 2.0 3.0 4.0
Time t

Figure 1: The dotted lines represent the level set of f, and green and red stars highlight the position
at time ¢ = 0 and ¢ = T respectively.

The minimizer of f is at [0,0]" and Fig. 1 shows that the position X; exhibits oscillatory be-
havior whereas the averages X 2V8(X;¢) and X*¢(X;t) approach the minimizer. In Fig. 2 we
plot the function values corresponding to the positions plotted in Fig. 1, and also plot the following

function values:
. fan(XO’ t) = t% fot(t — S)f(Xs)dS’
L P ) = g S,

<t

—

Time t

We plot f2V& and f5~2'& because the for-
mer is the quantity that we bound; see Re-
mark 1, and the latter is the function value
analogue of X*°72V8. We note two key ob-

g4 f (?} w(x.p Servations from this plot: (a) the function
z 5 ;E Xs,asg(g’(o):)t)) values along the aggregated position decay
s to 0, and (b) f™E(Xoit), fME(Xgsl)
=y £ (X t) oscillates about % f(Xo) with varying am-

plitudes. The first observation speaks to
the nature of oscillatory behaviour of X,
shown in Fig. 1, and the second observa-
tion suggests our analysis might be able to
be tightened, but it would not qualitatively
affect the convergence rates.

Figure 2: Evolution of function values with time ¢.

E.1.2. A STRICTLY CONVEX SETTING

In this example, we consider a 1 dimensional function f(x) = e® — x — 1. This is a strictly convex
function on account of (%22 f(z) = e® > 0. This instructive example is meant to demonstrate that
(a) the time averages of the position does not necessarily converge to the minimizer which is at 0
with f* = 0, and (b) the optimality gap of the function averages f*V8(Xy;t) and f5~2V8(Xy;t) do
not necessarily oscillate about 3 (f(Xo) — f*).
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Here, we do not have access to a closed form solution for HF, and instead use a numerical inte-
grator — specifically the DOP853 integrator of Dormand and Prince as implemented in the dop853
integrator in SciPy (Virtanen et al., 2020).

We initialize Xy = 1, and set T' = 20.
We plot same three trajectories as be- 0.5
fore, but the aggregated position are ap-
proximated due to the unavailability of

2 004 — X
closed form solutions. Specifically, for fg X™8(X: 1)
n=10"3and k € {0,...,T/n} e 05 — XX )

=0 j=0

X*V8(Xo; kn) ~ k:+1 ZZ in o 9
k

X578 ( X k) & Z D e T
’ Figure 3: The dotted lines are the boundaries of the
sublevel set of f corresponding to f(x) < f(Xo).

In Figure 3, we observe a similar oscillatory behavior for X;, while the averaged positions
oscillate less so. Notably, these do not oscillate close to 0, which we recall is the minimizer of this
function. We also plot the function values associated with these trajectories, and f2'8 and f52'8
as described in the previous subsection — see Figure 4. Again, due to the unavailability of closed
form solution, we approximate the integrals in V% and f5~2'® as a finite-sum in the same manner
as done for the approximations of the aggregated positions.

Here, the dotted line represents

0.7 n % f(Xo). We see that the time averages
0.6 of the function values f2V8(Xj;¢) and
f572v8(Xy;t) oscillates about a value

27 ) that is slightly higher than this line with
20-4’_ N ;g df‘:ig(ﬂ?))> varying amplitudes. This does not in-
B 3] \ F(X 1) validate the result of Corollary 1 which
= FE(Xos ) suggests the level Zf(Xo) ~ 0.48.
02 Consistent with the variation shows
0.1 in Figure 3, we see that the function
0.0 U values of the aggregated positions do

0 5 10 15 20 not converge to 0, which is in contrast
Time ¢ to what was observed in the quadratic

Figure 4: Evolution of function values with time ¢. setting (Figure 2).

E.2. Proofs of main lemmas in Section 3
E.2.1. PROOF OF COROLLARY 1

To prove Corollary 1, we first state and prove the following more general lemma.
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Lemma 14 Ler f satisfy Acyx. Consider a non-negative weighting function w(t) over [0, T such
that f(;r w(t)dt = 1, and define the w-weighted average of (HF((Xo,0);7))rc[0,1] a5

XY (Xo; T) := /OT'w(t)Xtdt.

Then,

T

J(XU(Xo;T)) = f(2) < | w®)(f(Xe) — f(z))dt

S~

T
s<ﬂxw—f@»—§wanT—am»+§A W (t)(X; — 2, Vi)t

Wl N

Proof Recall that h(t) = (X; — 2,Y;) and h(0) = 0. Multiplying both sides of the result of
Lemma 2 by w(t) which is non-negative, we obtain

w(B)(F(X0) ~ (2)) < 2w(t)(F(Xo) ~ (2)) — sw(Dh(t).

Integrating both sides from 0 to 7', we get the following:
LHS: By convexity of f,

T T
/'w@ﬁ@@—f@»wzf(/1u¢&w)—ﬂ@=fuwu@T»—ﬂ@.
0 0

The inequality is due to Jensen’s inequality as fOT w(t)dt = 1.
RHS: Using integration-by-parts,

T ) .
_% /0 w(t)h(t)dt = —% {w(T)R(T) — w(0)h(0)} + % /0 w()h(t)d
This completes the proof. =

We now provide the proof of Corollary 1.

Proof of Corollary 1 As defined in Eq. (2), X*V8(X(; T') is the w-weighted average with weight
w(t) = %(T —t),s0w(t) = —% and w(T') = 0. Instantiating Lemma 14 with this weight gives

X2e(Xo; T <2 X 2 TX Yid
PO (X0 T)) = F(2) < S(1(X0) = ) = g7 [ (X = =i

Since & || X; — 2|2 = 2(X; — 2, ¥;), we can simplify the above to

1

WHXO - 2”2

1
- ﬁ”XT —z|* +

[SSRI )

FIXTE(X0; T)) = f(2) < 2 (f(Xo) = f(2))

which proves the corollary. |
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E.2.2. VERSIONS OF LEMMA 2 FOR THE AVERAGE AND MINIMIZER OVER THE TRAJECTORY

Corollary 6 Consider the setting of Lemma 2. Let X°~*8(X;T') be the simple average of X
along the Hamiltonian flow trajectory (HF((Xo,0);7))rejo,7)- Then,

f(Xsfavg(XO;T)) o f(l‘*) < (f(XO) . f(a:*)) + 3LT||XT — x*” . \/2(f(XO) - f(XT)) .

W N

Moreover, when f satisfies Aa_qg,

2 2
X572E(X0:T)) — f(2%) < (2 4+ o= ) (F(X0) — F(z*)) .
PO~ £60) < (5 + gz ) (00 = 7))

Proof We instantiate Lemma 14 with w(t) = +. This gives

2 1

f(XS_avg(Xo;T)) _ f(Z) < §(f(XO) — f(z)) - 37<XT - Z,YT> .

The inner product can be bounded from above using Cauchy-Schwarz inequality as

—(X7 —2,Yr) < || X7 = Z| - |Yr| < | X7 — 2] - V2(f(X0) — f(X71)) -

where the last inequality uses the energy conservation along the Hamiltonian flow trajectory to
bound ||Y7||.
When f satisfies A,.qg, using the energy conservation along the Hamiltonian flow trajectory,

we have
I - ) < 2T T | [HGC0) 1)

« «

Substituting this in the first statement of the corollary along with f(z*) < f(Xr) by definition
yields

2

X8 (X; T)) — f(27) < NG

(f (Xo) — f(=7)) +

(f(Xo0) — f(z7)) .
]

The corollary for the minimizer along the trajectory is simpler to obtain owing to the fact that
the minimum is at most any weighted average.

Corollary 7 Consider the setting of Lemma 2. Let X™(X¢; T) denote the minimizer of f along
the Hamiltonian flow trajectory (HF((Xo,0);7))reo 1) i, f(X™(Xo;T)) < f(Xy) for all
t € [0,T]. Then,

FIX™(X0:T)) — f(a*) + %HXT —z*|? < %(f(Xo) — f(a")) + ?;QHXO — a2
Moreover, when f is satisfies A-qg,
f(Xmin(Xo;T)) — f(a*) < <§ + ?ﬂia) (f(Xo) — f(z")) .
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Proof We use the following corollary of Lemma 2, which we obtain from integrating both sides of
Eq. (3) twice:

T
22 | @000 = FE+ X — ol < S0 (X0) = F2) + gl — 21

wl N

1
ar2
Since f(X™"(Xo;T)) < f(Xy), letting z = x* gives:

2

7 (F(Xo)— () 575 1 K=o P

Wl N

T
min * 1 *
| =0 (o )~ et g | ¥r—a | <
Since fOT(T —t)dt = T;, this further simplifies into:

. 1 1
FIX™(Xo; T)) = F(2°) + g | Xr = 27|17 < S(F(Xo) = (&) + 551 X0 — 27|17

[SVIN )

When f is satisfies An_qg, || Xo — 2*||2 < 2(f(Xo) — f(z*)). Applying this bound and dropping

[0
the 3% | X7 — *||?>-term on the left gives:

Pt ) = ) < (54 5 ) 100 - 1),

E.2.3. PROOF OF THEOREM 1 AND COROLLARY 2

Proof of Theorem 1 Notice that at each iteration k, X = X*8(Xy_1;T})). Therefore, from
Lemma 3 and the lower bound for T}, we have

1060 = ) < 5 (14 62 ) UKi) = 1)

Iterating this inequality, we obtain the statement of the lemma. |

Proof of Corollary 2 From Theorem 1, we have for T, =T = % that

o8

K
1000 - 16 < (B) - () - ).

. X — * _1 X _ *
Since K > 4log % > (log %) log %’
f(Xk) = fa") <e.

The total integration time is Zle T, = [4 log w—‘ % [ ]
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E.2.4. PROOF OF LEMMA 3

Proof From Corollary 1, we have

v 1

FIX™E(X0;T)) = £(2%) < S(f(Xo) = (@) + 55| X0 — 27|17

Since f satisfies Aq.qg, we have that || Xo — 2*||? < 2(f(Xo) — f(«*)) . Substituting this in the
inequality above results in the statement of the lemma. |

E.2.5. PROOF OF LEMMA 4

Proof Corollary 1 and the energy conservation of the Hamiltonian dynamics guarantee Egs. (5a)
and (5¢) respectively. It remains to prove Eq. (5b). Lemma 2 states that for h(t) := (X; — z,Y}),

h(t) < =3(f(Xe) = [(2)) + 2(f (Xo) = f(2))
When z < z*, we have f(X;) — f(z*) > 0, and thus from the above, A(t) < 2(f(Xo) — f(z*)).
Integrating both sides gives

h(t) — h(0) < 2t(f(Xo) — f(z7)) -

Since h(0) = 0 and h(t) = %% | X; — z*||?, integrating again yields

S = 22— 21X — o < £ ((Xo) — £(a))

Multiplying both sides by %(T — t) and integrating from ¢t = 0 to t = T gives

2

T _
3| X - Pt - X - 0P £ (X0 - 16

By Jensen’s inequality,

1

1 2T -t
B P T
2 2 Jo

e R R

and hence )

1 1 T

S IXE(Xos T) — 2| - 5 1%o0 = z*)? < 5 (f(Xo) = f(a"))

which proves Eq. (5b). The weighted sum \ - Eq. (5a) + Eq. (5b) + A% - Eq. (5¢) (stated below in
order for convenience)

1 2 1

FXS (X0 T)) = F(*) + g5 1 Xr — 21 < 2(F(X) = F&4) + 5150%0 - 2712
1 1 1

Sl XX T) 22 < S(F(Xo) — F) + g X — o

f(Xr) = f(2") < f(Xo) = f(z)
yields LHS < RHS where:
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LHS:
A (FOES(X0:T)) — fa) 422 (F(XKr) — F@) 2 ML+ A) - (FX (X T) — )
1 = 2+ X (X T) — a2 I s (7 —

and the inequalities are due to Jensen’s inequality.
RHS: The RHS simplifies to

<A2 L2 1) ((Xo) = F(@*) + o5 (A+ 1) Xo — 212

3 9 377
Dividing both sides by A(1 + \), we get the claimed result:
mix . 1 mix . 2 1 2
FOC™ (X0 ) = F (g | X (X5 T) = < O (F(Xo) = F )+ g X
|

E.2.6. PROOF OF THEOREM 2 AND COROLLARY 3

Proof of Theorem 2 By definition of X, for any k& € [K] it holds that X; = X™X(Xy_1;Ty).
From Lemma 4, we know that

FOG) = F) + o X = 2 = XX 5 Ti) — F(*) + 51X — 2]
k

P
372

8 1
< g 00 = ) + gl — P
8 1
<3 {f(X“) I+ g X x*H?}

where we use the condition that T,f > %Tk?_l. Iterating this inequality, we get

000 1) = (3) {5050 )+ 2o -2}
|

Proof of Corollary 3 For the specified choice of K, we obtain from Theorem 2 that f(Xg) —
f(z*) < e. The total integration time is bounded by:

K 3 ok 3 \/f<Xo>—f<x*>+§||Xo—a:*u2
;Tk_3—x/§'<8 _1>§3—¢§' e !

< 3(3+V8) \/f<Xo> — fa*) + gl Xo — ¥

9

1 \/f(Xo) — f*) + 31X - o2

e
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Appendix F. Extended discussion of Section 4

F.1. Proofs of the statements in Section 4
F.1.1. PROOF OF LEMMA 5

Proof Consider the difference in the Hamiltonian at successive iterations:
1 2 1 2
F @)+ 3 lvnsal? = £ (n) = 5 lvnl
1 1
< (VF(@ns1)sns1 = 2) + 3190 = 1V @)l = 5 lonl?
2
n
= (VI @n1)snyn = 0*VF(2,1)) + S IV @i ) II* = 0{yn, VI (2n41)

2
= 1P (V (@), VI (@) + 51V (@)
2

3

(IV @ns1) = VF @, )2 = [VF(@,50) ) -

|

Since zp41 =, 1 — nQVf(:cn+; ), we have by smoothness of f that
2 2

19 £ ns1) = V F@ e DI < Ll — 212 = L0V ()]

1
When n < 5

1 1 n?(L?n* — 1
Fai) + gl = fe) — Sl < TEE =0 s P <0,

F.1.2. PROOF OF LEMMA 6

To prove Lemma 6, we first discuss some parallels between the continuous-time and discrete-time
analysis that we highlight to provide intuition.

Table 2: Parallels between continuous-time and discrete-time analysis.

Continuous time Discrete time
Evolution rule Hamiltonian flow (HF) Extragradient Integrator (HF®X9)
Hamiltonian property Conservation (Lemma 1) Dissipation (Lemma 5)
Boundary term hy = (X — 2, Y}) hn = (X — 2,Yn)
Strategy Bound on ht in terms of optimal-  Bound on h,, 41 — h,, in terms of op-
ity gap (Lemma 2) timality gap (Lemma 15)
XVe(Xn:T) = avg :N) =
Average ) § 0:7) z 2(9507 1)\/
T2 fU (T — t)det m Zn:l(N —n + l)xn.
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Lemma 15 Assume f satisfies Acyx and Ar,-sm. Assume f is convex and L-smooth. Let {(xy,, yn) }n>1
be generated by the extragradient integrator (HF®9) from any initial xo € R® and yo = 0, and
step size n < f Then, for any N > 1 and reference point z € R%, the following holds:

N
(wn = 2,yn) < 29N (f(x0) — f(2)) = 30> (f(an) — f(2)).

We prove this lemma in Appendix F.1.6. Lemma 6 builds on this lemma, proven below.
Proof of Lemma 6 We begin by bounding the difference A,, := |z,,11—2||?> —||zn — 2||%, and recall
that h,, = (2, — 2, yn). Using the relation between x,, 11, yn+1 from ,,, y,, as given in HF®9, we
have
A, = Hxn—&-l - anQ + 2<xn+1 — Tn, Tp — Z>

= Hnyn - nQVf(an+%)||2 =+ 2<77yn - 772vf($n+%)7$n - Z>

= 2hy — 202V f (@, 1), B0 — 2) — 20 (yn, V f (2, L))+ 7 llynl? + 774HVf(~’Cn+%)H2

= 2nhy — 2772(Vf(x )s Tn +NYn — 2) + 1 Hyn||2 +1n va( n+ )H2

= 20hn = 20V f(@,41), @1 = 2) + 0yl + 01V f (2, )P

< 2nhn 4207 (f(2) = f (@4 1)) + 0P llyall* + 0 IV f (2 Tpyl D?,

n—+

N

n—+

[

SIS

1
2

where the final inequality above uses the convexity of f. Since zn41 = x,, 1 — 7>V f(z, 1), by
2 2
smoothness of f,

Fone) < FGop) — 1 (1= 50 ) 1951

When n < this implies

f’

2

L 2
T H P < 7 (1= 5 ) I9F I < Foy) = i)
Substituting this bound and using Lemma 5 to write ||y, [|? < 2(f(x0) — f(z,)), we get

Ay < 2nhy, 4 207 (f(2) — f(z,, +1))+ 20% - (f(wo) — flan)) + 2772(f(96n+%) — f(®nt1))
= 2nhn + 20°(f(z0) — f(2n)) + 20°(f(2) = f(@nt1))- (10)

Recall Lemma 15 guarantees that

hn < 20n(f(20) = £(2)) =30 Y _ (f(zw) = £(2))

n+1

=2(n+ Dn(f(zo) = £(2)) =30 Y _ (f(@w) = f(2)) + n(3f(xn41) — 2f (w0) — £(2)).
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Substituting this in the bound for A,,, we get

Ap < 20h +20%(f(0) = f(2n)) + 207 (F(2) = f(@ns1))

= da*(n+ 1) (f (o ~ 67 nf ) +20°(3f (2ns1) — 2f(z0) — f(2))
+20%(f(z0) — f(zn)) + 2772(f (Z) f(@n41))

= i’ (n+ 1)(f(x0) — f(2)) — 60° nf:l (fl@w) = £(2)) + 207 (f (@ns1) = f(@n))
+20%(f(2n41) — f(20)) -

< 4 (n 4+ 1)(f (o — 69 nf )+ 207 (f (z41) — [ (@),

where the last inequality is due to Lemma 5. We now sum this inequality fromn = 0ton = N —1:

ley = 2% = [lzo — 2|

= A,
n=0
N-1 N—-1 n+1
< An*(n + 1)(f(wo) — f(2)) — 61° Z Z (f(zn) — ) + 20 Z (Tnt1) — f(xn))
n=0 n=0 n/=1
N
= 4n’n(f(xo) — - 6?722 Z ) + 20*(f(xn) — f(z0))
n=1 n=1n/=1
= 2N(N + 1)n*(f (o) — — 61 Z —n+ 1) (f(za) = £(2)) + 20°(f(zn) — f(20))
<2N(N + 1)n*(f (wo) — —67722 —n+1)(f(zn) — f(2))

where the last inequality again uses Lemma 5. Dividing both sides by 3n% N (N +1) and rearranging
terms, we get

1
n:1 N —n+1)( )—f(z))ﬂLmH%N—ZH2
< SU0) = 1) + gy Moo — I
N

Since NNTD N =y >y (N —n +1) = 1, we have from Jensen’s inequality and the definition of
x®V8(x0; N) that

1
3n2N(N +1)

1

- .12
3T]2N(N—}—1)Hx0 ZH .

P (w; M)~ (2)+ len =2l < 2 (/o) ~f () +
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F.1.3. PROOFS OF THEOREM 3 AND COROLLARY 4
Proof of Theorem 3 Recall that z;, produced by dHFA-eq satisfies x;, = x*V8(xg_1; Ni). From

Lemma 6,

flax) = fa*) = f
2 . 1
3

< 2 (f(@p—1) — f(27)) + Wﬂxk—l — z*|)?
(@) /92 2 X
= <3+_&FQNAA@+—D>(f@%—ﬂ“f@7»

®) 2 2
< (34 ) - o) — ).
In step (a), we use the fact that f satisfies A,.qg, and in step (b) we use the condition that N;, >
[ﬁ} > ﬁ Iterating this inequality,

2 2

ﬂma—fuvs(+

K
b))~ 16

Proof of Corollary 4 Since N;, = [5/k] > 2/k, from Theorem 3 we have

58

K
o) = £ < (3) (o) = 1)

Since K = [41og LU0=ZH] > (1og ) 7! LS,

3

flag) = f(a") <e.

Since at each iteration of the extragradient integrator we use 2 gradient calls, we have the total

gradient complexity as
- *
Q_mewﬂ%f@@ ﬂwﬂ_
2V a €

F.1.4. PROOF OF LEMMA 7
Proof From Eq. (10), we have that A, := ||z,,11 — 2*]|? — ||z, — 2*||? satisfies
A < 20hyy + 277 (f (o) = f(@w)) -

Setting z = x* in Lemma 15, we could bound h,,/ using:

(@t = &%, yr) < 200 (f(x0) = f(@¥)) = 30 Y (f(wn) = f(&¥)) < 200/ (f(wo) — f(a™)).
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Plugging this bound into the upper bound for A,,s gives:
A < dapPn! (f (o) —f (%)) 420 (f (w0) = f () < A0 (f(wo)—f () +20*(f (z0) = f (7)) -

Summing both sides fromn’ = 0ton — 1,
[ — 2*||* = [lzo — ¥ [|* < 20*n?(f(x0) — f(2™)) .

Multiplying both sides by N — n + 1 and summing fromn = 1ton = N, we get

N
> (N —n+1)|z, —a2** <

n=1

N(N +1)
2

2N(N + 1)2(N + 2

; (f(z0) ~ £(a))

|20 —

Dividing both sides by N(N + 1), we get

N r —$*2 T —(L‘*Q 2
n=1

Note that ZiV:l(N —n+1)= M, and therefore by Jensen’s inequality and the definition of
V8 (xo; N) we get

Lo 1 2(N+1)(N +2
(s ) — 2 < L — a2 T ) gy
Since (N 4+ 1)(N +2) < 3N(N + 1) for N > 4, we have
n’N(N +1)

1 1
Sl (w0 N) — a*|* < Sllwo — ¥ +
1
32N (N + 1)

T (o)~ F)

e — 1 + 5(F(ao) — F@*) - (D)

1

avg -N) — 2* 2

Like in the proof of Lemma 4, we consider a weighted sum of the following inequalities:

ave, . oy ey = 2 R lwo — 2|
f(@ g($0,N))—f($)+még(ﬂ$o)—f@ ))"‘m (Eq. (7))
1 av, . k12 1 %12 1 o *
m”x 8(zo; N) — 2[|” < —3772N(N+1)H$0 z¥||* + G(f(on) f(x*)) (Eq.(11))
flan) = f(@*) < flzo) — f(27) (Eq. (6))
with weights \, 1, A2 respectively. This yields LHS < RHS where:

LHS:

A (f(@™®(wo; N) = f(a*)) + X - (f(zn) — f(2*))

A * 12 1 av . * (12
+ WHZEN - +m”fﬁ E(wo; N) — ™|
> AL+ ) (™ (a0 V) = ) + 5o M G V)
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RHS: 2\ 1 1+ A
2 an - - * ; k2
(22454 5 ) Ulan) = £ + g oo = o7
After dividing both sides by A(1 4+ A), this finally returns
_
3A2N(N +1)

< ex(f(wo) — f(=%)) +

2™ (0; N) — 2*||?

F@™(xo; N)) — f(a¥) +

1 * 112
SNEN(N + 1) lzo — 27|

which is precisely the statement of the lemma. |

F.1.5. PROOFS OF THEOREM 4 AND COROLLARY 5

Proof of Theorem 4 Note that for any k > 1, 2, = 2™%(2,_1; Ny) with A\ = \* = @
Consequently, from Lemma 7, we have

1
3NN (Ng + 1) |

= f@™™(xp-1; N)) = f(a*) +

*H2

flaw) = f(2") +

|xp —

1
3N2NE (N + 1)
1
3)\*172Nk(Nk + 1)
1 * 112
Pyt SR }
1 * 12
LTl_1 — X .
3)\*n2Nk_1(Nk_1+1)H kot I }

" -1 Vi) =

-1 — 2**

<o (f(ar—1) — f(2¥)) +

= Cy+ {f(SUk—l) — fla*) +

< ey {f(a:k1) — f(a") +

The final inequality uses the fact that Ny (N +1) > C%*Nk;—l (Ng_1+1). Iterating this from k& = 1
to k = K, we get

K
3+1 1
fw) = fla*) < (f; ) {f<xo> ERAGRR e s eyl K x*”g} |

Setting Ny = 4 and \* = ‘[H completes the proof. |

Proof of Corollary 5 We first show that the desired inequality between Ny and Nj; holds under

the specified {\V; } sequence. Define ¢ = 1/,/c§ = ,/ 1+3 75 < 2. By properties of [-], we calculate
that

NP1+ Nipr = [N + 317 + [qNg + 5]
> (qNk + 3)(gNk + 3)
= ¢*Ni +2qNy, + 3
> ¢* (N} + Ni),
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where the last inequality followed because ¢ < 2. Additionally, note that

-1 L %2 + fl)L 212
0 [ (o ) g Bl =1
1++3 €

— * 1
> l-logf(%)_f(x )+ SN NoT ) 170 — @

*||2

9

><1 3
o)
=% +3
Therefore, from Theorem 4,
flzk) — f(z¥) <e.

To obtain the number of gradient evaluations, recall that by definition, Ng11 < ¢Ni + % Conse-

quently,
3/¢5—-1 3
N, < g"Ny + = No+— .
b= °+2< —1) (“*2@—n)

Then, summing both sides from k = 1 to k = K,

Nog 3q Nog 3¢
E:N <q31 2(—1P>@K‘”)§<q31+2@—1v>““

The quantity ¢ can be simplified as

g" = exp(K logq)

oo ivn(2) (o (2a) e Eam=e) )

Substituting the values for Ny, g, < 810, which completes the proof. B

2(q 1)

F.1.6. PROOF OF LEMMA 15

Proof Denote h,, = (x,, — 2, yn). We first compute the difference

hn—i—l — hy = <xn+1 —Z, yn+1> - <xn - Z7yn>
- <«75n+1 — 2, Yn+1 — yn> + <$n+1 - Zayn> - <:17n - Z:Z/n)
= _77<xn+1 -z, vf(xn—l—l)) + <$n+1 - $n)yn> .

For the first term on the right hand side, we use the convexity of f:

—(&nt1 = 2, V(2ni1)) <n(f(2) = f(@ni1)) -

For the second term on the right hand side, we additionally use the smoothness of f and the form of
the extragradient integrator to get

<xn+1 — T, yn> = <77yn - WQVf(xn-i-%)v yn)
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= 77Hyn”2 - "7<Vf(1'n+%),$n+% — )

D on(F(wo) — Fan) + n(Fn) — Flan + mya)
< 2 f(20) — nf () — nf (@, 1)

(b)
< 2nf(wo) —nf(xn) — nf(Tns1) -

Steps (a) and (b) are due to the choice of n < % from Lemma 5 and the fact that f(x,41) <

1
2

fw, %) respectively. Combining the bounds, we get

hip1 = ha < 20(f(20) = f(2)) = n(f(2n) = f(2)) = 20(f (2nt1) — f(2)) -

Summing both sides from n = 0 to n = N — 1 and noting that hg = 0,
N-1
h < 20N (f(x0) = f(2)) =30 ) (f(wn) = f(2)) = 20(f (zn) = f(2)) = n(f(z0) = f(2))
n=1

N
<N (f(x0) — £(2)) = 30> (f(zn) — f(2))
n=1

where in the final inequality we use the fact that f(xx) < f(zo). [ |

F.2. Discretized Hamiltonian Flow for optimization with Averaging using HF'™P

Here, we discuss how the implicit integrator is also capable of achieving accelerated rates. As dis-
cussed previously, the implicit integrator assumes access to the proximal oracle for f. The resulting
algorithm dHFA-im is provided in Algorithm 6. By Lemma 12, when f is convex, the iterates
generated by the implicit integrator produce a sequence of non-increasing Hamiltonians, mirror-
ing Lemma 5; notably, this holds without requiring the smoothness of f. As a consequence of
this monotonicity property, the iterates generated by the implicit integrator also satisfies the same
guarantee as in Eq. (7); see the lemma below, proven in Appendix F.2.1.

Lemma 16 Assume that [ satisfies Acvx, and let {(xr,yn)}n>1 be the iterates of the implicit
integrator (HF'™P) with any step size n > 0, starting from (x¢,0). Then, for any N > 1 and
reference point z € R?

1
32N(N +1)

1

- o 2
+3772N(N+1)Hx0 2

12)

(f(x0) = f(2))

f(@™®(wo; N)) = f(2)+ lz —2[|* <

Wl o

Now, we state the analogues of Theorem 3 and Corollary 4 for dHFA-im.

Theorem 5 Assume that f satisfies Acyx and A,-qg. Suppose xk is the output of running dHFA-
im for K iterations with parameter A\ = 0, any step size 1 > 0, and discretization steps sequence

satisfying Ny = > ora S and nitialization xg € . en,
sfying Niy = N > [ €= Il k € K] and initializati R%. Th

2 2

ﬂma—f@ﬂs(+

K
2t ) U — 16
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Algorithm 6 Discretized Hamiltonian Flow for optimization with Aggregation
using implicit integrator (dHFA-im)

Input : Initialization: zg € R, Number of iterations: K € N, parameter: A € R>q, step size
n > 0, discretization steps sequence: {N1,..., Nk} € NE, oracle for implicit integrator
HF'MP
for £k = 1to K do
Obtain sequence {x%k), yﬁlk)}gil using HF™MP from (azék), yék)) = (2g_1,0).
Compute 228 (zj_1; Nj,) = m 22[21(]\[19 —n+ 1)$$Lk).

1 . Ak
Set xp, = mwa‘/g(l'kfl, Nk) + mxgvz

end
return g

Proof Recall that xj, produced by dHFA-im satisfies z = z*V8(x;_1; N). From Lemma 16,
flzy) — f(2%) = f(@™8(xp—1; Nk)) — f(z7)
2 N 1
< 2 ak) — S +

* (|2
32 Ni(Ni + 1) |

|zg—1 — 2

(a) 2 2 *
< <3 b o 1)> (flan) — F(@*))
(b)

< @ " 322> (fare) — F()

In step (a), we use the fact that f satisfies A,.qg, and in step (b) we use the condition that N;, >

[77 \C/a} > ﬁ Iterating this inequality,

2 2

K
o)~ fa) < (3+ 22+ Ulaw) = 16

Corollary 8 Assume that f satisfies Acyx and A,.qg. To obtain x i that is a e-accurate minimizer,
it suffices to run dHFA-im with parameter A = 0 and any step size n > 0 for K iterations and
discretization step sequence { Ny }1_ with

PO PO 1 I .50 )

The total number of calls to the implicit discretization oracle is

|- 10 TS

Ntot = ’V
13

5)
2/«
Proof Since Ny = [ﬁ} > %, from Theorem 5 we have

o8

K
o) = £ < (3) - e - 1)
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Since K = Pﬂog M} > (log )~ [z =16),

fler) = fa") <e.

Therefore, the total number of calls to the implicit discretization oracle is

|- 10 TS

3

5
2ny/a
|
To obtain the result for minimizing convex functions, we first state the analogous version of

Lemma 7 for HF™P_ A proof is provided in Appendix F.2.2.

Lemma 17 Assume that f satisfies Acvx. Let {(2n, Yn) }n>1 be generated by the implicit integrator
with step size n > 0. For any N > 4 and initial position xq, define

A 1
mix N avg - N) .
2™X (z0; N) = IOV T (zo; N)
Then, defining c) = %74_;\1—31), we have
™ (0; N) — 2*|? |wo — x*|?

S oo ND = £+ v vy = AV D ey

Since the conclusion of the Lemma 17 is the same as the conclusion of Lemma 7, and dHFA-im
is algorithmically the same as dHFA-eg with just HF'™P in lieu of HF®¥9, we have the following
theorem and corollary for minimizing convex f, analogous to Theorem 4 and Corollary 5. We

state them without proof, as they can be derived from Lemma 17 arguments similar to that in Ap-
pendix F.1.5.

Theorem 6 Assume that f satisfies Acyx. Suppose x i is the output of running dAHFA-im for K it-

f“ , any step size ) > 0, and discretization steps sequence { N, }&_,
Nk 1(Ng—1 + 1) for all k € [K] with Ny = 4. Then,

erations with parameter \ =
satisfying Ni(Ny + 1) > \f -

Flax) = 1o < (ﬁ;l) (f(fvo)—f(w*)+ V5L, —x*!P) .
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Corollary 9 Assume that | satisfies Acyx. To obtain x g that is a e-accurate minimizer, it suffices to
run dHFA-Im with parameter \ = @ and any step size 1 > 0 for K iterations and discretization
step sequence { Ny }5_| such that

h= <1Og (1 +3\/§

>) f(xo) = f(@*) + Yot g — 2|2
- log

€

Ny, =

3
Neci+ 3|5 No=4.

The total number of numerical integration steps satisfies

<0 \/ lao) = f(@*) + Yt o — P
tot = .
&
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F.2.1. PROOF OF LEMMA 16

Similar to the proof of Lemma 6, we first begin with following helper lemma whose proof is pro-
vided in Appendix F.2.3.

Lemma 18 Assume that f satisfies Acyx. Let {(Zn,yn) tn>1 be generated by the implicit integrator
(HF'™P) from any initial zo € R and yo = 0. Then, for any N > 1, the following holds:

N
(ay — 2, yn) < 20N (f(x0) — £(2)) =30 S (f(@n) — F(2):
n=1

Proof of Lemma 16 We adopt the strategy to prove Lemma 6 and consider the difference A, =
|Zni1 — 2||? = ||zn — z||%. By definition of HF'™P, 2,1, 3,41 from z,, ¥,
Ap = 2nhn = [lent1 = 2l = llen = 21 = 20(z0 — 2, yn)

= [[&nt1 = @nll® + 2(@ns1 — Ty 20 — 2) — 2020 — 2,9n)

= 17 [yn11® + 20(Yn+1 = Yo T — 2)

= 772”?/n+1H2 - 2772<Vf($n+1)7l’n —2)

= 0*[[yn1[* = 202 (V f (@nt1) 1 — 2) = 20°(V f(2p41), @0 — Tnta)

= 0P llyns1ll” = 20°(V f (@n41)s Zag1 = 2) + 20°(V f (@n41), Ynt1)

= a1 + 0V f (@) 2 = 207 (V f (@nt1), @nsr — 2) = 1|V f (@nr) |17

= 1% |[yall® = 20*(Vf (zn41), Tnsr — 2) = 0" |V f (@nr) |

< 202 (f(20) — f(wn)) + 2077 (£(2) = f(2n41))- (13)
The final step uses the convexity of f. Note that Eq. (13) takes the same form as Eq. (10) shown
for the extragradient integrator. Since the implicit integrator also satisfies a bound on h,, from
Lemma 18 that matches the bound for the h,, term for the extragradient integrator in Lemma 15, and

the non increasing property of the Hamiltonian (Lemma 12), the rest of the proof follows according
to the proof of Lemma 6. |

F.2.2. PROOF OF LEMMA 17

Proof Since Eq. (13) for implicit integrator is identical with Equation (10) for extragradient inte-
grator and Lemma 18 for implicit integrator is identical with Lemma 15 for extragradient integrator,
the same derivation in the proof of Lemma 7 shows the following for iterations of implicit integrator,
whenever N > 4:

1 1 IN(N +1

*Hl‘an(l’o;N)—x*HZ < *on—l’*||2+n ( + )

2 2 4
Therefore, like in the proof of Lemma 4 and Lemma 7, we consider a weighted sum of the following

inequalities from the equations: Eqs. (12) and (14) and the non-increasing property of the implicit
integrator (Lemma 12).

(f (xo) — f(a7)) - (14)

lzo — 2]
32N(N +1)

|lzn — 2]

2
m < g(f(xo) - f(2) +

f(@™®(zo; N)) — f(2) +
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1 av, . |12 1 |12 1 . *
sEN )1 @ N) =2t < sy o = 2+ G (F(wo) = f(27)

fan) = f(@7) < flzo) — f(27)
with weights X, 1, A\? respectively. Identical simplification as in the proof of Lemma 7 then gives:

1
TNENN F 1)

< ex(f(wo) — f(27))

Fla™(zo; N)) — f(a)

2" (o3 N) — 2*[|?

bz — 2|
BAPPN(N +1)"°

which is precisely the statement of the lemma. |

F.2.3. PROOF OF LEMMA 18
Proof Denote h,, = (x,, — 2, yn). We first compute the difference
hni1 = hp = (Tng1 — 2, Ynt1) — (Tn — 2, Yn)

= (Tpt1 — 2, Ynt1 — Yn) +(Tnt1 — 2,Un) — (Tn — 2,Yn)
= *77<xn+1 - %, vf(anrl)) + <xn+1 - xmyn> .

For the first term on the left hand side, we use convexity of f:

—(Tnt1 = 2, V(@n41)) <n(f(2) = f(@ni1)) -

For the second term on the left hand side, we use the update rule and convexity of f:

<l’n+1 — Tn, yn> = 77<yn+1a yn>
= 0Un — OV f(Znt1), Yn)
= llynl> = 2(V f(@n11), 1Yn)

@ ol ynl2 = 1V F(@n1)s Tns1 — 2+ 72V F(ns1)
= llwnl2 = PV S @) |2 = 01 — Bns VI (@s1)

(t)
< 0llyall® +1(f(@n) = f(@nt1))

< 20 (a0) — 20 (@n) + 1(F(2n) — Flansr))

= 277f($0) - Uf(JUn) - ﬂf($n+1)-

In step (a), we use the property that z,+1 = Ty, + NYn+1 = Tn + N(yn — NV f(2n+1)). In step (b)
we used the convexity of f. In step (c¢) we use the fact that along the iterates of implicit integrator,
F@a) + 5llynll® < f(z0).

Combining the bounds, we get

hier = ha < 20(f(20) = f(2)) = n(f(2n) = (2)) = 20(f (2nt1) — f(2)) -
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Summing both sides from n = 0 to n = N — 1 and noting that hy = 0,
N-1
h < 20N (f(x0) = f(2)) =30 > (f(wn) = f(2)) = 20(f (zn) = f(2)) = n(f(z0) — f(2))
n=1

N
< 20N (f(z0) — f(2)) — 30> _(f(zn) — £(2))
n=1

where in the final inequality we use the fact that f(zx) < f(zo). [

Appendix G. Numerical Experiments

In this section, we perform numerical experiments” to corroborate our theoretical findings in the
preceding sections. We specifically assess the performance on two classical tasks: linear regression
and logistic regression. We use (A, b) to be denote the dataset where A is a R"*? matrix representing
n covariates of dimension d each, and b € Y™ is the vector of associated responses. For linear
regression ) = R, and for logistic regression ) € {—1, +1}. The objectives for linear and logistic
regression are

1
fimer(2) 1= 5114z~ b + D
g

1 n
Jiogistic(x) = - Zlog(l + exp(—biA;ra:)) + §||:E||2 ,

i=1
respectively. In both settings, 5 > 0 is the regularization parameter.

Linear Regression We setn = 100 and d = 200 (an underdetermined system) where Apin (ATA)
0. The matrix A is constructed by sampling each entry uniformly in [—2/v/d, 2/v/d], and setting b as
Ax*+& where * = 14 and £ is a d-dimensional standard normal vector. The Hessian is computable
in closed form as %ATA + B - 14, and hence the strong convexity and smoothness parameters are
a=p0+ %)\min(ATA) =pfand L =3+ %)\maX(ATA) respectively and = £

o
Logistic Regression We set n = 500 and d = 100. The matrix A is constructed in the same way
as done for linear regression above. The response is b; = sign(AiT:U* + &) where 2* = 15 and ¢ is
a d-dimensional standard normal vector. The smoothness and strongly convexity parameters cannot
be computed in closed form for this problem, however the strong convexity parameter is at least 3
owing to the convexity of the data fidelity and the regularization terms.

G.1. Comparison with gradient descent and accelerated gradient descent

For both linear regression and logistic regression, we consider two settings of 3: 8 € {0,1073}.
When 8 = 0, both problems are convex. For Nesterov’s accelerated gradient method (AGD), the

momentum parameter -y at iteration is set to % in this setting. For dHFA-eg, \ = 1‘*'2—‘5 and

choose ¢ = \/% to determine the sequence { Vi } ;>0 according to Corollary 5. On the other hand,

when 3 = 1073, both problems are strongly convex. Here, for AGD, the momentum parameter

*. Code for this can be found at: https://github.com/vishwakftw/dHFA.
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Figure 5: Comparison between GD (—), AGD (—), and dHFA-eg (—e—).

Vi 1s set to }_\/\/LIZ and for dHFA-eg, A = 0 and N}, = (%} for all iterations k according to

Corollary 4. The step size 7 to set to % for GD and AGD, and to ﬁ for dHFA-eg for the linear
regression problem. For the logistic regression problem, we performed grid search on a collection
of 25 uniformly log-spaced values from 10~° to 1 to determine the optimal step size 7, since since
we do not have exact access to the smoothness parameter L.

In Fig. 5, we plot these curves for each of the four settings. In linear regression with 5 = 0,
we observe that dHFA-eqg is clearly better than the rest, while in the other settings, AGD converges
faster. This is likely due to a suboptimal setting of parameters, which we note can be further tuned.
Regardless, we see clear acceleration by dHFA-eg relative to GD. Interestingly, in the logistic re-
gression experiments, the best-performing step size on our search grid was n = 1 for all algorithms,
which was the largest value considered.

G.2. Alternative averaging for iterates

The weighted average of the iterates V8 used in dHFA-eg (Line 3) is motivated by the continuous-
time average X2'8. Here, we investigate the effect of replacing this with the simple average of
the iterates generated by extragradient integrator x° V8(xg; N) = % ZnNzl Zp. With the same
setting of step size 7 for the empirical setups described previously, we run dHFA-eg with 25728
in lieu of x*V8, and compare it with the original dHFA-eg; the results are plotted in Fig. 6. From
these, interestingly we see an advantage of using the simple average in all settings except for linear
regression with 3 = 0, which is a simple convex setting. We also observe that when 3 = 1072 in
both the linear and logistic regression setups, the performance closely matches that of AGD.

G.3. Varying the integrator in dHFA-eg

dHFA-eqg is a practically viable version of HFA which is made possible by using the extragradient
integrator (HF®9) for the Hamiltonian dynamics. Coincidentally, this integrator also satisfies de-
sirable properties, which lead to the theoretical guarantees of dHFA-eg discussed in the previous
section. In this subsection, we investigate how different integrators perform empirically in compar-
ison to the extragradient integrator in dHFA-eg. We specifically focus on the explicit and leapfrog
integrators (see Appendix B.2 for definitions) as these only require access to the gradients of f. The
empirical results are plotted in Fig. 7.

We use the same empirical setups as described previously. The step size for these methods are
set to the same value; for linear regression, this is set as 7 = ﬁ, whereas for logistic regression,

50



ACCELERATED CONVEX OPTIMIZATION VIA HAMILTONIAN DYNAMICS

107!

1072

(o) —

=103

f

Y 1074

- 5 1075
0 100 200 0 100 200
# of iterations / integration steps

0 200 400 g 0 200

400
# of iterations / integration steps

# of iterations / integration steps # of iterations / integration steps

Linear Regression Linear Regression Logistic Regression Logistic Regression

B =0. 8 =10"3. B =0. 8 =10"3.

Figure 6: Comparison between averaging schemes. The plots depict three curves per setting: dHFA-
eg with & ( ), dHFA-eg with 2°~2V8 (—%—), and AGD (—).
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Figure 7: Comparison between integrators. The plots depict three curves per setting: dHFA-ex
( ), dHFA-If (—¢—), dHFA-eg (—+—). dHFA-ex and dHFA-If are dHFA-eg but with the
extragradient integrator replaced by the explicit and leapfrog integrators respectively.

this is set as = 1. From the plots on the right, we see that the extragradient integrator is the
best performing integrator in all settings. Interestingly, for the linear regression setup with 8 = 0,

the explicit integrator diverges rapidly, while for the logistic regression problem, the performance
matches closely with the others.
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