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Abstract
This paper studies a variation of the classic network alignment problem, named diffusion–network
alignment. The goal is to align the vertices of a rooted diffusion tree to the vertices of a network,
where the diffusion tree could be from a communication trace or contact tracing, and the network
could be an online or offline social network. Different from the classic network alignment where
both networks are fully observed, this model captures the information asymmetry of two networks.
To solve this problem, this paper presents an efficient algorithm based on tree correlation tests
to extract alignment information from local neighborhoods. We analyze the performance of the
algorithm in the sparse graph regime and show that with high probability, all matched pairs are
correct. Furthermore, for each vertex on the diffusion tree, this paper establishes an explicit lower
bound on the probability that the vertex is correctly matched. These lower bounds are depth-
dependent and increase as vertices get closer to the root.
Keywords: Network alignment, information diffusion, efficient algorithms

1. Introduction

Network alignment. The network alignment (or graph matching) problem refers to the prob-
lem of recovering the hidden correspondence between the vertices of two correlated graphs. A
primary motivation for this problem comes from social network deanonymization (Narayanan and
Shmatikov, 2009; Korula and Lattanzi, 2014), where one seeks to match the users of an anonymized
social network (e.g. Twitter) to a correlated reference network in which user identities are known
(e.g. Facebook). Related alignment problems also arise in areas such as bioinformatics (Singh et al.,
2007) and natural language processing (Haghighi et al., 2005).

A classical mathematical model for network alignment is the correlated Erdős–Rényi (ER) graph
pair model (Pedarsani and Grossglauser, 2011). In this model, a base ER graph is first sampled on
a latent vertex set, and two observed graphs are then generated by independently subsampling the
edges of this base graph. As a result, each observed graph is an ER graph, while edges of the two
observed graphs are correlated through the shared base graph and the latent vertex correspondence.
This goal is to find the latent vertex correspondence (vertex alignment) based on the topology of
the two observed graphs. A sequence of works has characterized the information-theoretic limits of
this problem across different graph density regimes (Cullina and Kiyavash, 2016, 2017; Wu et al.,
2022; Ding and Du, 2023). The other sequence of works studies the problem from an algorithmic
perspective, and identifies a computational threshold for the sparse graph regime. In particular,
when the edge correlation between the two graphs is above

√
α, where α ≈ 0.338 is the Otter’s

constant (Otter, 1948), polynomial-time algorithms are known to achieve reliable recovery (Mao
et al., 2026; Ganassali et al., 2024a,b). Below this threshold, Li (2025) provides evidence for the
non-existence of such polynomial-time algorithms.
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Diffusion-network alignment. In the aforementioned line of works, a common assumption is
that both graphs are fully observable. This paper studies a variation of the problem where one
of the networks is a rooted diffusion tree. This rooted diffusion tree could be a communication
trace, a trace from epidemic contact tracing, blockchain transition history. This variation captures
the information asymmetry of the network alignment problem. This paper aims at answering the
following question: can one align the vertices of an observed diffusion tree with those of a correlated
reference network?

Motivated by the above question, we consider the following diffusion-network alignment model.
We consider two networks generated from the correlated Erdős–Rényi graph pair model. To model
the information diffusion process on the first network, we employ the Independent Cascade (IC)
Model, a classic model first proposed by Kempe et al. (2003) for information diffusion on net-
works. In this model, information propagates from a source node through repeated, probabilistic
activations of neighboring nodes. The activated vertices, together with the edges through which they
are activated, form a tree-structured diffusion cascade. We observe only this diffusion tree from the
first network, while the second network is fully observed. The goal is to recover the correspon-
dence between the vertices of the diffusion tree and those of the second network. In this work, we
study diffusion–network alignment from an algorithmic perspective, and focus on studying efficient
algorithms for this problem.

Relation to classic network alignment. Diffusion–network alignment is closely related to clas-
sical network alignment, since the diffusion tree is sampled from the first network and inherits its
structural information, which is correlated with the second network we observe. Therefore, it is nat-
ural to consider whether existing algorithmic approaches for network alignment can be adapted to
diffusion-network alignment. In the following, we focus on discussing two algorithmic approaches
that are known to achieve reliable recovery at the computational threshold

√
α, while deferring a

broader review of the literature to Appendix A.
The first approach is subgraph counting (Mao et al., 2026), which constructs vertex feature

vectors by aggregating weighted counts of specific subgraph structures in the network and matches
the vertices based on the similarity between their feature vectors. However, this approach assumes
access to the entire network to perform the weighted counts and is therefore incompatible with
diffusion network alignment, where the observation of the first network is restricted to a small
subset of vertices.

The second approach is known as tree correlation testing (Ganassali et al., 2024a,b; Maier
and Massoulié, 2025), which reduces the task of matching two vertices to a hypothesis test of
whether their tree-like local neighborhoods are generated independently or correlatedly. In diffu-
sion–network alignment, the diffusion tree retains a tree-structured subgraph of the neighborhood
of the diffusion source. This makes tree correlation testing a natural choice for the diffusion setting,
as it operates directly on tree-like observations and does not require access to the entire graph. In
particular, the tree correlation testing approach developed by Maier and Massoulié (2025) can be
adapted to match the root of the diffusion tree. However, this direct application does not extend to
non-root vertices in the diffusion tree.

This motivates our proposed algorithm, which exploits the fact that the diffusion cascade pro-
vides a natural structure for information propagation on the diffusion tree. The algorithm proceeds
in two passes. In the upward pass, it applies tree correlation tests to collect local matching informa-
tion starting from the bottom of the diffusion tree, and propagates this information upward toward
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the root. In the downward pass, the algorithm starts from the root and propagates the accumulated
matching information toward the leaves. This two-pass procedure allows us to go beyond the direct
application of existing tree correlation tests. It provides guarantees for matching non-root vertices
in the diffusion tree, and also yields a stronger guarantee for matching the root.

Our results. In this work, we introduce an efficient algorithm for the diffusion-network alignment
problem, building on the approach motivated above. We analyze the proposed algorithm in the
constant-degree graph regime and provide performance guarantees from two perspectives.

• Depth-dependent probability bounds for correct matchings: Under the assumption that the
effective correlation between the diffusion tree and the second network is above

√
α, we de-

rive depth-dependent lower bounds on the probability of correct matching for each individual
vertex in the diffusion tree. These depth-dependent lower bounds are constants bounded away
from zero and become larger for vertices closer to the root.

• Global correctness property: We also show that, with high probability, the proposed algo-
rithm is globally correct in the sense that for every vertex in the diffusion tree, it either outputs
the true corresponding vertex or outputs no match at all.

Comparison to theoretical guarantees for constant-degree network alignment. In the litera-
ture for network alignment in the constant-degree regime, algorithms are often evaluated in terms
of achieving partial recovery, i.e., a non-vanishing fraction of vertices should be correctly aligned.
However, partial recovery may not always be possible for the diffusion-network alignment problem.
For example, the diffusion process may produce a cascade containing only the root vertex, which
occurs with a non-vanishing probability. Therefore, high-probability guarantees for recovering a
positive fraction of the vertices are not possible. For this reason, this paper considers vertex-wise
guarantees: we provide explicit constant lower bounds on the success probability for matching each
individual vertex, conditioned on its depth in the diffusion tree, and we show that the algorithm
produces no incorrect matchings with high probability. This notion provides a performance guar-
antee that is comparable in spirit to partial recovery, while being adapted to the diffusion–network
alignment problem.

2. Model

In this section, we introduce the proposed diffusion-network alignment model.

Correlated Erdős–Rényi Graph Pair Model. Let n be a positive integer, λ and s be two positive
real numbers with s ∈ (0, 1]. Throughout this paper, we assume that both λ and s are constant
independent of n. The correlated Erdős–Rényi graph pair model CER(n, λ, s) is defined as follows:
We first sample a base graph G ∼ ER(n, λ

ns), where G has n vertices with indices from [n] :=
{1, . . . , n}, and an edge is generated between each pair of vertices independently with probability
λ
ns . Given the base graph G, the graph G1 is obtained by subsampling each edge in G independently
with probability s. The same subsampling process is then independently repeated to generate G2.
Then a permutation π∗ : [n] → [n] is chosen uniformly at random and used to permute the vertex
labels in G2 to obtain the graph G̃2. The model finally outputs the two correlated graphs G1 and G̃2
both with marginal distribution ER(n, λn), and we denote (G1, G̃2) ∼ CER(n, λ, s).
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Independent Cascade (IC) Model. Given the graph pair (G1, G̃2) ∼ CER(n, λ, s), we use the IC
model to simulate a diffusion process that starts at the vertex 1 in the graph G1. At time step 0, the
vertex 1 in G1 becomes active (marked red in Figure 1), indicating that it is the source of diffusion,
while all other vertices are inactive (marked black in Figure 1). The model proceeds in discrete
time steps. At each time step k ≥ 1, for each edge (u, v) such that u is activated at time k − 1 and
v is inactive, a single activation attempt is made along (u, v), which succeeds independently with
probability q. If at least one such attempt succeeds, vertex v becomes activated at time k. Here
q ∈ (0, 1] is a model parameter, and it is assumed to be a constant independent of n. In Figure 1,
the edges with successful activation attempts are represented by blue arrows. The process ends at
the time step in which no new vertex is activated.

Figure 1: An example of the IC model and its corresponding diffusion tree.

Diffusion Tree. The IC model defined above is captured by the diffusion tree, denoted T IC. The
diffusion tree T IC is rooted at vertex 1, and for each k ≥ 1, the set of vertices at depth k is exactly
the set of vertices that are activated at the time step k of the IC process. For each non-root vertex
in T IC, its parent is set to be the vertex that activated it in the IC process. However, it is possible
that a vertex has multiple active neighbors, and get activated by multiple of them in the same time
step. For example, in Figure 1, vertex 4 is activated by vertices 3 and 5 in time step 2. To ensure the
tree structure of T IC, we introduce a canonical order among the vertices at the same depth to select
a unique parent for each vertex. The order is defined iteratively. For each depth k ≥ 1, a vertex at
depth k has a higher order if its parent has a higher order among the vertices at depth k − 1, and
for multiple vertices with the same parent, the vertex with a smaller index has a higher order. In
Figure 1, vertices that appear further to the left in the diffusion tree correspond to higher canonical
order. When a vertex is activated by multiple neighbors in the same time step, its unique parent is
chosen to the one with the highest order among those vertices which activated it.

Diffusion-network Alignment. In the diffusion-network alignment problem, we observe the dif-
fusion tree T IC and the graph G̃2, and have access to the model parameters λ, s and q. The goal is
to find the corresponding vertex π∗(u) in G̃2 for each vertex u in the observed diffusion tree T IC.

Notation. Recall that the vertices of both graphs G1 and G̃2 are indexed by [n]. For each index
i ∈ [n], we use i to denote the vertex with index i in G1 (and also T IC), and use ĩ to denote the vertex
with index i in G̃2. Then following this notation, the vertex i in G1 corresponds to the vertex j̃ in G̃2
if π∗(i) = j. We use V (resp. Ṽ and V IC) to denote the set of vertices G1 (resp. G̃2 and T IC). For
each d ≥ 0, we use Vd to denote the set of vertices at depth d of T IC, and define V≤d = ∪dd′=0Vd′ .
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3. Preliminary: Tree Correlation Tests

Before presenting our algorithm for diffusion-network alignment, we first introduce the preliminar-
ies of the tree correlation testing problem, which is known as a classic tool for network alignment
in the sparse regime.

Poisson Galton–Watson trees. Let λ ∈ R+. The Galton–Watson branching tree with offspring
distribution Poi(λ), denoted GWλ, is a distribution over unlabeled rooted trees. The tree has a
distinguished vertex as its root. Then iteratively for each vertex v in the tree, an independent random
variable Xv ∼ Poi(λ) is sampled, representing the number of children attached to v. For each
d ≥ 0, we use GWd,λ to denote the depth-d truncation of GWλ, which is the distribution over
the rooted trees obtained by generating a tree from GWλ and remove all the vertices with distance
greater than d from the root. We define the extinction probability pextd,λ as the probability that there
exist no vertices at distance d from the root under the law GWλ, and define pextλ := limd→∞ pextd,λ.

Independent and correlated Galton–Watson tree distributions. Let d ∈ N, λ ∈ R+ and
s, s̃ ∈ (0, 1]. With the definition of GWd,λ, we are now ready to define the independent tree pair
distribution Q(λ,s,s̃)

d and the correlated tree pair distribution P(λ,s,s̃)
d considered in the tree correlation

test problem.

• Independent tree pair distribution Q(λ,s,s̃)
d : Under this distribution, two unlabeled rooted trees

T and T̃ are sampled independently from distributions GWd,λs and GWd,λs̃ respectively.

• Correlated tree pair distribution P(λ,s,s̃)
d : Under this distribution, two correlated trees T and

T̃ with marginal distributions GWd,λs and GWd,λs̃ are generated. To generate the two corre-
lated trees, an intersection tree T ∗ is first sampled from distribution GWd,λss̃. Then for each
k ∈ {0, . . . , d − 1}, we independently sample a random variable X+

v ∼ Poi(λs(1 − s̃)) for
each vertex v at depth k in T ∗, and add Xv new children to v. For each newly added vertex
u at depth k, a rooted tree tu is independently sampled from the distribution GWd−k,λs and
attached to u as a subtree. After attaching tu for each new vertex u, the resulting rooted
tree is T . To obtain tree T̃ , we again start with the intersection tree T ∗, and indepen-
dently repeat the process of adding new children and attaching new subtrees, but instead with
X+

v ∼ Poi(λs̃(1−s)) and tu ∼ GWd−k,λs̃. It can be readily seen from Poisson superposition
that T and T̃ have marginal distributions GWd,λs and GWd,λs̃ respectively.

Likelihood ratio test. In the tree correlation test problem, we are given two rooted trees T and T̃ ,
and the goal is to distinguish the two hypotheses H0 : (T , T̃ ) ∼ Q(λ,s,s̃)

d and H1 : (T , T̃ ) ∼ P(λ,s,s̃)
d .

The Neyman–Pearson Lemma (Neyman and Pearson, 1933) states that the likelihood ratio test is
the most powerful test for hypothesis testing (Lehmann and Romano, 2005). For the two trees T
and T̃ , their likelihood ratio is given by

L
(λ,s,s̃)
d (T , T̃ ) :=

P(λ,s,s̃)
d (T , T̃ )

Q(λ,s,s̃)
d (T , T̃ )

. (1)

The likelihood ratio for tree correlation tests has been studied by Maier and Massoulié (2025), who
derive a recursive formula that enables efficient computation of (1). Moreover, they show that,
with an appropriately chosen threshold, the likelihood ratio test achieves a vanishing Type I error,
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while having a non-vanishing power. We state their recursive formula for the likelihood ratio in
Appendix J.1 and summarize the associated performance guarantees in Theorem 26 of Appendix J.2.

4. Proposed Algorithm and Main Results

In this section, we present the proposed algorithm for diffusion-network alignment, and summarize
the theoretical performance guarantees of the algorithm.

4.1. Proposed algorithm for diffusion-network alignment

In sparse Erdős–Rényi graphs, the local neighborhood distribution converges to a Poisson Gal-
ton–Watson tree as n→∞. In the IC model, each vertex activates its neighbors independently with
probability q, so the subtree rooted at a vertex u in T IC can be regarded as a random subsample of its
neighborhood in G1. Consequently, this subtree retains the correlation with the local neighborhood
of π∗(u) in G̃2. Therefore, a natural approach to verify whether a vertex u should be matched to a
vertex ṽ is to apply the likelihood ratio test (1) to determine whether their subtree and neighborhood
are correlated or independent. However, such local tests alone are insufficient for certifying the
matchings, because neighborhoods of non-corresponding nodes are not necessarily independent, as
they may partially overlap. In our approach, we therefore use likelihood ratio tests only as local
evidence, and propagate this evidence upward and downward along the diffusion tree. Aggregating
evidence through the propagation process allows the algorithm to better identify correct matches.

We now turn to formally describe the proposed algorithm. To this end, we first introduce a
notation for the subtrees in T IC and define the breadth-first search (BFS) trees in G̃2. For a vertex u
in T IC and d ≥ 0, we use T IC

u,d to denote the subtree rooted at u with depth up to d in T IC. In other
words, T IC

u,d is the rooted tree obtained by removing all the vertices that has distance greater than d

from u in the subtree rooted at u in T IC. For example, in Figure 1, the subtree T IC
2,1 is the tree rooted

at vertex 2, with a single edge connecting to vertex 6. For two distinct vertices ṽ and w̃ in G̃2, define
the BFS tree T̃ \w̃

ṽ,d as follows: The tree T̃ \w̃
ṽ,d is rooted at vertex ṽ. For each k ∈ [d], the set of vertices

at depth k in T̃ \w̃
ṽ,d is the set of vertices at distance k from ṽ in the graph G̃2 \ w̃. For each non-root

vertex ĩ at depth k, the unique parent of ĩ is set to be the vertex at depth k− 1 that is connected with
ĩ in G̃2 \ w̃ that has the highest canonical order. Here, the canonical order within each depth is the
same as in the definition of the diffusion tree T IC. The proposed algorithm collects local evidence
for matching by applying tree correlation tests to pairs of subtree T IC

u,d and BFS tree T̃ \w̃
ṽ,d .

The proposed algorithm takes the model parameters λ, s, q, the diffusion tree T IC, the observed
graph G̃2, and two integers l and dmax as input. Recall that V≤dmax+1 denote the set of vertices within
depth dmax + 1 of T IC. This is the set of vertices that the algorithm attempts to match. For each
vertex u ∈ V≤dmax+1, the algorithm maintains a matching candidate setMu, which is initialized to
be empty. The candidate sets are updated sequentially as the four matching criteria stated below are
applied. Whenever a pair (u, ṽ) is certified by one of the criteria below, the algorithm adds ṽ toMu.
Thus, the criteria below are interpreted with respect to the current candidate sets at the time they are
evaluated. In stating these criteria, we omit the superscript from the likelihood ratio L

(λ/s,qs,s)
d as is

clear from the context.
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Figure 2: Illustration of the four matching criteria.

1. Two vertices u ∈ V IC and ṽ ∈ Ṽ satisfy Criterion 1 if there exist three children u1, u2, u3 of
u in T IC and three neighbors ṽ1, ṽ2, ṽ3 of ṽ in G̃2 such that1

Ll−1(T IC
uk,l−1, T̃

\ṽ
ṽk,l−1) > exp

(
(λsq)l−1

log n

)
, for k = 1, 2, 3.

2. Two vertices u ∈ V IC and ṽ ∈ Ṽ satisfy Criterion 2 if there exist two children u1, u2 of u in
T IC and two neighbors ṽ1, ṽ2 of ṽ in G̃2 such that

ṽ1 ∈Mu1 and Ll−1(T IC
u2,l−1, T̃

\ṽ
ṽ2,l−1) > exp

(
(λsq)l−1

log n

)
.

3. Two vertices u ∈ V IC and ṽ ∈ Ṽ satisfy Criterion 3 if there exist two children u1, u2 of u in
T IC and two neighbors ṽ1, ṽ2 of ṽ in G̃2 such that

ṽk ∈Muk
, for k = 1, 2.

4. Two vertices u ∈ V IC and ṽ ∈ Ṽ satisfy Criterion 4 if there exists a neighbor ṽ1 of ṽ in G̃2
such that ṽ1 ∈Mu1 , where u1 is the parent of u in T IC, and

Ll−1(T IC
u,l−1, T̃

\ṽ1
ṽ,l−1) > exp

(
(λsq)l−1

log n

)
.

Figure 2 illustrates the four matching criteria introduced above. Each panel shows two local views.
The left side is the view from the diffusion tree T IC, containing the vertex u, its children, and the
corresponding subtrees. The right side is the view from the network G̃2, containing the candidate
vertex ṽ, its neighboring vertices, and the BFS trees rooted at those neighbors. Green dashed lines

1. In the original definition of the likelihood ratio (1), the inputs are two unlabeled trees. Here we extend the definition
to allow labeled trees as inputs simply by removing all the labels.

7



WANG YING

connect pairs of rooted trees whose likelihood ratio exceeds the threshold (λs)l−1/ logn, while blue
dashed lines indicate vertex pairs that have already been matched in previous iterations.

The proposed algorithm is summarized in Algorithm 1. The algorithm can be divided into two
phases: an upward pass phase and a downward pass phase.

Upward pass: The upward pass phase starts from the vertices at depth dmax of T IC and moves
towards the root, with iterations over empty depths in T IC skipped. Equivalently, if T IC has depth
less than dmax, the first non-vacuous iteration starts from the leaf depth of T IC. At the starting
depth, the algorithm relies solely on Criterion 1 to match the vertices, since all matching candidate
setsMu are initialized as empty. A vertex ṽ ∈ Ṽ is added to the matching candidate setMu of
u ∈ Vdmax if u and ṽ satisfy Criterion 1 (lines 2–6). We note that this criterion is also known as
the three-dangling tree test in the literature (Ganassali et al., 2024a). The algorithm then iteratively
moves one level upward. At each subsequent depth d, the non-empty candidate sets found at depth
d+1 enable the use of Criteria 2 and 3. A vertex ṽ ∈ Ṽ is added to the matching candidate setMu

of u ∈ Vd if u and ṽ satisfy at least one of Criteria 1–3 (lines 2–6). This process continues until
the root of the diffusion tree T IC is reached. In this manner, the matching information obtained at
lower levels and the local evidence from the tree correlation tests are progressively aggregated and
propagated upward, boosting the matching performance at higher levels of T IC.

Downward pass: The downward pass phase starts at depth 1 of T IC and moves towards the
leaves of T IC. At each depth d, a vertex ṽ ∈ Ṽ is added to the matching candidate set Mu

of u ∈ Vd if u and ṽ satisfy Criterion 4 (lines 7–11). Recall that Criterion 4 is based on the
matching information of the parental vertex in T IC. Therefore, this phase propagates the matching
information from the upper levels of T IC towards the lower levels.

After the two passes, the algorithm outputs all the matching candidate setsMu (line 16).
In the analysis of the proposed algorithm, we choose parameters

l = ⌊
√

log n⌋ and dmax =

⌊
1− ϵ

log(λq)
log n

⌋
,

where ϵ > 0 is an arbitrarily small constant.

Remark 1 (Computational complexity of Algorithm 1) Under the correlated Erdős–Rényi graph
pair model, the maximum degree in both graphs G1 and G̃2 is at most (1+o(1)) logn

log logn with high prob-

ability (Frieze and Karoński, 2015). Since ( (1+o(1)) logn
log logn )! = n1+o(1), with high probability, the

time complexity of each likelihood ratio computation in Algorithm 1 is n2+o(1) (see Remark 25 in
Appendix J for the detailed reasoning). Algorithm 1 performs at most n2+o(1) likelihood ratio tests,
and hence runs in polynomial time.

4.2. Main results

In this section, we present the theoretical guarantee of Algorithm 1. To state the results, we first
define a sequence of probabilities based on Poisson distributions. The sequence will later be used to
bound the probability for the vertices at each depth of T IC to be correctly matched by Algorithm 1.

Let ϵ′ denote an arbitrarily small constant. We recursively define the sequence (pd)d≥0 as fol-
lows: First define

p0 = P(X ≥ 3), (2)

8



DIFFUSION-NETWORK ALIGNMENT

Algorithm 1: Proposed algorithm for diffusion-network alignment

Input : Diffusion tree T IC, fully observed graph G̃2, model parameters λ, s, q, integers dmax, l
Output: A matching candidate setMv for each v within depth dmax + 1 of T IC

1 Mu ← ∅ for each u ∈ V≤dmax+1

// Upward pass phase; empty depths are skipped
2 for d = dmax : −1 : 0 do
3 for u ∈ Vd do
4 for ṽ ∈ Ṽ do
5 if u and ṽ satisfy at least one of Criteria 1–3 then
6 Mu ←Mu ∪ {ṽ}
// Downward pass phase; empty depths are skipped

7 for d = 1 : +1 : dmax + 1 do
8 for u ∈ Vd do
9 for ṽ ∈ Ṽ do

10 if u and ṽ satisfy Criterion 4 then
11 Mu ←Mu ∪ {ṽ}
12 return The matching candidate setMu for each u ∈ V≤dmax+1

where X ∼ Poi(λsq(1− pextλsq − ϵ′)). Then for each d ≥ 1, define

pd = P(2Y + Z ≥ 3), (3)

where Y ∼ Poi(λsqpd−1), Z ∼ Poi(λsq(1− pextλsq − ϵ′ − pd−1)), and Y and Z are independent.
To understand the definition of the sequence (pd)d≥0, consider running the upward pass phase

of Algorithm 1 on a pair of correlated trees (T , T̃ ) ∼ P(λ/s,qs,s)
d+l starting at depth d.

At the bottom depth d, the algorithm relies only on Criterion 1. For a vertex at depth d in
the intersection tree T ∗, let X denote the number of its children c in T ∗ such that c’s associated
subtrees in T and T̃ can pass the tree correlation test. By definition, the number of children in T ∗

is distributed as Poi(λsq). Moreover, we will see by Theorem 26 that, for each of such children,
the associated subtrees in T and T̃ pass the test with probability at least 1− pextλsq − ϵ′. By Poisson
thinning, the distribution of X stochastically dominates Poi(λsq(1 − pextλsq − ϵ′)), which is the
distribution in the definition of p0. A match at this level requires X ≥ 3, so the probability of
correct matching at the bottom layer is at least p0.

When the algorithm moves to depth d − 1, it applies Criteria 1–3 jointly. In this step, a pair of
previously matched children one depth below can be viewed as a strong signal of value 2, while a
pair of subtrees that pass the correlation test but are not matched provides a weak signal of value 1.
Declaring a match whenever at least one of Criteria 1–3 is satisfied is then equivalent to requiring
the total signal strength to be at least 3. Let Y denote the number of strong signals and Z denote
the number of weak signals. Using the lower bound p0 on the probability of correct matching at the
bottom level together with Theorem 26, a similar Poisson thinning argument shows that one may
take Y ∼ Poi(λsqp0) and Z ∼ Poi(λsq(1 − pextλsq − ϵ′ − p0)) with Y and Z independent. These
are precisely the random variables appearing in the definition of p1, and p1 thus characterizes the
probability of correct matching one level above. This reasoning can be repeated inductively as the
algorithm propagates upward: each move up by one level advances the recursion by one, so that the
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lower bound on the probability of a correct match increases from pj to pj+1. In particular, pd is the
probability that algorithm maps the roots of the two trees. This argument is formally presented as
Lemma 15 in Appendix F.

It is straightforward to verify that the sequence (pd)d≥0 is strictly increasing and converges to a
finite limit p ∈ (0, 1]. Figure 3 illustrates an example of the evolution of the sequence.

Figure 3: An example of the sequence (pd)d≥0. The parameters are set to λ = 4, s = q = 0.7 and
ϵ′ = 0.1 in the example.

With the sequence (pd)d≥0 in hand, we are now ready to state the performance guarantee of
the proposed algorithm. Recall thatMu is the set of matching candidates for vertex u in T IC that
Algorithm 1 outputs. Accordingly, for an individual vertex v, the eventMv = {π∗(v)} means that
v is correctly matched by Algorithm 1. Meanwhile, the eventMu ⊆ {π∗(u)} for all u ∈ V≤dmax+1

captures the global correctness property, meaning that, for every vertex, the algorithm outputs either
an empty candidate set or the singleton set containing the true corresponding vertex. The following
theorem provides a guarantee for Algorithm 1 in terms of the probability of these desired events.

Theorem 2 Let α ≈ 0.338 denote Otter’s tree-counting constant. Suppose qs2 > α, λsq > 1,
and λ > λ0, where λ0 is a constant independent of n. Define l+ = ⌊(log n)3/4⌋, and d′ =
min(l+, dmax − d) for each d ∈ [dmax]. Then, for a vertex v ∈ {2, . . . , n} in G1 and a depth
d ∈ [dmax],

P(Mv = {π∗(v)} | v ∈ Vd) ≥ pd′ −O(n−ϵ/3). (4)

For the root vertex 1 of the diffusion tree,

P(M1 = {π∗(1)}) ≥ pl+ −O(n−ϵ/3). (5)

Moreover,
P(Mu ⊆ {π∗(u)}, ∀u ∈ V≤dmax+1) ≥ 1−O(n−ϵ/3). (6)

Recall that Vd is the set of vertices at depth d of T IC. For a non-root vertex v ∈ {2, . . . , n},
both its appearance in the diffusion tree and its depth are random. Hence, for each non-zero depth
d ∈ [dmax], equation (4) provides a lower bound on the probability that an individual non-root
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vertex is correctly matched, conditional on the event that it appears at depth d of T IC. On the other
hand, the root vertex 1 is the deterministic source of the diffusion tree and always appears at depth
0. Therefore, equation (5) provides an unconditional lower bound on the probability that the root
vertex is correctly matched.

By the definition of d′ = min{l+, dmax − d}, the lower bound depends on the depth d through
the index d′. Moreover, d′ is non-increasing as a function of d. As d decreases from dmax to
dmax − l+, the index d′ increases from 0 to l+, and the corresponding lower bound improves along
the sequence p0, . . . , pl+ . For vertices at smaller depths d < dmax− l+, this improvement saturates,
and the bound remains pl+ . Since l+ → ∞ as n → ∞, the value of pl+ approaches the sequence
limit p. Therefore, for depths d ≤ dmax − l+, our lower bound is equivalently p− o(1).

Remark 3 In our model, the quantity
√

qs2 captures the edge correlation coefficient between the
diffusion tree T IC and graph G2. Therefore, condition qs2 > α in Theorem 2 is analogous to the
assumption that the edge correlation coefficient lies above the threshold

√
α in the literature on

efficient algorithms for sparse network alignment (Mao et al., 2026; Ganassali et al., 2024a,b).

Remark 4 The use of tree correlation tests in sparse network alignment has been studied in Maier
and Massoulié (2025), where the central idea is to apply Criterion 1, also known as the three-
dangling-tree test, to verify vertex matchings between two fully observed graphs. One can adapt
this approach to the diffusion–network alignment setting and show that the root vertex 1 can be
correctly matched with probability at least p0 − o(1). In contrast, our algorithm leverages four
complementary matching criteria and propagates matching evidence across the diffusion tree. This
enables us to provide vertex-wise performance guarantees for non-root vertices and to obtain a
strictly improved lower bound pl+ − o(1) for the root.

Remark 5 When specialized to the case q = 1, our model is closely related to the classical sparse
network alignment problem, since the diffusion tree contains all vertices in the connected component
of the root. It is therefore interesting to compare our guarantee with the information-theoretic opti-
mum for partial recovery characterized in Du (2025). For example, when λs = 2, the information-
theoretic characterization in Du (2025) gives an optimal aligned fraction of approximately 0.7149,2

whereas our lower bound on the success probability of the root is approximately 0.4125. Closing
this gap, or determining whether the information-theoretic optimum can be achieved efficiently in
this setting, remains a future research problem.

5. Proof Sketch of the Main Results

In this section, we sketch the proof of Theorem 2, while deferring the detailed proof to Appendix C.
The proof relies on two key ingredients, each of which is formalized by a proposition.

The first ingredient is showing that the global correctness property holds with high probability.
Importantly, this property remains valid even after conditioning on the event that a given vertex v
appears at a specific depth d of T IC. This statement is made precise in Proposition 6.

The second ingredient is a per-vertex inclusion guarantee. Conditioning on the event that vertex
v is at depth d of T IC, we show that Algorithm 1 includes π∗(v) in the candidate seet Mv with

2. The optimal matching fraction in Du (2025) does not admit a closed-form expression. The value reported here is
obtained by numerically evaluating the characterization provided in that work.
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probability at least pd′ − o(1), where d′ = min{l+, dmax − d}. This guarantee is formalized in
Proposition 7.

Together, these two ingredients yield the theorem as follows. The global correctness property
ensures that, with high probability, each candidate setMu contains at most the true correspondence
π∗(u). On this event, the inclusion guarantee implies that Mv = {π∗(v)}, meaning that vertex
v is correctly matched. Applying this argument vertex-wise and combining the conditional and
unconditional bounds gives the stated performance guarantees in Theorem 2.

To prove the two propositions, it is important to introduce the notion of the live-edge graph, a
standard representation of the IC model (Kempe et al., 2003). The live-edge graph G′1 is obtained
by subsampling each edge in G1 independently with probability q, where the randomness in the
subsampling is coupled with the IC process (see Appendix D for the formal definition). The live-
edge graph fully captures the randomness in both G1 and the IC process. The proof of the two
propositions is based on analyzing the graph pair (G′1, G̃2). We sketch the proof of the two propo-
sitions in the following two subsections, while deferring the detailed proofs to Appendices E and F
respectively.

5.1. Global correctness property

Sufficient condition for global correctness. We first establish a sufficient condition for the de-
sired global correctness of Algorithm 1. Let Ḡ denote the union graph of G′1 and G2. We define the
following two events.

• E1: for every u within depth dmax of T IC, the 2l-neighborhood of u in Ḡ is a tree.

• E2: among all pairs of subtree T IC
u,l−1 and BFS tree T̃ \w̃

ṽ,l−1 tested in Algorithm 1, there is no
pair that simultaneously passes the tree correlation test and contains no common vertices.

We claim that the event E1 ∩ E2 implies the global correctness property. The claim is proven by
induction. Consider any iteration of the algorithm and suppose that all previously identified matches
are correct. If two non-corresponding vertices u and ṽ were to satisfy any of the four matching
criteria at this iteration, then event E2 can be shown to imply the existence of multiple distinct paths
between u and ṽ in Ḡ. This further implies that the 2l-neighborhood of u in Ḡ contains a cycle,
contradicting E1. A formal statement of this implication is given in Lemma 9 in Appendix E. Given
this sufficient condition, it is left to show that both E1 and E2 occur with high probability, both
unconditionally and conditionally on a given vertex v at depth d of T IC.

Event E1. We begin by considering the unconditional probability of event E1. In a sparse Erdős–
Rényi graph, the probability that the 2l-neighborhood of a fixed vertex contains no cycles is 1 −
O(n−1+o(1)), because l = o(log n). Moreover, by our choice of dmax, the total number of vertices
within depth dmax of T IC is at most Õ(n1−ϵ) with high probability. A naive union bound would
therefore suggest that E1 holds with probability 1− o(1).

However, this argument cannot directly be applied, since the event that a vertex lies within depth
dmax of T IC already implies the existence of a path connecting it to the root, and thus enforces local
structure in Ḡ. To address this issue, we show that the 1 − O(n−1+o(1)) bound on the probability
of having no cycles still holds after conditioning on the existence of such a path. This allows us to
apply a union-bound-type argument to establish the desired unconditional probability bound for E1.

We then turn to the conditional bound. In addition to the conditioning considered above, namely,
that a vertex lies within depth dmax of T IC, we now further condition on the event that a specific
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vertex v lies at depth d of T IC. This introduces a second, explicitly conditioned path from v to the
root. The main technical challenge is therefore to control the possible overlap patterns between these
two conditioned paths. By carefully analyzing such overlaps, we show that the same O(n−1+o(1))
bound continues to hold, yielding the desired conditional high-probability bound for E1.

Event E2. We first consider the unconditional probability of event E2. From definition (1), the
likelihood ratio L

(λ/s,qs,s)
l−1 has expectation 1 under the independent tree pair distribution Q(λ/s,qs,s)

l−1 .
By our choice l = ⌊

√
log n⌋, the likelihood ratio threshold in Algorithm 1 is nω(1). Hence, by

Markov’s inequality, L(λ/s,qs,s)
l−1 exceeds the threshold with probability n−ω(1). Moreover, for any

pair of trees tested in Algorithm 1 that are vertex-disjoint, we show that their joint law is within a
constant factor from Q(λ/s,qs,s)

l−1 , under high probability conditions on the tree sizes. From here, we
can apply a union bound to all possible tested tree pairs to show that E2 holds with high probability.

The treatment for the conditional probability of E2 is rather straightforward. We show that
the conditioned event v ∈ Vd occurs with probability Ω(n−1). The chain rule implies that the
multiplicative gap between the conditioned and the unconditioned probability is O(n), which yields
the desired bound.

5.2. Per-vertex inclusion guarantee

For illustration purposes, we focus on showing the lower bound pl+−o(1) at depth d = dmax−l+ in
this proof sketch. Recall that we argued in Section 4.2 that pl+ is a lower bound for the probability of
matching the root node when applying the upward pass phase of Algorithm 1 to a tree pair (T , T̃ ) ∼
P(λ/s,qs,s)
l+l+

. Therefore, it is desirable to couple the subtree rooted at v up to depth (l+ l+) in T IC and

the (l + l+)-neighborhood of π∗(v) in G̃2 with the Galton–Watson tree pair (T , T̃ ) ∼ P(λ/s,qs,s)
l+l+

.
As a key step, we show that when S ∈ [n] is a vertex subset with sublinear size, the joint law

between the (l+l+)-neighborhood of v in G′1\S and the (l+l+)-neighborhood of π∗(v) in G̃2\π∗(S)

converges in total variation distance to P(λ/s,qs,s)
l+l+

(see Proposition 16 in Appendix F for the formal
statement). While the coupling is guided by the Poisson approximation for the neighborhood sizes in
Erdős–Rényi graphs, the argument requires additional control beyond matching these marginals. In
particular, under the correlated Erdős–Rényi graph pair model, the explored (l+ l+)-neighborhoods
are not a priori trees: one must rule out edges within the same layer, and multiple edges from a vertex
to previously discovered layers. Furthermore, joint exploration across the two graphs introduces
additional overlap patterns that do not arise in the Galton–Watson model. For example, a vertex may
be reached in the neighborhood of v via an exclusive edge in G′1 and simultaneously be reached in the
neighborhood of π∗(v) via an exclusive edge in G̃2, creating cross-neighborhood intersections that
are not tree-like. A key part of the proof is therefore to show that such non-tree effects and undesired
overlaps occur with vanishing probability, so that the neighborhood growth can be coupled to the
correlated Galton–Watson process.

With this convergence in hand, we apply it with S = V≤d\{v}, namely the set of vertices within
depth d of T IC excluding v. Under this choice of S, we show that the (l+ l+)-neighborhood of v in
G′1 \ S coincides with the subtree of v in T IC, and that the corresponding (l+ l+)-neighborhood of
π∗(v) in G̃2 \ π∗(S) does not intersect with the neighborhoods of vertices in π∗(S). Consequently,
the local neighborhoods used by the algorithm around v and π∗(v) behave as if they were isolated
and distributed according to the correlated Galton–Watson model. This allows the upward pass
phase of Algorithm 1 to include π∗(v) inMv with probability at least pl+ − o(1).
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As illustrated in this proof sketch, our probability lower bounds are established solely from the
upward pass. The downward pass, on the other hand, can match additional vertices that cannot
be matched by the upward pass alone. Figure 2 illustrates such an example. Note that Criteria 1–
3 require the vertex u to have at least two children in the diffusion tree in order to be matched.
By contrast, the example for Criterion 4 shows that a vertex u with only one child can still be
matched using information propagated from its parent u1. However, the improvement brought
by the downward pass is difficult to quantify because of the complicated correlation between its
decisions and those made during the upward pass. We therefore include the downward pass as a
practical refinement that can strictly improve the matching performance beyond what is captured by
our theoretical lower bounds. It is an interesting future research problem to theoretically quantify
the gain of the downward pass.

6. Conclusion

In this work, we introduce the diffusion–network alignment problem, motivated by the informa-
tion asymmetry in real-world networks. We formalize this problem under a probabilistic model
that combines the correlated Erdős–Rényi graph pair model with an Independent Cascade diffusion
process, capturing both structural correlation across networks and the randomness introduced by
diffusion.

We propose a polynomial-time algorithm for diffusion–network alignment, and analyze its per-
formance in the sparse regime. We provide performance guarantees for the algorithm from two
perspectives. First, we established depth-dependent lower bounds on the probability of correctly
matching each individual vertex in the diffusion tree. Second, we prove a global correctness guar-
antee, showing that with high probability all the vertex pairs matched by the algorithm are correct.

Several directions for future work on diffusion–network alignment remain open. One natural
question is to characterize the optimal vertex-wise matching probabilities that can be achieved by
polynomial-time algorithms under the global correctness requirement. Beyond efficient algorithms,
it is also of interest to understand the information-theoretic limits of diffusion–network alignment.

Acknowledgments

This work was supported in part by U.S. National Science Foundation (NSF) under grants 2207548
and 2324769; and AFOSR grant FA9550-24-1-0002. The authors are grateful to Jiale Cheng for
many helpful and inspiring discussions. The authors also thank the anonymous reviewers for their
constructive comments and suggestions.

References

Noga Alon, Michael Krivelevich, and Benny Sudakov. Finding a large hidden clique in a random
graph. Random Structures & Algorithms, 13(3-4):457–466, 1998.

Taha Ameen and Bruce Hajek. Aligning multiple inhomogeneous random graphs: Fundamental
limits of exact recovery. arXiv preprint arXiv:2405.12293, 2024.

George Bennett. Probability inequalities for the sum of independent random variables. Journal of
the American Statistical Association, 57(297):33–45, 1962.

14



DIFFUSION-NETWORK ALIGNMENT

Avrim Blum, John Hopcroft, and Ravindran Kannan. Foundations of data science. Cambridge
University Press, 2020.
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Appendix A. Related Work

Diffusion-network alignment is closely related to the classic network alignment problem. The the-
oretical study of the network alignment problem has focused mainly on the correlated Erdős–Rényi
graph pair model. One line of the work studies the information theoretic limit. The goal is to iden-
tify the range of graph parameters such that successful alignment can be achieved under various
criteria including exact recovery (Cullina and Kiyavash, 2016, 2017; Wu et al., 2022), almost exact
recovery (Cullina et al., 2019; Wu et al., 2022) and partial recovery (Ganassali et al., 2021; Wu et al.,
2022; Hall and Massoulié, 2023; Ding and Du, 2023; Du, 2025). The other line of work focuses on
constructing efficient solutions for the problem. Several polynomial-time approaches have been pro-
posed, including spectral methods (Fan et al., 2020), node-degree–based methods (Dai et al., 2019;
Mao et al., 2023), iterative algorithms (Ding and Li, 2025), subgraph counting techniques (Mao
et al., 2026), and tree correlation tests (Ganassali et al., 2024a; Maier and Massoulié, 2025).

Following the line of work on the correlated Erdős–Rényi graph pair model, many works
have studied network alignment under more general settings, including alignment in community-
structured random graph models (Gaudio et al., 2022; Chai and Rácz, 2024), graphs with node
attributes (Zhang et al., 2024; Wang et al., 2024, 2025; Yang and Chung, 2024), partially correlated
graph pairs (Huang et al., 2024), and the simultaneous alignment of multiple networks (Ameen
and Hajek, 2024). Despite these generalizations, a common assumption in this literature is that the
input graphs are fully observed. In contrast, in the diffusion–network alignment problem we con-
sider, only a subgraph induced by the diffusion process is observed from the first network, while the
second network is fully observed.

Beyond classic network alignment, the diffusion-network alignment problem is also related
to the literature on identifying subgraphs in large networks. One classical line of research is the
subgraph isomorphism problem, which asks whether a given query graph appears as a subgraph of
a larger host graph (Shang et al., 2008; He and Singh, 2008). From a probabilistic perspective, Shiu
et al. (2025) study this problem under random graph models, where the objective is to recover
the vertex labels of the subgraph induced by a uniformly sampled vertex set from an Erdős–Rényi
graph. Another closely related direction is the planted clique problem, where a clique of a given
size is planted on an Erdős–Rényi random graph and the goal is to detect or recover the planted
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structure (Bollobás and Erdös, 1976; Alon et al., 1998). Recent studies go beyond cliques and
consider planted subgraphs of more general structures (Mossel et al., 2025; Lee et al., 2025).

Despite the connections, these settings differ fundamentally from diffusion–network alignment
in two respects. Firstly, although the diffusion tree is a subgraph of the underlying network G1, the
reference network G̃2 we observe is only positively correlated with G1 through a latent correspon-
dence, rather than containing the diffusion tree as a subgraph. In contrast, both subgraph isomor-
phism and planted subgraph problems require the target subgraph structure to be strictly contained
in the observed network. Second, the diffusion tree in diffusion-network alignment is generated by
a random diffusion process on the latent network through the IC model. This is different from the
setting where the queried or planted structure is deterministic or sampled as an induced subgraph.

Appendix B. Notation Used in the Appendices

The following notations are used throughout the appendices.
We use standard notation N,N+,R,R+ to denote the sets of natural numbers, positive natural

numbers, real numbers, and positive real numbers, respectively. For n ∈ N+, we use [n] to denote
the set {1, . . . , n}. When n = 0, we set [n] = ∅. For a finite set S, we use |S| to denote its
cardinality.

For a simple undirected graph G = (VG , EG), we use VG and EG to denote the set of vertices

and the set of edge in G respectively. For u, v ∈ VG , we use u
G∼ v to denote that there exists an

edge between u and v in G, and use distG(u, v) to denote the shortest path distance between u and
v. For a vertex set S and a vertex u, we define the distance dist(S, u) = minv∈S dist(u, v). For
u ∈ VG , we define SG(u, d) := {v ∈ VG : distG(u, v) = d} to denote the set of vertices at distance
d from u, and NG(u, d) := ∪dk=0SG(u, d) to denote the set of vertices within distance d from u.

A rooted tree T = (VT , ET ) is an acyclic simple graph with one distinguished vertex rT ∈ VT
designated as the root. The depth of a vertex is defined as the distance between it and the root. The
depth of T is defined as the maximum depth among all of its vertices. For d ∈ N, we introduce the
short-hand notation VT ,d := ST (u, d) for the set of vertices at depth d of T , and VT ,≤d := NT (u, d)
for the set of vertices within depth d of T . When T is the diffusion tree T IC from the IC process,
we omit T IC from the subscript, and simply write Vd and V≤d. For u ∈ VT ,d, the children of u are
the vertices in VT ,d+1 that are adjacent to u. We say u is the parent of v if v is a child of u. For
u ∈ VT and d ∈ N, we use Tu to denote the subtree of T rooted at u and Tu,d to denote the rooted
tree obtained by removing all the vertices in Tu that are at distance larger than d from the root u. We
say two rooted trees T and T ′ are isomorphic (denoted T ∼= T ′), if there exists a bijective mapping

σ : VT → VT ′ such that σ(rT ) = rT ′ and u
T∼ v ⇔ σ(u)

T ′
∼ σ(v).

For a given graph G and a vertex u ∈ VG , we define T G
u ∈ as the breadth-first search (BFS)

tree rooted at u: The root vertex rT G
u

of the tree is set to be vertex u. For each d ∈ N+, we have
VT G

u ,d = SG(u, d), i.e., the set of vertices at depth d in T G
u are the vertices at distance d from u in G.

For a vertex v ∈ VT G
u ,d, the parent vertex of v is the vertex in VT G

u ,d−1 that is adjacent to v in G with
the highest order. Here, the ordering in each VT G

u ,d is defined in the same way as in the definition of
the diffusion tree T IC.

We use notations P(·) and E[·] to denote the probability of certain event and the expectation of
certain random variable. For a sequence of random variables (X1, . . . , Xn), we use L(X1, . . . , Xn)
to denote their joint distribution. We use Poi(µ) to denote the Poisson distribution with mean µ,
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and use Binom(n, p) to denote the binomial distribution with parameters n and p. We say a random
vector (X1, . . . , Xm) follows the multinomial distribution with parameters (n, p1, . . . , pm), denoted
(X1, . . . , Xm) ∼ Multi(n, p1, . . . , pm) if P(X1 = x1, . . . , Xm = xm) = n!

x1!···xm!

∏m
i=1 p

xi
i for all

non-negative integers x1, . . . , xm satisfying
∑m

i=1 xi = n. For two distributions µ and ν, their total
variation distance is defined as dTV(µ, ν) = inf P(X ̸= Y ), where the infimum is taken over all
couplings (X,Y ) with marginals µ and ν.

We follow the standard order notation: f(n) = O(g(n)) if limn→∞
|f(n)|
g(n) < ∞; f(n) =

Ω(g(n)) if limn→∞
f(n)
g(n) > 0; f(n) = Θ(g(n)) if f(n) = O(g(n)) and f(n) = Ω(g(n)); f(n) =

o(g(n)) if limn→∞
f(n)
g(n) = 0; f(n) = ω(g(n)) if limn→∞

|f(n)|
|g(n)| = ∞. Additionally, we use Õ(·)

notation to indicate that logarithmic factors are omitted.

Appendix C. Proof of the Main Theorem

In this section, we prove Theorem 2, which is restated in the following.

Theorem 2 Let α ≈ 0.338 denote Otter’s tree-counting constant. Suppose qs2 > α, λsq > 1,
and λ > λ0, where λ0 is a constant independent of n. Define l+ = ⌊(log n)3/4⌋, and d′ =
min(l+, dmax − d) for each d ∈ [dmax]. Then, for a vertex v ∈ {2, . . . , n} in G1 and a depth
d ∈ [dmax],

P(Mv = {π∗(v)} | v ∈ Vd) ≥ pd′ −O(n−ϵ/3). (4)

For the root vertex 1 of the diffusion tree,

P(M1 = {π∗(1)}) ≥ pl+ −O(n−ϵ/3). (5)

Moreover,
P(Mu ⊆ {π∗(u)}, ∀u ∈ V≤dmax+1) ≥ 1−O(n−ϵ/3). (6)

Throughout the proof of this theorem, we assume without loss of generality that the latent
permutation π∗ sampled in the correlated Erdős–Rényi graph pair model is the identity permutation.
Under this assumption, the two graphs G2 and G̃2 are identical, and for each u ∈ [n], vertex u in G1
corresponds to vertex ũ in G̃2.

With these assumption, Theorem 2 follows readily from the following two propositions.

Proposition 6 Suppose λsq > 1. Then

P(Mu ⊆ {ũ},∀u ∈ V≤dmax+1) ≥ 1−O(n−ϵ/3). (7)

Moreover, for any vertex v ∈ {2, . . . , n} and depth d ∈ [dmax],

P(Mu ⊆ {ũ},∀u ∈ V≤dmax+1 | v ∈ Vd) ≥ 1−O(n−ϵ/3). (8)

Recall thatMu ⊆ {ũ}, ∀u ∈ V≤dmax+1 is the desired global correctness property of Algorithm 1,
and equation (7) states that this property holds with high probability. Additionally, equation (8)
states this property still holds with high probability after conditioning on the event that a specific
vertex v appears at certain depth d in T IC.
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Proposition 7 Suppose the assumptions in Theorem 2 hold. Then for each vertex v ∈ {2, . . . , n}
and depth d ∈ [dmax],

P(ṽ ∈Mv | v ∈ Vd) ≥ pd′ −O(n−ϵ/3). (9)

For the root vertex 1 of T IC,

P(1̃ ∈M1) ≥ pl+ −O(n−ϵ/3). (10)

Proof [Proof of Theorem 2] Since π∗ is the identity permutation, we have π∗(u) = ũ for each
u ∈ [n]. Therefore, statement (6) in Theorem 2 is exactly statement (7) in Proposition 6. Moreover,
the eventMu ⊆ {ũ}, ∀u ∈ V≤dmax+1 trivially implies thatM1 ⊆ {π∗(1)}. The two eventsM1 ⊆
{π∗(1)} and π∗(1) ∈M1 together implyM1 = {1̃}. Therefore, by the union bound, statements (7)
and (10) together imply statement (5) in Theorem 2. Finally, for any vertex v ∈ {2, . . . , n}, we
haveMv ⊆ {π∗(v)} on the eventMu ⊆ {ũ}, ∀u ∈ V≤dmax+1. Therefore, statements (8) and (9)
together imply statement (4) in Theorem 2.

To prove Propositions 6 and 7, we first introduce the notion of the live-edge graph for the IC
model in Appendix D. The detailed proofs of the two propositions are then presented in Appen-
dices E and F respectively.

Appendix D. Live-edge Graph

In this section, we define the live-edge graph G′1 corresponding to the IC model we introduced in
Section 2. graph G′1 has the same vertex set as G1, and its edges are generated by keeping each
edge in G1 independently with probability q. Furthermore, the randomness in edge subsampling
is coupled with the randomness in the IC process: In each time step of the IC process, an edge
between an active vertex and an inactive is selected to propagate the message if and only if the
edge presents in G′1. Recall the correlated Erdős–Rényi graph pair model defined in Section 2.
From the subsampling process of generating G′1 from G1, we know that for each pair of indices
(i, j) ∈ [n]× [n], the pair of edge indicators (G′1(i, j), G̃2(̃i, j̃)) has distribution

(G′1(i, j), G̃2(̃i, j̃)) =


(1, 1) w.p. λsq

n

(0, 1) w.p. λ(1−sq)
n

(1, 0) w.p. λq(1−s)
n

(0, 0) w.p. 1− λ+λq−λsq
n ,

(11)

and these edge indicator pairs are mutually independent among different index pairs. Let Ḡ denote
the union graph of G′1 and G̃2. It follows by (11) that Ḡ has distribution ER(n, λ̄/n), where λ̄ :=
λ + λq − λsq. The following lemma states the relationship between the diffusion tree T IC we
observe from the model and the live-edge graph G′1.

Lemma 8 The diffusion tree T IC is exactly the BFS tree T G′
1

1 rooted at vertex 1 in G′1.

Proof [Proof of Lemma 8] At each time step of the IC model, an inactive vertex get activated if and
only if it has a neighbor in G′1 that is activated in the previous time step. This proves that the vertices
that are activated at the d-th time step are the vertices at distance d from 1 in G′1. This shows that for
each d ≥ 0, the set of vertices at depth d of T IC is the same as the set of vertices at depth d of T G′

1
1 .
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Moreover, the canonical order of vertices at each depth in the two trees are defined in the same way.
Therefore, T IC and T G′

1
1 choose the same unique parent for each vertex in the tree. This shows that

the two tree are equal.

Lemma 8 shows that the live-edge graph G′1 captures the randomness in both G1 and the IC
model. Consequently, throughout the proof of Propositions 6 and 7, we work exclusively with the
graph pair (G′1, G̃2), and G1 no longer appears explicitly in the analysis. We continue to use tilde
sign to differentiate the notation related to G̃2, and further introduce the bar notation to differentiate
the notation related to the union graph Ḡ. In particular, for each i ∈ [n], we use i (resp. ĩ and
ī) to denote the vertex with index i in G′1 (resp. G̃2 and Ḡ). Since we assume π∗ is the identity
permutation, i, ĩ and ī are three corresponding vertices in the three graphs G′1, G̃2 and Ḡ. With a
slight abuse of notation, for sets S ⊆ {1, . . . , n} and S̃ ⊆ {1̃, . . . , ñ}, we define

S ∩ S̃ := {i ∈ [n] : i ∈ S and ĩ ∈ S̃}

and
S ∪ S̃ := {i ∈ [n] : i ∈ S or ĩ ∈ S̃}.

We follow the same convention when one of the subsets is replaced by S̄ ⊆ {1̄, . . . , n̄}.

Appendix E. Proof of Proposition 6

In this section, we prove Proposition 6, which asserts that Algorithm 1 outputs no false matches
with high probability, both unconditionally and conditionally on a given vertex u lying at depth d
of the diffusion tree T IC.

This proposition is proven in three steps. We first formulate a sufficient condition under which
Algorithm 1 outputs no false matches, by defining two good events based on the two graphs G′1 and
G̃2. In the second and third steps, we show that these two good events occur with high probability,
both unconditionally and conditionally on a given vertex u at depth d of the diffusion tree T IC.

E.1. A sufficient condition for Algorithm 1 to output no false matches

To establish the sufficient condition, we first define two good events. Define

E1 := {the 2l-neighborhood of ī in Ḡ is a tree, ∀i ∈ V≤dmax}. (12)

In other words, E1 is the event that for every vertex i within depth dmax of T IC, the 2l-neighborhood
of the corresponding vertex ī in Ḡ is a tree.

Recall that Algorithm 1 uses subtrees of T IC, denoted T IC
i,d , and BFS trees in G̃2, denoted T̃ \j̃

k̃,d
,

in tree correlation tests. We define E2 as the event that there exist no triplets (i, j, k) ∈ [n]3 with
j ̸= k that satisfy all of the following properties:

1. i ∈ V≤dmax+1;

2. Ll−1(T IC
i,l−1, T̃

\j̃
k̃,l−1

) > exp
(
(λsq)l−1

logn

)
;

3. VT IC
i,l−1
∩ V

T̃ \j̃
k̃,l−1

= ∅.
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Here VT IC
i,l−1

(resp. V
T̃ \j̃
k̃,l−1

) is the set of vertices in T IC
i,l−1 (resp. T̃ \j̃

k̃,l−1
). In the definition of E2,

if we further require that vertices j̃ and k̃ are adjacent in G̃2, the event then essentially means that
no pairs of trees tested in Algorithm 1 can pass the likelihood ratio test, while having no common
vertices between them. We deliberately omit this adjacency requirement. Doing so only makes the
event E2 more restrictive, and hence still sufficient for establishing the desired correctness property.
At the same time, this relaxation simplifies the probabilistic analysis, as it allows us to bound the
probability of E2 without conditioning on the presence of specific edges in G̃2. With the two events
defined, we have the following lemma that establishes the sufficient condition.

Lemma 9 Event E1 ∩ E2 implies that for all u ∈ VT IC,≤dmax+1, the output matching candidate set
Mu satisfies

Mu ⊆ {ũ}. (13)

Proof [Proof of Lemma 9] To prove this lemma, we essentially need to show that E1 ∩ E2 implies
the following four claims.

• Claim 1: For a pair of vertices i ∈ V≤dmax and j̃ ∈ VG̃2
, Criterion 1 is satisfied only if i = j.

• Claim 2: Suppose the setMu satisfies (13) for all u ∈ V≤dmax+1. Then for a pair of vertices
i ∈ V≤dmax and j̃ ∈ VG̃2

, Criterion 2 is satisfied only if i = j.

• Claim 3: Suppose the setMu satisfies (13) for all u ∈ V≤dmax+1. Then for a pair of vertices
i ∈ V≤dmax and j̃ ∈ VG̃2

, Criterion 3 is satisfied only if i = j.

• Claim 4: Suppose the setMu satisfies (13) for all u ∈ V≤dmax+1. Then for a pair of vertices
i ∈ V≤dmax+1 and j̃ ∈ VG̃2

, Criterion 4 is satisfied only if i = j.

Notice that at the start of Algorithm 1, all setsMu are initialized to be empty, so (13) holds for
all these matching candidate sets. The four claims then imply that in any iteration of Algorithm 1,
a vertex j̃ is added to setMi only if i = j. Therefore, the desired property (13) holds for allMu

throughout the process of Algorithm 1. We are now left to prove the four claims.
Proof of Claim 1.3 We prove this claim by contradiction. Suppose i ̸= j, and the vertex pair

i and j̃ satisfies the Criterion 1. By the definition of the criterion, we know that there exists three
children i1, i2, i3 of i in T IC, and three neighbors j̃1, j̃2, j̃3 of j̃ in G̃2 such that

Ll−1(T IC
ik,l−1, T̃

\j̃
j̃k,l−1

) > exp

(
(λsq)l−1

log n

)
, ∀j ∈ [3].

From event E2, we know that

VT IC
ik,l−1

∩ V
T̃ \j̃
j̃k,l−1

̸= ∅,∀k ∈ [3].

We will show that this implies that there is a cycle in the 2l-neighborhood of ī in Ḡ, which contradicts
the property that the 2l-neighborhood of ī in Ḡ is a tree required by E1.

3. We comment that the proof of this claim partially appeared in the proof of Theorem 7 in Ganassali et al. (2024a) in
the context of network alignment. Our proof adapts this argument to the diffusion–network alignment setting and
accounts for the partial, tree-structured observation induced by the diffusion process.
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First, consider the two trees T IC
i1,l−1 and T̃ \j̃

j̃1,l−1
. Let x ∈ [n] be such that x ∈ VT IC

i1,l−1
and

x̃ ∈ V
T̃ \j̃
j̃1,l−1

. Since x ∈ VT IC
i1,l−1

, we know that there exists a path (i, y1, y2, . . . , yt) of length

t ∈ [l] with y1 = i1 and yt = x in graph G′1. Similarly, because x̃ ∈ V
T̃ \j̃
j̃1,l−1

, there exists a path

(j̃, z̃1, z̃2, . . . , z̃t̃) of length t̃ ∈ [l] with z1 = j1 and zt̃ = x in graph G̃2. From this we are going to
argue that there exists a path (p̄0, p̄1, . . . , p̄t̄) of length t̄ ∈ [2l] in Ḡ that satisfies the following two
properties

1. p0 = i and pt̄ = j;

2. p1 = i1 or pt̄−1 = j1.

To show this, we consider three different cases.
Case (i): j = yτ for some τ ∈ [t] (top figure in Figure 4). Because the vertices on the path

(i, y1, y2, . . . , yt) are all distinct, we have the desired path (p̄0, p̄1, . . . , p̄t̄) of length at most l by
setting p0 = i, p1 = y1 = i1, p2 = y2, . . . , pt̄−1 = yτ−1, pt̄ = yτ = j.

Case (ii): i = zτ for some τ ∈ [t̃] (middle figure in Figure 4). Because the vertices of the path
(j̃, z̃1, z̃2, . . . , z̃t̃) are all distinct, we have the desired path (p̄0, p̄1, . . . , p̄t̄) of length at most l by
setting p0 = zτ = i, p1 = zτ−1, p2 = zτ−2, . . . , pt̄−1 = z1 = j1, pt̄ = j.

Case (iii): j ̸= yτ for all τ ∈ [t] and i ̸= zτ for all τ ∈ [t̃] (bottom figure in Figure 4). By
concatenating the two paths, we know that

(̄i, ȳ1, ȳ2, . . . , ȳt−1, ȳt = z̄t̃ = x̄, z̄t̃−1, . . . , z̄2, z̄1, j̄)

is a walk of length at most 2l between ī and j̄ in Ḡ. We can then erase the cycles in this walk to
obtain a path (p̄0, p̄1, . . . , p̄t̄) of length at most 2l with p0 = i and pt̄ = j. Moreover, because both
vertices ī and j̄ only appear once in this walk, the resulting path must satisfy both p1 = i1 and
pt̄−1 = j1.

By the same argument, it follows by VT IC
i2,l−1

∩V
T̃ \j̃
j̃2,l−1

̸= ∅ that there exists a path (q̄0, q̄1, . . . , q̄t̄′)

of length t̄′ ∈ [2l] that satisfies both properties

1. q0 = i and qt̄′ = j;

2. q1 = i2 or qt̄′−1 = j2.

Because VT IC
i3,l−1

∩ V
T̃ \j̃
j̃3,l−1

̸= ∅, there exists a path (r̄0, r̄1, . . . , r̄t̄′′) of length t̄′′ ∈ [2l] that satisfies

both properties

1. r0 = i and rt̄′′ = j;

2. r1 = i3 or rt̄′′−1 = j3.

However, because i1 ̸= i2 ̸= i3 and j1 ̸= j2 ̸= j3, at least two of these three paths in Ḡ are
non-identical paths from ī to j̄ in Ḡ. This implies that there exists a cycle in the 2l-neighborhood of
ī in Ḡ, which contradicts to event E1.
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Figure 4: Intersection patterns of the two paths corresponding to cases (i), (ii) and (iii). The desired
path (p̄0, p̄1, . . . , p̄t̄) is highlighted by the edges in red in the three figures respectively.

Proof of Claim 2. Assume that (13) holds for all v ∈ V≤dmax+1. Suppose i ̸= j, and i and
j̃ satisfy Criterion 2. By definition, we know that i has two children i1, i2 in T IC and j̃ has two
neighbors j̃1, j̃2 in G̃2 such that j̃1 ∈Mi1 and

Ll−1(T IC
i2,l−1, T̃

\j̃
j̃2,l−1

) > exp

(
(λsq)l−1

log n

)
.

From the argument in the proof of Claim 1, we know that there exists a path (p̄0, p̄1, . . . , p̄t̄) of
length at most 2l in Ḡ that satisfies

1. p0 = i and pt̄ = j;

2. p1 = i2 or pt̄−1 = j2;

Moreover, by (13), we know that j1 = i1, and there is another path (̄i, ī1, j̄) between ī and
j̄ in Ḡ. The two path we found are non-identical, and this implies that there exists a cycle in the
2l-neighborhood of ī in Ḡ, and hence leads to a contradiction with E1.

Proof of Claim 3. Assume that (13) holds for all v ∈ Vdmax+1. Suppose i ̸= j, and i and
j̃ satisfy Criterion 3. By definition, we know that i has two children i1, i2 in T IC and j̃ has two
neighbors j̃1, j̃2 in G̃2 such that k̃ ∈ Mik , ∀k ∈ [2]. Property (13) immediately implies that there
exists a cycle (̄i, ī1, j̄, ī2, ī) in Ḡ, which contradicts E1.

Proof of Claim 4. Assume that (13) holds for all v ∈ V≤dmax+1. Suppose i ̸= j, and i and
j̃ satisfy Criterion 4. By definition, we know that there exists a neighbor j̃1 of j̃ in G̃2 such that
j̃1 ∈Mi1 , where i1 is the parent of i in T IC, and

Ll−1(T IC
i,l−1, T̃

\j̃1
j̃,l−1

) > exp

(
(λsq)l−1

log n

)
.

25



WANG YING

Notice that (13) implies j1 = i1. By event E2, we know that there exists x ∈ [n] such that x ∈ VT IC
i,l−1

and x̃ ∈ V
T̃ \j̃1
j̃,l−1

. Therefore, there exists a path (j1, q1, . . . , qt, x) in G1 of length at most l that

satisfies q1 = i, and a path (j̃1, r̃1, . . . , r̃t̃, x̃) in G̃2 of length at most l that satisfies q̃1 = j. Since
i ̸= j, there exist two non-identical paths between j̄1 and x̄ in the union graph Ḡ. This contradicts
the event E1.

With Lemma 9 in hand, Proposition 6 easily follows from the following two lemmas.

Lemma 10 Suppose λsq > 1. We have

P(Ec1) = O(n−ϵ/3). (14)

Moreover, for any vertex v ∈ {2, . . . , d} and depth d ∈ [dmax],

P(Ec1 | v ∈ Vd) = O(n−ϵ/3). (15)

Lemma 11 Suppose λsq > 1. We have

P(Ec2) = Õ(n−4/3). (16)

Moreover, for any vertex v ∈ {2, . . . , d} and depth d ∈ [dmax],

P(Ec2 | v ∈ Vd) = Õ(n−1/3). (17)

We prove these two propositions in the next two subsections respectively.

E.2. Proof of Lemma 10

We first establish the conditional probability bound in (15). The unconditional probability bound
in (14) then follows directly from intermediate steps of this proof.

E.2.1. PROOF OF THE CONDITIONAL PROBABILITY BOUND (15)

Recall that we defined

E1 = {∄i ∈ V≤dmax : the 2l-neighborhood of ī in Ḡ contains a cycle}.

By Lemma 8, we know that V≤d = NG′
1
(1, d) for each d ≥ 0. So we can equivalently write E1 as

E1 = {∄i ∈ NG′
1
(1, dmax) : the 2l-neighborhood of ī in Ḡ contains a cycle}.

We want to show that
P(Ec1 | v ∈ Vd) = O(n−ϵ/3).

To prove this probability bound, we first define a sequence of auxiliary events that bound the
neighborhood sizes of vertex 1 in G′1. For each k ∈ {0, . . . , dmax}, define

Ak = {|NG′
1
(1, k)| ≤ K(λq)k log n}
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where K := λq
λq−1

∏∞
h=0(1 + (λq)−h/2)(1 + (λq)−h). By the assumption that λsq > 1, we have

∞∏
h=0

(1 + (λq)−h/2)(1 + (λq)−h) ≤ exp

( ∞∑
h=0

(λq)−h/2 + (λq)−h

)
<∞.

This shows that K is a constant. It follows by Lemma 19 in Appendix H that these neighborhood
size bounds hold with high probability:

P(∩dmax
k=0 Ak |u ∈ Vd) ≥ 1−O(n−ϵ/3).

We also decompose event E1 as E1 = ∩dmax
k=0 E1,k, where

E1,k = {∄i ∈ [n] : i ∈ SG′
1
(1, k) and the 2l-neighborhood of ī in Ḡ contains a cycle}.

We then have

P(Ec1 | v ∈ Vd) = P(∪dmax
k=0 E

c
1,k | v ∈ Vd)

≤ P((∪dmax
k=0 E

c
1,k) ∩ (∩dmax

k=0 Ak) | v ∈ Vd) + P((∩dmax
k=0 Ak)

c | v ∈ Vd)

≤ P(∪dmax
k=0 (E

c
1,k ∩ (∩dmax

h=0 Ah)) | v ∈ Vd) +O(n−1/3)

≤ O(n−1/3) +

dmax∑
k=0

P(Ec1,k ∩ (∩dmax
h=0 Ah) | v ∈ Vd)

≤ O(n−1/3) +

dmax∑
k=0

P(Ec1,k ∩ Ak | v ∈ Vd)

≤ O(n−1/3) +

dmax∑
k=0

P(Ec1,k | Ak, v ∈ Vd), (18)

and we focus on bounding each term in the summation. In particular, we show that

P(Ec1,k | Ak, v ∈ Vd) ≤ K(log n)(λq)k ·O(n−1+ϵ/4). (19)

for each k ∈ {0, . . . , dmax}. Substituting (19) into (18) yields

P(Ec1 | v ∈ Vd) ≤ O(n−1/3) +

dmax∑
k=0

K(logn)(λq)k ·O(n−1+ϵ/4)

≤ O(n−1/3) +O(n−1+ϵ/4)

dmax∑
k=0

K(logn)(λq)k

= O(n−ϵ/3),

where the last equality follows because
∑dmax

k=0 K(log n)(λq)k = O((λq)dmax logn) and the fact
that dmax = ⌊ (1−ϵ) logn

log(λq) ⌋. Therefore, it suffices to prove (19). We separately consider two cases:
k ̸= 0 and k = 0.
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Case 1. k ̸= 0: For each vertex i ∈ [n], define events

Bi,k = {i ∈ SG′
1
(1, k)},

and
Ci = {the 2l-neighborhood of ī in Ḡ contains a cycle}.

By the union bound, we have

P(E1,k | Ak, v ∈ Vd) ≤
n∑

i=2

P(Bi,k ∩ Ci|Ak, v ∈ Vd). (20)

To bound this summation, we further consider two subcases i ̸= v and i = v.
Case 1.1. i ̸= v: We can apply the chain rule to get

P(Bi,k ∩ Ci|Ak, v ∈ Vd)

≤ P(Bi,k|Ak, v ∈ Vd) · P(Ci | Ak, v ∈ Vd, i ∈ Vk)

≤ K(λq)k log n

n− 2
· P(Ci | Ak, v ∈ Vd, i ∈ Vk), (21)

where the last inequality follows by symmetry and the fact that

|SG′
1
(1, k)| ≤ |NG′

1
(1, k)| ≤ K(λq)k log n

under event Ak. To proceed, we express the two conditioned events i ∈ Vk and v ∈ Vd as path-
existence events in the underlying graph. Conditioning on these path events allows us to bound the
probability that the neighborhood of ī in Ḡ being a tree more directly.

Notice that the event i ∈ Vk is equivalent as the event that there exists a path of length k between
1 and i in G′1, while there exists no path of length less than k between them. The event v ∈ Vd can
be rewritten in a similar way. We define Pd

1,v as the collection of all possible paths of length d from
1 to v in G′1. The total order of the elements in Pd

1,v is defined as follows: For two distinct paths
p = (v0, v1, . . . , vd) and p′ = (v′0, v

′
1, . . . , v

′
d) with v0 = v′0 = 1 and vd = v′d = v. We say p has

a higher order than p′, denoted p ≺ p′, if there exists an index d′ ∈ [d − 1] such that vd′ < v′d′ and
vt = v′t, ∀t < d′. We also define Pk

1,i as the collection of all possible paths of length k from 1 to i

in G′1. The total order of the elements in Pk
1,i is analogously defined. With the definitions of these

two collections and their corresponding total ordering, we have the following lemma.

Lemma 12 Suppose v ∈ Vd and i ∈ Vk. Assume p ∈ Pd
1,v is the highest order d-path between 1

and v in G′1 and p′ ∈ Pk
1,i is the highest order k-path between 1 and i in G′1. Let Hp,p′ denote the

union graph of the two path p and p′. ThenHp,p′ must satisfy the following two properties:

1. Hp,p′ is a tree

2. For each h ≥ 0, the number of vertices inHp,p′ that are at distance h from i is at most 2.

Proof [Proof of Lemma 12] To prove the lemma, we consider two separate case: k = d and k ̸= d.

28



DIFFUSION-NETWORK ALIGNMENT

Case k = d: We denote p = (v0, v1, . . . , vd) and p′ = (v′0, v
′
1, . . . , v

′
d). Here v0 = v′0 =

1, vd = v and v′d = i. We claim the following property that p and p′ must satisfy: Let d∗ =
argmint∈[d]{vt ̸= v′t}. Then we have

{vd∗ , vd∗+1 . . . , vd} ∩ {v′d∗ , v′d∗+1 . . . , v
′
d} = ∅. (22)

To see the claim, suppose that we have some t > d∗ such that vt = v′t. Let us assume without
generality that the index of vd∗ is larger than the index of v′d∗ . Then we know that

p = (v0, . . . , vd∗−1, vd∗ , vd∗+1, . . . , vt−1, vt, . . . , vd)

and

p∗ = (v0, . . . , vd∗−1, v
′
d∗ , v

′
d∗+1, . . . , v

′
t−1, vt, . . . , vd)

are two distinct path between 1 and v in G1. However, since the index of vd∗ is larger than the index
of v′d∗ , we know that p∗ has a higher order than p, contradicting the fact that p is the highest order
path between 1 and v.

Now suppose that we have two indices t, t′ ≥ d∗ with t > t′ such that vt = v′t′ . Then we know
that there exists a path

(v0, . . . , vd∗−1, v
′
d∗ , . . . , v

′
t′ , vt+1, vt+2, . . . , vd)

between 1 and v in G′1 with length less than d, and this contradicts with the fact that v ∈ Vd. When
we have two indices t, t′ ≥ d∗ with t < t′, we can use a similar argument to conclude that there
exists a path of length less than d between 1 and i, which contradicts with i ∈ Vd. This completes
the proof of the claim.

The claim implies thatHp,p′ is a tree consists of three disjoint paths, that are from vertex vd∗−1

to vertices 1, u and i respectively. It is possible that d∗ = 1, in which case the path from vd∗−1 to
1 is a trivial path with only a single vertex and no edges. In all these scenarios, there are at most
2 vertices in Hp,p′ that are at distance h from i for each h ≥ 0. Therefore, the two properties in
Lemma 12 all hold. In Figure 5, we provide examples of the two possible overlapping patterns of
the two paths and the corresponding union graphHp,p′ .

Case k ̸= d: In this proof, we assume that k < d. The proof in the case of k > d follows by an
analogous argument. We denote p = (v0, v1, . . . , vd) and p′ = (v′0, v

′
1, . . . , v

′
k). First, assume that

vt = v′t for each t ≤ k, i.e., p′ is a subgraph of p. Then Hp,p′ is a path from 1 to u, and it clearly
satisfies the two properties in the lemma. Now suppose that the previous assumption does not hold,
and let d∗ ≤ k be the smallest index such that vd∗ ̸= v′d∗ . Then by the same argument as in the
case of k = d, we know that {vd∗ , vd∗+1 . . . , vd} ∩ {v′d∗ , v′d∗+1 . . . , v

′
k} = ∅. This again implies

that Hp,p′ is a tree consists of three disjoint paths, that are from vertex vd∗−1 to vertices 1, u and i
respectively. Therefore, the two properties in the lemma are satisfied.

For two paths p ∈ Pd
1,v and p′ ∈ Pk

1,i, we say the pair (p, p′) is admissible if they satisfy the property

stated in Lemma 12. We use D(1,v,d)
p to denote the event that p is the highest-order d-path between

1 and v in G′1, and D(1,i,k)
p′ to denote the event that p′ is the highest-order d-path between 1 and i in
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Figure 5: Two examples of the overlap between p and p′. In both examples, we take k = d = 6.
On the left-hand side, we have d∗ = 4. The three black vertices are shared by p and p′,
and the red (resp. blue) vertices are exclusive to p (resp. p′). The union graph Hp,p′ is
consist of three disjoint paths from vertex v3 to vertices 1, v and i respectively. On the
right-hand side, we have d∗ = 1, and the two paths only share vertex 1. In this scenario,
Hp.p′ reduces to a path from v to i.

G′1. Then we have

P(Ci | Ak, v ∈ Vd, i ∈ Vk)

=
∑

p∈Pd
1,v ,p

′∈Pk
1,i

(p,p′) admissible

P(Ci ∩ D(1,v,d)
p ∩ D(1,i,k)

p′ | Ak, v ∈ Vd, i ∈ Vk)

≤ max
p∈Pd

1,v ,p
′∈Pk

1,i

(p,p′) admissible

P(Ci | D(1,v,d)
p ,D(1,i,k)

p′ ,Ak, v ∈ Vd, i ∈ Vk)

= max
p∈Pd

1,v ,p
′∈Pk

1,i

(p,p′) admissible

P(Ci | Ak, {paths p, p′ exist in G′1},

{no path in Pd
1,v with order higher than p exists in G′1 },

{no path in Pk
1,i with order higher than p′ exists in G′1 },

{no path between 1 and u with length less than d exists in G′1},
{no path between 1 and i with length less than k exists in G′1})

Notice that Ci is an increasing graph property in Ḡ because if Ci holds in Ḡ, then the property still
hold after adding an arbitrary edge into Ḡ. On the other hand events Ak,

{no path in Pd
1,v with order higher than p exists in G′1 },

{no path in Pk
1,i with order higher than p′ exists in G′1 },

{no path between 1 and u with length less than d exists in G′1}
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and
{no path between 1 and i with length less than k exists in G′1}

are decreasing graph properties in G′1 because if they hold in G′1, removing any edge from G′1 does not
break the properties. Since Ḡ is the union graph of G′1 and G2, we can use Harris inequality (Harris,
1960) to obtain

P(Ci | Ak, v ∈ Vd, i ∈ Vk)

≤ max
p∈Pd

1,v ,p
′∈Pk

1,i

(p,p′) admissible

P(Ci | {paths p, p′ exist in G′1}).

Recall that Ci is the event that the 2l-neighborhood of vertex ī in Ḡ contains a cycle, and that G′1 is
a subgraph of Ḡ. Therefore, for any two paths p, p′, we have

P(Ci | {paths p, p′ exist in G′1}) = P(Ci | {paths p, p′ exist in Ḡ}).

It then follows that

P(Ci | Ak, v ∈ Vd, i ∈ Vk) ≤ max
p∈Pd

1,v ,p
′∈Pk

1,i

(p,p′) admissible

P(Ci | {paths p, p′ exist in Ḡ}).

In the sparse Erdős–Rényi graph Ḡ ∼ ER(n, λ̄/n), the 2l-neighborhood of a fixed vertex ī
contains a cycle with probability at most n−1+o(1). In our setting, we need to show that this property
continues to hold even after conditioning on the presence of two paths p and p′. The following
lemma provides an upper bound on the probability that the neighborhood of a vertex contains a
cycle give the existence of a well-behaved structure in the graph. We defer the proof of this lemma
to Appendix H.

Lemma 13 Consider G ∼ ER(n, µn), where µ > 1 is a constant independent of n. Let i be an
arbitrary but fixed vertex in G, andH be a tree labeled with indices in [n] that satisfies:

1. H has at most K logn vertices for some constant K > 0;

2. Vertex i is inH;

3. There exists a constant C > 0 such that the number of vertices inH at distance d from i is at
most C for every d ≥ 0.

Then we have

P(the 2
√
log n-neighborhood of i in G contains a cycle |H ⊂ G) = O(n−1+γ) (23)

for any constant γ > 0.

By Lemma 12 and the fact that d, k ≤ dmax = ⌊ (1−ϵ) logn
log(λq) ⌋, we know that the graph Hp,p′ satisfies

the three conditions stated in Lemma 13. Therefore, it follows by Lemma 13 that

P(Ci | Ak, v ∈ Vd, i ∈ Vk) = O(n−1+ϵ/4). (24)
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Substituting (24) into (21) gives

P(Bi,k ∩ Ci|Ak, v ∈ Vd) ≤
K(λq)k log n

n− 2
·O(n−1+ϵ/4). (25)

Case 1.2. i = v: In this case, we can write

P(Bi,k ∩ Ci | Ak, i ∈ Vd) = P(Ci | Ak, i ∈ Vk)1{k = d}
≤ P(Ci | Ak, i ∈ Vk). (26)

This is because Bi,k is the event i ∈ Vk. Therefore, we have P(Bi,k ∩ Ci |Ak, i ∈ Vd) = 0 if k ̸= d
and P(Bi,k ∩ Ci |Ak, i ∈ Vd) = P(Ci |Ak, i ∈ Vk) if k = d. Recall the definition of the set Pk

1,i. We
have

P(Ci | Ak, i ∈ Vk)

=
∑

p′∈Pk
1,i

P(Ci ∩ D(1,i,k)
p′ | Ak, i ∈ Vk)

≤
∑

p′∈Pk
1,i

P(Ci | D(1,i,k)
p′ ,Ak, i ∈ Vk)

= max
p′∈Pk

1,i

P(Ci | Ak, {path p′ exists in G′1},

{no path in Pk
1,i with order higher than p′ exists in G′1 },

{no path between 1 and i with length less than k exists in G′1})

Similarly to the previous case, we can apply Harris inequality to obtain

P(Ci | Ak, i ∈ Vk) ≤ max
p′∈Pk

1,i

P(Ci | path p′ exists in G′1) (27)

Notice that path p′ can be viewed as a subgraph of Ḡ that satisfies the requirements in Lemma 13.
Therefore, Lemma 13 implies that

P(Ci | Ak, i ∈ Vk) = O(n−1+ϵ/4). (28)

Finally, (25) and (28) together imply that

P(E1,k | Ak, v ∈ Vd) ≤ P(Bi,k ∩ Ci | Ak, i ∈ Vd) +
∑
i̸=v

P(Bi,k ∩ Ci|Ak, v ∈ Vd)

≤ K(λq)k log n ·O(n−1+ϵ/4), (29)

which completes the proof of (19) in the case of k ̸= 0.
Case 2. k = 0: In this case, we want to show that

P(E1,0 | A0, v ∈ Vd) ≤ K logn ·O(n−1+ϵ/4).

However, the set SG′
1
(1, 0) contains the vertex vertex 1. Therefore, we have

P(E1,0 | A0, v ∈ Vd) = P(C1 | v ∈ Vd).
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It follows that

P(C1 | v ∈ Vd) =
∑

p∈Pd
1,v

P(C1 ∩ D(1,v,d)
p | v ∈ Vd)

≤
∑

p∈Pd
1,v

P(C1 | D(1,v,d)
p , v ∈ Vd)

= max
p∈Pd

1,v

P(C1 | {path p exists in G′1},

{no path in Pd
1,v with order higher than p exists in G′1 },

{no path between 1 and v with length less than d exists in G′1})
≤ max

p∈Pd
1,v

P(C1 | {path p exists in G′1}).

It then follows by Lemma 13 that

P(E1,0 | A0, v ∈ Vd) = P(C1 | v ∈ Vd) = O(n−1+ϵ/4), (30)

which proves (19) in the case of k = 0.

E.2.2. PROOF OF THE UNCONDITIONAL PROBABILITY BOUND (14)

Recall that for each k ∈ {0, . . . , dmax}, we define event

Ak = {|NG′
1
(1, k)| ≤ K(λq)k log n}

and

E1,k = {∄i ∈ [n] : i ∈ SG′
1
(1, k) and the 2l-neighborhood of ī in Ḡ contains a cycle}.

By Lemma 18 in Appendix H, we have

P(∩dmax
k=0 Ak) ≥ 1− Õ(n−1/3).

It follows by the chain rule that

P(Ec1) = P(∪dmax
k=0 E

c
1,k)

≤ P((∪dmax
k=0 E

c
1,k) ∩ (∩dmax

k=0 Ak)) + P((∩dmax
k=0 Ak)

c)

≤ P((∩dmax
k=0 Ak)

c) +

dmax∑
k=0

P(Ec1,k|Ak)

= Õ(n−1/3) +

dmax∑
k=0

P(Ec1,k|Ak).

It now suffices to show that for each k ∈ {0, . . . , dmax}

P(Ec1,k|Ak) ≤ K(log n)(λq)k ·O(n−1+ϵ/4). (31)
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This is because (31) implies

P(Ec1) ≤ Õ(n−1/3) +O(n−1+ϵ/4) ·
dmax∑
k=0

K(logn)(λq)k = O(n−ϵ/3),

which completes the proof of (14). To prove (31), we again separately consider the cases of k ̸= 0
and k = 0.
Case 1. k ̸= 0: For each vertex i ∈ [n], recall the definition of events Bi,k and Ci in the previous
section. We have

P(Ec1,k|Ak) ≤
n∑

i=2

P(Bi,k ∩ Ci | Ak)

≤
n∑

i=2

P(Ci | Ak, i ∈ Vk) · P(Bi,k | Ak)

≤ K(log n)(λq)k

n− 1

n∑
i=2

P(Ci | Ak, i ∈ Vk),

where the last inequality follows because we have |SG′
1
(1, k)| ≤ K(log n)(λq)k on the event Ak. It

follows by (28) in the previous subsection that for any i ∈ {2, . . . , n} and k ∈ [dmax], we have

P(Ci | Ak, i ∈ Vk) = O(n−1+ϵ/4).

This implies that
P(Ec1,k|Ak) ≤ K(log n)(λq)k ·O(n−1+ϵ/4),

which proves (31) in the case of k ̸= 0.
Case 2. k = 0: In this case, we have

P(Ec1,0 | Ak) = P(C1),

because the set SG′
1
(1, 0) only contains one single vertex 1. We can set the graph H in Lemma 13

as the trivial graph that only has one vertex and no edge. This implies that

P(Ec1,0 | Ak) = P(C1) = O(n−1+ϵ/4),

and completes the proof of (31) in the case of k = 0.

E.3. Proof of Lemma 11

We prove Lemma 11 in this section. In this proof, we take a different path from the proof in the
previous section. We start by proving the unconditioned probability bound (16). We then proceed
to prove the conditional probability bound (17), by studying the multiplicative gap between P(Ec2)
and P(Ec2 |v ∈ Vd).
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E.3.1. PROOF OF THE UNCONDITIONAL PROBABILITY BOUND (16)

Recall that we defined E2 as the event that there exist no triplets (i, j, k) ∈ [n]3 with j ̸= k that
satisfy all of the following properties:

1. i ∈ V≤dmax+1;

2. Ll−1(T IC
i,l−1, T̃

\j̃
k̃,l−1

) > exp
(
(λsq)l−1

logn

)
;

3. VT IC
i,l−1
∩ V

T̃ \j̃
k̃,l−1

= ∅.

To simplify the notation, we use θ to denote the likelihood threshold exp
(
(λsq)l−1

logn

)
in this

proof. We also omit the superscript from notations Q(λ/s,qs,s)
l−1 , P(λ/s,qs,s)

l−1 and L
(λ/s,qs,s)
l−1 as is clear

from the context. To bound the probability of P(Ec2), we define the following events corresponding
to the three properties above. For an index i ∈ [n], define INi = {i ∈ V≤dmax+1} as the event that i
is in the set V≤dmax+1 For a triplet (i, j, k) ∈ [n]3, define

PASSi,j,k =
{
Ll−1(T IC

i,l−1, T̃
\j̃
k̃,l−1

) > θ
}

as the event that T IC
i,l−1 and T̃ \j̃

k̃,l−1
pass the tree correlation test, and

NOi,j,k =

{
VT IC

i,l−1
∩ V

T̃ \j̃
k̃,l−1

= ∅
}

as the event that the two trees T IC
i,l−1 and T̃ \j̃

k̃,l−1
have no overlapping in vertices. Here, the subtree

T IC
i,l−1 is well-defined only if vertex i is in T IC. When this not the case, we extend the definition

by setting T IC
i,l−1 as the trivial tree without any vertices, and let Ll−1(T IC

i,l−1, T̃
\j̃
k̃,l−1

) = 0. We also
define two auxiliary events

N = {|NG′
1
(1, dmax + l)| ≤ n1−ϵ/2}

and
N̄ = {|NḠ (̄i, l − 1)| ≤ nϵ/4, ∀i ∈ [n]}

to control the neighborhood sizes in G′1 and Ḡ. It follows by Lemma 18 that

P(N c) = Õ(n−7/3),

and
P(N̄ c) = Õ(n−4/3).

By the union bound, we have

P(Ec2) ≤ P(Ec2 ∩N ∩ N̄ ) + Õ(n−4/3)

≤ Õ(n−4/3) +
∑

(i,j,k)∈[n]3:j ̸=k

P(INi ∩ PASSi,j,k ∩NOi,j,k ∩N ∩ N̄ ). (32)
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Fix i, j, k ∈ [n]3 with j ̸= k. Let Xl−1 denote the set of all unlabeled rooted trees with depth up
to l − 1. We have

P(INi ∩ PASSi,j,k ∩NOi,j,k ∩N ∩ N̄ )

≤
∑

t,t̃∈Xl−1

P
(
INi ∩NOi,j,k ∩ {T IC

i,l−1
∼= t} ∩ {T̃ \j̃

k̃,l−1
∼= t̃} ∩ N ∩ N̄

)
1{Ll−1(t, t̃) > θ}

≤
∑

t,t̃∈Xl−1

|Vt|≤nϵ/4

|Vt̃|≤nϵ/4

P
(
INi ∩NOi,j,k ∩ {T IC

i,l−1
∼= t} ∩ {T̃ \j̃

k̃,l−1
∼= t̃} ∩ N

)
1{Ll−1(t, t̃) > θ}, (33)

where the last inequality follows because event N̄ implies both T IC
i,l−1 and T̃ \j̃

k̃,l−1
have at most nϵ/4

vertices.
To further bound this summation, we take a slight detour to consider the probability of passing

the likelihood test under the independent Galton–Watson tree distribution Ql−1. By the definition
of Ll−1 in (1), we have

E(T ,T̃ )∼Ql−1
[Ll−1(T , T̃ )] =

∑
t,t̃∈Xl−1

Ql−1(t, t̃) · Ll−1(t, t̃) = 1,

and it follow by Markov’s inequality that∑
t,t̃∈Xl−1

Ql−1(t, t̃) · 1(Ll−1(t, t̃) > θ) = Ql−1

(
Ll−1(T , T̃ ) > exp

(
(λsq)l−1

log n

))

≤ exp

(
−(λsq)l−1

log n

)
= n−ω(1), (34)

where the last inequality follows by our choice l = ⌊
√
log n⌋.

Given (34), if we can bound the ratio

P
(
INi ∩NOi,j,k ∩ {T IC

i,l−1
∼= t} ∩ {T̃ \j̃

k̃,l−1
∼= t̃} ∩ N

)
Ql−1(t, t̃)

= O(1) (35)

for every pair (t, t̃) that satisfies |Vt| ≤ nϵ/4 and |Vt̃| ≤ nϵ/4. Then (33) and (34) together imply
that

P(INi ∩ PASSi,j,k ∩NOi,j,k ∩N ∩ N̄ ) = n−ω(1),

and we get
P(Ec2) ≤ Õ(n−4/3) + n3 · n−ω(1) = Õ(n−4/3),

which completes the proof of (16).
Therefore, in the rest of this proof, we focus on showing (35). As is clear of the context, we

omit all the subscripts from notations INi and NOi,j,k. We also use short-hand notation T and T̃
for T IC

i,l−1 and T̃ \j̃
k̃,l−1

respectively. Recall that Ql−1 is the product distribution of two independent
Galton–Watson tree distributions, and we can write

Ql−1(t, t̃) = GWl−1,λq(t) ·GWl−1,λ(t̃).
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On the other hand, we can apply the chain rule to write

P
(
IN ∩NO ∩ {T ∼= t} ∩ {T̃ ∼= t̃} ∩ N

)
= P(T̃ ∼= t̃) · P

(
IN ∩NO ∩ {T ∼= t} ∩ N

∣∣∣∣ {T̃ ∼= t̃}
)
.

Therefore, to prove (35), it suffices to show both

P(T̃ ∼= t̃)

GWl−1,λ(t̃)
= O(1), (36)

and

P

(
IN ∩NO ∩ {T ∼= t} ∩ N

∣∣∣∣ {T̃ ∼= t̃}
)

GWl−1,λq(t)
= O(1). (37)

Proof of (36). The desired equation (36) essentially states that the law of a local BFS tree T̃
in graph G̃2 is within a constant factor from the Galton–Watson tree distribution GWl−1,λ(t̃). To
bound the ratio, we consider a standard sequential exploration process of sampling the BFS tree
rooted at k̃ in the graph G̃2 \ j̃. The process begins by sampling the children of the root vertex k̃; the
number of such children is distributed as Binom(n − 2, λ/n), since vertices j̃ and k̃ are removed
from consideration. The exploration then proceeds breadth-first, following the canonical order of
vertices within each depth. When a vertex ũ is explored, the number of its children is distributed
as Binom(n − 2 − xũ, λ/n), where xũ denotes the number of vertices already uncovered by the
exploration up to that point. Equivalently, xũ is the sum of binomial random variables sampled in
the previous steps. This sequential sampling process continues layer by layer up to depth l− 1, and
the resulting tree has the same distribution as T̃ .

To characterize the probability P(T̃ ∼= t̃), we introduce some auxiliary notation for the unla-
beled tree t̃. For each vertex ũ of t̃ at depth at most l−2, we fix an arbitrary ordering of its children.
This induces a total order on the vertices at each depth d of t̃, defined recursively as follows: a
vertex is ranked higher if its parent is ranked higher among vertices at depth d− 1; among vertices
sharing the same parent, the order is determined by the prescribed ordering of siblings. For each
d ≤ l − 2, let c̃d,r denote the number of children of the r-th vertex at depth d of t̃ and define

x̃d,r =

d−1∑
d′=0

|Vt̃,d′ |∑
r′=1

c̃d′,r′ +

r−1∑
r′=1

c̃d,r′ .

With this notation, we have

P(T̃ ∼= t̃) =

l−2∏
d=0

|Vt̃,d|∏
r=1

P(Binom(n− 2− x̃d,r, λ/n) = c̃d,r).
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An upper bound on the multiplicative gap between binomial and Poisson distributions is provided
in Lemma 22 in Appendix I. Applying this lemma yields

P(T̃ ∼= t̃) ≤
l−2∏
d=0

|Vt̃,d|∏
r=1

exp

(
λ

n
(2 + x̃d,r + c̃d,r)

)
P(Poi(λ) = c̃d,r)

(a)

≤ GWl−1,λ(t̃) ·
l−2∏
d=0

|Vt̃,d|∏
r=1

exp

(
λ

n
(2 + |Vt̃|)

)
(b)

≤ GWl−1,λ(t̃) · exp
(
λ|Vt̃|
n

(2 + |Vt̃|)
)

where (a) follows because we always have x̃d,r + c̃d,r ≤ |Vt̃| and (b) follows because there are at
most |Vt̃| terms in the product. Under the assumption that |Vt̃| ≤ nϵ/4, we have

exp

(
λ|Vt̃|
n

(2 + |Vt̃|)
)

= O(1),

which completes the proof of (36).

Proof of (37). By the chain rule, it suffices to show that

P

(
NO ∩ {T ∼= t} ∩ N

∣∣∣∣ {T̃ ∼= t̃} ∩ IN

)
GWl−1,λq(t)

= O(1).

Recall the definition of quantities c̃d,r in the context of tree t̃. For tree t, we again fix an arbitrary
ordering of the children of each vertices within depth l − 2, and give a total order of the vertices at
each depth. We use cd,r to denote the number of children of the r-th vertex at depth d of t. We also
introduce a few notations regarding the subtree T in T IC. For each depth d ∈ {0, . . . , l−2}, let vd,r
denote the r-th vertex at depth d of T . Here the ranking among the vertices at the same depth in T
follows the canonical ordering of the vertices in T IC. We use Cd,r to denote the number of children
of vd,r, and use Xd,r to denote the number of vertices that have already been explored in T IC before
generating the children of vd,r. In other words, Xd,r is the total number of vertices in T IC that with
depth smaller or equal to vd,r plus the sum of the number of children of the vertices in T IC that are
in the same depth as vd,r with a higher canonical order (see Figure 6 for an illustration). We use
Ad,r to denote the event that vd,r does not have any children that correspond to the vertices in VT̃ .

By these definitions, we have the following three properties:

1. Event {T = t} implies {Cd,r = cd,r} for every d and r.

2. Event N implies Xd,r ≤ n1−ϵ/2 for every d and r.

3. Event NO implies Ad,r for every d and r.
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Figure 6: An illustration of the notations defined. The vertex with index 1 at the top is the root the
diffusion tree T IC. The red vertex with index i (also vertex v0,1 under our notation), is
the root of the subtree T . The eleven vertex in the highlighted area are explored before
generating the children of v1,2, so we have X1,2 = 11.

By these properties, we have

P

(
NO ∩ {T ∼= t} ∩ N

∣∣∣∣ {T̃ ∼= t̃} ∩ IN

)
≤ P

(
∩(d,r)

(
Ad,r ∩ {Cd,r = cd,r} ∩ {Xd,r ≤ n1−ϵ/2}

) ∣∣∣∣ {T̃ ∼= t̃} ∩ IN

)
=
∏
(d,r)

P

(
Ad,r ∩ {Cd,r = cd,r} ∩ {Xd,r ≤ n1−ϵ/2}

∣∣∣∣ {T̃ ∼= t̃} ∩ IN ∩
(
∩(d′,r′)≺(d,r)Ad′,r′ ∩ {Cd′,r′ = cd′,r′} ∩ {Xd′,r′ ≤ n1−ϵ/2}

))
, (38)

where the last equality follows by the chain rule. Here, we use the short hand notation
∏

(d,r) to

denote the product
∏l−2

d=0

∏|VT ,d|
r=1 , and similarly use ∩(d,r) to denote the intersection ∩l−2

d=0∩
|VT ,d|
r=1 .

The notation ∩(d′,r′)≺(d,r) is a short-hand notation for ∩(d′,r′):d′<d or (d′=d and r′<r). Now we focus on
analyzing each term in this product. By the chain rule, we can further move events Ad,r ∩ {Xd,r ≤
n1−ϵ/2} to the conditioning and get

P

(
Ad,r ∩ {Cd,r = cd,r} ∩ {Xd,r ≤ n1−ϵ/2}∣∣∣∣ {T̃ ∼= t̃} ∩ IN ∩

(
∩(d′,r′)≺(d,r)Ad′,r′ ∩ {Cd′,r′ = cd′,r′} ∩ {Xd′,r′ ≤ n1−ϵ/2}

))
≤ P

(
{Cd,r = cd,r}

∣∣∣∣ {T̃ ∼= t̃} ∩ IN ∩
(
∩(d′,r′)≺(d,r)Ad′,r′ ∩ {Cd′,r′ = cd′,r′} ∩ {Xd′,r′ ≤ n1−ϵ/2}

)
∩ Ad,r ∩ {Xd,r ≤ n1−ϵ/2}

)
.
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Now consider the distribution of Cd,r given all these conditioned events. In the exploration process
of generating T IC, the already explored vertices (at most n1−ϵ/2 as we condition on Xd,r ≤ n1−ϵ/2)
cannot be come children of vd,r. Moreover, the conditioned event Ad,r implies that none of the
vertices corresponding to the set VT̃ can become a children of vd,r. Therefore, the total number of
excluded candidate for vd,r’s children is at most |VT̃ | + n1−ϵ/2. For the rest of the vertices in G′1
that are not excluded, each of them has an edge to vd,r with probability λq/n independently. These
facts implies that

Cd,r ∼ Binom(n−X,λq/n),

where X is the total number of vertices in G′1 that has been explored or corresponds to a vertex in
VT̃ , and X satisfies X ≤ |VT̃ |+ n1−ϵ/2 on the conditioned events. By Lemma 22, we get

P

(
{Cd,r = cd,r}

∣∣∣∣ {T̃ ∼= t̃} ∩ IN ∩
(
∩(d′,r′)≺(d,r)Ad′,r′ ∩ {Cd′,r′ = cd′,r′} ∩ {Xd′,r′ ≤ n1−ϵ/2}

)
∩ Ad,r ∩ {Xd,r ≤ n1−ϵ/2}

)
≤ exp

(
λq

n
· (n1−ϵ/2 + |VT̃ |)

)
· P(Poi(λq) = cd,r)

≤ exp

(
λq

n
· (n1−ϵ/2 + nϵ/4)

)
· P(Poi(λq) = cd,r), (39)

where the last inequality follows because we assume |Vt̃| ≤ nϵ/4. Finally, (38) and (39) imply

P

(
NO ∩ {T ∼= t} ∩ N

∣∣∣∣ {T̃ ∼= t̃} ∩ IN

)
≤
∏
(d,r)

exp

(
λq

n
· (n1−ϵ/2 + nϵ/4)

)
· P(Poi(λq) = cd,r)

= GWl−1,λq(t)
∏
(d,r)

exp

(
λq

n
· (n1−ϵ/2 + nϵ/4)

)
(a)

≤ GWl−1,λq(t) · exp

(
λqnϵ/4

n
· (n1−ϵ/2 + nϵ/4)

)
= GWl−1,λq(t) ·O(1),

where (a) follows because there are at most |Vt̃| terms in the product, and we assume |Vt̃| ≤ n−ϵ/4.
This completes the proof of (37).

E.3.2. PROOF OF THE CONDITIONAL PROBABILITY BOUND (17)

To bound the conditional probability P(Ec2 |v ∈ Vd), we first connect it to a relevant quantity
P(Ec2 |Vd ̸= ∅). We have

P(Ec2 |Vd ̸= ∅) ≥ P(Ec2 ∩ {v ∈ Vd} |Vd ̸= ∅)
= P(v ∈ Vd |Vd ̸= ∅) · P(Ec2 | v ∈ Vd)

≥ 1

n
· P(Ec2 | v ∈ Vd),
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where the last inequality follows by symmetry. Therefore, we have

P(Ec2 |u ∈ Vd) ≤ n · P(Ec2 |Vd ̸= ∅).

By the chain rule, we have

P(Ec2 |Vd ̸= ∅) ≤
P(Ec2)

P(Vd ̸= ∅)
.

We have already shown P(Ec2) = Õ(n−4/3) in the previous subsection. Therefore, to complete the
proof of (17), it suffices to show that P(Vd ̸= ∅) = Θ(1). This is implied by the following technical
lemma, which is proven in Appendix H.

Lemma 14 Consider an Erdős–Rényi random graph G ∼ ER(n, µn), where µ > 1 is a constant
independent of n. Let i be an arbitrary yet fixed vertex in G and d = c logn for some c ≤ 1−γ

log µ ,
where γ is an arbitrarily small constant. Then for any k ≤ d, we have

P(SG(i, k) ̸= ∅) = Θ(1).

Since Vd = SG′
1
(1, d) and d ≤ dmax ≤ 1−ϵ

log(λq) logn, Lemma 14 implies that P(Vd ̸= ∅) = Θ(1),
which completes the proof.

Appendix F. Proof of Proposition 7

The proof of Proposition 7 proceeds in three main steps. In the first step, we analyze the performance
of the upward pass phase of Algorithm 1 when applied to a pair of trees drawn from the correlated
tree distribution P(λ/s,qs,s)

d+l . We show that the sequence (pd)
∞
d=0, defined in Section 2, provides

lower bounds on the probability of correctly matching the root under this correlated tree model.
In the second step, we establish Proposition 7 for vertices at large depths d ∈ {dmax−l+ . . . , dmax}

of the diffusion tree T IC. We relate the joint distribution of the subtrees of T IC and their corre-
sponding neighborhood in G̃2 to the correlated tree distribution P(λ/s,qs,s)

d .This coupling allows us
to transfer the performance guarantees derived under the correlated tree model to the actual execu-
tion of our algorithm, showing that pd − o(1) serves as a lower bound on the probability of correct
matching in the original graph setting.

In the final step, we extend the result to vertices at smaller depths d ∈ {0, . . . , dmax − l+ − 1}
of the diffusion tree T IC. Intuitively, as the algorithm propagates upward, it aggregates information
from an increasing number of descendants, and its performance can only improve. Consequently,
the lower bounds established at larger depths continue to hold for all smaller depths. We make this
intuition formal via an algorithm truncation argument, which shows that the probability of correct
matching is non-decreasing as the algorithm proceeds upward.

F.1. Step 1: Algorithm performance on correlated Galton–Watson trees

Consider two rooted trees T and T̃ with roots denoted as r and r̃ respectively. For the purpose of
the proof, we introduce an algorithm for matching the corresponding vertices in T and T̃ as follows.
The algorithm can be viewed as an adaptation of the upward pass phase of Algorithm 1 to the case
where the inputs are a pair of trees instead of a diffusion tree and a graph. The algorithm takes the
two trees T , T̃ and a depth parameter d ≥ 0 as input. For each vertex i ∈ VT ,≤d, the algorithm
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Algorithm 2: Auxiliary algorithm for matching two correlated Galton–Watson trees

Input : Two rooted trees T and T̃ with roots r and r̃, depth parameter d ≥ 0
Output: A matching candidate setM′

i for each i within depth d of T
1 M′

i ← ∅ for each i ∈ VT ,≤d

2 for k = d : −1 : 0 do
3 for i ∈ VT ,k do
4 for j̃ ∈ VT̃ ,k do
5 if i and j̃ satisfy at least one of Criteria 1′-3′ then
6 M′

i ←M′
i ∪ {j̃}

7 returnM′
i, for all i ∈ VT IC,≤d

maintains a matching candidate setM′
i, which is initialized to be empty. The algorithm utilizes the

following three matching criteria, which are adapted from the first three criteria in Algorithm 1 to
the case of two input trees.

1. Two vertices i ∈ VT and j̃ ∈ VT̃ satisfy Criterion 1′ if there exist three children i1, i2, i3 of i
in T and three children j̃1, j̃2, j̃3 of j̃ in T̃ such that

Ll−1(Tik,l−1, T̃j̃k,l−1) > exp

(
(λsq)l−1

log n

)
, ∀k ∈ [3].

2. Two vertices i ∈ VT and j̃ ∈ VT̃ satisfy Criterion 2′ if there exist two children i1, i2 of i in T
and two children j̃1, j̃2 of j̃ in T̃ such that

j̃1 ∈Mi1 and Ll−1(Ti2,l−1, T̃j̃2,l−1) > exp

(
(λsq)l−1

log n

)
.

3. Two vertices i ∈ VT and j̃ ∈ VT̃ satisfy Criterion 3′ if there exist two children i1, i2 of i in T
and two neighbors j̃1, j̃2 of j̃ in T̃ such that

j̃k ∈Mik , ∀k ∈ [2].

This algorithm starts at depth d of both trees. For each i ∈ VT ,d and j̃ ∈ VT̃ ,d, we add j̃ to the set
M′

i if i and j̃ satisfy Criterion 1′. Then the algorithm recursively moves upward layer by layer. At
depth d − 1, for each i ∈ VT ,d−1 and j̃ ∈ VT̃ ,d−1, we add j̃ to the setM′

i if i and j̃ satisfy either
one of Criteria 1′-3′. This process is then repeated for each d = d− 1, . . . , 0 until we reach the root
vertex. We provide the pseudocode of this auxiliary algorithm in Algorithm 2.

With the algorithm in hand, we say the two input trees T and T̃ satisfy property Pd if executing
Algorithm 2 with input parameter d on T and T̃ outputsMr = {r̃}. In other words, Algorithm 2
with input d correctly matches the roots of the two vertices. The following proposition provides a
bound on the probability of property Pd under the correlated tree distribution.

Lemma 15 Suppose parameters λ, s and q satisfied the conditions stated in Theorem 2. Let d ≥ 0
and (T , T̃ ) ∼ Pd+l. We have

P(T and T̃ satisfy Pd) ≥ pd. (40)
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Proof [Proof of Lemma 15] We prove this proposition by induction. First let d = 0. In this
base case, Algorithm 2 simply starts at the root level, and verifies whether the roots of the two
trees satisfy Criterion 1′. Recall that T ∗ denotes the intersection tree in the generation process
of Pl. Let Cr denote the number of children of the root in the intersection tree T ∗. By def-
inition of Pl, we have Cr ∼ Poi(λsq). We use x1, . . . , xCr to denote the copy of these chil-
dren in T and x̃1, . . . , x̃Cr to denote their counterparts in T̃ . We then have that the Cr tree pairs
(Tx1,l−1, T̃x̃1,l−1), . . . , (TxCr ,l−1, T̃x̃Cr ,l−1) are i.i.d with distribution Pl−1. For a pair of trees with

distribution Pl−1, the probability that their likelihood ratio is larger than the threshold exp
(
(λsq)l−1

logn

)
is bounded in Corollary 27 in Appendix J. Setting the constant λ0 in Theorem 2 to be λ′(qs, s) in
Corollary 27 yields

P

(
Ll−1(Txk,l−1, T̃x̃k,l−1) > exp

(
(λsq)l−1

log n

))
≥ 1− pextλsq − ϵ′,

for each k ∈ [Cr], and these Cr events are mutually independent. Let Xr denote the number of
these tree pairs satisfying

Ll−1(Txk,l−1, T̃x̃k,l−1) > exp

(
(λsq)l−1

log n

)
.

We then have

L(Xr|Cr = cr)
sto.
≥ Binom(cr, 1− pextλsq − ϵ′).

From Poisson thinning, we get that

L(Xr)
sto.
≥ Poi(λsq(1− pextλsq − ϵ′)).

It then follows that

P(r̃ ∈M′
r) ≥ P(Xr ≥ 3)

≥ P(Poi(λsq(1− pextλsq − ϵ′)) ≥ 3)

= p0,

which completes the proof of the base case.
For the induction step, suppose the claim in the proposition holds for the case of d − 1, and

let (T , T̃ ) ∼ Pd+l. We again use Cr to denote the number of children of the root node in the
intersection tree T ∗, and we have Cr ∼ Poi(λsq). Let us condition on the event that Cr = cr. We
use x1, . . . , xcr to denote the copy of these children in T and x̃1, . . . , x̃cr to denote their counterparts
in T̃ , and we have that the cr tree pairs (Tx1,d−1, T̃x̃1,d−1), . . . , (Txcr ,d−1, T̃x̃cr ,d−1) are i.i.d with
distribution Pd+l−1. For each k ∈ [cr], we define a random variable tk serving as an indicator of the
type of vertex pair (xk, x̃k):

tk =


2, if x̃k ∈Mxk

1, if Ll−1(Txk,l−1, T̃x̃k,l−1) > exp
(
(λsq)l−1

logn

)
and x̃k /∈Mxk

0, if Ll−1(Txk,l−1, T̃x̃k,l−1) ≤ exp
(
(λsq)l−1

logn

)
and x̃k /∈Mxk

.
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By the independence between tree pairs (Tx1,d−1, T̃x̃1,d−1), . . . , (Txcr ,d−1, T̃x̃cr ,d−1), we know that
t1, . . . , tk are i.i.d random variables. Let β0 := P(tk = 0|Cr = cr), β1 := P(tk = 1|Cr = cr) and
β2 := P(tk = 2|Cr = cr). By our induction hypothesis, we know that

β2 ≥ pd−1. (41)

By Corollary 27, we know that
β1 + β2 ≥ 1− pextλsq − ϵ′. (42)

Let Yr = |{k ∈ [cr] : tk = 2}|, Zr = |{k ∈ [cr] : tk = 1}| and Wr = |{k ∈ [cr] : tk = 0}|. It then
follows that 2Yr + Zr =

∑cr
k=1 tk, and

Yr, Zr,Wr|Cr = cr ∼ Multi(cr, β2, β1, β0).

We claim that the event 2Yr + Zr ≥ 3 implies that r̃ ∈ Mr. This is because when 2Yr + Zr ≥ 3,
at least one of the following three must hold true:

1. Yr ≥ 2: This implies that r and r̃ satisfy Criterion 3′, which implies that r̃ ∈Mr.

2. Yr ≥ 1 and Zr ≥ 1: This implies that r and r̃ satisfy Criterion 2′, which implies that r̃ ∈Mr.

3. Zr ≥ 3: This implies that r and r̃ satisfy Criterion 1′, which implies that r̃ ∈Mr.

As a result, we have P(r̃ ∈Mr|Cr = cr) ≥ P(2Yr +Zr ≥ 3|Cr = cr) for any cr, and we will now
focus on bounding this conditional probability. Towards this goal, we define a sequence of auxiliary
i.i.d random variables t′1, . . . , t

′
cr with distribution

P(t′k = i) =


pd−1 when i = 2

1− pextλsq − ϵ′ − pd−1 when i = 1

pextλsq + ϵ′ when i = 0.

From (41) and (42), we have tk
sto.
≥ t′k for each k ∈ [cr]. Let Y ′

r = |{k ∈ [cr] : t
′
k = 2}|, Z ′

r = |{k ∈
[cr] : t

′
k = 1}| and W ′

r = |{k ∈ [cr] : t
′
k = 0}|. It then follows that 2Y ′

r + Z ′
r =

∑cr
k=1 t

′
k, and

Y ′
r , Z

′
r,W

′
r|Cr = cr ∼ Multi(cr, pd−1, 1− pextλsq − ϵ′ − pd−1, p

ext
λsq + ϵ′).

We know that 2Yr + Zr

sto.
≥ 2Y ′

r + Z ′
r. It then follows that

P(r̃ ∈Mr|Cr = cr) ≥ P(2Yr + Zr ≥ 3|Cr = cr) ≥ P(2Y ′
r + Z ′

r ≥ 3|Cr = cr)

holds for every cr. So we have

P(r̃ ∈M′
r) ≥ P(2Y ′

r + Z ′
r ≥ 3).

Recall that Cr ∼ Poi(λsq). By Poisson thinning, we know that Y ′
r and Z ′

r are independent Poisson
random variables with means pd−1 and 1− pextλsq − ϵ′ − pd−1 respectively, and we finally get

P(r̃ ∈M′
r) ≥ pd,

by the definition of pd.
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F.2. Step 2: Proof of Proposition 7 at large depths

In this section, we prove (9) in Proposition 7 for depth d ∈ {dmax − l+, . . . , dmax}. In particular,
we will show that

P(ṽ ∈Mv | v ∈ Vd) ≥ pdmax−d −O(n−ϵ/3) (43)

for each d ∈ {dmax− l+, . . . , dmax}. Towards this goal, we will first establish a sufficient condition
for the event ṽ ∈Mv.

Consider a vertex v at depth d of T IC. Let N↑ := V≤d \ {v} denote the set of other vertices
in T IC within depth d, and let Ñ↑ denote the set of vertices in G̃2 corresponding to N↑. We define
rooted graph H (resp. H̃) as the induced subgraph on the (dmax − d+ l)-neighborhood of v (resp.
ṽ) in the graph G′1 \N↑ (resp. G̃2 \ Ñ↑), with v (resp. ṽ) as its root. We claim that the event ṽ ∈Mv

holds if the following three conditions are satisfied:

1. H and H̃ are both trees, and they satisfy the property Pdmax−d.

2. In graph G̃2, there exist no edges between the set Ñ↑ and any non-root vertex of H̃.

3. H = T IC
v,dmax−d+l, where T IC

v,dmax−d+l is the subtree in T IC rooted at v with depth up to
dmax − d+ l.

Proof of the claim: To prove the claim, we essentially want to show that if running Algorithm 2
with parameter dmax− d on the two treesH and H̃ would output ṽ ∈M′

v, then Algorithm 1 would
add vertex ṽ in to the setMv. Recall that the main difference between these two algorithms is that
Criteria 1 and 2 in Algorithm 1 take subtrees in T IC and the BFS trees in G̃2 as input to likelihood
ratio tests, while Criteria 1′ and 2′ in Algorithm 2 take subtrees in the two input trees H and H̃ as
inputs to likelihood ratio tests. Consider a vertex ĩ in H̃ within depth dmax− d+1, and let j̃ denote
its parent. Here the depth and the parent in the graph are well-defined because H̃ is a tree. By the
second assumption, the subtree H̃ĩ,l−1 rooted at ĩ in H̃ up to depth l − 1 is exactly the BFS tree

T̃ \j̃
ĩ,l−1

in graph G̃2. Meanwhile, by the third assumption, we have T IC
v,dmax−d+l = H, and therefore

the subtrees inH exactly appear as subtrees in T IC. Moreover, Algorithm 2 starts at depth dmax−d
of the tree H, which corresponds to the depth dmax of T IC because the root node u is at depth d in
T IC. These jusmtify that if Algorithm 2 adds a vertex j̃ in H̃ toM′

i, then Algorithm 1 will also add
j̃ to the setMi. SinceH and H̃ satisfy property Pdmax−d, we know that Algorithm 1 would include
ṽ in the setMv. This completes the proof of the claim.

To prove (43), it now suffices to bound the probability for the three conditions to hold, given the
event u ∈ Vd. In particular, we will show that

P(Condition 1 holds | v ∈ Vd) ≥ pdmax−d −O(n−ϵ/3), (44)

P(Condition 2 holds | v ∈ Vd) ≥ 1−O(n−ϵ/3), (45)

and
P(Condition 3 holds | v ∈ Vd) ≥ 1−O(n−ϵ/3), (46)

which together imply the desired inequality (43).
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F.2.1. PROOF OF (44).

We first provide a high probability upper bound on the size of N↑. Let A = {|N↑| ≤ n1−2ϵ/3}. It
follows by Lemma 19 that

P(Ac | v ∈ Vd) = O(n−ϵ/3). (47)

Now suppose we are given a specific realization of the set N↑. We use P̂\N↑

dmax−d+l to denote the joint
law of the two trees H and H̃. We have the following proposition that bounds the total variation
distance between the two distributions P̂\N↑

dmax−d+l and Pdmax−d+l.

Proposition 16 Suppose |N↑| ≤ n1−γ for some constant 0 < γ < 1/4 and d satisfies dmax−l+ ≤
d ≤ dmax. Then there exists a coupling σ between P̂\N↑

dmax−d+l and Pdmax−d+l such that

P((H,H̃),(T ,T̃ ))∼σ(H ∼= T , H̃ ∼= T̃ ) ≥ 1− Õ(n−3γ/4).

We defer the proof of this proposition to Appendix G. By Lemma 15 and Proposition 16, we have

P
(H,H̃)∼P̂\N↑

dmax−d+l

(H, H̃ satisfy property Pdmax−d) ≥ pdmax−d − Õ(nϵ/2),

for any N↑ with |N↑| ≤ n1−2ϵ/3. This implies that

P(Condition 1 holds | v ∈ Vd,A) ≥ pdmax−d − Õ(nϵ/2).

With this, we finally get

P(Condition 1 holds | v ∈ Vd)

≤ P(Condition 1 holds | v ∈ Vd,A) · P(A | v ∈ Vd)

= P(Condition 1 holds | v ∈ Vd,A) · (1− P(Ac | v ∈ Vd))

≤ P(Condition 1 holds | {v ∈ Vd} ∩ A)− P(Ac | v ∈ Vd)

= pdmax−d −O(n−ϵ/3),

which completes the proof of (44).

F.2.2. PROOF OF (45).

Recall that we defined event A = {|N↑| ≤ n1−2ϵ/3}, and we have P(Ac |v ∈ Vd) = O(n−ϵ/3).
Notice that dmax − d+ l = o(logn). We can apply Lemma 18 to get

P(|VH̃| ≥ nϵ/8 | {v ∈ Vd} ∩ A) = O(n−4/3).

Between a vertex in Ñ↑ and a non-root vertex in H̃, the probability of having an edge is O(n−1).
With the high probability bounds on |VH̃| and |N↑|, we can apply the union bound over all the vertex
pairs and get

P(Condition 2 holds | v ∈ Vd) ≥ 1−O(n−ϵ/3 + n−4/3 + n−1 · n1−2ϵ/3 · nϵ/8) = 1−O(n−ϵ/3).
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F.2.3. PROOF OF (46).

For each vertex i ∈ Vd \ {v}, let Si denote the set of vertices within distance dmax − d + l in the
graph G′1 \ (V≤d \ {i}). Define S = ∪i∈Vd\{v}Si. We claim H = T IC

dmax−d+l if the following two
properties hold:

1. H is a tree;

2. VH ∩ S = ∅.

To see why these two properties imply the desired event H = T IC
dmax−d+l, notice that the property

VH∩S = ∅ implies that none of the vertices inH can be added into the subtree rooted at any vertex
i ∈ Vd \ {v}. Meanwhile, those vertices are within distance dmax − d+ l from v. Therefore, all of
the vertices inH have to be included in the subtree T IC

v,dmax−d+l. BecauseH is a tree, all of its edges
are also preserved into T IC

v,dmax−d+l. Therefore, we haveH = T IC
v,dmax−d+l.

It now suffices to bound P(H is a tree |v ∈ Vd) and P(VH ∩ S = ∅|v ∈ Vd).
From (47) and Proposition 16, we have

P(H is not a tree | v ∈ Vd) ≤ O(n−ϵ/3) + P(H is not a tree | {v ∈ Vd} ∩ A)
≤ O(n−ϵ/3) + Õ(n−ϵ/2)

= O(n−ϵ/3). (48)

Now suppose we are given a specific realization of the set N↑ with |N↑| ≤ n1−2ϵ/3. For each
vertices i ∈ Vd \ {v}, we define event Bi = {|Si| ≤ nϵ/8}. It follows by Lemma 18 that

P(Bci | v ∈ Vd, N
↑) = Õ(n−4/3).

Since there are at most n1−2ϵ/3 vertices in the set Vd \ {u}, we can apply the union bound to get

P(∪i∈Vd\{v}B
c
i | v ∈ Vd, N

↑) = Õ(n−1/3),

which further implies that

P(|S| ≥ n1−ϵ/2 | v ∈ Vd, N
↑) = Õ(n−1/3).

Suppose we are further conditioned on a specific realization of the set S with |S| ≤ n1−ϵ/2. For
each k ∈ [dmax − d+ l], we define events

Ck =

{
|SH(v, k)| ≤ 4 log n(λq)k

k∏
h=0

(1 + (λq)−h/2)

}
and

Dk = {SH(v, k) ∩ S = ∅}.
It follows by the definition that ∩dmax−d+l

k=1 Dk implies that VH ∩ S = ∅. We can write

P(VH ∩ S ̸= ∅ | v ∈ Vd, N
↑, S)

≤ P(∪dmax−d+l
k=1 (Cck ∪ Dc

k) | v ∈ Vd, N
↑, S))

≤
dmax−d+l∑

k=1

P(Cck ∪ Dc
k | v ∈ Vd, N

↑, S,∩k−1
h=1(Ch ∩ Dh)). (49)
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By Bennett’s inequality (see Lemma 20 in Appendix I for the detailed statement), we have

P(Cck | v ∈ Vd, N
↑, S,∩k−1

h=1(Ch ∩ Dh))

≤ P

(
Binom

(
n,

λq

n
· 4 logn(λq)k−1

k−1∏
h=0

(1 + (λq)−h/2)

)
≥ 4 log n(λq)k

k∏
h=0

(1 + (λq)−h/2)

)

≤ exp

(
−4 logn(λq)k

k−1∏
h=0

(1 + (λq)−h/2)

(
1−

4 logn(λq)k
∏k−1

h=0(1 + (λq)−h/2)

n

)
· ϕ((λq)−k/2)

)
,

(50)

where ϕ(x) := (1+x) log(1+x)−x. Notice that function ϕ(x) satisfies ϕ(x) ≥ x2

3 for all x ∈ [0, 1].
Moreover, we have

∏k−1
h=0(1 + (λq)−h/2) ≥ 2 for each k ≥ 1 and

∏∞
h=0(1 + (λq)−h/2) < ∞ as

λq > 1. These further implies

k−1∏
h=0

(1 + (λq)−h/2)

(
1−

4 logn(λq)k
∏k−1

h=0(1 + (λq)−h/2)

n

)
> 1

for all large enough n, since 4 logn(λq)k = o(n). It then follows from (50) that

P(Cck | v ∈ Vd, N
↑, S,∩k−1

h=1(Ch ∩ Dh))

≤ exp

(
−4 logn(λq)k (λq)

k

3

)
≤ n−4/3.

To bound the probability of Dc
k, we take a union bound over the vertices in SH(v, k − 1) and

the vertices in S to obtain

P(Dc
k | v ∈ Vd, N

↑, S,∩k−1
h=1(Ch ∩ Dh))

≤ λq

n
· n1−ϵ/2 · 4 logn(λq)k−1

k−1∏
h=0

(1 + (λq)−h/2)

= O(n−3ϵ/8),

where the last inequality follows because k = o(log n) and
∏∞

h=0(1 + (λq)−h/2) ≤ ∞. By (49),
we have

P(VH ∩ S ̸= ∅ | v ∈ Vd, N
↑, S) ≤ (dmax − d+ l) ·O(n−3ϵ/8) = O(n−ϵ/3).

This further implies that

P(VH ∩ S ̸= ∅ | v ∈ Vd) = O(n−ϵ/3). (51)

Finally, putting (48) and (51) together yields

P(H = T IC
v,dmax−d+l | v ∈ Vd) = 1−O(nϵ/3),

and completes the proof of (46).
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Algorithm 3: Truncated version of Algorithm 1

Input : Diffusion tree T IC, fully observed graph G̃2, model parameters λ, s, q, integers dmax, l
Output: A matching candidate setM′′

u for each u within depth d+ l+ of T IC

1 M′′
u ← ∅ for each u ∈ V≤d+l+

2 for k = d+ l+ : −1 : 0 do
3 for u ∈ VT IC,k do
4 for ṽ ∈ VG̃2

do
5 if u and ṽ satisfy at least one of Criteria 1–3 then
6 M′′

u ←M′′
u ∪ {ṽ}

7 returnMv, for all v ∈ V≤d+l+

F.3. Step 3: Proof of Proposition 7 at small depths

In this section, we prove (9) in the case of d ∈ [dmax − l+ − 1] and (10). In particular, we want to
show

P(ṽ ∈Mv | v ∈ Vd) ≥ pl+ −O(n−ϵ/3) (52)

for each d ∈ [dmax − l+ − 1] and v ∈ {2, . . . , n}, and

P(1̃ ∈M1) ≥ pl+ −O(n−ϵ/3). (53)

Proof of (52). Intuitively, the upward pass phase is monotone in the sense that moving to higher
levels of the diffusion tree can only increase the amount of matching evidence available. A vertex at
a higher level has access not only to its own local structural information, but also to the aggregated
evidence propagated from all of its descendants. As a result, the probability of correctly matching
a vertex does not decrease as one moves upward in the tree. Following this argument, (52) simply
follows from (43). In the following, we make this argument formal using a truncation argument for
Algorithm 1.

For the propose of proof, we introduce a truncated version of Algorithm 1, which only include
the upward pass phase of Algorithm 1. Moreover, instead of starting at depth dmax of the tree T IC,
the algorithm starts at depth d + l+ < dmax, and only attempt to match the vertices within depth
d+ l+. We provide the pseudocode of the truncated algorithm in Algorithm 3. To differentiate from
the notation in Algorithm 1, we denote the matching candidate set in Algorithm 3 byM′′

u for each
u ∈ V≤d+l+ .

It follows by induction for any u ∈ V≤d+l+ and any ṽ ∈ VG̃2
, Algorithm 3 adds ṽ to the set

M′′
u only if Algorithm 1 adds ṽ toMu. First consider vertices at depth d + l+. In Algorithm 3, a

vertex ṽ is added toMu only if they satisfy Criterion 1, since no deeper candidate sets are available.
In Algorithm 1, the same pair ṽ is added toMu if any of Criteria 1–3 holds. Therefore, at depth
d+ l+, we haveM′′

u ⊆Mu.
Now assume inductively that for some k ∈ {0, . . . , d + l+ − 1}, we haveM′′

w ⊆ Mw for all
vertices w at depths k+1, . . . , d+ l+. Consider a vertex u at depth k. In Algorithm 3, a vertex ṽ is
added toM′′

u if they satisfy any of Criteria 1–3. By the induction hypothesis, whenever ṽ1 ∈M′′
u1

,
we also have ṽ1 ∈ Mu1 . Hence any candidate ṽ that Algorithm 3 adds toM′′

u will also satisfy the
corresponding criterion when evaluated by Algorithm 1. This shows thatM′′

u ⊆ Mu at depth k,
completing the induction.
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In other words, we have

P(ṽ ∈Mv | v ∈ Vd) ≥ P(ṽ ∈M′′
v | v ∈ Vd),

and it suffices to show that

P(ṽ ∈M′′
v | v ∈ Vd) ≥ pl+ −O(n−ϵ/3). (54)

The rest of the proof is then analogous to the proof of (43) for the case of d = dmax − l+ in the
previous section. We define N↑ := V≤d \ {v}, and useH (resp. H̃) as the induced subgraph on the
(l + l+)-neighborhood of v (resp. ṽ) in the graph G′1 \ N↑ (resp. G̃2 \ Ñ↑), with v (resp. ṽ) as its
root. Then we have ṽ ∈M′′

v if the following three conditions hold:

1. H and H̃ are both trees, and they satisfy the property Pl+ .

2. In graph G̃2, there exist no edges between the set Ñ↑ and any non-root vertex of H̃.

3. H = T IC
v,l+l+ , where T IC

i,l+l+ is the subtree in T IC rooted at i with depth up to dmax − d+ l.

Using the same argument as in the proof of equations (44), (45) and (46) in the previous section,
we have

P(Condition 1 holds | v ∈ Vd) ≥ pl+ −O(n−ϵ/3),

P(Condition 2 holds | v ∈ Vd) ≥ 1−O(n−ϵ/3),

and
P(Condition 3 holds | v ∈ Vd) ≥ 1−O(n−ϵ/3),

for each d ∈ [dmax − l+ − 1]. These together imply the desired inequality (54), and complete the
proof.

Proof of (53). For the root node 1, we consider the truncated algorithm that starts its first iteration
at depth l+. In this case, the set N↑ become empty, and the two rooted graphs H and H̃ are the
(l + l+)-neighborhood of vertex 1 and vertex 1̃ in the two graphs G′1 and G̃2 respectively. Then by
the previous argument, we know that a sufficient condition for 1̃ ∈ M1 is that H and H̃ are both
trees, and they satisfy property Pl+ . By Lemmas 15 and Proposition 16, this conditions holds with
probability at least pl+ −O(n−ϵ/3), which completes the proof of (53).

Appendix G. Coupling Correlated Erdős–Rényi Neighborhood and Correlated
Galton–Watson trees

In this section, we prove Proposition 16, which is restated as follows.

Proposition 16 Suppose |N↑| ≤ n1−γ for some constant 0 < γ < 1/4 and d satisfies dmax− l+ ≤
d ≤ dmax. Then there exists a coupling σ between P̂\N↑

dmax−d+l and Pdmax−d+l such that

P((H,H̃),(T ,T̃ ))∼σ(H ∼= T , H̃ ∼= T̃ ) ≥ 1− Õ(n−3γ/4).
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Proof By the assumption dmax − l+ ≤ d ≤ dmax, we have dmax − d + l ≤ l + l+. To prove the
proposition, it suffices to find a coupling σ between P̂l+l+ and Pl+l+ such that the desired property
holds. As is clear from the context, we omit the subscript l + l+, and simply write P̂ and P in the
rest of this proof. We also use short-hand notation l′ := l + l+.

To construct the coupling, we first introduce notations regarding two trees (T , T̃ ) ∼ P. We
denote the root of both trees by r. Recall the definition of the correlated tree distribution P. Let
T ∗ denote the intersection from the process of generating T and T̃ , and let T ∗ denote the set of
all vertices in this intersection tree. With a slight abuse of notation, for a vertex v ∈ T ∗, we also
use v to denote the copies of this vertex in T and T̃ . For each k ∈ {0, . . . , l′}, we define Tk as
the truncated version of T at depth k, i.e., Tk is the subgraph induced by the vertices within depth
k of T . We similarly define T̃k as the truncated version of T at depth k. We use T ∗

k to denote the
set of vertices at depth k of T ∗, use Tk to denote the set of vertices at depth k of T that are added
to H∗ in the generation process, and use T̃k to denote the set of vertices at depth k of T̃ that are
added to T ∗ in the generation process. In other words, T ∗

k represents the set of vertices shared by
T and T̃ at depth k, Tk represents the set of vertices exclusive to T at depth k, and T̃k represents
the set of vertices exclusive to T̃ at depth k. We also define T̄k = Tk ∪ T ∗

k ∪ T̃k. For each vertex
v ∈ Tk (resp. v ∈ T̃k), let Cv (resp. C̃v) denote the set of its children in T (resp. T̃ ), and let
cv (resp. c̃v) denote the cardinality of this set. By the definition of P, we have cv ∼ Poi(λq) and
c̃v ∼ Poi(λ). For a vertex v ∈ T ∗

k , let C∗
v denote the set of its children in T ∗, Cv denote the set of

its exclusive children in T and C̃v denote the set of its exclusive children in T̃ . We use c∗v, cv and
c̃v to denote the cardinality of these three sets respectively. By definition, we get c∗v ∼ Poi(λsq),
cv ∼ Poi(λq(1−s)) and c̃v ∼ Poi(λ(1−qs)). Moreover, all of these random variables are mutually
independent.

Now we move on to the pair of rooted graphs H and H̃. Recall the roots of the two graphs are
u and ũ respectively. For each k ∈ {0, . . . , l′}, we define Hk as the subgraph of H induced by
the vertices within distance k from i, and H̃k as the subgraph of H̃ induced by the vertices within
distance k from ĩ. For k ∈ {0, . . . , d}, we iteratively define a sequence of sets H∗

k . First, we define
H∗

0 = {i}. Then for each k ≥ 1, we define H∗
k as the set of indices j ∈ [n] such that:

1. j ∈ SH(i, k) and j̃ ∈ SH̃(̃i, k);

2. ∃j′ ∈ H∗
k−1 : j

H∼ j′ and j̃
H̃∼ j̃′.

In other words, H∗
k is the set of indices that appear at the depth k of the common structure of

H and H̃. We also define Hk = {j ∈ [n] : j ∈ SH(i, k) and j /∈ H∗
k}, H̃k = {j ∈ [n] :

j̃ ∈ SH̃(̃i, k) and j̃ /∈ H∗
k} and H̄k = Hk ∪H∗

k ∪ H̃k. We comment that the definitions of the sets
Hk, H

∗
k , H̃k are analogous to the definition of the sets Tk.T

∗
k , T̃k in the context of correlated Galton–

Watson trees. But the main difference is that the sets Tk and T̃k are disjoint by the definition of the
distribution P, while this is not the case for Hk and H̃k. For example, it is possible that there exists
vertex i1 ∈ H1 and i2 ∈ H̃1 such that i1 is connected to a vertex i in G′1 and ĩ2 is connected to the
vertex ĩ in G̃2. In this case, i is not in set H∗

2 as it is not a neighbor of any vertex in H∗
1 . Therefore,

it is in both sets H2 and H̃2. This type of intersection between sets Hk and H̃k is undesired, as it
will make later growth of the neighborhood correlated. We will careful rule out these events in the
construction of the coupling.

For each j ∈ Hk, let Dj = {j′ ∈ Hk+1 : j′
H∼ j}. For each j ∈ H̃k, let D̃j = {j′ ∈ H̃k+1 :

j̃′
H̃∼ j̃}. We use dj and d̃j to denote the cardinality of Dj and D̃j respectively. For each j ∈ H∗

k ,
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let
D∗

j = {j′ ∈ H∗
k+1 : j

′ H∼ j and j̃′
H̃∼ j̃},

Dj = {j′ ∈ Hk+1 : j
′ H∼ j},

and
D̃j = {j′ ∈ H̃k+1 : j̃

′ H̃∼ j̃}.

The set D∗
j represents the set of indices of the common neighbors of j and j̃ in at depth k − 1, and

Dj (resp. D̃j) represents the exclusive neighbors of j (resp. j̃) in H (resp. H̃) at depth k + 1. We
use d∗j , dj and d̃j to denote the cardinality of these three sets respectively.

We further define a few sequences of events based on which we iteratively provide sufficient
conditions for the desired propertiesHk = Tk and H̃k = T̃k. For each k ∈ [l′], let

Ak = {there exists two distinct j, j′ ∈ H̄k s.t. j̄ Ḡ∼ j̄′}.

where Ḡ is the union graph of G′1 and G2. We also define

Bk ={there exists two distinct indices j, j′ ∈ H̄k−1 and an index j′′ ∈ [n] \ (N↑ ∪ (∪k−1
h=0H̄h))

s.t. j̄ Ḡ∼ j̄′′ and j̄′
Ḡ∼ j̄′′},

Ck = {there exists j ∈ Hk−1 ∪H∗
k−1 and j′ ∈ ∪k−1

h=0H̃h s.t. j
G′
1∼ j′},

Dk = {there exists j ∈ H̃k−1 ∪H∗
k−1 and j′ ∈ ∪k−1

h=0Hh s.t. j̃ G̃2∼ j̃′}.

We illustrate these four events in Figure 7.

Figure 7: An illustration of the events we defined. In the figure, the black (resp. red and blue)
vertices are from the set ∪3h=0Hh (resp. ∪3h=0H

∗
h and ∪3h=0H̃h). In other words, the red

nodes and edges represent the intersection of H3 and H̃3. The black (resp. blue) nodes
and edges represent those exclusive to H3 (resp. H̃3). The existence of the dashed edges
corresponds to the events annotated next to them.

We also define a sequence of events that guarantees the desired isomorphism Hk
∼= Tk and

H̃k
∼= T̃k. It also required addition regularity of the underlying permutation for the isomorphism
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and exclude undesired overlaps between H and H̃, which are helpful for construct couplings for
further depths of the trees. For each k ∈ {0, . . . , l′}, let Ek denote the event that

1. Hk
∼= Tk and H̃k

∼= T̃k under bijections ϕk : VHk
→ VTk and ϕ̃k : VH̃k

→ VT̃k respectively;

2. The two bijections ϕk and ϕ̃k satisfy ϕk(∪kh=0H
∗
h) = ∪kh=0T

∗
h and ϕk(j) = ϕ̃k(j̃) for every

j ∈ ∪kh=0H
∗
h;

3. (∪kh=0Hh) ∩ (∪kh=0H̃h) = ∅.

Since we want to find a coupling under which P(H ∼= T , H̃ ∼= T̃ ) ≥ 1− Õ(n−3γ/4). It suffices to
lower bound the probability of the event ∩dk=0Ek under the coupling. The following lemma utilizes
the events Ak,Bk, Ck,Dk to provide sufficient conditions for the desired event Ek.

Lemma 17 Let k ∈ [l′]. If

1. events Ac
k, Bck, Cck, Dc

k and Ek−1 all hold,

2. dj = cϕk−1(j) for every j ∈ Hk−1,

3. d̃j = c̃ϕ̃k−1(j̃)
for every j ∈ H̃k−1,

4. dj = cϕk−1(j), d̃j = c̃ϕk−1(j) and d∗j = c∗ϕk−1(j)
for every j ∈ H∗

k−1,

then event Ek holds.

Proof [Proof of Lemma 17] Notice that under events Ek−1, Ac
k and Bck, both Hk and H̃k are trees.

This is because Ek−1 guarantees thatHk−1 and H̃k−1 are both trees,Ac
k guarantees that there exists

no edges between the depth-k vertices of H and H̃, and Bck guarantees that there exists no depth-d
vertices ofH or H̃ that has more than one neighbor at depth k − 1.

Moreover, event Cck guarantees that Hk ∩ (∪k−1
h=0H̃h) = ∅, event Dc

k guarantees that H̃k ∩
(∪k−1

h=0Hh) = ∅ and event Bck guarantees that Hk ∩ H̃k = ∅. Putting these together with the
assumption (∪k−1

h=0Hh) ∩ (∪k−1
h=0H̃h) = ∅ in event Ek−1, we get (∪kh=0Hh) ∩ (∪kh=0H̃h) = ∅.

By the second and fourth assumptions in the lemma, for each j ∈ Hk−1, we can arbitrarily
map the vertices in Dj to the vertices in Cϕk−1(j) through a bijection. For each j ∈ H∗

k−1, we can
arbitrarily map the vertices in Dj to the vertices in Cϕk−1(j), and the vertices in D∗

j to the vertices
in C∗

ϕk−1(j)
both through bijective mappings. In this way, we can extend the bijection ϕk−1 to a new

bijection ϕk : VHk
→ VTk . It is easy to check thatHk

∼= Tk under ϕk, and ϕk(∪kh=0H
∗
h) = ∪kh=0T

∗
h

is satisfied. By the third and fourth assumptions of the lemma, we can perform a similar extension
on the mapping ϕ̃k−1 to a bijection ϕ̃k : VH̃k

→ VT̃k , which satisfies that H̃k
∼= T̃k under this

bijection. Moreover, this mapping can be set to satisfy that ϕk(j) = ϕ̃k(j̃) for every j ∈ ∪kh=0H
∗
h.

For simplicity, we denote the events described in the second, third, and fourth assumptions in
Lemma 17 as Fk, F̃k and F∗

k respectively. Notice that when k = 0, Hk, H̃k, Tk, T̃k are all trivial
trees with only a root node and no edges. So E0 is a trivial event that always holds. Then Lemma 17
implies that

P(∩l′k=0Ek) ≥ P(∩l′k=1(Ac
k ∩ Bck ∩ Cck ∩ Dc

k ∩ Fk ∩ F̃k ∩ F∗
k )).
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To bound this probability, we additionally introduce a sequence of events that controls the number
of vertices at each level of the two graphsH and H̃. For each k ∈ [d]], let

Ik = {|H̄k| ≤ (2λ̄)k log n},

and we will instead bound P(∩l′k=1Jk), where Jk := Ac
k ∩Bck ∩ Cck ∩Dc

k ∩Fk ∩ F̃k ∩F∗
k ∩ Ik. By

the chain rule, we have

P(∩l′k=1Jk) ≥ P(J1)−
l′∑

k=2

P(J c
k | ∩k−1

h=1 Jh). (55)

So it suffices to bound P(J1) and each term in the summation.

Bounding P(J1). Notice that Bc1, Cc1,Dc
1,F1, F̃1 are all trivial events, since H0 and H̃0 are both

trivial trees that only has a root. The vertices in H̄1 are the neighbors of u in the union graph
Ḡ \ N̄↑, and therefore |H̄1| ∼ Binom(n − 1 − |N↑|, λ̄/n), where λ̄ = λ + λs − λsq. By the
Chernoff–Hoeffding bound (see Lemma 21) we have

P(Ic1) ≤ P(Binom(n, λ̄/n) ≥ 2λ̄ logn) ≤ n−λ̄.

Given event I1, there are at most 4λ̄ log2 n vertex pairs within H̄1. The probability of having an
edge between each pair is O(n−1). Therefore,

P(A1 | I1) ≤ 4λ̄ log2 n ·O(n−1) = Õ(n−1). (56)

To bound the probability of event Fc
1 , we need to construct the coupling between (du, d̃u, d

∗
u) and

(cr, c̃r, c
∗
r).

From the definition of correlated Erdős–Rényi graph pair model, we have

(du, d̃u, d
∗
u, n−1−|N↑|−du−d̃u−d∗u) ∼ Multi(n−1−|N↑|, λq(1−s)/n, λ(1−qs), λqs/n, 1−λ̄/n).

Meanwhile, the number of children of the root in T and T̃ has distribution

(cr, c̃r, c
∗
r) ∼ Poi(λq(1− s))⊗ Poi(λ(1− qs))⊗ Poi(λsq).

An upper bound for the total variation distance between multinomial distributions and indepen-
dent Poisson distributions is provided in Lemma 24 in Appendix I. By Lemma 24, we can couple
(du, d̃u, d

∗
u) with (cr, c̃r, c

∗
r) such that

P((du, d̃u, d
∗
u) = (cr, c̃r, c

∗
r)) ≥ 1−O

(
|N↑|+ log2 n

n

)
≥ 1−O(n−γ).

Under this coupling, we have P(F∗c
1 ) ≤ O(n−γ). Putting these together yields

P(J1) ≥ 1− P(A1 ∪ F∗c
1 ∪ Ic1)

≥ 1− P(A1 ∪ Ic1)− P(F∗c
1 )

≥ 1− P(A1|I1)− P(Ic1)− P(F∗c
1 )

≥ 1−O(n−γ). (57)
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Bounding P(J c
k | ∩

k−1
h=1 Jh). Notice that event ∩k−1

h=1Jh implies that |H̄h| ≤ (2λ̄)h log n for each
h ∈ [k−1]. Because k ≤ l′ = o(logn), we have

∑k−1
h=1 |Hh| ≤

∑k−1
h=1(2λ̄)

h log n = O(nγ/4). This
further implies |Hk−1| = O(nγ/4), |H̃k−1| = O(nγ/4), |H∗

k−1| = O(nγ/4), | ∪k−1
h=0 H̃h| = O(nγ/4)

and | ∪k−1
h=0 Hh| = O(nγ/4), since all these sets are subsets of ∪k−1

h=1Hh. Then by union bound, we
have

P(Ck| ∩k−1
h=1 Jh) ≤

λ̄

n
· (|Hk−1|+ |H∗

k−1|) · | ∪k−1
h=0 H̃h| = O(nγ/2−1), (58)

and

P(Dk| ∩k−1
h=1 Jh) ≤

λ̄

n
· (|H̃k−1|+ |H∗

k−1|) · | ∪k−1
h=0 Hh| = O(nγ/2−1). (59)

Events Cck, Dc
k and ∩k−1

h=1Jh rule out the possible ability that any j ∈ H∗
k−1 is connected to any

vertices include in ∪k−1
h=0H̄h when growing its neighborhood. Therefore, we have(

dj , d̃j , d
∗
j , n− |N↑| −

k−1∑
h=0

|Hh| − dj − d̃j − d∗j

)

∼ Multi

(
n− |N↑| −

k−1∑
h=0

|Hh|, λq(1− s)/n, λ(1− qs), λqs/n, 1− λ̄/n

)
.

Then by Lemma 24, we can couple (dj , d̃j , d
∗
j ) with (cϕk−1(j), c̃ϕk−1(j), c

∗
ϕk−1(j)

) such that

P((dj , d̃j , d
∗
j ) = (cϕk−1(j), c̃ϕk−1(j), c

∗
ϕk−1(j)

)) ≥ 1−O

(
|n− 2n1−γ |

n

)
≥ 1−O(n−γ),

where the penultimate inequality follows by the assumption that |N↑| ≤ n1−γ . Because |H∗
k−1| =

O(n−γ/4), we can use union bound to get

P(F∗c
k |(∩k−1

h=1Jh) ∩ C
c
k ∩ Dc

k) = O(n−3γ/4). (60)

For each j ∈ Hk−1, we have

dj ∼ Binom

(
n− 1− |N↑| −

k−1∑
h=1

|Hh|, λq(1− s)

)
.

Recall that cϕk−1(j) ∼ Poi(λq(1− s)). In Lemma 23 of Appendix I, we provide an upper bound of
the total variation distance between binomial and Poisson random variables. By Lemma 23 and the
assumption that |N↑| ≤ n1−γ and

∑k−1
h=1 |Hh| = O(nγ/4), we can couple dj and cϕk−1(j) so that

P(dj = cϕk−1(j)) ≥ 1−O

(
n1−γ

n

)
≥ 1−O(n−γ),

and it follows that
P(Fc

k|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k) = O(n−3γ/4). (61)

Similarly, we can bound

P(F̃c
k|(∩k−1

h=1Jh) ∩ C
c
k ∩ Dc

k) = O(n−3γ/4). (62)
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Given Cck, Dc
k and ∩k−1

h=1Jh, we can apply union bound over pairs j, j′ ∈ H̄k−1 and j′′ ∈
[n] \ S \ (∪k−1

h=0H̄h) to get

P(Bk|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k) ≤ O(n · nγ/2 · n−2) = O(n−1+γ/2). (63)

Also, we know that

|H̄k|
sto.
≤ Binom(n− |N↑| − | ∪k−1

h=0 H̄h|, 1− (1− λ̄/n)(2λ̄)
k−1 logn).

Therefore, by the Chernoff–Hoeffding bound,

P(Ick|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k) ≤ P

(
Binom

(
n,

λ̄(2λ̄)k−1 log n

n

)
≥ (2λ̄)k log n

)
≤ n−2λ̄2/3. (64)

Given events Ik, Cck, Dc
k and ∩k−1

h=1Jh, we can use union bound to get

P(Ak|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k ∩ Ik) ≤
λ̄

n
· (2λ̄)2k log2 n ≤ nγ−1, (65)

where the last inequality follows because k = o(logn). By equations (58)-(65), we have

P(J c
k | ∩k−1

h=1 Jh)
= P(Ak ∪ Bk ∪ Ck ∪ Dk ∪ Fc

k ∪ F̃c
k ∪ F∗c

k ∪ Ick| ∩k−1
h=1 Jh)

≤ P(Ck| ∩k−1
h=1 Jh) + P(Dk| ∩k−1

h=1 Jh) + P(F∗c
k |(∩k−1

h=1Jh) ∩ C
c
k ∩ Dc

k) + P(Fc
k|(∩k−1

h=1Jh) ∩ C
c
k ∩ Dc

k)

+ P(F̃c
k|(∩k−1

h=1Jh) ∩ C
c
k ∩ Dc

k) + P(Bk|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k) + P(Ick|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k)

+ P(Ak|(∩k−1
h=1Jh) ∩ C

c
k ∩ Dc

k ∩ Ik)
= O(n−3γ/4). (66)

Finally, substituting (57) and (66) into (55) gives

P(∩l′k=0Ek) ≥ 1−O(n−γ)−O(l′ · n−3γ/4) ≥ 1− Õ(n−3γ/4),

which completes the proof.

Appendix H. Properties of sparse Erdős–Rényi Random Graphs

In this section, we prove a few properties in sparse Erdős–Rényi random graphs that are used in the
proof of Propositions 6 and 7.

H.1. Neighborhood size bounds

Lemma 18 Consider an Erdős–Rényi random graph G ∼ ER(n, µn), where µ > 1 is a constant
independent of n. Let d = c log n for some c ≤ 1−γ

log µ , where γ is an arbitrarily small constant and
C be a constant satisfying C ≥ 1. For an arbitrary vertex i in G, we have

P
(
∃k ∈ {0, . . . , d} : |NG(i, k)| ≥ Kµk log n

)
≤ Õ(n−C/3), (67)

where constant K := Cµ
µ−1

∏∞
h=0(1 + µ−h/2).
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Proof In this proof, we omit the subscript G in the notations NG(i, k) and SG(i, k) as is clear from
the context. For each k ∈ {0, . . . , d}, define event

Ak =

{
|S(i, k)| < C(logn)µk

k∏
h=0

(1 + µ−h/2)

}
.

Since

k∑
k′=0

C(logn)µk′
k′∏

h=0

(1 + µ−h/2) ≤ C(log n)

∞∏
h=0

(1 + µ−h/2)

k∑
k′=0

µk′

≤ Kµk log n,

it suffices to show that P(∩dk=0Ak) ≥ 1− Õ(n−C/3). We can rewrite this probability as

P(∩dk=0Ak) = P(A0)−
d∑

k=1

P(Ac
k ∩ (∩k−1

h=0Ah))

≥ P(A0)−
d∑

k=1

P(Ac
k| ∩k−1

h=0 Ah). (68)

Notice thatA0 trivially holds so P(A0) = 1, and it suffices to bound each term in the summation
in (68).

Fix some k ∈ {0, . . . , d}. Notice that given |N(i, k− 1)| = m and |S(i, k− 1)| = m′, we have

L(|S(i, k)|) = Binom(n−m, 1− (1− µ/n)m
′
).

Then conditioned on event ∩k−1
h=0Ah, we have

L(|S(i, k)|)
sto.
≤ Binom

(
n,

C(logn)µk
∏k−1

h=0(1 + µ−h/2)

n

)
,

where
sto.
≤ is the stochastic dominance operator. By Bennett’s inequality, we have

P(Ac
k| ∩k−1

h=0 Ah)

≤ P

(
Binom

(
n,

C(log n)µk
∏k−1

h=0(1 + µ−h/2)

n

)
≥ C(log n)µk

k∏
h=0

(1 + µ−h/2)

)

≤ exp

(
−C(log n)µk

(
k−1∏
h=0

(1 + µ−h/2)

)
·

(
1−

C(logn)µk
∏k−1

h=0(1 + µ−h/2)

n

)
· ϕ(µ−k/2)

)
,

where ϕ(x) := (1 + x) log(1 + x) − x. The function ϕ satisfies ϕ(x) ≥ x2

3 for all x ∈ [0, 1].
Because µ > 1 is a constant, we have

∏k−1
h=0(1+µ−h/2) ≥ 2 and

∏∞
h=0(1+µ−h/2) <∞. Because

k ≤ d = c log n, we know that C(log n)µk = o(n). These further imply that

k−1∏
h=0

(1 + µ−h/2) ·

(
1−

C(log n)µk
∏k−1

h=0(1 + µ−h/2)

n

)
> 1
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for all large enough n. Therefore, we have

P(Ac
k| ∩k−1

h=0 Ah) ≤ exp

(
−C log n

3

)
= n−C/3.

Notice that the above inequality holds for every k ∈ [d]. Therefore, we have

P(∩dk=0Ak) ≥ 1− dn−C/3 = 1− Õ(n−C/3),

which completes the proof.

Lemma 19 Consider an Erdős–Rényi random graph G ∼ ER(n, µn), where µ > 1 is a constant
independent of n. Let d = c log n for some c ≤ 1−γ

log µ , where γ is an arbitrarily small constant and
C be a constant satisfying C ≥ 1. For two distinct vertices i and j in G, and an integer d′ ≤ d, we
have

P

(
∃k ∈ {0, . . . , d} : |NG(i, k)| ≥ Kµk logn

∣∣∣∣ j ∈ SG(i, d
′)

)
≤ O(n−γ/3), (69)

where constant K := Cµ
µ−1

∏∞
h=0(1 + µ−h/2)(1 + µ−h).

Proof In this proof, we omit the subscript G in the notations NG(i, k) and SG(i, k) as is clear from
the context. Define event

B =

{
∃k ∈ {0, . . . , d} : |N(i, k)| ≥

k∑
k′=0

C(logn)µk′
k′∏

h=0

(1 + µ−h/2)(1 + µ−h)

}
.

By the definition of constant K, we have

Kµk log n ≥
k∑

k′=0

C(logn)µk′
k′∏

h=0

(1 + µ−h/2)(1 + µ−h),

for any k. Therefore, it suffices to show that P(B |j ∈ S(i, d′)) ≤ O(n−γ/3). Notice that the
conditioned event j ∈ S(i, d′) is equivalent as there exists a path of length d′ between i and j in
graph G and there exists no path of length less than d′ between i and j in G. Let Pd′

i,j denote the
collection of all possible path of length d′ between i and j in G. We define a total order for the
paths in Pd′

i,j as follows: For two distinct paths p = (v0, v1, . . . , vd′) and p′ = (v′0, v
′
1, . . . , v

′
d′) with

v0 = v′0 = i and vd′ = v′d′ = j. We say p has a higher order than p′, denoted p ≺ p′, if there exists
an index d′′ ∈ [d′ − 1] such that vk = v′k, ∀k < d′′ and vd′′ < v′d′′ . Then we can write

P(B | j ∈ S(i, d′))

=
∑
p∈P

P(B, the highest order d′-path between i and j in G is p | j ∈ S(i, d′))

≤
∑
p∈P

P(the highest order d′-path between i and j in G is p | j ∈ S(i, d′))

· P(B | the highest order d′-path between i and j in G is p, j ∈ S(i, d′))

≤ max
p∈P

P(B | the highest order d′-path between i and j in G is p, j ∈ S(i, d′))

= max
p∈P

P(B | {path p exists in G} ∩ {no path in P with higher order than p exists in G}

∩ {no path with length less than d′ between i and j exists in G}).

58



DIFFUSION-NETWORK ALIGNMENT

Notice that B is an increasing graph property because if B holds in G, then the property still holds
after adding an arbitrary edge to G. On the other hand, both events

{no path in P with higher order than p exists in G}

and
{no path with length less than d′ between i and j exists in G}

are decreasing graph properties because if they hold in G, removing any edge from G does not break
the properties. Then by Harris inequality (Harris, 1960), we have

P(B | j ∈ S(i, d′)) ≤ max
p∈P

P(B | {path p exists in G}).

Fix an arbitrary p ∈ P with p = (v0, v1, . . . , vd′). For each 0 ≤ k ≤ d, define event

Bk =

{
|S(i, k)| ≥ C(logn)µk

k∏
h=0

(1 + µ−h/2)(1 + µ−h)

}
We also define

Ck = {S(i, k) ∩ {v0, . . . , vd′} = {vk}}
for each 0 ≤ k ≤ d′, and

Ck = {S(i, k) ∩ {v0, . . . , vd′} = ∅}
for each k > d′. We then have

P(B | {path p exists in G})
≤ P(∪dk=0Bk | {path p exists in G})
≤ P(∪dk=0(Bk ∪ Cck) | {path p exists in G})

≤ P(B0 ∪ Cc0 | {path p exists in G}) +
d∑

k=1

P(Bk ∪ Cck | {path p exists in G} ∩ (∩k−1
h=0B

c
h ∩ Ch))

=
d∑

k=1

P(Bk ∪ Cck | {path p exists in G} ∩ (∩k−1
h=0B

c
h ∩ Ch)), (70)

where the equality holds because B0 and Cc0 are both trivial events that cannot happen.
Given event {path p exists in G} ∩ (∩k−1

h=0B
c
h ∩ Ch), we know that

|S(i, k)|
sto.
≤ 1 + Binom

(
n,

µ

n
· C(logn)µk−1

k−1∏
h=0

(1 + µ−h/2)(1 + µ−h)

)
,

where we add one to the right-hand side because when k ≤ d′, there is a known edge (vk−1, vk) on
the given path p. By Bennett’s inequality, we have

P

(
Binom

(
n,

µ

n
· C(logn)µk−1

k−1∏
h=0

(1 + µ−h/2)(1 + µ−h)

)

≥ C(log n)µk
k∏

h=0

(1 + µ−h/2)

k−1∏
h′=0

(1 + µ−h′
)

)
≤ n−C/3.
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Moreover, we have

1 + C(logn)µk
k∏

h=0

(1 + µ−h/2)

k−1∏
h′=0

(1 + µ−h′
) ≤ C(log n)µk

k∏
h=0

(1 + µ−h/2)(1 + µ−h).

It then follows that

P(Bk | {path p exists in G} ∩ (∩k−1
h=0B

c
h ∩ Ch)) ≤ n−C/3. (71)

On the other hand, given event {path p exists in G}∩ (∩k−1
h=0B

c
h∩Ch), event Cck essentially states

that there exists an edge between S(i, k − 1) and {vk+1, . . . , vd′}. By the union bound over the
vertex pair of these two sets, we can get

P(Cck | {path p exists in G} ∩ (∩k−1
h=0B

c
h ∩ Ch))

≤ µ

n
· d · C(log n)µk−1

k−1∏
h=0

(1 + µ−h/2)(1 + µ−h)

≤ O(n−γ/2), (72)

Equations (71) and (72) together imply

P(Bk ∪ Cck | {path p exists in G} ∩ (∩k−1
h=0B

c
h ∩ Ch)) = O(n−γ/2). (73)

By (70), we finally get
P(B | {path p exists in G}) ≤ O(n−γ/3).

This holds for any path p, and completes the proof.

H.2. Cycle-free neighborhoods conditioned on given structure

Lemma 13 Consider G ∼ ER(n, µn), where µ > 1 is a constant independent of n. Let i be an
arbitrary but fixed vertex in G, andH be a tree labeled with indices in [n] that satisfies:

1. H has at most K logn vertices for some constant K > 0;

2. Vertex i is inH;

3. There exists a constant C > 0 such that the number of vertices inH at distance d from i is at
most C for every d ≥ 0.

Then we have

P(the 2
√

log n-neighborhood of i in G contains a cycle |H ⊂ G) = O(n−1+γ) (23)

for any constant γ > 0.
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Proof Throughout this proof, we omit the subscript G in notations SG(i, k) and NG(i, k) as is clear
from the context. We denote l =

√
logn, and use H to denote the set of vertices in H. For each

d ≥ 0, let Hd denote the vertices in H that are at distance d from i. By the third assumption on H,
we have |Hd| ≤ C for any d ≥ 0. For each h ∈ [2l], we define events

Ah = {there exists an edge within S(i, h)} (74)

and

Bh = {there exists a vertex in [n] \N(i, h− 1) that is connected to two vertices in S(i, h− 1)}.
(75)

It is easy to see that the event ∩2lh=1(Ac
h ∩ Bch) implies that the 2l-neighborhood of i is a tree.

We further define two sequence of auxiliary events to control the neighborhood size of i and its
intersection with Hh: For each h ∈ [2l], define

Ch =

{
|S(i, h)| ≥ 4 log n · λ̄h

h∏
t=0

(1 + µ−t/2)(1 + µ−t)

}
(76)

and
Dh = {S(i, h) ∩H ̸= Hh}. (77)

We illustrate the defined events in Figure 8.

Figure 8: Illustration of events defined above. In the figure, the conditioned graphH is represented
by the red nodes and edges. The black nodes and edges represent i’s neighborhood out-
side the conditioned graph. The existence of the dashed edges corresponds to the events
annotated next to them.

To prove the theorem, it suffices to show that

P(∪2lh=1(Ah ∪ Bh ∪ Ch ∪ Dh) |H ∈ G) = O(n−1+γ). (78)
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By the chain rule, we can write

P(∪2lh=1(Ah ∪ Bh ∪ Ch ∪ Dh) |H ∈ G)

≤
2l∑

h=1

P(Ah ∪ Bh ∪ Ch ∪ Dh | {H ⊂ G} ∩ (∩h−1
h′=1A

c
h′ ∩ Bch′ ∩ Cch′ ∩ Dc

h′)), (79)

and we will bound each term in this summation.
First, notice that given event {H ⊂ G} ∩ (∩h−1

h′=1A
c
h′ ∩ Bch′ ∩ Cch′ ∩ Dc

h′), we know that

|S(i, h) |
sto.
≤ C +Binom

(
n,

µ

n
· 4 logn · µh−1

h−1∏
t=0

(1 + µ−t/2)
(
1 + µ−t

))
.

Here we add C on the right-hand side because of there are at most edges from Hh−1 to Hh in the
given graphH. By Bennett’s inequality, we have

P

(
Binom

(
n,

µ

n
· 4 logn · µh−1

h−1∏
t=0

(1 + µ−t/2)
(
1 + µ−t

))

≥ 4 log n · µh
h∏

t=0

(1 + µ−t/2)
h−1∏
t=0

(
1 + µ−t

))
≤ n−4/3.

Meanwhile, we have

C ≤ 4 logn
h∏

t=0

(1 + µ−t/2)
h−1∏
t=0

(
1 + µ−t

)
for all large enough n. Therefore, we get

P(Ch | {H ⊂ G} ∩ (∩h−1
h′=1A

c
h′ ∩ Bch′ ∩ Cch′ ∩ Dc

h′)) ≤ n−4/3. (80)

Notice that event Dh essentially means that there exists an edge between S(i, h − 1) and H \
(∪hh′=0Hh′). We can apply a union bound over the vertex pairs in these two sets and get

P(Dh | {H ⊂ G} ∩ (∩h−1
h′=1A

c
h′ ∩ Bch′ ∩ Cch′ ∩ Dc

h′))

≤ µ

n
·K log n · 4 log n · µh−1

h−1∏
t=0

(1 + µ−t/2)(1 + µ−t)

= O(n−1+γ/2), (81)

where the last equality follows because h = o(logn), and therefore µh = O(nγ/8). For event Bh,
we can again apply the union bound to get

P(Bh | {H ⊂ G} ∩ (∩h−1
h′=1A

c
h′ ∩ Bch′ ∩ Cch′ ∩ Dc

h′))

≤ µ2

n2
· n ·

(
4 logn · µh−1

h−1∏
t=0

(1 + µ−t/2)(1 + µ−t)

)2

+
µ

n
· C · 4 logn · µh−1

h−1∏
t=0

(1 + µ−t/2)(1 + µ−t)

= O(n−1+γ/2). (82)
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When we are further given events Cch and Dc
h, we know that the probability of having an edge be-

tween each vertex pair in S(i, h) is µ/n and there are at most
(
4 logn · µh

∏h
t=0(1 + µ−t/2)(1 + µ−t)

)2
vertex pairs. Then by union bound, we have

P(Ah | {H ⊂ G} ∩ (∩h−1
h′=1A

c
h′ ∩ Bch′ ∩ Cch′ ∩ Dc

h′) ∩ Cch ∩ Dc
h)

≤ µ

n
·

(
4 logn · µh

h∏
t=0

(1 + µ−t/2)(1 + µ−t)

)2

= O(n−1+γ/2). (83)

Equations (80)-(83) together yield that

P(∪2lh=1(Ah ∪ Bh ∪ Ch ∪ Dh) |H ∈ G)
≤ 2l ·O(n−1+γ/2)

= O(n−1+γ),

which completes the proof.

H.3. Probability of non-empty neighborhood

Lemma 14 Consider an Erdős–Rényi random graph G ∼ ER(n, µn), where µ > 1 is a constant
independent of n. Let i be an arbitrary yet fixed vertex in G and d = c logn for some c ≤ 1−γ

log µ ,
where γ is an arbitrarily small constant. Then for any k ≤ d, we have

P(SG(i, k) ̸= ∅) = Θ(1).

Proof In the Erdős–Rényi random graph G ∼ ER(n, µn), with high probability, there exists a unique
giant component of size at least Cn(1 + o(1)), where c is a constant (see for example Chapter 8
in Blum et al. (2020)). It then follows symmetry that

P(there exists a giant component of size cn(1 + o(1)) in G and vertex i is in this component)

≥ C − o(1).

Meanwhile, Lemma 18 implies that

P(|NG(i, k − 1)| ≤ n1−γ/2) ≥ 1− o(1).

Since n1−γ/2 < Cn for all large enough n, we know that when i is in the giant component of size
cn(1 + o(1)) and |NG(i, k − 1)| ≤ n1−γ/2, the set SG(i, k) has to be non-empty. Therefore, we
have

P(SG(i, k) ̸= ∅) ≥ C − o(1) = Θ(1).
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Appendix I. Concentration Inequalities and Technical Lemmas

I.1. Concentration inequalities

Lemma 20 (Bennett’s inequality (Bennett, 1962)) Suppose X1, . . . , Xn are independent random
variables with finite second moments. Assume Xi ≤ B a.s. for each i ∈ [n]. Let V =

∑n
i=1 E[X

2
i ].

Then, for every x ≥ 0,

P

(
n∑

i=1

(Xi − E[Xi]) ≥ x

)
≤ exp

(
− V

B2
· ϕ(xB/V )

)
,

where ϕ(t) := (1 + t) log(1 + t)− t for t ≥ 0.

Lemma 21 (Chernoff–Hoeffding bound (Dubhashi and Panconesi, 2009)) Let X =
∑n

i=1Xi

be a sum of independent Bernoulli random variables with µ = E[X]. Then for any δ > 0,

P(X ≥ (1 + δ)µ) ≤
(

eδ

(1 + δ)1+δ

)µ

.

I.2. Technical lemmas for the Poisson approximation

Lemma 22 Let n ∈ N+, µ ∈ R+ and x, y ∈ N be such that x < n and y ≤ n− x. Then we have

P(Binom(n− x, µ/n) = y)

P(Poi(µ) = y)
≤ exp

(µ
n
(x+ y)

)
.

Proof By the definition of binomial random variables, we have

P(Binom(n− x, µ/n) = y) =

(
n− x

y

)
(µ/n)y(1− µ/n)n−x−y,

and by the definition of Poisson random variables, we have

P(Poi(µ) = y) =
e−µµy

y!
.

It then follows that

P(Binom(n− x, µ/n) = y)

P(Poi(µ) = y)
=

(n− x)!

(n− x− y)!

(
1

n

)y

eµ
(
1− µ

n

)n−x−y

≤ (n− x)y
(
1

n

)y

eµ
(
1− µ

n

)n−x−y

≤ eµ
(
1− µ

n

)n−x−y

≤ exp
(
µ− µ

n
(n− x− y)

)
≤ exp

(
−µ

n
(x+ y)

)
.
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Lemma 23 (Lemma 5 in (Mossel et al., 2015)) If m and n are positive integers and c is a positive
real number independent of m and n, then

dTV

(
Binom

(
m,

c

n

)
,Poi(c)

)
= O

(
max{1, |m− n|}

n

)
Proof We only consider the case of m ≤ 2n as the statement is trivial when m > 2n. It follows
by the classic Poisson approximation of binomial random variables (see for example (Hodges and
Le Cam, 1960)) that

dTV

(
Binom

(
m,

c

n

)
,Poi

(mc

n

))
= O(n−1). (84)

By the triangle inequality, we have

dTV

(
Binom

(
m,

c

n

)
,Poi (c)

)
≤ dTV

(
Binom

(
m,

c

n

)
,Poi

(mc

n

))
+ dTV

(
Poi(c),Poi

(mc

n

))
.

Therefore, it suffices to show that

dTV

(
Poi(c),Poi

(mc

n

))
= O

(
|m− n|

n

)
.

Consider two real numbers λ < µ. We have

dTV(Poi(λ),Poi(µ)) ≤ P(Poi(µ− λ) > 0) = 1− exp(−(µ− λ)) ≤ µ− λ (85)

This implies that

dTV

(
Poi(c),Poi

(mc

n

))
= O

(
|m− n|c

n

)
= O

(
|m− n|

n

)
,

and completes the proof.

Lemma 24 Let m and n be two positive integers, and c1, c2, c3 are constants independent of m
and n. Suppose we have a sequence of random variables

(X1, X2, X3, X4) ∼ Multi(m, c1/n, c2/n, c3/n, 1− (c1 + c2 + c3)/n),

and three independent Poisson random variables X ′
1 ∼ Poi(c1), X ′

2 ∼ Poi(c2) and X ′
3 ∼ Poi(c3).

Then we have

dTV(L(X1, X2, X3),L(X ′
1, X

′
2, X

′
3)) = O

(
|m− n|+ log2 n

n

)
.

Proof By the definition of the multinomial distribution, random variables X1, X2, X3 can be sam-
pled in a sequential manner:

1. Sample X1 ∼ Binom(m, c1/n).

2. Given X1, sample X2 ∼ Binom(m−X1,
c2

n−c1
).
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3. Given X1 and X2, sample X3 ∼ Binom(m−X1 −X2,
c3

n−c1−c2
).

By Lemma 23, we can couple X1 and X ′
1 such that

P(X1 ̸= X ′
1) ≤ O

(
1

n

)
+O

(∣∣∣mc1
n
− c1

∣∣∣) = O

(
1 + |m− n|

n

)
. (86)

By the Chernoff–Hoeffding bound, we know that

P(X1 ≥ log2 n) ≤ exp(−C log2 n), (87)

for some constant C > 0. Conditioned on events {X1 = X ′
1} and {X1 ≤ log2 n}, we can use the

Poisson approximation and (85) to get

P(X2 ̸= X ′
2 |X1 = X ′

1, X1 ≤ log2 n)

≤ dTV

(
Binom

(
m− log2 n,

c2
n− c1

)
,Poi

(
c2(m− log2 n)

n− c1

))
+ dTV

(
Poi(c2),Poi

(
c2(m− log2 n)

n− c1

))
≤ O

(
1

n

)
+O

(∣∣∣∣(m− log2 n)c2
n− c1

− c2

∣∣∣∣)
= O

(
|m− n|+ log2 n

n

)
. (88)

We can apply the Chernoff–Hoeffding bound to get

P(X2 ≥ log2 n |X1 = X ′
1, X1 ≤ log2 n) ≤ exp(−C log2 n). (89)

For X3, we can similarly get the bound

P(X3 ̸= X ′
3|X1 = X ′

1, X2 = X ′
2, X1 ≤ log2 n,X2 ≤ log2 n)

≤ O

(
1

n

)
+O

(∣∣∣∣(m− 2 log2 n)c3
n− c1 − c2

− c3

∣∣∣∣)
= O

(
|m− n|+ log2 n

n

)
. (90)

Finally, putting (86)-(90) together gives

P(X1 = X ′
1, X2 = X ′

2, X3 = X ′
3) ≥ 1−O

(
|m− n|+ log2 n

n

)
,

and completes the proof.

Appendix J. More Details on the Likelihood Ratio Tests

Recall the definition of distributions Q(λ,s,s̃)
d ,P(λ,s,s̃)

d . The for two unlabeled trees t and t̃, the
likelihood ratio is given by

L
(λ,s,s̃)
d (t, t̃) =

P(λ,s,s̃)
d (t, t̃)

Q(λ,s,s̃)
d (t, t̃)

.
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J.1. Recursive formula of the likelihood ratio

The following recursive formula of L(λ,s,s̃)
d (t, t̃) is stated in Proposition 4.3 of Maier and Massoulié

(2025).
First, for the case of d = 0,

L
(λ,s,s̃)
d (t, t̃) = 1.

Now suppose d ≥ 1. For two unlabeled trees t and t̃, let c and c̃ denote their respective root degrees.
Denote by t1, . . . , tc (resp. t̃1, . . . , t̃c̃) the subtrees attached to the rooted of t (resp. t̃). Then the
likelihood ratio L

(λ,s,s̃)
d can be iteratively expressed as

L
(λ,s,s̃)
d (t, t̃) =

min{c,c̃}∑
k=0

Ψ(k, c, c̃)
∑

σ∈Inj([k],[c])
σ̃∈Inj([k],[c̃])

k∏
i=1

L
(λ,s,s̃)
d−1 (tσ(i), t̃σ̃(i)), (91)

where

Ψ(k, c, c̃) := eλss̃
(1− s̃)c−k(1− s)c̃−k

λkk!
,

and we use Inj([m], [m′]) to denote the set of all injective mappings from [m] to [m′] for any
m ≤ m′.

Remark 25 (Time complexity of computing the likelihood ratio) Let cmax denote the maximum
vertex degree in the two trees t and t̃. Let |t| and |t̃| denote the total number of vertices in t
and t̃ respectively. Because the cardinality of the sets Inj([k], [c]) and Inj([k], [c̃]) can both be
upper bounded by cmax!, the time complexity of each recursive computation using (91) is at most
c2max ·(cmax!)

2. Then the total complexity of computing L
(λ,s,s̃)
d (t, t̃) is at most |t|·|t̃|.c2max ·(cmax!)

2.
Under the assumption that cmax ≤ (1+o(1)) logn

log logn and both t and t̃ have depth at most l =

⌊
√
log n⌋, we have |t| = no(1), |t̃| = no(1) and cmax! = n1+o(1). Therefore, the time complexity of

each likelihood ratio computation in Algorithm 1 is at most n2+o(1).

J.2. Feasibility of likelihood ratio tests

The following theorem follows from Theorems 4.9 and 4.10 in Maier and Massoulié (2025), and it
provide sufficient conditions for the likelihood ratio test to achieve a non-vanishing power.

Theorem 26 Let α ≈ 0.3383 denote Otter’s tree counting constant. Suppose ss̃ > α, λss̃ > 1
and λ > λ′(s, s̃), where λ′ is a constant depending only on s and s̃. Then the following inequality
holds:

lim inf
d→∞

P(λ,s,s̃)
d (L

(λ,s,s̃)
d (T , T̃ ) > exp(C(λss̃)d)) ≥ 1− pextλss̃, (92)

where C is a constant depending only on λ, s and s̃.

Recall that l = ⌊
√
log n⌋ is the an input parameter to Algorithm 1 that decides the depth of trees

used in the likelihood ratio tests, and ϵ′ > 0 is an arbitrarily small constant used in the definition of
the probability sequence p0, p1, . . .. The following corollary provides the performance guarantee of
the likelihood ratio test with the specific parameters chosen in Algorithm 1.
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Corollary 27 Suppose qs2 > α, λsq > 1 and λ > λ′(qs, s). Then

P(λ/s,qs,s)
l−1

(
L
(λ/s,qs,s)
l−1 (T , T̃ ) > exp

(
(λsq)l−1

log n

))
≥ 1− pextλsq − ϵ′, (93)

for all n > n0, where n0 is a constant depending on λ, s, q and ϵ′.

Proof By Theorem 26, we have

lim inf
d→∞

P(λ/s,qs,s)
d (L

(λ/s,qs,s)
d (T , T̃ ) > exp(C(λqs)d)) ≥ 1− pextλqs,

where C is a constant depending only on λ, s and q. Since l → ∞ as n → ∞, it follows by the
definition of the limit infimum that there exists a constant n′

0 depending only on ϵ′ such that

P(λ/s,qs,s)
l−1 (L

(λ/s,qs,s)
l−1 (T , T̃ ) > exp(C(λqs)l−1)) ≥ 1− pextλqs − ϵ′,

for all n > n′
0. Meanwhile, since constant C depends only on λ, s and q, there exists a constant

n′′
0 depending only on λ, s and q such that 1

logn ≤ C for all n > n′′
0 . Finally, by setting n0 =

max{n′
0, n

′′
0}, we get

P(λ/s,qs,s)
l−1

(
L
(λ/s,qs,s)
l−1 (T , T̃ ) > exp

(
(λsq)l−1

log n

))
≥ 1− pextλsq − ϵ′,

for all n > n0.
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