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Abstract

Graph transformers are the state-of-the-art for
learning from graph-structured data and are empir-
ically known to avoid several pitfalls of message-
passing architectures. However, there is limited the-
oretical analysis on why these models perform well
in practice. In this work, we prove that attention-
based architectures have structural benefits over
graph convolutional networks in the context of
node-level prediction tasks. Specifically, we study
the neural network gaussian process limits of graph
transformers (GAT, Graphormer, Specformer) with
infinite width and infinite heads, and derive the
node-level and edge-level kernels across the layers.
Our results characterise how the node features and
the graph structure propagate through the graph
attention layers. As a specific example, we prove
that graph transformers structurally preserve com-
munity information and maintain discriminative
node representations even in deep layers, thereby
preventing oversmoothing. We provide empirical
evidence on synthetic and real-world graphs that
validate our theoretical insights, such as integrat-
ing informative priors and positional encoding can
improve performance of deep graph transformers.

1 INTRODUCTION

Graph Neural Networks (GNNs) are currently the de facto
models for learning from graph-structured data. They solve
complex prediction tasks on graphs by iteratively aggre-
gating feature information across edges. Recent empirical
and theoretical work has established that classical message-
passing GNN architectures have several limitations, in-
cluding difficulties in simultaneously handling homophilic
and heterophilic graphs [NT and Maehara, 2019, |Ayday

“Equal contribution.

et al., 2025]], oversmoothing by deep GNNs [Li et al., 2018}
Keriven, [2022] [Wu et al.|[2023b]], oversquashing [[Alon and
Yahav| [2021], etc. These challenges have motivated the de-
velopment of attention-based GNNs, such as Graph Atten-
tion Network (GAT) [[Velickovic et al., 2018]], Graphormer
[Ying et al.l|2021f], and Specformer [Bo et al., 2023]], which
are the current state of the art models in practice.

Despite the empirical success of graph transformers, there
is little theoretical understanding of the benefits of the at-
tention mechanism in graph learning. The rich literature
on the expressivity of GNNs shows that transformers are
more expressive than standard message-passing GNNs, but
less expressive than more general message-passing architec-
tures, like spectrally invariant GNNs [Zhang et al., [2024]).
However, this line of work does not explain: Why do graph
transformers perform better with more layers and not suffer
from oversmoothing, similar to message-passing GNNs?
Notably, oversmoothing—the phenomenon of node repre-
sentations becoming indistinguishable in deeper layers—
remains a topic of debate in recent theoretical works. |Wul
et al.| [2023a] use a dynamical system-based equivalence
of GAT' to argue that they cannot prevent oversmoothing,
while a Markov chain perspective of GATs suggests their
ability to mitigate oversmoothing [Zhao et al.|[2023]].

Unlike GAT, which is limited to local neighborhoods, global
attention-based models, like Graphormer and Specformer,
allow nodes to attend to all others, making them more com-
plex to analyze, with no theoretical work currently available.
This lack of a unified theoretical lens for graph transformers
leaves a fundamental question open: Can graph transform-
ers overcome the structural bottlenecks of message-passing,
or do they merely delay the onset of oversmoothing?

We postulate that the above questions can be answered by
studying the structural characteristics of graph transform-
ers, specifically, how node representations evolve across
layers. To this end, we utilize the framework of Neural
Network Gaussian Processes (NNGPs), which establishes
that randomly initialized neural networks converge in dis-
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Figure 1: Histogram of the output of GAT and Graphormer
for different number of heads. The output distribution con-
verges to a Gaussian (red line) fitted with mean and variance
of the empirical distribution when both width and number
of heads are large. Plots for Specformer is in Appendixﬁ

tribution to Gaussian processes in the infinite-width limit
2018b]]. The NNGP limit allows one to simplify
GNN, but still retain the architectural properties related to
information aggregation and attention mechanism. In partic-
ular, recent works derive NNGP and related neural tangent
limits of Graph Convolutional Networks 2023,
[Sabanayagam et al.,[2023]], which has also been used to char-
acterize oversmoothing in these models. However, NNGP
limits of graph transformers are not known.

Contributions and significance. The main technical contri-
bution of this work is a derivation of the NNGP kernels for
graph transformers, which we use to analytically show when
and how these architectures can mitigate oversmoothing. We
briefly discuss the significance of the contributions.

Derivation of NNGP kernel for graph transformers. We de-
rive the NNGP limit of the three most relevant graph trans-
former architectures (GAT, Graphormer, and Specformer)
and provide analytical forms of the kernel evolution across
layers for GAT-GP (Theorem [7), Graphormer-GP (Theo-
rem |10), and Specformer-GP (Theorem @) In contrast to
previous work on GCN, where NNGP-equivalence holds
in the infinite-width limit 2023}, transformer
architectures behave as NNGPs only when both the width
and the number of heads are large (see Figure|[T).

Furthermore, unlike the NNGP limit of standard transform-
ers [Hron et all [2020], we show that graph transformers
induce graph-specific kernels at multiple levels—node-level
kernels reflect the node feature interactions, whereas struc-
tural kernels capture connectivity patterns, which corre-
spond to edge-level kernels over graph neighborhoods in

spatial models (GAT, Graphormer) and spectral kernels in
spectral models (Specformer). These kernels interact non-
trivially for various architectures (see Tables [TH2).

Theoretical analysis of oversmoothing. To study whether
graph transformers mitigate oversmoothing, we simplify
the NNGP kernels under the population version of (con-
textual) stochastic block model (CSBM), that is, graphs
with well-defined community structure. Our theoretical re-
sults, summarized in Table [3} confirm that while GCN
is structurally destined for oversmoothing, all attention-
based GNNs can retain community information across lay-
ers under specific conditions. In particular, GAT-GP avoids
rank collapse under well-separated communities, whereas
Specformer-GP and Graphormer-GP counteract representa-
tional decay through spectral amplification or informative
structural priors. The analysis provides a crucial insight: if
the NNGP limit of graph transformers does not oversmooth,
then their neural architecture could potentially be trained to

avoid oversmoothing noted in prior work 2023al.

Empirical validation of the impact of depth. We validate
our theoretical insights through numerical studies on syn-
thetic and real-world benchmarks. As a practical conse-
quence of our theory, we identify Laplacian-based positional
encodings as a structural prior that prevents oversmoothing
in Graphormer-GP. Moreover, with a sufficiently informa-
tive structural prior, performance can even improve as depth
increases, which is unexpected in GCNGs.

2 PRELIMINARIES

Notation. ® denotes the Hadamard product, || concatena-
tion, and | - |% the squared Frobenius norm, and tr(-) the
trace of a matrix. ¢(-) is the row-wise softmax and o(+) an
arbitrary activation function.

Graph Data. Let G = (V, £) be an undirected graph with
n nodes, where V denotes the set of nodes and £ the set
of edges. Let A € R™*™ denote the adjacency matrix of
the graph. The neighborhood of a node a € V is defined as
Ny :={i€eV|(a,i) € £}. The d;,-dimensional features
for all NV nodes are collected in rows of the n x d;, matrix
X, with the a-th row denoted by .

Graph Neural Networks (GNNs). GNNs are a class of
deep learning models designed to learn node representa-
tions from graph-structured data by aggregating informa-
tion from local neighborhoods. ng\lh& € R™*™ denotes the
graph convolution operator of head A in layer ¢, whose form
depends on the specific GNN architecture. For message-
passing GNNs such as GCN, d“/ = 1 and the graph con-
volution is fixed, determined solely by the graph topology,
given by Sqen = D~Y/2AD~1/2, In comparison, graph
transformers employ a data-dependent convolution in which
neighborhood weights are learned via an attention mecha-
nism. Given input features f°(X) := X, pre-activation of



the /-th layer is
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where || denotes concatenation of the attention heads and
Whh ¢ Rie-1xde gnd WEH ¢ Rde-1d""xde are Jearnable
weight matrices. The layer output is obtained by applying
a nonlinearity. ReLU activation is a common choice and is
considered in this work: f¢(X) = ReLU(g*(X)).

Gaussian Process Limit of GNN Node Representations.
We analyse the node representations learned by GNNs
through the lens of Neural Network Gaussian Processes
(NNGPs). In the infinite-width and head limit, the model’s
pre-activations {g%(X)},ev converge in distribution to
a centered Gaussian process g*(X) ~ GP(0,%®). For
ReLU activations (f*(X) ReLU(g“(X))), the post-
activation kernel K () admits a closed-form recursive update
[Bietti and Mairall, [2019]]:

féfl(X) WZ,h) WeH (1
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Starting from the initial kernel K SZ) =

%, the sequence
of kernels {29}~ and { K©)},>( are defined recursively.
Unlike standard NNGPs, in which the kernel is solely based
on node features, the GNNs incorporate the graph structure
and obtain predictions on unlabeled nodes by condition-
ing on observed node labels. In this work, we characterise
the NNGP induced by graph transformers by deriving the
corresponding covariance updates, thereby placing models
such as GAT, Graphormer, and Specformer within a unified
Gaussian process framework.

In the following, we introduce graph transformers investi-
gated in this paper: GAT, Graphormer, and Specformer. In
contrast to these models, which operate on homogeneous
graphs, the Graph Transformer Network (GTN) is designed
for heterogeneous graphs and is presented in Appendix[D] in-
cluding its model formulation, GP-equivalent theorem, and
proof. The design choices underlying GAT, Graphormer,
and Specformer are detailed in Appendix [A]

Graph Attention Network (GAT). A multi-head GAT con-
sists of d“ attention heads in layer ¢. For each head h and
layer ¢, attention scores are computed on edges (a, i) € &:

(") W (X

c RQd(gXl

)

ai (X) = ) IWERFTHX)] G)

where 7" is the attention vector.
The normalized attention coefficients are obtained via
oh
exp(o( By (X))
th )
2ken, €XP (U(E((Lk )(X)))
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(4,h)

and (SGAT(X))M. = 0 for (a,i) ¢ £.

Graphormer. A Graphormer is a multi-head attention-
based architecture with d“¥ heads in layer /. Each layer
augments node representations with graph positional en-
codings: fi~1(X) := [f{=1(X), P] fori € V, where P!
encodes structural information such as Laplacian eigenvec-
tors, degree features, or random-walk-based statistics. For
each head h and layer ¢, attention scores are computed on
all node pairs (i,7) € V x V as

(fiz-l(X)WQ,eh) (J}J@—l(X)WK,eh)T

Lh

)
+ bp(m)’

where W& WHELh ¢ Rde-1xde are Jearnable projec-
tion matrices, and the scaled dot-product term measures
content-based compatibility between node 7 and node j.
The additive bias b,(; ;) is a learnable scalar that depends
only on the structural relation p(-,-) : V. x V — R (e.g.,
shortest-path distance bucket, edge type, or other graph-
structural categories). The graph convolution operator is ob-
tained by applying the row-wise softmax, to the logits, i.e.,

G(&h) X) = (B (X)) for head h.

Graphormer
Specformer. Specformer operates on the spectrum of the
normalized graph Laplacian: L := I,, — D~'/2AD~1/2 =
UAUT with A = diag(\1,. .., A,). Each eigenvalue ); is
encoded by a sinusoidal map p()\;) € R? with p(\, 2t) =
sin <eA/100002t/ d) P\ 2t + 1) cos(eA/lOOOOQt/d

and the initial spectral tokens are formed as H°
T
(o) s Qallea))T] €

Consider a multi-head Specformer consisting of an eigen-
value encoding module with d" heads and a graph convo-
Iution module with d“¥ heads. For each graph convolution
head h € {1,...,d"*}, the eigenvalue encoding module
applies a d*-head attention at each eigenvalue encoding
layer ¢, producing head-specific attention scores on token

Rnx(dJrl)’

pairs (i,7) € V x V:
t—1,k,h t—1,k,h T
E(t k h) (H WQ tkh) (H] WK,tkh) 6
. (6)
Vi
Here, k € 1,...,d"" indexes the attention head within

token layer ¢, and W@:tkh Ty Ktkh ¢ Rdi-1xde are the
corresponding projection matrices. The normalized attention
coefficients are given by Sstpfch = ¢(E“FM) The token-

layer update for the h-th graph convolution head is

(=

where WV:tkh ¢ Rdi—1%dz g the value projection for the k-
th eigenvalue encoding head and W4 € R dexdi g the
token-layer output projection. After 7" eigenvalue layers, the

GUERR) prt—1 .k by Vit
Spec ) H w

)Wth Ho (7



aggregated eigenvalue encoding output associated with the
h-th graph convolution head is denoted by H(") = HT:",

The graph convolution module then constructs a multi-
head spectral filtering operator. For each graph convolution
head h € {1,...,d*"}, a spectral filter is generated by
AR = U(H(h)W/{h)) € R", where W/{h) € RIrx1 g a
learnable parameter vector associated with the h-th graph
convolution head. This induces the graph convolution oper-
ator S&" = Udiag \M) U™ € R,

Specformer

3 GAUSSIAN PROCESS LIMITS OF
GRAPH TRANSFORMERS

In this section, we analyse the GP limits of Graph Trans-
formers architectures introduced in Section 2] We begin by
introducing the kernels that govern the Gaussian process
limit and explain their roles, then present their explicit for-
mulas in Table|l} and finally interpret their implications for
the corresponding architectures in Section [3.1]

Our analysis is carried out within the Neural Network Gaus-
sian Process (NNGP) framework. Specifically, we charac-
terise the behavior of GAT, Graphormer, and Specformer
in the infinite-width and infinite-head limit, denoted as
dyg, d¢,;r — 00, and under the independent Gaussian priors
listed in Table E} In this regime, the models admit kernel
recursions that govern their layerwise propagation. In partic-
ular, we focus on the pre-activations g¢ with kernel £(*), and
the post-activation kernel K (©) is obtained via the standard
ReLU NNGP transformation (Equation [2). The complete
theorems are provided in Appendix [B]

Spatial Models: GAT-GP and Graphormer-GP To pro-
vide a unified analysis of GAT and Graphormer, we define
four kernels that govern the GP limit. These kernels model
the propagation of information: we define the structural in-
put (post-activation), model the attention mechanism (edge-
level), aggregate these into a graph operator (convolution),
and finally produce the node representations (node-level).
Together, they form a recursion that characterizes the evolu-
tion of graph signals through deep layers.

* Post-Activation Kernel of the Previous Layer: The
propagation is initialized using the kernel from the
previous iteration. For GAT, this is the post-activation
kernel K¢—1) For Graphormer, this is the augmented
kernel K = o K¢~V 4 (1 — a)RY for a € [0,1],
which incorporates structural positional encoding R(®).
Edge-Level Logit Kernel (K (©)-F): The attention
logits E(Y) converge to a centered Gaussian process

E® ~ GP(0, K)-F). This kernel describes the co-
variance between attention scores for different edges.

Convolution Kernel (C¥): This kernel captures
the covariance of the graph convolution operator
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across independent heads and is defined as C((lf)b ;=

E{(S(z,l)(x))ai (S(e,ﬁ(X))bJ_ Its explicit form is
determined by the Edge-Level Logit Kernel K (-2

* Node-Level Kernel (X(9)): The final covariance be-
tween node representations a and b after neighborhood

) = E[gt, (X) gty (X)).

aggregation, where X, =
Spectral Model: Specformer-GP  Unlike spatial models,
Specformer operates on the spectrum of L. Alongside the
layerwise limits, when d¢, d; g — oo, the model converges
to a Gaussian process characterized by a set of kernels:

* Spectral Token Kernel: The representations of the
t-th token layer, H®), converge in distribution to a
Gaussian process H*) ~ GP(0, Kg)), which cap-
tures the evolution of spectral information through the
eigenvalue encoding.

Learned Spectral Kernel (K): After Ij token lay-
ers, the learned spectral filter c_oefﬁcients A, induces a
kernel defined as Ky 4 := E[AsAp).

Node-Level Kernel (X(“)) This kernel propagates fea-
ture covariance by mapping previous-layer represen-
tations into the Laplacian eigenbasis for elementwise
modulation by the induced spectral kernel (K ) before
projecting them back to the node domain.

The specific kernels for each architecture are summarized in
Table[T} The independent Gaussian weight priors considered
are summarized in Table [ at the beginning of Appendix B}
Formal theorems establishing the existence of the Gaussian
process limits are provided in Appendix [B| and detailed
proofs of these theorems can be found in Appendix [C|

Explicit Kernel Expressions. Table|I|summarizes a gen-
eral kernel recursion, which can be specialized by consider-
ing specific choices of the attention and activation nonlinear-
ities to obtain a closed-form expressions. Table 2] presents
the closed-form kernels obtained under linear attention (for-
mally in Corollaries 9} and [IT). For completeness, and to
facilitate the comparison with attention-based architectures
in the Section[d] we also include the corresponding GCN-GP
kernel from [Niu et al.,|2023|], which does not incorporate
attention mechanisms. These kernels provide a tractable way
to study the GP limit under simplified attention and activa-
tion choices, while still capturing the interaction between
node features and graph structure. Although our explicit
kernel derivations rely on linear attention for mathematical
tractability, Appendix [F:3|demonstrates that linear attention
is an effective practical alternative, achieving test accuracy
comparable to or better than softmax attention. More general
kernels can be obtained by considering RELU as output acti-
vation and applying Equation [2] In Appendix [B] Corollary [§]
we also present GAT with RELU attention.



Table 1: Summary of the GP kernels for graph transformers. The weight priors are in Table E] in Appendix [B| The table
presents both the edge/structural kernels (KX (%)’E for spatial models or K 45 for Specformer) and the node-level kernels

(Eé?) that describe the propagation of covariance across layers. For GAT-GP and Graphormer-GP, the edge-level kernels
capture correlations between attention scores, while the node-level kernels aggregate these correlations. The learned spectral
kernel K of Specformer-GP modulates the mapping of node representations in the Laplacian eigenbasis.

Model Edge/Structural Kernel (/X (S?E or K ,;) Node Kernel EEL?
GAT-GP (Theorem | o202 (Ka(,i_l) + Ki(;_l)) OH T D ieN, doieN, Ki(f_l) C’x,)bj

Graphormer-GP (Theorem i

Specformer-GP (Theorem i

-(L—1) (-1
(r2o% K35 K™V + 08 Lowa=owa)

Ky ab = E[Xa ] (Spectral)

C(E)

2 2 - (£—1)
OHOw Zm‘ev Kij ai,bj

040l U(Ky o (UTKEDU)UT

3.1 REMARKS ON GP KERNELS

The kernels in Table [I|reveal how node features and graph
structure interact in the GP limit. In the following, we dis-
cuss the interpretation of these kernels in the graph domain
and their implications for node representation propagation.

GAT-GP. The edge-level kernel K(©-F of GAT-GP char-
acterizes the covariance between attention logits on two
edges (a, %) and (b, j), determined by the similarity of their
source nodes a and b and their target nodes 7 and j. Edges
whose endpoints are simultaneously similar in represen-
tation space exhibit stronger correlation. The node-level
kernel ©(“) then aggregates these edge contributions across
all neighbor pairs (7, 7) withi € N, and j € N3, combining
the previous-layer feature similarity with the alignment in-
duced by attention. This yields a kernel recursion describing
how both features and graph structure govern node repre-
sentation propagation across layers.

Graphormer-GP Graphormer incorporates graph infor-
mation through positional embeddings. The matrix R can
be interpreted as the covariance matrix of the corresponding
positional embeddings which can be computed as an inner
product, i.e., Ré? = (Py), Pb(é)>. Alternatively, instead of
introducing explicit positional embeddings, the graph struc-
ture itself can be directly leveraged to construct a node-level
graph-structure covariance matrix. The node-level kernel
»(®) of Graphormer-GP indicates that attention correlations
are strengthened for node pairs sharing the same structural
relation, ensuring that graph information is explicitly lever-
aged in guiding attention. The edge-level kernel K(©)-F
then propagates the attention correlations to the next layer
through an aggregation over all node pairs.

Unlike GAT which is restricted to local neighbor-
hoods, Graphormer induces similarity connections
between every pair of nodes in the graph.
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Specformer. The convolution in Specformer is composed
of spectral tokens and node features. The spectral tokens
are first processed through 7" layers of encoding, and passed
through a decoder to construct a data-dependent spectral
filtering that governs the propagation of node features. As
detailed in Theorem[T2)in Appendix [B] (I) the spectral-token
representations H¢, which are updated through attention,
and (IT) the node-feature pre-activations g(X) converge in
distribution to a Gaussian process. The learned spectral
kernel K induces a kernel over the learned spectral filter
coefficients. The node level kernel X then defines the re-
cursion of the node-feature kernel: the previous-layer node
covariance is mapped into the Laplacian eigenbasis, modu-
lated elementwise according to the induced spectral kernel,
and projected back to the node domain.

Spatial models aggregate information over local node
neighborhoods, whereas Specformer operates in the
graph spectral domain.

4 ANALYSIS OF GNN-GPS UNDER
CONTEXTUAL STOCHASTIC BLOCK
MODEL (CSBM)

The GP formulation of graph transformers allows us to
compare structural benefits and limitations of different ar-
chitectures. Having introduced kernel recursion of graph
transformers, we now focus on a key phenomenon in deep
graph models: Oversmoothing. In the kernel perspective,
this corresponds to convergence of the node-level covari-
ance toward a constant matrix. To understand whether graph
transformers can structurally maintain discriminative sig-
nals across layers, it is useful to study their GP kernels on a
controlled setting with known community structure.

In this section, we analyse how the resulting kernels behave
when the underlying graph is governed by a CSBM. We
consider population version of 2-CSBM with n nodes par-



Table 2: Closed-form expressions for the node-level Gaussian process (GP) kernels under linear attention and linear
activation. These kernels provide an explicit characterization of kernel propagation for each architecture. For comparison,
the GCN-GP kernel from [Niu et al., [2023] is included, which does not involve attention.

Model Node Kernel (K (©))

GCN-GP [Niu et al., 2023] KO = g2 AK*1AT

GAT-GP (CorollaryH} K® =020t0

2

Graphormer-GP (Corollary i K C(f;’]) =o0%02

Specformer-GP (Theorem |

F- (0 -1 (-1
J?QO-%(KC(LIJ)ZZ]EVK( )K )+ bZ’LJEV

( K1 o (AKCDATY 4 A(KED @K(Z—l))AT)

1/)(a»i)=p(b,j)1

K® =0%02U(K\o (UTK*DU)UT

titioned into two equally sized communities, C; and Cs. In
this setting, the probability of an edge existing between two
nodes is p if they belong to the same community and q if
they belong to different communities. Consequently, CSBM
accommodates both homophilic graphs (where p > ¢, favor-
ing intra-community connections) and heterophilic graphs
(where p < g, favoring cross-community edges). The ex-
pected adjacency matrix takes the following block struc-

T T
ture: A = <§iiT Zii—r> , where 117 denotes the all-

ones matrix of size 5 X 3 ﬂ A kernel that captures the
community structure should mirror this block structure, i.e.
KO <w11T min
yell T z,117
nel value for intra-community node pairs and y, for inter-
community pairs at layer ¢, initialized by the feature co-
variance values x( and yq at the input layer (¢ = 0). While
we analyse the population version, our experiments use ran-
dom CSBM realizations, which exhibit similar behavior. We
summarise the evolution of the kernels (formulas for z, and
ye) and their asymptotic behaviour in Table [3] highlighting
how each model propagates structural information under the
CSBM. The full corollaries and proofs for the closed-form
expressions of the kernels are provided in Appendix [E]

>, where x, represents the ker-

Oversmoothing can be formalized by examining the normal-
ized kernel %K)(Z)) Since the normalisation term corre-
sponds to x4, the discriminability of the model is captured by
the ratio yy/x,: if limy_, o ye/x¢ = 1, the kernel converges
to a rank-one matrix of ones, meaning the representations
of the two communities become indistinguishable.

GCN. The collapse into a rank-one kernel is clearly visi-
ble in the Gaussian Process limit of standard GCN.

Corollary 1 (Rank collapse in GCN-GP indicates over-
smoothing). For the GCN kernel presented in Corollary|[37]

"Throughout this section, SBM refers to the two-community
stochastic block model introduced above.
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(and in Table [5). The normalized kernel converges to the

all-ones matrix:

Consequently, rank (hmgﬁoo %) = 1, indicating

that GCNs suffer from complete oversmoothing.

K©

lim 117 117
l—00 %tr(K(@)

117 117

The detailed derivations for the closed-form expressions of
the GCN kernel and the spectral analysis leading to rank
collapse are provided in Appendix [E.1]

GAT. Unlike the GCN kernel, which collapses to a rank-
one matrix, we next show that GAT-GP avoids oversmooth-
ing. Notably, while the GCN kernel follows a simple linear
recurrence, the GAT kernel involves a coupled, non-linear
two-variable system. The derivation of the GAT kernel un-
der SBM (Corollary [38) and its limit (Corollary [2)) are pro-
vided in Appendix [E.2] The GAT kernel is governed by the
global growth factor G = (2o + yo)(p + ¢)*(%)* and the

structural preservation factor I’ = 2%. Here, G
controls the overall magnitude of the kernel, while F' deter-
mines whether the community structure is preserved across
layers. In particular, when the communities are sufficiently
well-separated ( 2 is bounded away from 1), F ensures that
the kernel maintains its ability to distinguish between them
even in the infinite-depth limit. This property is formalised
in the following corollary:

Corollary 2 (GAT-GP avoids rank collapse indicat-
ing the preservation of discriminative community struc-
ture). For the GAT kernel defined in Corollary 38 the

normalized kernel converges to: limy_, ., % =
117 4117 . 1-(Sagm) !
(7117 TRE where v = limy_, 1‘*‘(;8158)”.

Consequently, if F > 1, which occurs when E is bounded
away from 1, the kernel maintains a rank of 2 and preserves
community separation as { — 0o, avoiding oversmoothing.



Table 3: Evolution of the GP kernel K(©) = (

2117 yp11 7
yell T zp11 T

) under CSBM and conditions for oversmoothing. To

preserve community structure, the kernel must maintain a gap between the intra-community (x,) and inter-community ()
values; this discriminative signal is captured by the second term in each expression.The second column indicates whether
oversmoothing occurs as £ — o0, i.e., whether the kernel loses its ability to distinguish the two communities. For graph
transformers oversmoothing can be avoided, maintaining the discriminative signal across layers.

Model Intra/Inter-Community Formulas (x,, y,) Oversmoothing (/ — oo)
1/n\2¢ 4 14
GCN-GP 5(5)2 [(1'0 + yo)(p + q)2 + (.%0 - yO)(p - q)2 ] Yes
(Corollary (Corollary i
GAT-GP %(3)2‘6;%(1)2 {1 + (ﬁ) Fq No, if communities are separated (F > 1)

(Corollary

B = 'z + (1 - af)p,
(Corollary

5 [(wo + o)A £ (w0 — yo)A3Y]
(Corollary

Graphormer-GP

Specformer-GP

9o = oty + (1 — ab)q

(Corollary l
No, if the prior (R) captures communities
(Remark

NO, if |;\2| Z |5\1‘
(Remark

Graphormer. Consider the Graphormer kernel from
Corollary [11] in Appendix [B] without the bias term, and
assume that the positional encodings capture all structural
information of the graph. In the SBM setting, this implies
that the spatial relation matrix coincides with the adjacency
matrix, i.e., R = A. Under SBM, the block entries Ty
and §, of K are determined by the recurrence given
in Table Bl The normalized kernel from Table 2] without
the bias term can be written as K(©) = K© . Zy_1, with
Zy1 = tr(AT(K*Y @ K=1)). Since our analysis fo-
cuses on whether the kernel preserves the block structure
induced by the SBM, the trace term does not play a role.
Consequently, it suffices to study the evolution of K®,

Remark 3 (Graphormer Convergence). As the number of
layers { — oo, the unnormalized Graphormer kernel K®
converges to the spatial relation matrix R. In the SBM set-
ting where R = A, the kernel effectively recovers the ground
truth, improving its ability to distinguish communities with
increasing depth. This benefit, however, relies entirely on the
quality of the positional encodings; in a real-world dataset
if R is uninformative, the kernel may collapse toward a
non-discriminative prior, resulting in oversmoothing.

Specformer. The evolution of the Specformer kernel un-
der SBM is presented in Table 3] Unlike the GCN and
Graphormer kernels, the Specformer uses a learnable spec-
tral filter, which is characterised by the parameters \; and
o that determine the cross-covariance Ky (Equation .
These eigenvalues control how different spectral compo-
nents are amplified across layers, and therefore determine
whether the kernel preserves the block structure induced
by the SBM. Depending on the choice of A; and Ay, Spec-
former can either collapse to the GCN behaviour or maintain
community separation, as detailed in the following remarks.
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Remark 4 (Specformer Collapses to GCN). The
Specformer-GP kernel collapses to the GCN-GP kernel
if the learned spectral weights correspond to the eigen-
values of the adjacency matrix, i.e., A1 5(p +q) and
A2 = 5(p — q). In this case, the Specformer kernel exhibits
the same oversmoothing behaviour (Corollaryl[l).

Remark 5. Specformer can preserve community structure,
even in the limit { — oo, when the learned spectral filter
satisfies | \a| > |\1|, as this amplifies the spectral direction
that carries the community information.

Remark 6. Graphormer-GP is the only architecture among
the analysed models that can remain informative of commu-
nities when the initial kernel is uninformative (i.e., xo = o).

Summary of Oversmoothing Behavior

While GCN-GP is structurally destined for rank col-
lapse and oversmoothing, attention-based models
provide mechanisms to preserve structural informa-
tion. GAT-GP avoids oversmoothing under a data-
dependent condition: communities need to be suf-
ficiently separated, which is a standard expectation
for graph learning tasks. Graphormer-GP relies on a
prior that encodes meaningful structural information
to prevent oversmoothing. In contrast, Specformer-
GP offers a learnable solution, where avoiding over-
smoothing is determined by the spectral weights opti-
mized during training rather than by the data or prior.
Together, these findings highlight how architectural
design influence oversmoothing.



5 EXPERIMENTS

While graph transformers are notoriously difficult to analyse
due to complex attention mechanisms and training dynam-
ics, our Gaussian Process (GP) framework provides a math-
ematically rigorous closed-form equivalent. We provide
the first kernel equivalent for graph transformers, thereby
offering a tool for studying their structural properties. A
structural phenomenon we investigate is oversmoothing.
In Section @ we formalise this behaviour by analysing
GP kernels under CSBM, revealing a fundamental distinc-
tion: while GCN-GP is destined to oversmooth (Corol-
lary [T), attention-based architectures can preserve discrimi-
native community representations as depth increases. Con-
sistent with this theory, evaluating GP kernels on synthetic
and benchmark datasets (homophilic Pubmed [Sen et al.|
2008] and heterophilic Chameleon [Rozemberczki et al.|
2019]) shows that GCN-GP performance deteriorates
with depth, whereas GAT-GP remains resilient to over-
smoothing (Figure 3] left; Corollary [2). Details of the exper-
iments are provided in Appendix [F| and the code to repro-

duce the experiments is available at https://githubl

com/MDK231/Graph—-Transformer—GP.

[—o— Laplacian Eigenvectors Spectral Reconstruction  —A=— Centrality Enc u(lmgl
Chameleon SBM (random features)
1.0
1.0
. 094
I 0.9 1
&
ERNER .
E 0.8
<
< 071 -3 0.7
- W."‘/_
£ 06 0.6 1 g
0.5 / e
054\, —_ /
| o A
\‘\A—A—-A—-A—-j—-i 04 Y
T -

T T — T T
2 5 10 20 50 100 200 500 2 5 10 20 50 100 200 500

Number of Layers

Figure 2: Oversmoothing behaviour and the impact of po-
sitional encodings. Test accuracy of Graphormer-GP on
Chameleon (left) and SBM with random features (right) as
a function of the number of layers. While accuracy in graph
models typically suffers from performance degradation with
an increasing number of layers, Graphormer-GP exhibits
increasing accuracy with depth when utilizing informative
positional encodings, such as Laplacian Eigenvectors (blue)
and Spectral Reconstruction (orange). This empirical trend
aligns with the theoretical results in Corollary E}

Graphormer-GP is sensitive to structural prior. Remark
[3] argues that when an informative structural prior is not
explicitly known for a real-world dataset, Graphormer may
still suffer from oversmoothing as the kernel collapses to-
ward a non-discriminative prior. Since Graphormer can
incorporate different structural priors, we ran additional ex-
periments on SBM with random features and Chameleon.
We evaluate three positional encodings (without bias) at
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large depth (Figure[2): Laplacian Eigenvectors, Spectral
Reconstruction (low-rank Laplacian approximation), and
Centrality Encoding (from Ying et al.|[2021]]). Across both
datasets, Laplacian-based encodings outperform centrality
encoding and resist oversmoothing. Motivated by these re-
sults, we incorporate Laplacian Eigenvectors into the other
GP architectures (Figure [3] right) and find that they can
mitigate the onset of oversmoothing.

6 BROADER PERSPECTIVE

The GP equivalence for graph transformers established in
this work provides a foundation for a broader theoretical
analysis. Analysing the model in the infinite-width regime,
independent of training dynamics, yields corresponding ker-
nel equivalents that enable the study of structural properties.
Among the central questions in such analyses is expressivity,
as the model’s representational power can be characterised
by the expressivity of the corresponding kernel. While our
current analysis demonstrates community separation at large
depth in the CSBM setting, it can be extended to study other
critical structural phenomena, including oversquashing (the
bottleneck of information propagation) and the model’s sen-
sitivity to heterophily under more complex random graph
models. Furthermore, although our primary focus is on node-
level kernels, our framework gives rise to edge-level kernels,
opening the door to analysing edge-level tasks such as link
prediction or classification. GP equivalence has already suc-
cessfully enabled the study of generalisation [Seeger, |2003|]
and inductive biases [Li et al.,|2021]] in deep learning, and
our results provide a basis for extending these analyses to
graph transformers. From a practical perspective, an impor-
tant remaining challenge is scaling these kernels to massive
graph datasets, which remains non-trivial due to the non-
linear, input-dependent pairwise interactions induced by
the attention mechanism. Addressing this challenge would
broaden the applicability of GP-based methods while pre-
serving the theoretical insights they offer. This work pro-
vides the first unified theoretical lens based on GP for graph
transformers, laying the foundation for a deeper understand-
ing of graph attention mechanisms.
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Figure 3: Oversmoothing behaviour across various GNN-GP architectures. Test accuracy is shown as a function of
depth for each dataset, comparing the original configurations against models augmented with Laplacian Eigenvectors. In
the original configurations, GCN-GP (blue) consistently suffers from a performance drop-off as the number of layers
increases. In contrast, GAT-GP (orange) demonstrates resilience to depth, maintaining stable performance as argued
in Corollary [2] The behavior of Specformer-GP and Graphormer-GP depends on the dataset. Notably, upon incorporating
Laplacian Eigenvectors, the tendency to oversmooth is significantly mitigated across all architectures.
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A DESIGN CHOICES
A.1 GNN WITH MULTI-HEAD AGGREGATION

A common finite-head formulation aggregates H = d“* head outputs by concatenation:
A" en)
70 = o(sEReIx W), ®)

where || denotes concatenation. This formulation is not suitable for taking the limit d“* — oo, since concatenation leads to
an ever-growing output dimension and prevents a CLT-based infinite-head analysis.

To obtain a well-defined infinite-head limit in a fixed feature dimension, we modify the aggregation mechanism by
introducing a shared projection that aggregates all head-wise outputs into the next-layer representation:

F(X) = a((HZfSéfié%f“(X) wh) W"H) : ©)

where W% are head-specific weight matrices and W% is a shared projection mapping the concatenated head outputs to
the fixed-dimensional feature space of layer 4.

This modification plays a crucial role in the infinite-head analysis: it replaces dimension growth by a fixed-dimensional
linear aggregation of head-wise random features, which enables a CLT-type argument despite the n X n stochasticity of

Sglff& (X) and the induced dependence across coordinates. As a result, the infinite-head GNN in (9) admits a principled

Gaussian-process limit while retaining the expressive stochastic message-passing structure encoded by ng\’ﬁzr

A.2 GRAPHORMER
In the original Graphormer architecture, structural information is injected through a centrality encoding, where each node

representation is augmented by learnable embeddings indexed by its in-degree and out-degree. Using our notation, the input
node representation can be written as

fi(O)(X) = ;i + 24eg (Vi) + Zqeg+ (Vi), 1o

where z; denotes the raw node feature and 24, , 2geg+ € R? are learnable degree-based embeddings. For undirected
graphs, the two degree terms are unified into a single degree encoding.

“Equal contribution.
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While such a design effectively injects node importance signals into the attention mechanism and has demonstrated strong
empirical performance on graph-level tasks, it represents a specific instance of structural augmentation based solely on
degree statistics. This degree-centric formulation becomes restrictive when considering node-level prediction tasks or when
aiming to incorporate richer and more general notions of graph structure.

To generalize this mechanism, we reinterpret centrality encoding as a special case of feature-level graph encoding insertion.
Instead of restricting the structural signal to degree-based embeddings, we introduce a general graph encoding term P/ at
layer ¢, and define the augmented node representation as

H&X)=[fl(X), Pf], eV, (11)

where f{(X) denotes the node representation produced by the backbone network at layer ¢, and P/ € R% encodes structural
or positional information associated with node v;. More importantly, (TT) allows P to represent arbitrary graph encodings,
including but not limited to Laplacian positional encodings, random walk-based encodings, or other task-specific structural
descriptors.

By explicitly separating semantic features ff (X)) from structural encodings Pf , the proposed formulation provides a flexible
and general mechanism for injecting graph structure into the model. This is particularly advantageous for node-level
tasks, where the prediction target depends on fine-grained local and mesoscopic structural patterns rather than global
graph summaries. Furthermore, the concatenation-based design preserves the modularity of the architecture and facilitates
theoretical analysis, as different choices of P can be studied independently of the backbone representation.

In summary, we treat centrality encoding as a special case of a more general graph encoding framework. The unified
representation (TI)) enables the incorporation of diverse structural signals in a principled manner, while maintaining
compatibility with Transformer-based architectures and node-level prediction settings.

A.3 SPECFORMER

Spectral Graph Construction in Specformer. In the original Specformer model, the graph structure is learned in the
spectral domain through a set of spectral tokens. Let H! € R*d"" denote the spectral tokens at layer t in eigenvalue

encoding, where each column corresponds to the output of one attention head. At layer t, each attentionhead h = 1,...,d%"
produces a separate spectral representation via
Zy, = Attention(H'WH | W th - gy Vth), (12)

where W@t WE:th and WVt are learnable projection matrices. The head-specific representation Zj, is then mapped to
a vector of filtered eigenvalues,

My = o(Z,W)y) € RY, (13)

where o(+) denotes an activation function. Each eigenvalue vector \;, defines a spectral graph operator
Sp = Udiag(\,) U, (14)

with U denoting the eigenvector matrix of the graph Laplacian.

As a result, the ¢ attention heads produce d*! distinct spectral graph operators {S h}ﬁ:{ These operators are subse-
quently used as intermediate bases to construct feature-wise graph structures. Specifically, the operators are concatenated
along the channel dimension and mapped to the node feature dimension d through a feed-forward network (FFN),

S=FFN([In|Si - || Sgrrr]) € RV*¥Nx, (15)

The output S thus consists of d graph operators, where each slice 5‘1,:’1- corresponds to a distinct adjacency (or Laplacian)
matrix associated with the i-th node feature dimension.

Based on these feature-wise graph operators, graph convolution is performed independently for each feature channel. Let
f(X) (¢(=1) ¢ RNV*4 denote the node representations at layer £ — 1. For the i-th feature dimension, the propagation is given
by

2 ‘— & ‘—

FEXOUY =8 Fx5, (16)

)
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Table 4: Summary of the Gaussian weight priors used for each graph transformer in the GP analysis. These priors define the
variance of the initial weights for all linear transformations and attention parameters.

Model Weight Priors (Variance)
H z h _p o)
GAT Wi NN(O, W) NN(O’ - 1) khNN(O’ d1271>
Graphormer Wi?’m ~ N(O, dUQ > WK o N(07 dJK ) ;
£—1 £—1

WZHNN(O,W) V@h N(O, d[w ) b (Z j)NN(O,O'g)
Specformer Wg R (0, 0g/di-1), Wf]( tRh o N0, 0% Jdy_1),

WY’tkh N(O Uv/dt 1) thH NN( ’W)

]

and the node representations are updated as
FX) = o (fx) D). a7)

While this construction is expressive, it introduces a fundamental statistical issue. Since the d graph operators {S. . ;}¢  are

jointly generated through a shared FFN, they are statistically dependent. Consequently, the feature dimensions of f O (X)
are no longer independent, violating the independence assumptions required by the Central Limit Theorem (CLT). As a
result, the original Specformer formulation does not satisfy the conditions necessary for CLT-based infinite-width analysis.

Multi-head Aggregated Spectral Construction. To address this issue, for each head of graph convolution layer heads
d“H | we modify the spectral construction by employing multi-head attention to generate a single set of spectral coefficients,
rather than one per feature dimension. Specifically, at each layer ¢, the outputs of the d"¥ spectral heads are aggregated
prior to spectral filtering. The spectral tokens are updated as

Ht+1 — (Hh 1S(th (Ht) wavth) WHI‘ (]8)

Spec

where WH:! is a learnable projection matrix.

After T eigenvalue encoding layers, we obtain the final spectral tokens H = H”. Based on H, a single set of spectral
coefficients is generated as -
A=oc(HW,) € R, (19)

which defines the final graph convolution operator
SSpeCfOrrner = Udlag(jx) UT c R™", 20)

By constructing a shared spectral operator across feature dimensions, this formulation preserves feature-wise independence
and restores the conditions required for CLT-based infinite-width analysis.

B FORMAL THEOREMS ON GAUSSIAN PROCESS LIMITS OF GRAPH
TRANSFORMERS

In this Appendix, we present the formal theorems and kernel recursions establishing the Gaussian process limits for graph
transformers, derived under the independent Gaussian weight priors summarized in Table [}

Graph Attention Network (GAT) In GAT, attention is computed locally over graph neighborhoods, and in the infinite-width
and infinite-head limit, both the attention logits and node pre-activations converge to Gaussian processes. The resulting
kernel recursion reveals how features and neighborhood structure jointly shape representation propagation.

Theorem 7. (Infinite-width and infinite-head limit of a GAT layer) Assume that the parameters of the (-th GAT layer satisfy
Wf’j?H ~ J\/(O, dz;’#) ,ij’h ~ ./\/(O, djﬁ’l) T ~ N( ) , independently for all i, j, k and heads h, then, as
dy,d"H — oo, the following holds:
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@ BY(X) = {E™(X) : h € N} converges in distribution to E*(X) ~ GP(0, KO-E) with

Lh Lh th’
EMWE = E[ESM(X) B (X)) o
= Op—n- olo (K(e 2 + K(é 1))

wrv
(1) ¢*(X) converges in distribution to g*(X) ~ GP(0, 2 with

), =E[(SGR0),, (36X, ]

/1 1 (22)
= E[o(o(BSY (X)) o((E)," (X))

s = E[gh (X) g (X)]

_OHU2 Z Z K(Z 1) ol bJ’ 23)

1€ENg JEN,

where a,b € V and (a,1),(b,j) € E

Theorem [7] shows that, for each attention head, the collection of attention logits over edges converges in distribution to
a centered Gaussian process, with different heads becoming independent in the limit. Equation (ZI)) characterizes the
covariance between attention logits on two edges (a, i) and (b, j), which is driven by the similarity between the two source
nodes a, b together with the similarity between the two target nodes 7, j, so edges whose endpoints are simultaneously close
in representation space exhibit stronger correlation. Using Equation (21)), the theorem then derives the Gaussian process limit
of the pre-activations. Equation (23 describes how node-level dependence propagates to the next layer, where the covariance
between the pre-activations of nodes a and b at layer ¢ is obtained by aggregating contributions from all neighbor pairs (4, j)
with ¢ € M, and j € N}, combining similarity among neighboring node representations from the previous layer with the
alignment induced by attention on the associated edges. Together, these results yield a kernel recursion that describes how
feature and graph govern representation propagation across layers. Theorem 7] establishes a general kernel recursion, and to
obtain a closed-form recursion, we next consider specific choices of the attention and activation nonlinearities.

Corollary 8. (Closed-form GAT kernel recursion) Under the assumptions of Theorem[7] for ¢(x) = x and ReLU activation
o(+), the node-level covariance kernel at layer ¢ admits the closed-form expression

2 4 2
() _ Og9wOy (£-1)
S = e 2 2 Ky

1€ENg jJEN,

R+ K ) (RE + KO @4)
1 (e—1) (-1
x (bln oaz bj) ( - eaz ,bj ) Cos aaz b])> .
o KD | gD
0uip; = arccos . (25)

VR 4 KD (570 + )

Kernel in Corollary [§induces a quadratic computational cost over neighborhood pairs. To further simplify the recursion, we
consider a linear activation.

Corollary 9 (Linear GAT kernel). Under the assumptions of Corollary|S| and for o(x) = x, the node-level kernel admits
the following simplified closed-form recursion:

>0 =020t o (K(Z D@(AKZ 1AT)

+A(K(“1) ® K(e—n)AT)
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Graphormer As introduced in Section [2] Graphormer incorporates graph information through a positional encoding
mechanism. In the infinite-width limit, the output converges in distribution to a Gaussian process whose kernel satisfies

KD oKD 4 (1-a)RO e (0,1). (26)

Where the matrix R can be interpreted as the covariance matrix of the corresponding positional encoding which can be

computed as an inner product of positional embeddings, i.e., Rff) (P(Z) (¢ )> Alternatively, instead of introducing
explicit positional embeddings, the graph structure itself can be directly leveraged to construct a node-level graph-structure
covariance matrix. Theorem [I0]characterizes the Gaussian process limit of a Graphormer layer by establishing joint limits
for both the attention logits and the node pre-activations. Although the proof strategy is analogous to GAT, the incorporation
of positional encodings and how the attention scores are computed modifies the kernel.

Centrality Encoding (CE) differs from other positional encoding that it constructs a learnable embedding based on node
degrees. Specifically, a CE parameter matrix has size Pop € R(ax-degreet1)xd and each entry is initialized as (Pcg)ij ~

N (07 [%TE) . Since we only consider undirected graphs in this paper, nodes with the same degree share the same embedding

vector, i.e., P, = Pcgldeg(v)] € RY. Under this construction, the embedding correlation satisfies

B otn, deg(a) = deg(b),
E[PJPb] = {O’CE deg(a) # deg(b).

Therefore, we obtain

R, = U%E’ deg(a) = deg(b>7
“® 0, deg(a) # deg(b).

Theorem 10. (Infinite-width and infinite-head limit of a Graphormer layer) Assume the parameters of the (-th
Graphormer layer satisfy WS’M ~ N(O le) S ,/\/(O7 . ) WKH ~ N( ,(%37’&;71) W

?dg— 2 v
./\/'(O7 d,32 ) bs(i,5) ~ N(0,02), independently for all i, j, heads h, and structural indices ¢(i, j), then, as dg, d“H — oo,
the followmg holds:

(@ BY(X) = {E'™(X) : h € N} converges in distribution to E*~1(X) ~ GP(0, K“)-F) with

KGOE =B[EGY (X) B (X)]

ai,bj
. 3 27)
-1 {—1
= On=n' ("Q"?( Ky VK5t 1¢>(a,z‘>:¢>(b,j))-
(1) ¢*(X) converges in distribution to g*(X) ~ GP(0, 2O with
@) (¢,1) (¢,1)
Cal bg E |:<SGraphormcr (X)) ai (SGraphormcr(X)) bj:|
(e1) (1) (28)
= E[¢(Em (X)) (B (X)),
L -1 4
Z((lb) =K [gﬁl(X) gbl - UHU2 Z Z K( ) (gz)ij (29)

i€V jev

where a,b,i,j € V.

Equation (26) shows that the effective similarity between nodes depends on both the similarity of node features and
the similarity of graph structural features encoded by the positional information. Equation further indicates that
attention correlations are strengthened for node pairs sharing the same structural relation, ensuring that graph information is
explicitly leveraged in guiding attention. Equation then propagates the attention correlations to the next layer through an
aggregation over all node pairs, reflecting that, unlike GAT which is restricted to local neighborhoods, Graphormer induces
similarity connections between every pair of nodes in the graph. The following corollary specializes Theorem [I0]to linear
attention.
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Corollary 11 (Closed-form Graphormer kernel under linear attention). Under the assumptions of Theorem and for
¢(x) = x, Consequently, the node-level covariance kernel at layer ¢ admits the closed-form expression

-1 ~(0-1) F-(6—1
E(b) = o502 laQaK K( ) Z KZ-(j )Ki(j )+
1,jEV

Z K(() 1¢(a,i)=¢(b7j)] ,where a,b,i,j € V.
i,jeV

Specformer. As detailed in Section 2] the convolution in Specformer is composed of spectral tokens and node features. The
spectral tokens are first processed through 7" layers of encoding, and are subsequently passed through a decoder to construct
a data-dependent spectral filtering that governs the propagation of node features. The following theorem characterizes the
behavior of Specformer in the infinite-width and infinite-head limit. In this regime, (I) the spectral-token representations H¢,
which are updated through attention, and (II) the node-feature pre-activations g(X) converge in distribution to a Gaussian
process.

Theorem 12. (Infinite-width and infinite-head limit of Specformer) If the parameters of the t-st token layer satisfy
2
W~ N (0,03 /i), W~ N(O,0% fdio1), W™~ N(0,08 fdir) and Wi ~ M0, 55— ),

1] J
independently for all indices, token heads k, and spectral heads h, then, as dy, d"™ — oo, the following holds.

(I) H converges in distribution to H* ~ GP(0, KS)) with

k,h),E k,h K.k
K5 E = E[BSMY (1) B (1))

1 1 (30)
= Ok=k’ Oh=p’ UQUK Kg zk) ngl)7
CIRH,H') = S B[ (SSL (1), (SSo (111 ] o
. ]E{QZ)(E;?L}L (H)) gﬁ(EJ(;’l’}”)(H/))},
Kyt = E[(HO)(H),]
(32)

= Oh=n UOUV Z ngll Ci(li:?l)(HﬂH/))’
kleV

0 0
where i, k, j,l € V and K}gfg = % with d as the spectral-token embedding dimension.

(11) If the parameters of the (-st graph convolution layer satisfy Wy ;; ~ N (0, o2 /dy_1), WZ oo N( , d“{i;l) and

the eigenvalue decoder layers satisfy Wy;?) ~ N(0,03% /dr) independently for all indices and spectral heads h, then, as
de,dr,d" — oo, g*(X) converges in distribution to GP (0, £(9)) with

Kb = Onen E[AM (H) X(h,) (H")]

£ 7 (h' (33)
= 0p—p E [ ( H(h)W zh) ) ((H(h )W)(\&h))b)]y
Bl = oholU (Ko (UTKD0)) 0T, (34)

where a,b e V.

Equations (30)—(32)) describe how the covariance induced by the previous token layer is recursively transformed through a
standard transformer. At the terminal token layer, Equation (33)) transfers the resulting token-level covariance to the spectral
domain by inducing a kernel over the learned spectral filter coefficients. Equation (34) then defines the recursion of the
node-feature kernel: the previous-layer node covariance is mapped into the Laplacian eigenbasis, modulated elementwise
according to the induced spectral kernel, and projected back to the node domain. Together, these equations specify a coupled
kernel recursion in which attention governs spectral reweighting, and graph convolution propagates the resulting covariance
across layers.
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C PROOFS OF THEOREMS 7]

Proof technique. Our analysis follows the standard induction-on-layers framework for establishing Gaussian process
(GP) limits of randomly initialized deep neural architectures (Matthews et al. [2018]], |[Lee et al.| [2018a], Novak et al.
[2019], |Garriga-Alonso et al.| [2019], Yang| [2019], Hron et al.| [2020]). When the layer-(¢ — 1) representations converge
in distribution to a Gaussian process, we show that the layer-¢ representations also converge to a Gaussian process under
suitable initialization and moment conditions.

A key methodological step of this work is to develop a unified convergence framework for graph transformers in the
infinite-head regime. At a high level, our strategy is to establish a single infinite-head convergence theorem that yields a
Gaussian-process limit for the model outputs, while making explicit the analytic conditions required for interchanging limits
and expectations.

Concretely, Appendix [C.1| proves a general infinite-head convergence result for multi-head attention aggregation layers,
covering all four architectures studied in this paper within one theorem. Importantly, this output-level convergence in
the infinite-head limit is not obtained in isolation: the proof requires distributional convergence of the corresponding
graph convolution operators, together with uniform integrability, which ensures convergence of expectations and justifies
interchanging limits and E/[-]. Therefore, we separately establish the convergence of the graph convolution operators for
each model Appendix[C.2}[C.3][C.4] and D] These operator-level results, together with uniform integrability (Lemma [28§)),
yield convergence of expectations via Theorem[29] Combining these ingredients completes a single coherent route to the
final, uniform convergence statements for all models under infinitely many heads.

Technically, the core convergence arguments proceed by reducing finite-dimensional distributional claims to one-dimensional
linear projections via the Cramér—Wold device (Lemma[27), followed by a central limit theorem for exchangeable triangular
arrays (Lemma|[I3) applied at the multi-head aggregation level. Slutsky’s lemma (Lemma[30) and the continuous mapping
theorem are then used to combine the convergent random components. Finally, passage of limits through expectations
is justified by uniform integrability (Lemma 28) together with the convergence-of-expectations theorem (Theorem [29),
which is enabled precisely by the integrability properties established through the graph convolution operator convergence in

Appendix

C.1 CONVERGENCE OF ¢(X)

Since all this four models require the number of attention heads to grow to infinity in order to admit a well-defined Gaussian
Process (GP) limit, we adopt a unified and general analytical framework to establish their GP convergence.

We analyze the multi-head aggregation at a fixed layer index £, mapping the GP input f*~! to the GP output f*. For each
head h € {1,...,d""}, node a € V and input X € Xj, define the single-head pre-activation output at layer ¢ by

g (X) = St M) W, (35)
The multi-head output at layer £ is given by
g'(X) = [¢" (X, g™ (X)W (36)
where W% # is the output projection matrix, whose columns we write as
whHH — [wa, ... ,wfl’fH ]7

with wfl’H corresponding to head h. The variance of W% is chosen such that the overall scaling corresponds to a properly
rescaled weighted sum over the d“¥ attention heads.

Lemma 13 (Adaptation of Theorem 2 from Blum et al.,|1958). For each m € N, let {X,,,; : i = 1,2,...} be an infinitely

exchangeable sequence with E[X,, 1] = 0 and E[X, | = 07, such that limy, o 07, = 0 for some 0 > 0. Let

Sn = Z Xm,ia (37)



for some sequence (dy,)m>1 C N such that lim,,,_, o d,, = co. Assume:

(a) E[Xm’leg] = 0,
(b) lim E[szn,lXTQn,Q] = U4v

n—oo

(©) E|Xma]? = o(v/dp).

Then Sp, % Z, where Z = 0 ifo? =0, and Z ~ N(0,02) otherwise.

Lemma 14 (Node-level GP limit). Let the assumptions of Theorem[]], Theorem[I0} Theorem[I2|and Theorem 33| hold. The
collection of layer-{ pre-activation outputs

g'(X) = {g5(X): X € Xp, a €V}

converges in distribution to a centred Gaussian process whose finite-dimensional marginals are Gaussian with covariance
given by the node-level kernel K©.

Proof. Following the Cramér—Wold device [Billingsley, |1986, p. 383], it suffices to establish convergence of one-dimensional
projections of finite-dimensional marginals of g*(X).

Fix a finite index set £ C Xy x V and test vectors {a*¢ € RY : (X, a) € L£}. Consider the linear statistic

T = 3 (™) Tga(X). (38)

(X,a)eL

Using the concatenation form (36) and writing g( Fh (X) for the a-th row of the h-th head, we obtain

dOH
PO S (S0 )
(X,a)eL h=1
dOH
T T @0 ugn.
h=1 (X,a)EL
=:¢(n

Define the rescaled head-level variables
pi=VdeH ¢, h=1,...

so that
d/ H

7O = T@ th

(39)

For each head width d“*, this defines a triangular array

¢, H
{arr p Yoy,

where, suppressing the explicit dependence on d“¥ for notational simplicity, each 1/;, admits the representation

=Vati " (@) T gt (X)wy . (40)

(X,a)eL

Thus 7 is of the form @) in Lemma with X, ; identified with v;, and d,, with d“H  To invoke Lemma it suffices
to verify conditions (a)—(c) for the array {1/1h}§lf:'?, which is achieved by the following lemmas:

* Exchangeability of {15} in the head index / is established in Lemmal[I3]
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 Zero mean and vanishing cross-covariance, E[¢] = 0 and E[¢112] = 0, follow from Lemma

« Convergence of the variance, E[1)?] — 72, is proved in Lemma

* Convergence of the mixed fourth moment E[¢/2)3] — 7% and the growth condition E|t; |3 = o(v/d’-H) are established
in Lemmal[I8]

Therefore, by Lemma T converges in distribution to a centred Gaussian random variable with variance 72. Since
L and the test vectors {a~%} are arbitrary, the finite-dimensional distributions of g*(X) converge to those of a Gaussian
process with covariance given by the node-level kernel K (). (]

Lemma 15 (Head-wise exchangeability). Under the assumptions of Theorem E] the random variables {wh}ff; are
exchangeable over the head index h.

Proof. In all four of our models, for distinct heads &, the parameters
{WZ,IN waH}

(including those appearing in ng\]h&) are i.i.d. across h and independent of all previous-layer variables. Conditioning on the
previous-layer representation f*~1() (i.e., fixing { f*"1(x) : x € X'}), implies that (¢1, . .., %g4e,u ) are i.i.d. in h, and
hence their conditional joint distribution is invariant under any permutation of the head indices. Therefore, by de Finetti’s
theorem, {1, } nen is infinitely exchangeable.

O

Lemma 16 (Head-wise zero mean and vanishing cross-covariance). E[¢);] = E[¢192] =0

Proof. From (40),
> VAT TSGR 100) wpt

(X,a)eL

Condition on the o-algebra generated by {f*(X) : X € X} and {S((hog h € N}. Under this conditioning, wf’H is
independent of all conditioned variables and is centred Gaussian. Therefore,

[% ‘ {r'(x }XeXU,{SGNN}heN} = Z VdtH (o) T (SSN?V fK(X)>aE[wf’H} =0,

(X,a)eL

and hence E[¢1] = 0.
For E[1)112], expand the product using (@0):
— gt (1) eo X'b tx whH Wb
Pripa = Z Z GNNf( )) (e ) GNNf( ) b wy wy .
(X,a)eL (X', b)eL “
0H

Conditioning on { f*(X)} xex, and {Sgl’\ﬁ\)l}heN, the random variables w!"*" and w
and independent of the remaining factors in each summand. Thus

are independent, centred Gaussian

Efuf " w§ ™) = Efwf 7 |Ews ™) = 0,

which implies

[%% ‘ {9 xexs {SGNN}}LEN:| =0, andhence  E[t192] =0

Lemma 17 (Head-wise variance convergence). There exists 72 > 0 such that limge,n _, o E[1)3] =
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Proof. Observe that E[)?] can be written as

]EW)%] — gbH Z (aX,a)TE[gEI(X) wf,wa,HT gm(X/)T o Xb
(X,a),(X',b)EL
ﬁ Z (aX’a)TE[ga(X) gél(X/)T} aX’,b
dy / ’
(X,a),(X',b)EL

0H,  0H z
where we used E[w; " w) ™ 7] = d;ﬁH-

ﬁJE[g“(X ) g™ (X )T} = ﬁIE[(S&#RW”“(X)We,l) (SSX fé_l(X)We}l)T]

dy dy
ey X)) T e
P Pale I

We may thus apply Lemma[29] which requires convergence in distribution of the integrands to the relevant limit and uniform
integrability of the integrand family. Convergence in distribution follows by combining the model-specific convergence
argument in Lemma|[I9 Lemma[25] Lemma [26] Lemma [36 with Lemma 30| and [Hron et al.|[2020, Lemma 33] combined
continuous mapping theorem. Uniform integrability is obtained by Holder’s inequality together with [Hron et al.| [2020]

Lemma 32] and the corresponding moment propagation result for Sgl;]h&, namely Lemma Lemma Lemma
Lemma[34]. Hence the integrand family is uniformly integrable by Lemma 28] concluding the proof. O

Lemma 18. Forany h,h' € N, E[t)2v2,] converges to the mean of the weak limit of {313, } ge.vi s o0
Proof. 1t is enough to prove convergence of expectations of the form
E[gf"(X) gi (X) T g (V) g ()T

where a, b, ¢, d range over feature indices and (X, X', Y, Y") € L.

Using the definition of g, we may rewrite the above as

E[gf"(X) gi" (X)) T g (V) g8 (V)]

’ f@—l X f€—1 X/ T ’
:Uqu[(SgNhl\)I)a ( 2571 X (SgNhl\)I)b
N fZ—l Y fﬁ—l yNnT o
(sgiud), T (500 .

By Hron et al.|[2020, Lemma 33],

<f£1(Xzi{_£11(X/)T, fel(Yzi{_fll(Y/)T) P, (K(l’l)(X,X’), K(zq)(y’ Y’)).

Since ng\jhl\)} and ng\ﬁ;) converge in distribution (and are independent of the weight matrices producing f¢~'). Then the
entire integrand converges in distribution by Lemma[30} Finally, Billingsley| [1986] Theorem 3.5] together with Holder’s
inequality and |Hron et al.|[2020, Lemma 32] implies uniform integrability of the integrand family and hence convergence of
the expectation, concluding the proof. O

C.2 CONVERGENCE OF S}

In Lemma we showed that, under the GP induction hypothesis on the node features, it is sufficient to assume that ng\ﬁ\)l

converges in distribution in order for the layer-(£) pre-activation outputs g*(X) to converge in distribution to a Gaussian
process. In the standard GAT parameterisation, S’gl\ﬁ\)l is a measurable function of the attention logits £(**), and hence

306



convergence of E(") to a centred Gaussian process implies convergence of Séff\ﬁ\)} by the continuous mapping theorem.

Consequently, to establish Gaussian process convergence of the GAT outputs, it suffices to prove that the attention logits
converge in distribution to a centred Gaussian process.

We now recall the version of the Blum—Kiefer—Rosenblatt central limit theorem that we will use, following Matthews et al.
[2018}, lemma 10], and apply it to establish convergence of the attention logits. Fix a layer index ¢. For each head h and
graph edge (a, 1) € &, recall the attention logit

EUM(X) = @), [Whr LX), W LX),

with the scaling and independence assumptions on Wy ;, and @y, given in Theorem

Because the graph structure in GAT only affects the model through subsequent linear aggregation of the attention outputs,
and linear transformations preserve Gaussianity, it suffices to establish convergence of the attention logits themselves. More
precisely, for the fixed layer ¢, we show that the collection of logits

EO = {E"(X): X € X, (a,i) € &, h € N}

has finite-dimensional marginals converging, as d; — oo, to those of a centred process with covariance given by the
edge-level kernel K ()-¥ defined in Equation (Z1)) of Theorem 7]

Lemma 19 (Logit-level GP limit of GAT). Let the assumptions of Theorem[/\hold. Then, for the fixed layer (, the process
EO = {E'"(X): X € X, (a,i) € &, h € N}

converges in distribution (as dg — 0 ) to a centred process whose finite-dimensional marginals are Gaussian with covariance
given by the edge kernel K\O°F of @1)) in Theorem E]

Proof. Using |[Hron et al.| [2020, Lemma 27] and the Cramér—Wold device [Billingsleyl |1986[, we may restrict attention
to one-dimensional projections of finite-dimensional marginals of E(“), Let C C X x £ x N be finite, and choose test

matrices {3%:%%"} of the same shape as E,(léh) (X). We consider linear statistics of the form

TE’Z — Z <6X,ai,h’ E{(}ih) (X)>F

(X,(ayi),h)eC

= Z <BXM h \/>Z|: Lh,j Zh ]fé I(X)1T+1Uéilz)]W£,h,]ff1(X)}>

(X,(a, z) h)eC r

\FZ Do (BN WanafiT (X0 1T+ 1 G W £ X0)

i=1(X,(a,i),h)eC

=¢;

Here (-, )  denotes the Frobenius inner product (equivalently, the Euclidean inner product on vectorised matrices). We

decompose the vector v into two subvectors v(%) and v(#), which have equal length and identical distribution. Thus TE is
of the form (37) with X, ; identified with ¢; and d,, with d,. To invoke Lemmait suffices to verify conditions (a)—(c) for

{; }?’-’: 1> which we do in Lemmas [20H{24{below:

* Exchangeability in j is established in Lemma 20}

 Zero mean and vanishing cross-covariance follow from Lemma

* Convergence of the variance is established in Lemma[22]

» Convergence of E[p?¢3] is proved in Lemma 23]

The o(+/dy) growth of the third absolute moment is implied by Lemma

Hence T converges in distribution to a centred Gaussian random variable with variance determined by the limit of E[¢?],
which is exactly the covariance specified by the edge-level kernel K (“"):F_ Since C and the test coefficients are arbitrary, the
claim follows by Cramér—Wold. 0
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Lemma 20 (Exchangeability over feature index). Under the assumptions of TheoremEI the random variables {(pj _1 are
exchangeable over the index j.

Lemma 21 (Zero mean and vanishing cross-covariance). Under the assumptions of Theorem[7} we have

E[p1] =0,  Elpigpo] =0.
Proof. Recall that, for a finite index set C C Xy x € x N,

;= Z (Breih Ué£)1Wé,h,»1f£_l(X) T+l Uéh) WenafiH(X)),, =12,
(X(a,i),h)eC

where (-, -)  is the Frobenius inner product.
Mean. For any fixed (X, (a,i),h) € C,
E[(85 0 G0 W a () 1T 4+ 1 00 Wena fX) | = (85, 0) =0,

since Wy p .1, 17§£)1 and ﬁéff)l are independent, centred, and have finite moments, and the entries of f(X) are almost surely

finite. Summing over (X, (a,i), h) € C gives E[py] = 0.
Cross-covariance. Define, for j = 1, 2,
RMX;a,4) 0= T Wen g FHX) 1T + 1 G50 We s 71X,

Then '
o= Y, (BYMEBRNXai)E §=1,2,
(X,(a,i),h)eC

and hence

Elpipa] = Y S (B TE[R (X5 a,0) RY (X5a, 1) T] gX

(X,(a,i),h) (X', (a’,i"),h")
We now expand the inner expectation. By definition,
R?(X;aal)*vehﬂ/véh AfNX) 1T 41 Ughlwéh LX),
RE(X'5d,i) = G ) ) Wen o fTHX) 1T + 1000, Wo 2 £ 1 (X).
Thus
E{R?(X; a,t) RQLI (X';d, i’)T]
= E{17%’)1We,h,-1f£_1(X)fff_l(X/)T(We,h',-2)T(U§5%2)T
0 Wena S O ST X (Wear,2) T (53)5) T
éh)1W€h AfTH O FTH XN T (W, )T(ﬁéf)yz)T
T Wena ST ) ST )T (W) T(010) 7).

In each of the four terms above, the random matrices Wy j, .1 and W,/ .o appear with total degree one. Since the columns
{Wi.p..;}; are independent and centred, and are also independent of f*(X) and f*(X"), we obtain

E[R;‘(X; a,i) Rl (X';d, i')T} =0

entrywise, for all (X, (a,i),h) and (X', (a/,¢’), h’). Therefore every term in the double sum for E[p; 5] vanishes, and
hence

Elp102] = 0.
This completes the proof. O
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Lemma 22 (Convergence of the variance). Under the assumptions of Theoremlz there exists o2 > 0 such that

lim E[p?] = o2

dg—00
Proof. From the definition of ¢ in Lemma[21] we can write

Elefl= > Y (BYUMTE[RIXGa) RY (Xd, )T |8

(X,(ayi),h) (X', (a’,i"),h")

where
RIYN(X;a,4) = 0 W f7HX) 1T + 180 We 1 fE7HX.

The inner expectation can be expanded as
E[RT(X;CL,Z') R?,(X';a’,z")q
:E[(#)W&h,.lfj()() T 1 AW fEXO) (B W £ (X7 1T +1-a§R>W@,h,,.1f§(X'))T}
= E[AWena £ OFHX)T W) T (@)

FOWe g S X)X T (W) T (@3)T

+ AW fH X FHX) T Wer )T (@35)T
+ AW I ) ST XD T W) T @),

—

Hence

Elfl= > X BB Wena 7 0L X T Wear) T @)

(X,(a,i),h) (X', (a’,i’),h’)
+E{U£L)Wz,h,~1f§_l( )i X)) T (W 1) (ng))q
+E{U§R)W€,h,~1ffil(X) ffl(X/>T(Wz,h',l)—r(ng))T}
FE[PWe g S ST Wepe )T (4P T] L g0

Using independence, zero mean and the variance scaling of Wy 3, .1 and Wy 5,/ .1 from Equation (5) of Theorem 1, each of
the four expectations above can be rewritten as a constant multiple of

g A 00t

—1

with (u,v) € {a,i} x {a’,i'}. By the inductive GP hypothesis for layer ¢, these expectations converge entrywise to the
corresponding entries of & (“~1) (X, X')[Hron et al., 2020, Lemma 33]. Therefore E[¢?] converges to a finite limit, which
we denote by o2, O

Lemma 23 (Convergence of the mixed fourth moment). Under the assumptions of Theorem([7}

lim E[plp3] =

dyp—00

Proof. Define
RMNXa,0) o= 0 W s 7N X) 1T+ 10O W i f71(X), =12

Then

ei= > (B RNXai)F, j=1,2.
(X,(a,i),h)eC
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Hence

Elefell = > X (B TERNXa )R (e, 0)T| gt
(X(a,),h) (X7, (a’,@),h")

(X TR RY (X3l ) RY (X5l )T X0
We have, for example,
B[ RL(X; 0, ) RY (X 0,0)T |
= E{(ﬁgL)Wz,h,‘lff_l(X) 1T+ 1. 17§R)We,h,‘1ff_1(X))
X (W fE (0 1T + 1O W f71(X0) T

and similarly for RY' (X'; a’, i') with parameters (@, b). Thus a generic term in the expansion of E[p?2] takes the form

— _ _ _ T
E{(vgmmhﬂf‘f LX) 1T + 10O We 1 £71X0)) (0 W £ 1T + 10 W 0 £71(X)

a’ i’

_ _ _ _ T
X (05 W pr o fS XN IT + 10 OWe g o fo X)) (0S8 W o TN X + 108 W o f57H(XD) }

Expanding this product yields a finite sum of terms of the form

E[@] Wena fi (XS X) T (Wen) T2 - 2] W 227 (X)X T (W, 2) 2]

u’/ z!

where 1, Uiy, 21, Z> are fixed coefficient vectors formed from 17§L), ﬁﬁR), and (u, 2) € {a,i}?, (v/,2') € {da’,i'}?. Using

independence and the variance scaling of W, 5, .1, Wy 5/ .2, each such term is proportional to

XX fff_l(X')ff/_l(X’)T]
de—1 de—1 ’

E|

Thus E[p? 3] can be written as a weighted sum of expectations of the form

E {fﬁ‘l (X)L T (X)) fTI(X’)T}
de—1 de—1 ’
with (u, v, u’, v") ranging over a finite index set. By the inductive GP hypothesis for layer £ and Lemma each factor

S X)X
do—1

converges in probability to the corresponding kernel entry K. (=1 (X, X), and similarly for (X', v’, 2’). By the continuous
mapping theorem the products converge in probability to sums of products of kernel limits such as

KX X) K 2P (X, X0,

u'z’

Using the eighth-moment bound on f* (as in Lemma and Holder’s inequality, the collection of these products is
uniformly integrable. Hence the expectations converge to the corresponding products of limits, and we obtain

lim E[(p%(p%] = Ui’
dg—)()o
with 02 as in Lemmal[22} O

Lemma 24 (Third absolute moment). Under the assumptions of Theorem([7]
3
E’apl‘ = 0(\/d4).
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Proof. By Holder’s inequality, it suffices to show that

hmsupIE’gol‘ < oo.

dg—)oo

Using the same notation R’ (X) as above, we can write

| = > (55 TE[ R CORE(X)TRY (X)RY (X)T] X7

(X,(ayi),h), (X", (asi"),h")

Each expectation is a finite sum of terms bounded by

8
E
B ey B (D]
which is uniformly bounded in dy by the same eighth-moment assumption used in [Hron et al.|[2020, Lemma 32]. Thus
|1 |* is uniformly bounded, which implies E|¢;|®> = o(v/d;) and completes the proof. O

C.3 CONVERGENCE OF 5'“"

Graphormer

Since the infinite-width limit for networks with positional encodings is treated in [Hron et al.| [2020, Appendix C], and
since Lemmareduces the infinite-head argument to convergence in distribution of ng\lhl\)], it remains to establish this
convergence for Graphormer with structural bias. In Graphormer, S’((f;l\)] is obtained from the attention logits (‘") by adding
the structural bias and then applying a softmax functin. Therefore ng\lhl\)] is a measurable function of the bias-augmented

logits, and convergence in distribution of the logits implies convergence of S((}Zf\?l\)l by the continuous mapping theorem.

Hence it suffices to prove that the attention logits still converge when the structural bias is included.

Lemma 25 (Logit-level GP limit of Graphormer). Let the assumptions of Theorem[I0| hold. Then, for the fixed layer (, the
process
EY .= {EYM(X): X € X, (a,i) € (V x V), h e N}

converges in distribution (as d[ — 00) to a centred process whose finite-dimensional marginals are Gaussian with covariance

given by the edge kernel KO- of 1)) in Theorem .

Proof. By definition of the Graphormer attention logits (Equation (3))), we have

(FE WM (WM T

(eh) (5
EA . =
i ( ) /*de

+ bp(i,j) :
(rrcowen) (srooween)
Vi
Lh ¢h' ’
E[ESY (X)ES (X)) = E[(GE(X) + bygan) (GEF (X) + b))
=E[G (X)GW( X)+ bp(a,i)Gg?l (X) 4 b, Gar (X) + bp(a,iybp(o. )]
=E[G(X)G (X)] +E[by(aiboes.i)]

. The covariance E [E(Eh) (X )Eéﬁh/) (X)] can be rewritten as:

Define Ggh) (X)=

Since the convergence of G'“") (X) have already been proved in Hron et al.|[2020, Lemma 12], and bg (v, v;) are independent
for different value of ¢(i, j), thus

E[ES" (0 By (X)) = dnew (0B0k K57V K™Y + 08 Lyair=s0.) )
C4 CONVERGENCEOF SI .. .

In Lemma. we showed that, under the GP induction hypothesis on the node features, it is sufficient to establish that SGNN

converges in distribution in order for the layer-¢ pre-activation outputs g*(X) to converge in distribution to a Gaussian

(&h) _

process. In Specformer, the message-passing operator is defined by Equation(2)), so Sy = Consequently,

SSpecformer .
to establish Gaussian process convergence of the Specformer outputs, it suffices to prove that Sélpecformer converges in
distribution.
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Lemma 26. Let the assumptions of Theorem[I2| hold. Then, for the fixed layer {, the process

L h .
SSpecformer = {SSpecformer the N}

converges in distribution.

Proof. Recall from (2) that the Specformer convolution operator in layer £ and head h is defined as

S —UdiagA®)UT, AW = o(A®), X0 = gy, B = T,

Specformer

Since the eigenvalue encoding block is a standard Transformer, Hron et al.|[2020, Appendix B.1] establishes that H**!
converges in distribution to a centred Gaussian process

H'™*' ~ gP(0, Ki)

d" — oo, with the kernel recursion given in Equation (32). In particular, (") = H™-(") converges in distribution to

as dy,
a centred Gaussian process with covariance K I(f). With the standard 1/dy variance scaling and independence of W), 5, each
coordinate of \(") = H (h)WA7 » is a sum of dr independent centred terms, so by the CLT A(") converges in distribution to a

centred Gaussian process with covariance
Cnan 1= E[(AM), A0, | = 03 K{,.

T

Consequently, \(?) = 0(5\( )) also converges in distribution. Since U is fixed and the map A — U diag(\) U ' is continuous,

the continuous mapping theorem implies that s¢ converges in distribution as dr — 0.

Specformer

Finally, writing K “~1 (X, X') := E[f*~1(X) f*~'(X’) "] and letting (F, H') denote the pair of limiting Gaussian-process
draws associated with (X, X’), we obtain

KO (X, X') = [ (X)¢"(X") i—aoa E [Spectormer () K™D (X, X') Shpctormer ()|

E[U diag \(H)) (UT KD (X, X")U) diag(A (")) UT}

(Kie (UT K¢ (X, X )U))UT

where K o5 := E[X\o(H)\y(H')]. Therefore the Specformer outputs g*(X) converge in distribution to a centred Gaussian
process with covariance kernel K. O

C.5 AUXILIARY RESULTS

Lemma 27 ( [Billingsley} (1986, Theorem 29.4]). Let X, (X,,)n>1 be random variables taking values in (RN, BN), where

BY denotes the Borel o-algebra. Then X, 4 x if and only if for every finite index set J C N and the corresponding
projection I’ : RN — RY, we have

r(X,) 4 I(X) asn — oo.
Lemma 28 ( [Billingsleyl, [1986, p. 31]). A sequence of real-valued random variables (X,,)n>1 is uniformly integrable if

sup E[|X,|'¢] < o0
n>1

for some € > 0.

Theorem 29 ([Billingsley, 1986, Theorem 3.5]). If (X,,)n>1 is uniformly integrable and X, i) X, then X is integrable
and
E[X,] — E[X].

Lemma 30 (Slutsky’s lemma). Let X, (X,,)n>1 and (Yy,)n>1 be real-valued random variables defined on the same

probability space. If X, 4 X and Y, B for some constant c € R, then

XY, %X, X, 4V, 5 X4e

312



Lemma 31 (Moment bound for GAT operators). Under the assumptions of Theorem([7} suppose that ¢ : R — R is entrywise
polynomially bounded, i.e., Then for any t > 1,

sup sup sup E|S’g1’(¥,ai(X)

|t
a€V €N, d¢eN

< . (41)

Proof. For each layer width d, € N, recall that the unnormalized GAT attention score is given by

B (X) = (@)T Wt i (x) | Wi (X)),

where W*%" and #" are independently fan-in scaled Gaussian and independent of f¢~'(z).
Conditioned on .
ulf? (X) 1= (W0 | W A0
the random variable E((th’de) (X)) is centered Gaussian with variance proportional to Hufﬁ’f) (X)|*>. Hence for any t > 1,

E(ES (X)) uli? (X)) < [uld? (X))

at

Taking expectations and using the assumptions of Theorem [/} which ensure that all moments of fan-in scaled linear
transformations of f“~!(z) are uniformly bounded in d;, we obtain

(Lh,dy)

sup sup sup E|E,; (X)|t < o0.

a€V ieN, d,eN

Finally, since ¢ is entrywise polynomially bounded, this uniform moment bound implies that

4,h t
sup sup sup E|S’éA%m(X)‘ < 00,
a€V ieN, d,eN

which completes the proof. 0

Lemma 32 (Moment propagation for Graphormer operators). Under the assumptions of Theorem suppose that
¢ : R — R is entrywise polynomially bounded. Then for any t > 1,

0,k t
sup sup E|Sér’a;h0rmer‘ij(X)’ < 0. 42)
i,jEV dyEN ’

Proof. For each layer width d, € N, the unnormalized Graphormer attention score is given by
(FLOW™) (FrEow )
en

where " and W X" are independently fan-in scaled Gaussian and independent of f¢(X), and the bias term satisfies
sup; bp(i)] < B < o0.

Write

B (X)) =

)

+ bp(i g

BM(X) = T (X) 4 byagys T (X) = d VP FHXOWR, TR,

ij

Using the inequality |a + b|* < 2!~!(|a|* + |b|") and the boundedness of b,; ;y, it suffices to control the moments of
T (X) uniformly in d.

By Cauchy—Schwarz and Holder’s inequality,

d + /9 - 1/2 - 1/2
BT ()] < dp (BIFHCOW ™) (B Fow 2

Under the assumptions of Theorem|7] fan-in scaling and the moment bounds on the upstream features imply that all moments

of the linear transforms f{ (X)W " and ff (X)W K-k are uniformly bounded in d;. Consequently,

sup sup E‘Egh’d‘)(X)r < 0.
§,JEV deeN
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Finally, since ¢ is entrywise polynomially bounded, this uniform moment bound implies that

t

sup SupE|S (X)|" < o0,

Graphormcr ij
i,j€V deeN

which completes the proof. O

Lemma 33 (Moment propagation for Specformer spectral filters). Under the assumptions of Theorem Then for any
t > 1 and any random vector u € R‘w,

t
sup EHSSpeCformeruH2 < 00, whenever sup Elulls < co. (43)
d¢,dt-H dy,dtH

In particular, for any fixed coordinate a € 'V,

sup E‘ S(h

t
4 Specformeru) ’ < 0.
t

Proof. By Lemma 32 of [Hron et al|[2020], the upstream hidden representation H produced by the Infinite Attention
mechanism admits uniform moment bounds of all orders; in particular, for any ¢t > 1,

sup E||H|, < oo.
£, H

ts

Applying a fan-in scaled linear transformation preserves uniform moment bounds, and since o is entrywise polynomially
bounded, it follows that the spectral coefficients admit uniform moment bounds, namely

sup E|AM]t < oco.
b H

ts

Now write
g

Specformer

= U diag(A\™)U"

Because U is orthogonal, we have

| Sy rctormerllz—2 = Il diag(A") 22 = [A* oo

Specformer

Therefore, for any random vector u,
B

Specformer

ullz < A [log [fu]e-

Raising both sides to the power ¢ and taking expectations yields

_ 1/2 1/2
h t
B[S eormertlly < (BIA®IZ) " (Eluli3)
by Cauchy—Schwarz. The claimed bound follows from the established uniform moment bounds. O

Lemma 34 (Moment propagation for GTN operators). Under the assumptions of Theorem 33| fix a head h and a meta-path
length K. Then for any t > 1 and any random vector u,

sup sup E|(S(K’h)(X)u)a‘t < sup sup Elu;l".
n  a€V n i€V

Proof. By construction, each relation adjacency matrix is row-normalized and entrywise nonnegative. Convex combinations
with simplex weights preserve these properties, and products of row-stochastic, entrywise nonnegative matrices remain
row-stochastic and entrywise nonnegative. Hence each row of S{/$*)(z) is a probability vector.

Foranya € V,
(S(K h) ZS Kh)

9%
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Since the function z — |z|? is convex for ¢ > 1, Jensen’s inequality yields

|(S(K7h) ZS(K ) x X)|u l|t.

eV
Taking expectations and using ) _, S((lf(’h) (X) =1 gives

E!(S(K’h) (X)u)a’t < sup E|u,|".
i€V

Taking the supremum over a € V" and n completes the proof. O

D GRAPH TRANSFORMERS ON HETEROGENEOUS GRAPHS
In this Appendix, the GP setting is extended to heterogeneous graphs with multiple edge types.

Heterogeneous Graphs Let G = (V, &, T) be an undirected graph with N nodes, where V denotes the set of nodes, £ the
set of edges, and 7 the set of edge types (relations). Heterogeneous graphs contain multiple edge types, i.e.,
each edge type t € T, let A; € RV*Y denote the corresponding adjacency matrix.The node feature matrix X € RV >
remains unchanged.

Graph Transformers Network (GTN) GTN operates on heterogeneous graphs by recursively constructing meta-path
adjacency matrices through soft selections over edge types. For each GTN head h € {1,...,d""}, define A; := D; 14,
for i € T, where D; denotes the diagonal degree matrix associated with A;. The recursion is initialized as A" =

Ez;l 6§I’h)1¢~1i. For a fixed meta-path length K,

-
S((}K h) _ A(K.h) — g(K—1,h) (Z 6§K,h)Ai> 7 (44)

i=1
where 357 for k = 1,..., K are learnable parameters that weight the relation-specific adjacency matrices for the h-th

head. The design choices underlying the reformulated GTN formulation are detailed in the Appendix
Design Choices for GTN

Reparameterizing GTN Coefficients for Tractable Kernel Construction In the original Graph Transformer Network
(GTN) formulation, the coefficients {3 (k) }kK:O are obtained by applying a softmax function to a trainable parameter vector

{W },c 0 i€,
(k) _ (k) _
3 )_¢(W¢ ) k=0,... K,

where ¢(-) denotes the softmax operator. Under random initialization of W, the softmax transformation induces complex
dependencies among the coefficients 3¥), making their joint distribution difficult to characterize. In particular, the resulting

B are no longer independent, and moments such as E[5;3;] do not admit a tractable closed-form expression.
To facilitate a principled Gaussian kernel construction, for each head of graph convolution layer heads d**!, therefore
depart from the original parameterization and directly initialize the coefficients {3(*)}. This choice enables explicit

control over their statistical properties and allows the corresponding kernel expectations to be computed in a tractable manner.

Decoupled Degree Normalization for Well-Defined Graph Kernels Meanwhile,in original paper the GTN adjacency
matrix at layer K is given by the recursive construction

=1

.
AUO = (DE=D) 7! 4=1) (Z BZ(K)Ai) : (45)
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where the associated degree matrix is defined as
Z AR, D= Z Dy e (46)

By definition, both A) and D) are random matrices depending on the same collection of random variables
k
{8 hrr, i<t

Substituting ([@3) into (406), the diagonal entry DY) can be written explicitly as

n T
D) =3 l(D“‘”)lA(K“ (Z BE“Az—) @7)
v=1 =1 uv
Consequently, the degree-normalized adjacency satisfies
1 1
(DY) A =3 o eue, AU, (48)

u=1 Huu

Assume that the coefficients are independently initialized as §; *) N (0,02),foralli=1,...,7, k=1,..., K. Under

this initialization, both A(K) and Dl(m) are nonlinear functions of the same Gaussian random variables. In partlcular D( )
is a centered random variable with a continuous distribution supported on R, and hence satisfies

P(|D$f§>| < 5) >0 foralle > 0. 49)

. -1 . . .
As a result, the random matrix (D(K )) AT jnvolves ratios of strongly coupled random variables, where the numerator
and denominator depend on the same Gaussian coefficients. This nonlinear coupling prevents any decoupling under

. . . -1 . . .
expectation, and the matrix-valued expectation E [(D(K N TAE )] does not admit a finite or closed-form expression. In
particular, the presence of Dq(flf) in the denominator precludes the existence of well-defined second-order moments required
for a Gaussian process or kernel interpretation.

To avoid this issue, we modify the GTN construction by normalizing each base adjacency matrix independently.

Specifically, define R
Ai = Di_lAi, iET,

where D; denotes the diagonal degree matrix associated with A;, i.e., (D;)uu = ), (A:)uv. For each head of graph
convolution layer heads d®* | recursion is initialized as A(Y) = Zz;l 5§1)Ai, and, for a fixed meta-path length K > 2,

proceeds according to
-
S = AU Z A<D (z 5§K>Ai> |
i=1

By performing degree normalization at the level of individual base adjacency matrices, rather than on the recursively
constructed adjacency A, the resulting graph structure avoids nonlinear coupling between normalization terms and
random combination coefficients.

GTN-GP

Theorem 35 (Inﬁnite-width and infinite-head limit of a GTN layer). If for the ¢-st GTN layer with meta-path length K,
2

the parameters satisj;y Bl-( ~ N(0,0%), W) ~ N(O, > 1) WZ H o N( , dg;#) , independently for all i, j and

k € [K), and define A; := D;* A; fori € T, then, as d; — oo, g”l(X) converges in distribution to g*(X) ~ GP(0,%4)

with

(50)

where a,b e V.
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Equation (50) shows that, in the infinite-width and infinite-head limit, the dependence between node pre-activations at layer
{ is obtained by aggregating over all possible length- K meta-path compositions. The GTN layer enumerates all sequences of
relation types (iy,...,ix) € T and combines the corresponding normalized adjacency products /L-l Ay « to construct
the resulting graph structure, so the update can be viewed as forming a composite graph that accounts for every possible
meta-path of length K and accumulating their contributions.

Proof. In Lemma[T4] we showed that, under the GP induction hypothesis on the node features, it is sufficient to establish
that S((}eﬁh& converges in distribution in order for the layer-/ pre-activation outputs g*(X) to converge in distribution to a
Gaussian process. In GTN, the message-passing operator in head h is Sgl’\lh& = S’gff’ﬁ). Consequently, to establish Gaussian
process convergence of the GTN outputs, it suffices to prove that Sg;’ﬁ) converges in distribution.

Convergence of Sg;’l@

Lemma 36. Let the assumptions of Theorem[35| hold. Then, for the fixed layer {, the process
K,h
S&rx = {SG1x +h € N}
converges in distribution.

Proof. Recall from Equation (@4)) that the GTN propagation operator with meta-path length K in layer ¢ and head h is
generated by the random coefficients {3(*")} K, and can be written as

T T

Sg’%lg) = ( Z 5§f7h)1‘~1i;{) (Z ﬂi(ll’h)/lil), A; = Di_lAlv.

ir=1 1=

Assume that for each k € {1,..., K} the vectors Blk:h) — ( §’“”), . ,Bgﬁ’h)) are i.i.d. across h, independent across k, and
satisty E[3"™] = 0 and ]E[Bl(k’}b)5§k”L)} = 076;;. Since the matrices {A;}/_, are fixed, the map {3(*/} K s Sg;’{\? is
a polynomial function, hence measurable and continuous. Therefore S(GI;’{\?) has a well-defined distribution which does not
depend on the width dy, and in particular it is tight and thus converges in distribution along any sequence dy, — co.

Finally, writing K “~1(X, X') := E[f*~1(X) f*~1(X’) "] and letting ngr’g) be an independent draw of the GTN operator,

we obtain the kernel recursion

KO(X,X') = E[g"(X) g (X)T] = oo E[SER KD (X, X) SGr) ]

K T
= 0%03)( o? Z Z Ag Ay K(Z_l)(X,X/)AZTK AZ>7
h : ,

where we used E[ﬂgk’h)ﬂj(.k’h’)] = 026;; and independence across k. Therefore the GTN outputs g‘(X) converge in
distribution to a centred Gaussian process with covariance kernel K (©). U
O

D.1 GTN-GP EXPERIMENTS ON HETEROGENEOUS GRAPHS

To evaluate the practical utility of the derived GTN-GP, we compare its performance against several state-of-the-art
baselines, including GCN, GAT, HAN, and the standard finite-width GTN. We conduct experiments on three standard
heterogeneous graph benchmarks [Wang et al.| [2019]: DBLP, ACM, and IMDB.

The results, summarized in Table[5] demonstrate that the infinite-width limit approach is highly competitive.
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Table 5: Node classification accuracy on heterogeneous graphs.

Dataset GCN GAT HAN GTN GTN-GP

DBLP 8730 93.71 92.83 94.18 94.33
ACM 91.60 9233 9096 92.68 92.19
IMDB  56.89 58.14 56.77 60.92 60.50

E SUPPLEMENTARY MATERIAL OF SECTION @
E.1 GCN-GP KERNEL UNDER SBM

Corollary 37 (GCN kernel under SBM). Consider the GCN kernel in\Niu et al. [2023], given by K©) = AT K(¢=1) A then,
forall ¢ > 1, K) under SBM admits the following closed-form expression.:

Ty = % (g)% [(z0 + y0)((p + @))* + (20 — y0) (0 — 0)*] , Gb
1 /n\2¢
ye=3 (5) [(z0 +y0)(p + 0)* — (20 — o) (0 — )**] . 62

Define J = 117 € R%*%. The matrices A and K share the same eigenbasis {vq,v2} where v = ﬁln and

vy = ﬁ[l;m, —II/Q}T. The spectral decompositions are:

n n
A= )\A,1U1U1T + >\A,2U2U2T, >\A,1 = (p + Q)g, )\A,Q = (p - Q)§
n n
KO = Mg 1vv] + Agovovg, A1 = (w0 + yo)g, Ak2 = (g — 2/0)5

Proof of Corollary Under the GCN update rule K = AK¢~D A, we have K(©) = A‘K(©) A¢. Utilizing the
orthogonality v;' v; = &;;:

£ 20 T 20 T
K® = )\A,l)\jglvlvl + /\A,Q/\KQUQUQ

N AR (T, Mdke (T -
== v )t s

Substituting A4 ; and A ; and simplifying the leading coefficient % = % yields the scalar entries:

n n

Ty = % [(fﬂo + %) ((P+ Q)§)M + (2o — ¥o) ((P - Q)2)2e]

n n

w=g @+ (0+03)" - @) (0-03)"]

Proof of Corollary[l] From the expressions for z, and y, in Table 3] we observe that the diagonal entries of the kernel

matrix are all equal to z. Thus, the normalization term is L tr(K ) = 1 (nay) = x¢. The normalized kernel is then:

KO 1 (g117 ya1T) /117 11’
Lo(KO) — zp \yell" 211" )\ 2117 117

Using the closed-form expressions for GCN-GP, the ratio of inter- to intra-community similarity is:

20
_ [ Zo—Yo p—gq
ye (@t y)p+a* - (wo-y)p-9* ! (zo+yo) (p+q)

v (20 +v0)(P+0)* + (r0—v0)(p—0)* | (xo—yo> <M>”'
zo+Yo pt+q

20
Since |[p—gq| < |p+ ¢/, the term (ﬁ) — 0as £ — oo. Therefore, lim,_,o; - = 1, and the normalized kernel converges

to the rank-one all-ones matrix.
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E.2 GAT-GP KERNEL UNDER SBM

Corollary 38 (GAT kernel under SBM). Consider the GAT kernel in Corollary@] then, for all ¢ > 1, K©) under SBM
admits the following closed-form expression:

2¢ _
Ty = % 2G7 |:1 + (mo yO) Ff:| ,
(2)" (p+q)? Lo+ Yo
2¢ _
W:% _& {1_(%%)#]7
(2)" (p+q)? Lo+ Yo

where the global growth factor G and the structural preservation factor F are defined as:

na 2 2 _ po+ g2
G = (z0 +v0)(p + q)* (5) and F:2w

Proof of Corollary The evolution of the Gaussian Process (GP) kernel for a Graph Attention Network (GAT) at layer
[+ 1is given by:

KD = KO o (AKWA) + A(KD o KV) A, (53)

where A is the adjacency matrix and K () the kernel at layer [.

We consider a Stochastic Block Model with two communities of size n/2. The expected adjacency matrix A and the kernel
KO exhibit the following block structures:

(54)

T T
Ao l:pll q11 ] KO

2117 11T
q117 p11T :

y1lT 11’
where 117 is the all-ones matrix of size % X %

E.2.1 Recurrence Relation

By substituting the block structures of A and K () into the evolution equation and noting that (117)%2 = gllT (yielding a
factor of (%)2 for the triple products), we derive the following recurrence relations for the scalar components x; 11 and y;41:

n 2
Ty = (§> [2(p® + ¢*)z} + 2pq(yizi + 7)) (55)
_ (E)Q 2p? + 2V + 2 2 56
v =(3) 207+ )i + 2y + 27)] (56)

We introduce a change of variables:

Siy1 = Ti41 + Y41 (57)
A1 = Ti41 — Y (58)

Substituting the recurrence relations for z;41 and y;41, the evolution of the discrepancy A;; is given by:

e
+
o
I
no

(20 + &) + 2pq(yis + y7P)) — 207 + ¢)yi + 2pq(yiz1 + 27)]]

20* + ¢*)(xf — vi) — 2pq(af — y7)]

I
N~

)" 0" = pa+ )@ — ) (@ + )

Il
o
AN /N N3 o3
NS o3 \_/M\/

2
) (P> — pg + ¢*)AS, (59)
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Similarly, we derive the evolution of the total kernel sum .S;1:

[\v]

(200" + ¢*)a7 + 2pq(yixs + vi)] + 2(0° + )i + 2pa(yiz + 27)]]

»n
£
[

20 + @) (2] + i) + 2pq(2i + 1)

[ V)

I
/N 7N N
N—— N
[N~}

(0 + @)z — w)* + (@ +w)?) + 2pg(z1 + 1)

N3 NS N3 o3

2 2
) P* + *)A7 + (g) (p+9q)°S} (60)

I
/

In order to simplify the problem to a single variable recurrence relation, we express A; as a product of previous terms. By
iteratively applying the recurrence A1 = 2(%)?(p? — pg + ¢*)A;S; starting from j = 0, we obtain:
-1 A2 a2 -1
- 2 2yao | — n 2 _ 211 _
=]l [2 (5) @*—pa+a >SJ} = 202 (5)" #* —pa+ )] I, 61)

Substituting the square of this expression into the equation for S;; 1, we have:

2

S = (2) 024 (202 (2) 02— par A ITS5 | +(2) 0 as?
3=0

2
-1
() 6+ AR (2) 0 -+ AP [+ (2) (a2t 6

=0

Using the initial condition Ag = xg — o, wWe arrive at the final one-variable recurrence relation:

-1
s = (2) @+ )2(5) 0 vt P o~ w0’ [187+ (5) 0+ 0’7 (©3)
3=0

This equation demonstrates that the total kernel sum at layer [ + 1 depends on the entire history of the sums from previous
layers {So, ..., S;}, weighted by the SBM parameters and the initial discrepancy.

E.2.2 Analytical Solution of the Recurrence Relation

Consider the sequence S;:
-2

Si=a]] S +8S7, (64)
=0
n\2 (2 2 n\2 (2 23120 2 n\2 2
where o = (2)” (p +q)[2(§) (p —pq+q)] (zo —yo)*and B = (2)” (p+q)*.

To eliminate the product term, we examine .S;_;. By shifting the index [ — [ — 1:

-3

Sioi=a ] S;+8St, (65)
§=0
Rearranging to isolate the product:
1-3
a] S =5-1-8S", (66)
§=0
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Returning to S; and peeling off the last term:

-3

Si=|a]]5;) Ste+B8S7. (67)
§=0
Substituting Equation [66}
St = (Si—1 — BS?5)S 5 + 8BS, (68)
Distributing the S’ 12—2 term:
Sy =81-157 5 — BS} 5 + BSE 4 (69)

Using the ansatz S; = k;'yzl, we derive the characteristic polynomial for &:
Bk — K> — k2 4+ k=0 (70)

The non-trivial solutions are 1 and 1/4. Given S; and S, the specific choice of k ensures consistency with the initial data.
For the remainder of the paper we will consider k = 1/8 = [(%)?(p + ¢)*]*. Using Sy = ¢ + yo:

o + Yo 2 1 n\ 2 2
(5)" (p+0)
The difference is:
-1
A 2
A=2(5) 0 —pa+ )@ —w0) [T 8 (72)
j=0
The product simplifies to Hé._:t S; = k=24 (2 + yo)? 1. Thus:
n\ 2 _ ol 1_
Ap=[2 (5) ®* = pg + @) (w0 — yo)k ™2 T (o + y0)* 7! (73)

E.3 FINAL EXPRESSIONS FOR z; AND y;

Solving z; = SngAl and y; = S’EAZ by defining:
n?2 p* —pq+ ¢
G = (xp + +q)? (—) and F=2—-—— (74)
(w0 +yo)(p+ q) 9 (»+q)?
we obtain:
1 G? -
B ero2) L \sotw
1 e To — Yo .
yZZQ[M [1_<x+ >F (76)
(%) " (p+q) 0T Yo

E.3.1 Proof of Corollary
Proof. Using the expressions for ¢ and y, from Corollary [38] the ratio of inter- to intra-community similarity is:

_ [ o~y ¢
% _ 1 <x3+yg) F
Ty 14 (IO*y()) Fé'

zo+Yo

321



The normalized kernel, defined by dividing by the average trace %tr(K (Z)) = xy, is given by:

11T <1(28+28)F2> 11T

KO L+ (e )
%tl‘(K(Z)) 17@8158)# 11T 11T
v (5w

As ¢ — o0, if F' < 1, the second term of y, vanishes, leading to rank collapse (oversmoothing). However, if F' > 1, the
2 2
second term does not vanish. Setting F' = 2% > 1 yields:
2(p* —pq+q°) > p° +2pq + ¢°
p? —4dpg+¢> >0
This condition is satisfied when the ratio p/q is sufficiently large (or small), specifically p/q > 2 + V3 or plg<2— V3.
Under this condition, the limit matrix retains rank 2, preserving the community structure. O

E.4 GRAPHORMER-GP KERNEL UNDER SBM

Corollary 39 (Graphormer Kernel under SBM). Consider the Graphormer kernel from Corollary[I1|without the bias term,
and assume that the positional encodings capture all structural information of the graph. In the SBM setting, this implies
that the spatial relation matrix coincides with the adjacency matrix, i.e., R = A. Under SBM, the block entries Ty and 1, of
K are determined by the recurrence:

Zp = a'zo + (1 —a)p,
je = a'yo + (1 - a')g,
where the normalized kernel is K() = KW . Z, |, with Zy_, = Tr(AT(K“~1 o K1),

Since our analysis focuses on whether the kernel preserves the block structure induced by the SBM, the trace term does not
play a role. Consequently, it suffices to study the evolution of K (©),

Proof. By the recursive definition of the Graphormer kernel, the unnormalized kernel K(©) is a weighted sum of the previous
layer’s normalized kernel K (“~1) and the spatial relation matrix R = A. Under the SBM assumption, both K “~1) and A
are block-constant. Solving these first-order recurrences with initial conditions xg, yo yields the closed-form expressions:

70— afzo+ (1—a)p alyo+ (1—ab)q
oy +(1—af)g alzg+ (1—a)p

The normalized kernel K (%) is obtained by multiplying the previous unnormalized entries by the sum over the entries of the
spatial relation matrix (here A):

K = RGOS AgRij 0k = K1 (AT 0 KOD))
i,jEV

Hence the normalized kernel is defined as KO = K(©) . Z,_| with Z,_; = Tr(AT(K“~1 o K(¢=1)), O

E.5 SPECFORMER-GP KERNEL UNDER SBM

Corollary 40 (SpecFormer Kernel under SBM). Consider the Specformer kernel from Theorem|l2| defined as For £ > 1,
the block entries of K©) admit the following closed-form expressions:

1 _ _
Te=5 (2o + y0)AT* + (20 — yo) N3],
1

Yo = = [(mo + yo) A} — (z0 — y0)A3']

[\]

where A1 and Ao \o denote the learned eigenvalues of the Specformer’s spectral filter; these parameters determine the
cross-covariance K.

322



Proof. As detailed in Theorem the Specformer kernel at layer / is obtained via K©) = U(K, @ (UT K DU)UT,
We define M .= UT KO . Given the recurrence relation, we have:

MO =K,o M¥Y = (K\0Ky0-- 0K\ oMY = (K)o M,

where (K )ap = AaAp. Thus, the /-th Hadamard power is ((Ky)®%)a, = A% L. For an SBM with two equal communities,

U= [’Ul 'UQ} with v = ﬁln and Vg = ﬁ[]_;lr/27 —1;[/2]T

The initial spectral kernel M (%) = UT KO is a diagonal matrix containing the eigenvalues of the block-constant kernel

K.
z 0
MO — (2 (w0 + vo) _
( 0 5(zo — vo)

The non-zero diagonal entries of M (©) evolve as:

< <~ N <oy T
Mf? = ()\1)\1)65(950 + o) = )\%65(160 + v0),
VAL <oy M
Mg = (Raho)' 5 (w0 — y0) = X35 (20 — o).

)vzv; , we use the outer product definitions:

1(3 3 1(3 -3
UlvlT:n(J J)’ ”2”;:71(—,1 J)’

where J = 117 of size 2 x 5. Substituting these yields:

2
g0 - Ao tyo) (3 I\ Awo—go) (T I
B 2 JJ 2 -3 J)

Reconstructing the kernel in the spatial domain via K ) = M ff)vlv;— + Mg

Identifying the diagonal block scalar x, and the off-diagonal block scalar y, gives the desired result. O

Proof of Remark[5] Using the expressions for z; and y, from Corollary 0} the ratio of inter- to intra-community similarity
is:

< 20
3 = Zo+Yo AL _
ye _ (o +y0)A — (z0 —yo)A3" _ (-y) (A) 1

zo (x0 +yo) A + (w0 — yo) A (Lﬂo) (&)M + 1.

To—Yo A2

If |A2| > |A1], the term (\;/A2)?¢ either vanishes or stays constant as £/ — oo. Consequently, the ratio ,/x, does not
converge to 1, and the kernel maintains its rank-2 structure. This allows Specformer to avoid oversmoothing by amplifying
or preserving the second spectral direction vo, which corresponds to the community partition.

F SUPPLEMENTARY MATERIAL FOR EXPERIMENTS
The code used to reproduce all experiments is available athttps://figshare.com/s/4ad5245d4d6c405£46£0.

In this section we provide additional information regarding datasets and experiment detauls. In Section [F.3] we present
additional experiments.

F.1 DATASETS

We conduct experiments on both real-world benchmarks and synthetic datasets to evaluate model performance under varying
conditions.

Benchmark Datasets We utilize two widely recognized benchmarks: PubMed [Sen et al.| 2008]], a homopholic citation
network, and Chameleon [Rozemberczki et al., 2019], a heterophilic Wikipedia page-page network.
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Synthetic Data To analyze the interplay between graph topology and feature information, we employ two synthetic
generative models, considering two-class versions for both:

* SBM (Random Features): The graph is generated according to the Stochastic Block Model (SBM) rule, where the
probability of an edge existing between nodes in the same community is p and between different communities is g.
Node features are drawn from an independent Gaussian distribution, making them uninformative of the community
structure.

* CSBM (Aligned Features): In the Contextual Stochastic Block Model (CSBM), node features are generated as a
mixture of Gaussians such that the feature distributions are aligned with the graph’s community labels. This represents
a more realistic scenario common in literature where the graph structure and node attributes provide complementary
information regarding the underlying classes.

All datasets are accessed via the PyTorch Geometric (PyG) data loaders. We follow the standard PyG splits for each dataset.

In particular, for datasets that come with multiple predefined splits (notably the heterophilous benchmarks), we run the full
training—validation—test procedure on every split and report the mean of the test accuracy across splits.

Table 6: Dataset statistics for node-level classification tasks.

Dataset Level Splits Nodes Edges Classes Features Homophily
Pubmed Node 1 19,717 44,338 3 500 0.80
Chameleon Node 10 2,277 31,421 10 2,325 0.23

Table 7: Datasets for node classification on heterogeneous graphs.

Dataset Nodes Edges Edgetype Features Training  Validation  Test

DBLP 18405 67946 4 334 800 400 2857
ACM 8994 25922 4 1902 600 300 2125
IMDB 12772 37288 4 1256 300 300 2339

F.2 EXPERIMENTAL ENVIRONMENT, TRAINING DETAILS, AND HYPERPARAMETERS

We compare several graph GP kernels derived from the infinite-width limits of representative architectures, including
GCN-GP, GAT-GP, Graphormer-GP, and Specformer-GP. For each kernel, we perform node classification using a GP-style
multi-output regression setup: class labels are encoded as one-hot targets, and predictions are obtained by selecting the class
with the largest output score.

Replacing the softmax with the identity map requires an explicit normalisation step; consistent with |[Hron et al.| [2020],
we incorporate a per-node LayerNorm. Concretely, at the end of each layer we apply the following LayerNorm kernel:

/2
Kap [K awa K bb} . All GP models in our experiments include a LayerNorm module at the end of every layer.

For each split, model selection is conducted on the validation set (e.g., via a grid search over the ridge regularization
coefficient) and the resulting configuration is evaluated on the test set. For datasets with multiple splits, we aggregate results
by reporting the mean across splits.

F.3 ADDITIONAL EXPERIMENTS

Distribution Experiments Figure | complements Figure[I]in the introduction by further illustrating the distribution of
eigenvalue encoding of Specformer.

324



Specformer: 1 Head 1000 Width Specformer: 100 Heads 1000 Width

| |
L S}

|
>

log Density
|
=

log Density

|
4]

—10

—12

—2

2

-2

2

0 0
GNN Output GNN Output

Figure 4: Histogram of the eigenvalue encoding of Specformer for different number of heads. The output distribution
converges to a Gaussian (red line) fitted with mean and variance of the empirical distribution when both width and number
of heads are large.

Oversmoothing Experiments Figure 3] further illustrates the effect of positional encodings on oversmoothing. In both
datasets, Laplacian-based positional encodings consistently achieve high test accuracy across depth. In the CSBM setting,
where node features are already informative, these encodings have perfect accuracy.

[—0— Laplacian Eigenvectors = <=+ Spectral Reconstruction ~ ==A== Centrality Encoding ]
Pubmed CSBM (aligned features)
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Figure 5: Oversmoothing behaviour and the impact of positional encodings. Test accuracy of Graphormer-GP on
Pubmed (left) and CSBM (right) as a function of the number of layers.

Empirical and Theoretical Kernels under CSBM To empirically validate our theoretical predictions regarding over-
smoothing (Table [3), we evaluate the empirical kernels of trained finite-width GAT under varying signal regimes.

Specifically, we test the network’s capacity to preserve class boundaries on the CSBM across two distinct regimes:

1. Strong Community Signal regime (F' > 1): The graph has a pronounced community structure, with the within- and
cross-community connection probabilities sufficiently different, i.e., the ratio p/q is bounded away from one. This
condition holds both in strongly homophilic and strongly heterophilic settings, and failure occurs only when p and ¢
become close, corresponding to a regime with weak or no community structure rather than a specific type of homophily
or heterophily

2. Weak Community Signal regime (/' < 1): The within- and cross-community connection probabilities are similar
(p =~ ¢q), resulting in a weak community signal and making the graph structure less informative for distinguishing the
communities.

We trained finite-width GAT models on both configurations and computed their empirical node-level kernel representations
at deep layers. Figure [f]illustrates the results.

The empirical findings match the theoretical predictions. In the strong-signal regime, the empirical kernel perfectly preserves
the underlying block-diagonal community structure, matching the formulas for x; and y; in Table 3] and demonstrating
that representations remain highly discriminative even at depth. Conversely, in the weak-signal regime, the community
boundaries fade into a uniform representation space. On Linear vs. Softmax Attention While our main closed-form
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Figure 6: Comparison of Empirical and Theoretical Kernels under CSBM. This figure compares the empirical kernel
from trained GAT with 15 layers with the theoretical kernel from Table 3 across two distinct regimes of the Contextual
Stochastic Block Model (CSBM). (Top) In the Strong Signal regime (F' = 1.903 > 1), where classes are adequately
separated, both the empirical and theoretical kernels recover the underlying block structure of the graph. (Bottom) In the
Weak Signal regime (F' = 0.512 < 1), the class information is lost.
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Figure 7: Comparison of attention mechanisms on the PubMed dataset. This figure presents the test accuracy of Graph
Attention Network (GAT) for different choices of attention nonlinearity and layer-normalization (LN) in a two-layer model.
The results show that linear attention is a strong alternative to softmax-based attention and achieves higher test accuracy on
this dataset.

analysis relies on linear attention (i.e., the identity activation function), standard practical architectures often employ softmax
attention. Mathematically, deriving closed-form GP kernels for softmax attention remains an open challenge due to the lack
of tractable recursions.

To justify our theoretical focus, we empirically compare the performance of linear and softmax attention within a two-
layer GAT on the PubMed dataset. As illustrated in Figure [7] linear attention is an acceptable alternative, consistently
achieving comparable or superior test accuracy compared to its softmax counterpart—particularly when combined with
Layer Normalization (LN). Analogous empirical findings and theoretical limitations regarding softmax attention have also
been documented in the analysis of standard transformers 2020]). Therefore, focusing on linear attention allows
for theoretical tractability that is still empirically relevant.

327



	Introduction
	Preliminaries
	Gaussian process Limits of Graph Transformers
	Remarks on GP kernels

	Analysis of GNN-GPs under Contextual Stochastic Block Model (CSBM)
	Experiments
	Broader Perspective
	Design Choices
	GNN with Multi-Head Aggregation
	Graphormer
	Specformer

	Formal Theorems on Gaussian Process Limits of Graph Transformers
	Proofs of Theorems 7,  10,  12,  35
	Convergence of g(X)
	Convergence of SGAT(,h)
	Convergence of SGraphormer(,h)
	Convergence of SSpecformerh
	Auxiliary results

	Graph Transformers on Heterogeneous Graphs
	GTN-GP experiments on heterogeneous graphs

	Supplementary Material of Section 4
	GCN-GP Kernel under SBM
	GAT-GP Kernel under SBM
	Recurrence Relation
	Analytical Solution of the Recurrence Relation

	Final Expressions for xl and yl
	Proof of Corollary 2

	Graphormer-GP Kernel under SBM
	SPECFORMER-GP KERNEL UNDER SBM

	Supplementary Material for Experiments
	Datasets
	Experimental Environment, Training Details, and Hyperparameters
	Additional Experiments


