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Abstract
We develop parameter-free algorithms for unconstrained online learning with regret guarantees that
scale with the gradient variation Vp(u) = Zthg |V fe(w) — V f—1(u)||*. For L-smooth convex
losses, we provide fully-adaptive algorithms achieving regret of O(|Ju|| /Vr(u) + L ||u]® + G*)
without requiring prior knowledge of comparator norm ||u||, Lipschitz constant GG, or smoothness
L. The update in each round can be computed efficiently via a closed-form expression. Our results
extend to dynamic regret and find immediate implications for the stochastically-extended adversarial
(SEA) model, which significantly improves upon the previous best-known result (Wang et al., 2025).

1. Introduction

Online learning (Cesa-Bianchi and Lugosi, 2006; Orabona, 2019) is a fundamental paradigm in
machine learning for modeling and analyzing sequential prediction and decision-making problems.
An online learning process is formalized as an interaction between a learner and the environment.
Atiteration t € [T7], the learner chooses a decision w; from a feasible domain W C R4, after which
the environment reveals a loss function f; : W — R, and the learner incurs a loss f;(w;). A general
performance metric is the dynamic regret (Zinkevich, 2003; Zhang et al., 2018), which evaluates the
cumulative loss against a sequence of comparators:

T T
REGT (urr) £ fi(w) =Y filus), (D
t=1 t=1
where the comparators uy.7 = (ug,...,ur) in W are unknown, and their variability is typically

measured by the path length Pr(uj.7) £ Zthz |lus — ug—1]|. When restricting to a fixed compara-
tor u € W, dynamic regret reduces to the standard notion of static regret, denoted by REG7(u).

* Equal Contribution.
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1.1. Gradient-Variation Adaptivity

A rich theory has been developed for both static and dynamic regret minimization in the last decades
(Zinkevich, 2003; Shalev-Shwartz, 2012; Orabona, 2019; Hazan, 2022). Notably, recent studies
suggest the importance of problem-dependent adaptivity (de Rooij et al., 2014; Foster et al., 2015;
Roughgarden, 2021; Zhao et al., 2024), which aims to achieve tighter bounds for benign problem
instances while preserving minimax optimality in the worst case. Among various measures of prob-
lem difficulty, a key quantity is the gradient variation (Chiang et al., 2012; Yang et al., 2014),

defined as
T

Vi £ sup |Vi(w) = Vi (w)]?, 2

—9 weWw

which captures how the problem evolves over time in terms of the function gradients. When the
feasible domain is bounded (i.e., ||z — y|| < D forall z,y € W) and the online functions are convex
and L-smooth (i.e., |V fi(z) — Vfi(y)|| < L|lz — y| for all z,y € W), it is known that optimal
O(D+/ViF + LD?) static regret (Chiang et al., 2012) and O (D+/V; (1 + Pr) + L(D? + DPr))
dynamic regret (Zhao et al., 2020) can be achieved. Gradient-variation-based online learning has
attracted growing interest in recent years. In particular, Zhao et al. (2020) introduced gradient
variation into dynamic regret minimization and proposed novel techniques that have inspired many
subsequent works (Zhang et al., 2022; Sachs et al., 2022; Xie et al., 2024; Mhaisen and losifidis,
2025; Zhao et al., 2025¢; Wang et al., 2025; Zhao et al., 2025b; Yu et al., 2026). Gradient-variation
adaptivity has been revealed to have tight connections to a broad class of optimization problems.
For example, this adaptivity is shown to be crucial for achieving fast convergence rates in minimax
optimization/games (Syrgkanis et al., 2015; Zhang et al., 2022), as well as for attaining acceleration
in offline smooth convex optimization (Cutkosky, 2019a; Zhao et al., 2025c). Moreover, recent work
demonstrates that controlling gradient-variation regret is essential for obtaining adaptive guarantees
under the Stochastically Extended Adversarial (SEA) model, which interpolates between adversarial
online optimization and stochastic convex optimization (Sachs et al., 2022; Chen et al., 2024).

1.2. Parameter-Free Online Learning

Most existing gradient-variation online learning algorithms rely on the assumption of a bounded
feasible domain. In many practical scenarios, however, the domain is naturally unbounded, making
it infeasible to impose an a priori diameter upper bound D on the comparator norm |u||. This
limitation motivates the study of parameter-free online learning (Chaudhuri et al., 2009; Mcmahan
and Streeter, 2012; Orabona, 2013; McMahan and Orabona, 2014; Orabona and Pal, 2016; Jacobsen
and Cutkosky, 2022; Cutkosky and Mhammedi, 2024), which aims to design algorithms that do not
require such problem-dependent quantities as inputs.

A central requirement of parameter-free algorithms is being comparator-adaptive: the abil-
ity to achieve regret bounds that scale favorably with the unknown comparator norm ||u||. When
the Lipschitz constant G of loss functions is further unknown,' a parameter-free online algorithm
must also be Lipschitz-adaptive, meaning it attains the desired regret without prior knowledge
of (G. Algorithms that satisfy both comparator-adaptivity and Lipschitz-adaptivity are sometimes
referred to as fully-adaptive methods (Cutkosky and Mhammedi, 2024). The best known fully-

1. The Lipschitz constant G is used to denote the empirical gradient norm max; ||V f¢(w;)||, when there’s no ambiguity.
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adaptive result is achieved by Cutkosky and Mhammedi (2024), who attained a static regret of order
REG7(u) < O(|[Jul]| GVT + llu)® + G?) with O(-) omitting poly-logarithmic factors.

For gradient-variation regret over unbounded domains, two previous works are most relevant.
Jacobsen and Cutkosky (2022) proposes a mirror descent-based algorithm that obtains comparator-
adaptive gradient-variation regret, but requires full-information feedback f;(-) since it applies an
implicit update (Campolongo and Orabona, 2020) in its optimistic step. Wang et al. (2025) study
the stochastically-extended adversarial (SEA) model—a closely related setting where gradient-
variation online learning plays a central role—and attain a comparator-adaptive regret bound of
5( lull \/VF + Hu||2) when the Lipschitz constant is known, using only first-order feedback.
However, their algorithm relies on a two-layer meta-base structure that maintains O(log® T') base
learners, which is significantly more expensive than the O(d) per-round computation used to obtain
gradient-variation bounds in the bounded domain setting. Moreover, when further targeting Lips-
chitz adaptivity, their method suffers a significant deterioration of the leading term to ||u/|? V'V
giving a sub-optimal dependence on the comparator norm. As such, a natural open question arises:

Is it possible to achieve gradient-variation regret in a fully adaptive, parameter-free manner over
unbounded domains with an efficient algorithm?

1.3. Our Contributions

In this paper, we provide an affirmative answer by developing the first fully-adaptive algorithm for
gradient-variation online learning in the unconstrained domain, requiring no prior knowledge of
the comparator norm ||u||, the Lipschitz constant G, or the smoothness parameter L. Notably, our
algorithm is efficient, with a closed-form update that can be computed in O(d) time per round.

To begin, we clarify the definition of gradient variation in the context of unbounded domains.
The original definition of V1 in Eq. (2) does not work well in this context, as the R?-domain may
easily cause it to scale as O(G?T), reducing back to a non-adaptive worst-case dependence. Instead,
we introduce a more appropriate definition that supports arbitrary comparators uy.7 € R? as:

T
Vr(urr) 2 IV filu1) = Vi (ue)|?, 3
=2

which quantifies the gradient variation between consecutive functions on the sequence. The time-
varying comparators primarily serve to accommodate dynamic regret. For static regret over a
bounded domain W, it captures the original definition in Eq. (2) since Vip(u) < Vi for any u € W.

We provide both comparator-adaptive and fully-adaptive gradient-variation regret bounds. A
summary of our contributions and a comparison to prior works can be found in Table 1.

Comparator-adaptive regret. = We first propose an optimistic-to-gradient-variation reduction,
which transforms the challenge of achieving comparator or fully-adaptive gradient-variation regret
bounds into the problem of attaining standard optimistic regret in online learning. This reduction
leverages the negative Bregman divergence terms that naturally arises in regret linearization. As
a warm-up, we show that by instantiating this reduction with the existing optimistic comparator-
adaptive algorithm from Jacobsen and Cutkosky (2022), we obtain a comparator-adaptive gradient-
variation bound of O(||ul| \/Vr(u) + L ||ul|* + G |lul|) with efficient closed-form updates requir-
ing only O(d) computational cost per round, significantly improving the efficiency of the best-
known prior result (Wang et al., 2025), which maintains a meta-base ensemble structure requiring
O(log® T') computation on each round.
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Table 1: Comparison of parameter-free gradient-adaptive regret, where g; € 9 f;(w;) denotes the gradient
feedback on round ¢. “Efficiency” denotes the order of per-round computational cost.

Setting Reference Regret in 6(-)—notation Efficiency
Jacobsen and Cutkosky (2022) lull v/ SF 5 gt — gea | + G lul] O(d)
Comparator 5 2 ) ) ) )
Adaptive Wang et al. (2025) llull \/ Vi + L? |Jul” /G* + G* ||ul| O(dlog®T)
Ours, Theorem 2 lull /Vr(w) + L |Jull® + G |lul O(d)
Cutkosky and Mhammedi (2024) Nl A/ Ngell® 4 [l fe + G2/ O(d)
Fully Wang et al. (2025) lull® /ViF + L2 [Jul* + G fJul® + G? |Jul* + G/, |lg:l| 0(d)
Adapti . . .
aptive Ours, Theorem 3 [l Vi) + L [Jul® + Jull® Je + €G2 O(d +logT)
Ours, Theorem 4 lull o/ Vo) + L |ull® + 7 |ull?® /e + G4 /+3 O(d)

Fully-adaptive regret. We then design fully-adaptive methods for gradient-variation regret that
require no prior knowledge of ||u|| or G, which is the main focus of this work and constitutes the key
technical contributions of the paper. We provide two algorithms. (i) Starting from the comparator-
adaptive optimistic result of Jacobsen and Cutkosky (2022), we propose a simple algorithm to in-
corporate Lipschitz adaptivity, which is accomplished by a virtual clipping technique over the op-
timistic gap in the regularizer and adding a quadratic penalty to form a hybrid regularizer. This
yields a fully-adaptive gradient-variation bound O(||u|| /Vr(uw) + L ||u||? + G?), strictly improv-
ing the prior best-known result of Wang et al. (2025) whose leading term is HuH2 \/VT‘F . However,
its update lacks a closed-form expression and may incur a computational cost of O(d + logT')
per round. (ii) We extend the fully-adaptive non-optimistic algorithm of Cutkosky and Mhammedi
(2024) by equipping it with optimistic guarantees, which is achieved by a refined optimistic reduc-
tion (Cutkosky, 2019¢). The resulting algorithm admits closed-form updates in O(d) time per round
and achieves regret O(||u|| /Vr(u) + L |[ul|* + G*), though suffers a slightly larger lower-order
dependence of G* instead of G2. A comparison of the results can be found in second half of Table 1.

Dynamic regret and the SEA model. We extend our fully-adaptive algorithm to optimize dy-
namic regret in Eq. (1). By combining it with a one-dimensional reduction (Cutkosky and Orabona,
2018) and an anytime Lipschitz-adaptive algorithm over the unit ball, we obtain a dynamic regret
bound with leading terms as O(/(M2 + M Pr)Vr(u1.7) + L(M? + MPr) + GPr), where
M = max; ||u]|, using O(dlogt) time per iteration ¢. We further apply this to the Stochastically
Extended Adversarial (SEA) model (Sachs et al., 2022), an intermediate setting between adversarial
and stochastic convex optimization. Our gradient-variation dynamic regret bound translates to the
SEA setting by replacing Vir(u1.7) with the sum of stochastic variance and adversarial variation.
This yields the first dynamic regret guarantee for the SEA model in the unconstrained setting and
substantially improves upon Wang et al. (2025), who only provide static regret and suffer a quadratic
dependency ||ul|? Vi, where V1 can be much larger than our problem-dependent Vr(uy.7).

Notations. Let [N] = {1,..., N} denote the set of integers up to N > 1. We define log, (-) =
max{1,log(-)}. For an indexed collection {a;}:>1, we also write (a;); when it is clear from the
context. The Bregman divergence with respect to a differentiable convex function 1 is Dy, (z,y) =
U(x) —Y(y) — (V(y), x — y). Unless otherwise specified, ||-|| denotes the ¢5-norm. Finally, the
5(-)—notati0n suppresses logarithmic factors, and we treat log log 7" as a constant.
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Organization. The rest of the paper is organized as follows. Section 2 provides the results for
comparator-adaptive gradient-variation bounds. In Section 3, we propose two fully-adaptive al-
gorithms and their analysis. Section 4 presents the applications to dynamic regret and the SEA
model. Section 5 concludes the paper. All the proofs are deferred to the appendix.

2. Warm Up: Comparator-Adaptive Gradient-Variation Bounds via Optimism

In this section, we first establish a simple black-box reduction that obtains comparator-dependent
gradient variation bounds from standard optimistic OLO bounds. We then present as an immediate
application a comparator-adaptive gradient variation bound using Jacobsen and Cutkosky (2022).

2.1. Gradient-Variation Black-Box Reduction

Instead of building gradient-variation bounds from scratch, we provide a simple black-box reduc-
tion that leverages the existing results in optimistic online learning (Jacobsen and Cutkosky, 2022).
In addition to receiving standard gradient feedback g; € Of;(w;), an optimistic online algorithm
receives an optimistic “hint” vector h; at the beginning of each round, which can be leveraged to
achieve improved guarantees when the hints accurately predict the next gradient, h; =~ ¢;. The fol-
lowing theorem shows that any online algorithm achieving a standard optimistic regret bound (i.e.,
regret scaling with />, |lg: — h+||?) can also deliver a gradient-variation regret bound when the
losses are L-smooth by setting the optimistic hint as hy = g¢—1.

Theorem 1 (Optimistic-to-Gradient-Variation Reduction) Let U be a class of sequences in RY,
and let A be an online learning algorithm that receives {g;}1_, as gradients and takes {h;}1_, as
optimistic hints. Suppose A guarantees that for any sequence ui.7 € U that

T
> llge = hel®.
t=1

Then for any sequence of G-Lipschitz, L-smooth convex functions { ft}?:p by setting g, = V f(wy)
and hy = g1, A achieves

Z gt wy — uy) < Ar(ur.r) + Br(uir) 4
t=1

112
REGT(ur.r) < Ap(ur.r) + 4LBr(urr)® + QBT(U1:T)\/G2 + Vp(urr) + L2P¥1 I (ur:r), (5)
2
where PJHJH (ur.r) 2 S35, lue — ue1||? is the squared path length.

The proof is provided in Appendix A.1, where the key idea is to appropriately decompose the
llgr — gi—1 H2 term and leverage a negative Bregman divergence term that naturally arises from regret
linearization (Yan et al., 2024). While the theorem is framed in terms of dynamic regret, it also
applies to static regret by considering the class of fixed sequences u; = - - - = up in R%. Similarly,
the theorem can also be applied to constrained settings, so long as smoothness is still defined over the
entire space (or at least over a slightly augmented space; see, e.g., Yan et al. (2024, Appendix A)).

We also remark that the result above simultaneously implies small-loss bounds, scaling with
Fr(upr) 2 Zthl( fe(uy) —inf ,cpa fe(w)). Indeed, in Appendix A.1 we show that the obtained
bounds more generally scale with O(\/ min { LEp(uy.7), VT(ul:T)}). Thus, each of our results
in what follows simultaneously achieve small-loss bounds. Throughout the paper we focus our
discussion on the gradient variation bounds for simplicity.
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2.2. Implication to Comparator-Adaptive Gradient-Variation Regret

When the Lipschitz constant G is known a priori, we can immediately apply Theorem 1 to achieve
comparator-adaptive gradient variation bounds using existing algorithms. Indeed, Jacobsen and
Cutkosky (2022) showed that optimistic Follow-The-Regularized-Leader (FTRL) with a carefully-
designed regularizer can achieve comparator-adaptive optimistic regret.” Briefly, it updates by

-1 flwll
_ il h s PE PF _ : {102;(517/04'*‘1) f/} de.
wy a§€$jn< ¢+ SE:1g ,w> + iy (w, ), Yy (w, ) /0 nglll}l@ 1 ) de
(6)

Here, 1" (w, oy) is a parameter-free® regularizer, V; o< Y°'Z} ||lgs — hs]|® is the empirical gradient
variation, and (o ); is a non-increasing sequence. Intuitively, this regularizer applies weaker regular-
ization compared to the typical quadratic regularizer % ||wl||?, adaptively balancing the trade-off be-
tween the ||u/|-term and the empirical gradient variation V7. This ensures that 5 (u) < O(||ul| VVr)
without any explicit tuning based on ||u||. With an analysis similar to that of Jacobsen and Cutkosky
(2022), this algorithm guarantees:

T
REGT(u) < 0<HUII > llge = hal® + G ull +6G)- ™)

t=1

A detailed specification of the algorithm can be found in Algorithm 4 of Appendix A.3. Com-
bined with the optimistic-to-gradient-variation reduction in Theorem 1, we obtain the following
comparator-adaptive gradient-variation regret, whose proof is provided in Appendix A.4.

Theorem 2 (Comparator-Adaptive Gradient-Variation Regret) For any u € R%, Algorithm 4
(in Appendix A.3) with hy = g,_1 guarantees

REGT(U) < 6( ||’LL|| \/VT(U) (10g+ M) + L ||u||2 + G ||u|| + EG) .

where we keep the log factors of the dominant term in the 9] (+)-notation for clarity. Moreover, the
algorithm admits an efficient closed-form update with O(d) time per iteration.

Importantly, albeit with a seemingly complex form, the update Eq. (6) admits an efficient closed-
form update formula, as shown in Algorithm 4, requiring only O(d) time per round. In contrast,
the prior best-known result (Wang et al., 2025) requires O(d log? T') computation per-round and is
significantly less efficient than ours. This inefficiency arises from their use of an online ensemble
that maintains O(log? T') base learners: they derive a range for the comparator norm ||u|| to prevent
the bound from being vacuous, discretize this range, and run a base learner in a bounded domain for
each candidate diameter. A meta-algorithm is then used to combine the outputs of base learners.

2. Jacobsen and Cutkosky (2022) primarily focus on a mirror-descent-based formulation for dynamic regret minimiza-
tion. Here, since we focus on static regret, we provide an analysis based on FTRL which significantly streamlines
their arguments.

3. The regularizers associated with comparator-adaptive guarantees are also sometimes referred to as linearithmic reg-
ularizers, due to their log-linear form (Orabona and Pdl, 2021).
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3. Fully-adaptive Gradient-Variation Bounds

Now we target fully-adaptive gradient-variation regret, where neither the comparator norm ||u|| nor
the Lipschitz constant G is known in advance. Leveraging the optimistic-to-gradient-variation re-
duction, it suffices to design a fully-adaptive optimistic algorithm. There are two possible approaches:

(i) Begin with the comparator-adaptive optimistic algorithm (Jacobsen and Cutkosky, 2022) and
enhance it with Lipschitz adaptivity, as described in Section 3.1.

(ii) Alternatively, start from the fully-adaptive non-optimistic algorithm of Cutkosky and Mhammedi
(2024) and extend it to its optimistic counterpart, as presented in Section 3.2.

We will discuss the challenges inherent in these extensions when using existing techniques and
introduce new ideas to overcome them. The algorithm in Section 3.1 is conceptually simple and
enjoys optimal regret bounds, but it lacks a closed-form update and requires a line search to imple-
ment. Alternatively, the approach in Section 3.2 extends the algorithm of Cutkosky and Mhammedi
(2024) using a new optimistic reduction, leading to an algorithm having an efficient closed-form
update while maintaining nearly the same regret bounds, with only slight deterioration in horizon-
independent lower-order terms.

3.1. A Simple Algorithm via Virtual Clipping

When the Lipschitz constant G > max;e[7y ||g¢|| is unknown, it is natural to employ the observable
maximum gradient norm G; = max,<¢ ||gs|| as a guess of G. This motivates the gradient clipping
technique from Cutkosky (2019b), which is now a standard approach to obtain Lipschitz- adaptivity
In particular, Cutkosky (2019b) proposes feeding the online algorithm with clipped gradients g, =

g min{1,Gy/ ||g¢||}, which are instead bounded by the known Lipschitz constant G;. Then this clip-
ping reduces the problem to regret against a sequence of clipped gradients in a black-box manner:

T T
Z G, W — u) <HuH+mawatH> Z gt, Wy — ) )]
t=1 telr) t=1

However, in unbounded domains the term max; ||w,|| is typically difficult to control, leading to an
additional cubic penalty G ||ul|® in prior works (Cutkosky, 2019b; Mhammedi and Koolen, 2020).

Our key insight is that instead of applying a black-box clipping argument, feeding the true gra-
dients g; to the algorithm while including an additional quadratic regularizer allows one to apply a
virtual clipping argument which incurs only an O(||u|?) overhead. Crucially, the ||ul|® vs. |ju| de-
pendency is a key distinction as the latter matches the L ||u]|* term in the optimal gradient-variation
regret (Chiang et al., 2012), and in the context of our gradient-variation bounds from the previous
section, a ||u|? overhead is negligible because we already expect to incur an O(||u||?) term from
Theorem 1. Moreover, the ||u|? penalty only dominates the worst-case bound O(||u||® + |ju/| v/T)
when that bound is vacuous (i.e., |u|| = Q(v/T)). By contrast, a ||u® penalty can dominate even
in non-vacuous regimes, so it cannot be treated as a lower-order term.

Virtual clipping via quadratic regularization. To illustrate the crux of the virtual clipping ar-
gument, consider a standard FTRL update, w11 = arg min,cpd <Z§:1 Js, w> + Wiy (w) where
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Algorithm 1: Simple Fully-adaptive Optimistic Algorithm

Input: € > 0,7 >0

Initialize: w; = 0, h; = 0, M; = v.8=1

Define: Regularizer )" (w; o, V, M) = BfH vl min, <y /p [% + nV} dz

fort=1:7do
Play w, receive gradient g; = V f;(w;) and optimistic hint /4

Define:
At:gt_hta At:AtmiH{l,ﬁit”}, ]/\4\'15_‘_1 :max{]/\J\t,HAtH}
A2 7
Bt+1 _4+Zz 1”1\42H ’ ‘/H'l _4M+1+Zz 1||A || Q41 = m

Choose regularizer Wy 1(w) = ¢ (w; a1, Vg, ]\/Ztﬂ) + g [|w]|?
Update w41 = arg min,, cpd <ht+1 + 22:1 Js, w> + Uy (w)

end

W, is an arbitrary convex regularizer. Then using the standard regret analysis (Orabona, 2019,
Theorem 7.1), it can be shown that if (¥;), is a non-decreasing sequence of regularizers, we have

T T
Z gt;wt - U < ‘I’T+1 )+Z (<gt;wt - wt+1>_D\I/t (wt+1,wt)> = ‘I’T+1(U)+Z 9. (9)
t=1 t=1 t=1

Inside the stability term Zthl d¢, if we replace g; with their clipped quantities g;, then

T @ T 5
;(ﬁ < 2% + ; ( (G, we — wegr) + 5 |wi — wis1]]* = Dy, (wes1, wt)>, (10)

where we have used Fenchel-Young inequality to bound ||g; — g¢|| ||we — wiy1] < % llge — el +
g ||w; — wey1]|* and used an argument similar to Cutkosky (2019a) to bound Zthl lge — GilI* =
O(G?). Now the differences g l|wg — wyg1]|* can be cancelled completely by simply including a
matching quadratic penalty in W, to form a hybrid regularizer: ¥;(w) = ¥ (w) + g [Jw]|.

The above illustrates why we refer to our approach as virfual clipping. Unlike Cutkosky
(2019b), our approach passes the algorithm the true subgradients g; rather than the clipped g,
yet by including a quadratic penalty in ¥, we are able to replace the g; appearing in the stabil-
ity term with the clipped quantity in the analysis, allowing us to control this term using standard
comparator-adaptive regularizers, such as the one discussed in the previous section, defined in terms
of the clipped gradients g;.

Notably, the discussion above easily extends to optimistic updates by replacing g; with A; £
gt — hy and G with Ay £ Ay min {1, maxs<; || As||/||A¢||}. The resulting algorithm is shown in
Algorithm 1, and its regret guarantee is presented in Theorem 3, with proof in Appendix B.1.

Theorem 3 For any u € RY, Algorithm 1 with hy = g;_1 guarantees

REGT(u) < 5( || \/VT(u) (10g+ M) + (L4 2) Jull® + 7 [lu] + eG(% +1) + 67).

8
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Ideally, we would set € in terms of ||u|| and 7 in terms of G, so that these low-order terms
would correspond to the appropriate units of G ||u||. Nonetheless, observe that we may set these
parameters naively (e.g, ¢ = v = 1) without significantly impacting the main terms in the bound.

Theorem 3 strictly improves over the previous best-known bound for fully-adaptive gradient-

variation regret O (||ul|> /VF + L2 |Ju]|* + G [[ul® + G ||lu|* + G*\/ 31—, ||g¢]]) from Wang
et al. (2025), improving both the leading terms and constant penalties. Moreover, Algorithm 1 is
relatively simple compared to alternative approaches and analyses (Cutkosky and Mhammedi, 2024)
because it lets us immediately apply existing parameter-free regularization strategies—all we had
to do was add an additional quadratic regularizer.

Computational efficiency. Although Algorithm 1 is conceptually simple, computing the update
requires careful implementation to ensure computational efficiency. In each round the direction of
wyy1 18 straightforward to obtain, but its magnitude must be determined by solving an equation that,
in general, admits no closed-form solution and requires a line search. Fortunately, our algorithm
guarantees that ||w;;1|| remains close to ||w;||, so one can efficiently search for ||w;1]|| within
a small interval around ||w;|| to achieve a sufficiently small approximation error. The following
proposition states useful constraints for computing w1, with full details deferred to Appendix B.2.

Proposition 1 Algorithm 1 guarantees that, for any t € [T, the direction of w1 is determined by

w1 b + > e Ys

||wt+1|| B Hht—i-l +Zi:1 gSH‘

Moreover, denoting o = a1, V = Vi1, and M = M, | the magnitude of w1 satisfies

llge — hi + hega]|
| NJwegr || = llwe | < 3 L and
t o 1
ht+1—‘,—ng — {6\/V1D(Hwt+1”/a+1)+ﬁ|U}t+1|, if M < %’
s=1 3 (M In([lwes|l /oo + 1) + %) + B ||lwegr]|,  otherwise.

Proposition 1 implies that, at each round, the direction of w1 is determined exactly, and the norm
of w41 lies in an interval of length at most O(G/3). This interval can be efficiently searched via
binary search to obtain an e-approximate solution. For example, to achieve up to e = O(1/T) ac-
curacy, it suffices to use O(log T') iterations to check the above 1-D equation per round, leading to
an overall O(d + log T') per-round time complexity, which actually improves upon the O(d log? T
complexity of the ensemble method of Wang et al. (2025), while also avoiding their assumption of
a known Lipschitz constant. Hence, our approach improves the state-of-the-art both in terms of re-
gret and computational overhead. Given the conceptual simplicity of the algorithm and its analysis,
we believe this approach will be of independent interest for Lipschitz adaptivity in online learning.

3.2. An Efficient Algorithm via Optimistic Reduction

In this part, we present an efficient fully-adaptive optimistic algorithm by extending the algorithm
of Cutkosky and Mhammedi (2024) using a refined optimistic reduction.
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Algorithm 2: Efficient Fully-adaptive Optimistic Algorithm

Input: € > 0,7 >0

Initialize: Instantiate two instances of the algorithm of Cutkosky and Mhammedi (2024),
A, (e,7) applied on R%, and A, (¢/,~?) applied on R.

fort=1:T7do
Receive optimistic hint h;

Get z; € R? from A, and y; € R from A,
Play w; = x4 — yhy and observe g; = V fi(wy)
Pass g; to A, as the t" gradient
Pass — (g¢, ht) to Ay as the t" gradient

end

Challenge in extending Cutkosky and Mhammedi (2024) to optimistic updates. Cutkosky
and Mhammedi (2024) proposed an efficient algorithm that is free of both G and ||u/|, ensuring an
5( ull /5 Ngel 2+ |l +G?) regret. Unfortunately, their approach requires a very delicate anal-
ysis involving low-level interactions between the gradient clipping reduction (Cutkosky, 2019b) and
an internal application of a constraint-set reduction due to Cutkosky and Orabona (2018), making it
difficult to extend beyond the original scope.

In fact, the extension to optimistic updates is particularly problematic, as the constraint-set
reduction adds an additional term to the feedback that can ruin the optimistic guarantee, as detailed
by Cutkosky (2019b) and subsequently observed in several follow-up related works (Cutkosky,
2019b; Bhaskara et al., 2020, 2021; Zhao et al., 2025a). Indeed, the corlstraint—set reduction of
Cutkosky and Orabona (2018) modifies the learner’s feedback at time ¢ to £; = g; + ||g¢|| V.S (wy),
where VS(wy) € 0 |Jw; — Iy (wy)|| and satisfies |[VS(w)|| < 1.* In the context of an optimistic
update, this additional term can dominate the desired optimistic dependency, since ZtT:l 14 —
hel> = O |lgs — Rel|® + lgel|?). This incompatibility between optimism and the constraint-
set reduction in turn makes it highly non-trivial to extend the approach of Cutkosky and Mhammedi
(2024) to an optimistic guarantee in any white-box manner.

Refined optimistic reduction. To address this issue, we avoid this incompatibility by using a
refined version of the optimistic reduction from Cutkosky (2019c¢), which directly converts the regret
to an optimistic form in a black-box manner. In this way, the aforementioned constraints are applied
internally within the base algorithms, rather than externally on top of them, allowing us to retain the
efficiency benefits of Cutkosky and Mhammedi (2024) without ruining the optimistic guarantees.
However, this reduction is typically applied under the assumption that ||2;|| < 1 for all ¢, which is
not suitable for our Lipschitz adaptive setting. The following proposition, proven in Appendix B.4,
provides a refinement of the reduction which accounts for a time-varying Lipschitz constant.

Proposition 2 (Refined Optimistic Reduction) Let A, and A, be online algorithms defined on
W, = R? and Wy = R respectively. Suppose the following conditions hold:

« Foreach z € {x,y}, A, guarantees REG7* (u) < A7 (u) + B (u)/ S/, llg¢|| for any

u €W, and {gt}le in W,, where Aéz and B7* are non-negative functions.

4. Refinements of the constraint-set reduction exist which slightly improve constant factors and take a slightly different
surrogate penalties, but these still suffer the same incompatibility with optimism described above (Cutkosky, 2020).

10
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. AT is non-decreasing andB Y(y) < |y| Ar(9) for some non-decreasing function Ay (y) > 1.

Then for any u € R, Algorithm 5 (in Appendix B.4) enjoys the following optimistic bound:

T
S ge we — u) < A (u) + AP (§) + 27 (u) | HEAr(§ Zugt hell> = [1he])?]
t=1

= B“T4“”(u)/HT, and [z £ max{z,0}.

where Hy = max;c 7y || b,
Applying this refined optimistic reduction with A, and .4, being two instances of the algorithm
of Cutkosky and Mhammedi (2024) (with regret guarantee restated in Lemma 11) leads to the full

algorithm summarized in Algorithm 2. We then have the following fully-adaptive regret guarantee
with proof in Appendix B.3.

Theorem 4 For any u € RY, Algorithm 2 with hints hy = g;_1 guarantees REGy(u) bounded by

(HUH \/ Vi (u) (log Huugﬁ) +(L+2+ %) l|ul* + eG(%f + %) + 67> _

Moreover, the algorithm admits an efficient closed-form update with O(d) time per iteration.

Algorithm 2 is the first efficient and fully-adaptive optimistic algorithm for unconstrained set-
tings. Compared to Theorem 3, it maintains the same favorable leading term related to gradient
variation. However, the lower-order term slightly deteriorates from G? to G*, because the algo-
rithm A, receives feedback (g, h;), and hence has an effective Lipschitz constant of G? when
setting hy = ¢g;—1. This then leads to the G* penalty when applying the fully-adaptive guarantee
in Cutkosky and Mhammedi (2024). We suspect that this is an artifact of the analysis, though it is
currently unclear how to further refine the black-box reduction to avoid this penalty while still allow-
ing the proper cancellations in the analysis. We leave this as an important direction for future work.

4. Applications

In this section, we extend our parameter-free gradient variation results to two important applications:
dynamic regret minimization and the stochastically-extended adversarial (SEA) setting.

4.1. Dynamic Regret

Previous works on gradient-variation dynamic regret minimization have primarily focused on con-
strained domains (Zhao et al., 2020, 2024). In this section we provide comparator-adaptive and
fully-adaptive algorithms achieving dynamic gradient variation bounds in unconstrained settings.

Comparator-adaptive dynamic regret. When the Lipschitz constant is known, we can simply
apply an optimistic extension of the comparator-adaptive dynamic regret algorithm of Jacobsen and
Cutkosky (2022) (e.g., adding an optimistic step, as in their Algorithm 3, to the base learner in their
Algorithm 2), followed by Theorem 1 to get comparator-adaptive gradient-variation dynamic regret.

11
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Theorem 5 For any sequence w1, . . . ,ur in RY, the optimistic extension of Jacobsen and Cutkosky
(2022, Algorithm 2) with hy = g;_1 guarantees

REGT(u1.1) < 5<\/ (M2 + MPr)Vr(ui.r) (log, L) + LM Pr + LM?* + eG),

where M = maxe (7] [|ul]-

While this result is a simple extension of existing results when applied with our reduction in
Theorem 1, we note that this is the first instance of an explicit gradient-variation bound for dynamic
regret in unconstrained domains, and hence fills an important gap in the literature.

Fully-adaptive dynamic regret. With an unknown Lipschitz constant, directly extending our pre-
vious fully-adaptive results to dynamic regret is challenging. For our first approach in Section 3.1,
including a quadratic regularizer in unconstrained domains significantly complicates dynamic regret
guarantees (Jacobsen and Cutkosky, 2023), and our black-box approach in Section 3.2 also does not
naturally extend to dynamic regret, since Cutkosky and Mhammedi (2024) provides only static
regret bounds based on FTRL, and extending their analysis to dynamic regret is highly non-trivial.

Instead, we can utilize a black-box reduction from Cutkosky and Orabona (2018), which de-
composes the regret into an unconstrained static regret problem — wherein we can apply our re-
sults from the previous section — and a dynamic regret problem on the unit ball, where existing
algorithms such as SWORD (Zhao et al., 2020) and SWORD++ (Zhao et al., 2024) can be deployed.
Specifically, the decision wy is decomposed as w; = y;x¢, with one online algorithm producing the
magnitude y; € R and another producing the direction x;. Applied to dynamic regret, this reduction
guarantees the following decomposition (Jacobsen and Cutkosky, 2022, Appendix J):

REGT(ur.7) < REGY(M) + MREGE (uy.0/M),

where REGY(M) is the 1D static regret with comparator M £ maxe (7] |||, and REGE (u1.7/M)
is the dynamic regret of the direction learner on the unit ball w.r.t the re-scaled comparator sequence.

To obtain gradient-variation guarantees, we further incorporate the optimistic scheme into this
reduction and summarize our algorithm in Algorithm 3. For the 1D algorithm 4,4, we employ our
fully-adaptive optimistic Algorithm 2. For the bounded domain algorithm Az, we use a standard on-
line ensemble method similar to Zhao et al. (2024), with an enhancement that applies time-varying
step sizes for base learners to achieve Lipschitz adaptivity, and the doubling trick to guide the in-
stantiation of new base learners. This online ensemble method is summarized in Algorithm 6 in
Appendix C.2, with the Lipschitz-adaptive and anytime theoretical guarantee in Theorem 12.

Finally, we provide our fully-adaptive and anytime dynamic regret guarantee in Theorem 6, with
a more detailed version and the proof in Appendix C.1.

Theorem 6 For any sequence uy,...,ur € RY, Algorithm 3 guarantees REGT (u1.7) bounded by

€y

O (\/(M2 + M Pr) min {Vr(u1.r), LFr(ui.r)} <log+ M)
(LM + G+ Pr+ (Lt L+ )M M + G (G + § +1) +€7>’

where M = maxe (7] ||ut|| and Pr(ui.T) = Zthl(ft(ut) —inf  cpa fr(w)). Moreover, the algo-
rithm runs in O(dlogt) time on iteration t.

12
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Algorithm 3: Fully-adaptive Gradient-Variation Dynamic Regret Minimization
Input: € > 0,7 >0
Initialize: gy = 0. Instantiate Algorithm 2 as .4;4(€,y) acting on R, and
instantiate Algorithm 6 as Ag(D := 1,) acting on the unit ball B = {w € R? : |w| < 1}

fort=1:Tdo

Set optimistic hint hy = g;—1

Pass h; to Ag as the t™ hint, and get x; from Ap

Pass (h¢, ;) to Ajq as the t™ hint, and get y; from A4

Play w; = y,x; and observe g; = V fi(wy)

Pass g; to Ap as the ¢ gradient, and pass (g, z;) to A14 as the ™ gradient
end

Theorem 6 provides the first fully-adaptive gradient-variation dynamic regret in the unconstrained
setting. It matches the best-known bound in the constrained setting (Zhao et al., 2024) up to logarith-
mic factors. By the optimistic-to-gradient-variation reduction, this theorem simultaneously achieves
a small-loss bound that can also be generally applied to static regret. Due to gradient-variation adap-
tivity, this result also readily applies to the stochastically extended adversarial model (Sachs et al.,
2022), yielding the first unconstrained dynamic regret in this setting, formally discussed below.

4.2. Stochastically-extended Adversarial Model

The stochastically-extended adversarial (SEA) model (Sachs et al., 2022) is an intermediate setting
between adversarial OCO and Stochastic Convex Optimization (SCO). The key difference from
standard OCO is that the losses f; are sampled from a distribution ®; chosen by the environment
on each round. This setting seamlessly interpolates between (potentially non-stationary) SCO when
. is chosen obliviously to the learners decisions—naturally modelling the non-stationary found in
many real-world applications such as the Online Label Shift problem (Bai et al., 2022; Qian et al.,
2023; Baby et al., 2023)—and the adversarial setting when ©; = ¢ 7 for arbitrary fs.
For the SEA model, the natural performance measure is the expected dynamic regret, i.e.,

T
E[REGT ulT th wt th(ut)
t=1

against a sequence of comparators u.7 that capture the non-stationarity of the environment, where
the expectation is taken over the randomness of the sampled functions f;. We assume that the
comparator sequence is oblivious, as elaborated later in Remark 1.

Letting Fy(w) = Ey9,[f:(w)], Sachs et al. (2022) introduced two quantities characteriz-
ing the difficulty of the environment: the stochastic variance 07 = sup,cyy Ef,~0,[||V fi(w) —
V F;(w)]|?], and the adversarial variation X £ sup,,cyy ||V E;(w) — VFi_1(w)||?. We consider the

following comparator-adaptive generalizations based on an arbitrary v € R%:
o}(w) £ By, [IVi(w) = VR [Fia ], and S3(w) 2 | VF () - VR ()], (1)

where we denote F;_; the sigma field generated up to the beginning of round ¢. The following
theorem then provides fully-adaptive dynamic regret guarantees for the SEA model, with proof
provided in Appendix C.3.

13
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Theorem 7 In the SEA model, for any oblivious comparator sequence us, . .. ,ur € R% such that
max; ||u|| < M with M > 0, Algorithm 3 guarantees E [REGT (u1.7)] bounded by

9) <\/ (M2 + MPy) (02, (urr) + 521 (urer)) (1og | MGYT )
+ (LM +G+~)Pr+ (L+%+]G—32)M2+7M+6G(Ej—§+§+1) +67>.

where o3 p(u1.r) £ 3y (0F (1) +07 (us-1)), and 23 1 (urr) £ 3 {_o S (ug-1). Moreover
the algorithm runs in O(dlogt) time on iteration t.

Remark 1 We assume that the comparator sequence uy. is oblivious, ensuring E[Pr-Vp(uy.7)] =
Ppr-E[Vr(uy.7)]. This assumption is reasonable in many real-world applications such as the online
label shift problem (Bai et al., 2022; Qian et al., 2023; Chen et al., 2024)—a classification task
in non-stationary environments where the label distribution changes over time (e.g., species mon-
itoring, where the learner does not affect the underlying environment dynamics). In such settings,
the learner competes against optimal parameters u; = arg min,, Fy(w), which (we can assume) is
determined by the underlying environment and is independent of the learner’s predictions.

The closely-related work of Wang et al. (2025, Theorem 4.5) obtained a fully-adaptive static re-

gret of O(lul|? \/GiT(wlzT) + 22 p(wier) + L2 [Jull* + G Jul® + G2 [lul® + G/, llgll)
for the SEA model, suffering from a quadratic dependency on the comparator norm in the lead-
ing term and a large penalty of ||u||*. In contrast, our Theorem 7 implies a static regret bound
O(||ul] \/J%T(u) + %2 (u) 4 L ||u||* + G*), which has significantly better ||u|-dependencies.

It is worth noting that while our Theorem 7 introduces a lower-order G* penalty that does not
appear in Wang et al. (2025), this penalty is not present in our algorithm from Section 3.1, which
when applied in the SEA setting obtains a strict improvement over their result while being slightly
more efficient. Moreover, our result is problem-dependent, with o3.(u) + $2 .(u), whereas Wang
et al. (2025) obtained algorithm-dependent O'%T(wl;T) +Z%;T(w1:T)’ with the algorithm’s trajectory
wy.7. For a problem-dependent guarantee, one has to upper bound the algorithm-dependent quantity
by the worst-case Zg‘pzl (02 4+ ¥2), which can easily become O(T) in an unbounded domain.

5. Conclusion

In this work, we investigate parameter-free gradient-variation online learning. We provided a simple
black-box reduction that converts general optimistic regret bounds into gradient-variation bounds,
and leverage this reduction to develop two fully-adaptive optimistic algorithms achieving gradient-
variation regret bounds in unconstrained settings. As a direct application of our approach, we obtain
novel gradient-variation guarantees for dynamic regret and for the SEA model, where our results
significantly improve the state-of-the-art.

We anticipate several promising directions for future work. We expect that our fully-adaptive
gradient-variation guarantees will find natural applications in areas such as minimax games and
accelerated (universal) optimization. We also believe developing a more refined optimistic reduction
to achieve an efficient fully-adaptive optimistic regret bound without the G* penalty artifact would
also be valuable in general. Finally, it would be interesting to explore more sophisticated solvers to
compute the simple fully-adaptive algorithm from Section 3.1.
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Appendix A. Proofs for Section 2
A.1. Proof of Theorem 1

In this section we provide proof of the optimistic-to-gradient-variation reduction. The full version
of the theorem is re-stated below, which additionally includes the small-loss bounds.

Theorem 1 (Full Version) Let U be a class of sequences in R?, and let A be an online learning
algorithm that receives {gt}tT:1 as gradients and takes {ht}tT:1 as optimistic hints. Suppose A
guarantees that for any sequence uy.7 € U that

T
D llge — hell®.
t=1

T
Z gt wy — u) < Ar(urr) + Br(uir)
=1

Then for any sequence of G-Lipschitz, L-smooth convex functions { ft}thl, by setting g: = V fi(wy)
and hy = g;—1, A achieves

REGT(ur.r) < Ar(urr) + 4L Br(uy.r)?

. 2
+ 2BT(u1:T)\/ min {G2 + Vip(urr) + L2PM (uy ), 4LFT(u1;T)},

2
where Pﬁ'” (ur.r) 2 23;2 lus — we—1||? is the squared path length, and Fr(uy.r) £ Z?zl(ft(ut)—
inf,, cpa fr(w)) is the small loss.

Proof By the definition of Bregman divergence D¢(x,y) = f(z)— f(y) —(V f(y),x — y), we have

WE

T
REG7(ui.r) = th(wt) — filug) = (Vfr(we), we — ug) — Dy, (ug, wy)
t=1

t=1

= REGT u1.7) Zth Ug, W)

T
< Ar(urr) + Br(uir) Z IV fe(we) =V fr1(wi—1) Zth Ug, We).

Now apply Lemma 15 to get

T
S IV i) = 9 fo (wi)|* < min {9 f1 () |? + 4V (urr) + AL PP (unr), 16 LPr () }
T

+16L Y Dy, (ur, wy).
t=1

where we define
r(u1r) ant wi—1) = V fro1 (w112,
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T
r(unr) £ 37 (flw) — inf fw))., Py " Znut—ut 12
t=1

Hence, using v/a + b < v/a + /b yields

12
REGT (u1:7) < Ar(urr) + 2BT(U1:T)\/min {G2 + Vr(urr) + L2P¥ " (), 4LFT(U1:T)}

T

+4Br(uir)y | LY D, (ug,we) = Y Dy, (ug, wy)
=1 =

< Ar(uy.r) + ALBr(uy.r)?

2
+ 2BT(U1;T)\/IHiH {02 + Vr(urr) + L2Prﬂ | (w1:r), 4LFT(U1;T)},

where the last line uses az — bx? < a?/4b. [ |

A.2. Parameter-free Regularizer from Jacobsen and Cutkosky (2022)

In this part, we introduce a key component of our parameter-free algorithms, which is what we call
a “parameter-free regularizer” from Jacobsen and Cutkosky (2022). The following lemma provides
the theoretical guarantees.

Lemma 8 Let g1,...,97 be an arbitrary sequence of vectors. Suppose 0 < My < ... < Mr is
non-decreasing magnitude hint sequence that ||g¢|| < M, for all t, and let oy > ... > ar be a
non-increasing sequence. Set V; = 4M? + 3'_1 ||gi||* and define:

[l
P (w) = 3/0 min [log(x/at—i—l) + th] dz,

n<1/My n

then for any sequence wy, . .., wr,, € R%:

T
2a

D (gt w = wip1) = Dy, (wegr, we) — (o1 — ) (wig) < Y —— = ”{it

t=1 t=1 t

Moreover, for any u € R%:

ra(u) < 6 Jul e { Vi tog(ul s + 1, M tog(lul fars + 1)}

Proof This lemma follows from the proof of Jacobsen and Cutkosky (2022, Theorem 6). |
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Algorithm 4: Optimistic FTRL/Centered Mirror Descent
Input: Lipschitz bound G, value € > 0

log(z/a+1)

" +nV|dx

Define: parameter-free regularizer ¢ (w; V,a) = 3 fOHWH min, <1 /(2¢;) [
Initialize: V7 = 4(2G)%, w1 = 0,0, =0, B; =4,h; =0

fort=1:Tdo

Play wy, receive subgradient g; and hint ;1
— — 2 —h 2
Set Vir1 = Vi + |lge — Qt” s Bit1 =B+ ”g(tQG)tQH , and a1 = m
Set 041 =0y — grand Oy 11 = 0411 — hyy
Update
t
W1 = argmin,cga <ht+1 +) g, w> + h(w; Vi1, aus) (12)
s=1
_ exp (12l 4 if (1B || < Ot
fri1 NG = a)
= = hau ) ) (13)
16e1 exp <|!3(t2+C§)H - 6:;5;) — 1 otherwise
end

A.3. Optimistic FTRL with Parameter-free Regularizer

In this section, we provide a comparator-adaptive optimistic algorithm, Algorithm 4, that combines
optimistic FTRL with the parameter-free regularizer in Jacobsen and Cutkosky (2022). This is a
slight simplification of Jacobsen and Cutkosky (2022, Algorithm 3) which used a somewhat com-
plicated formulation based on mirror descent in order to develop dynamic regret guarantees; this is
more general than we need since we focus primarily on static regret. Instead, we provide an FTRL-
based formulation which significantly simplifies the exposition and analysis, and is likely much
easier to follow for most readers familiar with online learning than the centered mirror descent
argument of Jacobsen and Cutkosky (2022).

The algorithm is shown in Algorithm 4, which also clearly demonstrates that the algorithm
can be implemented in O(d) per-round computation. The closed-form shown in the pseudocode
follows from the same arguments as Jacobsen and Cutkosky (2022, Theorem 1), which shows how
to compute the equivalent non-optimistic update from the first-order optimality condition, so we
omit the details here for brevity.

Theorem 9 (Comparator-adaptive Optimistic Algorithm) Assume that the hints hy € R? satisfy
|\he|| < G forall t. For any u € RY, Algorithm 4 guarantees

T T
S (g —w) < O ( full | 3 lge = ol (1o, LT 4 ¢G + G ful] (log,, YT

t=1 t=1

Moreover, the algorithm admits an efficient closed-form update with O(d) time per iteration.
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A

Proof For all ¢, let ¥ (w) £ (w; V;, ;) as defined in Algorithm 4. Applying a typical regret
bound for optimistic FTRL (e.g., see (Orabona, 2019, Theorem 7.36)), we have

T T
D g we —u) <R (u) + ) ((gt — he,wy — wig1) — Dy (wigr, we) — (Yiyy — W:)F)(wtﬂ)) :
t=1 t=1

Ot

Then apply Lemma 8 with M; = 2G > ||g; — hql|, Vi = 4M7? + 3°'Z! |lgs — hs||%, and with any
non-increasing sequence oy > ... > agp > 0,

S g < 3 20l
t=1 a t=1 Vv VT

apply Lemma 18 that defines o = m where By = 4 + 22;11 llgs — hsl|? /(2G)2, then

T
Z 5 < 16¢€G.
t=1

And Lemma 8 also gives us

() < O (Jullmaox { /¥ ol fra -+ 1), G log(lul fara + 1)

< 0l mac { /¥ tou(lul VT /e + 1), ol VT/e+ 1) }).

Plugging the previous two displays in above yields the stated regret guarantee. The per-iteration
efficiency can be easily seen from the updates in Eq. (13). |

A.4. Proof of Theorem 2

In this section we provide the guarantee for our comparator-adaptive gradient variation bound. The
result is re-stated below for convenience.

Theorem 2 (Comparator-Adaptive Gradient-Variation Regret) For any u € RY, Algorithm 4
(in Appendix A.3) with hy = g,—1 guarantees

REGT(u) < 6( | \/VT(U) (1og+ M) 4 Ll + G lul| + 6G> .

where we keep the log factors of the dominant term in the O(-)-notation for clarity. Moreover, the
algorithm admits an efficient closed-form update with O(d) time per iteration.

Proof Applying Theorem 9 that guarantees

T
_ T T
Z {96, wr —u) <O | ull | Vr <10g+ W) +eG+ G ||u| <log+ W) )

t=1
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where Vr = Y7 |lg¢ — h¢||*. Hence, Algorithm 4 satisfies the conditions of Theorem 1 with

Ar(u) =0 (eG—i— G ||lul| <log+ ||UH€\/T>> . Bru) =0 || <log+ ||U”6\/T>

Plugging these into Theorem 1 yields the desired result. |

Appendix B. Proofs for Section 3
B.1. Proof of Theorem 3
Here we re-state the full version for Theorem 3 of the main text, which additionally includes the

derived optimistic regret bound.

Theorem 3 (Full Version) Assume that the optimistic hints h; satisfy ||hi|| < G for all t. For any
u € RY, Algorithm 1 guarantees

T
REGy(u) < o( Jall [ gt =l (log PT) + €+ €G- ful + 2 [ul” + ;G?).
t=1

Moreover, by setting hints hy = g;_1, for any v € R® it holds that

€

REGr(u) < 6( Ve ) (08, BT ) 4 Ll + ey 4G+l + 2l + ;GQ)

Proof Consider the standard optimistic FTRL bound (setting hy = hr11 = 0):

T T
Z gt,wt - U < ‘I’T+1 + Z — hy, wy — wt+1> - D\I!t (wt—i—l; wt) - (‘I’t+1 - ‘I’t) (wt+1) .
t=1 t=1 ~
Ot

We proceed by bounding the terms EtT 1 0¢. We begin by replacing Ay = g; — hy with a clipped
version Ay = A, - min{ ) TA: H} where M, = max,; IIA¢||. To do this, let ¥y(w) = 1y (w) +
2 where Ve (w) 2 PP (w; oy, VA, Mt) and 8 > 0, then we have:

||
M’ﬂ

Atywt - wt+1> - D\I/t (wt+1; wt) - (‘I’t+1 - ‘I’t)(wt+1)

~
Il
,_.

Il
E

<£tth - wt+1> — Dy, (wig1, we) — (Vey1 — V) (We1)

~~
Il

1

T
N B
+ Z <At — Ay, wp — wt+1> 5 ||wt - wt+1||2

t=1
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< ZT: <£t7wt - wt+1> - Dwt (wt-‘rlth) - (¢t+1 lﬁt wt+1 ﬁ Z HAt AtH
t=1

By definition of the clipped optimistic gap A, we have |A — ﬁtH = ]\ZH — M,, hence:

T , T T 2 N o
o= 8 32 (s =) < (3 (o = ) ) = (s 7)"
t=1 t=1

t=1

Therefore, we conclude that:

T T
D Ageswe —u) < ria(u) + Y <3t,wt - wt+1> — Dy, (weg1, we) = (Pr1 — ) (i)

t=1 t=1

::gt

—\2
= My — M)
||u|r + 25( 41 — M
To bound 3.7, 5, we apply Lemma 8 by deﬁning Ve = 4M2 + Y12 A2 tetag > ... > ar
be a non-increasing sequence, and define ¢, (w) = 3 f ol 1fni1r177 <1/, [% + nV;| dz, then

—~ 112
- 2atHAtH

DS

We conclude that:

T

N2
Z gt we — u) < Yy (u Z ||UH + 53 25 (MT+1 Ml)
=1

2
< Yria(u) Sl + o (Ve — 71,)

a4 I
H VVi 26

< 6 Jul| max {WTH gl a1 + 1), B tog(lul farsa + 1)}

sl
+) — =
= VVi
where the last inequality uses Lemma 8. Finally, to apply Lemma 18, we define a; =
with B; = 4 + Y'21[|Ai||2/ M2, which yields

Sl + o (3~ 30

N
/Bt log?(By)

T
Z (gt, wy — u) < 6 ||u|| max Vry1log (
t=1

— ul|| /Br41 log?(B
MTHlOg<II | vBra e log TH)H)}

l[ul| /Br+1log?*(Br+1) N 1)
6 b)
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—~ —~\ 2
+86MT+f\|u|| + = (MTH—Ml)

2

Finally, the stated bound follows by bounding Bt <3+t (smce HAtH < Mt by definition), and
that 0 < MT—H < max{’y, QG} < v+ 2@, then (MT—i-l Ml) (MT—i—l ) < 4G2.
The second regret bound is by applying Theorem 1, for which we have

Ar(u) =0 <uuu (+G) <1og+ ”“”f) belr+ )+ Ll + ;Gz) |

Bru) = 0 [ Jul | tos, (’“”ﬁ>

Plugging these into Theorem 1 yields the desired result. |

B.2. Efficiency of the Virtual Clipping Algorithm

In this section we provide the detailed discussion of the computational efficiency of the virtual
clipping algorithm, Algorithm 1, proposed in Section 3.1. We first recall Proposition 1, re-stated
below for convenience, which we prove later in this section.

Proposition 1 Algorithm 1 guarantees that, for any t € [T, the direction of w1 is determined by

w1 b + > a1 s
l|wet || [Pes1 + Dezy 5]

Moreover, denoting o = a1, V = Vi1, and M = My 1 the magnitude of w1 satisfies

llge — he + hega]|
/8 b

{GW m([wea ]| Ja+ 1) + B [ wial] if / Rlleall/or)) < L

3 (MIn(|wesll Jo+ 1) + 77) + Bllwea|l,  otherwise.

| [wesa || = [Jwe]l | < and

b1 + Zg

Using Proposition 1 and denoting 6; := ||g; — h¢ + h¢+1]|, we have that the norm of w1 is no
more than a factor of 6,/ away from the norm of w;. This means that we could naively apply a
binary search over a bracket of [||w;||—6:/ 3, ||w¢||+6: /5] to compute ||w;41]| up to € accuracy using
O(log (20;/ Be)) iterations. Thus, we can solve ||w;y1||uptoe = 5—% = O(1/T*) accuracy for any
k > 1 while still matching the efficiency of Wang et al. (2025), which would already be sufficient for
most applications. In practice, this naive estimate above could potentially be significantly reduced
by applying a more sophisticated solver than the simple binary search suggested above (e.g., by
applying Newton’s method).

Proof [Proof of Proposition 1] We first present a direct derivation of the update for Algorithm 1. De-

note (3 a, V, M) = 3 [ ming<yjag [ LD 4 V| doand o (w; o, V, M) = (w5, V, M).

On round ¢, the algorithm chooses a hybrid regularizer ¥y (w) = ¥ (w; apq1, Vi1, ]\ZH) +
g |w||* (we use simplified notations of «v, V, M in the following) and updates using w;,; =
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argmin,,cpa (hes1 + 351 s, w) + U1 (w). By the first-order optimality condition of w1,
we have

t

0=he1 + ng + VY (wip1; a0, Vo M) + Bwig
s=1

heit + Xmy G + 6o /VIn(Jwe [ fa + 1) + Buwrga, if |/ llwell/otl) o L

hist + 30y gs + 3l (M In(JJwegr]l fa 4+ 1) + M) + Bwgy1, otherwise.

Mweall

This immediately implies that w;4; is in the direction of —h;11 — Eizl gs. Taking the norm on
both sides of the above equation, we have

hiy1 + ZQ

This equation has no closed-form solution for ||w;1]| in general, but an approximate solution can
be found via binary search over a small bracket around ||w;||, as shown in Proposition 10 applied

{6¢v1n Twirill Ja+ 1) + B wesll, if o/ 2letl/ott) o 1
3(MIn(||weg|| fo+ 1) + 37) + Blwis1]l, otherwise.

with wt(HwH) /\PF(HwH oy, Vi, ]\//.Tt), which can easily be seen to satisfy the required conditions
wt( ) > 0and ¢}(z) < v;(z) for non-increasing sequence (c;);.
|

Proposition 10 Let 121, 122, ... be an sequence of convex regularizers satisfying 1%(3:) > 0 and
Yy(x) < by (x) for any t and any x > 0. For each t define 1i(w) = (||w]|) and ¥y (w) =
U (w) + g |wl|? for B > 0, and suppose that on each round we play

t—1
wy = arg min, cpd <ht + ng,w> + Uy (w).

s=1

Then for any t, it holds that

gt — he + Ry ||
B

Proof Observe that for any ¢, we have via the first-order optimality condition for the optimistic
FTRL update that

Nweall =[] <

t

Wiy1 = Arg Min,epa <ht+1 +> s, w> + Wi (w)
s=1

— V‘lit+1(wt+1 = _ht—i-l nga

and moreover, since this holds for any ¢, we also have VW (w;) = —hy — 22;11 gs, so the previous
display can be written as

VY1 (wigr) = VU (wi) — (gt — he + hegr).
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Therefore, by denoting ¥, (w) = U, (||w|) and ¥ (w) = ¥(||w

), we have

Ui (Jwegtl]) = egr (|lwegall) + B llwesa ||
= [VW¢(wi) = (gt — bt + heg1) || < (IV(wi)[| + [lge — bt + hega |

= Willwell) + llge = he + Pegall < Wiy (lwell) + [lge — he + hegall

where we’ve used the facts that U () > 0 and ¥} (z) < \/I};H(w) for all z > 0. From this, we have
in particular that

) (lwea ) = Wy (Qlwel)| < Nlge = he + hesa || == 65

We can use this to derive a bound on how far ||w;41]| is from ||w;|| by studying the inverse of \Tlg 41
since [Jwl| = (¥],1) (T (Jw]). R R

Now, since 1)y 11 is convex, we have ¢, 1" () > 0 forall z and therefore, ¥} | (x) = 41" (x)+
£ > (> 0forall x. Therefore, ¥, () is 3-strongly monotone, which implies that it has a unique
inverse (\/f/;/ +1)"!, and moreover, that (\Tlg +1)" ' is 1/B-Lipschitz. Hence,

sl = el = [(@r) ™ (Faallwnal)) = (@)™ (T () |

_ POl = @ Q] g, — by + el _ 6,

B B B B

B.3. Proof of Theorem 4

To make the paper self-contained, we first restate Cutkosky and Mhammedi (2024, Theorem 1) as
a lemma here. To be consistent with this paper, we replace their notation y with 4/ /€, replace h;
with 7/, and replace notation € with €.

Lemma 11 (Theorem 1 of Cutkosky and Mhammedi (2024)) There exists an online learning al-
gorithm A with any inputs € > 0 and v > 0, that runs in O(d) time per iteration, such that for any
sequence g1, . .., gr, and for any u € R%, guarantees

N———

T T
G|lullvVT GllullvVT
Z<gt,wt—u>so(nun > llgll* (logy LET) + G lull (1og,, el

t=1 t=1

’ / 2
+ 632 (logJr %) + % (logJr H%,“) + G+ e’y’),
where G = max{~/, maxye(7) [|ge|| }-

We restate Theorem 4 here with more detailed logarithmic factors.
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Theorem 4 (Full Version) For any u € RY, Algorithm 2 guarantees

2 2 4
REGr(u) < O <€G +ey+ & (log+ G) + 7 lu (logJr ||u||> + £ <log+ G>
2] Y ¢ ¢ & Bl

3
Jul GVT\* | 4 Jlul? [ull GVT 7 JJull
1 1 _— 1 —_—
+lull G ( 08+ €y + eG? 06+ €y %+ TG

ul| GVT u|| GVT
+lull | Vr(u) (10g+ H”m,> + L Jul? <10g+ HHgy) )

Moreover, the algorithm admits an efficient closed-form update with O(d) time per iteration.

Proof We will apply our black-box reduction (Proposition 2) with the algorithm of Cutkosky and
Mhammedi (2024, Theorem 1), provided in Lemma 11 above, for both A, and A,. By Lemma 11,
the algorithm A, with inputs ¢’ = € and 7/ = ~ satisfies the conditions of Proposition 2 with

2
Aér(u) = O(eG +evy+ ef <1og+ G)

S
2
GVT
P T (g, 120 g (long W) ) (14)
€ € &y
GVT
By (u) = O | ||ul| \/Iog+ HUHW) , (15)

where G is the Lipschitz constant. Likewise, for A,, given any ¢ > 0 and 7/ > 0 (to be specified
later) we have:

/ 2H2 H
A7) = 0 (aGH vy + 55 (log+ o )

2 o
Y y Y . y|GHVT
4+ — | ‘ <10g+ ’6/|> + ’y‘GH <log+ |6/fyl y

O GHVT\ _ .o
B(5) =0 |y|\/log+ e )zouy\AT(y)),

where H £ maxeq) ||| and Ap () = 1+ \/log+ <|3}|G’H\/T/(e’7’)). Applying Proposition 2

we have

T T
S (g, we — w) < AP (u) + AP () + 2B (u) | H2Ar (3 legt—htn? (16)
t=1 P
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where y = B{F‘x (u)/H. Expanding 3 in A?‘” () and setting €’ = €/, and ' = 72, we have

A (§) = A7 (B (u) /H)

'G*H? GH
= O(e'GH+ €y + 6’77 <10g+ 5 >

/

I pA Ay Ay
L VB (w)? (l% i <u>> + Bl )0 (10& By (uiG\/T) >

e H2

/ 2H2 H
=O0|¢GH + €+ + g <10g+ G>
Y Y
Y Jlul? ul| GVT ]
Tam s o g
Jul| GVT lul| GVT
+ [Jul] Gy /log, e log . A
0 eGH et eG2H? (l " GH)
= € og, ——
v T T2
3 2
v ||ul| ul| GVT 7 [Jull
A Il ] TV e Tl
+ eH? 08+ €y 8+ TH

GVT :
+HurG<log+W> ) a7

and likewise, expanding y in A\ (y) yields

.Aac
Ar(9)? = Ap(B (u)/H)? =1 + log,, w =0 <1og+ W) . (18)

ey g

Plugging Equations (14), (15), (17) and (18) back into Equation (16), we have

T
o . 1
(9o, we = u) < A (u) + A7* (§) + 2B () [ A0 () + 5 D llge = el

WE

t

H 2 2 2H2 H
<0 6G+67+€Ci +6Ej<log+cj)+7”?”<log+nzn>+€(} <log+G>

Il
—
o~
Il
—

/73 ,}/2
lull GVT\ | 3 [Jull? |ull GVT 7 [l
+ ||UHH <].Og+ ey + €H2 10g+T log_,_ﬁ

3
ul| GVT \ ° _ ul| GVT
+HUIG<10g+””6,Y> +lull | Vi <10g+”‘€7)),
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Algorithm 5: Optimistic Reduction (Cutkosky, 2019¢)

Input: Online Learning algorithms A, defined on R and A, defined on R.
fort=1:7do

Observe h; € R

Get z; € R% from A, and y; € R from Ay

Play wy = 24 — y:hy and observe g; = V fi(wy)

Pass g; to A, as the tth subgradient

Pass — (g¢, ht) to A, as the t™ subgradient
end

where we define Vi = Ethl llg: — ht|]2. Finally by setting h; = ¢¢_1 and hence H = G, then
apply Theorem 1, we conclude that:

T
D filwe) = f Z (gt wr — u) — Dy, (u, wy)
t=1 t=1

2 1
< o<ea v+ & (1og+ ) 2 (1 1), G i, €
Y Y € € 3 ~
3
rie (l% €y T BT g logy — &
ul| GVT ul| GV'T
Flhully Vrie) <log+ ””7> + L ul? (1og+ W) )

where Vp(u) = /L IV fi(u) = V fra (u)]|. u

B.4. Proof of Proposition 2

We provide the Optimistic Reduction (Cutkosky, 2019c) in Algorithm 5 for self-containment, and
give the following proof for the refined reduction in Proposition 2. The result is re-stated below for
convenience.

Proposition 2 (Refined Optimistic Reduction) Let A, and A, be online algorithms defined on
W, = R% and Wy = R respectively. Suppose the following conditions hold:

* Foreach z € {x,y}, A, guarantees REG “(u) < AAZ( )+ BAZ( ) Zt L llge||? for any
u €W, and {gt}t 1 inW,, where AT and By* are non-negative functions.

. A Y is non-decreasing andB Y(y) < |y| Ar(9) for some non-decreasing function Ay (y) > 1.

Then for any u € R, Algorithm 5 (in Appendix B.4) enjoys the following optimistic bound:

ZHgt htH HhtH] )

T
S ge we — u) < A (u) + AP (§) + 2B (u) | HEAr(§
t=1
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= Br_,“fl“”(u)/HT, and [r], = max{z,0}.

where Hy = max¢r) ||he|),

Proof For w; = xy — y:ht and g¢ = V f(wy), we have

T T
Z(gt,wt*w ZZ gt, T — u) +Z —gt, he) y
t=1 t=1

T T
= REG}" (u) + Z —gt, he) yr — (=gt ht) Y Z —3t, ht)
t=1 P
— REG}™ (u) + REG)" (§)) + ¥ Z —gi, hy)
and moreover, using the fact that — (gz, ht) = & [|gs — hel|> — 3 |he]|* — & ||g¢]|*, we have

T o T
Ay /o =
G < R0+ R )+ (B~ 3.
t=1 t=1

“me%®mw%ﬁ{ZLMrWM—MW}mmm+:mM@%AmMgm
+

regret guarantees of A, and 4,, we have

T

Ay /o Ay /o
Z lgell® + A7 (9) + By (9) (g1, ht)?

Z (g1 we — u) < A (u) + B (u)
t=1

! (VT - Z lgell )

— A () + AP )+ 2V

T j T

2 2
Z lgell” — 9 Z gl
t=1 t=1

B (u) + B (3 h
+ B+ B )

< A (u) + A7 (§) + SV

+sup{[Bj4’( )+B Y(y )maxHht\] —yXZ}
X>0 te[T) 2

A ]
{BTm (u) + BTy (y)HT}
2
By (u)? + By () Hi

g%%HﬁW+V+T ; :

< Af(u) + AP (0) + UV +

where we’ve used aX — bX? < a?/4b and defined H7 = max; ||h4||. For B Y(9) < yAr(y), we

have
T A 2
B x
> g w —u) < A (u )+ AP (§) + i | HEA(5)? + V Ty(U)
t=1
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Since this holds for any y € R, we may take y = B;}z (u)/\/H%)\%(B;}Z (w)/Hr) + 3Vr <

B“TAI (u)/Hy, and so for monotonically increasing Aﬁy (y) and Ap(y), we have

T
t; (gt we = u) < A () + Ap” (B (u)/Hr ) +2B7 () \/ H3Ar (B (u) /HT)2 + %VT.

The stated result defines y = Bj“f“” (u)/Hr for brevity. [

Appendix C. Proofs for Section 4
C.1. Proof of Theorem 6

We re-state Theorem 6 here with more detailed logarithmic factors.

Theorem 6 (Full Version) For any sequence uy, . .. ,ur € R Algorithm 3 guarantees

€y €y

+G\/M2+MPT—|-PTG+7PT

2 2 4
+6G—|—7M—|—67—|—%<log+%)+%(log+%)+%<log+%>

REGr(ur.r) < O <\/(M2 + MPr) Vr(uir) <log+ MGf) + L(M? 4+ MPr) <log+ MGﬁ)

+ MG (log,. Mﬁ) + MG (log,, T

3Af2
+ (10g+ M?ﬁ ) (long Z]g> )

where M 2 max¢ (7] ||ut||. Moreover, the algorithm runs in O(dlogt) time on iteration t.

Proof Following Cutkosky and Orabona (2018, Theorem 2) and Jacobsen and Cutkosky (2022,
Lemma 10), the linearized dynamic regret is bounded as

T

T
Z (g, wp —w) = Z (G Te) Yo — (ge, we)
t=1

t=1

I
M~

T
<9t7$t> Yt — gt, $t Z gt,ﬂft gt,ut>

w
Il
_

u
REG 1d(M —|—MZ<gt,$t ]\;,>
where we define M £ max;er [|uel], REGY! (M) denotes the static regret of an algorithm A4

which receives optimistic hint (h;, x;), then chooses y; € R and suffers losses y +— (g¢, x¢) v,
while REGZ (u1.77/M) denotes the dynamic regret of an algorithm Ap receiving optimism h; and
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choosing z; € B = {z € R? : ||z|| < 1} against losses x > (g;, 7).
set hy = gi—1.

|| < G since we

For A®, we apply Theorem 12 which ensures the following guarantee:

T
REG?(ULT/M) SO( (1+ Pp/M) Z\lgt—htIIQJrG«/PT/M
+GPp/M +Glog, (L) +4(1+ PT/M)>.

For A'Y, we apply proof in Theorem 4 with optimism (h;, ;) and gradient (g;, z;), hence:

T
REGH (M) = Z (9t,7¢) (ye — M)

T
MGVT
<O|\M Z (gt — ht,$t>||2 <log+ 67f> + CONST
t=1
. ) MGVT
<O MDD g —hell? | og, = + CONST |,
-1

where we use ||z;]| < 1 and denote constants by CONST:

G? G M? M G4 G
CONSTzeG—i—e’y—i—e(log+)+7 (10g+)+63(10g+)
Y Y € € Y Y

3
MGVT\? 3M2 MGNT M
+ MG <logJr o ) + 7€G2 log o <logJr ZG) .

Combining everything together and applying Theorem 1, we have:

REGT(ULT) < O( (M2 + MPT) VT(UI:T) (long MGﬁ)

€y

MGVT
+ L(M? + MPr) <log+ nyf) + GV M2+ MPy
€
+ PrG + MG <10g+ : ) + (D + Pr) + CONST>

Finally, the computational efficiency is from Algorithm 2 and Algorithm 6. |
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Algorithm 6: Anytime Dynamic Regret Minimization

Input: Domain diameter D, v > 0.

Initialize: Base learner number n = 1, A1 = 0, w13 = 0, p; = 1, index set Z; = 0.
fort =1to T do

Play wy; = > | ptiwy,;, then observe g; and hint hyq

Update Z,, — Z,, U {t}, define Vz, = > .7 Ilgs — hs||>and V; = S0 |lgs — hs|?
fori =1tondo

‘ Update w1, = yw{wes — Met1,i(9¢ — he + higr)] with ey = %
end
if V7, /v* > 2" then
n+<n+1
Initialize wy11,, = 0, prp1 = %1,1, Z,=10
end
else

Define ¢; € R™ where € ; = (g;, wy i)
Define m;4; € R™ where Myy14 = <ht+1, wt+1,i>
Update py1 € Ay by pri1i o< exp (—erp1 (D gez, €s +miy1)) with g1 = NN

end
end

C.2. Anytime and Lipschitz-Adaptive Dynamic Regret Algorithm

Theorem 12 Assume that the domain W is bounded by D. For any sequence uy,...,ur in W,
Algorithm 6 guarantees

T
> (g we —u) <O <\/(D2 + DPy) Vi + /DPrM + PrM + DM (1og+ 75) L y(D+ PT)> :
t=1

where Vi = Zle lge — hel|*, Pr = Zthz |ur — ug—1]| and M = max,ery [|gr — hel|. Moreover,
the algorithm runs in O(dlogt) time on iteration t.

Proof Denote by NN the value of n at the beginning of round 7'. We partition the interval [T'] into N
segments Z1, . .., Zy, and denote by Z,, = [sy,, 5], where s; = 1, ey = T'. Note that at the interval
T., there are exactly n base learners. Specifically, at round ¢ when n is the current number of base
learners, if we find ‘_/In / 72 > 2" , then we define e, = ¢ and s,4+1 = t + 1, and add one base
learner in the next round ¢ + 1. By definition, we have Vz, = >7,.7 [lg: — he||? for all n € [N].
Moreover, the algorithm ensures that for all n € [N — 1]:

en—1

P2 < Vg, = 3 llge = hell® + llge,, — he, P < 422" + 322,

t=sn
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where we define M = maxye (7] lgr — h¢]|. We also have, without loss of generality, by assuming
N > 2,

N—-1 N—-1 T
PN <@V =) =2 2 < > Vg, <> g — hel* = Vi,
n=1 n=1 t=1
which implies N < 1 + logy (Vi /92).

Define i, € N that 2"+ D < /5D2 + 12DPr < 2%+t D. Then decompose the linearized regret by:

T

N N
Z (g, wy — Ut) = Z Z <gt7 Wt — wt,min{n,i*}> + Z Z <9t7 Wt min{n,ic} — Ut> .

t=1 n=1tel, n=1teZl,

META-REG BASE-REG

Consider the base regret BASE-REG. For n < i, and t € Z,,, the n-th base learner starts from wy,,
and performs one-step variant of Optimistic OGD as in Lemma 13, applying which we have:

D? +3DP;
Z <gtth,n —uy) < Tln + Z Mt+1,n llg: — ht”2
en+1,n

teZy, teZ,
< <D22+' ;’f DPI” +2. 2"D> (vv2r + M)
< W(DQS;;”PT) LD ; ??)M +2.2"D (V@+ 1\7) :
where in the first line we define Pr, = f;;nl ||ut — wit1]], in the second line we use the definition

_ 2n D . . T a T .. T
Metim = oA and the inequality ) , ﬁ < 24/> ;4 a; for any positive sequence {a;},_;,

then use the condition V7, < 422" + M? in the third line. Then

min{N,i,—1} min{N,i,—1}
> Y i —u) SO (D+ P+ M)+4 Y 2°D (327 + M)
n=1 tely, n=1

min{N,i,—1}

SO((D+PT)(7+J\7)+4 5D2+12DPp  » V2"
n=1

min{N,i,—1}
+4M > 2"D>
t=1

—
)

<0 ((D+PT)(’Y+J\7) + \/(D2 + DPr) Vi + /D2 +DPTM>

where we use >, \/127 = O(1) and }_7°, o = O(1) in the first line, and for n < i, use 2"D <

2i*D < /5D2? + 12D Pr in the second and third line, use Zi\le 2" < O(yV2N) < O(+/Vr)
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and Y 2"D < O(2+D) <

N > i, then:

N
Z Z <gt7 Wt min{n,i,} — U

n:i* tGIn

>: Z Z (ge, wi, —

O(\/D? 4+ DPr) in the third line. Without loss of generality, if

T
w) = (gewi, —u)

n=t t€ly, t=s;,
5D2+12DPr 2
<L N e, g — b
807410, Py e 19 = Pl
5D% + 12D P —
< <8+2iDT +4.24D >\/VT—O<\/ D2+DPT)VT>,

where in the last line we use 2i* D < \/5D2 + 12DPr < 21 D. Hence we bound base regret by

BASE-REG < O <\/(D2 +DPp) Vi + (D + Pr)(y+ M) + V/D? + DPTJ\/Z> .

For meta regret, at the interval Z,, = [s,,, e,,], we restart an Optimistic Hedge algorithm as in Lemma 19

in domain A,
1

Et+1 =

1 ={ac Ry : D i ai= 1}, with £e; = (ge,we ), mes1; = (heg1, we), and

- =, then
DS, llgs=hsl

Z <gta wr — wt,min{n,i*}> =

Z <ft,pt — emin{n,i*}>

tely, te€ln
Inn 1
=_— 4 Z (bt — me, pr — pre1) — Z e Ipe = pegall;
e t—1
" teT, teTn
Inn 1 9
+ 3 1 = mullg ot = preally = Y 5= llpe — pesal?
€n 26t+1
teTn teTn
+3 (5o = o ) Il
th: 2ere1 '
1 1 )
+ Z ( - > lpe — pesall]
ez, 28t 28t_1
l1+Inn 1
< + o Y e e —mel%
Centl 2 teZ,
l1+Inn D? 9
+ = € —h
= oo 5 Z t+1 [lge ¢l

<

tely

(2+1nn) Dy/Vz,.

Moreover, when n € [N — 1], we have V7, < v22" + M2 by definition. Then we have:

META-REG = Z Z gt Wt — Wt min{n, Z*}>

n=1 tEZn

2+ mN)D (ZWW>
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<(2+WN)D C;l (7@+J\7) + %) = (DJVT+DM (log+ —5)) :

where we use N < 1 + logy(Vr/~?). Combining meta-regret and base-regret, we have:

T
3 (g we —u) <O <\/(D2 + DPp) Vi + /DPrM + PrM + DM <1og+ ) 4+ (D + PT)> :
t=1

We provide for completeness the dynamic regret of optimistic OGD with a time-varying step-
size. The result follows via a mild generalization of the usual mirror-descent argument.

Lemma 13 (Dynamic Regret of One-step Optimistic OGD) Assume that the domain VY is bounded
with diameter D = sup, ey |z — y||. The one-step optimistic OGD (Joulani et al 2020) that
starts at w1 € W and updates using w1 = arg min,,cyy (g¢ — he + hyy1, w) + 2m+1 l|w — w2
with non-increasing sequence 1y > 0 and h1 = 0, guarantees

D2 D?+3DPr
ge, w < 1llge =R
tz:; t, Wt — 217T ) ZUH llge — t||
for any sequence uy, ... ,ur in W, where Py = Zthg |ut — wi—1]| is the path-length.

Proof Let ¢ (w) = %m ||wl||? for all ¢, and observe that Dy, (z,y) = 2%% |z —y|*. As usual,
we seek to apply the first-order optimality condition wyy; = arg min, oy (gr — by + hey1, w) +
Dy, (w, w;), so we begin by exposing terms of the form (g; — hy + hyy1, Wiy — wq1):

T

T
Z (gt w — ug) Z<gt_htawt _Ut>+z<htawt — uy)
t=1

t=1 t=1

Il
E

T
(gt — he, wepr — ugp1) + E (he, wp — uy)
=1

~~
Il

1

[M]=

+ (gt — he,we — wii1) + (g — hey up1 — ug)

t=1

I
M~

(gt — he + hep1, Wi — Ugg1)

®

(heywe — ug) — (Rpp1, Wig1 — Ugg1)

(gt — he,we — wir1) + (g — hey ugr1 — ug)

&
Il
—

i
M=

H
Il
—_

i
[M]=

&~
Il
—
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(19)
where we’ve defined an arbitrary ur4; € W, which we may set to up without loss of gener-

ality. Now by the first-order optimality condition w1 = argmin,cyy (g¢ — b + heg1, w) +
Dy, (w, w), we have that for any w € W that

(9t — he + heyr + Ve (wir1) — Vb (wy), wepr —w) <0,

hence, we can bound

(A)=

(9t — ht + hey1, w1 — wg1)

WE

o~
Il

1

E

(Vi1 (wi) — V1 (wegr), Wi — tgg1)

~
Il

1

I
N

Dyyyy (Uir1,we) — Dy oy (g1, Weg1) — Dy g (Wi, we)

o~
Il

1

where the last line uses the three-point relation for Bregman divergences, (V f(z) — Vf(2'), 2’ — u) =
Dy (u,xz) — Dy(u, ") — Dy(a’, x). Meanwhile, the terms (B ) telescope to zero:

T

= Z <hta Wt — ut> - <ht+1, Wiyl — ut+1>
t=1

= (h1, w1 —u1) — (hry1, w1 —upy1) =0

where we’ve used hy = 0 and observed that we may set hp;; = 0 without loss of generality, since
the regret does not depend on hp,1. Plugging the previous two displays back into Eq. (19) and
re-arranging terms, we have

T T
Z <gt7 wt — ut> = Z D¢t+1 (Ut+1; wt) - D¢t+1 (ut+17 wt+1)
t=1 t=1
Qr
T
+ ) (g0 = hiywr — wirn) = Doy, (wegr, we) + (g — by wgn — uy)
t=1
T Ty
<Qr+ Y mep llge— bl + ) o Il —up|)? (20)
—1 = 2T+l
a DP
T
<Qr 4+ m llge — hell* + )
t=1 20741

where the second-to-last line applies Fenchel-young inequality twice to bound (g; — hy, A) <

P | gy — el + 2m1+1 |A|[? for A = w; — wyyq and for A = wuyyy — g, while the last line
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bounds Et 9 2m+1 ||ur — ut+1H < 2{; Lr for non-increasing sequence (7;); and ur41 = ug.

Finally, the terms (27 can be bound as

Qr = ZD@H(WH, wt) — Dy, (U1, Wit 1)

T T
<Y Dy, (w1, we) = Dyyyy (1, 1) + 3 Dy~ (g1, wy)
t=1 t=1
d 1 1
< Dy, (Upa1,w D Upt1, Wt1) + D? < — >
; e (U1, We) = Dy (Uege1, wes Z s 2m
D2 & 1 1
< —+ Dy, (Up1,ws) — Doy, (ug, w +D2< —>
o v ( ¢t( t+ t) ¢t( t t)) 2711 2m
D2 X1 D?  DPy
< 3 D — (w1 — we, upgr — ) < + ;
T+l 2nr41 N

where the last line follows via § ||z — yll? - ez — z|* < (& —y,z—y) via convexity of w >
% ||wl||. Plugging this back into the previous display yields

T

D2
+ 3DPr
Z (gr,wr —ug) < ————— + Zﬁtﬂ llge — Ral|?
=1 20741 P

|
We also provide a slightly different version of this result which exposes an additional negative term
(the so-called RVU property (Syrgkanis et al., 2015)). We were unable to find an explicit statement

of this result in the literature (though it is easily derived from, e.g., Zhao et al. (2025b, Theorem 1)),
so we provide it here for posterity.

Corollary 14 Under the same assumptions as Lemma 13, for any sequence uy, ..., ur it holds
that

D? +3DPr <= 311 2 1 2
Rr(uy,...,ur) < ———— + — gt — he]|* — —— |Jwr —w )
(w1 ) S ; 5 llge = hull T [wi — w1

Proof The result follows via the same steps as the proof of Lemma 13, but in line Eq. (20) applies
Fenchel-Young inequality as (g; — hs, wy — wip1) < §lge — hel|” + i l|w — wypr ||* with p =
21441, so that

<gt — hy, wy — wt+1> - D¢t+1 (wt-f-l’ wt)

1 1
< ey llge — huel® + lwe = wisa || = 5— lJwegr — wil|?
Ane41 2041
2 2
= e llge = hull” = o Jlwe —wena |7,
Nt+1
which leads to the stated result by following the same steps thereafter. |
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C.3. Proof of Theorem 7

In this section we prove our main result for the SEA model. The theorem is re-stated below for
convenience.

Theorem 7 In the SEA model, for any oblivious comparator sequence uy, . .., ur € R% such that
maxy ||u|| < M with M > 0, Algorithm 3 guarantees E [REGr (uy.7)] bounded by

0 W (M2 + MPr) (03 (ur:r) + S g () (log MEYT)

+ (LM +G+~)Pr+ (L+%+%)M2+7M+6G(%? +9+1) —1—67).
where of p(u1.r) = Z?:Q(U?(Utfl)+Ut2—1(utfl))r and X3 7 (ur.r) £ ZtT:Q 37 (ug—1). Moreover,
the algorithm runs in O(dlogt) time on iteration t.

Proof The gradient variations can be decomposed as:

IV fiur—1) = V fro1 (ue1)|]” = |V fe(ue1) — Vi (ug—1) + VE(w—1) — VEF_1(ue—1)
+ VFE 1 (u) = Vi (u)|?
<3| VE(u—1) = VE 1 (u1)|” + 3|V fiu—1) = Vi ()|
+ 3|V frmt (=) — VE_1 (w1

By definition (Eq. (11)) we have:
E NV fe(ui-1) — Vft,l(ut,l)\ﬂ < 3%7(w—1) + 307 (we—1) + 07— (ug-1).

Therefore, applying Theorem 6 and taking expectations, an application of Jensen’s inequality yields

E (M2 =+ MPT)VT(ULT) <log+ MGﬁ)

ey

<, |E

(M2 + MPT)VT(ULT) <log+ MGﬁ)

€y

MGVT

= .| (M2 + MPr) <log . > E [Vr(u1.r)]

MGVT

)ty o

< \ (M2 + MPr) <1og .

where we define ¥2 . £ thz Y2 (us_1), and 02, = Z?zg(af(ut,l) + 02 1 (ui1)). [
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Appendix D. Supporting Lemmas

In this section, we collect various supporting lemmas that are used throughout. The results in this
section are mostly used to simplify calculations or restate existing results for completeness.
The following lemma provides a formula that relates the empirical gradient variation to Vp (uq.7).

Lemma 15 Let fi,..., fr be an arbitrary sequence of L-smooth functions. Then

T T
S IV fu(wr) = V fra(we )| < 16LY Dy, (ur, we)
t=1

t=1
112
+min {9 £ (w)|” + 4V (urr) + AL PP (unr), 16 L Pr(unr) }

where we denote Vip(uy.7) £ 23:2 IV fi(ug—1) — V fr—1(ug—1) 2 Fr(uy.r) £ Zle(ft(ut) —

12
inf yepa fi(w)), and PIV (i) 2 5T, flus — uea |2

Proof For brevity denote g;(w) = V f;(w) and define fo(-) = 0.

Bounding via Gradient Variation. Forall ¢t > 2,

19¢(wi) — g1 (wi—1) || = llge(we) — ge(ue) + ge(ue) — ge(ui—1)
+ ge(u—1) — gr—1(ue—1) + ge—1(ur—1) — gr—1(we—1)||
< [lge(we) — ge(ue) | + [|ge—1 (wi—1) — ge—1(we—1) |l
+ llge(ur) — ge(ur—) [ + lge(ue—1) — ge—1(ue—1)|| -

2
Then using Cauchy-Schwarz inequality (37, a;)? < (\ /n> a?) = nY I a?, we can
bound 37,7, [|ge(we) — ge—1(we—1)]|* by

T
> lgi(wi) = gioa (wi)|?
t=1

T
g (wo)lI* +4> | Nge(we) = ge(u) 1> + Ngi—1(wi1) — g1 (ug—1) |

<
t=2
+ [lge(ur) = g (ue—1)|* + llge(ue—1) = ge—1 (ue—1)|?
T T
< Hgl(’wl)Hz + 16L2th(ut7wt) + 42 gt (ur) — gt(ut—l)Hz
t=1 t=2
T
+4> " ge(ue—r) — g1 (w—)|)?
t=2
T T
< Nlga(wn)[[* + 161 Dy, (us, wr) + 4L [lug — w1 ||* + 4Vip(wrr)

t=1 t=2

41



ZHAO JACOBSEN CESA-BIANCHI ZHAO

T
2
= |lg1(w1)|* +16L Y Dy, (ur, we) + AL2P} (urir) + 4V (urr). @1
t=1

where the second inequality uses ||V fi(x) — Vf;(y)||> < 2LDy,(y,x) for L-smooth functions
(Lemma 16), the last inequality uses ||V fi(z) — Vfi(y)|| < L |z — y||, and we’ve defined the

12
Vi(urr) 2 S, IV fi(u1) = V fiot (1) | and PLV (urr) 2 57 g — wga |

Bounding via Comparator Loss. Again, for all £ > 2:

llge(we) — ge—1(wi—1)|| = ||ge(we) — ge(we) + ge(ue) — ge—1(ws—1) + ge—1(us—1) — gs—1(we—1)||
< lge(we) — geu) || + [lge—1(we—1) — ge—1(ue—1)|| + [|ge(ur)|| + [|ge—1(w—1)]| -

And for t = 1, we bound || g1 (w1)|| < ||lg1(w1) — g1(u1)|| + [|g1(u1)]]- Hence, we can bound

T T
> llgiwn) = gia(we )P < lgn (Dl + 43 [ llge(un) I + g (we-1)]? |
t=1 t=1
T
+ 43 [l (we) = guCu) I + g (1) = g1 (o)
t=2

T T
<8 lgr(un)[I* + 161 Dy, (g, wy)
t=1 t=1

T T
< 16LZ <ft(ut) — inf ft(w)> + 16L2th(ut,wt)
t=1 wek t=1
T

= 16LFr(ury) + 16L Y Dy, (u, wy), (22)
t=1

where the second inequality uses ||V fi(x) — Vfi(y)||> < 2LDy,(y,x) for L-smooth functions
(Lemma 16). The last inequality uses the self-bounding property of smooth functions (Lemma 17),
and the last line defines Frr(uy.7) = Z?zl (ft(uy)—inf, cga fi(w)). Combining Eq. (21) and Eq. (22)
concludes the proof. |

The following lemma provides a crucial bound on the difference between the gradients of
smooth functions in terms of the Bregman divergence.

Lemma 16 (Theorem 2.1.5 of Nesterov (2018)) Let [ : R? — R be a L-smooth function, then
forall x,y € R?,

IVf(z) = V)| < 2LDy(z,y).

The following lemma provides the well-known self-bounding property of smooth functions (see,
e.g., Levy (2017)).

Lemma 17 Let f : R? — R be a L-smooth function. Then for all = € R,

z€R4

IV @) < 2L (f(x) ~ inf f<z>) |
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Proof By smoothness, we have, for all = € R?:

o= V) < fla) + (@)~ VG ) + 57 IV = o) - 57 V@
Rearranging, we have

IVf(@)I* < 2L(f(2) - f(a ~ %Vf(fr))) <2L(f(x) — inf f(2)).

z€R4

Finally, we borrow the following lemmas from existing works, included here for completeness.

Lemma 18 (Adapted from Lemma 21 of Cutkosky and Mhammedi (2024)) Suppose g1, ..., gr
and 0 < hy < hy < ... < hy are such that ||g;|| < hy for all t. Define V, = 4h? + Zf;i lg:]1?

—1 €
By =4+ Zzzl lgill* /R, and . = VB, 0g2(B1)’ then:

>

Z at”gt” < dehr.

Lemma 19 (Theorem 7.36 of Orabona (2019)) The Optimistic Hedge algorithm, which starts

from p1 = %1]\/ and updates piy1 € AN by piy1; o exp(—atH(Zi,:l by + myy1)) with a
time-varying and non-increasing learning rate €, > 0, ensures that for any expert i € [N|:

T T

T
In N 1
g (Cr,pe — e;) < o + g (€y — my, Dt — Pry1) — E % Pt — peyals -
=1 -

t=1 t=1
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