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Abstract

Modern machine learning methods often require
large, high quality labeled datasets, whose labels
are potentially expensive and time consuming to
obtain. One solution, seen in Programmatic Weak
Supervision, crowdsourcing, and semi-supervised
learning, is to cheaply obtain an ensemble of noisy
labeling functions (LFs) and combine their predic-
tions. Specifically, weighted majority vote (WMV)
is a simple but well studied method to perform such
a combination. Weighting strategies for WMV can
be derived from a wide ranging set of assump-
tions (e.g. probabilistic, adversarial, etc.). How-
ever, existing analyses often suppose that the LF
predictions are fixed, and characterize the condi-
tions when said weighting strategies are optimal
(among all weighting strategies). We take a differ-
ent approach and show that all weighting strategies
which only depend on LF accuracies, e.g. majority
vote, are optimal (w.r.t. log loss) on a measure zero
set of problems. A method to compute the propor-
tion of problems where such aforementioned strate-
gies are ¢ close to being optimal is presented and
run. Other contributions include improved analysis
of WMV’s excess error under log loss.

1 INTRODUCTION

Obtaining a large labeled dataset often incurs high cost mon-
etarily and temporally as a result of the need to hire domain
experts to label each datapoint. Multiple areas, including
Programmatic Weak Supervision, crowdsourcing, and semi-
supervised learning have studied methods which can reduce
the cost of acquiring the aforementioned labels. Specifically,
one overarching strategy is to cheaply obtain labeling func-
tions (LFs), e.g. crowdsourcing workers, small computer
programs, linear classifiers, to noisily label the dataset, and

to then combine the LF predictions to obtain a clean label-
ing. There are two natural questions. First, how should one
combine the LF predictions? Second, when should a method
of combination be chosen over another?

We focus on using weighted majority vote (WMV) to com-
bine LF predictions and perform our analysis over log loss.
Objects of comparison will be weighting strategies, i.e. func-
tions that take information about the problem (LF accuracies,
class frequencies, etc.), and assign weights to LFs. Our anal-
ysis focuses on two settings: determining when and how
often a weighting strategy is optimal (or close to it) when
the LF accuracies are known and its performance compared
to other weighting strategies when it is not optimal. In partic-
ular, we focus on three weighting strategies: majority vote,
an intuitive strategy with probabilistic underpinnings, and a
consistent one with adversarial underpinnings.

A first pass approach is to give an LF weight proportional
to its accuracy. This is intuitively satisfying — we ought to
follow accurate LFs more closely and vice versa. As stated
above, we consider the question of when and how often this
strategy is optimal. The former can be done by determining
the assumptions needed to derive this weighting strategy.
For example, modeling each LF as a biased coin, i.e. taking
the One-Coin Dawid-Skene generative assumption [Li and
Yul 2014]), and looking at the posterior label distribution is
sufficient. We show that this strategy is minimax optimal if
the LF accuracies are fixed, but an adversary is allowed to
choose both the LF predictions and ground truth labeling.
Thus, satisfying the probabilistic assumptions is not nec-
essary for guaranteeing the performance of this weighting
strategy. For the latter question of how often this strategy
is optimal, this strategy is optimal on a measure zero set of
problems because it does not depend on the LF predictions.
This follows as a special case of a more general result we
show. We show how to experimentally determine the propor-
tion of problems where this strategy is € close to optimal.

By taking restricting the adversary even more — only al-
lowing it to select the ground truth and not the LF pre-
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dictions, one can obtain a weighting strategy that is opti-
mal for all problems (given the LF accuracies are known).
This class of weighting strategies depends on two choices
of loss functions. One to measure how far the adversary’s
choice of ground truth is from our prediction and another
to determine the set of labelings the adversary can choose
from. This paper will consider log-loss and 0-1 loss respec-
tively, like in [[An and Dasguptal 2024]]. A wide variety of
losses have been studied, e.g. [Balsubramani and Freund,
2016], [Mazzetto et al.| [2021a]]. To compare this strategy
with the one above, or for any other weighting strategy in
the general case where LF accuracies are estimated and
not known, we must consider the excess (or generalization)
error incurred with respect to the optimal weights.

We show that an existing bound of excess error from [An
and Dasgupta, 2024] can be arbitrarily far away from the
actual excess loss. Indeed, we conjecture that a similar re-
sult holds for bounds derived using similar techniques. This
leads to a pessimistic sufficient condition (involving a quan-
tity that we do not know how to compute in practice) for
determining when the above adversarial weighting strategy
is better than the intuitive one. We instead provide an exact
expression of the difference of excess log loss incurred by
two arbitrary weighting strategies, allowing us to give a
sufficient condition computable in practice for determining
when a weighting strategy is better than another. We also
provide covariate shift analysis, resulting in a characteri-
zation of when one will pick a suboptimal weighting. Our
contributions are as follows.

1. An adversarial derivation of the weighting strategy that
assigns an LF weight proportional to its accuracy.

. A characterization of when weights are optimal in
terms of LF predictions.

. A theorem showing that all weighting strategies that
only depend on LF accuracies are optimal on a measure
zero set of problems under log loss.

. A method to compute the proportion of problems where
a weighting strategy is optimal.

. Necessary and sufficient conditions for a weighting
strategy to outperform another.

. Experiments to demonstrate the above method and to
check our theoretical results.

2 RELATED WORK

While basic, the performance of the majority vote weighting
strategy, e.g. weight 1 for every LF, has been well studied.
One line of work is in jury theorems, which attempts to char-
acterize the performance of a weighting strategy given some
assumptions about the LFs. An early example is from |Con{

dorcet| [1785]], which considers a simple setting where the
votes are modeled as a Binomial random variable. I.e. each
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voter is independent and has the same probability of pre-
dicting the correct label. A good survey of jury theorems
can be found in [Dietrich and Spiekermann, |2023]. The pa-
pers below and our own work can be thought of as in the
domain of jury theorems. Narasimhamurthy| [2005] perform
an adversarial analysis of majority vote under 0-1 loss in the
binary labeling case. L1 and Yu|[2014] show that majority
vote is consistent under the general Dawid-Skene generative
assumption so long as the average accuracy of LFs is better
than random noise. Another line of analysis involves picking
out a subset of LFs to perform majority vote on, with the
hope of improving over majority vote over all LFs. Ruta and
Gabrys|[2005]] perform an extensive survey of such meth-
ods. Mazzetto et al.[[2021b]| study the same problem in the
adversarial setting, with the goal of maximizing the mini-
mum accuracy of the resulting subset of LFs. In another line
of work, [Littlestone and Warmuth| [1994] study weighted
majority vote in the online setting.

Now, we give a brief overview of work in different areas,
e.g. Programmatic Weak Supervision (PWS), crowdsourc-
ing, and semi-supervised learning, focusing on voting al-
gorithms. For PWS, see [Zhang et al., [2022] for a good
survey. The label model of PWS considers the problem of
combining LF predictions to denoise their predictions. For
example, Ratner et al.|[2016]] generalize the Dawid-Skene
model by modeling dependencies, [Fu et al.| [2020] propose
a fast triplet method, Riihling Cachay et al.|[[2021]] propose
using a neural network to combine LF predictions, |[Wu et al.
[2023]] propose using a graph neural network. The extant
Bayesian PWS models can all be interpreted as weighted
majority algorithms: [Kim and Ghahramanil [2012], [Li et al.}
2019], [Zhang et al., 2023}, [An} |2025].

On the crowdsourcing front, there is the celebrated work
of [Dawid and Skene| [1979], for which we’ll study a sim-
plified version of their model. |[Karger et al.|[2011]] propose
a Belief Propagation inspired algorithm whose output is
created via weighted majority vote. [Tao et al.[[2019] per-
form their analysis from a domain adaptation point of view
and leverage the datapoint features to help compute LF
weights. [Tian and Zhu|[2015]] propose a weighted majority
vote which maximizes the margin between scores given to
the potential true label and other labels.

The performance of the Dawid-Skene (DS) model, which
is a generalized version of the weighted majority vote has
also been studied extensively. In particular, DS gives each
LF k2 weights, one for each LF prediction/putative label
pair, i.e. one for each entry of the confusion matrix. If an
LF predicts class ¢, then the 0t row of the confusion matrix
is used to create k votes, one for each class. |Nitzan and
Paroush| [[1982] show that if the LFs are independent, then
the optimal weighting strategy in the binary case is to use
the DS weights. |(Gao and Zhou| [2013]] provide minimax
error convergence rates for the projected EM algorithm in
the binary labeling case. [Li and Yu| [2014] provide expo-



nentially decreasing error bounds for the accuracy of DS
while |Aeeneh et al.|[2025]] improve on these bounds. Zhang
et al.| [2014] propose an initialization method for DS and
prove error bounds for the use of EM with their initializa-
tion. Berend and Kontorovich|[2015] analyze the error of
the Naive Bayes model, which is a DS-type model, given su-
pervised estimates of LF confusion matrices. In these works,
the author assumes that the DS generative process holds,
which allows them to control what the LF predictions look
like. In this paper, our analysis will have no assumptions on
the LF predictions.

The consistent adversarial weighting strategy discussed
above has been studied under the semi-supervised setting.
It was originally proposed by [Balsubramani and Freund
[2015clbf for O-1 loss.|An and Dasguptal [2024] study the
same model but under log loss. Mazuelas et al.| [2023]]
study a similar model, but with more general constraints,
which was generalized in [Mazuelas et al.| [2022]]. These
papers use sensitivity analysis of convex programs to de-
rive error bounds. We’ll later see an example where that
technique yields a weak bound. Other techniques to de-
rive error bounds have appeared in the literature, e.g. PAC-
Bayes [Balsubramani and Freund, 2015al], Rademacher aver-
ages [Mazzetto et al.} 2021al]. For a generalized treatment of
the minimax games studied in the above papers, see [Griin{
wald and Dawid, [2004].

3 PRELIMINARIES

Say we have feature space X’ and k labels Y = [k] =
{1,...,k}. For X = {z1,...,2,} C X, we estimate the
conditional label probability Pr(y; = ¢ | ;) using p label-
ing functions (LFs) b, ... h®) where h9): X — ).

Consider weighted majority votes which only depend on
the LF predictions. In such a scenario, we can describe X
in terms of the LF predictions. That is, observe that there
are 7 := kP realizations of (h(!) (), ..., h(P)(z)). Call that
vector of predictions a pattern. Fixing an enumeration of
patterns, we will denote the ¢! pattern by 7; and the predic-
tion of A7) on that pattern is written as j- By definition,
the distribution of patterns determines the LF predictions.

Now, if on z; the LFs predictions match the tth pattern, we
estimate Pr(y; = £ | ;) by we = Pr(y = €| m¢) or

e = Pr(y = €| kY (2) = m;,¥j € [p)).

For bookkeeping, write 7); (M1, - i) and 0
(M1, --.,7-). In general, we will use carets to denote con-
ditional distributions. Quantities without the carets will be
joint distributions, i.e. n € A, where

N = Pr(y = £,h9) (z) = my5,Vj € [p]).

These are considered because we allow the LF predictions
to vary, i.e. Pr(m;) varies. We will soon discuss how to
construct our estimate for this distribution.
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For joint distribution 7, the following quantities are impor-
tant to our analysis. The true LF accuracies are

Z 77th

b = Pr(hV9(z) (1)

The true class frequencies are

= = nu )
t=1
and the true pattern frequencies are
o) = Pr(m) Zme (3)

When labeling n points, a* is known if X is known.

3.1 AN EXPONENTIAL FAMILY OF
DISTRIBUTIONS

Formally, we seek a function that maps from a pattern to
distributions over a class. Specifically, a function of the form
g: [r] = Ay. Our choice for g will lie in an exponential
family of distributions (which’ll be derived later). From g
we’ll obtain g € Ay, which will be used to estimate 7.

Lets say that the LF predictions on datapoint x; match pat-
tern 7;. We will predict a distribution g; € Ay for that
datapoint by getting a score for each class and then taking
the softmax. For notational convenience, define ¢ C [p] as
the set LFs that predict class ¢ on pattern ¢. Class £’s score
is the class bias for £ plus weights of LFs that predicted ¢
on 7, i.e. the sum of all §; where j € ny.

So, we assign each LF and class a weight, denoted 6 €
RPHF_ Our estimate for 7 is

exp (epH + ZjGﬂf ej)
- .
2 =1 €Xp (9p+2’ + et 0]-/)

To get g € A, we need a pattern distribution a € A . One

defines gy == atﬁt(g)

(0
gfe) =

“)

or alternatively uses 7 more weights.

Define v € R™ as weights that encode the pattern distribu-
tion. Our estimate of 7y is

g,
gt(e Y) & exp (I/t +O0pre+ Z 0j>.
jent

®)

If we want g to have pattern distribution «, we choose

= log(a:/ Zt) where Z, is the normalization factor in

Equatlon We write g() = gfz M) = a4 gy in that case.

If a weighting strategy only speciﬁes 6, then we will assume
v is chosen as above for o = «*. This happens when a* is
known by way of knowing X.

We’ll call our family of distributions G = {g(e’”): 0 e
RPH* 1 € R} and will now write it using matrix notation.



3.1.1 A Matrix Representation

To compactly describe G, we introduce two matrices. Let
A € {0,1}(P+R)x7k be the matrix that encodes combina-
tions of §, while D € {0,1}7*"* be the matrix that picks
out the correct pattern weight .

Define 7 matrices A® € {0,1}(P*F)*F 5o that A is the
horizontal concatenation of these matrices. Then,
f)

At = at, =
e {1<j—p:e>

For D, we’ll do something similar with D* € {0,1}7**.

1
Dt =dt, =
5 {0

Now, it’s easy to check that for n € A that

i<
if j > p.

if j = t,
0.W.

)

An = (b*;w*) and Dn=a".
Now, observe that §$) oc exp([AT0]s). Also, if the pattern

distribution of ¢ is a, then ¢ = D"« o § where o is the
Hadamard product.

4 EXAMPLES OF WEIGHTING
STRATEGIES

We now give three examples of weighting strategies which
will be used to instantiate our analysis. Specifically, we
discuss majority vote, the intuitive strategy of weighting LFs
by their accuracies, and the (adversarial) consistent strategy.
When discussing weighting strategies, we will focus on the
form of § € RP**, the weights that determine the estimate
of the conditional label distribution g(?). This is because we
want to study the quality of g(*):* as an approximator of 7
where o € A varies. In other words, we want to study how
the LF predictions affect how good the conditional label
distribution estimates §(?) are.

Take for example majority vote (MV). Here, 6™ = (1,;1y)
where the class bias weights do not affect the prediction. For
known X, the MV prediction is

g0t oy exp(|mf])
tl - k 7N
> o—1exp(|mf’])

It is not hard to construct pattern distributions a* where
majority vote does well/poorly. For example, consider our
usual notion of majority vote: we predict the class ¢ on
pattern ¢ with the most votes. Le. ¢ = argmax,, |z |.
Consider an X where |X| = 3,p = 3,k = 2 where the
labels are all +1. If the LF predictions are (+1,+1, —1),
(+1,-1,41), (=1,+1,+41), then majority vote is perfect,
while each LF has accuracy of 2/3.
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4.1 AN INTUITIVE WEIGHTING STRATEGY

While majority vote can work well in practice, it is agnostic
to LF quality, the class distribution, etc. This makes it sus-
ceptible to pathological cases such as the hammer spammer
scenario where low numbers of high accuracy LFs (ham-
mers) are overwhelmed by a large number of LFs who are
essentially random noise (spammers), or to large numbers
of adversarial LFs that consistently predict the wrong label.

A natural shift in strategy is to give an LF weight propor-
tional to its accuracy. Le. it’s intuitively satisfying that LFs
that are often right have more “say” in the final prediction
and vice versa. Similarly, LFs that are noisy prima facie do
not contribute anything, so they ought to have little to no
weight. The same can be said about class biases. If most of
the datapoints have class £, i.e. w; > 1 /k, then the scores
for class £ should be large unless enough highly accurate
LFs predict a minority class.

Consider the following weights for j € [p], £ € [k]:
b;(k —
ds
0" :bg(J

1 bj1)> and 9;‘53}5 = log(we). (8)
The superscript is short for the One-Coin Dawid-Skene
model [Li and Yu, 2014f] under which this weighting strategy
can be derived. One may check that 9315 =0whenb; =1/k
and 9?5 T oo (resp. | —oo) when b; 1 1 (resp. | 0). Note
that v is not defined for this strategy.

The generative process may be stated thusly. Labels and LF
predictions are generated independently for each datapoint
x. The label is drawn from y ~ Categorical(w*) and
RO (z) =y w.p. b7, while it equals an incorrect label k] \ y
w.p. (1-b;)/(k—1).1Le. each LF is modeled as a biased coin.
The full derivation is given in the appendix. Since one does
not know b*, w™ in practice, one estimates those quantities,
e.g. by EM or something more sophisticated [[Zhang et al.,
2014]), and then uses those weights.

While not depending on the LF predictions makes the char-
acterization of 692 simple, this will also be the reason that
this strategy is “optimal” on a measure zero set of pattern
distributions. More formally, we will define the notion of
optimality and prove that the measure of o € A, such that
g(9d5>7a is optimal is zero. To emphasize the fact that the
probabilistic assumptions are not the problem, we derive
this same strategy using adversarial assumptions.

Say we only know that the LF accuracies b* and class fre-
quencies w* and we need to pick a labeling g € A, to
estimate 7). Here, we don’t know anything about what the
LF predictions look like, i.e. we can only say o* € A,.
Now, say an adversary picks z to maximize the loss of
our prediction —z " log g, with the constraint that 7 must
give the LFs accuracy b* and must have class frequency
w*, i.e. Az = (b*;w*). It turns out the minimax optimal

*

.. . ds
prediction is g(*""%7) where §9° uses b*, w*.



Formally, define the set of labelings from which the adver-
sary is allowed to choose labelings from as

Prowe = {2 € Ayt Az — (0% 0%) |0 <0} (9)

Our result is written as follows.

Theorem 4.1. Fix b* € (0,1)?,w* € Ay N (0,1)*. Then,
g(eds)’ads € A,y is the minimax optimal prediction if the

adversary chooses distributions in Py« ,,~. Le.

g et (07 0)

= argmin max —z' logg.
gEA ), ZEPprwx

=g
We provide the complete proof in the appendix, but note
that it suffices to show g((’ds*of) is the maximum entropy
distribution in P+ .

For both assumptions, there is an ignorance of what the LF
predictions are. In the probabilistic derivation, the predic-
tions on different datapoints are modeled as independent.
In the adversarial derivation, one is assumed to be ignorant
of what the LF predictions are. Note that we do not mean
to say that the only time #9° is “optimal” is when v = 0.
We’ll soon define the notion of optimality and shall see that
there are other choices of v which make 6% optimal.

Indeed, Proposition 3 of Mazzetto et al.|[2021b]], though not
presented in the same way, shows a similar result for 0 — 1
loss rather than log loss. Specifically, under mild conditions,
they show that the minimax optimal prediction one ought
to take when the LF predictions are not known is match the
predictions of the LF with highest accuracy.

4.2 A CONSISTENT WEIGHTING STRATEGY

We’ll now present a weighting strategy that produces
weights #/ which is optimal on all feasible pattern distri-
butions « given b*, w*. Suppose we once again knew what
b*, w*, but we also knew what o* was. Then, we construct
a set of labelings consistent with this knowledge like above
With Py« ox = Py N Py where

Py ={z€ A: ||Dz — a"|| < 0} (10)
The resulting prediction is
g(ebf)’“* —argmin max —z' logg. (11)
GEA 1), ZEPpxyxax

This is a reformulation of the Balsubramani-Freund (BF)
model with log loss [An and Dasgupta, |2024]] where the
pattern distribution is explicitly stated. In the appendix, we
show how 6/ is the result of a convex program. §°f de-
pends on o™ and it is an open question what the closed form
solution of #°f looks like in terms of b*, w*, a’*. In practice,
we use Py, N P,~ where b, w are estimates of b*, w* such
that ||(b;w) — (b*;w*)|lc < €. Thatis, Py, is the set in
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Equation [0 with e replacing 0. Should one have L labeled
points, € is O(1/v/L).

We take the notion of optimality from [[An and Dasgupta),
2024], where a prediction in ¢g* € G is optimal if it min-
imizes the distance to 1 with respect to KL divergence.
A weighting strategy is consistent if for every tuple of
b*, w*, a® where Py, 1S nonempty, said weighting strat-
egy returns g*. In Theorem 6 of [An and Dasguptal [2024]],
this was shown to hold for g(eb'f)’a*, while in Lemma 11,
the OCDS strategy is shown to be inconsistent.

S WHEN IS A WEIGHTING STRATEGY
OPTIMAL?

Our discussion of what makes a weighting strategy optimal
will closely follow [[An and Dasguptal, 2024]. The proofs
for these results are similar to those in the aforementioned
paper and are included in the appendix.

The distance between two distributions u, v € A is mea-
sured by KL divergence. That is,

T k
u
DKL (UH’U) = E E Utp log (1;5) .
t

t=1 (=1
The optimal prediction g* € G is such that
g* = argmin D, (1]|g) -
g€y

By Theorem 6 of [An and Dasguptal 2024, we know that
g* is the solution of the BF problem in Equation [I0]and is
unique. They show that by looking at the KKT conditions,
if one can exhibit g € G such that Ag = An = (b*; w*) and
Dg = Dn = «a*, then g = g*.

By choosing KL divergence, one may show a Pythagorean
theorem, making it easy to measure the excess loss of an
arbitrary prediction g € G. See appendix for more details.

Lemma 5.1. Fixn € A Forany g € G,
Dxr. (nllg) = Drr (nllg™) + D1 (9"9) -

unavoidable loss

avoidable loss

Our focus for this paper will be on the second term, which
is how much excess loss one incurs by choosing suboptimal
weights. In particular, we are interested in when it is equal
to 0 as a function of the true pattern distribution o*. (In [An
and Dasguptal [2024]], the two terms on the RHS are called
model and approximation uncertainty.)

6 HOW OFTEN IS A WEIGHTING
STRATEGY (CLOSE TO) OPTIMAL?

For chosen weights 6, v, recall that our predicted labeling
g% € G is optimal if Ag®") = Ap = (b*;w*) and



Dg®¥) = Dn = o*. For the three weighting strategies
discussed, they all take b*, w*, a® (or estimates thereof)
as input. Moreover, each of the three weighting strategies
satisfy Dg(®¥) = Dy = a* either by assumption or con-
struction. Recall that if one knows X, a* can be computed
by looking at the LF predictions on X.

So, it suffices to check when our prediction is such that
Ag®-2" = Ay where 6 is determined by a weighting strat-
egy. We go about this by fixing b*, w* and varying o*. The
quantity we’re interested in is the probability that a weight-
ing strategy will output g* for a randomly drawn pattern
distribution o* given that the LF accuracies are b* and the
class frequencies are w*. L.e. for § from MV/OCDS/BF etc.,

Pr(f is optimal|b*, w*) = Pr(g{?" = ¢*|b*, w*).

When 6 is from BF, this quantity is 1 by construction (based
on BF’s consistency), while this same quantity is 0 for MV
and OCDS (under mild assumptions).

We’ll analyze this probability via Bayes’ Theorem. Let
vol(-) be the volume operator operating under dimension
7 — 1. (Le. the dimension of A.) The joint probability

P,r(g(Q),a* = g*a b*7w*)

o vol({or € Ar: |[AgD® — (%0 ||lso < 0}). (12)
Call this set being measured 0%, Like before, we’ll only
write the second superscript when it is € (i.e. when the we
have || - |leo < €). If 0 = 67, we’ll write O/ as shorthand
for 0", The probability that a pattern distribution can give

rise to LF accuracies b* and class frequencies w™ is

Prd*,w*) xvol({ae € A;: 3z € Ary,
|4z — (6% 0*)]loe < 0, Dz = ).

Call this set T°. The superscript will be suppressed unless it
is nonzero. Note that it can be compactly written as D Ppy»
the linear transformation of Py~ by D. We will address
the question of Pr(b*, w*) being positive soon.

We can also restrict the pattern distributions to those realiz-
able over n datapoints. That set is defined as

Sp={a €A :na ey} (13)

Denote the respective finite versions of the above sets as
02 =0°nS, and T,=TnNSG,.
When referring to the finite case, we’ll use Pr,(-) and use

set cardinality rather than volume to measure size.

It turns out that vol(T') > 0 can be guaranteed under some
mild, soon-to-be stated conditions on p, k, b*, w*. Specif-
ically, we’ll show that dim(T) = 7 — 1 by constructing
a simplex of that same dimension with nonzero volume.
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This is possible because knowing b*,w* puts but a mild
constraint on the pattern distribution «. In particular, we are
able to exhibit 7 linearly independent pattern distributions
where the ' pattern distribution a(*) is 0 on the t*" ele-
ment, i.e. ait) = 0. On the other hand, note that |T},| = 0 for
certain choices of n, b*, w*. See appendix for more details.

Lemma 6.1 (Informal). vol(T) > 0.

Now, we may formally state that BF returns g*, i.e. is opti-
mal, over all problems (when b*, w*, a* are known). When
those quantities are known, one can show that BF minimizes
—n " log g for g € G, giving the result below.

Theorem 6.2. Let 0% be the weights returned by the BF
weighting strategy. Then, O*f =T so that Pr(g(fbf)’a* =
g*|b*, w*) = 1. A fortiori, for all n > 1, O = T,, so that
Prn(g(ebf)’a* = g*|b*,w*) = 1.

Recall that #®/ depends on b*, w*, o*, i.e. an LF’s weight
depends not only on its accuracy, but also how other LFs

predict. If this is not the case, i.e. 6 only depends on b*, w*,
the above probability is 0.

Theorem 6.3. Fix b* € (0,1)?, w* € Ay N (0, 1), Sup-
pose 6 only depends on b*, w* and has at least one nonzero
element. If p > 3, k > 3, and

maxb; < (1+1/y/pp—1))7",

JE[P]

then Pr(g(e)’o‘* = g*|b*,w*) = 0.

We show this by proving that OY lies in a strictly lower
dimensional subspace compared to 7. That is, we can write
O? in the form {o € A, : Aa = (b*;w*)}. Then, we show
that there are at least two linearly independent equality con-
straints. As the dimension of a polytope is the dimension of
its nullspace, the dimension of 0? is no larger than 7 — 2.
We must assume that 6 is not the all zeros vector to avoid
an edge case where O has but a single equality constraint,
giving it dimension 7 — 1. Then, we construct a 7 — 1 dimen-
sion simplex lying inside " by perturbing Dg(ed‘io,) (which
itself is in 7', c.f. Theorem [4.1)) in 7 linearly independent
directions and taking the convex hull of those perturbations.
See Figure|[T|for a visualization.

Note that the role of log loss in Theorem is only to
ensure that o € O implies that ¢(®)- is optimal. Le. for
that o, Ag(®)® = (b*;w*) by construction. The proof for
dim(T) did not depend on our choice of log loss.

We may derive the following result by inspecting the defi-
nitions of ¢ for the OCDS and MYV strategies. For OCDS,
observe that if the class bias weights are the same constant,
then those weights are equivalently 0.

Corollary 6.4. With the assumptions of Theorem|[6.3] the
MYV strategy is optimal w.p. 0 and the same is true for the
OCDS strategy when (b*; w*) # 1,41/ k.
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Figure 1: A Visualization of Sets 0%, 0% T, and A,.
Observe That O Lies In a Lower Dimension Than 7.

Since weighting strategies like MV and OCDS are optimal
on a measure zero set, it is natural to ask how often they
are close to optimal (e.g. ¢ > 0 close) as a function of the
LF accuracies/class frequencies they induce with the result-
ing labelings. We’ll say a prediction ¢(®) is e-optimal if
|Ag®* — (b*;w*)||oe < €. Thus, we may consider the
probability Pr(f is e-optimal|b*, w™*). We have defined this
notion of “closeness” to optimality with the sole purpose
of estimating the above property algorithmically. A visu-
alization of O%€ can be seen in Figure|l| Once again, see
appendix for more details. As we will see in the next sec-
tion, a prediction g being e-optimal and another ¢’ being
€’-optimal with ¢ < e does not imply that g’ is closer to 7
than g as such a comparison also depends on their weights.

7 WHEN IS A WEIGHTING STRATEGY
BETTER THAN ANOTHER?

In the previous section, we looked at the set of patterns (for
fixed b*, w*) under which a weighting strategy is optimal
and analyzed its size. Because we specified a set, we may
characterize when 6’ is optimal and  is not. Le. we can look
at 0% \ O?. As mentioned above, we cannot do the same
when we have estimates of b*, w*, a*.

Instead, we will focus on analyzing

Dk (9"l9) — Drr (97[lg") > 0 (14)
to determine when ¢’ is better than g. |An and Dasgupta
[2024] analyze this expression for g = g(‘gds)’o‘* and ¢’ =
¢@")2" by upper bounding D1, (g*||g®"")+*"). The idea
was to attain an upper bound that does not depend on #*/ as
it is hard to control a priori. However, their upper bound can
be arbitrarily larger than the quantity bounded. This happens
because they linearly approximated the entropy function,
which can be poor. E.g. approximating —22 at z = —2 via
4z 4 4 yields a poor approximation when x > —1.
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Theorem 7.1. Let Ag®"")" = (60F;wb?) be the LF ac-
curacies and class frequencies induced by way of using the

(60,

BF prediction g " as a putative labeling.

Q*T(b* _ bbf;w* _ wa)

% by o* bfy o* *
> Dgky (9 gt >+DKL (9(9 )|g )

This is shown by analyzing the form of the predictions
(Equation[5)) and then using the complementary slackness
conditions that #7 satisfies. This immediately implies the
upper bound provided by |An and Dasguptal [2024]], i.e. the
LHS bounds the excess loss of g(ebf)v‘x*, while having a
much simpler proof. We conjecture that bounds derived
using sensitivity analysis of convex programs, as found
in [[Dudik et al., 2004, [Mazuelas et al., [2023], /An and Das-
gupta, |2024]], will have similar lower bounds.

Now, we analyze the difference of KL divergences in Equa-
tion 14} We will use the superscripts to associate quantities
with labelings. E.g. ¢/ = g\, Ag’ = (V/;w'),Dg = o/.
Recall Z is the normalizing factor for g;,. By using the form
of distributions in G, Equation @]becomes the following.

Theorem 7.2. Let g,g',g* € G. Then,

Drr (9%lg) — Drr (9"|l9") = Dk (9|lg)

PN (B Bk * N\ T aIZ\
+(@"=0) b=V w—w)+(a*—a) log | — | .
aZ’

Qbserve that on the RHS, there are no references to 6* or
Z*, terms that require knowledge of the optimal weights.
All other quantities are known or can be estimated. As such,
the remaining results are direct manipulations of the above.

7.1 CASE: PATTERN DISTRIBUTION IS KNOWN

We’ll start our analysis in the case where X or equivalently
o is known. For ¢’ to be better than g, it suffices for

0 —0)T(b" —b;w* —w') < Dgr(dlg). (15)

Le. ¢’ is better than g if both 6; > 9;-, b < b;- and vice versa
more often than not. In the appendix, we show that the LHS
is often negative. This means that if one applies Cauchy-
Schwarz as follows, then the test will be very pessimistic.
To avoid this situation, we conjecture that one needs lower
bounds of b* — ', w* — w’ in addition to upper bounds.

Lemma 7.3. ¢’ is better than g (with respect to g*) if

Drr (9'll9)
b — b 5w —w')|s < ===
I e <
On the other hand, in special cases like the BF weight-
ing strategy, the sign of the weight 0?f tells use whether



b; > bgf = [Ag(ebf)’of*.]j. Le. by inspegting the comple-
mentary slackness conditions, we can specify when the LHS
of Equation [T3]is negative.

Lemma 7.4. Let 0 ¢ (R\ {0})P** be the BF weights
and fix 0 € RP*, Suppose for j € [p + k — 1] that either
Hé?f >0andf; < H?f holds or 9?"0 <0and0; > Ggf holds.

Then, g(ebf)’a* is closer to g* than (9"

We disallow a BF weight being 0 as then the complementary
slackness conditions don’t tell us anything. We also do not
consider #P1* because one can always set that to 0 without
changing the resulting prediction. I.e. by subtracting 6,
from 0,1 ¢, £ € [k — 1]. In particular, the above result holds
for the OCDS weighting strategy and the MV weighting
strategy. This gives an a priori characterization of a set of
problems wherein BF is better than OCDS/MV.

7.2 CASE: PATTERN DISTRIBUTION VARIES

Suppose now that the pattern distribution is not known. That
is, while the true pattern distribution is a*, we receive a
pattern distribution of « to determine our conditional label
predictions. Le. o will be used to determine g, g’ (with
associated weights 6, 0"). « can be thought of as the training
pattern distribution. To determine g, g’, one approximates
g% but later on (e.g. at test time), we judge how close
@ g(0):0" gre to g(¢")2" In other words, a covariate
shift occurs. We wish to characterize when ¢(®)¢ is closer
to g ) while g((’l)va* is closer to ¢ )" as a function
of ( := a™ — q, the size of the perturbation from a* to a.

It turns out that the set of ( satisfying the above can be
written as a convex polytope.

Theorem 7.5. Suppose that

Dxr, (9(0*),(1”9(9)@) < Dgr, (9(0*)’06”9(0,)’(1)

and let ( be a perturbation of a such that o« = o+ (. If

QS {C’GRT: a+¢ €AY (w+()

t=1
< [P (518") = D (311157 | < o},
then

Dy (9(9*)’04*“9(0),&*) > Dy, (g(e*)7a*‘|g(0/)7a*) .

The size of this set can be determined algorithmically using
LattE [Baldoni et al., [2013]] as this is a system of linear
inequalities with ¢ as our variables.

While this characterization is exact, it only holds for dis-
tributions in G. We note that extant methods for covariate

shift work on general classifiers. One line of work involves
re-weighting examples in the log-likelihood to get a bet-
ter (max likelihood) estimator under a different covariate
distribution [Shimodairal |2000]]. Another line of work uses
prediction confidences to estimate performance under co-
variate shift [Biatek et al., 2025].

8 EXPERIMENTS

8.1 COMPUTING THE SIZE OF O%¢ AND T*

Here, we describe how one can determine proportion of pat-
tern distributions wherein a weighting strategy is e-optimal.
In particular, we use LattE [Baldoni et al.,|2013] to deter-
mine the exact volumes of O%¢, T and to count the exact
number of pattern distributions in Ofﬁ, Tfl. We perform
these computations in some toy settings as these problems
are computationally difficult. It is known that exactly count-
ing the number of lattice points in a polytope (e.g. Off)
is # P hard (Table 7.0.1 of [Téth et al., [2017]]). Similarly,
computing the exact volume of polytopes is also # P hard
(e.g. [Dyer and Frieze} |1988|], [Valiant,|1979]]). We do note
that there exist parallel algorithms for exact volume com-
putation, e.g. [[Avis and Jordan, 2018] and algorithms to
estimate the volume, e.g. [Emiris and Fisikopoulos| 2018]].

One may find our code and results in the supplementary
materials or at https://github.com/stevenan5/
wnmv-log—loss—-optimality—-uai-2026. Techni-
cal details regarding the use of LattE, constructing 7', among
other considerations are deferred to the appendix.

We evaluate the OCDS strategy on p = 2,k = 2 with
w* = (0.5,0.5) and b}, b5 € {i/10}?_; for ¢ = 0 and
n = 400. This n was chosen to meet the various implemen-
tation requirements of LattE. See Figure 2] Observe that the
probability OCDS is on the order of optimal is < 0.0004
yet Pr(b*, w*) can be above 0.8. Also, note the degenerate
point where b] = b5 = 0.5, where all patterns are optimal,
colored in red. Here, the OCDS weights is 0, , a case we
specifically avoid in Theorem From this, we believe
that same theorem can be extended to p > 2, k > 2 while
dropping the upper bound requirement on b*.

We also evaluate the OCDS and MV strategies on p =
3,k = 2 with w*, n = 1000 in two cases for ¢ = 0.1. The
former is the so-called hammer spammer setup where one
LF is highly accurate (b7 = 0.9) while the others are noisy,
but biased toward the truth (b3, b5 = 0.6). Another is where
all LF accuracies are 0.6, i.e. the case where the ensemble is
not very accurate. For the first case, the probability OCDS
and MV were 0.1-optimal was 0.177... and < 0.000581
respectively. For the second case, those probabilities were
0.872... versus < 0.198. Perhaps unsurprisingly, we see
that OCDS is 0.1-optimal more often.


https://github.com/stevenan5/wmv-log-loss-optimality-uai-2026
https://github.com/stevenan5/wmv-log-loss-optimality-uai-2026

Table 1: Empirical Evaluation of Tests for Determining When A Weighting Strategy Is Better Than Another. Shown Is the

First € for Which A False Negative was Observed.

Dataset IMDB Youtube SMS CDR Yelp Commercial Tennis TREC SemEval ChemProt AGNews
Ours (Lem|7.3) BF vs OCDS 0.01  0.05 0.01  0.05 0.05 0.01 02 0.01 0.05 >0.3 0.01
Ours (Lem|7.3) BF vs MV 0.01  0.05 0.01  0.05 0.05 0.05 0.05 0.05 0.05 0.1 0.1
An and Dasgupta 2024' (Lem 12) 0.169 0.176 0.000123 0.12 0.042 0.114 0.125 0.0112 0.0021  0.064 0.132
1.0 1.0
0.0004 ©
=1 0.8 ¢
0.8 3 0.8 o
5 &
0.0003 0.6 &
0.6 2 0.6 Vs
= 0.0002 d = &
0.4 e 0.4 0.4 3
2. <
2 T
0.2 0.0001 = 0.2 028
X a
[ ~—
a
0.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
bi by

(@) Pr(g®"")® is optimal|b*, w* = (0.5,0.5))

(b) Pr(b*,w* = (0.5,0.5))

Figure 2: Heatmaps Displaying the Exact Volume of O%*, the Set of Pattern Distributions Wherein the OCDS Weighting
Strategy is Optimal, and the Exact Volume of 7', the Set of Pattern Distributions Consistent with b*, w*. Where p = k = 2,
n = 400 (chosen for technical reasons) and b}, b5 € {0.1,0.2,...,0.9}.

8.2 EVALUATION OF LEMMA [7.3/ON REAL
DATASETS

Now, we evaluate Lemma [7.3] on 11 real datasets from

WRENCH [Zhang et al.,[2021]]. In particular, we compare
three weighting strategies, BF, OCDS, and MV. The com-

plete details can be found in the appendix.

For BF, we compute weights %/ by solving the minimax
game in Equation [TT] with Py, . . where € is varied be-
tween [0.01, 0.3]. This is to circumvent problems one en-
counters when sampling labels for LFs that abstain. For
OCDS, we choose the weights in Equation [I8] where b*, w*
are substituted in. For MV, the weights are 6 = 1, .

In Table [T} we show the first e such that Lemma [7.3] pro-
vides a false positive. That is, where the BF prediction is
better than OCDS/MYV, yet we cannot conclude that using
said lemma. If such ¢ is larger than 0.01, we bold it. We
see that despite using Cauchy-Schwarz, Lemma([7.3]is still
usable in practice. We also show the maximum e for which
the test provided by [An and Dasgupta, [2024] provides a
true positive in determining when BF is better than OCDS.
Despite the lower bound of Theorem [7.1] (which affects this
test), we see that the e is decently large. However, this test
is impractical to use in practice since it requires ||6*|;.
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9 CONCLUSION AND LIMITATIONS

‘We have shown that even in favorable scenarios, i.e. when
the underlying LF accuracies and class distribution are
known, an entire class of weighting strategy is optimal on a
measure zero set of problems. There are two directions in
which our work can be expanded on. First is to generalize
Theorem [6.3] to the case of k = 2 classes. Another direction
is to generalize the representation of the LFs from a sin-
gle parameter (its accuracy) to more informative measure,
e.g. its confusion matrix or even instance specific accuracies.
The former may be in reach with our techniques.

By measuring distance via log-loss, checking for g’s op-
timality is reduced to checking whether Ag = An and
Dg = Dn. While theoretically convenient, this does not
reflect the scenarios where one uses weighted majority vote
in non-machine learning contexts. E.g. voting in political
elections, voting on a jury, etc. There, 0-1 loss may be more
appropriate, though more theoretical machinery would be
needed to generalize our results to that scenario.
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A APPENDIX OVERVIEW

We provided all missing proofs as well as extra experimental results in this appendix. See supplementary material or
https://github.com/stevenan5/wmv-log—loss—-optimality—uai-2026 for the code that was run. The
appendix is organized as follows.

Section B} a recap of the problem setup and notation.

Section [C} derivation of OCDS weighting strategy from probabilistic assumptions.

Section[D] proof of Theorem[4.1] the derivation of OCDS weighting strategy via adversarial assumptions.
Section[E] derivation of the convex program used for the BF weighting strategy.

Section[F] proof of Lemmal[5.1] a Pythagorean type result for KL divergence.

Section [G] proof of Theorem [7.1] which when used with the arguments of [An and Dasguptal [2024]] (Theorem 6),
provides a new, simpler proof of Theorem|[6.2]

7. Section [H] proof of Theorem Lemma(7.3] and Lemma[7.4] characterizations of when a weighting strategy is better
than another when neither is optimal.

AN A o e

8. Section[l] proof of Theorem[7.5] our covariate shift analysis.

9. Sectionf]] proof of Lemma[6.I]and Theorem|[6.3] regarding the measure zero set of optimal patterns for certain weighting
strategies.

10. Section|K] the complete experimental results, including our evaluations of Lemma[7.3]

B PROBLEM AND NOTATION RECAP

To start, we briefly recap the problem at hand and review the notation used. Suppose we have a dataset X = {z1,...,z,} C
X where each point has one of k possible labels ) = {1,...,k} = [k]. At our disposal is p labeling functions (LFs)
h9): X — Y. We will refer to the LF predictions on a datapoint by referring to one of 7 := kP patterns. A pattern is a tuple
of k predictions. With respect to patterns, 7;; denotes the prediction hJ ) on pattern ¢ while ¢ denotes the subset of [p] for
which the LFs predict £ on pattern ¢. That is,

i ={j € [p]: m; = ¢}

We wish to estimate 7;y = Pr(y = £ | m;), the true conditional label probability, via a weighted majority vote. That is, for
p + k weights & € RPH*_our estimate for 7,4 is §(?). See Equation@]for the functional form. We write 7 = (71, ...,7,) as
the concatenation of 7 distributions in Ay, to represent all the conditional probabilities. Another quantity of interest is the
joint label probability 1, = Pr(y = ¢, 7). We write all these joint probabilities as 7 € A, . With 7 extra weights v € R7,
we estimate that quantity with ¢(?-*). See Equation |5|for its functional form. In the special case where we know the pattern
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distribution o* and want to force our prediction to adhere to that pattern distribution, we pick v; = log(a}/ /Z\t) Recall that
Z, is the normalization factor in Equation

Quantities of interest for us are b* € [0, 1]?, the accuracy of the p LFs, w* € Ay, the class frequency distribution, and
a* € A,, the pattern frequency distribution. Estimates of these quantities will be denoted by a lack of * in the superscript.
Recall that we can write b*, w*, o* as a matrix multiplication of 7. That is, An = (b*; w*) and Dn = «* where A was
defined in Equation [6]and D was defined in Equation

C DERIVING THE OCDS WEIGHTING STRATEGY FROM PROBABILISTIC
ASSUMPTIONS

We rehash the findings of |Li and Yu|[2014] wherein One-Coin Dawid-Skene’s (OCDS) posterior label distribution is shown
to be a weighted majority vote. Simple results about that posterior label distribution, i.e. prediction, are shown in service of
the next section.

We start by laying out the generative process under OCDS. Fix a dataset X and say each of the datapoints has a label
y; € Y. Define w* € Ay to be the underlying class frequency distribution. The OCDS generative process generates label y;
independently by way of y; ~ Categorical(w*). LFs are modeled as biased coins so that predictions on different datapoints
are modeled as independent coin flips. Moreover, the LF predictions are assumed to be independent to each other on a single
datapoint given the label.

Let b7 € [0, 1] be the underlying accuracy of LF h(7). Define the distribution vy, € Ay where the element in position
yi is b} while every other element is (1 — b%)/(k — 1). This is the conditional distribution of h{9)’s prediction given
that the true label is y;. Le. Pr(hU)(z) = ¢' | y = ¢) is given by this distribution for ¢,¢' € [k]. The prediction of
hU)(x;) ~ Categorical(vy,).

In practice, we are given X (more specifically the LF predictions on X) and wish to infer what its labels are. Specifically,
we are interested in the posterior label distribution

Pr(y | kY (2),¥] € [p]).

By using Bayes’ Theorem and the conditional independence of LF predictions, one sees that

) [, Pr(h @) | v)

Pr(y | h9(x),Vj € [p]) = Pr(h(])( ), V7 € [p])

(16)

By definition, the denominator is a pattern distribution and the numerator can be rewritten as follows:
P ” — b 1(hD (2)2£0)
Pr(y =£,h9 (z),Vj € [p Hb* YR ()= [)H( )
where 1(-) is the indicator function. Lets suppose that the LF predictions match pattern ;. We may write the numerator as

jent  jelp\nf

It’s clear the denominator of Equationis Pr(m) = Zif:l Pr(y =¢,m).

Now, we wish to show the above can be written as an element of G. Define the OCDS weights as fds ¢ Rtk a5

bi(k—1
0; =log <]1(—b*)> for j € [p] and Opte = log(wy) for ¢ € [k]. (18)
J

Proposition C.1. For OCDS weights defined as above (Equation , g(eds =) matches the joint probability in Equation
which is the OCDS estimate for the joint distribution element 1. Similarly, ’g\(ads) matches the quantity of Equation

100



Proof. We start with the first claim. Using the form of prediction for g, i.e. Equation[5] and substituting the weights, we have

. b (k1)
oo o)+ s (552

Ire i . ) v () .
Zt’:l >v—1 exp | log(wy,) + Zj/eﬂfj log T,

Converting the sums into products gives us

b (k—1)
* i

(ods 0. ) w[ Hjeﬂ'f lfb;f

Gte o, (k1) °

k
Z;=1 D=1 Wi Hj'ewf,’ Jl—b;f,

Multiply the numerator and denominator by the same quantity, namely H§=1 [(b(k —1))/(1 — bj)]. This gives us

1— b*
(0%°,0-) _ wy HJGW b5 I e mf k=1 Pr(y ={,m) _ _
Gee - 1-b° T % = Pr(y ={,m).
Zt’ 1 Zel 1 'LUZ/ H] eﬂ_gl b HJ e p]\ﬂ_ll ﬁ Zt':l Z[':l P'I"(y = 67 7Tt>

because the denominator sums to 1. To be explicit,

ds 1 b*/
g " =w; [0 TI T (19)

jerf  j'elp\wf

Now, we show that 4g(#**07) = (b*; w*) so that a?® := Dg(#"*97) € T. Recall that we have previously defined
T={a€cA;:3ze A, Az = (b";w"),Dz = a}. (20)

To be explicit,
1-10b%

—Zweﬂb* II @1)

jerf  j'elp\=f

Proposition C.2. Ag(?":0-) = (b*; w*) which implies that a® = D" 0:) ¢ T. Moreover, if b* € (0,1)? and
€ (0,1)% N Ay, then every element of a® > 0.

Proof. This is most easily seen by using the fact that
04,0,
g " =Pry=tm)

with respect to the probability distribution defined using the OCDS generative assumption. Then, take element j of Ag(ads 07),
By the definition of A (Equation[6)), it is

k

T k
SO Mmy = OPr(y = m) = 303 Prly = A9 (@) = 4, h9(@) = mp V5 € B\ (51

t=1 ¢=1 t=1 (=1

Clearly, the class variable y and the other LF predictions are being marginalized out, meaning the above is equal to

Pr(hU)(z) = y). A similar argument works for elements p + ¢ of Ag(®*":%) for ¢ € [k]. Our second claim follows by

07°.0.)

definition of 7". To see our final claim, observe that with those assumptions, every element of g( is strictly positive. [J
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D DERIVATION OF OCDS WEIGHTING STRATEGY FROM ADVERSARIAL
ASSUMPTIONS

Now, we derive the same weighting strategy without the use of any probabilistic assumptions on how the data is generated.
To do this, we’ll analyze the maximum entropy problem as stated in Theorem .1 and upper bound the entropy of the
solution via sensitivity analysis methods. Specifically, we’ll show that the maximum entropy over distributions satisfying the

. ds . . . . ds . .
constraints cannot exceed the entropy of g(°" %) which is our claimed solution. As g(?""-07) satisfies the constraints as
well (see Proposition , g'?"":%) must be the maximum entropy solution. In particular, the resulting pattern distribution
is a?* (Equation [21)).

We note that one may directly solve the maximum entropy problem, doing so is messy.

Theorem D.1 (Theorem 4.1)). Fix some accuracies/class frequencies b* € (0,1)P,w* € A, N (0,1)*. Recall we have
defined (see Equation|9) the set of labelings satisfying b*, w* as

Py = {2z € Arg: || Az — (b";w")]| 0o < 0}
Define the OCDS weights as §%° € RP** as in Equation Then,

(Gds),ads g(eds70

) = argmax —z ' logz = argmin max —z' logg.
Z€ Py 9EA . 2EPpwr

g

Proof. To show the claim, we will analyze the following.

T

—z ' logz. 22

may B, = g @)

The third equality follows from a similar argument to that of Theorem 1 in [[An and Dasgupta, [2024]]. Recall that T'

(Equation is the set of pattern distributions where it’s possible for a labeling ¢(?>® can give rise to LF accuracies b* and
class frequencies w* (for some 6 € RPT*) by way of Ag(?)*. We have seen that this set is nonempty in Proposition

We will provide an upper bound for the inner maximization problem that does not depend on a.. Moreover, we’ll demonstrate
that the upper bound is tight — it’s value is achieved when we look at the entropy of g(‘gds 0-) . Formally, we will show

(07°,0-) (07°,0-)

max max —z' logz < —g Tlogg

a€T e PO,

b*w* o

The upper bound is derived by applying sensitivity analysis to the following convex program. To simplify the notation, we’ll
write b = (b; w).

Call the following convex program the reference problem

p(0,0)= min 2" logz.
Az=b"eS
Dz=q"¢t
ZEA K

Perturbing the equality constraints by the respective values of u, v gives

p(u,v) = min z' logz. (23)
Az—b"F =y
Dz—a"f=v
ZEA

For fixed b"¢/, o™/, suitably chosen u, v can allow one to recreate the set P2, .., the constraint set of the inner max-
imization problem from above. This is useful because we will bound p(u, v) in terms of p(0,0) along with some other
terms.

Say §7¢f vmef is the optimal solution to p(0,0). Then, by Section 5.6.2 of [Boyd and Vandenberghe, 2004],
—p(u,v) < —p(0,0) + 07 Ty + e Ty,
If we replace p(-, -) with our objective of negative entropy, we get the following.

_gT lOgg < _grefT loggTef + 97'efTu + VTefTU.
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To simplify the notation, observe that by definition, the solution g to the BF problem p(u, v) (Equation is such that
Ag=u+b"f, Dg=v+a". So,define b = u+ b/, a = v 4+ a"*/. In a roundabout way, we have v = b — b"*f and
v=a— o’ Then,

07 Tu+ v Ty = 07T (b — b)) + 0T (o — amT) .

The inequality we have shown so far is
_gT lOggT < _grefT 1Oggref + arefT(b _ bref) + VrefT(a _ aref)

in full. To finish the proof, choose g"¢f = ¢(¢** %) By Proposition pref = Ag(9*"0-) = p*. By construction, b = b*
so that u = 0, whereupon we see that grefT (b- pref ) = 0. Also, observe that we have chosen vref = 0, which when taken
with the above implies that

—g T logg < —g" 0T 1og g(0™00). (24)

Now, we put everything together. By definition, a® = Dg(eds 0-) Recall that we have defined ¢ as the solution to the
problem p(u, v),
g= argmin 2z logz
Az—b*=0

Dz—a%*=a—a®®
ZEA K

where we have substituted u = 0, " = %, and v = o — a%. It is easy to check that this is the inner maximization
problem of Equation 22] To be explicit, rename g from above to g,. Equation [24] shows a bound for the entropy of g,
without any dependence on «, thus it must hold when we maximize the entropy of g, by varying o.. Formally,

(64°,0,) (64°,0-)

T T
max —g, logga < —g log g
To complete the proof, it suffices to note that the RHS is the entropy of an element of G and that the weights chosen were
6% In other words, the optimal weighting strategy is the OCDS strategy. O

While this result is interesting in the transductive scenario (where the dataset features X is known), one can in theory apply
this analysis to the supervised setting. That is, suppose one has Xy, 4in, Xtest Where the training set is labeled. Suppose
further that they have p LFs and wish to label X;.,; via a weighted majority vote of those LFs. Also, say that they wish to
fix the predicted conditional label distribution (i.e. their prediction for Pr(y | z)) by way of fixing 6. The prediction on
Xiest Will be g(e)’o‘*, where o is the pattern distribution for X;.

The question is what 6 should look like. On one hand, one may fit a weighted majority vote to X;,.q;, and use those
same weights for X;.s:. In essence, perform Empirical Risk Minimization. Alternatively, they could use X, 4;, and its
accompanying labels to estimate the LF accuracies and the class frequencies and set 6 to be the OCDS weights to get a
minimax optimal prediction. (If a* can be estimated, one may also use the BF weighting strategy gotten by solving the
convex program presented in the next section.)

E DERIVING THE BF WEIGHTING STRATEGY

In this section, we show the claims made about the BF weights coming from a convex program. Specifically, we consider a
convex program that is a relaxation of the one seen in Equation [11{where the constraint for z is Pf,, N P$ where b, w are
estimates of b*, w* and « is an estimate of «*. The conversion from a minimax problem to a maximum entropy problem
follows from Theorem 1 of [An and Dasguptal [2024]].

To reduce the notational burden, we write b in place of (b; w).
Theorem E.1. The BF game is a maximum entropy problem which has the following dual.
T k
. T _ T T T T T
. logz = eggik b'0—¢€ |0 +a'v—¢ v —log (;; [exp ([A" 6]y + Vt)]> ] .

a—¢<Dz<a+é vERT
ZEA

The form of the BF solution g is
exp ([ATG]M + Vt)

Sr1 by lexp ([AT0lue + 1))

g =
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Proof. We first write out the Lagrangian.

L(z,0,0 1/, N) = 2" logz4+ 0" (Az—b—€) +0' " (b—e— A2) + ' (Dz — o — &)
+ T (a—€—=D2) + \z"1, —1).

We do not need to include the constraint ensuring that z is non-negative elementwise because the form of the solution will
guarantee that. We now derive the dual function g(c, ¢/, i1, 11/, A) by minimizing L with respect to z. We have that

V.L=1;,+logz+ A" (6 —0')+ D" (pn— i) + Mg
We now solve for z and ensure that its elements sum to 1. For elementwise exponential,

z=exp(~1py + AT (0 —0) + D" (i — p) — AL;).

Plugging this back into the Lagrangian gives
= o b4+ =) =T (a+ &)+ (=€) —

To finish, we maximize the above expression with respect to A, which will give us the dual function. We’ll index z the same
way as 7. z € [0,1]7%, so we write as

z = (217"‘7ZT)
where z; € Ay. The ¢ there indexes the pattern. The £t element of z; is just z. Now, notice that every element of z has
exp(—A) in the denominator. Thus, the derivative is

T k

exp(—A—1) Z Z exp ([AT (0" — )]+ [DT (W — w)]ee)] —1=0.

t=1 (=1

This implies that

M-

k
=1+log ( lexp ([AT (0" — 0)]ee + [DT (1 — u)]te)]> :
t=1 ¢=1

The dual function can be written as
glo, 0,y =—a b+ e)+a' T (b—e) —p' (a+&)+ ' (a=¢

—log (Z > fexp ([AT (0" = 0)u + [DT (1 - M)]w)])

t=1 (=1

We can simplify this more based on the definition of D. DT is like an identity matrix of 7 dimensions, but each element is
now replaced by a column vector. This means that [D T z1],; = y for each j € [k]. So

g(o,0" 1) =" (0" — o) — (o’ + o) +a’ (1 —p) =" (1 +p)

With this, we can redefine the Lagrange multipliers so we are dealing with an unconstrained optimization problem. That is,
let =0’ — o € RPY* and v = y/ — u € R". Now, we get the result of the theorem. The dual for BF can be written as

T k
91615%)& b0 — "0 +a"v—£T |y —log (;; [exp ([AT 0] + yt)]> .
veR” =

where the absolute value is elementwise. O

Now we derive a result relating the above program to the case where we know «. This is incidentally the case of BF that has
traditionally been studied.
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Corollary E.2.

k
1
. Tog_ (T T
b—eﬁr%lzngb-&-fz Tlogz = onﬂlkax b'0—ec'l|f]— tE 1 ay log <at ;:1 exp ([A 9],@)]

Dz=«

ZEA L

The form of the BF solution g is
(9)7 _ Oy €XP ([ATQ]M)

S e (AT

(25)

Proof. We start from Theorem [E.T|and maximize the v’s. Note that in this case, £ = 0. We wish to maximize the following
expression over v (for an arbitrary t)

T k
g0,v) =b"0 — €| +a'v —log (Z Z [exp ([AT 0] + Vt)]> .

t=1 (=1

Observe that i
99(0,v) _ 2 0—1 €XP ([ATQ]M + Vt)

a (673 p = - .
4 Zt’:l Zé’:l [eXp ([A H]Wg/ —+ Vt’)]
Setting this equal to 0 and simplifying, we get

exp(v4) Zif:l exp ([ATH]M) .
Sov—1 exp(ve) Yy [exp ([AT0]ie)]

ap =

Choose

v = lo Qe ,
g(Z?meAWMJ

which makes the equality hold (as @ € A;). Plugging this into g(6, v/), we have
T 1 k T
g0, 0)=bT0— "6 — Zat log ( Zexp ([AT(Q]M)> —log <Z ozt) .
Qi
t=1 =1 t=1

which matches our claimed dual as the last sum evaluates to 1. To get the claimed form of solution, simply plug in our
derived value of v;. O

F A PYTHAGOREAN THEOREM TYPE RESULT

Here, we prove Lemma 5.1] of the main paper. This proof closely follows Lemma 19 in the appendix of [An and Dasgupta,
2024]. To recover the stated result, choose ¢’ = ¢g* where g* satisfies the Lemma assumption by construction.

Lemma F.1. Let g, g’ € G be such that An = Ag', Dn = Dg'.
Dxr, (nllg) = D1 (nllg) + Dxr (d'll9) -

Proof. Observe that
T k

Di (nllg") — Dicr (llg) = 3.3 meelog 2 =
t=1¢=1 e

Now, recall the functional form of g, g’. From Equation we see that

exp ([ATG]M + I/t) .
vy Sy [exp ([ATOlye + vr)]

g =
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Write the normalizing factor as Z for brevity and observe that by taking the logarithm, we get
log gi0 = [ATG]M + v — log Z.
Something similar can be written for ¢’ but with 6,2/, Z’. Tt follows that

T k

Dkr (nllg') = Drr (nllg) = Z Zmz ([AT0)ue + vy —log Z — [AT0)se — v +10g Z') .
t=1 =1

Regrouping and using vector notation when possible,

T k
=0 (AT0-AT0+D'v—D"V)+ > > nu(logZ' —log Z).
t=1 (=1

Recall that DT takes a vector of length 7 and expands it to length 7k by repeating each element k times. By assumption, the
first term equals

g (AT - AT + DTy - D).
We now focus on the second term. Notice that the Z terms do not depend on ¢, £. Therefore, they can be factored out of the

double summation. Since the double summation of 7, evaluates to 1, we can replace the 7,’s with g;,. Going backwards
shows that our expression equals D1, (¢’||g) as required. O

G NEW PROOF OF AN ERROR BOUND FOR BF

We now provide a proof of Theorem [7.1] This is a very simple proof that can be used in place of the much longer proof for
Theorem 7 of [An and Dasguptal 2024] to prove Theorem 6 of that same paper. Theorem 6 is equivalent to Theorem [6.2]

We first show a result about the form of the sum of the KL divergence between g, ¢' € G along with the KL divergence with
arguments reversed. This result, along with leveraging the complementary slackness conditions once gets by using BF will
give us Theorem

To start, we’ll show a helpful equality which will be applied multiple times.
Lemma G.1. Let g,¢' € G and say Ag = (b;w), Dg = a, etc.
01 (05 w) — (0" 0")) +vT (@ —a*) = (¢ — 1) logyg

Proof. We start from the LHS and show that it can be transformed into the RHS. To start, we write b, & in terms of the
predictions. That is, the LHS is

0TA(g — )+ DG =)= (¢ =) (AT0+ D).

The terms in the second parentheses look like the numerator of the softmax in Equation If we let Z be the normalization
factor for the prediction gotten via weights 6, v, then observe that

k

T T k
(¢' =) (= log(Z2)17) = —log Z (Z DD Zw) =0

t=1 ¢=1 t=1 ¢=1
where 1,4, is the vector of 7k ones because 7, g’ are both distributions in A, . This means that the LHS is equal to
(9" = n) " [log (exp(AT6 + D'v)) —log(Z)]

where the log and exponential are elementwise. Equivalently, the above is equal to (¢ —n) " log g, which is what we wanted
to show. O

Lemma G.2. Let g,g" € G. Then,
(0 —6%) " ((bw) = (0*3w")) + (v = v*) (a — &) = Dir, (g°[l9) + Dxr (9]lg") -

Alternatively, one may pick any g’ € G in place of g*.
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Proof. We show this by transforming the RHS into the LHS via application of Lemma|G.1] The RHS is equal to
g logg" — g logg* +¢" logg —g* " logg.
Applying the aforementioned Lemma twice gives
O (0% w") = (bw)) + v (0" = a) + 07 ((yw) = (b5 w")) + v (o — o)

which is exactly the LHS. O

It is not hard to construct ¢’, g € G where the sum of KL divergences is arbitrarily larger than Dx, (¢*||g), the actual
quantity we want to bound.

Theorem G.3 (Theorem [7.1). Suppose the pattern distribution o* was known and the BF weights were 0. Letting
(b*f wbfy = Ag(ebf)*a* be the LF accuracies and class frequencies that one would get if the BF labeling were used as the
ground truth,

* * * * Y a* b1y o *
0T (1"~ 6wt = wt) > Dicr (971197 ) + Dict (97 lg")

Proof. By construction, g(gbf),a* € G so we can apply Lemmawhere g(ebf)’o‘* is chosen to be g. It suffices to show that
0% T (b;w) — (b*;w*)) <0 (26)

as removing those terms would give an upper bound on the sum of KL divergences and give us the claimed result.

Now, recall in the proof of Theorem that 0 = o' — o where ¢’ was associated with the constraint Az > b — € (for
z € A;k) and o was associated with Az < b + €. Specifically, we had abused notation and had b represent both LF
accuracies and class frequencies. Moreover, o, 0’ € R‘i‘gk, i.e. are non-negative. The complementary slackness conditions
for BF (e.g. see Section 5.5.4 of [Boyd and Vandenberghe, 2004 ) imply that for all j € [p + k|, we must have

aj(bsf—bj—ej):o and a;(bj—ej—bs.f):().

Now, if o; and a;- are both equal to 0, then the respective term in Equationis 0 and we need not consider it to show the
inequality. Moreover, one can show that only one of 0, 03- is nonzero. (E.g. one can maintain the same 6; by translating
both terms so that one equals 0 and another is non-negative.) The last fact that we need to recall is that by assumption,
b* € [b — €, b+ €] where the inclusion is elementwise.

Thus, if o; > 0, then it must be the case that
b;’-f —bj—¢ =0 which implies that b;’-f =bj +¢ > b,

Therefore, §; < 0 by assumption so that 6; (bj — b;‘) < 0. A similar strategy works to show that if ; > 0, the respective
term is also non-positive. O

The same proof strategy as above can be used to shown the following result, where the pattern distribution is unknown and
BF outputs /7.

Corollary G.4. Let o’/ be the pattern distribution that BF estimates, i.e. o®f = Dg(ebfgbf ).

Q*T(b* — 0w — wa) + V*T(a* — abf) > Dgr, (9*||9(9bf’ybf)) + Dkr, (g(abf’ubf)Hg*)

H NON-OPTIMAL WEIGHT COMPARISON

In this section, we prove Theorem[7.2] Lemma [7.3|and Lemma 7.4]

Before doing that, we first show this simple but useful result, which will be applied twice. It differs from Lemma[G.T]in that
we expand v so the pattern distribution is explicit.
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Lemma H.1. Let g,¢',g" € G where V', &, etc. is associated with Ag'. Then,

(g/ —g”)Tlogg _ QT((bl;wl) _ (b”;w”)) + (loga . logZ)T(o/ _ 0//)

~

where Z = (21, ..., Zyt) is the normalizing factor of § above.

Proof. We’ll transform the LHS into the RHS. First, write

exp ([ATG]tg + log at)
gte = = .
Zy

Then, the LHS is equal to ~
(¢ —g") (AT +1og(D"a) — log(D" Z)).

Simplifying, we get R
0T ((t;0') = (";w")) + (loga —log Z) " (o — ).

Theorem H.2 (Theorem[7.2).
o'Z
Dk (9°ll9) = Dxr (9°[lg') = Dxr (¢'llg) + (0" = )T (b = b'3w* — ') + (o — o) " log <A) -

Proof. Observe that the LHS can be written as
g logg* —g* " logg — g*Tlogg" + g* " logg' = —¢* " logg + ¢" " logg'.
Now, adding 0 twice,
= (9" — ") (logg' —logg) + ¢'" log (i) :
The second term is D1, (¢'||g) where we may apply Lemma[H.1] twice to the first term. The first term is equal to
0T (b5 w") = (b5 w")) + (loga —log Z') T (" — /) = 0T ((b";w") = (V';w)) = (logw = log Z) T (" — o).
Gathering terms gives the claimed result.

Now, we assume that a* = o’ and apply Cauchy-Schwarz.

Lemma H.3 (Lemma . g’ is better than g (with respect to g*) if

Dkr, (9'||9)_
10 — 0]

1" = w* — w2 <
Proof. Observe from Theorem@that in order for the LHS to be non-negative, it suffices for
~Dir(g'llg) < (0= 0)T (b = b'sw* —w').
One may weaken this and require that
(6" =6)T (" —V'sw* — )| < Dgr(g'llg) -
The LHS can be upper bounded by Cauchy-Schwarz for
(6" =, w* = w)|[2]|0 — 0']l2 < Dz (g']l9) -

Rearranging gives the claimed result.
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In practice, this lemma is weak because it rules out the possibility that the term we applied Cauchy-Schwarz to is negative.
In that case, it can be arbitrarily small. See the Section[@ for those results.

On the other hand, we can use the complementary slackness condition that is present when using the BF weighting strategy
to give cases where the BF weighting strategy is better than other strategies.

Lemma H.4 (Lernrna. Let 8°F € (R\ {0})P** be the BF weights and fix 0 € RPT*. Suppose for j € [p + k — 1] that
either Hgf > 0and0; < Q?f holds or st <0and8; > Qs‘f holds. Then, g(ebf)’o‘* is better than g(‘g)’o‘*
Proof. We show that given the above assumptions, we can show that

0% — )T (b* — ¥ s w* — wb) > 0.
Here, Ag(ebf)*"‘* = (b*/, w) Because we assumed that the pattern distribution is known, having the above is sufficient for
g®*):2" (0 be better than g(*)” by using Theorem

To start, observe that we can ignore Hzi . and 6,1 because we may set
0p+[ — gp_;,_g — 9p+k

(and similarly for *7) without changing the prediction.

Now, because we have assumed that §°7 # 0 (for j € [p + k — 1]), we consider the cases where it is positive and negative.
Recall from the proof of Theorem that ¢; > 0 implies that b?f < bj. Similarly, G?f < 0 implies that b7 < b?f .

It suffices to observe that Hgf > 0 and Ggf > 0; (as we had assumed) implies that
b « b
(057 —0;) (b5 — b)) > 0.

Here we’ve abused notation and written b even though the terms in the second parentheses can be w. Something similar
holds for the case where Oé?f < 0. O

I COVARIATE SHIFT ANALYSIS

Here, we show Theorem[7.5] a result governing how much covariate shift (i.e. pattern distribution change) one can tolerate
before another prediction becomes better than the one selected.

Theorem L.1 (Theorem[7.5). Suppose that
Dkr (9(0*)’a||g(0)’a) < Dkr (9(0*)’a||9(0,)’a>

and let { be a perturbation of o such that o = o + (. If

CG{CeRﬂa+<H:An§3m+cnﬁmL(|A(U LmL@AA@)}SO}

t=1

then /
Dr1 (g(a >,a*||g(e>,a*> > Dxy (g(e ECORS )

Proof. Observe that our assumption of ¢(®):® being closer to ¢(®"):® than (¢

(0),ex
(6*),aT g >
g log <g(e’>,a) =
Since the two labelings in question both predict the same pattern distribution, we may change the a’s in the logarithm to o*.
(See Equationfor the form of prediction.) By using the fact that ¢(?")* = DT 0 §(?"), we may rewrite the above as

is equivalent to

¢

~(0)
Z%Zhemv%aﬂ Z%ZP«MC%N 0.
t=1 (=1

109



Observe that terms in the inner sum have no dependence on o now. Moreover, one may write the inner sum as a difference
of KL divergences. Specifically,

. ~(0%) )1 ~(0" ~(07)1~(0
> [Dicr (3°717) = Der (3871187) | = 0.
t=1

To show the above result, consider the perturbation ¢ needed to make this inequality negative. That is exactly the ¢ being
specified in the theorem statement. Moreover, once that perturbation has been added on, one may reverse the steps to recover
the comparison of KL divergences of predictions with pattern distribution a*. O

Note that the set in the theorem statement is the intersection of a hyperplane with other constraints ensuring that o + ¢
remains a probability distribution. Thus, if one is inclined, they may determine the size of this set by use of LattE [Baldoni
et al.| 2013]]. We discuss the formalism for this in the Experiments section (Section|K]) at the end of the appendix.

J OPTIMAL PATTERN DISTRIBUTIONS OF SIZE MEASURE ZERO

Now, we provide the proofs for Lemma 6.1 and Theorem[6.3] To show that theorem, we will need two results. First is that

dim(T) is large, specifically that dimension is equal to 7 — 1, the dimension of the probability simplex A... Second is that
dim(0?) is small when 6 only depends on the LF accuracies and class frequencies. Concretely, dim (O?) is no larger than
7 — 2. The aforementioned lemma is a consequence of the first result as we exhibit 7 linearly independent vectors whose
convex hull lies in 7T'.

Theorem J.1 (Theorem. Fix b* € (0,1)? and w* € Ay, N (0,1)%. Suppose 0 only depends on b*, w* and has at least
one nonzero element. If p > 3, k > 3, and

maxbi < (1+1/y/p(p—1))71,

j€lp) ’

then Pr(g®-" = g*|b* w*) = 0.

Proof. By Lemma we know that dim(0?) < 7 — 2. By Theorem whose assumptions are satisfied by this theorem’s
assumptions, we know that dim(7T) = 7 — 1. Since the volume operator was assumed to operate on dimension 7 — 1,
vol(0%) = 0. O

Lemma J.2. Suppose that a weighting strategy outputs weights 0 based solely on b*, w*. Moreover, suppose that at least
one element of 0 is nonzero. Then, dim(Oe) <T-2

Proof. Recall that the dimension of a convex polytope like O is the dimension of the affine hull that contains it. This means
that equality constraints in the H-Representation of said polytope reduce the dimension. In our case, we show the existence
of 2 linearly independent equality constraints, implying that the dimension of the polytope is at most 7 — 2. Recall that
0 ¢ A, and is defined as

0% = {ae Ar: AglD = (b*;w*)}.

We may rewrite this set as follows. Define a matrix A9 € [0, 1](P+¥)X7 as follows for some § = g(?) € AT.

. ~ Gir. - if 7 <
A9 = a?t = /g\tﬂtj l -7 =P (27)
Gti—p ifj > p.
One may check that A% = AD " a o §(?). Thus, we may write O as
0% ={a € Ay: [|[A%a — (b;w")|| = O}
Since « is a probability distribution, we have the constraint that ljoz = 1. It suffices to show that there exists a row of A9
that is not a multiple of the all 1’s vector. Since we assumed that at least one element of 6 is nonzero, g% cannot equal

1,k/k. Since §(6) € A7, the concatenation of 7 many distributions over k elements, this means that there is at least one
pattern ¢ where the distribution is not uniform. Now, observe that one of the two following cases must hold. One possibility
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is that for each ¢ € [k], §$) is the same for all ¢ € [7]. By our assumption that é has at least one nonzero element, there is

some pattern ¢ where §§f) #+ fq\gg,). Otherwise, there is some ¢ wherein there exist ¢, t' € [r] where ?]\Eﬁ) #* ﬁi,e é) . In this latter
case, we are done as row p + £ of AY is not a multiple of the all 1’s vector. In the former case, observe that an LF never
predicts one singular class. (One can see this by observing that over the 7 = kP patterns, an LF will predict each of the &k
classes.) Therefore, that LF will predict two different probability masses, meaning the associated row in A9 will have two

different entries. In other words, it is not a multiple of the all ones vector, finishing our proof.

O
Theorem J.3. Fix b* € (0,1)P and w* € Ay, N (0,1)*. Suppose p > 3, k > 3, and the maximum LF accuracy is not too
large, i.e.

maxb;f < max 1 - < ! —.
J€lp] el 1+ wi(plp—1))"2 ~ 1+ (plp—1))~2

Then, dim(T) =1 — 1.

This proof is quite involved, but not very difficult. The idea is to perturb a?® (c.f. Proposition in 7 = kP linearly
independent directions to get 7 points in 7T'. The convex hull of those points will have dimension 7 — 1, showing the result.
Before presenting the proof, we first give a proof sketch outlining the main steps. In the proof sketch, we will provide extra
notation and define certain objects that will be used in the full proof. A table summarizing the new notation introduced will
be provided before the full proof is given. Then, we show some helpful results that will be used in the proof. Finally, we give
the proof in full.

Proof Sketch. We will exhibit 7 linearly independent pattern distributions all in 7. The convex combination of these vectors
will be shown to have dimension 7 — 1. Since T' C A, and A, has dimension 7 — 1, T" has dimension 7 — 1.

To exhibit these linearly independent pattern distributions, we will take a®* from Proposition which is in 7". Moreover,
our assumptions guarantee that each of its masses are positive. We’ll perturb a? in 7 different ways, where the t*
perturbation, call it «® + 7! € T and is such that [@®* + 7!]; = 0, i.e. the ¢! element is 0.

It will turn out that showing 1, ..., r" is an affinely independent set of vectors is enough to guarantee that the perturbed
vectors are linearly independent. O

J.1 PROOF PRELIMINARIES AND SOME USEFUL RESULTS

We now review some needed facts and prove some simple results that will aid in our proof of the above theorem.

J.1.1 Patterns and Proto-Patterns

Observe that we may partition the 7 patterns by looking at how many classes have predictions. That is, for each ¢ € [k], one

may group all patterns 7, wherein
k

> A(|xf] > 0) = i.

=1

We’ll say that 7, has spread i. One can go one step further for all patterns with spread ¢. Consider all partitions of [p] into ¢
nonempty sets. There are {’Z } many of these partitions where {IZ } is the Stirling number of the second kind. Call each of
these {¥} partitions a proto-pattern with spread i.

Indeed, observe that from a proto-pattern 7 with spread 7 that one may create k!/(k — 7)! patterns. That is, one has that
many ways to assign classes to the i subsets of LFs. Thus, we say that proto-pattern 7 with spread  can spawn k!/(k — 7)!
patterns. For example, take a proto-pattern 7 with spread 2.

T ={{1},{2,3}}.

If there are & = 3 classes, the patterns it can spawn are

({1},{2,34,0),  ({1},0,{2,3}), etc.
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Now, let Vi, ..., V) be a partition of the proto-patterns where V; contains all proto-patterns with spread 7. Also, fix an
enumeration of the 7 = kP patterns. To exhibit the 7 linearly independent pattern distributions, we will provide three
arguments. One will be for patterns spawned by proto-patterns in Vj,_1, Vj,. Another will be for those spawned by proto-
patterns in V5, . .., Vi _o. Finally, we will provide one more argument spawned by the sole proto-pattern in V.

J.1.2 Pattern Mass Redistribution

Recall now the definition of 7" (Equation [20):
T={acA;:3ze€ Ay, Az= (b";w"), Dz = a}.

The way we showed that there is an a? € T is to actually demonstrate the existence of g%° = g(eds’of) where Ag?® =
(b*;w*). Then, it’s easy to see that Dg?* € T This means that if we want to perturb a®* by making the t*" element 0, then
it suffices to exhibit a perturbation of g%* such that [g% + ], = 0 for each ¢ € [k] and A(g% + r) = (b*;w*). That is to
say, we need to redistribute the masses g&5, . .., gf,j without changing the LF accuracies and class frequencies.

We’ll now demonstrate how to do this on a simple example. The actual proof will require us to address more technical
details. Suppose p = k = 3 and consider the following pattern:

m = ({2}, {1}, {3})-

To make o* equal 0, we must redistribute the masses g;7, g{5, g5, maintaining the LF accuracies and class frequencies.
Consider now a perturbation vector r € [—1, 1}”" which is 0 except on 741, 742, 1't3, Where it is

ra =gl T =gk, =g
Then, D(g% + ) is 0 on the t'" element, but A(g® + r) # (b*; w*). In particular,
Alg™ +7) = (b — g5, b3 — gif, b5 — gi5, wi — gif, wi — g5, wi — %)
Le. g% contributes to h(?)’s accuracy and w?, the first class’ frequency, etc.

Thus, we need to find patterns wherein we can distribute the masses g%, gds, gi%s. The way be do this is to use other patterns
spawned by the proto-pattern that spawned 7;. That is, observe the proto-pattern which spawned 7 is

™= {{1}, {2}, {3}}.

Consider now the following three patterns:
m = ({25 BHL A1), e = ({31 {1}, {2}, my = ({11, {2}, {3}).

Note that the underlined sets are unchanged from 7. If we increase gff’l by g%, then we have increased h(?)’s accuracy and
the first class frequency by g&*. This is exactly the gap in accuracy/class frequency that we got by removing all mass from
pattern ¢. So, change the perturbation vector as follows:

Tt1,1 = 92115’ Tt3,2 = gtdQSr Tt3,3 = gg?f
Now, g% +r € A,y and A(g% + r) = (b*;w*) and as before, [D (g + 7)]; = 0.

Observe that we simply permuted the class labels for the sets of LFs to create the patterns we needed to redistribute the
probability mass. We’ll generalize this strategy to k classes, though we will need to assume that £ > 3 for this to work!
Since writing out the actual permutation of sets of LFs is cumbersome, we will appeal to cycle notation. Consider the
permutations over k elements, i.e. functions o : [k] — [k]. Let (i) be a permutation over k elements defined as follows:

¢ ifl#£i
()0 =4j ift=i 28)
i il =3

In words, index ¢ gets sent to j, index j gets sent to 4, and all other indices are sent to themselves. Thus, 7, is gotten by
applying (23) to the classes of ¢, 7, is gotten by applying (13), and 7, is gotten by applying (12). Written another way,

23)(¢
7rf1 = 7Tt( o,
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J.1.3 Linear and Affine Independence

Recall that for a set of vectors {u;}7 ;, they are linearly independent just in case there does not exist an ¢ where one may
write

n

u; = E ayuy  for a;y € R
i'=1
i/ #i

That same set of vectors is affinely independent just in case there is no such ¢ where

n n
U; = Z ;' Ut for (0774 S R and Z a;r = 1.
i'= i'=1
i’ i i’ i
It is easy to see that linear independence implies affine independence. Equivalently, that same set is affinely independent if
{u; — w1}, is a linearly independent set of vectors.

Proposition J4. Let o € A, and {r'})_, be perturbation vectors such that for each t € [p], a + r* € A,. Then,
{a+ r'})_, is linearly independent if {r'}{_, is affinely independent.

Proof. Without loss of generality, suppose that for contradiction o + 7! could be written as a linear combination of the

remaining p — 1 vectors. That is,
p

atrt= Zai(a—i—ri)
i=2

for a; € R. This implies that
12 P
le’ (1 — Zm) = Zaﬂ'i —rl
=2 =2

Since this equality holds, one of two things must be true. Either the set {r?}?_; is affinely dependent or it’s not. However,
we had assumed that the set is affinely independent. This means that it is not possible to make 1 — E?:g a; = 0 while also
making the RHS equal to 0 at the same time. Thus, we assume that 1 — Z?:Q a; # 0. Our equality can then be rearranged
into .

L art—r

(1- 25:2 ai)

Since v € A, l;roz =1LAsa+rte A, 1,0t =0forallt € [p]. If we take the dot product of each side of our equality
with 1., we get 1 = 0, a contradiction. O

1
o=

Proposition J.5. The convex hull of T linearly independent vectors has dimension T — 1.

Proof. Suppose we have T linearly independent vectors {u1, ..., u,} C R”. Their convex hull is
{Zatut eER": Zat =1,a; >0,Vt c [T]} )
t=1 t=1

Recall that the dimension of a convex hull is defined as the dimension of the affine hull that contains said convex hull. We

are thus interested in the dimension of
T T
{Zatut R Y 1}.
t=1 t=1

This is equivalent to finding the dimension of {u; — u,,u2 — ur,...,ur—1 — u,}, a set of 7 — 1 vectors. Suppose for
contradiction that the set was not linearly independent. Then, there are coefficients a;, ¢ € [T — 1] which are not all zero,
such that



This implies that

which in turn implies that {u1, ..., u,} is not linearly independent, a contradiction. Hence, the convex hull of 7 linearly
independent vectors has dimension 7 — 1. O

J.1.4 Weighted Directed Graphs and the Graph Laplacian

Recall that a weighted directed graph G is a tuple (V, E,w) where V is the set of vertices, F is the set of edges and
w: E — Ris a function recording the weights of each edge. For e € E, we will write w. := w(e). If we have (t,t') € E,
then we write wy = w((t,t’)). For our specific case, we assume that there are no self-loops and the following holds:

1. If (t,t') € E, then (t,t') € E,
2. Wit = Wert.
That is, if node ¢ is connected to node ¢, then node ¢’ is also connected to ¢. Moreover, the weights of these edges must

be the same. From this, we can construct an undirected weighted graph G’ = (V, E’, w) where edges (¢,t'), (¢, t) become
{t,t'} with weight wyy.

The weighted Laplacian of G’ is defined as L = D — A € RIVI*IVI where D is a diagonal matrix with

D=d; = Z 1(e connects node 7 )w, (29)
eeD’

and A is the weighted adjacency matrix defined as follows.

0 ifi =7
A= Qjj = § Wij if {Z,]} € F (30
0 0.W.

Now, we show that if G’ has one connected component, then its Laplacian has affinely independent columns.

Proposition J.6. Suppose that G’ has 1 connected component. Then, the columns of its weighted Laplacian matrix L are
affinely independent.

Proof. Ttis easy to verify that the rank of L is |[V'| — 1 if there is only 1 connected component. L.e. show that 1jy/| spans the
entire null space of L. Let uy, ..., u;y| be the columns of L. For those columns to be affinely independent, it suffices to
show that {ug — uq, ... Uy — w1 } is a linearly independent set.

To do this, observe that
V|

Uy = — E Uj.
=2

Since L has rank |V| — 1, this means that the set {u;} LZL is linearly independent. We wish to show that there does not exist
ani € [|V|]\ {1} for which

n
U; — UL = Z ap(uy —wuy) for ay €R.
i'=2
i/ #i
If we define a; = 1, then we may write the above as

V] \4 V]

0y = E ai(uy —uy) = g ay | uir + E Ui
i'=2 =2

ir=2
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where the second equality was by using the fact that «; was a linear combination of the other columns of L. Gathering the
coefficients for the vectors, we get

V] V] V] V] [V

0‘V| = Z ap g + Z a; Z upr | = Z a; + Z Qg | Uy (31)
=2 i'=2

ir=2 i'=2 ir=2

Since the u;/’s being summed are linearly independent, the only way the equality holds is if we can select a,/ values so that
each expression enclosed by the parentheses is equal to 0. Showing this would complete the proof.

What we’ll do is write the coefficients of the u; as a linear combination of the a;, values. Gather the a;/’s into a vector,
calling it a € RIVI=1. The coefficients of u;; can be written in vector form as

(jvj-1 + 1\v|—11|Tv\—1)a-

If we can show that this matrix is invertible, then the only way for the resulting matrix vector product to be the zeros vector
is if the a vector was all zeros.

We demonstrate this by showing its |V'| — 1 eigenvectors and eigenvalues. The first eigenvector is 1jy,|_; with eigenvalue
|V|. The remaining |V'| — 2 eigenvectors have eigenvalue 1 and are of the form e; — e; where e; is the i*" canonical basis
vector in |V| — 1 dimensions for ¢ € [|[V]| — 1] \ {1}. Thus, the matrix in question is invertible, and we conclude that the
columns of the Laplacian are affinely independent. L

J.1.5 Permutations and the Symmetric Group

To construct the graph(s) for the previous question, we will appeal to group theory. Specifically, we will be dealing with
permutations, making it natural to consider the symmetric group.

Recall that a group is a set G and a binary operation, denoted “o” wherein the following axioms are satisfied. (E.g. see
Section 2.2 of [Artin, 2018]].)

1. The operation is associative on elements in G
2. There exists an identity element e € GG such that e o g = g forany g € G

3. Forevery g € G, there exists an inverse element ¢ € G suchthatgo g’ = ¢

We will consider G to be the set of permutations over k elements, which is sometimes written as Si. Formally, a permutation
on k elements is a bijective function o: [k] — [k]. It’s easy to see that |S;| = k!. The binary operator for this group will be
function composition.

We will be interested in a specific set S whereupon one can generate all elements of S; by operations using elements in
S. For a formal definition, see Section 7.10 of [[Artin, [2018]l. For our purposes, S will be a set of cycles of length 2. (See
Equation [28] for the definition of a cycle.)

S ={(12),(23),..., (k — 1,k)}

Using S and S}, we are able to construct a graph that has the desired properties for our proof. Specifically, the Cayley color
graph of a finite group (say Sj) and a set .S which generates said group is a directed graph which represents the relationship
between group elements in terms of elements in .S. (See Chapter 2.3 of [Chartrand and Lesniak} [2005]].) Call this graph
Gc = (V, E). There is one node per element of the group, i.e. |V'| = |Sk|. Each element of the generating set s € S is
associated with a color. If for a node o € Sy, one gets 0/ = o o s, then there is an edge (o, 0’) with the color associated
with s. If s € S is its own inverse, i.e. s 0 s = ¢, then (0, 0’) € E implies that (¢/,0) € E. Taken together, this implies
that every node has |S| = k — 1 incoming and outgoing edges. In this particular case, the edges (o, ¢’) and (¢’, o) can be
combined to form {0, o'}, meaning the Cayley graph can be turned into an undirected graph. Moreover, if S generates the
entire group Sg, then the Cayley graph is fully connected.

Consider now S3 where S = {(12), (23), (31)}. We have added the cycle (31) so that there are 3 incoming and outgoing
edges per node. The Cayley color graph can be seen in Figure |3} One can show that the patterns spawned by a proto-pattern
of spread k is equivalent to the set of permutations over k elements. Moreover, our strategy of exhibiting a new pattern by
permuting the classes predicted by two sets of LFs is equivalent to applying a cycle. We’ll leverage these facts in our proof
of Lemma [ 11l
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Figure 3: The Cayley Color Graph for Ss with Generating Set S' = {(12), (23), (31)}. {} Denotes the Identity Permutation.
Red Edges denote (13), Green Edges (23), and Blue Edges (12).
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J.2  NOTATION AND DEFINITION RECAP
See Table 2| for a recap of the notation and definitions.

Table 2: Notation Summary for Theorem s proof

Notation/Word  Explanation

P number of LFs
k number of classes
T shorthand for kP, the total number of patterns
g% g 97) where g is defined in Equation
e the t*" pattern out of 7, an assignment of LF index to predicted class
T the prediction of the j** LF on pattern ¢
et the subset of LFs in [p] which predict ¢ on pattern ¢
T a proto-pattern, which is a partition of [p] into ¢ € [k] nonempty subsets
{f } Stirling number of the second kind, counts the number of proto-patterns for fixed ¢
T spawns 7y 7, can be created by assigning classes to sets of LFs from the proto-pattern 7
7, mhas spread ¢ 7 only has i € [k] sets, 7 has ¢ € [k] classes with LF predictions
Vi a set containing proto-patterns with spread ¢ € [k]
Sk symmetric group of order k, contains all permutations on k elements
(i5) cycle notation, represents a permutation which sends element ¢ to position j and vice versa

J.3 A MORE IN DEPTH PROOF STRATEGY FOR THEOREM

Our general strategy is as follows (where b*, w* are fixed but arbitrary):

1. Exhibit an a € T such that all elements of « are positive.

2. Exhibit 7 linearly independent vectors all in 7" by perturbing c.

3. Appeal to Propositionusing those 7 vectors to see that dim(T) > 7 — 1.

4. Use that fact that T C A, so that dim(T') < dim(A;) =7 —1andsodim(T) =7 — 1.

The first point was done in Proposition[C.2) and we focus on the second step.
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Recall that by Proposition it suffices for the perturbation vectors (call them ) of a%* to themselves be affinely independent
for the perturbed vectors (a? 4 r € A;) to be linearly independent. To get T perturbation vectors, we will provide 7
distributions wherein the ¢ element of a®* + r is 0. That is to say, we redistribute the mass afs into the other patterns,
while maintaining membership in 7. (Recall to maintain membership in 7', there must be a joint distribution ¢’ € A such
that Ag’ = (b*;w*) and Dg’ = o + r.) Of course, we’ll need to do this in such a way that the perturbation vectors are
affinely independent.

We will be able to write the perturbation vectors in the following matrix, where the matrix is written in block form. The
matrix will be a square matrix with 7 dimension on each side. On the diagonal, we will have matrices Ry, ... R; whose

columns are affinely independent. For the last column, we will have matrices R}, ..., Ri™1.
R 0 ... 0 R}
0 Ry ... 0 R?
R=|: & i (32)
0 0 ... R, R
o o0 ... 0 Ry

In particular, the first 7 — k& columns of R will correspond to patterns with spread > 1 while the last & columns will be
associated with the patterns with spread 1. Fix now a proto-pattern 7 with spread ¢ > 1. One of the first ¢ — 1 (block)
columns will be associated with 7. Without loss of generality, let the k!/(k — 7)! patterns spawned by 7 have consecutive
indices. Now, for a pattern 7; spawned by that proto-pattern, we will only redistribute masses g, . . ., gffj to a pattern also
spawned by 7. This allows us to achieve the block diagonal form seen in R.

Proposition J.7. If the columns of the matrices Ry, . .., Ry are affinely independent where Ry is a diagonal matrix with
nonzero elements on the diagonal, then the columns of R are also affinely independent.

Proof. For convenience, we’ll refer to columns in R by referring to the columns in Ry, ..., R, the matrices on the main
diagonal. By assumption, if r is a column of Ry, ¢’ € [t — 1], then r is affinely independent of other columns in Ry. r is also
affinely independent of any other column not from R; as there is no overlap between indices where the vector is nonzero.

We now argue that any column r from Ry, ..., R;_ is affinely independent from all other columns in R by contradiction.
First, observe that coefficients for columns in R; must be 0 as the last row of  (in block form) is the 0’s vector. If r was
affinely dependent, then it can be written as an affine combination of columns from R, ..., R;_1, which we have already
argued was not possible.

Finally, we consider a vector r from R;. Since R; was assumed to be a diagonal matrix without 0’s on the diagonal, r cannot
be written as a combination of other column vectors in R. L.e. vectors from Ry, ..., R;_1 are 0 on the last (block) row while
R; being a diagonal matrix implies that the rows are linearly independent. O

Now, all that remains is to prove the affine independence of the columns of each R, and ensuring that R; is a diagonal
matrix with nonzero elements on its diagonal.

J.4 PROOF STEP: MASS REDISTRIBUTION FOR PATTERNS WITH MAXIMAL SPREAD

Here, we detail how to redistribute the probability masses for patterns that have the maximum spread of k. This is the easiest
case and we will build upon the arguments laid out here.

Consider a proto-pattern & € Vj, i.e. one with spread k. From 7, we can spawn k! patterns, call them 7y, ..., 7. When
redistributing the masses g, . . ., gf,i, we will give these masses to the other patterns spawned by T, i.e. ma, . .., 1. This is
necessary to achieve the block diagonal form of R (Equation [32). In words, the perturbation vectors for patterns spawned by
7 will only have nonzero elements on indices in [k!]. Indeed, for every fixed proto-pattern with spread > 1 we will only
redistribute the pattern mass to patterns spawned by that proto-pattern.

Lets say that the first column of R is associated with this proto-pattern 7. Then, the matrix R; is a square matrix of size
k!. Moreover, columns of R, (or actually, the columns of Ry with 7 — k! 0’s appended) record perturbations of the OCDS
pattern distribution a%* (see Equation for a total of k! total perturbations. If r is a column of Rj, recall that we require

a4 (r;0,_k) € A, and a® + (r;0,—p) €T.
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Finally, to meet the conditions of Proposition[J.7] the columns of R; must be affinely independent. Written out explicitly,
these are our requirements for the perturbation vectors r;:
l. a+r €T forallt € [k!], i.e. for all patterns spawned by 7,

2. rq,...,ry are affinely independent.

We’ll address these in turn. For the second point, we will provide some preliminaries.

J4.1 Constructing Perturbations of

Recall that for every pattern spawned by 7, we’ll redistribute all its mass to other patterns spawned by 7. That is, for 7,
spawned by 7, we’ll construct a perturbation vector r¢ € [—1,1]” such that o + r* € T and [ + 7t]; = 0. In particular,
we will formally generalize the strategy shown in Section To start, we show a useful result about g%°. It is easily
generalized to apply to all g € G.

Proposition J.8. Let b* € (0,1)?,w* € A, N (0,1)* be fixed. This fixes g%°, which we write as g for short. Also, fix a

pattern T, and class (. For any pattern 7, where Tf = ﬂ'f,. Le. the same set of LFs predict class ¢ on s, my. Then, if ey is

the (k(t — 1) + £)*" canonical basis vector in Tk dimensions,

1. g = gpre
2. A(g+ grelere — err)) = (b5 w*), implying that D(g + gre(ere — ew)) € T.

Proof. We start with the first claim. Reprinting the definition of g;, from Equation[T9] we have

1-0%
ge=wi [T05 I 1

jenf  j'Elpl\nf

Thus, it only depends on which LFs predict £ on pattern 7. So, if there are two patterns wherein the same set of LFs both
predict /, the corresponding masses for class £ are equal.

For the second claim, observe that A(g — gisesr) reduces the class frequency of ¢ and the accuracies of LFs in 7} by g;¢. On
the other hand, the addition of the vector g;sey ¢ increases the class frequency of ¢ and the accuracies of LFs in ﬂ'f = ﬂf, by
gee- Thus, there is no net change in the LF accuracies and class frequencies when g is perturbed by g:¢(e¢¢ — e4¢). Thus, by

definition of 7', D applied to the perturbed version of g lies in 7. O

Remark J.9. Observe that if k = 2, then any 7, and 7, satisfying the above assumption implies t = #'. That is, if 7} = 7},

then 77 = w2 = [p] \ m}. Thus, we will focus on the case where k > 3.

We’ll apply this proposition k times to distribute the mass of oy in k parts, i.e. by redistributing g¢¢, . . ., gf]f. What remains
is to specify a strategy of getting pattern 7y for each ¢.

The general strategy seen in Subsection is as follows. For fixed ¢ € [k], apply the permutation (¢ + 1,¢ + 2) to

7t, ..., mr. Here, the indices are assumed to wrap around insofar as one takes £ + 1,/ +2mod k. E.g.if ( +1 =k + 1,

then the permutation used is (1, 2). Concretely, 7 is the pattern such that wf,/ = 7rt(é+1’e+2)(el) for each ¢’ € [k] or

i =it g2 =t and 7rf// =l for ¢ e[k]\{¢+1,0+2}.

By definition, 7rf = Wf, , S0 we can use this pattern with the previous proposition. Moreover, observe that 7y is also spawned
by .
Now, we may formalize the perturbation vector.

Lemma J.10. Say k > 3 and 7 is a proto-pattern with spread k. Let 71, . .., Tk be the patterns spawned by 7. Fix a
pattern my where t € [k!] and consider the following k patterns also spawned by 7.

¢ L+1,042) (¢
e, be such that wf’:w£+’+)()
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where any index bigger than k has k subtracted from it so that
(L+1,04+2) e{(12),...,(k—1,k), (k1)}.

Now, consider a perturbation vector r* defined as follows where e, is the t'" canonical basis vector in T dimensions.

k
t ds ds
= E Gre €ty — O Ct
=1

It has the following properties:

I a®+rteT
2. [a% + 7ty =0
3. There are only k + 1 nonzero elements in rt

4. The last T — k! elements of r are 0, i.e. the pattern masses are only distributed to patterns spawned by 7.

Proof. If we apply Proposition[J.8| k times, the perturbation of g (where we have redistributed all masses g¢¢, . . ., gf,j) can

be written as

k
Z gfj(etM — ).
=1

Here, we’re abusing notation and e, ¢ is the ((t, — 1)k + )" canonical basis vector in 7k dimensions. If D (Equation is
applied to that vector, observe that the resulting vector has length 7 and is 0 except on k£ + 1 elements. Moreover, since
t,ty < k! (as my, are spawned by 7), the last 7 — k! elements of the perturbation vector must be 0, meaning the fourth claim
has been shown.

Recall that D computes the pattern distribution from the joint distribution, i.e.

D (iigfﬁew) = Z (g gff) er.

t=1 (=1 t=1

Once again, note that e; is in 7k dimensions while e; is in 7 dimensions. So,

k k
ds d d
D <§ gec (€te,e — ew)) =Y _giver, —afe.
=1 (=1

In other words, the resulting vector has —a{* on index ¢ and gf; on index t,. The second and third claims are easy to see by

inspection, while our first claim is true by virtue of us using Proposition O
To get the first block column of R (Equation , we horizontally concatenate ', ..., r*'. Since the last 7 — k! elements

are guaranteed to be 0, we have maintained the block diagonal form. What remains to be shown is that our perturbation
vectors are affinely independent. At a high level, we will appeal to graph theory by showing that R; (i.e. the horizontal
concatenation of the first k! elements of ', . .., 7*') is a Laplacian matrix for a weighted undirected graph which has one
connected component. That will be sufficient. Before we show that, we review some graph theory concepts necessary.

J.4.2  Our Perturbations Form a Laplacian Matrix

Letr!,...,rt € [-1,1]7 be the perturbation vectors exhibited in Lemma Define 7 € [—1,1]* to be the first k!
elements of t. Then, the matrix R; is defined as follows

~ ~ ~k!
Ry = |+ # ... #*



Lemma J.11. The matrix — R, is a Laplacian of a weighted undirected graph that has one connected component and no
self loops. Moreover, the graph is isomorphic to an undirected Cayley color graph for Sy, the group of permutations over k
elements, generated with the k cycles

Thus, Rq has affinely independent columns.

Note that the very last implication follows from directly applying Proposition [J.6] Thus, we will have shown how to
construct {z}k’! linearly independent pattern distributions in 7" (as this is the number of patterns that can be spawned from
proto-patterns with maximum spread).

Before proving this result, we review some simple group theory concepts and define the Cayley color graph.

J.4.3 Proof of Lemma

To prove Lemma it suffices to show the following claims. Let Go = (Vo, E¢) be the undirected Cayley color graph

for Sy, with generating set

Also, let G = (V, E, w) denote the weighted undirected graph that R, represents. (We’ll show this claim.)

1. —R; is symmetric and can be written in the form D — A for appropriately defined D, A where D is diagonal and A is
symmetric. Moreover, each row and column sums to 0. I.e. these matrices result from a weighted undirected graph (see

Equations 29] [30).

2. G (without its weights) is isomorphic to G¢. Le. there is a 1-to-1 mapping of the vertices, call it f: V' — V¢, where
{v1,v2} € Eifand only if { f(v1), f(v2)} € Ec.

We start with the first claim where we reference Lemma Let D € [—1, +1]¥"**! be the diagonal elements of —R;:

(677 le:j,
Ddij{o 0.W.

To show that A is symmetric, it suffices to show that R; is symmetric. Consider column ¢ of R;. If there is an entry in row
t’, column ¢, then that implies there exists ¢ € [k] such that

T = wt(Hl’“Q)w) for all ¢ € [K].

In particular, the entry is —g&*. However, note that we could have swapped ¢ and ' in the above equality as (¢ + 1,¢ + 2) is
its own inverse. This implies there is a nonzero entry at row ¢ column ¢’ of R;. Moreover, by Proposition|J.8] the entry is
— gt”l,sZ = gff. Hence, R, is symmetric. To see that each row and column of R; sums to 0, it suffices to check 1. rt. It’s easy
to see that it equals 0 because af® = ZIZ=1 gf;. Thus, —R; is a bona fide Laplacian matrix for a weighted undirected graph
with no self loops.

Now, we show that G is isomorphic to G¢. First, it’s easy to see that |[V| = |Vo| = k! as there are k! ways to order the k
subsets of LFs in the proto-pattern 7. We’ll now define the mapping between V' and V-. For convenience, abuse notation
and define )

(+1,04+2)om =7 where wf = 7r§,€+1’e+2)(£ ) forall ¢ € [k].

Now, fix now an enumeration of the patterns and map the first pattern 71 to e, the identity permutation. For ¢ € [k!] \ {1},
m; will be associated with the permutation o € Sy such that

wl=al" forall ¢ € [K].

To finish our proof, it suffices to check that the edges are the same after applying the vertex transformation/renaming.

To do this, we analyze how the edges of G, G were constructed. For G, consider some arbitrary node associated with
permutation o. Since S has k elements, it has k edges where ¢ is connected to the permutations (¢ + 1, ¢ + 2) o o (for
L+ 1,4 2) € S). Thus,

Ec={{o,l+1,0+2)o0c}:0€ S, {+1,0+2)e S, e[k}
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Now, let 7; be the pattern associated with . Recall how we reassigned the k masses g, . . . , gf,j in Lemma For each

class £, we connected 7; to = (£ + 1, £ + 2) o m; by reassigning mass g¢ to this second pattern. This can be seen in the

Laplacian —R; as the entry in row ¢’ column ¢ represents an edge between 7, 7. (Recall that our choice of g%° has all
positive entries, see Equation[T9]) Thus,

E={{m ({(+1,0+2)om}:tec[kl],l+1,0+2)€S, {clk]}.
To go from E to E¢, replace m; with the permutation ¢ associated with it. I.e. determine the o € Sj where

wl =77 forall ¢ € [k].

Similarly, one can go from ¢ to 7; by finding the pattern 7; where the above equation holds. Thus, G (without its weights)
and G¢ are isomorphic.

To conclude our proof, observe that we have met the conditions for Proposition so that R; has affinely independent
columns as claimed.

J.5 PROOF STEP: MASS REDISTRIBUTION FOR PATTERNS WITH MODERATE SPREAD

In the previous section, our argument relied on the fact that we could exhibit a new pattern by permuting the sets of LFs that
predicted on two classes. If a pattern is such that 7} = 77 = (), then applying the permutation (12) will not give us a new
pattern. Thus, we cannot directly apply the argument from the previous section.

Whereas we had assumed the spread was k in the previous section, our arguments there will work when the spread is k — 1
too. L.e. there’s only one class without LFs predicting it, so the above case cannot happen. In other words, the one may
distinguish the classes by looking at the sets of LFs (that predict them). So, in this section, we’ll consider the case where the
spread ¢ is such that 2 <4 < k — 2.

Corollary J.12. If a proto-pattern 7 has spread k — 1, then one can use the same construction of perturbations as in
Lemma to get k! linearly independent pattern distributions in T. These pattern distributions will have 0 mass on
patterns spawned by T.

To handle the case where the spread is between 2 and k£ — 2, we will need to build upon the arguments of the previous
section. In particular, we will partition the patterns spawned by proto-pattern 7 (which has spread between 2 and k — 2). We
will need more notation to define this partition.

Definition J.13. Suppose a pattern m; has spread 7. The set of all classes which have LF predictions is define as
I = {l e [k]: ¢ # 0}.

We’ll call elements of that set /1, ..., ¢;. A run (of indices) is a set of classes with contiguous indices where no LFs predict
any of those classes. Formally, the set of runs is

Jyoi={{lo by + 1, by b b by € T by — Ly > 13

When the spread is k£ — 1, J has but one element, the set containing class with no LF predictions. Consider the following
pattern where p = 3 and k = 8.

(0,0,{1},0,{2,3},0,0,0).
Here, I = {3,5} and J = {{1, 2}, {4}, {6,7,8}} for a total of 3 runs with lengths 2, 1, 3.
Indeed, it is easy to infer the maximum number of runs possible.
Proposition J.14. For a pattern with spread i < k, the maximum number of runs is
|J| <min{i + 1,k —i}.
Proof. Observe that since runs are separated by indices in I (where |I| = ¢ by definition), one can have a maximum of

i + 1 runs. However, we know that there are only k — ¢ classes without predictions, so the maximum number of runs is as
claimed. O

We’ll handle the proto-patterns with spread 2 first as that requires a completely different argument. Then, we consider
proto-patterns with spread > 2, whereupon we build upon the arguments of the previous section.
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J.5.1 Patterns With Spread 2

Like before, we will construct a graph that represents how to distribute the mass from every pattern spawned by a proto-
pattern 7 with spread 2. Then, the columns of the Laplacian will form our perturbation vectors (after appending a bunch of
0’s).

The graph will be weighted, undirected, and have k!/(k — 2)! nodes and each node will have k£ — 1 edges. We will have two

tasks. For pattern 7, spawned by 7, we have to redistribute the masses gf;l , gf;; corresponding to the classes that have LF

predictions, and the masses for all other classes, which have no LF predictions. Then, we must ensure that this graph is fully
connected. When those are done, we can apply Proposition[J.6]to conclude that the columns of the Laplacian are affinely
independent.

We start with redistributing the masses on classes that have no predictions. Fix now a pattern 7; with spread 2. Observe if
we apply the cycle (¢1£2) to 7, we will get a pattern 7y where

I; = Iy implying J; = Jy.

Thus, we can assign the masses gf;, ¢ € [k] \ I} to mp without changing the LF accuracies or class frequencies. Le. since
Proposition applies. Now, we redistribute the masses gf;l and gf;Q. Without loss of generality, consider gtd;l. By
assumption, there are k — 2 classes without a prediction, i.e. the indices in J;. Thus, applying the permutation (¢2¢) where
¢ € [k] \ I; gives us patterns where we can assign i+ . (Once again, Propositionis satisfied.) Our strategy will be to
place an aliquot portion of gffl in each of these patterns.

Before formalizing this strategy, observe that we only need to consider k£ > 4. That is, if k¥ = 3, then proto-patterns with
spread 2 = k — 1 which we already know how to handle via Corollary

Lemma J.15. Suppose p > 2, k > 4 and fix a proto-pattern with spread 2. Define a weighted undirected graph
G = (V, E,w) with no self-loops as follows. Let |V| = k!/(k — 2)!, where there is a node for every pattern spawned by 7.
Now consider the node associated with 7, (spawned by 7). To redistribute the masses on indices in [k] \ I, i.e. the classes
with no LF predictions, connect T to the pattern mp where

7t = Wﬁéléz)(lf) forall ¢ € [k].
For the edge connecting those two patterns, assign weight
k
Wiy = Z gfles-

/=1

£g1,
Consider the following k — 2 patterns for which we assign gffl in aliquot parts.

Ny = {my spawned by 7: 7l = ngzel)(é) fort e [k, 0" € [k]\ I;}.

For every mp € Ny, connect it to Ty and assign weight

Wit = g,flifl.
k—2
The same can be done with gfg, swapping s for (1.
Now, the following is true.
1. For every pattern 7t; spawned by 7, T;’s masses g2, . . ., gf; are only distributed to patterns spawned by T.

2. G has one connected component.

3. The columns of G’s Laplacian matrix form perturbation vectors r for o where
a+ (130 _py—2y) € T.

In particular, the t*" element of that vector is 0 if 1 is the t'" column of G’s Laplacian (for t € [k!/(k — 2)!]). Here, we
have enumerated the k!/(k — 2)! patterns spawned by T as 71, . . . Tl ) (k—2)!-
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Thus, the Laplacian of G has affinely independent columns.

Proof. Observe that the first claim is true by construction.

Now, we show that the graph has one connected component. Suppose we are at the node associated with 7; where /1, {5 € I;.
We’ll show how to get to the node associated with an arbitrary (but different) pattern 7, by traversing the graph. Say

", ¢4 € Iy . First, suppose without loss of generality that ¢, = ¢7, but {5 # £}. By construction, N; contains the pattern 7y
which is such that

T = w,ﬁééézﬂ) for all £ € [k]

as we assumed {5 # ¢,. However, this means that

Lo 0 L by _
T =mt, i =m0 and m3i =10,

wherein we conclude that 74+ = 7. In words, we the LFs predicting class /5 on 7y, i.e. 7rf2, predict class ¢, on 7y«.

Now, consider the case where both ¢ # ¢} and ¢5 # ¢,. Here, we just apply the previous argument at most twice. That is,
we first move wf 2 to class £,. If ¢, = ¢; and ¢] = {5, we are done. Otherwise, apply the first argument again, moving Wfl
(which might be in class £5) to £}. Thus, we have shown that G is fully connected.

To see the third claim, observe that Proposition [I.8]is satisfied for every pattern we assign mass to. Furthermore, observe that
we reassign g, . .., g% for each pattern, meaning we have reassigned all the mass associated with one patten.

As before, the final claim follows from Proposition .6 O

Observe that this strategy for constructing a graph easily generalizes for the case where the spread is k. For a pattern 7, we
may distribute gtd; to any pattern 7y where wf = Wf,. If the spread is ¢, then there are 7 — 1 subsets of LFs whose positions
we may permute in k — 1 slots (as we’re fixing the position of 7{ in class £). Moreover, one of these permutation is already

present in ;. Thus, there are (k — 1)!/(k — i)! — 1 other patterns which satisfy the assumptions of Proposition[J.8]

If the spread is 2, then it is clear that there are £ — 2 positions where we can move 7rf2. Plugging ¢ = 2 into the above
formula gives the same result. Thus, the number of outgoing edges from 7; (which has spread 2) is O(k). However, when
the spread is k, there are (k — 1)! — 1 other patterns we could distribute gf; to. So, if the mass is distributed in equal parts,
the number of edges from the node associated with 7, is O(k!).

J.5.2 Patterns With Spread > 2

Like in the case where the spread was 2, we have two main tasks in terms of redistributing the probability mass. L.e. re-
distributing masses from classes which have LF predictions and masses from classes which have no LF predictions. To
redistribute the mass on classes which have LF predictions, we appeal to the argument made above for when the spread was
k. That argument will work because we have spread of at least 3, meaning we can apply LemmalJ.10{on the classes with LF
predictions. For the masses on classes with no predictions, we generalize the strategy given in the previous section. There,
we paired up patterns which had LF predictions on the same classes. Here, we’ll also pair up patterns, but we’ll do it in a
more subtle way as by assumption, there are at least 3 classes with LF predictions.

Suppose now that our fixed proto-pattern 7 has spread 7 > 3 (and 7 < k — 2 by assumption). (Note that we can assume
k > 5 because for, £ = 3 the previous arguments work on proto-patterns with spread 2, 3 while for &k = 4, the previous
arguments work for spread 2, 3, 4.) Observe that we may spawn (f)z' patterns from this proto-pattern. (’; ) ways to pick the
indices which have LF predictions (i.e. that many I;’s), i! ways to order the i subsets of LFs on those indices. So, partition
the patterns based on which classes have LF predictions, for a total of (’:) subsets.

Our strategy is as follows. For each of these (’f) subsets, we have 4! patterns which we would like to construct a weighted
undirected graph (with no self-loops) wherein the edge weights show how to redistribute the probability mass for each
pattern (i.e. node). Thus, for the proto-pattern 7 with spread 3 < i < k — 2, we’ll create (]:) connected graphs, one for each
choice of 7 classes.

So, consider one of the (]f ) ways for the LFs to only predict on ¢ classes. Since we assumed the spread ¢ > 3, we can apply

the argument of Lemma The resulting graph over i! elements is fully connected and the masses of classes which have
LF predictions are redistributed. What remains is to distribute the masses on the classes which have no LF predictions. Here,
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we adopt a similar strategy wherein we permute the classes which have LF predictions. Recall that we need a notion of
reciprocity when redistributing masses. If we distribute mass g& to pattern 7/, then we must distribute the same mass from
7y to m;. When the spread was 2, this was simple to do for the masses on empty classes: we apply the permutation (¢1/2).
That permutation is its own inverse, so it’s easy to go back and forth from 7, and 7. In this case, we have ¢ > 3 classes
with LF predictions, so we need a more subtle argument.

For the 7! permutations in S;, observe that we can assign a parity, even, or odd, to a permutation o € S; by seeing whether
an even or odd number of swaps is needed to transform the identity permutation to o. This leads to a natural partition of S;
into two sets of the same size, call it S¢, .Sy for the even and odd permutations respectively (e.g. page 111 of [D’Angelo and
West, 2000]). Moreover, since permutations are bijective functions, the permutation (12) is a bijective map between S

and SY. Indeed, since we have fixed the ¢ classes on which the LFs predict, i.e. {1, . .., {;, these permutations permute the ¢
subsets of classes on /1, ..., ¢;. So, we can associate the i! patterns with permutations in .S; a la the proof of Lemma in

Section[J.4.3] Thus, by using Sf, S7, we have a pairing of patterns wherein we can distribute the mass on classes without LF
predictions.

Lemma J.16. Suppose p > 3, k > 5 and fix a proto-pattern 7 with spread 3 < i < k — 2. Also, fix (1,...,¢; € [k],
the set of classes which will have LF predictions. Define a weighted undirected graph G = (V, E,w) with no self loops
as follows. Let |V | = il, where there’s a node for every pattern spawned by T where the LF predictions are on classes

ly,...,4;. Consider the node associated with m;, an arbitrary pattern spawned by T where the LFs predict on classes
l1,...,4;. Construct i edges and assign weights according to the strategy of Lemmal[J. 10} Here, we apply that argument to
the indices 01, . .., ¢;. Now, consider the pattern wy (also spawned by 7t) where

7t = WEEIEZW) forall £ € [k].

Create an edge between 7y and . and assign weight

k
ds
E Gte -
/=1
CFLly .l

The following is true.

1. We only redistribute mass to patterns spawned by 7 and which have LF predictions on {1, ... {;.

2. G has one connected component.

3. The columns r of G’s Laplacian form perturbation vectors v for o where o + (r;0,_y1) € T. In particular, the t*"
element of that vector is 0 if r is the t'* column of G’s Laplacian for t € [i!]. Here, we have enumerated the i! patterns

spawned by 7 (which have LF predictions on {1, ..., ¢;) as 7y, ..., .

Thus, the Laplacian of G has affinely independent columns.

Proof. The first claim should be clear by construction. In applying the argument of Lemma[J.10| we only redistribute masses
to patterns where there are LF predictions on {1, .. ., ¢;. Moreover, our construction of 7 does not move any LF prediction
off of those ¢ indices, meaning the first claim is true.

The second claim is true because the construction in Lemma [J.T0] guarantees that the graph has one connected component.
Moreover, you cannot increase the number of connected components by adding edges to a graph, which is what we do. By
our discussion on even and odd permutations, we are justified in adding extra edges.

The third claim is true because we have assigned mass in a manner consistent with Proposition [J.§] In particular, we have
redistributed all the mass associated with 7; (spawned by 7 and having LF predictions on 41, .. ., £;).

The final claim follows from [L.6] O

To summarize, we have now argued how to redistribute the masses from patterns with spread 2 and greater in such a way that
the perturbation vectors maintain block diagonal form (see Equation [32)). What remains now is to show how to redistribute
the mass from a pattern with spread 1.
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J.6  PROOF STEP: MASS REDISTRIBUTION FOR PATTERNS WITH MINIMAL SPREAD

Unfortunately, the arguments of the previous section will not, in general, work for the case where the spread is 1. Here, all
LFs predict the same class so that there is one proto-pattern in V;: {[p]}. It’s easy to see that this can spawn k patterns, call
them 74, ..., T, where Wf = [p] and all other wf' = (). Observe that the crux of Proposition was that to reassign the
mass of class £ for 7;, we need to find another pattern 7; where 7{ = ¢,. The LFs that predict class £ must match because
in general, the class frequency distribution is not uniform. This strategy doesn’t work here because there is only one pattern
where all classes predict class ¢! Hence, we cannot distribute g5 to 722 without reducing the class frequency wj by ¢{; and

increasing the class frequency w; by the same amount. Thus, we must seek an alternate strategy.

Recall that we need to construct a perturbation 7 € [—1,1]7* for g% such that A(¢g?* + r) = (b*; w*). Our perturbation
must be such that (without loss of generality) the masses ¢{5, .. ., g‘lii are redistributed to patterns with index greater than k.
This is a consequence of our above discussion (and to satisfy Proposition[I.7). So, we now discuss how to redistribute the
masses of 1. Of course, this strategy will work for each of the k patterns spawned by the singular proto-pattern with spread
1.

By assumption, 7§ = {) for £ > 2. We can redistribute masses g%, . . . , gf,f to patterns (with spread > 1) which don’t have
LF predictions on classes 2, ..., k respectively. L.e. one may just choose k& — 1 of them. Now, we must redistribute g¢5
without changing the LF accuracies or the class frequency w]. We start with the latter.

Consider p patterns 7y, , . . ., 7, where
= ]\ {4}

If we distribute g¢; to these patterns (on class 1) specifically, notice that we will meet the requirement of not changing the
class frequency wj. While we don’t need to choose those patterns in specific, that choice is conducive to our proof. While
w] remains unchanged, the LF accuracies will have decreased as a result of this.

Proposition J.17. Suppose we need to redistribute mass g%. Split it into p parts so that

P
gy = E m; where mj > 0.
i=1

If we distribute m; mass to gffl, then the first class’ frequency won’t change. However, the LF accuracies will change.
Specifically, the new LF accuracies will be
bj — my

foreach j € [p].

Proof. The first claim should be immediate because the total amount of mass put on class 1 is g5, which was the same
amount it was decreased by.

For the second claim, fix a LF (7). Its accuracy is decreased by g¢5 because we are redistributing that mass. By definition,
JE 7rtlj, for j' € [p].

This means that the accuracy of 29 is increased by

In other words, the accuracy of hU) is decreased by ¢ and then increased by g — m,;. Thus, after the mass redistribution,
hU)’s accuracy is by —mj. O

This means that if we are able to somehow increase the accuracy of LF 2() by m; > 0 where Zé’:l m; = g5, we will be
able to redistribute g{§ and maintain the class frequencies and LF accuracies.

Consider a pattern 7, where

m =[]\ {1,2}.
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If we redistributed g&° to gff,l, then h(?)’s accuracy increases by g while no other LF accuracy or class frequency changes.
Our strategy is to apply this multiple times. Formally, the strategy can be characterized as follows.

Proposition J.18. Suppose we have two patterns w;, 7y and a class £ where
0 ¢
Ty C Ty

Then, if we reassign gfﬁ} to gf;, the only change to the LF accuracies and class frequencies will be an increase of gf;’} to the
accuracy of each LF in 7rf \ wf,.

Proof. Since we are assigning g% to g&, there is no change to the class frequencies. Similarly, for the LFs in 7t N ﬂf/,
there is no net change. For the LFs in 7Tf \ Wf, s gf,se do not contribute to its accuracy. However, gfj does contribute to their
accuracies. Hence, their accuracies increases by g5. O

The main idea of our proof is to use the previous proposition to increase the accuracies of the LFs by a total of g¢5. Then,
applying the strategy laid out in Proposition is sufficient.

For simplicity, we will apply Proposition [J.18]to patterns where p — 2 and p — 1 LFs predict a single class. Of course, we
will require that p > 3. By repeatedly applying the above proposition, we are able to, under mild conditions, scrounge
up enough probability mass to use Proposition [J.I7]and without changing the LF accuracies. In particular, the increase of
accuracies must equal g¢5. To see this is possible, observe that there are k(k — 1)? patterns where LFs [p] \ {1,2} predict
one class and the other LFs predict one of the remaining k — 1 classes. In particular, we are not limited to increasing the
accuracy of the first and second LFs: we may choose any subset of p — 2 LFs and apply this strategy. We now provide a
result showing when this is possible.

Lemma J.19. Suppose p > 3 and one of the following conditions hold.

1.

2
1-b: P10
J * J
Z( 5 ) ST

Jj=1 j=1 J

-1

N maXeeg Wy
maxb: < |1+ 4/ ——m
ielp] 7 ( p(p—1) )

In particular, we may replace the maximum with 1. Fix an arbitrary pattern 7wy where all LFs predict class . Then, there
exists a perturbation vector v € [—1, 1|7 such that

1. a+reT

2. la+7rli=0

3. rg =0foralll € [k]\ L.
Proof. Here, we will not explicitly construct r, but we’ll show that it is possible. To achieve the claims, we must show the
existence of a perturbation r to g% such that A(g% + r) = (b*; w*).

To satisfy the third claim, we will not redistribute the masses of 7y to 7y for ¢’ € [k] \ {¢}. In other words, we do not
distribute any of 7,’s masses to the other proto-patterns generated by © = {[p|} (in contrast to the previous sections).

The second claim will be done by construction — we’ll redistribute g;, . . ., g&.

Now, we move on to the first claim. Pick k& — 1 patterns 7, , ..., m,_,, T¢,,, ..., T, Where
m, =0 for ¢ e[k]\{¢}

and t1,...,t; > k. We’ll redistribute gg;, to m,,, specifically by increasing gfj o~ by g@lf,. By Proposition this does

not change the LF accuracies or class frequencies. Thus, all that remains is to redistribute g% without changing the LF
accuracies and class frequencies.
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As we have discussed, we will repeatedly apply Proposition so that the accuracy of LF h() is increased by m; wherein
P
> my =gl
j=1
Then, we apply the strategy of Proposition[J.17]to get a perturbation of o which lies in 7.

In words, we want to show that we can increase the accuracy of the LFs by a total of g;lg We’ll use the aforementioned
strategy of redistributing masses from patterns that have p — 2 LFs predicting on a class to patterns which have p — 1 LFs
predicting the same class. Let 7y, , . .., 7, be the p patterns defined in Proposition Here, we’re abusing notation and
redefining what we mean by these patterns. Specifically, ﬂfj = [p] \ {4} and A" predicts a fixed but arbitrary class in

[\ {3

Consider a pattern 7, where LFs [p] \ {1, 2} predict class £. We will reassign g5 to m;, to increase 2(?)’s accuracy by g%
(i.e. see Proposition . (By Proposition , we could have also assigned this mass to 7, to increase h(!)’s accuracy
by the same amount. However, this does not matter because we care about the net accuracy increase over all LFs.) Now,
observe that there are (k — 1)? many patterns where [p] \ {1,2} predict class ¢. Le. there are k — 1 choices of classes to
predict for the 2 remaining LFs. By applying this strategy on all those patterns, the total accuracy increase for h(?) is

P 2
1-0b7 1-10b3 1—b71—0%

(k—1)2%w; | | o3 1 Z = w; || b0i—F—2.
Alvig=he=—y il

In particular, we multiplied by 1 twice so the expression is in a more convenient form. Recall that by Proposition[J.8] the
mass we are reassigning is the same across all (k — 1)? of these patterns because the set of LFs that predict ¢ is the same
across all patterns. Now since we could have had [p] \ {1,2} predict any of the ¢ classes, using all those patterns means the
total increase to h(?)’s accuracy can be

k D p
1—-5b71—0b3 1—-071-0;
* b* 1 2 _ b* 1 2
2w =
=1 j=1 j=1

since w* € Ay.

Observe now that are (pf 2) choices of two LFs wherein {1, 2} was but one. Thus, we can sum the above expression over

all choices of two LFs. By doing this, we will increase the accuracies of other LFs, not just 2(?). This means that the total
increase in LF accuracy will be

Po1—-0b11-0%
* J J
H bj Z b* b*, ) (33)
=t gg=1 !
i#3’

To apply Proposition , we require that the above term is no smaller than g for each ¢ € [k]. If we have such a guarantee,
then for 7y, the total accuracy increase we can provide for the p LFs is ggl; for each ¢ € [k]. In particular, we note that there

is no need to redistribute all the mass of the (pf 2) (k — 1)? patterns we are considering.

Now, recall that 7, ¢ € [k] are patterns where all LFs predict class ¢ so that

p
ds __ % *
e = Wy H b
Jj=1

Thus, our above requirement is that we require the expression in Equation [33]to be larger than the above.

L& =11, T e
110 ) 2 === | = gt 1105
j=1 j.g'=1 J J 7j=1

L 575" .

Equivalently, we just need

z”: 1—0r1-0% S .
" " > max wy.

it bj bj, Le[k]

L j#5" J
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Observe that the left-hand side can be written as

p 2 p 2
> e (5
j=1 bj j=1 bj
and that
1-10; 1
*J _7*_1
bJ bj

* ot 1
So, an upper bound on b} gives a lower bound on 5 Let

b = max b;-‘.
J€lp]

Then, the LHS can be bounded as follows:

Po1—b51—-0% 1 2
> ’ =l zpp-1) (7 -1) -
2. Ty o b
di'=1 J
J#i’

We require that lower bound to be larger or equal to max¢ ) wy. One then rearranges.

To complete the proof, note that we can weaken the above conditions by replacing w; with 1 as there’s no restriction on how
close wj can be to 1. O

With this result, we have shown how to construct perturbation vectors for all 7 patterns wherein the perturbed distributions
all lie in 7" and are linearly independent! We now provide the formal proof of Theorem[J.3]

J.7 PROOF OF THEOREM

Given our assumptions, we exhibit 7 linearly independent pattern distributions in 7". Then, by application of Proposition [J.3]
the convex hull of those 7 vectors will have dimension 7 — 1. Since T' C A, dim(T) < dim(A,;) = 7 — 1 so that the
dimension of 7' is lower and upper bounded by 7 — 1.

We now demonstrate the existence of those 7 pattern distributions. By Lemma[C.2]there exists an o € T" with all strictly
positive masses. We will construct 7 perturbation vectors 7 ..., 7" such that for all ¢ € [7],

a+rteT.

To show that the 7 pattern distributions should be linearly independent, it suffices to show that the perturbations ¢ are
affinely independent (Proposition [J.4). In particular, the perturbation vectors will have the form exhibited in Equation 32} If
that holds and the assumptions in Proposition [J.7]are met, then by the 7 perturbation vectors are affinely independent.

We will construct the perturbation vectors in parts. Specifically, Lemma Corollary show how to construct
perturbation vectors for patterns with spread k£ and £ — 1. Lemma shows that those perturbation vectors meet our
requirements. For patterns with spread 2, Lemma shows how to construct the perturbation vectors. For pattern vectors
with spread between 3 and k — 2 inclusive, Lemma[J.16 shows how to construct satisfactory perturbation vectors. Finally,
Lemma [J.T9] shows how to construct perturbation vectors for patterns with spread 1. As the perturbation vectors were
constructed in such a way that the requirements of Proposition [J.7|are met, the proof is complete.

K COMPLETE EXPERIMENTAL RESULTS
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K.1 EMPIRICAL EVALUATION OF LEMMA

Here, we present the results of evaluating Lemma on 11 real datasets from WRENCH [Zhang et al.,|2021]]. See Table
These datasets were taken from the Supplementary Material of [[An| 2025]. The train/validation/test splits of these datasets
have been merged and all datapoints without an LF prediction were removed. We note that these datasets contain specialists,
i.e. have LFs that abstain, and the domains range from sentiment analysis to spam detection to video frame classification.

Table 3: Dataset Statistics For 11 Real Datasets

Dataset IMDB Youtube SMS CDR Yelp Commercial Tennis TREC SemEval ChemProt AG News

Classes (k) 2 2 2 2 2 2 2 6 9 10 4
LFs (p) 5 10 73 33 8 4 4 68 164 26 9
Datapoints (n) 21,914 1,843 2,246 12,562 31,512 81,105 8,803 5,738 2,527 13,768 82,591

We compare three weighting strategies. First is OCDS with the true accuracies and true class frequencies. That is, for j € [p]
and ¢ € [k],

s bj(k —1) .
07 =log | “7—— | and 610 =log(wp).

J

Note that b = Pr(hU)(x) = y). Here an abstention counts as an incorrect prediction! The OCDS prediction is then

g(eds)va. Second is MV where 6 = 1, . Third is BF on the polytopes Py., . where € € {0.01,0.05,0.1,0.2,0.3}. This
choice of polytopes was done to avoid the problems one gets when using sampled labeled data to estimate LF accuracies.
(I.e. LFs with more predictions often get a better estimate of their accuracies.)

Three bounds are evaluated on the comparison of the BF weights versus the OCDS/MV weights. First is the exact difference
of excess errors as seen in Theorem[7.2] Second is the aforementioned Lemma([7.3] Third is the bound proposed by [An and
Dasgupta) [[2024]] in Lemma 12. For this bound, we only evaluate BF against OCDS, since that was how it was presented.
Note that the first and third bounds are not computable in practice since we don’t know the optimal weights 6* and we don’t
know what b*, w* are!

We observed that the exact difference of excess errors always correctly predicted when a weighting strategy was better
than another. This provides evidence that our result of Theorem is correct. Second, we find that Lemma 12 of [[An
and Dasgupta) [2024] can be okay, despite the lower bound of Theorem[7.1] Finally, we show that Lemma[7.3]can be poor.
Specifically, what we mean is that it falsely predicts that ¢’ is worse than g for very small values of €. That is, the result of
the test is a false negative as ¢’ is actually better than g. We record the first € for which that happens for every dataset in
Table[d] Entries greater than 0.01, i.e. when the bound of Lemma [7.3]is not trivial are bolded. We note that this value is
quite small most of the time, meaning Lemma|7.3|as stated is probably not very useful as it is conservative. Hence, our
suggestion that one attain lower bounds for how well b*, w* is estimated. Le. for Ag(®"):®" = (8%f w7, attain lower
bounds for b* — b/ and w* — w®f. For the bound from [An and Dasgupta, [2024], it does not depend on €, so we show the
upper bound on €' under which the BF weights gotten using Pbi’w* is guaranteed to better than #9°.

Table 4: Empirical Evaluation of Tests for Determining When A Weighting Strategy Is Better Than Another. Shown Is the
First € for Which A False Negative was Observed.

Dataset IMDB Youtube SMS CDR Yelp Commercial Tennis TREC SemEval ChemProt AGNews
Ours (Lemma(7.3) BF vs OCDS ~ 0.01  0.05 0.01  0.05 0.05 0.01 02 001 0.05 >0.3 0.01
Ours (Lemma/(7.3) BF vs MV 0.01 0.05 0.01  0.05 0.05 0.05 0.05 0.05 0.05 0.1 0.1

[[An and Dasgupta|[2024] (Lem 12) 0.169 0.176 0.000123 0.12 0.042  0.114 0.125 0.0112 0.0021  0.064 0.132

K.2 DETERMINING THE SIZE OF O%¢, T*

We finish the appendix by providing the complete details for determining the size of O%€ and T°. Not only will we flesh out
the details in their entirety, but also address certain issues that arise in using LattE [Baldoni et al.,[2013].
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To begin, we give some background on the types of objects that cddlib [Fukudal 2021]] and LattE [Baldoni et al., 2013
operate on. Consider a rational polytope defined by a system of linear inequalities. That is, say A € Q™" and a vector of
coefficients b € Q™. The polytope in question is defined as

P={zeQ": Ax <b}.

The definition of P above is called the H-Representation, as it is defined as an intersection of half-spaces. We’ll suppose that
P can be placed into a finitely large hyper-rectangular prism. The P we consider will satisfy this assumption. An alternate
representation of P is via its vertices vy, ..., vy € Q" where V' is the set of all vertices. P can written as the convex

combination of these vertices.
V| V]

P = Zaivi: a; > 0,Vi € [V],Zai =1
i=1

i=1

cddlib [Fukuda, 2021] implements the Double Description Algorithm, which lets one move from the H-Representation to
the V-Representation and vice versa.

If we wish to linearly transform P by a matrix D € Q™ %" then one method is to recover the V-Representation, e.g. using
cddlib, then applying D to the vertices. The transformed vertices will be of the transformed polytope D P. One can then
acquire the H-Representation of D P via cddlib. This is what we use to construct 7%, i.e. finding the V-Representation of
P applying D to the vertices to acquire the vertices of 7°°.

*w*o

Now, we move on to discussing the construction of O%¢. Fix § = §(*) and recall the definition of A7 € [0, 1]®P+*)*7 from
Equation [27] It is reprinted below.

i_ 3 Gty ifj<p
Ag = a?t = Aﬂ—” . .
Grj-p  Ej>p.
One may check that A% = AD T a o §(?). For elementwise inequality, we can write O% € as

0% ={aeA: —e<Ala— (b;w") < e} (34)

If the exponential of a weights 6 a weighting strategy return is rational, then the definition we wrote above in Equation [34]
suffices. However, in the case of majority vote, §(9mv) = g™ is not rational. To get around this, we truncate elements of
g'%"") after d decimal places. That is, we approximate g3 by

(g™
Llodgt(z )J
104 '

The maximum error incurred by this rationalization is 10~(@=1) Now as g™V is involved in the construction of A9, which in
turn is multiplied with @ € A, the total error for this rationalization is 10~ @=1) 1f we call g™ the rationalized version of

g™?, we will use the following polytope in place of O™?¢,

{faeA: —e—10"7< AT 0 — (b*;w*) < e+107%)

Penultimately, we address the issue of LattE [Baldoni et al.,|2013|| requiring the polytope P to contain an integral point.
This requirement is present regardless of whether we want to determine |O~ff| or vol(0%*€). In general, the polytopes we
consider will not contain an integral point. Therefore, we scale the polytope by a factor of n. Incidentally, this is the number
of datapoints. This has a natural interpretation in that we are moving from LF accuracies/class frequencies to counts of
correct predictions and counts datapoints which have class £. For the case that we count the number of patterns realizable
over n datapoints, we also have to scale the set of possible pattern distributions. That is, we had defined it as

Sp={a € Ar:nacQly}.

Then, as we recall

0% =0%ng,.

Define the scaled set of S,,, call it S™ as
S" ={a € Qy: 1] a=n}.
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We now count the number of lattice points inside

~muv/

{ae s —n(e+107"0) < A7 a — 0" w’) < n(e+ 107V}

There are two considerations that arise from this. First is the scaling of vol(O%") as a function of n. Since LattE computes
the volume of a polytope in the dimension it lies in, e.g. it will return the length of a line that is in three dimensional space,
if d = dim(0%*¢), then vol(0%"¢) = ndvol(O%€). In particular, if d < 7 — 1 (7 — 1 is the maximum possible dimension),
then vol(O% ™€) will scale slower than vol (T™¢). One may observe this behavior if they scale n (as we have).

The second consideration is how the choice of n affects whether OY is empty when we are able to exactly represent A%. We
have abused notation and are referring to the polytope

{a€ 8™ Ao = n(b*;w")}.

If elements of the matrix A9 are of the form %, then if nb; = i’ /11 for all j, then in general the constraints cannot be
satisfied. Thus, when we pick n for the experiments and have e = 0, we ensure that the above polytope is not empty. This
can be done by choosing n to be the least common multiple of all entries in AY and b*, w*

The final consideration is that LattE requires that the A, b defining a polytope P be integers rather than rational numbers.
To meet this requirement, we just scale each inequality (which now only has rational numbers) until the inequality can be
written only with integers.

K.2.1 Final Thoughts and Observations

We end by giving a few observations. First is that the polytope 7" can have a large number of vertices. For example, take
p =3,k =2,n = 1000, e = 0, w* = (0.5,0.5), b* = (0.8,0.6,0.5). This polytope has has 188 vertices despite the
dimension of the problem being k? = 8. Moreover, if one wants to know |T1000|, the computation took > 18 hours, even
after playing with the hyperparameters following [Koppel [2007]]. We have included the results of that run, along with the
polytope description in the supplementary material. The primary challenge is the cone decomposition required for Barvinok
type algorithms. Over 56 million cones were enumerated for that polytope.

When p = 3, k = 3, enumerating the vertices of O can take a long time. We attempted a single instance of that, but stopped
the code after it had run for 2 hours. For p, £ > 3, it may be faster to reformulate the constraints and do block or Fourier
elimination of variables.

In low dimensions, p = 3, k = 2, finding the volume is feasible. Below, we show the results of
Prn(g(eds)“’ is optimal|b*, w*) and Pr,(b*;w")
for the same setup as Figure 2| We see that the values are quite similar and hypothesize that finding the volume (in the

underlying dimension, not 7 — 1) is a good surrogate for estimating Pr,,(-). Le. Finding the volume of T" from above (where
counting the number of patterns took a long time) only took a minute!
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