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Abstract

High-dimensional stochastic differential equations
encode complex interaction structures within their
drift component. We propose a novel approach
to estimate this drift from independent high-
frequency trajectory data observed over a short
time horizon. Each trajectory is modelled as the
solution of a Brownian-driven stochastic differ-
ential equation, while the number of time points
within each path tends to infinity. We further as-
sume that the drift function governing the dynam-
ics can be expressed as a linear combination of a
growing number of Lipschitz basis functions. To
promote accurate recovery of the underlying dy-
namics under sparsity constraints, we propose a
Lasso-regularised likelihood criterion. Under suit-
able regularity conditions, we establish conver-
gence rates for the resulting estimator and emphas-
ise how they depend on the dimensional parameters
of the problem, in particular on the number of ob-
served trajectories. We assess the performance of
the estimator on synthetic datasets, both from an es-
timation and a generative perspective. Finally, we
illustrate the practical relevance of the approach on
a real-world climate dataset, highlighting its ability
to perform variable selection.

1 INTRODUCTION

Stochastic differential equations (SDEs) provide a probabil-
istic framework for learning continuous-time dynamics from
noisy observations. In dimension d > 1, they allow one to
capture rich multivariate interactions while supporting stat-
istically grounded inference and generative modelling. In
this work, we assume that the observations are generated by
the following equation,

dX, = ~by(X)dt + o(X)dW;, X =0, (1)

where W is a d-dimensional standard Brownian motion
defined on a filtered probability space (2, F, (F¢):>0, P).
The drift by : R? — R? is driven by an unknown para-
meter 6 € © C R?, and o : RY — R%*4 ig the diffusion
coefficient.

Moreover, in order to tackle the major challenge that is the
estimation of the drift in this framework, we assume that the
true parameter 6 of dimension p is sparse. We investigate
the estimation of Ay from N independent and identically
distributed (i.i.d.) paths observed at n discrete times on the
finite time interval [0, 1]. The quantities p, d,n and N go
to infinity. We propose a Lasso (Least Absolute Shrinkage
and Selection Operator) estimator of 6 [Tibshiranil [1996],
which performs both variable selection and parameter estim-
ation.

Related work. The drift estimation of SDEs has been
widely studied assuming ergodicity and a long observation
window. In this framework, the Lasso estimator has been
studied e.g. by /Amorino et al.|[2025]] both for a linear model
and for the Ornstein-Uhlenbeck process, while De Gregorio
et al.|[2025] addressed drift and volatility estimation using
a different choice of penalty, the Elastic-Net.

In many real-world applications, data naturally come as mul-
tiple short trajectories rather than a single long realisation.
This calls for estimation and proof techniques that exploit
repetition across paths instead of relying on asymptotic sta-
tionarity. Few references are available, recently Nakakital
[2025]] focused on the Ornstein-Uhlenbeck model from con-
tinuous observations, extending the ergodic results of (Ciotek
et al.|[2025]].

The benefits of regularisation have also been observed for
Neural Networks. [Taheri et al.| [2021] introduced "scale
regularisation” to induce sparsity in neural networks and
obtain better theoretical guarantees. This type of Neural
Networks with sparsity built-in has been applied to diffusion
generative models by Taheri and Lederer| [2025]]. Similarly,
sparse Neural Networks are used by Zhao et al.|[2025] to
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estimate the drift of a diffusion process over a compact set
from high-frequency observations, generalising the work of
Oga and Koike| [2024] in the ergodic framework.

Our Contribution. This paper studies the theoretical guar-
antees and generative performance of the Lasso estimator in
the regime of repeated short trajectories. Our main contribu-
tions are as follows:

¢ Oracle Inequality and Error Bounds: We derive an
oracle inequality for the Lasso estimator (Theorem[3.1)
which holds on the intersection of high-probability
sets. Based on this result, we establish bounds on the
estimation error in both /; and /5 norms.

Inference from Repeated Trajectories: Unlike
Amorino et al.[[2025], our analysis does not rely on the
ergodic properties of the process. Instead, we use con-
centration inequalities across the N independent tra-
jectories to control the probabilistic events. We provide
the convergence rate of the Lasso estimator, together
with conditions on the dimension parameters n, N, p
and d.

Diffusion Coefficient: A key theoretical addition is
to allow for a non-constant diffusion coefficient o (z),
while previous works such as |Amorino et al.| [2025]]
assume constant volatility. We prove that the theoretical
results hold under an ellipticity condition on o.

Numerical Validation: We demonstrate the efficacy
of our proposed method through an extensive numer-
ical study, establishing that the Lasso estimator out-
performs Sparse Neural Networks [Zhao et al.| [2025]]
in generative performance. Furthermore, we provide
a practical application using climate data to highlight
the model’s real-world utility and motivation.

Organisation of the paper. In Section[2] we present the
assumptions and the Lasso estimator. Section [3] contains
the main results, including the control of the probability
sets and error bounds. Finally, Sectiond] presents a full nu-
merical study on synthetic data, evaluating both estimation
error and generative quality compared to the Sparse Neural
Networks [Zhao et al.|[2025]]. We also present an illustration
of variable selection on climate data from NOAA Physical
Sciences Laboratory.

2 MODEL AND ESTIMATION METHOD

In the sequel, we assume that we repeatedly observe the solu-
tion of Equation (I)) on the time interval [0, 1] at equidistant
discrete times. We denote the observations as

(ij))i:O,u.,nfla J € [N], ti :=iA, =i/n,
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where the notation [N] refers to the integers from 1 to N.
The increments of the process are denoted by

AxD . x0) _ x0)
7 . t; ti1°
2.1 ASSUMPTIONS AND NOTATIONS

We consider the case of the generalised linear drift, that is

p
bp = o+ Y _ Ok )
k=1

The isolation of ¢, serves as a geometric reference point for
the dynamics. By fixing the scale and form of the autonom-
ous drift ¢, the coefficients 6; can be interpreted as the
sensitivities or coupling strengths of the system to auxiliary
coordinates. This model, previously considered by Amorino
et al.|[2025]] and |Ciotek et al.|[2025]], is flexible and allows
for the capture of a wide range of functions. For example, if
¢ is an Hilbert-basis then the class of drift functions that
we consider approximates the space L?(R%).

Assumption 1 (Lipschitz). Forall 0 < k < p, the functions
ér : R — R? are Lipschitz, and we denote by Ly, their
Lipschitz constant which are uniformly bounded in p and d.

Assumption 2 (Sparsity). We assume that the true para-
meter of the model given in Equation (1), that we denote by
0o, satisfies the sparsity constraint:

0ollo :=#{1 <k <p, 0Oor#0}=s. 3)

Remark 2.1. Assumption|l|implies that the drift function
by : R? — R% is Lipschitz, and we denote by L its Lipschitz
norm. In particular L < Lo + > }_, 0xLy, and due to
Assumption 2| the drift at the true parameter by, is Lipschitz
with Lipschitz constant Lo + s maxy, 0y, L1, bounded in p
and d.

Assumption 3 (Ellipticity). The matrix oo’ is positive
and satisfies a uniform ellipticity condition: there exists a
constant ¢; > 1 such that

1
Ve eRY,  —Iy(z) <ool(x) < cilg(z). (D)
C1
Remark 2.2. Assumptianimplies that oo™ and (ooT) ™1 :
R?® — R4 gre spectrally bounded in the sense that there
exists C, > 0 such that

sup oo (2)[|2 + sup [[(00™) 7 (@)][2 < Co,

where the spectral norm is defined for A € R¥? by
[All2 := supjg, <1 [1Az]l2 = v/ Amax (AT A).

Assumption 4. The diffusion o is of class C?, bounded, has
bounded first derivatives, and the second derivatives have
at most polynomial growth: for some positive constant ¢ and
some q € N* we have

Vo eRY, lo(@)]2 + [[Vo(z)ll2 < ed?,
107, 2,0 (@)]]2 < (1 + [l2]3).



Note that Assumption[T]and Assumption §]imply that Equa-
tion (T) admits a unique strong solution (X;), which is a
homogeneous continuous Markov process.

We define the cone C(s, ¢) of approximately sparse vectors,

Cls, ) = {z e RP\{0}, |zl < (1 + )iz, @)l )
where Zg(x) is the set of the s largest elements of z. In
particular, if x is s-sparse, then ||z|l1 = |2z, (x)|l1 and

x € C(s,c) forall ¢ > 0.

Assumption 5 (Identifiability). There exists £ > 0 such
that for all 6,v € RP satisfying ||0]lo = sand 0 — v €
C(s,3 +4/~) for an arbitrary ~, and for all n € N*

(0 -0 E (L5000 (0 )X )] 0-0)
16— lI3 ’
where ®(z) = (¢1(), ..., dp(x)) € R¥*P js the function

whose k-th column is the function ¢.

The identifiability assumption is comparable to the one con-
sidered in |Ciolek et al.|[2025]], modified as this work as-
sumes stationarity. It is satisfied for orthonormal bases with
compact support such as the wavelet bases, as the transition
density of the process is bounded away from zero on any
compact domain.

Remark 2.3. Let us emphasise that the considered model
encompasses the Ornstein—Uhlenbeck model. In this case
p = d? and ¢y(X) = E; j X where k = (i,j) and E;
is a d x d matrix with a single non-zero entry equal to 1
at coordinate (i, 7). In this setting, Assumption 9 is veri-
fied when X is stationary, or more generally whenever
E( fol X XTds) is non-degenerate. This unified treatment
is one of the main advantages of our approach, while the
existing literature such as /Amorino et al.| [2025|] develop
separate arguments for the Ornstein—Uhlenbeck and the
general linear model.

Finally, due to the non-constant diffusion coefficient, we
need to introduce the following weighted empirical norm

”fHUa”MN = <f7 f>0,n,N with
<fa g>a,n,N =
1IN = o1 (J) -1 )
— 2 Lo @) o).
i=1 j=1

2.2 ESTIMATOR
If the full trajectory of the /N observations of the pro-

cess {(Xt(j))ogtgl}je[m is observed continuously on the
time interval [0, 1], we have an explicit scaled negative
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log-likelihood function using Girsanov’s theorem, see e.g.
Kutoyants [2004]

-vX

{/ (0 be)(X )] To(X ) 1dx @)

+§/O Ha(Xgﬂ)—lbg(ng))szs}.

We consider the least squares contrast based on the approx-
imation of the likelihood. It generalises the one considered
in Denis et al.|[2020]] and |Amorino et al.|[2025]].

DS ZH X )7t axy
=1 j=1
W) 2
+ Ao (X2 ) o (X))
We define the Lasso estimator @ as
6 € argmin {R, n(0) + Al|6]]1}, (5)
6co

where A > 0 is the regularisation parameter. The constant
A will be chosen as a function of N, n, p and d. The larger
A is, the stronger the penalty (||0||1), and hence the sparser
the estimator 6.

3 THEORETICAL STUDY OF THE
LASSO ESTIMATOR

3.1 HIGH PROBABILITY RANDOM SETS

To study the behaviour of the Lasso estimator, our first
objective is to derive an oracle inequality. To this end, we
need to control two error terms: a martingale component
driven by the Brownian motion and an error arising from
the time-discretisation of the continuous process.

We first control the stochastic noise term. To this end, we
define the set Tp,ar¢ On Which the martingale error is domin-
ated by the regularisation parameter \:

e[S

i=1 j=1

ti
x ( / o (X)) aw D

ti—1

ooT) XD )

>Hfi}~

We then turn to the approximation error. When discretising
the process, a bias appears involving the variation of the
drift between ¢;,_; and ¢;. We introduce the set Tgisc, On
which it is negligible:

n N
1 _ .
Tie = { |y 20 20 #0270 (K22,
i=1 j=1
g </t;1 (b90 (Xs] ) o bao (Xti—l))d(g) ‘oo < 4}




Finally, we introduce the set 7comp, Which corresponds to
the compatibility condition, common in the Lasso literature,
[see e.g. Biihlmann and Van De Geer, 2011]].

||b0 - vao’,n,N
16— vl

= >k

7;omp :

in

0€RP:||0]|o=s,
vERP:0—veC(s,34+4/7)
for a constant k£ > 0 that will be chosen later. Intuitively,
this condition ensures that the active components are not
too correlated, so that distinct parameter values do not yield
nearly identical drifts. It is fundamental for Lasso estimators
as it links the prediction error (the numerator) to the estima-
tion error (the denominator), which is crucial for deriving
the typical oracle inequality.

3.2 ORACLE INEQUALITY

The main result of this section is the following oracle in-
equality, which controls the prediction error. We denote in
particular the drift estimator:

p
+ ZAk¢k~
k=1

It satisfies the following result.

Theorem 3.1. Let 6 € O such that ||0||o = s. Then, for any
v > 0, we have on Tmart N ﬁlisc N 7::0mp

4X25(2 4 )2

2
|| b90||UnN (1+7)”b9 beo”a,n,N+ k2’}/A%

bl

where )\ is the tuning parameter of the Lasso estimator and
k is the constant on Toomp.

The proof of this result is detailed in Section This
oracle inequality shows that, on a certain random set, the
Lasso estimator achieves a prediction error that is, up to
a multiplicative factor (1 + ) and a remainder term, as
small as that of the best (s)-sparse approximation, thereby
illustrating its near-oracle performance under sparsity.

Since the oracle inequality holds on the intersection 7p,a,¢ N
Taise N Teomp, the remainder of this section is dedicated to
showing that this event occurs with high probability.

To this end, we define the set 2, x on which the obser-
vations (Xt(j,)l)lgign, 1<j<n are bounded by a quantity
depending on d, n and N,

Qn,N = {
(0)

Intuitively, the factor v/d in the bound reflects the order of
magnitude of the norm of a Gaussian vector in R?. Besides,
log(nN) is chosen to control the maximum over the n x N
points, given the exponential decay of the process tails. We
now state that this set has high-probability.

max

)
1<i<n, 1<j<N 1.2, 12 < \/mog(nN)}
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Theorem 3.2. Under Assumptions 3| andH| and for Q,, n
defined in (6), we have that for n large enough,
1
P(Q < —
( n,N) = an

where for any event B, we denote by B¢ := Q\B its com-
plement.

The last step is to be able to control the probabilities of the
random sets Tmart, Tdisc, and Teomp- For a fixed value of
€ (0,1), let:

ClwﬁJlog(Qp) + log(1/e),

)\1 =
dl N)?
Ao = Ch 5 Og3/2 Vog(p) + log(1/e),
544/v)

Ny = 1 d?p? IOg(nN)4W [log(2/5)

+ log (21%*[p** A (ep/25)25})} ’
1

ne

NQZ

Remark 3.3. When comparing our constants to those in
Amorino et al.|[2025]], A1 corresponds to max(A1 1, A1 2).
We observe that the dependence on the dimension d is im-
proved from d*/* to \/d, and the rate benefits from the num-
ber of repetitions N. The term Ao (discretisation error)
maintains the same order as in previous work. However, a
key difference appears in N1, which is of order d*p? com-
pared to Ty of order d%. This stems from the proof tech-
niques: we use Hoeffding’s inequality on ® € RY*P, in
contrast to the concentration inequality used in Amorino
et al.| [2025]].

We are now ready to provide a lower bound for the prob-
ability of Tmart N Taisc N Teomp, ensuring that the oracle
inequality holds with high probability.

Theorem 3.4. Under Assumptions|[l]-[3] for a fixed value
of e € (0,1/4), for all A > max{A1, Ao} and N >
max{ Ny, Na} we have

HD(,Tmart N 7?1isc N %omp) 2 1—4e.

Proof. Denoting by A = Tiart N Taisc N Teomp We decom-
pose the probability as follows

P(A°) = P(A°NQp n) +P(A°N Q7 N)
= P(A|Qn,N)P(Q,v) + P(A°[Q5, 3P
< P(A%|Qn n) + P(Q, )
Then, the result stems from Theorem [3.2] with Theorems

[B.3] [B.4|and[B.3] presented in Section [B.3] We deduce that

1
P(A°) <3 —— < 4e.
( )_5+nN_5

(27,n)



3.3 CONVERGENCE RATES

As a consequence of Theorem [3.4] we obtain the following
error bounds.

Corollary 3.5. We assume Assumptions|I|-[] and we recall
that ||0o|lo = s. For a fixed value of € € (0,1/4), for all
A > max{A1, A2}, N > max{Ny,Na} and 0 < k < Vi
(where { is given in Assumption[5) we have with probability
at least 1 — 4e that

4ANn?s(2 +)?

0 2
16— 6ollp < =

)

and
8 ns(1+v)(2+7)

k2~3/2

19— 6ollx <

Proof. From Theorem [3.4] we can work on 7part N Taisc N
Teomp N €y, v With probability at least 1 — 4e. If we apply
the oracle inequality to § = 0y, we have

AN2n25(2 + v)?

2
g = boo 3 < "5

on,N =

On Teomp We have ||bs — by, [|o,n,n > k|\§— 0o||2 and

4NIn?s(2 + )2

n 2
16— ool < =

The I; bound is obtained using that § — 6y € C(s,3 -+ 4/7)
and Cauchy-Schwarz inequality
~ 4~
16— Gollr < (4 + §)||9|S(90) — o1

4 1 ~
(?j)wwa—%m

< 8Ans(1+7)(2+7)
= k2372

<

)

where S(6p) is the support of 6y, and we used the sparsity
condition from Assumption 2] O

Finally, we present asymptotic convergence rates depend-
ing on whether the martingale or the discretisation error
dominates.

Corollary 3.6. Assume Assumptions|[I|-[|and the sparsity
condition |00 = s. For a fixed value of ¢ € (0,1/4), for
all N > max{Ny, No} and 0 < k < /€ we have with
probability at least 1 — 4e that

1. Iflog(nN )S—V\%\' — 0, then the discretisation error is

negligible and

log(nN)+/dslog(p)
k2N

16— Boll2 = Os (
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VAN

2. Iflog(nN)s NG
dominates and

— 00, then the discretisation error

) |

Let us notice that our results parallel those obtained in the
ergodic framework by Amorino et al.|[2025]. As the number
of repetitions NV is analogous to the time horizon 7" in their
analysis, our estimator achieves the same convergence rates,
up to logarithmic terms. Besides, the order (s/N)~1/2 is
the same order found in Nakakital[2025]] for the special case
of Ornstein-Uhlenbeck process with repeated continuous
observations.

s31og(p)

~ d
= = — log(nN)?
16— 6oll2 w<w%m> -

4 NUMERICAL ILLUSTRATION

In this section, we present numerical results to confirm
our theoretical findings. First, we evaluate the estimator on
simulated data, and observe how the estimation error (in [
norm) decreases as the number of observed trajectories /V in-
creases, particularly for high-dimensional parameters. Then,
we compare the generative performance of our approach
against the Sparse Neural Network proposed by [Zhao et al.
[2025]], using the Wasserstein distance and Maximum Mean
Discrepancy (MMD). Finally, we apply our method on real
climate data. By applying our estimator to the stochastic
regression model proposed by De Gregorio et al.|[2025], we
aim to explain which climate indices are predictors of the
global mean temperature.

4.1 SYNTHETIC DATA

We simulate the d-dimensional diffusion process solution
of (T)) for the choice of drift function
P
bo(x) =z + > Opcos((k+1)z), x€R?
k=1

where the cosine function is applied component-wise. The
trajectories are simulated using an Euler-Maruyama scheme
with 5000 discretisation steps.

In the following simulations, the parameter 6, € RP? is
generated with 80% sparsity, with non-zero coefficients
uniformly distributed in [1, 2], and we work in dimension
d = 10. The process is observed at high frequency with
n = 500, and we study the impact of N and p. We first
consider the classical diffusion ¢ = I;, which satisfies
Assumptions [3| and 4} Some simulated trajectories of the
process across its 10 dimensions are presented in Figure|T]
We then consider the diffusion coefficient
Ly

o(x) = diag(\/ﬁ),

which is bounded but does not satisfy Assumption [3] as
a(0) = 04 is not invertible.



Value

Time

Figure 1: Simulated sample paths of the process for o = 1.

4.2 ESTIMATOR IMPLEMENTATION

Minimisation algorithm. We aim to minimise 6
R, n(0) 4+ A||0]]1. The objective is the sum of two func-
tions: the contrast function is convex and smooth, while the
{1 norm is convex but non-differentiable when a coordinate
is equal to zero. This motivates the use of the Fast Iterat-
ive Shrinkage-Thresholding Algorithm (FISTA) proposed
by Beck and Teboulle| [2009] over other gradient descent
algorithms. Compared to the standard ISTA, the rate of con-
vergence is improved from O(1/K) to O(1/K?) (with K
the number of iterations) thanks to Nesterov’s accelerated
gradient descent method. This method computes the next
iterate using a specific linear combination of the two previ-
ous points, instead of the last point. To compute the gradi-
ent step, the algorithm requires the Lipschitz constant of
VR, N, which we numerically approximate. We terminate
the algorithm when the distance between iterates is below a
threshold or after 200 iterations.

Choice of the penalisation. The key choice in the min-
imisation is the choice of the tuning parameter A, which
controls the /; penalisation and the number of active coeffi-
cients. The penalisation parameter ) is chosen from a thin
grid (of size 30) using the Extended Bayesian Information
Criteria (EBIC) introduced in|Chen and Chen| [[2008]]. For
some 7y € [0, 1]

EBIC,(A) = 2Ly n(6)) + |5(83)] log(nN)

2vlos <(|S<§%>|)> |

where 6‘} is the Lasso estimator with regularisation para-
meter A\, |S (%)\ is the size of the support of 8, i.e. the
number of non-zero coefficients, and L,y n is the negative
log-likelihood of the model. Compared to cross-validation,
EBIC is less computationally expensive. As in|Denis et al.
[2026]], we observe that EBIC performs better for parameter
selection for large values of p.

4.3 ESTIMATION ERROR

To measure the accuracy of the Lasso estimator, we first
measure the parameter estimation error in 5 norm ||0 — 6* 5.

We study the behaviour of this error as the parameter di-
mension p (and therefore the number of non-zero coeffi-
cients s) and the number of observed trajectories NV increase.
For each value of p € {10, 20, 30,40}, a random value of
0y is selected and the errors are averaged over 30 itera-
tions. The results are presented in Figure 2] We observe
that the error decreases with a larger number of trajector-
ies IV, but increases as p and s grow, which is consistent
with the theoretical convergence rates presented in Corol-
lary 3.6} We remark that the estimator is consistent, despite

o(r) = diag( \/127
dition required by our theoretical framework. Finally, we
present a heat map of the estimated coefficients for p = 20
and o = I, in Figure[3to highlight the support recovery of
the Lasso estimator.

) not satisfying the ellipticity con-

20— N=20
— N =100
— N =500

Mean [, error

Mean [, error

Dimension of the parameter p

(0) o (x) = ding (/£ )

Figure 2: Mean error of the Lasso estimator + one standard
deviation for different values of N.

10 12 14 16 18

Lasso True

0 2 4 6 8

l [
0 0.5 1 1.5

[\

Figure 3: Heat map comparison of the sparse true parameter
and the estimated parameter (/N = 100, p = 20, 0 = Iy).



44 GENERATIVE GAP

Benchmark. We benchmark the generative performance
of our approach against the Sparse Neural Network (Sparse
NN) proposed by|Zhao et al.|[[2025]], which also incorporates
sparsity. The layers are of size (d, 16, 16, 1) and the sparsity
ratio is Syqzi0 = 0.25.

To evaluate
we generate K

the quality of the simulated paths,
500 independent trajectories
(XM X® . XY from the true SDE, and tra-
jectories { Y1), Y2 . Y()} simulated using the drift
estimated by either our Lasso estimator or the Sparse NN.

The fidelity of the generated paths is quantified using two
metrics: the Wasserstein distance and the Maximum Mean
Discrepancy (MMD), defined as follows.

Comparison metrics Our first metric to compare paths is
the Wasserstein distance, defined for empirical distributions
with uniform weights by

1/r
K
1 ) .
— min | — E @ —y&EGE) T
WT(X,Y)—HEH % |IXY) =Y ™5

Jj=1

where the minimum is over all permutations 7 of K
elements, and the trajectories XU ), Y@ can be seen as
vectors in very high dimension R(®*+1¢ We consider = 1.
In high dimensions, this formula is very computationally
expensive, and requires complex methods such as the
Hungarian algorithm in O(K?3). In dimension one however,
the Wasserstein distance has a closed-form formula. This
motivated the introduction of the Sliced Wasserstein by
Bonneel et al.| [2015]], computed as an average of linear
projections. We use a Monte Carlo approximation over 500
directions.

The second metric is the Maximum mean discrepancy
(MMD), which was originally proposed in |Gretton et al.
[2012] as a way to test if two distributions are the same.
The MMD has become a standard benchmark in generat-
ive modelling to assess the fidelity of generated samples
[see e.g.|Liet al.;[2015]]. A probability distribution P is em-
bedded into a Reproducing Kernel Hilbert Space (RKHS)
H via the mean embedding up = Ex~p[k(-, X)], for k a
kernel. The Maximum mean discrepancy is then defined as
MMD = ||pp—piql|2. For two sets of K trajectories X and
Y, we compute the unbiased estimator of the squared MMD
proposed by |Gretton et al.|[2012] using a Gaussian kernel
whose variance is determined via the median heuristic, after
flattening the trajectories to vectors in R(" 14,

Numerical results. The generative fidelity of the es-
timated model compared to the Sparse Neural Network
is illustrated in Figure [ for p = 30 and o(z)
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diag (xl /14 xf) We observe that the Lasso estimator

significantly outperforms the Sparse Neural Network in
terms of Wasserstein distance and MMD. The gray line,
labelled "True model", represents the Wasserstein distance
computed between two independent sets of K trajectories
generated from the true SDE. Note that this value is non-
zero due to the finite sample size. Our estimator rapidly
converges to this oracle bound. In particular, we note from
Figure [] that despite the violation of the ellipticity assump-
tion and a large parameter dimension, the Lasso estimator
accurately reconstructs the drift.

0.15 T T T 1] T T T T TT
3 —— Lasso
g — NN
._g 0.1+ —— True model |
£
2L
§ 0.05 \ *
3
=
0 L1l [N
10* 102 103
Number of trajectories [V
T T UL ‘ T T |
0.2 1 ——Lasso ||
—— NN
0.15 - *
o)
z o ]
0.05 \ |
0 L L L L L L1l ‘ L L L )
10! 102 103

Number of trajectories [NV

Figure 4: Performance of the Lasso estimator and the Sparse
Neural Network for path generation (p = 30, o(x)

diag(z;/\/1 + 22)).

4.5 APPLICATION TO CLIMATE DATA

We conclude with an illustrative application to real climate
data using the monthly climate indices provided by the
NOAA Physical Sciences Laboratory (National Oceanic
and Atmospheric Administration), available at https:
//psl.noaa.gov/| This example aims to show that our
methodology is readily applicable to regression problems
and can identify a meaningful subset of explanatory vari-
ables.

Dataset. Our target variable is the Global Mean
Land/Ocean Temperature. We select diverse predictive in-


https://psl.noaa.gov/
https://psl.noaa.gov/

dices representing various physical components and geo-
graphic regions. We restrict our analysis to indices with
complete records from 1951 to 2023. As seasonality domin-
ates the data, we subtract the monthly average and normalise
by the monthly standard deviation. Following the methodo-
logy in|Chatterjee et al.[[2012]], we then remove the linear
trend to filter out the long-term global warming.

We partition the data into 10-year segments and treat each
decade as an independent realisation. This segmentation
strikes a balance between the high-frequency sampling
(n = 120) and the number of repetitions (N = 7). While
the assumption of i.i.d. trajectories is a simplification of
the true dynamics, the preliminary de-trending and de-
seasonalisation steps mitigate the dependencies, making
the approximation reasonable, see Figure[3]
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i | A w;vfw Y I \ ﬂ

Time

Figure 5: 10-year trajectories of the Global Temperature,
after normalisation.

Model. To model the predictive relationship between cli-
mate indices, we consider the stochastic regression model
proposed by|De Gregorio et al.|[2025]]. We consider a system
of d variables where the first d — 1 components (the pre-
dictors) are modelled as independent Ornstein—Uhlenbeck
processes with parameter 1. The target variable X () is then
coupled to these predictors through a linear drift term. The
full system is given by:

X = —xPat+dw”, forl <i<d,
d—1

dx@ = - <X§d> +y° HkXt(k)) at + dw?.
k=1

Variable selection and accuracy. Figure[fillustrates the

variable selection performed by our model. The Lasso es-
timator selects 5 predictors out of the 17 candidates.

First, we observe that the variables driving an increase
in global temperatures, associated with negative coeffi-
cients, are Nino3.4 and the Western Hemisphere Warm Pool
(WHWP). Nino3.4 represents the dominant mode of inter-
annual variability [Trenberth,|1997], while the WHWP con-
stitutes the second-largest region of warm water on Earth,
acting as a major heat source [Wang and Enfield, 2001},
2003]]. In addition, the model selects the North Atlantic
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Figure 6: Estimated Lasso coefficients for the prediction of
the Global Mean Temperature.

Oscillation (NAO) and the Pacific-North American (PNA)
pattern. These indices capture the atmospheric variability,
and dominate the winter climate variability over the North-
ern Hemisphere [Wallace and Gutzler, |1981]]. Finally, the
Atlantic Meridional Mode (AMM) [Chiang and Vimont,
2004] is selected, capturing the dynamics of the tropical
Atlantic.

o T T T T
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°
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&) _ 2 | | | | |
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Figure 7: Comparison between observed and reconstructed
Global Mean Temperature trajectories.

To assess the accuracy of our selected model, we perform a
reconstruction experiment. Using the estimated drift para-
meters, we simulate 100 trajectories of the Global Mean
Temperature conditional on the observed paths of the pre-
dictors. The results are displayed in Figure 7}

We observe that the simulated mean closely follows the trend
of the actual observations. Furthermore, the true trajectory
remains almost entirely within the confidence interval. This
confirms that our model successfully captures the dynamics
of the Global Mean Temperature.

As a last remark, we also fitted the maximum likelihood
estimator for comparison. Because of its poor predictive
performance, we did not include the corresponding figures.
Still, we note that, as expected, it does not perform any
variable selection, making the estimated coefficients difficult
to interpret.



S CONCLUSION AND LIMITATIONS

We introduced a sparse likelihood-based approach for learn-
ing drift dynamics from repeated short trajectories of SDEs.
Our results clarify how replication can compensate for
limited time horizons, both from theoretical and generat-
ive perspectives. To support reproducibility and further re-
search, the code is made publicly available at https: //
github.com/elisebayraktar/LASSO. An interest-
ing perspective is to investigate the case of Lévy processes,
to extend the work of |Dexheimer and Strauch! [[2024] to this
modern framework of observations.
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A ADDITIONAL NUMERICAL RESULTS

In this section, we provide additional numerical results on simulated data. We first present in Figure [§| the parameter
estimation error in /; norm ||6 — 6*||;, which measures the accuracy of the Lasso estimator. Similarly to what was observed
in Figure [2} the error decreases with a larger number of trajectories [V, but increases as p and s grow.

I I r I I N
6l|— N=20 SI[—nN=2
— N =100 — N =100
S S
5 5
E E
g 3
= =
0 | | | | | 0 | | | | |
10 15 20 25 30 35 40 10 15 20 25 30 35 40
Dimension of the parameter p Dimension of the parameter p
(@) o = Ig. () o(x) = diag(z;//1 + z7)

Figure 8: Mean error of the Lasso estimator + one standard deviation for different values of V.

Figure [0]evaluates the generative fidelity of the estimated model compared to the Sparse Neural Network for p = 10 and
o = I4. As in Figure [] the Lasso estimator significantly outperforms the Sparse Neural Network in terms of Wasserstein
distance and MMD.

The evolution of the /5 error as a function of [V is presented in Figure For different values of p and of the volatiliyt
coefficient, we have fitted a curve of the form a% + ¢, where c corresponds to the discretisation error with becomes
dominant for large values of V. We see that our estimation error fits well with the predicted rate.
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Figure 9: Performance of the Lasso estimator and the Sparse Neural Network for path generation (p = 10, 0 = Iy).
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B PROOFS

B.1 TECHNICAL LEMMAS

Lemma B.1. Under Assumptions|[I]-[3] there exists a time t; > 0 and a constant C' > 0 (independent of d) such that for all
to, forallt < t1, and forall r > 1,

E [sup HXt(Ziu

u<t

- mm <o (s (B[||X|[3 | +max||on@]3) +757a).

Proof. Using the inequality |a + b|P < 2P~ 1(|a|? + |b|P) for p > 1, we first write

HXU)

t0+u - Xt(g)

2r
’ < 92r-1
, =

to+u )
[ wxa
to

2r

2

"

to

to+u
/ o(X9))aw )

2r
2

The drift term is bounded using Holder’s inequality and the sparsity of the true parameter 6,

2r

to+u )
/ b90 (X'L(;J))dv

to

sup
u<t

to+t
S t2r71 /
2 to

to+t
< t2r7182r max ‘00 k|2r/
A )

P

> o xr(X)
k=0

to

2r
dv

2
2r

or(X9N)||  do.
2

We decompose qbk(Xf,j)) = ¢k(X,(,j)) - (bk(Xt(g)) + ¢k(Xt(g)) — ¢x(0) + ¢ (0), and recall that the ¢, are uniformly
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Lipschitz from Assumptionand that |a + b + ¢|P < 3P71(]al? + |b|? + |c|P) for p > 1 to obtain

to+u )
/ b, (X)dw

to

2r

E |sup

u<t

(7

2

< ¢2rg?r32r-1 max |90,k\2r <Li’“E {sup HXt(g_)Fu — Xt(g)
u<t

] +L¥E [||X(”|| } + |l¢w(0 > .

The volatility term is a martingale. We first apply Holder’s inequality

’ o 12‘(/ X<J>)dW(J)) ‘

Using Burkholder’s inequality on the one-dimensional martingale (with constant Ca,. g, < C4/r for C independent of r)
and Holder’s inequality, we have forany 1 <[ < d

to+u ) ] o
E |:Sup ‘(/ U(Xi(ij))dwigj))l’ :| 27‘ Bur

u<t to

to+u
/ a(Xgﬁ)de(j)

to

2

to+t
/ Z T1m( X(J) d ) ]
U
d

< CQTTTtr*I]E [/t0+t(z o m )rd’U‘|
to m=1

<R (8)

y

+ O (s @ [ XE) 5] + max 6 O3 + 757,

Combining equations (7) and (8), we have

B sup X2 X0, - x§

u<t

2r
] <C’2Tt27’ 7R {sup
2 u<t

where the constants C'; and C do not depend on d or r. For a sufficiently small ¢; we have C1t1s < 1/2, hence for r > 1
and t < t; we have C?"t%"s?*" < Cyts < 1/2. This allows us to conclude that J¢t; > 0, 3C' > 0, Vt < t1,Vr > 1

[sup HXt0+u — Xt(o)

u<t

2r . .
, } <o (s @ || X ]] + max lonO)]3) + ¢7r7a).

Lemma B.2. Let X be a solution of
dXt = —b(Xt)dt + U(Xt)th, X() =0.

Assume that b is Lipschitz and that o satisfies Assumptions and then the transition density p(t, x,y) of X satisfies

cir |

z—yl3
p(tz,y) < a7z eXP(_T) exp(ct]|z|3),

for some constant C > 0 and ¢ > 0 independent of the dimension.

Proof. Similarly to the proof of Proposition 1.2 in|Gobet|[2002]], we first consider the SDE where the drift coefficient is
removed X; = Xo + fo s)dW where W is a Brownian motion under P°, and we denote by p°(t, z,y) its density. We
will later prove that for some constant K and c independent of the dimension

K2 Iz — ylI3
0 < _72)
Pt zy) < 5 eXp< %) )
K42 = —yll3
vapo(taxay)HQ S t(d+1)/2 exp(— ot 2)' (10)
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We set . ,
ze=esp (= [@ o aw, - 1 [ o (opx I as)
Under the Assumptions o~ 'b has linear growth, ensuring that Z is a martingale. By Girsanov’s theorem, we have:
pt,z,y) = p°(t, 2, )L (Z| X, = y). (11
To deal with EV (Z;| X, = y), we use the law of the diffusion bridge from X, = x to X; = y [see [Lyons and Zheng, [1990]

to transform the Brownian motion W into W + [ a(Xu)Wdu. Hence Z; = 1 — fg Zo N X)b(Xs)dW,
and

t
EO(Z| Xy =y)=1— 1 ) / E0[Z:b(X,).Vap’(t — 5, X4, y)]ds. (12)
0

POt z,y

We now bound [E?[Z,b(X,).V.p®(t — s, X, y)]| using Holder’s inequality with conjugate exponents /i1, 112. We use the
following moment bound for Z (proven below): for any p > 1, there are some constants 7'(d) > 0, and ¢ > 0, K > 0
independent of the dimension such that for all ¢ < T'(d)

Ep (Z1 (1 +[1Xill2)") < K exp(et|z]3)(1 + [|z]l2)". (13)
This, combined with equations (9) and (T0) and the linear growth of b, allows us to write

IE2[Zb(Xs).Vaup(t — 5, X5, )|

dz

42 ) le =203 Nz —yl3\]Y*
< K% exp(es||z[|2) (1 + [|z[]2) e sU2(t — 5) (@t Dp2/2 exp(— s — M2 ot —s) )

1 z —yl3
< K exp(ct[2]3) (1 + [l]2) )

147212 (t — 5)(d+1)/2~d/ 2> eXp(‘ 't

We choose 115 close to 1 so that (d + 1)/2 — d/2us < 1 in order to ensure that the time integral converges. Coming back to
(2. we gt
Kd/2 t 2\(1 12

exp(ctl]|3) (1 + [|l][2) exp(— [l = yli2 )

EN(Z|X, =y) <1
(Ll X =y) = +p0(t,x,y) t(d-1)/2 c't

and we conclude using (TT)), the lower bound on p° (@) and that eXP(;ﬂlf 1“)3/2“”6“2 < K= (f;t/!x”g) .
Proof of (13). From Lemma[B.1]Vg > 1
EQ((1+ X 2)7) < K9(tdg)?/2(1 + [la]]2)",
so, up to Holder’s inequality and choosing T'(d) so that T'(d)dg < 1, we only need to upper bound E2(Z). Fix A > 0. As b

is Lipschitz, there exists a constant K > 0, depending on the ellipticity constant ¢; from Assumption [3|but independent of
the dimension, such that

t
3 [l ) s < Aol + sup 1. - o)

s€0,t]

Taking the exponential and then the expectation, we obtain

t
E? [exp (A / ||al<Xs>b<Xs>||%ds)] < exp(AKt]][2) - EO
0

exp | AKt sup || X, —z|2]].
s€[0,t]

Using the Taylor expansion of the exponential function and the monotone convergence theorem, we write

]EO

x

= (AKt)"
exp ()\Kt sup HXS —5L’||§>‘| = Z ( | ) Eg
r.

s€[0,t] —0

se|

sup ||Xs—x||ﬂ.
0,t]
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Plugging the results of Lemma [B.1] for ¢ small there exists a constant C' > 0 such that

- )\Kt
EY [exp <)\Kt sup || Xs — x||§>1 Z cr (t2T82T||a:H§T +trrrdr>

s€0,t] —0

o0

< exp(AKCt3s%||z|2) + Z
r=0

)\Kt
C"t"rrd’.

For the second term, we use the fact that ! > (r/e)" hence

o0
AK t)"
—=CTtd” < Z (AKCt?de)".
r=0 r=0
This is a geometric series, we choose t < T'(d) small enough such that A\K Ct?de < 1. Consequently, the series converges
to a constant A > 0 independent of x, and for all ¢t < T'(d)

B0 <exp / lot(X.) )||§ds))§Aexp(ctx||§). (14)

In order to bound EY (Z}!), we rewrite

Zi = exp <Q/Ot(0'_ (X:)b(X,))" AW, — */ llo=( )||§ds)

~ e 4 / (o~ 1b(X)) 7AW, — g / o~ ||2ds)exp (-1 / o™X s )

We conclude using Cauchy—Schwarz inequality, where the first term is a martingale and has expectation equal to 1 and the
second one is estimated by Equation (14)).

Proof of (9). Equation (9) and are extensions of Equation (4.12) in|[Friedman| [1975]] by tracking the dependence of
the dimension d in the constants. In the following, we give a brief sketch of the proof, following the work done by Friedman:
[1964]. We denote by a = oo™, and we introduce the frozen transition density Z(y, t; z, 7), where the volatility is fixed at
the starting point o(x). For ¢t > 7

1 eXp(f (y—2)"a M (2)(y - m))
(27)4/2 det(a(x))/2(t — 7)4/2 2(t—7)

K2 o — yli3

ST exp (e t—r ):

Z(y,tyx,7) =

5)

where the constants K > 0 and ¢ > 0 depend on the ellipticity constant ¢; from Assumption 3| We use the parametrix
method to go from this first estimate to the density p°, writing

t
POt 2,y) = Z(y, t; 2,0) +/ / Z(y,t;n, 7)®(n, 75 2,0)dndr, (16)
0 JRrd
where @ is a solution of the Volterra equation
B, mi,0) = L2700+ [ [ L2076, 0)B(€ vin,0)dd,
0o Jrd

with kernel

d 2

1 0%z
We note that 527 (a Y (z)( )i (z)( ) “1(g)
o a r)\y—x));\a acy—xjia xij 7).
Ay 557~ | = o) 2wt
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In order to bound LZ, we use Assumptionto bound a(y) — a(z), and we bound 3 8y (y,t; 2, 7) using (TI5) and the

.12
ellipticity from Assumption Some powers of @ are absorbed into the exponential, and the constants which are
polynomial in d are negligible in front of K %/2, hence

Kd/2 —
|LZ (y, t;z,7)] < e (—0’7”1: y||2)

(t — )@z ™

We next bound ¢ by writing

oo

(I)(’I%T;LC, 0) = Z(LZ)V(% T, xvo)v

v=1
where (LZ), are the iterative convolutions of LZ. Following the same estimates as in |Friedman|[[1964, Eq. 4.8], we get
Kd/2 _ 2
|®(n, 752,0)| < ———7 exp(—cw>. (17
T

EESYYE)

Finally, substituting (I7) and (T3)) back into (T6) and applying Lemma 3 in [Friedman| [1964] to bound the integral, we
conclude that there exist constants K > 0, ¢ > 0 independent of the dimension such that

0 Kd/Z
p (taxvy) S td/2 exp(—

==yl

ct

B.2 PROOF OF THEOREM
Theorem Let 6 € O such that |0||o = s. Then, for any v > 0, we have on Tmart N Taisc N Teomp

4N?5(2 + )2

1% = boollo.nn < (L4200 = Boo lon v + 2735

where X is the tuning parameter of the Lasso estimator and k is the constant on Teomp.

Proof. We first compute the contrast function

S N ,
ZZHO_ J) 1AX(3)||2+7ZZ X(J) le(Xt(f_)l)} O—(Xt(j_)l) IAXi(J)
i=1j=1 =1 j=1
+ Anllbg — b, |15 105 — Anllbog 12 0 x + 28009, Doy )om. N -

By definition of the Lasso estimator we have

Ry n(0) = Ry v (0) < A([10]]1 = 110]]1),

therefore for any 0 € ©,

Anllbg = bog 2,05 < Dullbo — oy 2.0 + 2(bs — b AX + Anbgy)omv + (6011 = [16]1)- (18)

Recalling the definition of X given in (I}, we write

. ti . .
(bo — b5 AX + Dybgy) oy = ZZ(be (X)) = bp(x) (ooT>‘1(X§5)1></ o(Xs(”)dWS))
ti—1

i=1 j=1

o 20 D () ~ 1)) (oo™ ) ( [ ) - b <X§j>>>ds) .

ti—1
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Let us introduce the two terms

A(01,62) : sz(bel (X)) by (X)) (00™) (Xt‘fl)( /tiil<beo<xéf>l>—beo<X§j>>>ds>,

(10, (X9, — b, (X)) (aaT)—l(Xt({l)(/f

n N
= i—1

G(01,02) == — Z

This allows us to write (T8) as

a(ng))dWy)) :

1j5=1

Dnllbg = boo 7m0 < Dullbo = bog 13, + 2A(0,6) +2G(0,0) + A([10]1r — 10]]1).

‘We observe that

n N t:
. - 1 . B . : _ ‘
@) < 16 =0l | — D> @(x;” ) (00" X, ( / (b, (X7) = by, <X£fl>>ds> :
i=1 j=1 i1 .
-~ ol & : ‘ ti . ,
GO.B) <160l | =D @) (o) X,) ( / o<X§J>>dwy>> ,
i=1j=1 ti—a1 -
hence we obtain that, on the event Tt N Tdiscs
Anllbg = ool n.n < Anllbo — b, 17 (101 = 11611 + 116 = 01]1).
We work here assuming that § € © is such that ||6||o = s, and let us denote S(6) = supp(f). Then,
101l = 1161l + 116 =0l = (10 = 16150l = )50yl + 116 = B0y 11 + 1650 11
< 2/fs6) — Ol
hence N R
Anllbg = bogll5 n,n + A0 = Oll1 < Anllbg — boy[I7 1 x + 4M0)5(6) — O1l1- (19)

Finally, given a constant v > 0, we will consider two scenarios. On the one hand, if 4)\H’9\|5(9) — 0|1 < vAL]|be — be, ||3nN
then we obtain from (T9) that

15 = beo Iz m.nv < (L +7)1b6 = oo 17 - (20)
On the other hand, if 4/\||§|5(9) —0l[1 > yAullbo — b, |13, We obtain from () that

. 4~
16— 0]l < (4 + ;)H%(e) —0llx,

which implies that 6 — fe C(s,3+ 4/7). Applying Cauchy—Schwarz inequality in (T9), we obtain that

Anllbg — b |12 v + M8 — 8]t < Anllbg — by |12, v + 4AV5]|8 — 6]

On Teomp» We have |bg — bgllg,n,n > kH@\— 0|2, hence

Vs
1bg = Boo 1750 < 1o = Doy 15 + 4A37 =

kA, (”b@ bGo”a,n,N + Hb00 - b§H0,n,N)~

Using the inequality 2ab < % + eb? twice with a = A\\/s, b = ||bg — by, ||o.n, v and then with b = ||bg, — bgllon,n. We

obtain
9 n 2225
on,N c .

2
185~ o 100 = b o + g (000 = o + <l ~

Rearranging the terms to isolate ||bg — bg, ||Z,, x> we get

kA, + 2¢ 4N?s 1

llbg — b.90||onN < r”be b90||a'nN kﬁnq.

n
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In order for the first term to match with (1 + ~y) from Equation (20) in the case 4)\||§‘5(9) — 0|1 < yAL|bg — be, |2

on,N>
kyAy, :
we choose ¢ = 5272 and obtain
€= 2@

4N?5(2 + v)?

165 — boo 12 o n < (L4716 — b, |2 v + 2yAZ

which completes the proof. O

B.3 CONTROL OF THE RANDOM SET PROBABILITY

B.3.1 Proof of Theorem

Theorem 3.2} Under Assumptions[3|and[| and for Q,, n defined in (6), we have that for n large enough,
1

P(Qs < —.
( n,N)—nN

Proof. We set j € [N] and 0 < ¢ < 1. We have from Lemmathat the transition density of X t(j ) satisfies

cee = =yl 2
plt.2.y) < 277 exp(— L2 ) exp(ct]al),
for some constant C' > 0 and ¢ > 0 independent of the dimension. We recall that for all j € [N], Xéj ) = 0. For any K >0
. Cd/2 y 2
P(|X|l2 > K) =/ p(t,0,y)dy é/ vy exp(—%)dy
YER, |lyll2>K YERY ||yll2>K ¢

< CU2P(||Y |2 > K/Vet),

where Y ~ N(0, 1) is a standard Gaussian variable of dimension d, hence ||Y'||3 has a chi-squared distribution with d
degrees of freedom. For 0 < s < 1/2, we obtain using Markov’s inequality that forall 0 < ¢ < 1

P([V ]2 > K2/ct) < E(eXa)e 357/t < (1 — 25) 425K /et < (1 _ 9g)=4/2¢=5K"/c

If K%/c > d, this expression is minimised for s = £ (1 — %) <1/2

K?/c—d d K?
2 2
< = T Dog(—)).
P(IY (3 > K?/et) < exp( == + S log(~))
Coming back to X, we write
j K? d K?
P(|X7 ]2 > K) < exp(—%)exp (2 (1 +logC + 10g(al))) : (2D

If K2 /cd is sufficiently large, then 1 + log C' + log(f—;) < % and IP’(||Xt(j)||2 > K) < exp(—K?/4c).

We now define €,, n of the form

QN = { max HX(j) 2 < dAi,N} ,

1<i<n, 1<G<N | timt

and we detail the choice of A,, y. Using Equation Z1)) for K = v/dA,, n, we have

psn)=P( U U IX2,03>a42 )

1<i<n 1<j<N

<> > BXDIE > dA7 )

1<i<n 1<j<N

< nN exp(—dA? y/4c).
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Choosing A,, v = log(nN), we have for n large enough M > 2log(nN) and

B.3.2 The Martingale Set
Theorem B.3. Under Assumptions -13| for a fixed value of ¢ € (0,1/4) and for all X > Xy, it holds that

]P)(Tnclart |QH,N) S E.

Proof. From now on, we are working on 2, n, defined in Equation (6). We want to upper bound

) =2y S0 0"y, [ oxnand] > )

=1 j5=1 i—
N
1 ; A
< P(‘— Z(J) 7),

where Z ,ij ) is the one-dimensional martingale

n =1
1 n d ] t; d ] ] )
=YY@ o0 [ 3 o) XD, o (X)), 4w,
i=1 I=1 tim1 =1
d
_ 1 Z y ()
n m=1 "
with
Y = Z / Z o (XD i [(00)HXD,) o(xP)],, AW,

For a fixed j and conditionally on (X §j ) )s» the random variables (Yéf ))1gmgd are independent, centered and Gaussian, with

d
_ 2
Var(Y,9)|(X Z/ Z o (X t, DC (Xt(j)l) (ngj))]l,m> ds.
Using the independence to sum the variances, we have
d 2
Var(Z (X)) ZZ / ( X2 ) [(oaTrl(Xéfl)o(Xg”)]l,m) ds
m=1 i=1
1
—22/ S (HX) (00" (X8 (Xm))mds
ti—1 =1



We upper bound the conditional variance using that the functions ¢y, are Lipschitz with constant L (uniformly bounded in
p or d through Assumption|I)) and the ellipticity of o from Assumption 3|

. . 1 t;
Var(Z (X)) < 5> /

ni\,
n2

IN

2 G) . 2
[ x2) e(x)||as
2 ) 2

IN

2 (LRIXE, 13 + Ion(0)3)
As we are working on €,, v, we upper bound the sub-gaussian norm of the martingale Z ,gj )
j c
1Z9)12: < —3nlndlog(nN)?.

Using sub-gaussian Hoeffding inequality [see e.g. [Vershynin, 2018|] on the average % Z;\le Z ,ij ), we have

P(Ti) < 2pep (5 G )

nA,dlog(nN)?

AsnA,, =T = 11in our case, for a fixed value of € € (0,1/4) we define

=C \/W[log@p) +log(1/¢)] = Clbg(gm\/g\/log(?p) +log(1/¢),

and for all A > )\
]P)(Trsart|Qn,N) S €

B.3.3 The Discretisation Set
Theorem B.4. Under Assumptions[I|-[3| for a fixed value of € € (0,1/4) and for all X\ > X, it holds that

]P)(,]:iclsc|Q’ﬂ,N> S €

Proof. From now on, we are working on €2,, x (defined by (6). We first rewrite

n N
F(Tie) =P ‘ niNZZ(I)(Xt(iJ—)l) G (Z 901/t (X)) ~ ¢1(Xt(f_)1))d3> >
i=1 j=1 i1 -
=P Uy 22X oo <§ﬁm/ (6u(X )—@aﬂgm% >3
k=1 i=1 j=1 i1 k
< pmaxP ‘1iiF23 >é
nN . k =4 )

where

FY = ou(XD ) (00" tH<Z%JE@XW wﬂ%%ﬁ-

We will upper bound this probability using Markov’s inequality, therefore we aim to upper bound E(|F,:J |") (where
r > 1 will be specified later). We have using Cauchy-Schwarz inequality, the linear growth of ¢, from Assumption [T} and
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Assumption 3]

P

(00™)" (J(S’1>(j{jemlj{“ (61(X5) = (X2, ))tu)

=1 i—
o 1/2
2

< LT d?1og(nN)"C". s max |0,]" E [H/ (Gi(X9)) — (X)) du

27 1/2
}E

2

< 227‘71 |:L2’I“E |:||X(]) || :| + H¢ :|1/2

> k k

ti—1
2r p ti 1
, HZGOJ/t (X)) = i(X{2 )
=1 i—1

E(F[") <E U(m(XE;”l)

2

x E

(o™ (x)

P 1/2
2 ‘|
t; ) .
< CTLRCy 7/ log(nN)s™ AR max 0o, L / E Mxﬁg) —xV
ti—1

. 1/2
12]du .

s B |[x0) - x| < o (e [1XE, 1] + 0l + a5 )

u€[t;—1,t4)

We bound the increments of the process using Lemma [B.1]

< C"A; <A282T log(nN)*" + rrdr) < C"A” log(nN)*"r"d".
We get by combining (22) and (23)) that
E(|Fy7|7) < C"log(nN)?" d”s" A¥/2p7/2,
therefore using Holder’s inequality

(e ZZF”

11]1

) (Clog(nN)2dsA3/2\/r)".

Using Markov’s inequality, we deduce that

(P I

1=1 j=1

> C'log(nN) dsAg’/z\fe) < exp(-r),

which after a good choice of r can be written in the form

>u | <exp —( Y )2
B B eC log(nN)zclsAf’/2

n N

TTNZZFIJJ

i=1 j=1

We conclude that

>

i) ) 2oy
eC’log(nN)stAf’/2 = Pew CIOg(nN)AlszZA%.

< pesp(~

Therefore, for a fixed value of € € (0,1/4) we define

dlog(nN)?
= Cylog(nN)%sdA3/2\/log(p) + log(1/¢) = S ogg/ré V1og(p) + log(1/e),

and for all A > Ao
]P)(,]:iclsc|Q’ﬂ,N> S €
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B.3.4 Compatibility Condition

Theorem B.5. Under Assumptions - and Assumption@ for a fixed value of € € (0,1/4) and for all N > Ny, it holds
that

]P)(’];f)mp ‘Qn,N) S g.

Proof. From now on, we are working on {2,, v (defined by @). For u € RP, we define

n

o (£ ES e e ) () ~ Bl ) (0 ) (x)]] |

j=1 i=1

:\'—‘

Following the proof of Theorem 6.8. in[Amorino et al[2025]] and using Assumption[5] we have

by — by H,
Pl etz = ( T Tl =0 k)
ERP: =s, — w 5.5 U
vGRp:e—UGC(g,3+4/'y) 2 cCls,3+4/7) 2
H, 0 —k?
>1-—21% (pZS A (ep/2$)25> sup P > . (24)
S F g = 95+ 22

The random function Hfﬁ can be written as a sum of NV independent random variables
2

Lyl (0T )T (01 e) (X)) ~ Elle @) (01 @) (X, )] | u

Jull3

We recall that from Cauchy—Schwarz inequality VM € RP*?, Vu € RP, u” Mu < |[ull5,/>", =, M} ;. From Assumption
|I|, the functions ¢y, are Lipschitz. As we are working on €2,,  given in Equation (6), we have

W01 0) (01 0) (X Ju < [Jull? ot @(X I3 < C2[lull? |@(X7,)|12

< C2|Julf3 Z (X )12 < Cllul|3pdlog(nN)>.
k=1

Hence i H2 is a sum of independent, centered and bounded random variables, and we apply Hoeffding’s inequality to obtain

P £>z < 2ex — C(ZN)Q < 2ex —ﬂ
2 =°) =P\ Ndplogn)?)2 ) = " P\ @p2log(nN)* ) -

Combining this upper bound with (24), we have proved that

cN (0 — k%)? )

P(Teomp) 2 1= 217 (17 A (ep/29)**) 2050 (= log(nN)T (5 + 4/7)"

Therefore, for a fixed value of ¢ € (0, 1/4) we define

(5+4/9)*

N =a EDE

d*p?log(nN)* [log(2/e) + log (21%*[p** A (ep/25)*])]

= c1d*p? log(nN)4W [log(2/¢) + log (2123 [p?* A (ep/23)28])] ,

and for all N > N;
P(ﬁ%mp‘QnJ\f) <e.
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