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Abstract

Selective conformal prediction can yield substan-
tially tighter uncertainty sets when we can identify
calibration examples that are exchangeable with
the test example. In interventional settings, such as
perturbation experiments in genomics, exchange-
ability often holds only within subsets of interven-
tions that leave a target variable “unaffected” (e.g.,
non-descendants of an intervened node in a causal
graph). We study the practical regime where this
invariance structure is unknown and must be esti-
mated from data. Our main result quantifies how
coverage degrades when the estimated safe cali-
bration set accidentally includes interventions that
affect the target, and gives a conservative correc-
tion when an upper bound on this error is available.
Rather than learning a full causal graph, we learn
only the intervention—target relationships needed
to choose calibration interventions. We give algo-
rithms for this partial learning task and evaluate
them on synthetic structural equation models and
Replogle K562 CRISPR-interference data, where
the experiments illustrate synthetic gains from se-
lective calibration and finite-sample tradeoffs on
real perturbation screens.

1 INTRODUCTION

Conformal prediction (CP) provides distribution-free un-
certainty quantification: given any black-box predictor, CP
constructs prediction sets with finite-sample marginal cov-
erage guarantees under exchangeability [Vovk et al.,|2005|
Shafer and Vovk| 2008} |Angelopoulos and Bates|, [2023]].
Split conformal prediction, in particular, requires only a sin-
gle pass over a held-out calibration set and scales to modern
high-dimensional problems.

However, the marginal coverage guarantee of standard CP

can be loose when the data exhibit heterogeneity. In many
scientific applications, data are generated under multiple in-
terventions or environments, and exchangeability holds only
within certain subsets of these conditions. If we can iden-
tify such subsets, selective (or Mondrian) calibration [Vovk,
2012, Bostrom et al.| 2021]] provides the same coverage
guarantee but with prediction sets that are often substan-
tially tighter, because calibration is restricted to the relevant
stratum.

Motivating application: gene perturbation experiments.
Single-cell perturbation screens such as Perturb-seq [Dixit
et al, 2016, Replogle et al., [2022]] now routinely profile
the transcriptional consequences of hundreds to thousands
of genetic interventions (e.g., CRISPRi knockdowns) in a
single experiment. A central scientific question is: for a
given target gene ¢, which interventions affect its expression
and by how much? Under a causal model, intervening on
gene a changes the distribution of gene ¢ if and only if 2 is a
causal descendant of a in the gene regulatory network.

For non-descendant targets, the residual distribution un-
der intervention a is the same as under control, creating a
natural exchangeability structure. Exploiting this structure
via selective conformal inference can provide tighter, more
informative prediction intervals for the effects of unseen
interventions, enabling better prioritization in experimental
design and more confident in silico differential expression
calls.

The challenge is that the descendant structure is rarely
known. Full causal graph learning in high dimensions is
notoriously difficult and computationally expensive [Peters
et al., 2017, Hauser and Bithlmann|, 2012, and the resulting
errors propagate to the selective calibration procedure in
ways that are poorly understood. We quantify the statistical
cost of imperfect causal knowledge for conformal inference
and develop algorithms that learn only the partial causal
structure needed to choose calibration interventions.

Contributions. Our contributions are:
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1. Coverage under imperfect stratum selection. We
prove a finite-sample coverage bound for selective con-
formal prediction when some selected calibration inter-
ventions come from the wrong causal stratum, and we
give a conservative level correction when the amount of
such error can be bounded.

. Partial causal learning for calibration. Instead of re-
covering the full causal graph, we reduce the learning
problem to deciding which calibration interventions can
safely be used for each target. This makes the relevant
error asymmetric: discarding a safe calibration point
mainly costs efficiency, while admitting an intervention
that affects the target can hurt coverage.

. Algorithms and empirical validation. We give a
descendant-discovery procedure based on intersections
of differentially affected sets and a local invariant-causal-
prediction procedure for estimating distance to an inter-
vention, with recovery conditions for both. On synthetic
linear SEMs, coverage degrades monotonically as the se-
lected calibration set is contaminated, and the corrected
procedure restores conservative coverage when supplied
with the realized contamination level. On Replogle K562
CRISPRI data, the corrected method exceeds nominal
coverage among the causal-selector methods on its fea-
sible cases, while a weighted CP baseline using control-
cell coexpression provides a conservative full-feasibility
comparison.

Organization. Section 2] discusses related work. Section 3|
formalizes the setup. Section ] formulates the partial causal
learning objective. Section [5 presents the d-robustness the-
orem. Section [6] describes the algorithms. Section [7] states
recovery conditions. Section [§] details the experimental eval-
uation. Section 9 concludes. All proofs are deferred to the
Supplementary Material.

2 RELATED WORK

Conformal prediction: foundations and efficiency. Con-
formal prediction originated in the algorithmic learning the-
ory literature [Vovk et al., 2005]] and has become a stan-
dard approach to distribution-free uncertainty quantification
[Shafer and Vovk, 2008, |Angelopoulos and Bates| [2023].
Conformalized quantile regression [Romano et al., [2019]
improves efficiency by adapting interval widths to the input,
while maintaining the finite-sample coverage guarantee.

Conditional and Mondrian conformal prediction. Stan-
dard CP provides only marginal coverage; conditional cov-
erage (coverage conditional on X) is generally impossi-
ble without strong assumptions [[Vovk, 2012[]. Mondrian
conformal prediction [Bostrom et al.l 2021] provides a
practical middle ground: it stratifies calibration points into
categories and applies CP within each stratum, achieving
stratum-conditional coverage. |Gibbs et al.|[2025]] develop a
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framework interpolating between marginal and conditional
validity, showing how to achieve coverage guarantees over
finite collections of subgroups. Our selective calibration is
Mondrian-like, with strata defined by causal invariances
rather than observable features.

Conformal prediction under distribution shift. When
exchangeability fails, weighted conformal prediction can
restore validity under covariate shift if the density ratio is
known [Tibshirani et al., 2019]]. [Barber et al.|[2023]] develop
conformal prediction beyond exchangeability, providing
a general framework for weighted and non-exchangeable
settings with explicit finite-sample coverage bounds. The
contamination model we study is complementary: rather
than a continuous distributional shift, we analyze the dis-
crete setting where a fraction of calibration points come
from the wrong stratum.

Robust conformal prediction under contamination. Ein{
binder et al.| [2024] study label noise robustness, showing
that conformal prediction is conservative when noise is dis-
persive and providing corrections for adversarial noise of
bounded size. (Clarkson et al.| [2024]] study split confor-
mal prediction under a Huber contamination model, pro-
viding coverage bounds in terms of the contamination frac-
tion and the Kolmogorov—Smirnov distance. |Gendler et al.
[2022] address adversarial input perturbations via random-
ized smoothing. Our Theorem I]is tailored to the selective
(Mondrian) setting where contamination arises from mis-
classification of calibration strata, which is the natural error
mode when causal structure is learned. The key distinction
is that we bound coverage loss as a function of the fraction
of miscategorized calibration points, without assumptions
on the contaminating distribution.

Conformal prediction and causal inference. Lei and Can/
des| [2021] develop conformal inference of counterfactuals
and individual treatment effects in the potential outcomes
framework, providing finite-sample coverage under uncon-
foundedness. |Alaa et al.| [2023]] extend this to conformal
meta-learners for predictive inference of individualized treat-
ment effects. By contrast, we use causal structure to identify
approximately exchangeable calibration subsets across mul-
tiple simultaneous interventions, enabling tighter predictive
intervals for post-intervention outcomes rather than perform-
ing inference on a treatment effect.

Causal discovery from interventional data. Hauser and
Biithlmann| [2012}, [2015] characterize interventional Markov
equivalence classes and develop greedy algorithms for learn-
ing directed acyclic graphs (DAGs) from mixed data. |[Eber{
hardt et al.[[2005] establish that [log, (V)] + 1 experiments
suffice to identify the full causal graph over IV variables
in the worst case, motivating efficient experimental design.
Squires et al.|[2020] propose active structure learning via
directed clique trees, achieving near-optimal intervention
counts for full graph identification. |Brouillard et al.| [2020]



develop differentiable causal discovery methods that scale to
larger graphs using interventional data. These works aim to
recover the complete DAG; our approach instead learns the
partial structure needed for selective conformal calibration.

Invariant causal prediction. Invariant causal prediction
(ICP) [Peters et al., 2016 identifies parents of a target by
exploiting the stability of the conditional distribution P(Y; |
Xpa(i)) across environments. Nonlinear extensions have
been developed by Heinze-Deml et al.|[2018]]. We adapt ICP
ideas locally to estimate parent sets and thereby distance-to-
intervention, without attempting full graph recovery.

Perturbation biology and causal gene networks. Single-
cell perturbation screens provide a natural setting for inter-
ventional causal inference. Perturb-seq [Dixit et al., 2016]
combines CRISPR perturbations with single-cell RNA-seq
readouts. Replogle et al.|[2022] scaled this to genome-wide
screens. Peidli et al.|[2024] provide harmonized perturbation
datasets across studies. CausalBench [[Chevalley et al.,|[2025]]
benchmarks gene network inference from perturbation data.
Differential expression testing in perturbation screens raises
statistical challenges, including the need for appropriate ag-
gregation and multiple testing correction [Squair et al., 2021}
Barry et al.| 2024]). Differentially expressed gene (DEG) sets
from perturbation screens serve as the inputs for our descen-
dant discovery algorithm (Algorithm [I).[Zhu et al.| [2025]]
argue that in-silico perturbation models should be evalu-
ated not only by global response accuracy but also by their
ability to identify differentially expressed genes, proposing
AUPRC as a biologically relevant metric for DE-gene recov-
ery. This motivates uncertainty-quantified post-intervention
predictions, since downstream biological interpretation of-
ten depends on confidence in DE calls rather than on point
predictions alone.

3 INTERVENTIONAL PREDICTION AND
SELECTIVE CONFORMAL

We consider a collection of observed interventions (en-
vironments) indexed by a € A. For split conformal pre-
diction, we partition these observed interventions into dis-
joint training and calibration sets, A = A ain U Acal and
Airain N Acal = 0. For each observed intervention a we
observe i.i.d. samples of outcomes Y (%) € R? (e.g., gene
expression vector) and possibly covariates X (*). Typically
X represents shared sample-level information that does
not depend on a (e.g., cell type, batch indicator, or techni-
cal covariates), though in some designs X (*) may include
intervention-specific features such as dosage or timing. We
focus on predicting a scalar target component Yi(a) (ora
derived effect size) for each i € [p], e.g., the expression of a
single gene ¢ under intervention a.

Let f;(a, X) be a fitted predictor of Y; in intervention a,
learned by an arbitrary predictor-learning algorithm £; from
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the training interventions Ayg,.in. We use a calibration score
(nonconformity score)

Rz(a) — Si(X(a),Y;-(a)) = ’Y'Z(a) _ fi(a,X(a)>‘-

Calibration scores are computed only for interventions
a € Aca. The test intervention satisfies a* ¢ A and
plays the same role as a new test point in ordinary split
conformal prediction. For example, if A¢yain = {a1,a2},
Acal = {as, a4, a5}, and a* = ag, then f; is learned using
a1, ag, conformal scores are computed only from ag, a4, as,
and ag is the held-out test intervention.

Running genomics example. In a single-cell perturbation
screen, an intervention label a denotes a perturbation condi-
tion, such as CRISPR interference (CRISPRi) knockdown,
CRISPR activation (CRISPRa), or CRISPR-Cas9 knockout
of a gene; the perturbation modality can be included as part
of the label a. For target gene 1, Yi(“) is the expression of
gene i measured after applying intervention a, and X (*) con-
tains sample-level covariates such as cell type, batch, donor,
time point, or dose. The prediction model fi (a, ) answers
the question: if we apply intervention a in context x, what
expression should we expect for gene ¢? It is learned from
prior interventional data in Ay, ,i,, while A, is reserved for
estimating the residual scale R\ = |Y*) — f;(a, X(@)].
The new intervention a* is then a held-out perturbation con-
dition, for example a CRISPRi knockdown not used for
either training or calibration. If we fix a cell type or context
X = ¢, the notation reduces to asking how the predicted
expression of gene ¢ changes as only the perturbation label
a varies. Our theory and experiments treat a as a single
intervention condition; extending the descendant-learning
and coverage analysis to combinatorial perturbations, such
as knockdown of two genes, is left for future work.

3.1 SELECTIVE INVARIANCE SETS

Suppose that for each intervention a€ A U {a*} and target
i there exists an unknown indicator Z, ; = 1{i € desc(a)},
where desc(a) denotes causal descendants of a in an under-
lying causal graph G = (V, E). We assume ¢ € desc(a),
i.e., Z,,q = 1. We assume a single graph G shared across
all samples; extending to covariate-dependent graphs (e.g.,
cell-type-specific regulatory networks) is an important di-
rection for future work. Define the safe calibration set for
target i as A* (i) = {a € Acal : Z,; = 0} (i.e., calibration
interventions that do not affect 7).

Assumption 1 (Selective exchangeability). Fix a target
gene ¢ and a test intervention a* with Zg« ; = 0 (i.e., ¢
is unaffected by a*). The calibration scores {RE‘” fa €
A* (i)} U {Rg“*)} are exchangeable.

If Z,«; = 0, we calibrate using interventions where ¢ is
unaffected, yielding valid, typically tighter intervals than



a pooled baseline mixing interventions that do and do not
affect target ¢. Pooling is justified only for a coarser mixture-
level target, e.g., when the test intervention is drawn ex-
changeably from the same mixture, or when pooled scores
are otherwise exchangeable. When Z,» ; = 1, selective
calibration on the safe set does not apply; one needs an ex-
changeable affected stratum, or else pooled CP requires an
explicit mixture-exchangeability assumption. Our frame-
work focuses on Z,- ; = 0, where selective calibration
offers the clearest gains; descendant-target strata are
left for future work.

Example 1 (Why selective calibration tightens intervals).
Consider a gene regulatory network with 100 genes and
50 interventions. For a target gene ¢, suppose only 5 of the
50 interventions are ancestors of 7 (i.e., affect 7). Pooled
conformal prediction uses all 50 residuals, mixing 5 residu-
als from interventions that affect ¢ with 45 residuals from
safe interventions. Selective conformal uses only the 45 safe
residuals. When the residuals from interventions that affect
1 are larger, as can occur for predictors that do not fully
model intervention effects, they inflate the pooled quantile;
the selective interval is then tighter while maintaining exact
1 — « coverage.

3.2 SELECTIVE SPLIT CONFORMAL INTERVAL
(ORACLE)

Given a set of calibration scores {Rga) ca € A*(9)
of size m, define the oracle conformal quantile k¥ =
[((m+1)(1—a«)] as:

qgracle(l

— ) = the k-th smallest value in
(R :a e A*(i)} U {o0}.

The prediction interval is

(a*,x) _ [fi(a*,m) _ (jioracle(l _

fila® ) + gmce(1 -

oracle

i,1—a Oé),

a)l.

Under Assumption I} this interval achieves 1 — o marginal
coverage by the standard conformal argument [Shafer and
Vovkl 2008].

4 PARTIAL CAUSAL LEARNING FOR
CALIBRATION

The oracle selective interval of Section [3| assumes the ex-
changeable set A*(4) is known. In practice it is unknown and
must be estimated. Rather than learn the full causal graph,
we estimate only the binary descendant indicators needed
to select calibration interventions, and keep the resulting
selection error small. Section [5]then quantifies exactly how
that error translates into a coverage cost, closing the loop.
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4.1 BINARY CLASSIFICATION VIEW

For each intervention a and target i, we estimate Zz,i R
Za,i = 1{i € desc(a)}. We then select calibration inter-
ventions for (i,a*) as A(i,a*) = {a € Acal : Zm- =0},
possibly intersected with design strata within which ex-
changeability is more plausible (for example, the same cell
type, experimental context, or batch).

4.2 FROM CLASSIFIER ERRORS TO
CONTAMINATION

Let 7y be the fraction of truly safe interventions in Ay
for target ¢, meaning interventions that do not affect :. We
use the descendant-positive convention throughout, so a
“positive” is a pair where intervention a affects target i, i.e.,
Zyi = 1{i € desc(a)} 1. Let FNR; = P(Z,;
0 | Z,; = 1) be the fraction of calibration interven-
tions that truly affect ¢ but are misclassified as safe (the
error that contaminates the selected calibration set), and let
FPR;, = P(Z,; = 1| Z,; = 0) be the fraction of truly
safe interventions misclassified as affecting ¢, which only
reduces the calibration set size. Then the contamination frac-
tion § (the share of the selected set that is not exchangeable,
made precise in Section[3)) satisfies

B (1 — mo)FNR;
~ mo(1 —FPR;) + (1 — mp)FNR;

4]

This expression shows that controlling the false-negative
rate FNR; is critical: a missed descendant admits a non-
exchangeable score from an intervention that affects ¢ into
the calibration set. A classifier that conservatively labels bor-
derline cases as “affecting ¢ (accepting higher FPR,;, which
only reduces the calibration set size) is preferable to one
that aggressively labels cases as safe (low FPR,; but higher
FNR;, which increases contamination). For the hard safe-
set selector above, this contamination fraction is primarily
target-specific, so one may write §;; we keep the notation &
after fixing the query. It becomes genuinely (i, a*)-specific
when the selected calibration set also depends on the test
intervention, for example through same-context restrictions
or distance-based weighting.

Remark 1 (Asymmetric error costs). In sparse networks,
most interventions do not affect a given target (g is large),
so even a moderate FNR; can lead to small §. Indeed, when
mq is sufficiently large, a naive strategy of labeling all cal-
ibration interventions as safe (i.e., FNR; = 1, FPR,; = 0)
yields § = (1 — m)/1 = 1 — mp; for example, with
mo > 0.95 this gives § < 0.05, requiring no learning al-
gorithm at all. Algorithm T]improves upon this baseline by
further reducing § while maintaining calibration set size.
However, § grows rapidly with FNR; when 7 is small
(dense networks or hub genes). This partial-label formula-
tion makes this tradeoff explicit and motivates conservative
classification strategies.



4.3 REDUCTION IN COMPLEXITY

Full causal graph learning over p variables requires estimat-
ing O(p?) edge parameters (or O(2P) DAG structures in
the worst case). This objective reduces full graph learning
to estimating |.A| x p binary labels, and in practice only
a small fraction of these are needed (those for which the
corresponding (a*, ) pairs will be queried at test time). Fur-
thermore, the labels Z, ; have combinatorial structure that
can be exploited: if a =+ b — cin G, then Z, . = 1 and
Zy,. = 1, enabling information sharing across interventions.

5 0-ROBUSTNESS: COVERAGE UNDER
CONTAMINATED SELECTIVE
CALIBRATION

The partial-label selector of Section 4] ) produces the esti-
mated calibration set .A(z a*) ={a € Acal : Z,; = 0}
(recall Ay is the held-out calibration split, with a* & Acar).
Because Z is imperfect, some selected interventions violate
exchangeability (they truly affect target ¢ but are misclas-
sified as safe), contaminating the calibration scores. We
now quantify the coverage cost of this contamination as a
function of its magnitude.

Definition 1 (Contamination fraction). Let A* = A* (i) be
the (unknown) set of truly exchangeable safe calibration
interventions for target ¢. Define the contamination fraction

_ | AG, a%) \ A

5 -~ .
|A(7, a%)]

That is, ¢ is the fraction of calibration interventions in the
selected set that actually affect target ¢ (i.e., Z,; = 1) and
therefore not exchangeable with the test score.

The selected set A naturally partitions into three regions
(Figure|1): good interventions A N A* (m truly safe and
exchangeable with a*); bad interventions A \ A* (n —
m contaminants that break exchangeability); and missed
interventions A* \ A (truly safe but not selected: wasted
data that reduces calibration set size but does not harm
coverage). The contamination fraction is § = (n — m)/n.

5.1 MAIN ROBUSTNESS THEOREM
We prove a finite-sample coverage lower bound that depends
explicitly on ¢ and does not assume anything about the score
distribution on contaminated interventions.

Theorem 1 (§-robust selective conformal coverage). Fix
(1,a*) with Zg~ ; = 0, and suppose that scores from the

“good” set A* are exchangeable with the test score REa )

(Assumption . Let A be any selected calibration set of size
n = |A|, and let m = | AN A*| be the number of good
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calibration interventions. Construct the split conformal in-
terval using all scores in A: let ¢ be the [(n + 1)(1 — a)]-
th order statistic of {R,Ea) : a € AYU{oco} and output
Cit—a =] fi £ G). Then, for all possible distributions of
contaminated scores,

In terms of the contamination fraction § = (n —m)/n,

]P’(Yi(a*) € C’i,l,a) >1—a—g(o,n),

where g(d,n) = & limy, o0 g(6,n) = 6/(1 = 96).

1— 6)n+1

Remark 2 (Interpretation and how to use it). Theorem E]
turns structure learning error into a direct statistical price
for selective inference. If § is small, coverage is close to
nominal. The same bound can be used prospectively: one
can design the learning procedure to keep & below a thresh-
old dpax such that g(dmax, n) < € for a desired coverage
slack e. The formal a-correction based on an upper bound )
is stated separately in Corollary

Remark 3 (Comparison with Huber contamination bounds).
Unlike the Huber model of (Clarkson et al.|[2024]], where
an e-fraction of all calibration points is corrupted, here
contamination arises from misclassification of the selec-
tive/Mondrian stratum: a calibration intervention that truly
belongs outside the safe stratum for target ¢ is incorrectly
admitted into 4. For the hard safe-set selector, § is target-
specific (depends on ¢ given the split); it becomes (i, a*)-

specific only if selection also uses test-dependent strata such
as cell type, batch, or distance to a*. Exploiting this selec-
tive structure yields a bound tailored to the actual selected
calibration set rather than a generic Huber corruption model.

Remark 4 (Benign contamination). In many perturbation
applications, interventions misclassified as safe will actu-
ally induce larger residuals (because the intervention does
change the target), making ¢ larger and the interval conser-
vative. Theorem [I]is worst-case over contaminating distri-
butions; empirical coverage is often better than the bound.
Corollary [1| below concerns how to correct the nominal
conformal level once an upper bound on § is available.

Corollary 1 (Corrected selective conformal). If 6 is an
upper bound on the contamination fraction 6 (possibly es-
timated or given by the recovery conditions of Proposi-
tions[IH2), then running split conformal with nominal level
o = a — g(b,n) yields coverage at least 1 — « for the
selective interval (when o/ < 0, the interval is (—00, 00)
and coverage is trivially 1).

6 ALGORITHMS

We present two practical estimators from interventional data:
one for Z, ; and one for a distance-to-intervention score



(a) Partition of calibration interventions

Acal

_ n—m
6= n

(b) Concrete example on a causal DAG

as

o
c

target

Figure 1: Intervention-set geometry for target ¢. (a) Within the calibration split, A*(4) is the truly safe set and A'is the selected set; their
overlap gives good scores, contaminants, and missed safe scores. Contaminants drive § = (n — m)/n and reduce coverage, while missed

safe scores only reduce calibration size. (b) Example where A = {a2, a3, a4}: az, as are good, a4 is a contaminant, and as is missed.

c/l\(a7 i), defined below as an estimated path length from
intervention a to target . Both are designed for scalability
in high dimensions and many interventions.

6.1 DESCENDANT DISCOVERY VIA
PERTURBATION INTERSECTION PATTERNS

The first algorithm estimates descendant sets desc(a) from
differentially affected variable sets across interventions, us-
ing set intersections to prune false positives.

Input: differentially affected sets. Assume we have a
differentially affected set S, C [p] for each intervention
a € A, that is, an estimate of the variables whose distri-
bution changes under a. In genomics these are differen-
tially expressed gene (DEG) sets, computed by standard
statistical tests (e.g., two-sample ¢-tests or Wilcoxon rank-
sum tests with Benjamini—Hochberg correction [Squair
et al., 2021}, Barry et al.l [2024]]); in other domains any
test for distributional change applies. S, is an estimate of
{i: Z,; = 1} = desc(a), but may contain false positives
and false negatives.

Intersection estimator. For each intervention a, identify
interventions that are “upstream” of a, U(a) = {b € A :
a € Sp} (i.e., interventions b such that a is affected by b).
We estimate the descendant set of a by intersecting its own
affected set with those of its upstream interventions:

{

The intuition is: if b is upstream of a (i.e., a € desc(b)),
then every descendant of a is also a descendant of b, so
desc(a) C desc(b). Thus descendants of a should appear
consistently across S, and across upstream affected sets,
while spurious entries will not. Equivalently, one can view
this as starting from S, and pruning any candidate variable
that fails to appear in some upstream affected set; we present
the set-intersection form for clarity.

—

Sa7 Z/{(CL) = (Z)’
desc(a) =

S, N ﬂbeu(u) Sy, otherwise.
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Complexity. Algorithm [|runs in O(|A|? - p) time in the
worst case (for each of |.A| interventions, iterating over
O(|.A]) upstream interventions and O(p) candidate genes).
In practice, the estimator is implemented with set operations;
since affected sets are typically sparse, the intersections are
much cheaper than the worst-case bound. The expected cost
is O(].A|? 5), where 5 = E[|S,|] is the expected affected-
set size; under the Replogle top-10% rule 5 ~ 500 against
p ~ 5,000, roughly a 10x reduction over the worst case.

6.2 LOCAL ICP FOR DISTANCE ESTIMATION

Beyond binary descendant labels, selective inference
can benefit from a distance-to-intervention notion cf(a, 1)
that prioritizes closer calibration interventions or enables
weighted conformal calibration. We propose a local search
inspired by ICP [Peters et al.l 2016] that traces back from
the target ¢ through estimated parents to obtain a coarse path-
length estimate (3\(a7 1) without learning the full graph. The
full algorithm (Algorithm [2)) and details on using distance
for kernel-weighted calibration are given in the Supplemen-
tary Material. The parent-pool construction and runtime
accounting for Local ICP are deferred to Appendix [F|

7 CONDITIONS FOR RECOVERY

This section states concrete, checkable conditions under
which Algorithm|T]controls the contamination fraction 4.

Assumption 2 (Interventional faithfulness and detectability).
There is an underlying causal DAG G = (V, E) such that
intervening on node a changes (in distribution) precisely the
descendants of a, i.e., for every ¢ € desc(a) the marginal
P(Y; | do(a)) differs from P(Y;) (no path cancellations),
and for every i ¢ desc(a) it is unchanged. Moreover, each
descendant effect is detectable with probability at least 1 —
€f by the testing procedure used to form S,. Formally: for
eacha € Aand i € desc(a), P(i € S;) > 1 — eg, and for
each i ¢ desc(a), P(i € Sy) < egp.



Algorithm 1 Descendant Discovery via Differentially Af-
fected Set Intersections

Require: Differentially affected sets {Sq }ac.4, interventions A
Ensure: Estimated descendant sets {desc(a)}ac.a
1: for each intervention a € A do

2: U(a) + {be A:a €Sy} {Upstream interventions of a}

3:  ifU(a) = 0 then

4 Cand(a) < S, {Fallback to own affected set}

5:  else

6: Cand(a) < Sa N Nyep(ay Sv {Intersection with up-
stream affected sets}

7. endif

8:  desc(a) < Cand(a)

9: end for

10: return {d/e;c(a)}aeA

Proposition 1 (Estimated descendant sets contain the true
descendants). Under Assumption[2] for any intervention a €
A, ifU(a) # 0 and for every b € U(a) we have a € desc(b)
(i.e., all identified upstream interventions are true ancestors),
then with probability at least 1 — |desc(a)|- (|U(a)|+1) - s
(by a union bound), desc(a) C d/es\c(a).

Assumption 3 (Upstream diversity for intersections). For
any intervention a € A and non-descendant ¢ ¢ desc(a),
there exists an intervention b € A such that a € desc(b) but
i ¢ desc(b). Moreover, for such a b the testing procedure
satisfies P(a € Spandi ¢ Sp) > 1 — ecx.

Assumption [3|requires “upstream diversity”: for each non-
descendant 7, there exists an ancestor of a whose descen-
dants include a but not ¢. This is plausible when ancestors
of a have sufficiently diverse descendant sets. Here €.y is
a cross-screening failure probability: for the auxiliary in-
tervention b, it is the chance that either a is not detected
in Sy or the non-descendant ¢ is spuriously included in Sp.
Under Assumption@], a union bound gives €. < ep + €fp
for any fixed b satisfying the structural condition; we keep
€cx separate because the joint event can be estimated or
bounded directly. The final false-positive probability for the
estimated descendant set &zs\c(a) is bounded by both e,
and €cy, SO We Write €5e] = min{egy, €cx } for the sharper of
these two bounds.

Proposition 2 (False positive control via upstream intersec-
tions). Under Assumptions 213} for any non-descendant
i ¢ desc(a), the intersection estimator in Algorithm 1] ex-
cludes i with probability at least 1 — €se). Consequently, the
false positive rate satisfies P(Z,; = 1| Zg; = 0) < €gel.
Corollary 2 (Contamination control via recovery condi-
tions). Under Assumptions 2H3| and the upstream-ancestor
condition of Proposition[I] the expected contamination frac-
tion for target i and the calibration set A(i, a*) satisfies

(1 —mo)(T+ 1)em
7o(1 — €se1) + (1 — 7o) (4 + 1)egy

E[d] <
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where T is the fraction of safe calibration interventions for
target i and 4 = max, |U(a)| is the maximum upstream set
size across interventions; the factor u + 1 counts the own
affected set S, together with the |U(a)| upstream sets in
the union bound. Under the descendant-positive convention
the contamination-driving false-negative rate (. + 1)eg, ap-
pears in the numerator and the efficiency-cost false-positive
rate €ge) in the denominator; a full derivation is in Ap-
pendix@] In sparse networks where g is near 1 and g, is
small, E[6] is small.

Together, Propositions [TH2] and Corollary [2] imply a tun-
able tradeoff between spurious descendants (false positives,
which reduce calibration set size but do not violate coverage)
and missed descendants (false negatives, which contaminate
the calibration set), directly controlling the coverage loss
via Theorem [T1

Assumption |3| (upstream diversity) is the strongest of the
three, but Algorithm[I|degrades gracefully when it is only
partially satisfied. When no upstream interventions are iden-
tified for a (i.e., U (a) = 0), the algorithm sets cias\c(a) =S8,
rather than failing, so Theorem E]remains in force: a miss-
ing intersection step raises the required contamination upper
bound & (and hence the width of the corrected interval)
rather than silently breaking coverage. The false-positive
control of Proposition [2] weakens for such a, but validity
is preserved through the b-correction of Corollary |1} The
FNR bound is conditional on the identified upstream in-
terventions being true ancestors; if spurious upstream in-
terventions enter U (a), they can prune true descendants,
so their probability must be included in any unconditional
end-to-end recovery bound.

8 EXPERIMENTS

We evaluate the framework on synthetic and real data, fo-
cusing on three questions: (Q1) Does selective conformal
prediction with learned Z maintain valid coverage? (Q2)
Does coverage degrade with contamination ¢ as predicted by
Theorem (Q3) Does the corrected procedure (Corollary
restore nominal coverage when supplied with realized or
proxy contamination? In the experiments, Corrected uses
the realized contamination fraction computed from true syn-
thetic labels or real-data proxy labels, so these results test
the correction formula given such a bound rather than a fully
deployable 4 estimator.

Throughout, Coverage denotes the empirical fraction of test
points whose true outcome falls within the prediction inter-
val, and Width denotes the average interval length across
test points. Both are computed over held-out (test interven-
tion, target gene) pairs with Z,» ; = 0, i.e. pairs the test
intervention does not affect, for which a selective interval
is meaningful. We treat coverage as a validity constraint
rather than a monotone leaderboard score: values above 0.9



are acceptable, but higher coverage can simply mean more
conservative intervals. In tables, bold coverage values meet
or exceed the nominal 0.9 level. Among entries that meet
this coverage threshold, bold width marks the narrowest
interval and underlined width marks the second narrowest;
widths for methods below nominal coverage are not treated
as wins. Appendix [H.T| gives procedural definitions of the
table methods and additional baselines.

8.1 SYNTHETIC INTERVENTIONAL SEM

Setup. We generate random DAGs using the Erd6s—Rényi
model on p = 200 nodes with expected degree dave = 2.0.
Edge weights are sampled uniformly from [—1, —0.3] U
[0.3, 1]. The linear Gaussian SEM is V = BTV + ¢ with
e ~N(0,1), where V € RP? is the vector of all node values.
Interventions are hard (do-operator), setting V,, := 0. We
use nops = 200 observational and n, = 200 interventional
samples per node, with |A| = 150 randomly selected inter-
vention targets. Ground-truth descendant sets desc(a) are
computed from the transitive closure of B.

Conformal scores. To isolate calibration-set selection from
predictor quality, we use synthetic scores: safe pairs (Z, ; =
0) receive RZ(»G) = |N(0, 1)|, while pairs where intervention
a affects target i receive R\ = |N(0,0.15)|. These smaller
contaminating scores pull the conformal quantile downward,
causing under-coverage when the calibration set is contami-
nated by these affected interventions.

DEG procedure and descendant estimation. Gene-wise
two-sample t-tests comparing interventional vs. observa-
tional data with Benjamini—-Hochberg correction atg = 0.05
yield DEG sets S,, and Algorithm [1{estimates Z, ;. Inter-
ventions are split 10%/81%/9% into training/calibration/test;
Z is fit without test interventions, and coverage is evaluated
on held-out tests using calibration interventions. No out-
come predictor is trained here: the training split feeds only
descendant estimation (the DEG tests and Algorithm [I)).
Because synthetic scores are generated independently of
DEG-based descendant estirAnation, selecting A does not
create dependence between Z and calibration scores.

Results. Table [I] summarizes results over 20 random seeds
(220,132 evaluations). All four methods achieve coverage
near the nominal 1 — a = 0.9 level. The realized contamina-
tion fraction, computed from the true DAG after Algorithm
selects the calibration set, is very low (§ = 0.018), indicat-
ing that the intersection-based procedure keeps contami-
nation well-controlled in the linear SEM setting. Because
mp is high in this sparse network (most interventions do
not affect a given target), the learned selector labels nearly
all calibration interventions as safe, so A ~ A, and the
Estimated and Pooled methods coincide; their differences
emerge under controlled contamination (Section[8.2)). Cor-
rected selective CP is the only non-oracle method above
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Table 1: Main synthetic experiment (p = 200, |A| = 150, o =
0.1). Coverage and width are averaged over 20 seeds. The realized
¢ is not applicable to Pooled, which applies no selection.

Method Coverage  Width Ncal realized §
Oracle 0.901 3.35 118.8 0.000
Estimated 0.899 3.32 121.0 0.018
Pooled 0.899 3.32 121.0 -
Corrected 0.918 3.58 121.0 0.018

nominal coverage in this table, using the realized ¢ for the
level correction; wider intervals reflect the cost of the a-
correction even when contamination is small.

8.2 CONTROLLED § ABLATION

To test Theorem I} we replace a target fraction dipject €
{0,0.05,0.1,0.15,0.2,0.3} of scores in the true safe cal-
ibration set with scores from interventions that affect the
target, resampling to achieve the target contamination rate.
We use p = 200 nodes, |A| = 150 interventions, and repeat
over 100 random seeds (1,065,408 total evaluations). For
finite-width reporting, we clip the corrected level below at
o =0.01;if @ — g(é,n) < 0, Corollary []| would instead
return the infinite interval.

Results. Figure [2| shows the results (full numerical break-
down in Table [3]in the Supplementary Material). Estimated
coverage drops monotonically from 0.905 at § = 0 to 0.867
at 6 = 0.30, as predicted by Theorem [I] When supplied
with the injected contamination level, the Corrected method
empirically achieves coverage > 0.95 at all nonzero con-
tamination levels (§ > 0.05), well above the nominal 0.9,
at the cost of 1.2-1.8x wider intervals under this clipped
finite-width implementation. Oracle and Pooled coverage
remain flat, while empirical coverage always exceeds the
theoretical lower bound 1 — « — ¢(d, n) (Figure [3|in the
Supplementary Material).

8.3 REAL PERTURBATION DATA: REPLOGLE
K562 CRISPRI SCREEN

We apply the complete method to real data from the Re-
plogle K562 CRISPRi genome-scale screen [Replogle et al.}
2022], accessed via Zenodo. We select the 50 perturba-
tions with the largest cell counts (> 200 cells each), retain-
ing p ~ 5,000 genes expressed in > 10% of cells. Prior
perturbation-screen benchmarks often use restricted inter-
vention or gene subsets for scale [Sethuraman et al.| 2023
Rohbeck et al., [2024] Roohani et al., [2024, Lopez et al.|
2022]], and we follow the same practical convention us-
ing a fixed cell-count-selected Replogle subset of 50 per-
turbations and ~5,000 expressed genes. Log-fold-change
(LFC) vectors are computed per perturbation against the
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Figure 2: Coverage under injected contamination. Estimated de-
grades with §, Corrected remains above nominal when supplied
with the injected § under the clipped finite-width implementation,
and Oracle/Pooled are flat. Dashed line: 1 — o = 0.9; bands show
+1 seed-level standard deviation.

non-targeting control. Since ground-truth descendant sets
are unavailable, we define proxy “oracle” affected sets as
the top 10% of genes by absolute LFC per perturbation, and
DEG sets analogously. Perturbations are split into 10% train-
ing, 81% calibration, and 9% test (§ test perturbations, ~40
calibration perturbations). We fit Z using only the training
and calibration perturbations (holding out test perturbations
from descendant discovery), and evaluate coverage on the
held-out test perturbations using calibration perturbations
for conformal calibration.

Results. Table [2| reports the primary four methods and
additional baselines on the same split; Appendix [H.T] de-
fines all table methods procedurally. Among the causal-
selector methods, Corrected is the only one above nom-
inal coverage (0.906, averaged over feasible evaluations,
those yielding a finite interval), using the proxy contamina-
tion fraction derived from LFC-based labels. However, it
is finite for only 59.8% of evaluations; the rest are infinite
because the clipped corrected level is often o' = 0.01, re-
quiring roughly 99 calibration scores, while this split has
ncal ~ 40. The proxy oracle undercovers (0.864), indi-
cating proxy safe-set exchangeability violations. Weighted
CP [Tibshirani et al., [2019] is implemented leakage-free:
weights use only control-cell coexpression of perturbation
targets, not held-out LFC response profiles. It reaches 0.925
coverage with full feasibility but wider intervals (0.391), so
it trades width for feasibility relative to Corrected. The full-
graph proxy and observational-only heuristic collapse to
Estimated/Pooled behavior (0.888), supporting Algorithm [I]
as the selector of choice in this sparse regime. Corrected
is therefore above nominal coverage on the feasible proxy-
labeled cases but not dominant on this real-data proxy.

Limitations of the real-data evaluation. The proxy oracle
is constructed from LFC quantiles, not from true causal
knowledge. Its coverage shortfall (0.864 vs. the nominal
0.9) indicates that the LFC-based proxy does not perfectly
capture the exchangeability structure, likely because (i) in-
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Table 2: Real-data results on Replogle K562 CRISPRi. Cover-
age and width are averaged over all evaluations except Corrected,
where they are averaged over feasible finite-interval cases, so its
width is not directly comparable to full-feasibility rows. Corrected
uses the proxy contamination fraction derived from LFC-based
labels. Feasible is the fraction of finite intervals; only Corrected
produces infinite intervals. For WCP, nc.; is the Kish effective
sample size.

Method Coverage Width nc,  Feasible
Oracle (proxy) 0.864 0.306  36.7 100%
Estimated 0.888 0.349 40.0 100%
Pooled 0.888 0.349 40.0 100%
Corrected 0.906 0.329 40.0 59.8%
Ctrl-coexpr WCP  0.925 0.391 40.0  100%
Full-graph proxy 0.888 0.354  39.7  100%
Obs.-only sel. 0.888 0.349 40.0 100%

direct downstream effects create correlated residuals even
among “unaffected” genes, and (ii) batch effects and techni-
cal noise break the i.i.d. assumption within strata. Moreover,
on real data the proxy safe sets and residual scores are
both computed from the same expression matrix, so the
selective-exchangeability assumption should be read as an
approximate diagnostic rather than a verified condition. A
genuine oracle would require independently validated causal
annotations (for example, curated knockout-effect databases
or matched perturbation atlases) which are not available at
the scale of 50 perturbations x 5,000 genes for K562; the
controlled-d synthetic experiment (Section therefore
remains the cleanest validation of the method itself. Despite
these violations, within the causal-selector methods, the
qualitative ordering (Corrected > Estimated ~ Pooled >
Oracle) is consistent with the theoretical predictions, and
Corrected is the only one of these methods to exceed nomi-
nal coverage. The 59.8% feasibility is a finite-sample arti-
fact of the small calibration set rather than a methodological
limit: a scaling experiment on the same split (Appendix [H}
Figure[4) shows feasibility climbing monotonically to 100%
by nca1 = 160 while proxy ¢ stays near 0.083. A more thor-
ough real-data evaluation with larger calibration sets (more
perturbations) and biologically validated oracle sets remains
open.

9 CONCLUSION

We show that selective conformal calibration can exploit
partial causal structure without requiring full graph recovery,
and that the coverage cost of imperfect selection can be
quantified directly through the contamination fraction of the
selected calibration set. The synthetic experiments provide
the cleanest validation of the theory, while the Replogle
K562 experiment illustrates both the promise and the finite-
sample limitations of applying the method with proxy causal
labels. Open directions are collected in Appendix [J.1}
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A  PROOF OF THEOREM

Proof of Theoreml Setup Fix target ¢ and test intervention a* with Z,+ ; = 0. Let A be the selected calibration set of size

n. Partition A into G = AN A* (good, |G| = m)and B = A\ A* (bad, |B| = n— m). Letk = [(n+1)(1 — a)] and let
q be the k-th order statistic of all n calibration scores.

Step 1 (Worst-case bad scores). The adversary controls the values of the n — m bad scores. To minimize ¢ (and hence
minimize coverage), the adversary places all bad scores at —oco. Then the bottom n — m positions in the sorted order are
occupied by bad scores, so

(j > RkG—(n—m)’

where Rf <. < R,C,’; are the good score order statistics. (If ¥ — (n — m) < 0, then ¢ > —o0, which is trivially true; if
k — (n —m) > m, then § > oo, and coverage is 1.)

Step 2 (Exchangeability of good scores). The m + 1 values {R{, ..., R¢, R§“*>} are exchangeable by Assumption
By the fundamental property of exchangeable sequences (see |Shafer and Vovk] [2008, Lemma 1] or [Vovk et al.| [2005}
Proposition 1]), the test score REG*)
any integer 1 < r < m,

is equally likely to occupy any of the m + 1 ranks among these values. Therefore, for

(a™) G r
P(R;" ' <RY)> 1

Step 3 (Combining). Setting » = k — (n — m) (assuming 1 < r < m; the bound is trivial otherwise):

k—(n—m).

P(R) < ¢) > PR < R%) >
(R" <@ 2P(R" <R 2— "+

Step 4 (Algebra). Since k = [(n+ 1)(1 —a)] > (n+1)(1 — o):

kE—(n—m) < mn+1)(1—a)—(n—m)
m+1 - m+1
m+1—(n+1)a
m+1
(n+1)a
m+1

172


mailto:amir.asiaeetaheri@vumc.org?Subject=Your UAI 2026 paper

The coverage gap beyond 1 — avis:

7(71—!—1)047(170() _(n+1a
m—+1 m+1
(5
m+1
B n—m
- m+1
Since o« < 1, we bound « - z;"f < ’;r;_"l‘, giving
P(R) <§)>1-a— 2"
( <q) R
Substitutingn — m = dn and m = (1 — §)n:
- 0
n-m i g(d,n). O

m+1 (1-dn+1

Tightness. The bound is tight in the following sense: for any §, n, a, there exist score distributions (with the bad scores

placed adversarially at —oo) such that the coverage equals exactly %J:lm), which matches the lower bound up to the

ceiling in k.

B PROOF OF COROLLARY

Proof. By Theorem|l]applied with nominal level o, coverage is at least
P(...)>1—a" —g(d,n).
Since § < 6 and ¢(J,n) is nondecreasing in &, we have g(J,n) < g(,n), hence

P(..)>1—a —g(,n)

:1*(05*9(87”)) 79(67’”)
=1-a.

C PROOF OF PROPOSITIONS [1AND

Proof of Proposition[l] Fix a € A and a true descendant i € desc(a). Since Algorithmsets (Ezs\c(a) = Cand(a), it
suffices to show ¢ € Cand(a) = Sa N Npey(a) Sb-

By Assumption2] P(i € S,) > 1 — eg, hence P(i ¢ S,) < €.

For each b € U(a): if bis a true ancestor of a (i.e., a € desc(b)), then desc(a) C desc(b), so i € desc(b). By Assumption 2]
IP(Z S Sb) > 1 — €, hence P(Z ¢ Sb) < €.

The event {i ¢ Cand(a)} requires either i ¢ S, or 3b € U(a) with i ¢ Sp. By a union bound:
P(i ¢ Cand(a)) < (U(a)] +1) - et

A further union bound over all |desc(a)| true descendants gives the result. Let £, = {34 € desc(a) : i ¢ Cand(a)}.
P(E,) <|desc(a)|- (U(a)| + 1) - €.

Hence desc(a) C (E;c(a) with probability at least 1 — |desc(a)| - (JU(a)| + 1) - €. O
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Proof of Proposition[2] Fix a € Aand i ¢ desc(a). First, because ¢ ¢ desc(a ) Assumption[2|gives P(i € S,) < €g,. Since

Algorlthmcan include ¢ in debc( ) only if ¢ € S,, this already gives P(i € debc( )) < €rp. By Assumption , there exists
b € A such that a € desc(b) but i ¢ desc(b) and

Pla € Spandi ¢ Sp) > 1 — ecx.

On this event, b is identified as upstream of a (since a € Sp), but i ¢ Sy Thus i ¢ (7, (,) Sp and therefore i ¢ Cand(a).

Hence P(i € Cand(a)) < €. Since d/es\c(a) Cand(a) in Algorlthml 1} combining the direct false-positive bound with
the upstream-pruning bound gives P(i € desc( )) < €sel = min{egp, €cx }. Since Za i=1{i e desc( )}

P(Zui = 1| Zg; =0) =P(i € desc(a) | i ¢ desc(a))
S €sel-

D FPR/FNR CONVENTION FOR ALGORITHM
We restate the recovery consequences of Algorithm [T]using the descendant-positive convention
Zai=1{i €desc(a)},  Za,; = 1{i € desc(a)}.

Thus R
FNR,,; =P(Z,; =01 Z,: =1)

is the probability that a calibration intervention that truly affects target 7 is selected as safe; this is the error that contaminates
selective conformal calibration. Conversely,

FPRo; =P(Zy; = 1| Zy; = 0)
is the probability of discarding a truly safe calibration intervention, which affects efficiency but not validity.

Proposition 3 (FNR bound for Algorithm [1). Under Assumption 2] fix a € A and suppose that U(a) # 0 and every
identified upstream intervention is a true ancestor of a, i.e.,

bel(a) = a € desc(d).

Then for any fixed i € desc(a), e
P(i ¢ desc(a)) < (U(a)| + 1) €,

and hence under the descendant-positive convention,
FNR,,; < (U(a)| + 1)em.
A further union bound over i € desc(a) gives
P(desc(a) C desc(a)) > 1 — |desc(a)|(JU(a)] + 1)egm.
Proof. Fix i € desc(a). In order for ¢ to belong to

Cand(a) = S, N ﬂ Sp,
beU(a)

weneedi € S, and i € Sy, for every b € U(a). By Assumption 2}
P ¢ S,) < €.

If b € U(a) is a true ancestor of a, then desc(a) C desc(b), hence i € desc(b) and again

P(i ¢ Sb) < €fn-
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A union bound over S, and the |U/(a)| upstream sets gives the per-pair bound
P(i ¢ Cand(a)) < ({U(a)| +1)en.
Since d/eaz(a) = Cand(a) in Algorithm
P(i ¢ desc(a)) = P(i ¢ Cand(a)) < (U(a)| + 1)ern,

and
FNR,; = P(Zy; = 0| Zy; = 1) = P(i ¢ Cand(a) | i € desc(a)) < (JU(a)| + 1) ¢t

Taking a further union bound over all i € desc(a) yields

P(3i € desc(a) : i ¢ Cand(a)) < Z P(i ¢ Cand(a)) < |desc(a)|([U(a)| + 1)€m,

i€desc(a)
which is equivalent to the displayed lower bound for P(desc(a) C (ﬂegc(a)). O

Proposition 4 (FPR bound for Algorithm [T). Under Assumptions 2H3) for every a € A and every non-descendant
i ¢ desc(a),

~

]P)(Za,i =1 | Za,i - 0) < €sel-

Equivalently, under the descendant-positive convention,
FPRa,i < €sel, €sel = min{ff[n 6cx}-
Proof. Fix i ¢ desc(a). Since i ¢ desc(a), Assumption 2 gives P(i € S,) < g, and Algorithm [I] can include i only if
i € S,. Hence P(i € desc(a)) < egp. By Assumption there exists b € A such that a € desc(b), i ¢ desc(b), and
Plae Spandi ¢ Sp) > 1 — €cx.

On this event, b is included in the upstream set I/ (a) while 7 is absent from S;. Therefore ¢ is removed by the intersection
step and ¢ ¢ Cand(a). Since desc(a) = Cand(a) in Algorithm this gives the second bound P(i € desc(a)) < €cx.
Combining the two bounds yields P(i € desc(a)) < €gel.

P(Zai = 1| Zg; =0) =P(i € desc(a) | i ¢ desc(a)) < €sel.
0

Corollary 3 (Expected contamination under corrected labels). Fix target i and calibration split A..). Let 7y be the fraction
of truly safe interventions in A.,), meaning interventions that do not affect target i:

|{(L S Acal : ZaJ‘ = 0}'
o = .
‘Acal|

Define the worst-case bounds

FNRpax = max (|L{(a)| + 1)€fn = (@ + 1)eg, FPRax = €sel-

a€Acal

Here i = maxqea,,, |U(a)|. Under Assumptions and the upstream-ancestor condition in Proposition|3]

1-— FN
E[é] S ( 7T0> 1%max )
70(1 — FPRmax) + (1 — 7o) FNRuax

Equivalently,

(1 — 7o) (T + 1)egy
E[(S] S 71'0(1 - 6sel) + (1 - ﬁo)(ﬂ + 1)€fn .
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Proof. Under the descendant-positive convention, contamination occurs exactly when Z, ; = 1 but Zwﬁ = 0. Let A denote
the expected selected mass among interventions that truly affect target < and S the expected selected mass among safe
interventions. By the per-pair FNR bound in Proposition [3]and the FPR bound in Proposition ]

A< (1-7)FNRmax, S > m0(1 — FPRuax).

Using the contamination expression from Section 4} E[d] = A/(S + A) at the level of expected selected masses. This
expression is increasing in A and decreasing in S, so

(1 — mo)FNRpax
70(1 — FPRumax) + (1 — m0) FNRypax

E[5] <

Equivalently, at the level of expected or population rates, the selected safe mass is at least
7o(1 — FPRmax)

and the contaminating selected mass is at most (1 — 79)FNR,.x. The bounds on FNR,,,.x and FPR,,., are exactly
Propositionsand@ The factor 4 + 1 counts the own affected set S, together with the I/ (a)| upstream affected sets in the
union bound. O

Remark 5 (Validity versus efficiency). With these labels, Proposition [3]is the validity-relevant statement: false negatives
under the descendant-positive convention are interventions that truly affect target ¢ but are incorrectly admitted into A(z a*),
and hence they drive § and the coverage loss in Theorem [} Proposition ] is efficiency-relevant: false positives discard
safe calibration interventions and can widen intervals, but they do not introduce non-exchangeable scores into the selected
calibration set.

E A HIGH-PROBABILITY BOUND ON THE CONTAMINATION FRACTION

The correction in Corollary |l|requires an upper bound on the realized contamination fraction

_ Al \ A0
A, a)|

Corollary [2]controls this quantity in expectation. We next give a high-probability version under an explicit weak-dependence
condition on the classification errors across calibration interventions.

Assumption 4 (Fixed selected size and weak dependence). Fix a target ¢ and test intervention a* with Z,» ; = 0. Assume

that | A(i,a*)| = n is fixed by design, or condition on an event on which |A(i, a*)| = n and the error bounds below hold
conditionally. For each a € A_,, define

W, =1{a € A(i,a*), Za; =1}.

There is a dependency graph H; on A, with maximum degree A; such that any two subcollections of {W,, : a € Aca }
indexed by vertex sets with no edge between them are independent.

Assumption []is automatic with A; = 0 if the descendant-classification errors are independent across interventions. The
dependency-graph form allows the upstream-intersection step in Algorithm [I]to induce local dependence through shared
differentially affected sets. When the selected set size is random and no conditioning is imposed, the same argument applies
with n replaced by any deterministic lower bound on |.A(%, a*)|.

Proposition 5 (High-probability contamination bound). Under Assumption 4} let

Ci= >, Wa,  w=E[C], o =Var(Cy).

a€Acal

Then § = C;/n and, for every t > 0,
Hi 01‘2
P(o6>E+1) <75
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Moreover, if ¢, = P(W, = 1), then

o7< > qul—g)+2 D Vi@ < (A + D

a€Acal {a,b}€E(H;)
Consequently, for any n € (0, 1), with probability at least 1 — 1) over the realization of Z,

< &+ (Ai""l)/‘i.

=

% op

+

5 <9,

= |

Under the descendant-positive convention, if

~

FNR, = P(Z,: =0 Zo; = 1),

then

pi= Y P(Zyi=0)< > FNR,.

a:Zq, ;=1 a:Zq, ;=1

Proof. By definition, W, = 1 exactly when calibration intervention a is selected but truly affects target ¢. Hence

Ci= Y Wa=|A(i,a")\ A*(i)].
a€Acal
Conditioning on | A(i, a*)| = n gives § = C; /n.
Chebyshev’s inequality gives, for every t > 0,
o2
n2t2’

P(5>%+t):]P’(Ci—u,»>nt)gIP’(|C’i—,ui|>nt)§

It remains to bound o2. Since W, is Bernoulli,
Var(W,) = qa(1 — qa)-

By the dependency-graph assumption, Cov(W,, W;) = 0 whenever {a, b} ¢ FE(H;). For edges of H;, Cauchy—Schwarz
gives

|Cov(Wa, Wy)| < /Var(W,)Var(Wy) < \/gags.
Therefore

Var(ci) S ZQa(l - Qa) + 2 Z vV Gadqb-

{a,b}eE(H;)
Using 2,/q.qy < qq + qp and the fact that each vertex has degree at most A,
2 Y Vaan < Y, (@t d) SAD o= A
{a,b}€E(H;) {a,b}€E(H;) a
Since Y, qa(1 — o) < Y., 90 = pi, we obtain 07 < (A; + 1)u;. The displayed 1 — 1 bound follows by taking
t = o0;/(ny/n). Finally, if Z,; = 0 then W, = 0 deterministically; if Z,; = 1 then W, = 1 implies Z,; = 0, so
P(W,=1)<P(Z,;=0]Z,; =1) =FNR,. O
Corollary 4 (High-probability corrected selective conformal). Fix n € (0, 1) and suppose the assumptions of Proposition
hold. Let d,, be any deterministic quantity satisfying
P(§ < d,) >1—1.

For example, one may use the bound in Proposition |3} with yu; further upper bounded by the FNR bounds from Proposition Bl
Then, with probability at least 1 — 1 over the realized descendant estimator Z, the split conformal interval computed at
nominal miscoverage .

o' =a—g(6,,n)

has conditional coverage at least 1 — o for R,ga ), If & <0, the corrected interval is taken to be (—oo, o) and the claim is
trivial.
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Proof. On the event {6 < gn} Corollary |1{applies with upper bound 8;, and gives conditional coverage at least 1 — a.
Proposition 5] gives this event probability at least 1 — 1. O

Remark 6 (When is the bound informative?). The Chebyshev correction is useful when the additive term o /(n,/7) is small
compared with the target slack in §. For a relative bound of the form § < (1 + ¢)E[d], Chebyshev gives failure probability at
most

Var(5) CI'-2 < Az +1

?

CEOP P P
Thus relative concentration requires p; > A, i.e., the expected number of contaminating selected interventions must
dominate the local dependence degree. For coverage correction, however, the relevant requirement is often absolute rather
than relative:

(Ai + Dpi
nyn
This can hold even when E[§] = p;/n is small, provided the selected calibration set is large and the dependency graph is
sparse. If the upstream-intersection errors are highly coupled across many interventions, so that A; is of the same order
as | Acal|, this Chebyshev bound becomes conservative; sharper concentration would require a more detailed model of the
dependence induced by Algorithm I}

< 1.

F ALGORITHM 2: LOCAL ICP FOR DISTANCE ESTIMATION

Algorithm 2 Local ICP for Distance Estimation

Require: Target gene i, interventions .4, data {Y (¥}, 4, maximum depth D

Ensure: Estimated distance d(a, i) for each a € A
1: Py <+ candidate parent pool via correlation screening or prior network

2: 15?1(1) + ICP(i, Po, A) {Invariant parent set}
3: Bo < {’L}

4: fort=1,...,D do

5: Bt — Btfl

6: {B_1 =0}

7:  foreachg € Bi_1\ Bi—2 do

8: P§? + candidate parent pool for g
9: Pa(g) + ICP(g, P{?, A)
10: B, + B, UPa(g)

11:  end for
12: end for

13: for each a € A do
14: d(a,i) < min{t:a € B} {0 ifa & Bp}
15: end for .

16: return {d(a,i)}aca

The ICP subroutine works as follows: for a target gene g and candidate parent pool Pég ), test subsets .S C Pég ) for invariance

of the regression residual Y, — Bg X across environments (interventions), and return a minimal invariant set as 155( g)- The
frontier expansion traces back from ¢ through estimated parents, yielding a coarse path-length estimate without learning the
full graph. For runtime accounting, P(()g ) denotes the screened candidate parent pool used when ICP is called for gene g; the
initial pool Py in Algorithmis Péi). Let Ky = max, |7>(§9 ) |, let kicp be the maximum parent-set size searched by the
ICP subroutine, let D be the maximum backward search depth, and let Mp (i) = | U2, B;| be the number of genes visited
during the local expansion from target z. Each ICP call examines O(Kgf‘cp) candidate subsets, so the subset-search cost is
O(Mp(i)K, (’)“CP ), up to the cost of the individual invariance tests. In the single-gene perturbation setting with the expansion
restricted to intervention-indexed genes, the shorthand bound is O(|A|DK(’)“CP). Thus correlation screening makes the
runtime depend on the screened pool size K and the local visited set, rather than directly on the ambient number of genes p.

o~

Using distance for weighted calibration. Given distance estimates d(a, i), one can define weighted conformal calibration:

([ d(a,i)
w(a) = K(h) ,
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where K is a kernel function and £ is a bandwidth parameter. This provides a smooth interpolation between selective
calibration (hard thresholding on Z) and pooled calibration, potentially improving efficiency when the binary classification
is uncertain.

G CONSISTENCY OF ALGORITHM

We give a recovery guarantee for the Local ICP distance estimator in Algorithm 2] Recall that the algorithm starts from
By = {i} and recursively expands backward through estimated invariant parent sets. It returns

d(a,i) = min{t : a € B},

with d(a,i) = oo if a ¢ Bp.

For a node g, let Pa(g) denote its true parent set in the underlying DAG G, and let d(a, ?) be the length of the shortest
directed path from a to i, with d(a, ) = oo if no such path exists. Define

AHCSD(i) = {g : d(g,i) < D}a
where i € Anc=P (i) with d(i,) = 0.
Proposition 6 (Local ICP distance recovery). Assume:

1. the data are generated from a causally sufficient DAG G;
2. interventional faithfulness holds, so invariant causal prediction identifies the true invariant parent set in the population;

3. for every gene g that can be visited by Algorithm[2] the candidate parent pool covers the true parents,
P 2 Pa(g);
4. the ICP subroutine satisfies the finite-sample recovery guarantee
P(Pa(g) = Pa(g)) > 1 - 5,
for every g € Anc=P (4).

Then, with probability at least

1- Z ﬁg7

gE€Anc=P (4)

Algorithm@] recovers the exact truncated ancestor balls:
B:={g: d(g,i) <t} forallt=0,...,D.

Consequently, for every a € Awith d(a,i) < D,

P(d(a,i) = d(a,i)) >1— > B,

gEANC=P (4)

and for every a € Awith d(a,i) > D,

P(c?(a,i) =o00) >1-— Z By-

gE€ANc=P (4)

Proof. Let

By a union bound,
gEANCc=P (4)
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It is enough to prove the deterministic claim on E;.

We proceed by induction on ¢. For ¢ = 0, Algorithm [2]initializes By = {i}, which equals {g : d(g,7) < 0}. Assume for
some t — 1 < D that
Bi—1={g: d(g,i) <t—1}.

The new frontier is B;_; \ B;_2, which by the induction hypothesis is exactly the set of nodes at distance ¢ — 1 from . For
each such node g, on the event E; the ICP call returns

Pa(g) = Pa(g).

Therefore the update
Bi=B_1U | J Payg)

gEB:_1\Bi_2

equals

{g: d(g.i)y<t—1}u ]  Pa(h).
h: d(h,i)=t—1

Every parent of a node at distance ¢ — 1 has a directed path of length ¢ to ¢, so the right-hand side is contained in
{g :d(g,%) < t}. Conversely, if u satisfies d(u, ) = t, then there exists a shortest directed path

u—>h—- =1

where d(h,i) = t — 1 and u € Pa(h). Since h is in the frontier at depth ¢ — 1, the algorithm adds « at step ¢. Thus
B, = {g: d(g.i) < t}.

The induction proves the exact recovery of all truncated ancestor balls through depth D on E;. If d(a, ) < D, then a first

o~

appears in B, ;) and does not appear in any earlier By, so d(a,i) = d(a, 7). If d(a,i) > D, then a ¢ Bp, so the algorithm

~

returns d(a, i) = co. Combining these deterministic implications with the lower bound on P(E;) proves the result. O

Corollary 5 (Finite-sample consistency). Suppose the assumptions of Proposition [6| hold and that, for each fixed g €
Anc=P (i), the ICP error probability satisfies

By = Bg(Nmin) = 0 as Nmin = Minn, — 00,
a€A

where n, is the sample size under intervention a. If |[Anc=" (i)| < oo, then for every a € A,

R ) N <
dla, i) », d(a,1), d(a7z.) <D,
0, d(a,i) > D.

Proof. By Proposition [6] the probability of any truncated-distance recovery error is at most
Z /Bg (nmin)-
gEANc=D ()
The ancestor set is finite and each summand converges to zero, so the sum converges to zero. O

Remark 7 (Implication for weighted conformal calibration). Appendix [F] proposes kernel weights

_ [ dla,i)
w(a) = K(h)

for distance-weighted calibration. Proposition [6] shows that, under the stated ICP recovery conditions, these estimated
weights equal the oracle weights K (d(a,7)/h) with probability tending to one as the ICP subroutine becomes consistent.
Therefore any exchangeability or weighted-exchangeability guarantee proved for the oracle distance weights is inherited
asymptotically by the Local ICP weights. This does not by itself give a new finite-sample weighted-conformal theorem; it
reduces the additional error from estimating d(a, ) to the ICP recovery probability in Proposition @
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H ADDITIONAL EXPERIMENTAL RESULTS
H.1 PROCEDURAL DEFINITION OF TABLE METHODS

For a fixed test intervention—target pair (a*, 1), let r, = Rga) be the calibration score for intervention a € A, and let

r* = Rga*) be the test score. For any selected calibration set S C A1, split conformal uses the order statistic
da(S) =the [(]S] + 1)(1 — «)] -th smallest value in {r, : a € S} U {o0}.

Coverage for the score-based experiments is the indicator 1{r* < q,(5)} and width is 2q,,(.5). Here S is only a local
shorthand for a selected intervention set: Soracic(i) = A*(i) and Segt (i) = A(7, a*) in the notation of the main text.

Oracle. The oracle selector uses the truly safe calibration set Soyacle (1) = {a € Acal : Z,,; = 0}. In synthetic experiments
Z is known from the simulated DAG. In the real-data experiment this row is only a proxy oracle, with Z defined by the
top-10% absolute log-fold-change rule.

~

Estimated. The estimated selector uses Algorithmto form Z and selects Sest (1) = {a € Acal : Z,,; = 0}. If the selected
set is too small to yield a finite split-conformal quantile, the implementation falls back to pooled calibration.

Pooled. The pooled baseline ignores causal strata and uses all calibration interventions, Spooled = Acal. It is included as a
coarse baseline rather than as the target exchangeable set for fixed safe test pairs.

Corrected. The corrected method uses Ses but replaces o by o = o — g(g, [Sest|), where § is treated as an externally
supplied upper bound; in the experiments we plug in realized synthetic contamination or proxy real-data contamination. The
formal correction returns an infinite interval when o < 0; the experiments report finite-width behavior under the clipped
implementation described in the main text.

Control-coexpression weighted CP. For perturbation a, let g(a) be its target gene and let 2, = (log(1 + X¢ g(a)))ceccontrol
be the vector of control-cell expression values for that gene. We compute a correlation distance between z, and x,+ and
assign Gaussian kernel weights to calibration interventions, with bandwidth set by the tenth nearest calibration perturbation.
This baseline is leakage-free because it uses only control-cell expression of the perturbed target genes, not the held-out
perturbation’s response vector. The reported n.,) is the Kish effective sample size of the weights.

Full-graph proxy. This baseline constructs a proxy gene graph from correlations among perturbation-level LFC profiles,
thresholds the top 1% of absolute correlations to form a skeleton, orients edges by perturbation-level variance, and uses
graph descendants as affected labels before applying the same split-conformal procedure as Estimated.

Observational-only selection. This heuristic also uses the correlation matrix but does not run Algorithm [I] For each
perturbed target, it labels the most correlated genes as affected, with the number of selected genes matched to the average
descendant-set size produced by Algorithm [I] and then applies split conformal to the remaining calibration interventions.

Table 3: Controlled § ablation. Coverage and width by injected contamination level. Corrected maintains > 0.95 coverage at all nonzero
contamination levels (§ > 0.05) when supplied with the injected § under the clipped finite-width implementation. Oracle and Pooled
widths (constant at 3.38 and 3.29 respectively) are omitted, so the displayed width rows are interpreted as the uncorrected—corrected
tradeoff rather than a complete width ranking.

6inject

Method 0.00 0.05 0.10 0.15 020 0.30

Coverage

Oracle 905 905 905 .905 .905 .905
Estimated .905 .901 .895 .889 .882  .867
Pooled 896 896 896 .896  .896  .896
Corrected .905 .955 .990 .990 .989 .988
Width

Estimated 3.38 3.33 3.28 3.22 3.16 3.03
Corrected 3.38 4.09 552 548 544 5.35

Feasibility versus calibration-set size. The corrected procedure’s 59.8% feasibility on the real-data split (Table [2)) reflects
the small calibration set rather than a methodological limit. Re-running the Replogle K562 evaluation while scaling the
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Bound gap across contamination levels

Corrected —&— Oracle
—@— Estimated —@— Pooled

< < N <
[N w IS W
) ) L )

Empirical - theoretical bound
[=)

©
<
:

0.00 0.05 0.10 0.15 0.20 0.25 0.30
Injected contamination 6

Figure 3: Gap between empirical coverage and the theoretical lower bound from Theorem All values are non-negative for the selective
methods (Oracle, Estimated, Corrected), confirming the bound is valid. Pooled shows a small negative gap (= —0.004) because it uses
all calibration points without selection, so the selective coverage theorem does not apply. The gap grows with § because worst-case
adversarial contamination does not occur in practice.

calibration-set size shows feasibility climbing to 100% by n..; = 160, with the proxy contamination fraction J stable near
0.083 (Table[d] Figure[d). All rows in this scaling study are produced by bootstrap-resampling the selected real calibration
residuals to the target n.,, rather than by adding real perturbations, so their coverage and width should be read as indicative;
feasibility, a function of g(J, n) using this proxy value versus «, is robust to this expansion.

Corrected feasibility vs calibration size

100 A

80 A

60 -

40 1

20 1

Feasibility (% finite intervals)

40 80 160 320 640
Ncal

Figure 4: Feasibility (fraction of finite intervals) of the Corrected procedure versus calibration-set size nca1 on the Replogle K562 split.
Feasibility rises from 0.598 at n¢a1 = 40 to 1.0 by nca = 160.

I ADDITIONAL ROBUSTNESS EXPERIMENTS

Extended contamination range. We extend the controlled-d ablation of Section[8.2]to injected contamination up to § = 0.70
(same setting: p = 200, |A| = 150, 100 seeds). Tablereports the Corrected procedure. Coverage stays at or above the
nominal level across the entire range, and the intervals remain finite (feasibility ~ 1) even at § = 0.70: at the synthetic
calibration size (na =~ 120) the corrected level is clipped at o’ = 0.01 for finite-width reporting, still admitting a finite
conformal quantile. Without this clipping, rows where & — g(dinject, ) < 0 would correspond to the formal infinite-interval
correction. The infinite-interval behavior seen on the real data (Table J2)) is therefore a consequence of the small calibration
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Table 4: Corrected procedure versus calibration-set size nca1 on the Replogle K562 split. Rows use bootstrap-resampled calibration
residuals at the displayed target sizes. Feasibility reaches 100% by nca1 = 160 while proxy ¢ stays near 0.083. Width highlighting ranks
only rows that also exceed nominal coverage.

neat  Coverage  Width  Feasibility  proxy d

40 0.890 0.316 0.598 0.083
80 0.898 0.338 0.684 0.083
160 0.928 0.520 1.000 0.083
320 0.925 0.517 1.000 0.083
640 0.926 0.519 1.000 0.083

set: at nc,) ~ 40 the nonzero contamination lowers the corrected level enough that too few scores remain for a finite quantile,
and increasing n., at the same ¢ restores feasibility (Figure |4)).

Table 5: Corrected procedure under extended injected contamination (6 up to 0.70; p = 200, |.A| = 150, 100 seeds). Finite-width rows
use the clipped level o’ > 0.01. Rows are contamination levels rather than competing methods, so widths are not ranked.

Oinject ~ Coverage Width  Feasibility

0.00 0.905 3.38 100.0%
0.05 0.955 4.09 100.0%
0.10 0.990 5.52 99.9%
0.15 0.989 5.48 99.9%
0.20 0.989 5.44 99.9%
0.30 0.988 5.35 99.9%
0.40 0.986 5.25 99.9%
0.50 0.984 5.12 99.9%
0.60 0.979 4.96 99.9%
0.70 0.971 4.75 99.9%

Nonlinear mechanisms and residual scores. We replace the linear SEM V' = BTV +¢ with additive nonlinear mechanisms
V, = Zu pa(v) B, tanh(V,,) + €,, and evaluate under two nonconformity scores: the synthetic score used in the main
experiments and a genuine ridge-regression residual score RZ(-a) =V — fi(V,i)| with f; fit on observational data (p = 200,
|A| = 150, 20 seeds). Table@ shows that Corrected remains the most conservative method while Oracle, Estimated, and
Pooled stay close to nominal coverage, confirming that the method’s behavior does not depend on the linear-Gaussian form
of the synthetic generator.

Al = 150,

Table 6: Nonlinear SEM with additive tanh mechanisms, under the synthetic score and a real ridge-residual score (p = 200,
20 seeds). Coverage / width per method. Ties at displayed precision are marked together.

Synthetic score Ridge-residual score

Method Coverage Width Coverage  Width

Oracle 0.903 3.34 0.907 4.35
Estimated 0.901 3.32 0.906 4.35
Pooled 0.901 3.32 0.906 4.35

Corrected 0.920 3.59 0.924 4.39

J ADDITIONAL DISCUSSION

J.1 FUTURE WORK
Calibration for descendant targets. The main theory focuses on test pairs with Z,» ; = 0, where interventions leaving

target ¢ unchanged define a natural exchangeable stratum. Developing valid and efficient strata for descendant targets, where
Zq» i = 1, remains open.
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Weighted selective calibration. Algorithm 2] gives a distance estimator that can define kernel weights over interventions,
but a finite-sample weighted-conformal guarantee with estimated causal distances remains to be proved.

Deployable contamination bounds. Our correction uses an upper bound on the selected-set contamination fraction §; in the
experiments this bound is supplied by true synthetic labels or real-data proxy labels. A fully deployable version would need
data-driven high-confidence bounds on §, for example by combining descendant-learner uncertainty, held-out validation
perturbations, or external biological annotations.

Context-aware Mondrian strata. Real perturbation screens may violate exchangeability because of cell type, batch,
tissue, dose, or donor effects. A natural extension is batch- or cell-type-stratified Mondrian calibration, potentially using
multi-context resources such as scPerturb [Peidli et al., [2024].

Combinatorial perturbations and active design. Our notation treats a as a single intervention condition. Extending
descendant learning and contamination control to combinatorial perturbations, and combining the method with active
experimental design for causal discovery [Squires et al., 2020, Eberhardt et al., 2005]], are important next steps.

Larger real-data validation. The real-data experiment uses proxy descendant labels and a small calibration set. Larger
perturbation atlases with biologically validated causal annotations would allow a sharper test of both coverage and interval
efficiency.
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