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Abstract
We study a sequential prediction problem in which an adversary is allowed to inject arbitrarily
many adversarial instances in a stream of i.i.d. instances, but at each round, the learner may also
abstain from making a prediction without incurring any penalty if the instance was indeed cor-
rupted. This semi-adversarial setting naturally sits between the classical stochastic case with i.i.d.
instances for which function classes with finite VC dimension are learnable; and the adversarial
case with arbitrary instances, known to be significantly more restrictive. For this problem, Goel
et al. (2023) showed that, if the learner knows the distribution µ of clean samples in advance,
learning can be achieved for all VC classes without restrictions on adversary corruptions. This
is, however, a strong assumption in both theory and practice: a natural question is whether similar
learning guarantees can be achieved without prior distributional knowledge, as is standard in classi-
cal learning frameworks (e.g., PAC learning or asymptotic consistency) and other non-i.i.d. models
(e.g., smoothed online learning). We therefore focus on the distribution-free setting where µ is un-
known and propose an algorithm ABSTAINBOOST based on a boosting procedure of weak learners,
which guarantees sublinear error for general VC classes in distribution-free abstention learning for
oblivious adversaries. These algorithms also enjoy similar guarantees for adaptive adversaries, for
structured function classes including linear classifiers. These results are complemented with corre-
sponding lower bounds, which reveal an interesting polynomial trade-off between misclassification
error and number of erroneous abstentions.
Keywords: Statistical learning theory, Online learning, Abstention learning, Distribution-free,
Adaptive and oblivious adversaries

1. Introduction

We study the classical online prediction problem in which a learner sequentially observes an in-
stance xt ∈ X and makes a prediction about a value yt before observing the true label. The learner’s
objective is to minimize the error of its predictions ŷt compared to the true value yt. The problem
has been extensively studied under two extreme scenarios: the stochastic setting where instances
x1, . . . , xT are assumed to be independently and identically distributed (i.i.d.) usually from an un-
known distribution µ to the learner, and the general adversarial setting where no assumptions are
made on the instance generation process. In the stochastic setting, also known as PAC learning
(Vapnik and Chervonenkis, 1974; Valiant, 1984), simple algorithms can provably learn the best pre-
diction function within function classes F of finite Vapnik-Chervonenkis (VC) dimension (Vapnik
and Chervonenkis, 1971, 1974; Valiant, 1984), a combinatorial measure of complexity that is well
controlled for many practical hypothesis classes, including linear classifiers. On the other hand,
learning is severely limited for adversarial data. Specifically, learning in the adversarial setting re-
quires the function class to have finite so-called Littlestone dimension (Littlestone, 1988; Ben-David
et al., 2009), which does not hold even for threshold function classes in [0, 1].1

1. The threshold function class is defined as F = {x ∈ [0, 1] 7→ 1[x ≤ x0] : x0 ∈ [0, 1]}.
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This significant gap has sparked substantial interest in intermediate learning models which aim
to relax the i.i.d. assumption while preserving strong learning guarantees. This includes distributionally-
constrained adversaries (Rakhlin et al., 2011; Blanchard and Kpotufe, 2025) and specifically the
smooth adversarial model which imposes density ratio constraints on data distributions (Rakhlin
et al., 2011; Haghtalab et al., 2024; Block et al., 2022). As an alternative model for non-i.i.d. data,
another line of work focused on algorithms robust to adversarial corruptions in which an adversary
may corrupt training (Valiant, 1985; Kearns and Li, 1993; Bshouty et al., 2002; Awasthi et al., 2017;
Gao et al., 2021; Hanneke et al., 2022; Balcan et al., 2022; Shafahi et al., 2018; Blum et al., 2021) or
test data (Feige et al., 2018; Attias et al., 2019; Montasser et al., 2019, 2020b, 2021, 2022, 2020a).
A central challenge with adversarial corruptions is that achieving strong predictive performance
typically requires imposing substantial restrictions on the adversary, such as limiting corruptions
to a small fraction of the data or to specific classes of perturbations. To circumvent these limi-
tations, allowing the learner to abstain on difficult or out-of-training instances has emerged as a
fruitful workaround (Chow, 1970; Bartlett and Wegkamp, 2008; Goldwasser et al., 2020; Kalai and
Kanade, 2021; Cortes et al., 2016b). In practice, an abstention from the machine learning model
could trigger a conservative default policy, for instance in the context of content moderation systems,
or prompt human review/intervention in medical diagnoses or autonomous driving applications. In
high-risk applications such as these, a cautious abstention is often significantly more desirable and
cost-effective than a prediction error, and enables the model to selectively predict on instances for
which it has high confidence—an approach sometimes referred to as “reliable learning” (Kanade
and Thaler, 2014; Kalai and Kanade, 2021).
Distribution-free sequential learning with abstentions. We consider the sequential prediction
model with abstentions introduced by Goel et al. (2023) in which an adversary may inject arbitrary
corruptions within the clean sequence of i.i.d. instances from a distribution µ. In particular, the
adversary may corrupt half (or all) of the data instances x1, . . . , xT . On the other hand, the learner
may abstain on instances which they suspect may be corrupted. In turn, when the learner abstains,
it may either receive as feedback an optimal response policy (Goel et al., 2023) or not (Cortes et al.,
2016a,b, 2018), depending on the model. For simplicity, we focus on the realizable binary classi-
fication case where all instances are labeled by a fixed in-class function f⋆ : X → {0, 1}. In other
terms, we focus on a clean-label model (Shafahi et al., 2018; Blum et al., 2021), where corrupted
instances are still correctly labeled. Nevertheless, in general, providing clean labels for corrupted
samples doesn’t always help learning (Larsen et al., 2026). In this context, the learner aims to
always make correct predictions whenever it does not abstain, thereby ensuring reliability, while
simultaneously avoiding abstentions on clean instances. Crucially, the learner incurs no penalty
for abstaining on corrupted instances; in light of the fundamental limitations for adversarial learn-
ing even for realizable data (Littlestone, 1988), this is essentially necessary to achieve meaningful
learning guarantees when the data may contain a large fraction of corrupted examples.

In this abstention sequential learning framework, Goel et al. (2023) propose learning algorithms
that guarantee both low misclassification error and few abstentions on clean instances for any func-
tion class F with finite VC dimension, under the core assumption that the clean sample distribution
µ is known to the learner a priori. While these results provide strong theoretical evidence for the ben-
efit of abstentions in the presence of adversarial attacks, the knowledge of µ is an important practical
limitation. Indeed, assuming access to the underlying data distribution significantly departs from
classical results in the PAC learning and consistency literature, in which simple algorithms such as
Empirical Risk Minimization (ERM) or nearest-neighbor-based algorithms achieve desired learn-
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Figure 1: Tradeoffs between misclassification error and abstention error for either (1) oblivious ad-
versaries or (2) adaptive adversaries and function classes with finite reduction dimension
(see Definition 6), including linear classifiers. The green region 1 is achievable (Theo-
rems 3 and 7), while the red region 2 is not (Theorem 4). The plot displayed in log-scale.

ing guarantees without any prior distributional knowledge. Accordingly, recent work has aimed to
remove distributional assumptions in other beyond-i.i.d. learning models, including smooth adver-
saries (Block et al., 2024; Blanchard, 2025). For the abstention learning problem itself, Goel et al.
(2023) show as a proof of concept that prior knowledge of the distribution µ is not required for
certain function classes: namely axis-aligned boxes and those with VC dimension 1. This naturally
leads to the following fundamental question for abstention sequential learning:

Is learning with abstentions possible for general function classes (with finite VC dimension)
without prior knowledge of the data distribution µ?

Our contributions. Throughout, we refer to the number of erroneous abstentions (on non-corrupted
instances) as the abstention error. Our results reveal a trade-off between the misclassification error
and the abstention error of learning algorithms. Towards characterizing the achievable misclassi-
fication/abstention error landscape for distribution-free sequential prediction with abstentions, we
make the following contributions. Our key findings are summarized in Fig. 1.

We propose a family of algorithms ABSTAINBOOST for α ∈ [0, 1/4] which guarantee O(T 4α)
misclassification error and Õ(d2T 1−α) abstention error for any function class with VC dimension
d, against oblivious adversaries.

Additionally, we show that ABSTAINBOOST also achieves similar learning guarantees against
adaptive adversaries when the function class has certain additional structure (finite so-called reduction-
dimension, see Definition 6). For instance, for linear classifiers in Rp, ABSTAINBOOST achieves
Õ(T 4α) misclassification error and Õ(p6.5T 1−α) abstention error. This also recovers learnability
against adaptive adversaries for VC-1 classes and the class of axis-aligned rectangles, provided by
Goel et al. (2023) with tailored algorithms, albeit with worse learning guarantees.

Last, we complement these results with an oblivious lower bound tradeoff between misclassifi-
cation and abstention. Specifically, we show that for any α ∈ [0, 1], learning algorithms must make
either Ω(Tα) misclassification error or Ω(T 1−α) abstention error against some oblivious adversary.
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2. Preliminaries

Abstention learning setup. Throughout this paper, we denote by X the instance domain and
let F ⊆ {0, 1}X be a class of measurable functions. We consider the sequential online learning
problem with adversarial corruptions, where the learner may additionally abstain as introduced in
Goel et al. (2023). Formally, the learning protocol proceeds as follows. Initially, an adversary fixes
a distribution µ over X together with labeling function f⋆ ∈ F . The learner does not observe f⋆

nor µ. Then, at each iteration t ∈ [T ]:

1. The adversary first decides whether or not to corrupt this round by selecting ct ∈ {0, 1}.

2. If ct = 1, the adversary selects an arbitrary instance xt ∈ X . Otherwise, if ct = 0, the new
instance is sampled xt ∼ µ independently from the past.

3. The learner observes xt and outputs ŷt ∈ {0, 1,⊥}, where ⊥ denotes an abstention.

4. Finally, the learner observes the (clean) label yt = f⋆(xt).

We emphasize that this setup corresponds to a realizable setting: the values yt are always con-
sistent with the fixed function f⋆ ∈ F even on corrupted rounds. If the learner makes a prediction
ŷt ∈ {0, 1}, it incurs a misclassification cost if it makes a mistake: ŷt ̸= yt. Conversely, if the
learner abstains ŷt =⊥, it incurs an abstention cost if the round was not corrupted: ct = 0. We
therefore focus on the misclassification error and abstention error on all T iterations, defined by

MISERR :=

T∑
t=1

1[ŷt /∈ {yt,⊥}] and ABSERR :=

T∑
t=1

1[ct = 0 ∧ ŷt =⊥] .

In words, the learner aims to make few mistakes on the rounds where it predicts to minimize its
misclassification error, while not abstaining too often on non-adversarial rounds to minimize its
abstention error. Importantly, by construction, the learner is allowed to abstain on adversarially
injected inputs for free. This allows for an arbitrary number of corruption rounds (e.g., T/2 corrup-
tions) without incurring a linear penalty in the objective, as opposed to the rejection model in Chow
(1970), where there is a small but fixed cost on every abstention.

Finally, we note that the learner observes yt even when it chooses to abstain. This is natural if
we view the abstention action not merely as a null output, but as a trigger for expert consultation.
One can also consider an alternative model where the learner only observes the label when it makes
a prediction, which is studied under a different abstention learning framework that incurs cost for
every abstention (Cortes et al., 2016a, 2018).

We consider two different adversarial models: oblivious and adaptive adversaries defined below.

Definition 1 (Oblivious and adaptive adversaries) An adversary is oblivious if it fixes in advance
corruption times {t : ct = 1} together with their corrupted instances (xt)t:ct=1, without adapting
to the learner’s output or clean instance samples. An adversary is adaptive if its decision at time
t ∈ [T ] may depend on all previous learner’s outputs and clean instance samples.

Complexity notion for the function class. In the sequential problem without abstentions—when
the instances are i.i.d., known as the PAC learning setting—learnable function classes exactly cor-
respond to those with finite VC dimension (Vapnik and Chervonenkis, 1971, 1974; Valiant, 1984).
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Definition 2 (VC dimension) Let F ⊆ {0, 1}X be a function class on X . We say that F shatters
a set of points x1, ..., xm ∈ X if for any choice of labels ϵ ∈ {0, 1}m there exists f ∈ F such that
f(xi) = ϵi for all i ∈ [m]. The VC dimension of F is the size of the largest shattered set.

Further notation. Next, we introduce the notion of shattering probability, which is a central
quantity appearing in the algorithm developed by Goel et al. (2023) in the case when the distribution
µ of uncorrupted samples is known. Formally, the k-shattering probability of a given function class
F corresponds to the probability of k i.i.d. points sampled from µ being shattered:

ρk(F , µ) := P
x1,...,xk

iid∼µ
[{x1, . . . , xk} is shattered by F ].

For instance, ρ1(F , µ) is the probability of an uncorrupted sample x ∼ µ that can be labeled by
both 0 and 1 by functions in F . Equivalently, ρ1(F , µ) is the probability of this sample falling in the
disagreement region D(F) := {x ∈ X : ∃f, g ∈ F , f(x) ̸= g(x)}. Our algorithm uses observed
data points to learn and reduce the hypothesis class. Given a dataset A = {(xi, yi)}i, define the
reduction of F to A as F ∩ A := {f ∈ F : ∀i, f(xi) = yi}. When A consists of a single labeled
example (x, y), we write Fx→y as shorthand for F ∩ {(x, y)}. Last, by convention min ∅ = +∞.

3. Main Results

Our main result for oblivious adversaries is that sublinear misclassification and abstention errors
can be achieved by an algorithm ABSTAINBOOST , which combines weak learners using a boosting
abstention strategy. Its description is deferred to Section 3.1.

Theorem 3 Let F be a function class with VC dimension d and a horizon T ≥ 1. Then, for
any α ∈ [0, 1/4], there is a choice of parameters for ABSTAINBOOST that achieves the following
learning guarantee against any oblivious adversary:

MISERR ≲ T 4α and E[ABSERR] ≲ d2 log7/4(T ) · T 1−α.

In particular, the family of algorithms ABSTAINBOOST provide a polynomial tradeoff between
the abstention and misclassification errors, as depicted in the green region in Fig. 1. Naturally, one
may wonder if such a polynomial tradeoff is necessary—can we achieve poly(d log T ) misclassifica-
tion error with T 1−Ω(1) abstention error, or inversely? To this end, we complement Theorem 3 with
the following lower bound tradeoff between abstention and misclassification errors, which shows
that polynomial tradeoffs are necessary even for learning function classes with VC dimension one.

Theorem 4 There is a VC-1 function class F such that the following holds. For any T ≥ 1 and
any learner, for any α ∈ [0, 1], there exists an oblivious adversary on F for which either

E[MISERR] ≥ Tα/32 or E[ABSERR] ≥ T 1−α/2.

This lower bound tradeoff is depicted in the red region within Fig. 1. While this leaves some
polynomial gap between the guarantees of ABSTAINBOOST from Theorem 3, for VC-1 classes, this
gives a complete characterization of the misclassification/abstention error landscape:
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Remark 5 For the special case of VC-1 function classes, Goel et al. (2023) provided a fam-
ily of algorithms tuned for some parameter α ∈ [0, 1]2 that achieves E[MISERR] ≤ 2Tα and
E[ABSERR] ≤ T 1−α log T . Together with Theorem 4, this gives a tight characterization of achiev-
able misclassification and abstention error for axis-aligned rectangles (see Appendix C for a defi-
nition) or VC-1 classes.

Last, we turn to the case of adaptive adversaries. At the high-level, this setting is significantly more
challenging since the adversary may interfere with statistical estimations carried by the learner.
Nevertheless, we show that ABSTAINBOOST can still achieve learning guarantees for useful func-
tion classes with additional structure. Specifically, in addition to having finite VC dimension, we
will focus on function classes with finite so-called reduction dimension, defined as follows:

Definition 6 Let l ≥ 1. We say that a function class F ⊆ {0, 1}X has l-reduction dimension Dl if
for any n ≥ Dl, and any x1, . . . , xn ∈ X :∣∣{(F ∩A)|{x1,...,xn} : A ⊆ X × {0, 1}, |A| ≤ l

}∣∣ ≤ nDl .

In words, a function class F has finite l-reduction dimension if the number of possible function
classes that can be obtained by reducing F to functions consistent with l labeled datapoints grows
polynomially with the number n of test points. This polynomial growth is reminiscent of the poly-
nomial growth O(nd) of the number of different labelings induced by a function class with VC
dimension d on n test points, known as Sauer-Shelah’s lemma (Sauer, 1972; Shelah, 1972).

Of particular interest, linear classifiers in Rd—Fd
lin := {x ∈ Rd 7→ 1[a⊤x ≥ b] : a ∈ Rd, b ∈

R}—have finite reduction dimension: we show in Lemma 15 that they have l-reduction dimension
Dl = O(d2l). This result uses links between oriented matroids and algebraic geometry together
with Warren’s theorem (Warren, 1968), which bounds the number of topological components de-
fined by polynomial equations. We refer to Appendix C for further examples.

For function classes which have finite O(d2 log T )-reduction dimension, we show that AB-
STAINBOOST essentially achieves the same learning guarantee as in Theorem 3 for adaptive adver-
saries.

Theorem 7 Let F be a function class with VC dimension d and
⌈
5d2 log T

⌉
-reduction dimen-

sion D given a horizon T ≥ 1. Then, for any α ∈ [0, 1/4], there is a choice of parameters for
ABSTAINBOOST that achieves the following learning guarantees against any adaptive adversary:

MISERR ≲ T 4α and E[ABSERR] ≲ d1/2(D logD + log T )3/2 log(T ) · T 1−α.

This shows that abstention learning is still possible for adaptive adversaries for structured VC func-
tion classes, with the same algorithmic ideas as for the oblivious case. We believe this can provide
a useful starting point towards adaptively learning all VC classes:

Open question. Can we achieve poly(d)T 1−Ω(1) misclassification and abstention error for any
function class with VC dimension d, against adaptive adversaries?

2. using their Algorithm 2 with parameter T 1−α
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3.1. Overview of our algorithmic approach

When the distribution µ is known, the algorithm developed by Goel et al. (2023) crucially relies
on the knowledge of shattering probabilities which serve as a form of potential to decide when to
abstain and which predictions to make—we refer to Section 4 for an overview of their algorithm.
Hence, the main challenge for designing algorithms without prior knowledge of µ is to estimate
these shattering probabilities efficiently using only the observed sequence of instances, which may
contain a large fraction of corruptions. To do so, we intuitively reduce the problem to the simpler
setting in which the learner has access to a few clean samples from µ, following two main steps.

Construction of weak learners. For each subset T ⊆ [T ] of N times, we construct a weak learner
which uses the instances S = {xt : t ∈ T } to estimate shattering probabilities. Specifically, this
weak learner runs a variant of the algorithm from Goel et al. (2023) which uses shattering probability
estimators based on the samples in S only. For convenience, we also include as parameter for the
weak learner, labelings (zt)t∈T for all times in T . Together, this yields a weak learner WL(T , z);
we defer its detailed description to Algorithm 1 in Section 4.

Importantly, when T contains only uncorrupted iterations, these instances in S exactly corre-
spond to N i.i.d. samples from µ. This essentially corresponds to the case when the learner is given
N uncorrupted samples from µ a priori, for which we obtain the following learning guarantee.

Theorem 8 (Simplified Theorem 20) LetF be a function class of VC dimension d andO(d2 log 1
ϵ )-

reduction dimension D ∈ N ∪ {∞}. Fix ϵ ∈ (0, 1). Let T denote the (potentially random) set of
first Ω̃(d2/ϵ) (resp. Ω̃(D log(D)d2/ϵ)) non-corrupted rounds if the adversary is oblivious (resp.
adaptive). Define z := (yt)t∈T . Then, for some choice of parameters of the weak learner

MISERR(T , z) ≲ d2 log(1/ϵ) and E[ABSERR(T , z)] ≲ ϵT,

where MISERR(T , z) and ABSERR(T , z) respectively denote the misclassification and abstention
error of the weak learner WL(T , z) as defined in Algorithm 1.

Boosting strategy to combine weak learners. We then use a BOOSTING strategy to combine the
recommendations of all such weak learners WL(T , z) and achieve misclassification and abstention
errors comparable to that of the best weak learner. We defer its detailed description to Algorithm 3
within Section 5. In fact, the boosting procedure does not require any specific property of the weak
learners; we therefore present its guarantee in a general abstention learning framework with experts,
of independent interest. Consider the abstention online setup with L experts in which at iteration
t ∈ [T ]: (1) An adversary adaptively selects the recommendation yi,t ∈ {0, 1,⊥} for each expert
i ∈ [m] together with the true value yt ∈ {0, 1}. (2) Next, the learner observes the recommendations
yi,t for i ∈ [L] then selects ŷt ∈ {0, 1,⊥}. (3) At the end of the round, the true value yt is revealed to
the learner. We have the following guarantee on the BOOSTING procedure for this learning problem.

Theorem 9 Fix parameters M ≥ 0 and smax ∈ [T ]. Then, for L experts, BOOSTINGsmax,M

achieves the following guarantee against any (adaptive) adversary:

MISERR ≤ c0
(M logL+ log T )T logL

smax
and ABSERR ≤ smax ⌈logL⌉+ min

i∈[L]:Mi<M
Ai,

for some universal constant c0 > 0, where Mi and Ai respectively denote the misclassification and
abstention error of expert i ∈ [L].
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We note that usual learning-with-expert techniques do not readily apply since the boosting pro-
cedure needs to simultaneously ensure low excess abstention error and excess misclassification com-
pared to good weak learners. Since Theorem 8 precisely ensures the existence of a weak learner with
less than M = O(d2 log T ) misclassification error and low abstention error, running BOOSTING on
all weak learners and adjusting parameters yields the desired learning guarantees for Theorem 3 and
Theorem 7. For completeness, the final algorithm ABSTAINBOOST is given in Algorithm 4.

4. Abstention learning with few uncorrupted samples

Algorithmic overview of Goel et al. (2023). To gain intuition on the construction of weak learn-
ers, we first review the algorithm in Goel et al. (2023), detailed in Algorithm 5, which crucially
relies on prior knowledge of µ to estimate shattering probabilities ρk(·, µ). Throughout, this section
only, we denote by Ft := F ∩ {(xs, ys) : s < t} the reduced function class given prior data-
points at iteration t ≥ 1. In particular, Ft is non-increasing in t and hence k-shattering probabilities
ρk(Ft, µ) are also non-increasing in t for all k ∈ [d].

The first observation is that whenever ρ1(Ft, µ) ≤ T−1, the algorithm only makes a prediction
when the instance is fully disambiguated xt /∈ D(Ft), incurring no misclassification errors. Indeed,
this results in a probability of a bad abstention at t of exactly ρ1(Ft, µ) ≤ T−1 and hence a neg-
ligible overall abstention error. The goal of the algorithm is therefore to decrease the 1-shattering
probability when it makes a misclassification error, while also ensuring low abstention error. This is
in fact possible if the 2-shattering probability is small, say ρ2(Ft, µ) ≤ T−2. More generally, they
show the following bound for any k ≥ 1 (Goel et al., 2023, Lemma 4.2):

Px∼µ

[
min

{
ρk(Fx→0, µ), ρk(Fx→1, µ)

}
≥ 0.6ρk(F , µ)

]
≤ 5

ρk+1(F , µ)
ρk(F , µ)

. (1)

In particular, provided that ρk+1(F , µ)/ρk(F , µ) ≤ T−1, the algorithm may abstain whenever
the instance xt falls into the bad event from Eq. (1) without incurring significant abstention cost,
and otherwise predict the value ŷt = y ∈ {0, 1} yielding the larger value for ρk(Fxt→y, µ).This
ensures a decrease of the k-shattering probability by a factor 0.6 whenever a misclassification error
occurs, leading to the following structure for the µ-dependent algorithm of Goel et al. (2023). Since
ρd+1(F , µ) = 0 (F has VC dimension d) we can first decrease the d-shattering probability until
ρd(Ft, µ) ≤ T−d. Then, we can decrease the (d − 1)-shattering probability until ρd−1(Ft, µ) ≤
T−(d−1); and continue successively until we decrease ρ1(Ft, µ) ≤ T−1.

Construction of the weak learner. We now turn to our main setting of interest when the distri-
bution µ is unknown. As discussed within Section 3.1, we may consider in this part that the learner
has access to a small set of clean i.i.d. samples from µ, which can be used to estimate the shattering
probabilities required by the µ-dependent algorithm.3 The main difficulty is that it requires estimat-
ing shattering probabilities of order T−Ω(d), i.e., exponentially small in the VC dimension; while
we may have at most T samples from µ even if no input was corrupted.

3. The algorithm would have similar learning guarantees if instead of knowing µ, the learner has access to estimates of
shattering probabilities accurate up to say a (1± 0.05) factor.

8
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First, for any finite subset S ⊆ X—which we think of having i.i.d. samples from µ—the k-
shattering probability of a function class F has the natural following U-statistic estimator

ρ̂Sk (F) :=
(
|S|
k

)−1 ∑
S′⊆S,|S′|=k

1[S′ is shattered by F ].

For convenience, we denote by σN
k (F , µ) the standard deviation of the random variable ρ̂Sk (F)

when S contains N i.i.d. samples from µ. To achieve Gaussian failure probabilities, we consider
the median of these estimators: for a collection of subsets S = {Si, i ∈ [m]}, we define the k-
shattering median estimator ρSk (F) := Median(ρ̂S1

k (F), . . . , ρ̂Sm
k (F)).

The central idea behind the construction of our weak learners is the following. The standard
deviation σN

k (F , µ) when S contains N i.i.d. samples form µ, can be bounded as a function of the
l-shattering probabilities of F for l < k (see Eq. (5) in the appendix). Specifically, even though the
S contain at most N ≪ T samples, the estimator ρSk (F) may have exponential precision provided
that l-shattering probabilities for l < k have an exponential decay.

Lemma 10 Fix F ⊆ {0, 1}X , a distribution µ on X , k ≥ 1, and N ≥ k2. Let η = k2

N . Suppose
that for some c ≥ 1, we have ρl(F , µ) ≤ c · ηl for all l < k. Then, σN

k (F , µ) <
√
3c · ηkρk(F , µ).

For instance, taking c = 1 within Lemma 10, if ρl(F , µ) ≤ ηl for all l < k, then with high prob-
ability the estimator ρSk (F), where S is a collection ofO(log T ) subsets of N i.i.d. samples from µ,
accurately estimates the k-shattering probability up to a (1± 0.05) factor whenever ρk(F , µ) ≳ ηk.

This motivates the following strategy. At iteration t, instead of aiming to decrease the kt-
shattering probability according to a decreasing sequence for kt as in Goel et al. (2023), we select

kt := max{k′ ∈ [d] : ∀l ∈ [k′], ρSl (Ft) > ϵ · ρSl−1(Ft)}. (2)

Intuitively, this ensures that the conditions required for Lemma 10 hold for k = kt − 1 and c =
ρkt−1(Ft, µ). This essentially shows that the estimated kt-shattering probabilities ρkt(F̃ , µ) for
F̃ ∈ {Ft,Fxt→0

t ,Fxt→1
t } are accurate as long as ρkt(Ft, µ) ≳ k2

N · ρkt−1(Ft, µ), providing the
desired guarantee for shattering probability estimates. In addition, by construction of kt, we have
ρSkt+1(Ft)

ρSkt
(Ft)

≤ ϵ. Provided that these estimates are accurate, this shows that the probability of a bad

abstention at time t is bounded by O(ϵ) from Eq. (1), yielding an overall abstention error O(ϵT ).
This yields our final weak learner WL(T , z). Before iteration max T , it considers that only

rounds in T are uncorrupted. After then, it uses the samples {xt′ : t′ ∈ T } to estimate kt-shattering
probabilities where kt is defined in Eq. (2). The weak learner is summarized in Algorithm 1. As a
remark, Algorithm 1 accommodates for two types of updates for the restricted function classes Ft:
setting the parameter update = always corresponds to the update policy discussed here. The
other alternative update = restricted will only be used for adaptive adversaries.

Oblivious vs. adaptive adversaries. In the above exposition, we omitted a major technicality: the
guarantee from Lemma 10 on shattering probability estimates for a function class F̃ applies to i.i.d.
samples independent from F̃ . However, Algorithm 1 requires estimating shattering probabilities of
various function classes {Ft,Fxt→0

t ,Fxt→1
t : t ∈ (max T , T ]}. For oblivious adversaries, we can

check that estimates are always accurate by applying a simple union bound: the function classes
considered are independent from the i.i.d. samples S of µ used by the learner.

9
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Algorithm 1: Weak Learner WL(T , z)
Input: precision ϵ ∈ [0, 1], subset of times T and labels z = (zt)t∈T , number of subsets m, update

policy update ∈ {always,restricted}
1 for t ≤ max T do If t ∈ T , predict ŷt = zt, otherwise abstain ŷt =⊥ ;
2 Let S = {Si}mi=1 be a partition of {xt′ : t′ ∈ T } such that |S1| = |S2| = · · · = |Sm| = ⌊|T |/m⌋,

discarding any remaining samples if necessary. Initialize Ft ← F .
3 for t = 1 +max T , . . . , T and ρS1 (Ft) > ϵ do
4 Observe xt. Let k = max{k′ ∈ [d] : ∀l ∈ [k′], ρSl (Ft) > ϵ · ρSl−1(Ft)}. Note that ρS0 (Ft) = 1.
5 if miny∈{0,1} ρ

S
k (F

xt→y
t ) ≥ 0.9ρSk (Ft) then Abstain ŷt =⊥;

6 else Predict ŷt = argmaxy∈{0,1} ρ
S
k (F

xt→y
t );

7 Observe response yt
8 if update = always then Update Ft+1 = Fxt→yt

t ;
9 else if update = restricted then If ŷt /∈ {yt,⊥}, update Ft+1 = Fxt→yt

t . Otherwise,
keep Ft+1 = Ft ;

10 end
11 if ρS1 (Ft) ≤ ϵ and xt ∈ D(Ft) then Abstain ŷt =⊥;
12 if ρS1 (Ft) ≤ ϵ and xt /∈ D(Ft) then Predict consistent label ŷt = f(xt) for any f ∈ Ft;

On the other hand, adaptive adversaries may select instances xt so that the class Fxt→0
t is badly

correlated with the samples S used by the weak learner. To resolve this issue, we note that the
current strategy would work if the reduced function classes Ft were only updated when mistakes
are made (see line 9 of Algorithm 1). Further, the total number of mistakes is very small: at most
l− 1 := d2 log(1/ϵ)4. Hence, all function classes that can potentially be encountered by the learner
when running the weak learner with the update policy update = restricted,5 are of the form
F ∩A where A ⊆ X × {0, 1} is a dataset of |A| ≤ l points.

We then show a uniform concentration result on shattering probability estimates for all such
reduced classes if the l-reduction dimension of F is finite. As a reminder, the l-reduction dimension
precisely bounds the number of different projected function classes of the form F ∩A for |A| ≤ l.

Lemma 11 There exists a universal constant c0 ≥ 1 such that the following holds. Fix k,N ≥ 1.
Let l ≥ 1 and F ⊆ {0, 1}X be a function class with l-reduction dimension Dl. Let S := {Si, i ∈
[m]} be a collection of m ≥ c0(Dl log(NDl) + log 1

δ ) independent sets of N i.i.d. samples from µ.
Then, with probability at least 1− δ,

|ρSk (F ∩A)− ρk(F ∩A,µ)| ≤ 2σN
k (F ∩A,µ), A ⊆ X × {0, 1}, |A| ≤ l.

Lemma 11 precisely shows that shattering probabilities of all function classes that may be en-
countered can be uniformly accurately estimated, completing the last argument for Theorem 8.

4. Recall that shattering probabilities are reduced by a factor at each mistake
5. We use a different update policy update = always for oblivious adversaries to achieve stronger misclassification

and abstention dependency in the VC dimension d of the function class.

10
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Algorithm 2: Algorithm for one layer DELETEs,C

Input: number of experts L, minimum number of predictions C, deletion number s ≥ 0

1 for t ≥ 1 do
2 Observe yi,t for all experts i ∈ [L]
3 For each i ∈ [L], if |{t′ < t : yi,t′ ̸=⊥}}| < s, delete prediction ỹi,t :=⊥, otherwise ỹi,t := yi,t
4 if |{i ∈ [L] : ỹi,t ̸=⊥}| ≥ C then Predict ŷt := argmaxy∈{0,1} |{i ∈ [L] : ỹi,t = y}| ;
5 else Abstain ŷt =⊥;

5. Boosting procedure

In this section, we describe our boosting procedure for the online setup with L experts (weak learn-
ers) as described in Section 3.1. The procedure requires an error bound parameter M . Specifically,
up to removing predictions of weak learners with large misclassification error, we may assume that
all weak learners have at most M misclassification error—for the abstention learning problem, we
will use M = O(d2 log T ) since Theorem 8 guarantees the existence of a good weak learner with
this misclassification error. With this property in mind, the high-level idea behind our procedure is
as follows. Weak learners which do not abstain for at least s ≫ M rounds make at least s −M
correct predictions and as a result, have small mistake per prediction average rate ≤ M/(s −M).
Therefore, assuming that we can focus on these weak learners with at least s predictions, the frac-
tion of incorrect predictions compared to correct predictions throughout all T rounds is at most
≤ M/(s −M) ≪ 1. In turn, majority-vote-inspired algorithms will achieve low misclassification
error without having to abstain frequently. Since we do not know a priori which weak learners make
s≫ M predictions, we instead use a deletion strategy: we ignore the first s predictions of each al-
gorithm for some adaptively chosen value of s, which precisely removes weak learners with at most
s predictions. In practice, to achieve low misclassification error, our complete boosting procedure
needs to perform logL rounds of such deletions. We focus on a single layer for now.

For any parameter s ≥ 0 and minimum number of predictions C per round, we consider the
algorithm DELETE which deletes the first s predictions of each expert, then follows the majority
vote ŷt if at least C weak learners still make a prediction in {0, 1}, and otherwise abstains ŷt =⊥.
This is described in Algorithm 2 and is tailored for the following structured adversaries.

Definition 12 (Structured adversaries) We say that an adversary includes at most M mistakes if
for any defined round t ≥ 1, all weak learners i ∈ [L] have misclassification error at most M , i.e.,
|{t′ ≤ t : yi,t /∈ {yt,⊥}}| ≤M .

We say that an adversary includes at most C predictions per round if for any defined round
t ≥ 1, at most C weak learners make a prediction, i.e., |{i ∈ [L] : yi,t ̸=⊥}| ≤ C.

Following arguments inspired from the informal overview above, we can show that there is a
choice of parameter s ≥ 0 that achieves good learning guarantee for the DELETE algorithm. We then
aggregate these algorithms using a standard learning-with-experts to essentially achieve the best
misclassification error among these. This yields the AGREGATEsmax,C algorithm, simply defined as
the Weighted Majority Algorithm (WMA) (Littlestone and Warmuth, 1994) over DELETEs,C for s ∈
{0, . . . , smax} with learning rate 1/2. Conveniently it is also deterministic. For completeness, we
include the AGREGATE algorithm in Algorithm 6 in appendix. Importantly, all considered DELETEs

11
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algorithms delete at most smax predictions for each weak learner, which will be crucial to bound the
overall abstention error. Altogether, we obtain the following guarantee.

Lemma 13 Fix C, smax ≥ 0 and M ≥ 1. Consider an adversary for L weak learners which
includes at most M mistakes and at most C predictions per round. Denote by ŷt the selected value
of AGGREGATEsmax,C/2 at iteration t. Letting n be the final iteration, we have

|{t ∈ [n] : ŷt /∈ {yt,⊥}}| ≤
32Mn ⌈logL⌉

smax + 1
+ 4 log(smax + 1).

Also, for any iteration t ∈ [n] such that
∣∣{i ∈ [L] : zi,t ̸=⊥ and

∣∣{t′ < t : zi,t′ ̸=⊥
∣∣} ≥ smax}

∣∣ ≥
C/2, the algorithm makes a prediction: ŷt ̸=⊥.

We are now ready to construct our multi-layer algorithm. To ensure that each weak learner
i ∈ [L] makes at most M mistakes, we first delete all predictions yi,t ∈ {0, 1} from weak learn-
ers i which made M misclassification mistakes in previous rounds: yi,t ←⊥. Next, we use
AGGREGATEsmax,L/2, forming the first layer. From Lemma 13, it achieves low misclassification
error on all times when the number of weak learners making a prediction lay within [L/2, L], af-
ter removing the first smax predictions of all weak learners. On the other hand, it may abstain
when less than L/2 weak learners make predictions. For these remaining times, we then use
AGGREGATEsmax,L/4, forming the second layer. This ensures low misclassification error when-
ever the number of weak learner predictions lies within [L/4, L/2], after removal of another smax

predictions per weak learner in this layer. We continue this process for ⌈logL⌉ layers, which takes
care of all remaining times. The final algorithm BOOSTINGsmax is summarized in Algorithm 3. Im-
portantly, the subroutine AGGREGATEsmax,2−jL is run on different subset of timesQj for each layer
j, which corresponds to when the number of weak learner predictions (after prediction removals) is
at most 21−jL. In Algorithm 3, we write AGGREGATE

Qj

smax,2−jL
to emphasize this point.

Combining together the learning guarantees for all AGGREGATE subroutines from Lemma 13,
we obtain the desired guarantee for the BOOSTING algorithm.

Proof sketch for Theorem 9. First, to check that the algorithm is well-defined we can verify that
the while loop on each iteration t ≥ 1 terminates. Indeed, on each loop, the AGGREGATEsmax,2−jL

makes a prediction ŷ
(j)
t ∈ {0, 1} if at least 2−j−1L learner predictions remain after deleting smax

predictions per weak learner (see line 11 of Algorithm 3). Roughly speaking, at each loop at least
half of the predictions are deleted, ensuring that j strictly increases on each loop and hence termi-
nates after ⌈logL⌉ rounds when no weak learner predictions remain.

Next, since the boosting procedure uses predictions of the AGGREGATEsmax,2−jL algorithm
when there were at most 21−jL weak learner predictions (see definition of j on line 7 of Algo-
rithm 3), Lemma 13 bounds the misclassification error for each layer j. The final misclassification
error is essentially the sum of those for all layers, incurring an extra factor logL. For the abstention
error, by construction, each layer j ∈ [⌈logL⌉] deleted at most smax predictions for each weak
learner (see the initialization of deletion counts in line 1 of Algorithm 3). In summary, throughout
the procedure only deleted ≤ smax ⌈logL⌉ predictions for weak learner with at most M misclassi-
fication error. This gives the desired abstention error bound since the BOOSTING algorithm makes
a prediction whenever at least one weak learner prediction remains (see line 13 of Algorithm 3). ■

12
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Algorithm 3: Final boosting algorithm BOOSTINGsmax

Input: number of experts L, maximum per-layer deletion smax, mistake tolerance M

1 For j ∈ [⌈logL⌉] initialize times Qj ← ∅ and deletion counts si,j ← smax for all i ∈ [L]
2 for t ≥ 1 do
3 Observe recommendation yi,t for each expert i ∈ [L]
4 For i ∈ [L], if |{s < t : yi,s /∈ {ys,⊥}}| ≥M , delete prediction: zi,t ←⊥; otherwise zi,t ← yi,t
5 Define nt ← |{i ∈ [L] : zi,t ̸=⊥}|
6 while nt > 0 do
7 Let j such that nt ∈ (2−jL, 21−jL]

8 Let ŷ(j)t be the value selected by AGGREGATE
Qj

smax,2−jL
for a new iteration with weak learner

recommendations (zi,t)i∈[L]. Add Qj ← Qj ∪ {t}
9 if ŷ(j)t ̸=⊥ then Predict ŷt = ŷ

(j)
t and break ;

10 for i ∈ [L] with zi,t ̸=⊥ and si,j > 0 do
11 Delete prediction: zi,t ←⊥ and update si,j ← si,j − 1
12 Update nt ← |{i ∈ [L] : zi,t ̸=⊥}|
13 if nt = 0 then Abstain ŷt =⊥;

6. Conclusion

In the sequential learning with abstention framework of Goel et al. (2023), we showed that achieving
sublinear abstention and misclassification errors is possible for general VC classes without knowing
µ, for oblivious adversaries. We also identified structural properties of the function class F—
finite so-called reduction dimension—enabling learning against adaptive adversaries, which may be
of independent interest for other abstention learning models. Together with corresponding lower
bounds, these results show the existence of a polynomial-form tradeoff between abstention and
misclassification errors. This work naturally leaves open the following two directions.

Tight characterizations of tradeoffs between abstention and misclassification errors. At the
high-level, our positive results for oblivious adversaries show that O(T 4α) misclassification can be
achieved while ensuring Õ(T 1−α) abstention error, leaving a gap compared to the corresponding
Ω(Tα) misclassification error lower bound. The lower bound turns out to be tight for VC-1 classes
for instances, but the situation is unclear for general VC classes. We note, however, that with
further parameter information (e.g., which deletion parameter s ≤ smax to use within DELETE

procedures), slight modifications of the algorithm can yield stronger misclassification guarantees,
opening potential opportunities for further improvements.

Extending results to adaptive adversaries for general VC classes. Our guarantees for adaptive
adversaries are limited to function classes with finite reduction dimension (and finite VC dimen-
sion). It remains open whether one can remove such constraints and achieve successful learning for
all VC classes, which leads to the following open question:

Can we achieve poly(d)T 1−Ω(1) misclassification and abstention error for any function
class with VC dimension d, against adaptive adversaries?
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Algorithm 4: ABSTAINBOOST

Input: horizon T , precision ϵ ∈ [0, 1], number of subsets m, subset size N , maximum
per-layer deletion smax ∈ [T ], mistake tolerance M , update policy update ∈
{always,restricted}

1 Run BOOSTING with maximum per-layer deletion smax, mistake tolerance M , on all L :=∑
k≤nM 2k

(
T
k

)
weak learners WL(T , z) run with precision ϵ, update parameter update and

number of subsets m subsets, for T ⊆ [T ] and z = (zt)t∈T ∈ {0, 1}T with |T | ≤ nM

Appendix A. Concentration inequalities

Theorem 14 (Median estimator, e.g. Theorem 2 from Lugosi and Mendelson (2019)) Fix δ ∈
(0, 1) and let X1, . . . , Xn be i.i.d. samples from a distribution with mean µ and variance σ2, with
n ≥ ⌈8 log(1/δ)⌉. Then, with probability at least 1− δ,

|Median(X1, . . . , Xn)− µ| ≤ 2σ.

Appendix B. Proofs of Section 3

B.1. ABSTAINBOOST description

In this section, we detail the ABSTAINBOOST which simply performs the BOOSTING strategy over
all weak learners for subsets T ⊂ [T ] and labelings (zt)t∈T of bounded size mN for some parame-
ters m,N ≥ 1. The algorithm is given in Algorithm 4.

B.2. Parameter choice for our main upper bound results

We first prove our guarantee for ABSTAINBOOST against oblivious adversaries.
Proof of Theorem 3 This proof combines Theorem 20 and Theorem 9. We use the following
parameters (unless mentioned otherwise): update = always, ϵ = d2 log7/4(T )T−α, m =

⌈8 log(dT/ϵ)⌉, N =
⌈
2000d2/ϵ

⌉
, smax =

⌈
d2 log3/2(T )T 1−2α

⌉
and M = 5d2 log(1/ϵ). The

number of weak learners is L =
∑

k≤Nm 2k
(
T
k

)
. Provided that smax ≤ T , Theorem 9 implies

MISERR ≲ M log2 L · T

smax
≲ d4 log7/2 T · T

2α

ϵ2
≍ T 4α.

And by Theorem 20 (the formal version of Theorem 8), for each run, the weak learner WL(T , z)
with (T , z) matching the first mN times of uncorrupted samples and labels satisfies

MISERR(T , z) < M and E [ABSERR(T , z)] ≤ 18ϵT.

Hence by Theorem 9, provided that ϵ < 1,

E[ABSERR] ≤ smax ⌈logL⌉+ E

 min
i∈[L]

MISERR(Ti,zi)<M

ABSERR(Ti, zi)


≤ smax ⌈logL⌉+ E [ABSERR(T , z)]
≲ d4T 1−2α log7/2(T )/ϵ+ ϵT ≍ d2 log7/4(T ) · T 1−α.
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We now consider the edge cases when smax > T or ϵ ≥ 1, both of which imply d2 log7/4(T ) > Tα.
In particular, the desired abstention error statement is vacuous. In particular, 0 misclassification
error can be achieved by never making any prediction, achieved by taking M = 0.

Next, we prove our guarantee for ABSTAINBOOST against adaptive adversaries, assuming the
initial function class F has a bounded reduction dimension.

Proof of Theorem 7 The proof is exactly the same as for Theorem 3 except with the following
different parameters: we choose update = restricted, ϵ = d1/2(D logD+log T )3/2 log(T )·
T−α, m = ⌈c0(D log(D) + 8D + 3 log(d/ϵ))⌉, N =

⌈
2000d2/ϵ

⌉
, M = 5d2 log(1/ϵ), and smax =⌈

d−1(D logD + log T )2 log(T ) · T 1−2α
⌉
. Again, we have L =

∑
k≤Nm 2k

(
T
k

)
weak learners,

provided that smax ≤ T and ϵ < 1. By our choice of ϵ, we have log(1/ϵ) ≤ log T , hence the⌈
5d2 log(1/ϵ)

⌉
- reduction dimension is even smaller than the

⌈
5d2 log(T )

⌉
- reduction dimension

D. Applying Theorem 9 again yields MISERR ≲ T 4α. Next, the same arguments using Theorems 9
and 20 show that

E[ABSERR] ≲ smax ⌈logL⌉+ ϵT ≍ d1/2(D logD + log T )3/2 log(T ) · T 1−α.

We next turn to the case smax > T or ϵ ≥ 1. Again, in both cases, the abstention bound is vacuous
and we can safely choose M = 0 to get the desired guarantee.

B.3. Proof of our main lower bound result

Apart from deriving error upper bounds for distribution-free abstention learning, we also explored
the lower bounds of this problem. We show that there is a trade-off between misclassification
and abstention errors. Intuitively, we consider the following two adversaries: Adversary 1 doesn’t
do corruptions and sample instances x1, . . . , xA from µ, while Adversary 2 decides to corrupt at
every iteration, using exactly the same sequence of samples x1, . . . , xA until some time k when the
probability of learner making a prediction is more than 1/2. If such time doesn’t exist in [1, A],
then the learner will make Ω(A) abstention errors in expectation when playing against Adversary
1. Otherwise, one can define the true hypothesis to be different from the prediction of learner at
time k, incurring a misclassification error. For a fixed horizon T , the tree structure of a VC-1 class
ensures that we can move on to the next layer of the tree and repeat the above reasoning for at least
⌊T/A⌋ layers, which results in Ω(T/A) misclassification errors. Our result corresponds to region 2
in Fig. 1.

Proof of Theorem 4 Fix a parameter N = 4T . We start by constructing a function classF using the
following tree structure: let T :=

⋃T
t=0[N ]t be a rooted full N -ary tree of depth T , that is, x ∈ T

is an ancestor of y if and only if x is a prefix of y (incuding y = x) and denote x ⪯ y accordingly.
For convenience, we denote by Ti :=

⋃i
t=0[N ]t the subtree of depth i for i ∈ [T ]. We then consider

the function class F : T → {0, 1} containing all indicator paths from the root to a node of the tree
as follows:

F = {1[· ⪯ x0] : x0 ∈ T } .

One can easily check that F has VC dimension one due to its tree structure—the tree structure
known to be a characterization of VC-1 classes (Ben-David, 2015).

We now fix a learning algorithm alg on F such that there is a constant A ∈ [1/2, T/2] such
that for any oblivious adversary on F , E[ABSTENTIONERROR] ≤ A. Next, let imax := ⌊T/(2A)⌋.
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In the following, we recursively construct for each layer i ≤ imax a sequence (xt)t≤ki within Ti
together with x⋆i ∈ [N ]i such that ki ≤ 2A · i and run on the realizable sequence (xt, yt = 1[xt ⪯
x⋆i ])t≤ki , the algorithm alg makes the following misclassification errors:

∀j ≤ i, P[ŷkj = 1− ykj ] ≥
1

8
,

where ŷt denotes the prediction of alg at time t. We let k0 = 0 and x⋆0 be the root so that this
trivially holds for i = 0.

Fix i ∈ [imax] and suppose that the construction is complete for layer i−1. Let µi be the uniform
distribution over the N children of x⋆i−1. As a note, µi is a distribution over [N ]i. We now complete
the sequence (xt)t≤ki−1

using i.i.d. samples from µi. Denote by (x̃t)t∈[T ] the corresponding se-
quence as well as the responses ỹt = 1[x̃t ⪯ x⋆i−1]. Note that the data (x̃t, ỹt)t∈[T ] is realizable and
can be viewed as containing ki−1 corrupted samples followed by T − ki−1 non-corrupted samples
from µi. Hence, when run on this realizable sequence, we must have

T∑
t=ki−1

P[ŷt =⊥] ≤ A.

In particular, there exists ki > ki−1 with ki ≤ ki−1 +2A such that P[ŷki =⊥] ≤ 1/2. Additionally,
since the samples xt for t ∈ (ki−1, ki] are i.i.d. sampled from µi which is uniform over N elements,
we have

P[∃t ∈ (ki−1, ki), x̃ki = x̃t] ≤
ki−1∑

t=ki−1+1

P[x̃ki = x̃t] ≤
T

N
=

1

4
.

As a result, introducing the Ei := {∀t ∈ (ki−1, ki), x̃ki ̸= x̃t}, we have

P[{ŷki ̸=⊥} ∩ Ei] ≥
1

2
− 1

4
=

1

4
.

By the law of total probability, we can therefore fix elements xt ∈ [N ]i for t ∈ (ki−1, ki] such that
(1) xki /∈ {xt, t ∈ (ki−1, ki)} and (2) alg run on the data (xt,1[xt ⪯ x⋆i−1])t<ki and tested on xki
satisfies P[ŷki ̸=⊥] ≥ 1/4. This completes the construction of (xt)t≤ki . Next, if P[ŷki = 0] ≥ 1/8
we pose x⋆i := xki . Otherwise, we define x⋆i to be any child of x⋆i−1 which does not belong to
{xt, t ∈ (ki−1, ki]}. Note that this is possible since x⋆i−1 has N > T children. We then pose
yki = 1[xki ⪯ x⋆i ]. By construction, when alg is run on (xt, yt)t≤ki , we obtained

P[ŷki = 1− yki ] ≥
1

8
. (3)

It only remains to check that for all t ∈ [ki] one has

yt = 1[xt ⪯ x⋆i ]. (4)

By definition, this holds for t = ki. Since x⋆i−1 is the parent of x⋆i , the functions 1[· ⪯ x⋆i−1] and
1[· ⪯ x⋆i ] coincide on Ti and hence, Eq. (4) directly holds for all t ≤ ki−1. Finally, for any t ∈
(ki−1, ki), by construction we have xt ̸= x⋆i and as a result, yt = 1[xt ⪯ x⋆i−1] = 0 = 1[xt ⪯ x⋆i ]
(recall that xt ̸= x⋆i both have depth i while x⋆i−1 has depth i− 1).
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This ends the induction and the construction of the realizable sequence (xt, yt)t≤kimax
. We

can complete it to define (xt, yt = 1[xt ⪯ x⋆imax
])t≤T arbitrarily. Note that this is valid since

kimax ≤ 2Aimax ≤ T . By construction, on this data, alg has the following misclassification error:

E[MISERR] ≥ E

[
T∑
t=1

1[ŷt = 1− yt]

]
≥

imax∑
i=1

P[ŷki ̸= yki ] =
imax

8
≥ 1

32

T

A
,

where in the last inequality we used the fact that A ≤ T/2. This ends the proof of the desired
misclassification error bound. Note that this construction can be embedded for all T ≥ 1 within the
function class defined by a full N-ary tree of infinite depth (which still has VC dimension 1). This
ends the proof.

Appendix C. Reduction-dimension bounds for various hypothesis classes

In this section, we argue that many classical and practical VC function classes have small reduction
dimension, making it a reasonable complexity measure for many hypothesis classes (in fact, we
are not aware of “natural” VC function classes that have infinite reduction dimensions). Below,
we give some examples of reduction-dimension computations for linear classifiers, VC-1 classes,
axis-aligned rectangles, and subsets of bounded size.

Linear classifiers. We start with linear separators in dimension d:

Fd
lin :=

{
x ∈ Rd 7→ 1[a⊤x ≥ b] : a ∈ Rd, b ∈ R

}
,

which have VC dimension d + 1. In the following, we show that linear separators have bounded
reduction dimension. The proof uses oriented matroid arguments to translate the combinatorial
counting problem into an algebraic problem. Intuitively, for the linear class Fd

lin, the number of
restricted function classes appearing in the definition of the reduction dimension, corresponds to the
number of oriented matroids given by different choice of A’s (the matroids are simply the signs pat-
terns for the linear functions on the set of considered points). We next use a standard result, which
states that these matroids are characterized by sign of the determinants on any (d+1) points among
these. Therefore, it suffices to count the number of topological components given by signs of poly-
nomials (the determinants), which can be studied using Warren’s theorem (Warren, 1968, Theorem
2), a classical result in algebraic geometry which bounds the number of topological components
defined by polynomial equations.

Lemma 15 Let d ≥ 1. Then, for any l ≥ 1, Fd
lin has l-reduction dimension at most c1d2l for some

universal constant c1 > 0.

Proof We refer to Björner et al. (1999) for a detailed exposition of oriented matroids. We will only
use their standard properties. For any vector configuration X = (x1, . . . , xn) in Rd+1 we consider
the associated oriented matroid MX := ([n],LX) where LX is the collection of all covectors of X
generated by linear functionals:

LX =
{
(sgn(y⊤xi))i∈[n] : y ∈ Rd

}
.

21



YU BLANCHARD

Here, sgn : R → {+,−, 0} is the sign function. Since the vectors lie in Rd+1, the rank r of the
matroid MX is at most d+ 1 (the rank of a matroid is the unique length of maximal chains in LX ,
for the partial order given by the inclusion of supports, minus one). Additionally, the chirotope
associated with the vector configuration X is given by

χX : (i1, . . . , ir) ∈ [n]r 7→ sgn(det(xi1 , . . . , xir)) ∈ {+,−, 0}.

Importantly, the matroid MX is characterized by its chirotope χX (by default with the determinant
we fixed a global sign orientation), e.g. see (Björner et al., 1999, Theorem 3.5.5 or Corollary 3.5.12).
Crucially, this implies that given collection of all signs of determinants sgn(det(xi1 , . . . , xid+1

)) ∈
{+,−, 0} between any d + 1 vectors of the configuration, we can recover the collection of their
covectors LX .

We are now ready to bound the l-reduction dimension of linear separators. For convenience,
for any point z ∈ Rd we will denote by z̃ = (z⊤, 1)⊤ ∈ Rd+1 its homogeneisation. Note that the
projection of linear separators onto a set of points can be obtained from the collection of covectors
of its homogeneized vector configuration (the covectors store the information {+,−, 0}while linear
separators either merge + and 0, or − and 0). Further, for set of l′ ≤ l datapoints A = {(ai, yi) :
i ∈ [l′]}, given the projection of linear separators onto {x1, . . . , xn, a1, . . . , al′} we can recover
(Flin ∩A)|{x1,...,xn}, simply by focusing on projections whose value on ai equals yi for all i ∈ [l′].
Altogether, this shows that∣∣∣{(Fd

lin ∩A)|{x1,...,xn} : A ⊆ X × {0, 1}, |A| ≤ l
}∣∣∣

≤
l∑

l′=0

2l
′
∣∣∣{M(x̃1,...,x̃n,ã1,...,ãl′ )

: a1, . . . , al′ ∈ Rd
}∣∣∣

=
l∑

l′=0

2l
′
∣∣∣{(i1, . . . , id+1) ∈ [n+ l′]d+1 7→ sgn(det(zi1 , . . . , zid+1

))

: Z = (x̃1, . . . , x̃n, ã1, . . . , ãl′), a1, . . . , al′ ∈ Rd
}∣∣∣ .

For a fixed l′ ∈ [l], denote by Nl′ the l′-th term within the sum. Note that for any indices
i1, . . . , id+1 ∈ [n+l′], the function det(zi1 , . . . , zid+1

) is a polynomial in the variable (a1, . . . , al′) ∈
(Rd)l

′
of degree at most d+1. Therefore, Nl′ exactly corresponds to the number of sign patterns for

all equations of the type det(zi1 , . . . , zid+1
) = 0 in (Rd)l

′
. We can then use a variant of Warren’s

theorem (Alon, 1995, Proposition 5.5) which bounds this number by (8eMK/D)D, where M is
the number of polynomials over D variables and K is their maximum degree, if 2M ≥ D. In our
context, this gives

Nl′ ≤
(
8e

d+ 1

dl′

(
n+ l′

d+ 1

))dl′

.

Plugging this into the previous bound shows that∣∣∣(Fd
lin ∩A)|{x1,...,xn} : A ⊆ X × {0, 1}, |A| ≤ l

∣∣∣ ≤ 2l(n+ l)c1d
2l,

for some constant c1 > 0. In turn, this shows that Dl ≤ c2d
2l for some universal constant c2 > 0.
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Function classes with VC dimension 1. Next, we check that VC-1 classes have bounded reduc-
tion dimension, using their convenient tree representation Ben-David (2015).

Proposition 16 Let F ⊆ {0, 1}X be a function class with VC dimension 1. Then, for any l ≥ 1, F
has l-reduction dimension l +O(1).

Proof Fix a function class F of VC dimension 1. From (Ben-David, 2015, Theorem 4) without loss
of generality, we may consider that we are given a tree ordering ⪯ on X (that is, a partial order on
X such that every initial segment Ix = {y ∈ X : y ⪯ x} is linearly ordered) such that all functions
f ∈ F is an initial segment with respect to ⪯, i.e., for any x ⪯ y ∈ X , if f(y) = 1 then f(x) = 1.

Consider any dataset A ⊆ X × {0, 1}. Let B be the dataset obtained by deleting datapoints
(x, 0) ∈ A such that (1) there exists (z, 0) ∈ A with z ≺ x or (2) there exists (z, 1) ∈ A with
z ⊀ x; as well as deleting datapoints (x, 1) ∈ A such that there exists (z, 1) ∈ A with x ≺ z. Note
that F ∩A = F ∩B.

Fix test points S = {x1, . . . , xn} ∈ X . We focus on the tree ordering ⪯ restricted to ancestors
of S, that is, T := {x ∈ X : x ⪯ y, y ∈ S}. Then, note that when restricted to S, the function
class F ∩ B|S is equivalent to replacing each datapoint (x, y) ∈ B with any (x̃, y) where x̃ has
the same ⪯ comparisons in terms of ⪯ with all datapoints in S ∪ {z : (z, y) ∈ B}. We recall that
by construction, all (x, 0) ̸= (z, 0) ∈ B are such that x and z are incomparable. Further, there is
at most one datapoint (x, 1) ∈ B with label 1 and in that case, all other datapoints (z, 0) in B are
such that x ≺ z. Hence, we may choose one such representative for each possible ⪯-comparisons
with S for all datapoints in B with label 0. Note that the number of such possible ⪯-comparisons
is bounded by the number of possible nodes in a rooted tree with leaves within S: it is at most
2|S| = 2n. For the potential label 1 we additionally need to respect the fact that x ≺ z for all
(z, 0) ∈ B: up to duplicating representatives this gives 4n possible choices. In summary,

|{(F ∩A)|S : A ⊆ X × {0, 1}, |A| ≤ l}| ≤ 1 +
∑
r≤l

((2n)r + (2n)r−1 · 4n) ≲ nl,

where the first term 1 counts the empty function class if the dataset is not realizable, the second
(resp. last) term corresponds to datasets B containing only 0 labels (resp. at least one 1 label). This
ends the proof.

Axis-aligned rectangles. We now turn to axis-aligned rectangles in Rd defined as follows:

Rd :=
{
Ba,b : x ∈ Rd 7→ 1[a ≤ x ≤ b] : a, b ∈ Rd

}
,

also have finite reduction dimension. Here, inequalities between vectors are meant component-wise.
That is, for a, b ∈ Rd, a ≤ b when ai ≤ bi for all i ∈ [d]. We recall that axis-aligned rectangles
have VC dimension 2d.

Proposition 17 For any l ≥ 1,Rd has l-reduction dimension at most 4d+ 1.

Proof Note that for any dataset A ⊆ Rd×{0, 1}, the reduced function classRd∩A can be reduced
to separate constraints on each coordinate i ∈ [d] on the range allowed for the interval [ai, bi] for
functions fa,b ∈ R ∩A:

R∩A = {fa,b : ∀i ∈ [d], ai ∈ (z
(1)
i , z

(2)
i ], bi ∈ [z

(3)
i , z

(4)
i )},
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where z
(1)
i = max{zi : (z, 0) ∈ A, ∃(z̃, 1) ∈ A, zi < z̃i}, z(2)i = min{zi : (z, 1) ∈ A, ∃(z̃, 0) ∈

A, z̃i < zi}, and similarly for z(3)i , z
(4)
i , with the convention max ∅ = −∞ and min ∅ = +∞.

Hence, given n test points S = {x1, . . . , xn} ⊆ Rd, the projection R ∩ A|S only depends on
the relative ordering of z(1)i < z

(2)
i ≤ z

(3)
i < z

(4)
i compared to {x1i , . . . , xni }, for each i ∈ [n]. This

gives at most (n+ 1)4 choices for each i ∈ [n]. In summary,

|{(Rd ∩A)|S : A ⊆ X × {0, 1}, |A| ≤ l}| ≤ 1 + (n+ 1)4d,

where the additional 1 comes from the case when A is not realizable. Hence, Rd has l-reduction at
most 4d+ 1.

Subsets of bounded size. Another classical function class example is that of subsets of size at
most d: for any instance space X , we define

SdX = {x ∈ X 7→ 1[x ∈ S] : S ⊆ X , |S| ≤ d},

which has VC dimension d by construction, provided that |X | ≥ d. We can easily check that these
have low reduction dimension.

Proposition 18 For any X and l ≥ 1, SdX has l-reduction dimension l +O(log d).

Proof The main observation is that for any dataset A, SdX ∩ A fixes the value of the function on
Ax := {x : (x, y) ∈ A} and on X \ S, it exactly corresponds to the function class Sd−r

X\Ax
where

r = |{(x, 1) ∈ A}| is the number of ones in the dataset (since r ones have been fixed, there are at
most d − r remaining). Hence, projected on test points S = {x1, . . . , xn}, the possible l-reduced
classes correspond to fixing the value on at most l points in S∩Ax, and on the rest of the test points,
the reduced class is characterized by a single number d−r ≤ d−p where p = |{(x, 1) : x ∈ S∩Ax}|
is the number of ones on the l datapoints coinciding with test points in S. Hence,

|{(SdX ∩A)|S : A ⊆ X × {0, 1}, |A| ≤ l}| ≤ 1 +

(
n

l

) d∑
p=0

(
l

p

)
(d− p+ 1) ≤ 1 + ednl

where the additional 1 corresponds to the case when A is not realizable. This ends the proof.

Appendix D. Proofs of Section 4

We detail the algorithm from Goel et al. (2023) here, which inspires our construction of weak
learners. The intuitions behind this algorithm are detailed in Section 4.

Next, we start by proving Lemma 10, which controls the variance of estimation.

Lemma 10 Fix F ⊆ {0, 1}X , a distribution µ on X , k ≥ 1, and N ≥ k2. Let η = k2

N . Suppose
that for some c ≥ 1, we have ρl(F , µ) ≤ c · ηl for all l < k. Then, σN

k (F , µ) <
√
3c · ηkρk(F , µ).
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Algorithm 5: Algorithm for abstention online learning with knowledge of the distribution µ

1 Initialize k ← d and F1 = F
2 for t = 1, . . . , T and while k > 1 do
3 Receive xt
4 if min

{
ρk(Fxt→1

t , µ), ρk(Fxt→0
t , µ)

}
≥ 0.6 ρk(Ft, µ) then output ŷt =⊥;

5 else predict ŷt = argmaxy∈{0,1} {ρk(F
xt→y
t , µ)};

6 Upon receiving label yt, define Ft+1 = Fxt→yt
t

7 if ρk(Ft+1, µ) ≤ T−k then Set k ← k − 1;
8 if k = 1 and xt ∈ D(Ft) then ŷt =⊥;
9 if k = 1 and xt /∈ D(Ft) then Predict the (unique) consistent label for x̂t;

Proof Recall that
ρ̂Sk (F) :=

1(
N
k

) ∑
S′⊆S,|S′|=k

1[S′ is shattered by F ].

First consider

P (S1, S2 both shattered by F)
= P (S1 is shattered by F |S2 is shattered by F ) · P (S2 is shattered by F)
≤ P (S1\S2 is shattered by F) · P (S2 is shattered by F)

where the last inequality uses the independence of “S1\S2 is shattered by F” and “S2 is shattered by F”.
Recall that ρr(F , µ) denotes the probability of a set with cardinality r being shattered, and since we
are fixing F and µ here we can write ρr as a short cut for ρr(F , µ). Given N ≥ 2k, we have

E
[
ρ̂Sk (F)2

]
=

(
N

k

)−2 k∑
r=0

∑
S1,S2⊆S

|S1|=|S2|=k
|S1∩S2|=r

P
(
S1, S2 are both shattered by F

)
.

=

(
N

k

)−2 k∑
r=0

∑
S1,S2⊆S

|S1|=|S2|=k
|S1∩S2|=r

ρkρk−r

=

(
N

k

)−2 k∑
r=0

(
N

k

)(
k

r

)(
N − k

k − r

)
ρkρk−r

= ρk

(
k∑

r=0

(
k
r

)(
N−k
k−r

)(
N
k

) ρk−r

)
.

Therefore

Var
[
ρ̂Sk (F)

]
≤ ρk

(
k∑

r=1

(
k
r

)(
N−k
k−r

)(
N
k

) (ρk−r − ρk)

)
. (5)

Consider a hypergeometric distribution X ∼ Hypergeometric(N, k, k) then

Var
[
ρ̂Sk (F)

]
≤ ρkE [ρk−X1(X ≥ 1)] .
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For simplicity, write η := k2/N . By assumption, ρl ≤ cηl−(k−1) for all l ≤ k − 1. Therefore,

Var
[
ρ̂Sk (F)

]
≤ ρkE

[
cη1−X

]
. (6)

Let R ∼ Binom(k, k
N ). A standard comparison inequality for sampling with/without replacement

(Hoeffding, 1963, Theorem 4) implies that E[η−X ] ≤ E[η−R]. And hence

E[η−X ] ≤ (1− k

N
+

k

Nη
)k ≤ exp

((
1
η − 1

)k2
N

)
. (7)

Combining Eq. (6) and Eq. (7) we have

Var
[
ρ̂Sk (F)

]
≤ ρkcη · exp

((
1
η − 1

)k2
N

)
< 3cηρk.

This ends the proof.

The following lemma guarantees accurate estimation of shattering probabilities up to a (1 ±
0.2) factor, which can be obtained as an immediate result of Lemma 10 under the assumption that
estimation error

∣∣ρSk (F)− ρk(F , µ)
∣∣ is bounded by standard deviation σN

k (F , µ). Nevertheless, it’s
useful to state it separately as it will be repeatedly used in the proof of Theorem 20.

Lemma 19 Let F : X → {0, 1} and µ a distribution on X and let S = {Si}i∈[m] where each Si

contains N iid samples from µ. Let 2000d2/N ≤ ϵ < 1. Assume that there is an integer k ∈ [d]
and constant c′ such that for 0 ≤ l ≤ k − 1,

ρl(F , µ) ≤ 1.2c′ϵl−(k−1).

Then, given ∣∣ρSk (F)− ρk(F , µ)
∣∣ ≤ 2σN

k (F , µ) (8)

we have ∣∣ρSk (F)− ρk(F , µ)
∣∣ < 0.1

√
c′ϵρk(F , µ)

which implies that, whenever ρSk (F) ≥ c′ϵ, we have ρk(F , µ) ∈ ρSk (F) · [0.8, 1.2] as well.

Proof Since k2/N ≤ ϵ, we have ρl ≤ 1.2c′(k2/N)l−(k−1) for 0 ≤ l ≤ k − 1, by Lemma 10,

Var
[
ρ̂S1
k (F)

]
< 3.6(k2/N)c′ρk(F , µ).

With condition (8), we have∣∣ρSk (F)− ρk(F , µ)
∣∣ ≤ 2

√
3.6(k2/N)c′ρk(F , µ)

≤ 2
√

3.6ϵc′ρk(F , µ)/2000

< 0.1
√
c′ϵρk(F , µ).

Therefore, whenever ρSk (F) ≥ c′ϵ, we have∣∣ρSk (F)− ρk(F , µ)
∣∣ < 0.1

√
ρSk (F)ρk(F , µ),
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which implies that ρk(F , µ) ∈ ρSk (F) · [0.8, 1.2] as well.

In the adaptive case, the condition Eq. (8) does not naturally hold—as discussed in Section 4,
the function class F can be badly correlated with S. We next prove Lemma 11, which resolves this
issue by showing universal concentration over all possible function classes of the form F ∩A where
F is the initial hypothesis class and A can be any subset of less than l data points in X × {0, 1}.
Proof of Lemma 11 The first step of the proof involves lifting the problem from X to Xs :=
{S ⊆ X , |S| = s} then applying standard uniform concentration bounds on a carefully chosen VC

class G : Xs → {0, 1}. First, we denote by µs the distribution of {xi, i ∈ [s]} where (xi)i∈[s]
iid∼ µ

are i.i.d. samples from µ. We then define the function class G : Xs → {0, 1} as the collection of all
functions of the form

ϕA,I : S ∈ Xs 7→ 1I [ρ̂
S
k (F ∩A)],

for any subset A ⊆ X × {0, 1} with |A| ≤ l, and any interval I ⊆ R+.
We now bound the VC dimension of this function class G. Fix any test sets S1, . . . , Sm ∈ Xs

for m ≥ Dl/s. Note that given values z1, . . . , zm ∈ R+, the set of possible projections of functions
1I [·] for closed intervals I ⊆ R+ onto {z1, . . . , zm} is upper bounded by

(
m+1
2

)
+1—we can order

these elements by increasing order then decide of the start and end point of those which belong to
the interval I . In particular,∣∣G|{S1,...,Sm}

∣∣ ≤ ∣∣∣{(ρ̂Si
k (F ∩A))i∈[m] : A ⊆ X × {0, 1}, |A| ≤ l

}∣∣∣ ·m(m+ 1)

(i)

≤ |{(F ∩A)|S1∪...∪Sm : A ⊆ X × {0, 1}, |A| ≤ l}| ·m(m+ 1)

(ii)

≤ (ms)Dl ·m(m+ 1).

In (i) we noted that given the projection of the function class F ∩ A onto S1 ∪ . . . ∪ Sm, we can
construct all estimates of the form ρ̂S1

k (F ∩ A), . . . , ρ̂Sm
k (F ∩ A). Indeed, ρ̂Sk (F) only evaluates

the function class F on points in S. In (ii) we used the definition of the restriction dimension
together with ms ≥ Dl. Recall that if {S1, . . . , Sm} are shattered by G, then

∣∣G|{S1,...,Sm}
∣∣ = 2m.

Together with the previous bound, this shows that G has VC dimension at most c0Dl log(sDl) for
some c0 ≥ 1.

We can then apply standard VC uniform concentration bounds on G, e.g. (Devroye et al., 2013,
Theorem 12.5), which shows that there is a universal constant c1 such that the following holds for
any m ≥ c1(Dl log(sDl) + log 1

δ ). Let S1, . . . , Sm
iid∼ µs, with probability at least 1 − δ, for any

subset A ⊆ X × {0, 1} with |A| ≤ l and interval I ⊆ R+,∣∣∣∣ 1m ∣∣∣{i ∈ [m] : ρ̂Si
k (F ∩A) ∈ I

}∣∣∣− PS∼µs [ρ̂
Si
k (F ∩A) ∈ I]

∣∣∣∣ ≤ 1

8
. (9)

Now note that for any A ⊆ X × {0, 1}, by Chebyshev’s inequality we have

PS∼µs

(
|ρ̂Sk (F ∩A)− ρk(F ∩A,µ)| ≥ 2σs

k(F ∩A,µ)
)
≤ 1

4
.

In particular, for the interval IA := ρk(F ∩ A,µ) + 2σs
k(F ∩ A,µ) · [−1, 1], this precisely shows

PS∼µs [ρ̂
Si
k (F ∩ A) ∈ IA] ≥ 3

4 . Together with Eq. (9), we obtained with probability at least 1 − δ,
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for any set A of at most l datapoints,∣∣∣{i ∈ [m] : |ρ̂Si
k (F ∩A)− ρk(F ∩A,µ)| ≤ 2σs

k(F ∩A,µ)
}∣∣∣ > m

2
.

In turn, this implies that the median value of ρ̂Si
k (F ∩A) for i ∈ [m] belongs to the desired interval:

|ρSk (F ∩A)− ρk(F ∩A,µ)| ≤ 2σs
k(F ∩A,µ).

This ends the proof.

We are now ready to prove the main guarantee for the weak learner WL(T , z) with appropriate
parameters, whose formal and complete version is given below.

Theorem 20 There exists a universal constant c0 > 0 such that the following holds. Fix ϵ ∈
(0, 1). Let F ⊆ {0, 1}X be a function class of VC dimension d and fix an adversary. Let N =⌈
2000d2/ϵ

⌉
. Let T denote the (potentially random) set of first mN non-corrupted rounds and

define z := (yt)t∈T .
If (1) the adversary is oblivious and update = always, m ≥ 8 log(dT/ϵ), or (2) the adver-

sary is adaptive and update = restricted, m ≥ c0(D log(D) + 8D + 3 log(d/ϵ)) where D
is the

⌈
5d2 log 1

ϵ

⌉
-reduction dimension of F , then

MISERR(T , z) < 5d2 log
1

ϵ
and E[ABSERR(T , z)] ≤ 18ϵT,

where MISERR(T , z) and ABSERR(T , z) respectively denote the misclassification and abstention
error of the weak learner WL(T , z) as defined in Algorithm 1.

Proof Before analyzing the miclassification and abstention error, we make a few remarks. First,
note that for the considered subset T , the samples (xt)t∈T are i.i.d. sampled from µ. Further, by
construction, since these are the first non-corrupted times and the vector z contains their correct
labels, in the interval of time [max T ] the learner WL(T , z) makes no classification nor abstention
mistakes. As a result, it suffices to focus on the period of time (max T , T ].

For each t ∈ {max T + 1, . . . , T}, we define the set of function classes encountered by the
learner via

G :=
{
Ft,Fxt→0

t ,Fxt→1
t : t ∈ (max T , T ]

}
.

Note that these are random function classes. Next, we define the event

E :=
{
∀F̃ ∈ G, k ∈ [d],

∣∣∣ρSk (F̃)− ρk(F̃ , µ)
∣∣∣ ≤ 2σN

k (F̃)
}
. (10)

For now, let us assume P(Ec) ≤ 3ϵ. We will verify this assumption later for both oblivious and
adaptive adversaries, after analyzing the misclassification and abstention error.

Misclassification error. First, we analyze the misclassification error. By construction of weak
learners, misclassification errors only occur at times t ∈ [T ] when ρS1 (Ft) > ϵ and miny∈{0,1} ρ

S
kt
(Fxt→y

t ) <

0.9ρSkt(Ft), where kt is defined as in line 4 of Algorithm 1. Thus, since we predict with the label
corresponding to argmaxy∈{0,1} ρ

S
kt
(Fxt→y

t ) and a mistake occurred, we have

ρSkt(Ft+1) = ρSkt(F
xt→yt
t ) < 0.9ρSkt(Ft).
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Meanwhile, notice that combining ρS1 (Ft) > ϵ and ∀l ∈ [kt], ρ
S
l (Ft) > ϵ · ρSl−1(Ft), we have

ρSkt(Ft) > ϵ · ϵkt−1 = ϵkt .

For each fixed k ∈ [d], ρk(Ft) is non-increasing since the Ft are non-increasing throughout the
learning procedure. In particular, ρSk (Ft) can be decreased by a factor 9/10 at most k log 10

9

(
1
ϵ

)
times. Hence

MISERR(T , z) ≤
d∑

k=1

k log 10
9

(
1

ϵ

)
< 5d2 log

(
1

ϵ

)
.

Note that this result on misclassification error holds regardless of event E .

Abstention error. Consider a time t ∈ [max T +1, T ] for which kt was defined, that is ρS1 (Ft) >
ϵ. We start by proving by induction that under event E ,

ρk′(Ft, µ) ∈ ρSk′(Ft) · [0.8, 1.2], ∀0 ≤ k′ ≤ kt. (11)

Note that the base case k′ = 0 is true because ρ0(Ft, µ) = ρS0 (Ft) = 1. Suppose that for some
k′ ∈ [kt] this holds for all 0 ≤ l ≤ k′ − 1. By construction of the weak learner, we have

ρSl (Ft) ≤ ρSk′−1(Ft)ϵ
l−(k′−1), 0 ≤ l ≤ k′ − 1.

Together with the induction hypothesis, this implies

ρl(Ft, µ) ≤ 1.2ρSl (Ft) ≤ 1.2ρSk′−1(Ft)ϵ
l−(k′−1), 0 ≤ l ≤ k′ − 1. (12)

Moreover, the event E implies that∣∣ρSk′(Ft)− ρk′(Ft, µ)
∣∣ ≤ 2σN

k′ (Ft). (13)

Also, recall that by construction, we have ρSk′(Ft) > ϵρSk′−1(Ft). Note that this also holds when
k′ = 1 since by construction ρS1 (Ft) ≥ ϵ and ρS0 (Ft) = 1. Altogether, we can now apply Lemma 19
with the parameter c′ = ρSk′−1(Ft), which gives the desired induction

ρk′(Ft, µ) ∈ ρSk′(Ft) · [0.8, 1.2].

This ends the proof of Eq. (11).
Using the same arguments, we can check that Eqs. (12) and (13) still hold for k′ = kt + 1.

Hence, applying Lemma 19 gives

ρkt+1(Ft, µ) < ρSkt+1(Ft) + 0.1
√
ϵρSkt(Ft)ρkt+1(Ft, µ)

(i)

≤ ϵρSkt(Ft) + 0.1
√
ϵρSkt(Ft)ρkt+1(Ft, µ),

where in (i) we used the definition of kt in line 4 of Algorithm 1: either kt = d in which case
we already have ρSkt+1(Ft) = 0 or kt < d in which case we must have ρSkt+1(Ft) ≤ ϵρSkt(Ft).
Consequently,

ρkt+1(Ft, µ) ≤ 1.2ϵρSkt(Ft). (14)

29



YU BLANCHARD

Next, we aim to show that for y ∈ {0, 1}, given ρSkt(F
xt→y
t ) ≥ 0.9ρSkt(Ft), we have

ρkt(F
xt→y
t , µ) ∈ ρSkt(F

xt→y
t ) · [0.8, 1.2]. (15)

To see this, first note that for any l ∈ [0, kt] we have

ρl(Fxt→y
t , µ) ≤ ρl(Ft, µ) ≤ 1.2ρSl (Ft) ≤ 1.2(ρSkt(Ft)/ϵ) · ϵl−(kt−1).

Next, since the event E holds,∣∣ρSkt(Fxt→y
t )− ρkt(F

xt→y
t , µ)

∣∣ ≤ 2σN
kt(F

xt→y
t ).

By Lemma 19 with c′ = ρSkt(Ft)/ϵ,∣∣ρSkt(Fxt→y
t )− ρkt(F

xt→y
t , µ)

∣∣ < 0.1
√

ρSkt(Ft)ρkt(F
xt→y
t , µ)

≤ 0.1

√
10

9
ρSkt(F

xt→y
t )ρkt(F

xt→y
t , µ)

which implies ρkt(F
xt→y
t , µ) ∈ ρSkt(F

xt→y
t ) · [0.8, 1.2], ending the proof of Eq. (15).

We are now ready to bound the abstention error. There are two possible cases for an abstention
error: When ρS1 (Ft) ≤ ϵ, since xt /∈ D(Ft) implies ŷt = yt, an error at time t can only happen
when xt ∼ µ and xt ∈ D(Ft), as in line 11 of Algorithm 1. When ρS1 (Ft) > ϵ, an abstention error
occurs if and only if the adversary has decided not to corrupt at time t (i.e. ct = 0) yet the learner
still abstains due to miny∈{0,1} ρ

S
kt
(Fxt→y

t ) ≥ 0.9ρSkt(Ft). Let Ht denote the history before time t,
hence ct ∈ Ht. Combining the two cases, the probability of an abstention error at time t is bounded
by

Pt := P(xt ∈ D(Ft), ρ
S
1 (Ft) ≤ ϵ, ct = 0)

+ P( min
y∈{0,1}

ρSkt(F
xt→y
t ) ≥ 0.9ρSkt(Ft), ρ

S
1 (Ft) > ϵ, ct = 0)

≤ P(xt ∈ D(Ft), ρ
S
1 (Ft) ≤ ϵ, E|ct = 0) + P( min

y∈{0,1}
ρSkt(F

xt→y
t ) ≥ 0.9ρSkt(Ft), E , ct = 0) + 2P(Ec)

(16)
Applying Lemma 19 with k = 1 and c′ = 1 yields that, under event E ,∣∣ρS1 (Ft)− ρ1(Ft, µ)

∣∣ < 0.1
√
ϵρ1(Ft, µ).

Given ρS1 (Ft) ≤ ϵ, we must have ρ1(Ft, µ) ≤ 1.2ϵ. Otherwise, if ρ1(Ft, µ) > 1.2ϵ,

5

6
>

ρS1 (Ft)

ρ1(Ft, µ)
> 1− 0.1

√
ϵ

ρ1(Ft, µ)
≥ 1− 0.1√

1.2
≈ 0.91,

which is clearly a contradiction. Therefore,

P(xt ∈ D(Ft), ρ
S
1 (Ft) ≤ ϵ, E|ct = 0) ≤ P(xt ∈ D(Ft), ρ1(Ft, µ) ≤ 1.2ϵ|ct = 0)

≤ P(xt ∈ D(Ft) |ρ1(Ft, µ) ≤ 1.2ϵ, ct = 0)

≤ 1.2ϵ.

(17)
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where the last inequality is because the distribution of xt given ct = 0 is independent ofHt.
Now we turn to the second term in Eq. (16). For y ∈ {0, 1}, since ρSkt(F

xt→y
t ) ≥ 0.9ρSkt(Ft),

from the previous discussions we have that under E ,

ρkt(F
xt→y
t , µ) ∈ ρSkt(F

xt→y
t ) · [0.8, 1.2],

and by Eq. (11), ρkt(Ft, µ) ≤ 1.2ρSkt(Ft). Hence event
{
miny∈{0,1} ρ

S
kt
(Fxt→y

t ) ≥ 0.9ρSkt(Ft)
}
∩E

implies

min
y∈{0,1}

ρkt(F
xt→y
t , µ) ≥ 0.8 min

y∈{0,1}
ρSkt(F

xt→y
t ) ≥ 0.72ρSkt(Ft) ≥ 0.6ρkt(Ft, µ).

Consequently,
P( min

y∈{0,1}
ρSkt(F

xt→y
t ) ≥ 0.9ρSkt(Ft), E , ct = 0)

≤ P
(

min
y∈{0,1}

ρkt(F
xt→y
t , µ) ≥ 0.6ρkt(Ft, µ), ct = 0

)
≤ Px∼µ

(
min

y∈{0,1}
ρkt(F

x→y
t , µ) ≥ 0.6ρkt(Ft, µ)

)
.

Note that here Px∼µ is taking expectation with respect to both x and Ht, with the distribution of
x ∼ µ being independent ofHt. Further, from Goel et al. (2023, Lemma 4.2), or Eq. (1), we have

Px∼µ

(
min

y∈{0,1}
ρkt(F

x→y
t , µ) ≥ 0.6ρkt(Ft, µ) |Ht

)
≤ min

{
5ρkt+1(Ft)

ρkt(Ft)
, 1

}
.

Note, that condition onHt, the only randomness in the above expression comes from x. Combining
Eq. (17) with the last two inequalities yields

Pt ≤ 1.2ϵ+ E
[
min

{
5ρkt+1(Ft)

ρkt(Ft)
, 1

}]
+ 2P(Ec)

≤ 1.2ϵ+ E
[
5ρkt+1(Ft)

ρkt(Ft)
1(E)

]
+ 3P(Ec)

≤ 1.2ϵ+ E

[
7.5ρSkt+1(Ft, µ)

ρSkt(Ft)

]
+ 3P(Ec) ≤ 17.7ϵ.

where the third inequality follows from Eqs. (11) and (14), and the last inequality follows by
P(Ec) ≤ 3ϵ and the definition of kt. Consequently,

E[ABSERR(T , z)] ≤
T∑
t=1

Pt ≤ 17.7ϵT.

Finally, we need to verify the assumption that P(Ec) ≤ 3ϵ for oblivious and adaptive adversaries.
Formally, our goal is to show that, with at most 3ϵ probability of failure,

∀F̃ ∈ G, k ∈ [d],
∣∣∣ρSk (F̃)− ρk(F̃ , µ)

∣∣∣ ≤ 2σN
k (F̃). (18)

We will separately show Eq. (18) for oblivious and adaptive adversaries.
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Verifying P(Ec) ≤ 3ϵ for oblivious adversaries. When the adversary is oblivious, we may con-
sider without loss of generality that the sequence of corrupted times as well as the corrupted sam-
ples are deterministic. Also, since in oblivious setting we let the algorithm update Ft at every time
t > max T , we have Ft = F ∩ {(xτ , yτ )}t−1

τ=max T +1. Apart from the fixed corrupted samples,
the sequence (xt)

T
t=max T +1 is independent of (xt)t∈T and as a result, G is independent of (xt)t∈T .

Also recall that by definition, for any given function class F̃ and k ∈ [d], the estimator ρ̂S1
k (F̃)

is unbiaised for ρk(F̃ , µ). Hence, using concentration bounds on the median in Theorem 14 with
δ = ϵ/dT and the union bound yields

P(Ec) = E [P(Ec | G)] ≤ ϵ

dT
|G| ≤ 3ϵ.

Verifying P(Ec) ≤ ϵ for adaptive adversaries. For adaptive adversaries, the argument is more
complex. This is because the samples S used for estimation (which are basically samples in (xt)t∈T )
are potentially dependent on the sequence (xt)

T
t=max T +1, hence we can no longer assume samples

in S are independent G. Despite not having this convenience, we can utilize Lemma 11 which shows
universal concentration over all possible function classes of the form F ∩ A where F is the initial
hypothesis class and A can be any subset of less than l data points in X × {0, 1}.

For a run of WL(T , z), define the set of times

M := {t ∈ (max T , T ] : WL(T , z) makes a mistake at time t}.

Since in adaptive setting we only let the algorithm update Ft when there is a misclassification error,
each function class F̃ ∈ G is of the form F ∩ A for some A = {(xτ , yτ ) : τ ∈ M, τ < t}, or
A = {(xτ , yτ ) : τ ∈M, τ < t} ∩ (xt, z) for z ∈ {0, 1}. Either way, |A| ≤ |M|+ 1.

From the analysis of Misclassification error, |M| < 5d2 log(1/ϵ) almost surely. Therefore,
let N =

⌈
2000d2/ϵ

⌉
, δ = ϵ/d and l =

⌈
5d2 log(1/ϵ)

⌉
in Lemma 11. Then, one can check the

condition on m for Lemma 11 is satisfied:

⌈c0(D log(ND) + log(1/δ))⌉ ≤ ⌈c0(D log(D) + 8D + 3 log(d/ϵ))⌉ ≤ m.

Hence for each k ∈ [d], with probabilty at least 1− ϵ/d,

|ρSk (F ∩A)− ρk(F ∩A,µ)| ≤ 2σN
k (F ∩A,µ), A ⊆ X × {0, 1}, |A| ≤

⌈
5d2 log(1/ϵ)

⌉
.

In particular, every function class in G takes the form F ∩ A for some set of data points A with
|A| ≤

⌈
5d2 log(1/ϵ)

⌉
. Hence

∀F̃ ∈ G,
∣∣∣ρSk (F̃)− ρk(F̃ , µ)

∣∣∣ ≤ 2σN
k (F̃).

Union bounding over all k ∈ [d] finishes the proof.

Appendix E. Proofs of Section 5

We start by proving the learning guarantee for the DELETE algorithm which will be a subroutine
within the complete boosting procedure.
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Lemma 21 Fix C ≥ 0 and M ≥ 1. Consider an adversary for L weak learners which includes
at most M mistakes and at most C predictions per round. Denote by ŷt(s) ∈ {0, 1,⊥} the value
selected by DELETEs,C

2
at iteration t. Then, for any smax ≥ 1 and defined iteration n ≥ 1, there

exists s ∈ {0, . . . , smax} such that

|{t ∈ [n] : ŷt(s) /∈ {yt,⊥}}| ≤
8Mn ⌈logL⌉
smax + 1

.

Proof For each weak learner i ∈ [L] we denote by ri = |{t ∈ [n] : zi,t ̸=⊥}| its total number of pre-
dictions. Note that if ri = 0 for all i ∈ [L] then weak learners always abstain and hence the desired
result is immediate: the deletion algorithms also always abstain. We suppose this is not the case
from now. We fix a deletion parameter s ≥ 0 and denote by N(s) = |{t ∈ [n] : ŷt(s) /∈ {yt,⊥}}|
the number of mistakes of DELETEs,C

2
. We consider the random variable

r := rk where k ∼ Unif({i ∈ [L] : ri > 0})

is sampled uniformly among weak learners with at least one prediction. Next, for any l ≥ 1 we
define ql to be the 2−l-quantile of r, that is, ql ∈ N and

P[r ≥ ql] ≥ 2−l > P[r > ql].

We also pose q0 = 0. Note that since there are at most L rows, all quantiles ql are equal for l ≥ logL
to rmax := maxi∈[L] ri. We first consider the case when s ≥ rmax. In that case, after deletions, we
have z̃a,b =⊥ for all (a, b) ∈ [n]× [L] hence N(s) = 0. On the other hand, for l ∈ [⌈logL⌉], note
that for any integer s ∈ [ql−1, ql), we have

E[r − s | r > s] ≥ (ql − s)P[r ≥ ql | r > s] ≥ (ql − s)
P[r ≥ ql]

P[r > ql−1]
≥ ql − s

2
.

In particular, this shows that

Cn
(i)

≥
∑

t∈[n],i∈[L]

1[z̃i,t ̸=⊥] = E[r − s | r > s] · |{i ∈ [L] : ∃t ∈ [n], z̃i,t ̸=⊥}|

(ii)

≥ ql − s

2M

∑
i∈[L]

|{t ∈ [n] : z̃i,t /∈ {yt,⊥}}|

(iii)

≥ ql − s

2M
· C
4
N(s)

In (i) we used the fact that at each round, at most C weak learners make predictions. In (ii), we
used the previous lower bound on E[r− s | r > s] as well as the assumption that each weak learner
makes at most M mistakes. In (iii) we used the fact that by construction, DELETEs,C/2 follows the
majority vote if at least C/2 weak learners make a prediction. Hence, if ŷt(s) /∈ {yt,⊥} then at
least C/4 weak learners must have made a mistake. Altogether, we showed that

N(s) ≤ 8Mn

ql − s
.
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Algorithm 6: Aggregate algorithm for one layer AGGREGATEsmax,C

Input: number of experts L, minimum number of predictions C, maximum deletion smax ≥ 0

1 Initialize weights ws,1 = 1 for all s ∈ {0, . . . , smax}
2 for t ≥ 1 do
3 For y ∈ {0, 1,⊥} let Wt(y) :=

∑
s≤smax:ŷt(s)=y ws,t where ŷt(s) is the selection of DELETEst,C

4 Select ŷt = argmaxy∈{0,1,⊥}Wt(y)

5 For s ∈ {0, . . . , smax}, if ŷt(s) /∈ {yt,⊥}, update ws,t+1 =
ws,t

2 ; otherwise keep ws,t+1 = ws,t

We recall that there are at most ⌈logL⌉ values of form ql for l ∈ [⌈logL⌉]. In particular, either
smax + 1 ≤ ⌈logL⌉ in which case the desired bound is immediate since N(s) ≤ n. Or smax + 1 >
⌈logL⌉ hence by the pigeonhole principle, either s = rmax ≤ smax or there exists s = ql−1 for
l ∈ [⌈logL⌉] such that ql − s ≥ (smax + 1)/ ⌈logL⌉. In all cases, this proves the existence of
s ∈ {0, . . . , smax} such that

N(s) ≤ 8Mn ⌈logL⌉
smax + 1

.

This ends the proof.

Then, we present the full algorithm of AGGREGATE omitted in Section 5, which combines the
predictions of the DELETEs,C algorithms for s ∈ {0, . . . , smax}.

We next prove the misclassification error of the AGGREGATE algorithm using standard misclas-
sification guarantees for WMA (Littlestone and Warmuth, 1994).

Proof of Lemma 13 The misclassification error bound for AGGREGATEsmax,C/2 is essentially an
application of standard bounds for WMA, e.g. Littlestone and Warmuth (1994) (the proof directly
generalizes to multiclass case), for our parameters we can use MT (WMA) ≤ 4(M⋆ + logN) for
where MT (WMA) (resp. M⋆) is the number of mistakes of WMA (resp. of the best expert) for N
experts. Hence, the misclassification error of the WMA aggregates satisfies

|{t ∈ [n] : ŷt /∈ {yt,⊥}}| ≤ 4 min
s≤smax

|{t ∈ [n] : ŷt(s) /∈ {yt,⊥}}|+ 4 log(smax + 1).

Furthering the right-hand side using Lemma 21 gives the desired misclassification error bound.
Next, by construction, each algorithm DELETEs,C/2 for s ∈ {0, . . . , smax}, deletes at most the

first smax predictions for each weak learner. Hence for any iteration t ∈ [n], the prediction of any
weak learner i ∈ [L] such that |{t′ < t : zi,t′ ̸=⊥}| ≥ smax will not be deleted for any algorithm
DELETEs,C/2 with s ≤ smax. In particular, if at least C/2 such weak learners make a prediction
then all algorithms DELETEs,C/2 for s ≤ smax make a prediction. Hence, AGGREGATEsmax,C/2

also makes a prediction.

We are now ready to prove the main guarantee for our boosting procedure BOOSTING.

Proof of Theorem 9 Fix the parameters ϵ, smax,M . As in the algorithm, we denote by yt,i the
prediction of the weak learner i ∈ [L] at time t ∈ [T ] for the sequence of instances generated by the
adversary.
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Correctness of the algorithm. We start by checking that Algorithm 3 is well-defined, specifically,
that the while loop in lines 6-13 at each round t ≥ 1 terminates. Indeed, fix any iteration of this loop,
and let j ∈ [⌈logL⌉] be the index such that nt := | {i ∈ [L] : zi,t ̸=⊥} | ∈ (2−jL, 21−jL]. From
Lemma 13, the layer-j subroutine AGGREGATE

Qj

smax,2−jL
makes a prediction ŷ

(j)
t ̸=⊥ whenever at

least 2−jL weak learners i ∈ [L] make a prediction zi,t ̸=⊥ and have made at least smax predictions
in previous inputs to the layer-j subroutine. Additionally, note that the quantity smax−si,j precisely
counts the number of predictions of weak learner i in previous inputs to this subroutine. Hence, after
running lines 10-12, the prediction zi,t of weak learner i ∈ [L] is only kept if it made at least smax

predictions in previous inputs to the layer-j subroutine. For clarity, denote by z̃i,t the updated value
of zt,i after this operation. Altogether, this shows that if ŷ(j)t =⊥, then

ñt := | {i ∈ [L] : z̃i,t ̸=⊥} | < 2−jL.

In turn, this shows that the variable j is strictly increasing at each loop iteration, and hence must
terminate when either a prediction is made or nt = 0.

Misclassification error. In line 4 of Algorithm 3, we delete predictions of all weak learners with
at least M mistakes. To avoid confusions, we denote by z

(0)
i,t the corresponding updated recommen-

dation of weak learner i ∈ [L] at iteration t ∈ [n]:

z
(0)
i,t :=

{
⊥ if | {s < t : yi,s /∈ {ys,⊥}} | ≥M,

yi,t otherwise.

By construction, for each weak learner i ∈ [L], the recommendations z
(0)
i,t for t ∈ [T ] contain at

most M mistakes.
For any layer j = 1, . . . , ⌈logL⌉, we denote byQj,T the final value ofQj at the end of the algo-

rithm, that is,Qj corresponds to the set of times on which we ran the subroutine AGGREGATEsmax,2−jL.

Next, for any t ∈ Qj,T , denote by (z
(j)
i,t )i∈[L] the weak learner predictions input to this subroutine

at iteration t. Note that the layer-j weak learner recommendations z
(j)
i,t for i ∈ [L] and t ∈ Qj,T

are obtained from their counterpart z(0)i,t by deleting some predictions: z
(j)
i,t ∈ {z

(0)
i,t ,⊥}. Indeed,

throughout Algorithm 3, the only updates of the quantities zt,i are deletions, see line 11. In turn this
shows that the input fed to the subroutine AGGREGATEsmax,2−jL contain at most M mistakes, as
per Definition 12. By construction, these inputs also have at most 21−jL predictions per round—see
line 7 of Algorithm 3—as per Definition 12. Hence, Lemma 13 bounds the misclassification error
of the layer-j subroutine by∑

t ∈ Qj,T1[ŷ
(j)
t /∈ {yt,⊥}] ≤

32M |Qj,T | ⌈logL⌉
smax + 1

+ 4 log(smax + 1). (19)

Since at each iteration t ∈ [T ] we follow the prediction of one of the subroutines or abstain, we
can bound the total misclassification error by the sum of misclassification error of the subroutines:

T∑
t=1

1[ŷt /∈ {yt,⊥}] ≤
⌈logL⌉∑
j=1

∑
t∈Qj,T

1[ŷ
(j)
t /∈ {yt,⊥}]

≤ 32MT ⌈logL⌉2

smax + 1
+ 4 log(smax + 1) ⌈logL⌉ ,
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where in the last inequality we used Eq. (19) and the fact that Qj,T ⊆ [T ] for all layers j. Using
smax ≤ T gives the desired bound for the misclassification error of Algorithm 3.

Abstention error. By construction, the algorithm abstains ŷt = 0 only if at the end of while loop
in lines 6-13, all weak learner updated recommendations are abstentions: nt = | {i ∈ [L] : zi,t ̸=⊥} | =
0. We recall that these updated recommendations are obtained from z

(0)
i,t by potentially deleting pre-

dictions in line 11. Note, however, that there are at most smax deletions for each layer j throughout
the complete procedure, as depicted by the counts si,j . Formally, if we denote by zi,t its value at the
end of the while loop, for each i ∈ [L] we have

|{t ∈ [T ] : ŷt =⊥ and z
(0)
i,t ̸=⊥}| ≤ |{t ∈ [T ] : zi,t =⊥ and z

(0)
i,t ̸=⊥}| ≤ smax ⌈logL⌉ .

Additionally, if weak learner i makes strictly less than M mistakes, then line 4 of Algorithm 3 never
deletes its predictions and hence yt,i = z

(0)
i,t . Together with the previous equation this implies

ABSERR ≤ ABSERR(i) + smax ⌈logL⌉ ,

where ABSERR(i) denotes the abstention error of weak learner i. This ends the proof.
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