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Abstract

Generalization bounds for deep learning models
are typically vacuous, not computable or restricted
to specific model classes. In this paper, we tackle
these issues by providing new disagreement-based
certificates for the gap between the true risk of
any two predictors. We then bound the true risk of
the predictor of interest via a surrogate model that
enjoys tight generalization guarantees, and by eval-
uating our disagreement bound on an unlabeled
dataset. We empirically demonstrate the tightness
of the obtained certificates and showcase the ver-
satility of the approach by training surrogate mod-
els leveraging three different frameworks: sample
compression, model compression and PAC-Bayes
theory. Importantly, such guarantees are achieved
without modifying the target model, nor adapting
the training procedure to the generalization frame-
work.

1 INTRODUCTION

Deep neural networks have been the stars of the ma-
chine learning field for the last decade. Their empirical
performance challenges the once-common wisdom that
over-parameterized models should overfit the training data
[Zhang et al., 2017]. This gap between practice and the-
ory calls for refined theoretical frameworks for studying
generalization. The community has mainly turned to statis-
tical learning theory to understand this phenomenon, pro-
ducing generalization bounds based on the VC dimension
[Vapnik and Chervonenkis, 1971], the Rademacher and
Gaussian complexities [e.g., Bartlett and Mendelson, 2002,
Pinto et al., 2025], information theory [e.g., Hellström et al.,
2025], PAC-Bayes theory [McAllester, 1998], sample com-
pression theory [Littlestone and Warmuth, 1986] and model
compression theory [e.g., Zhou et al., 2019]. Despite this

Figure 1: Generalization bounds on the true risk of
the model. Comparison between bounds from the lit-
erature (Norm-based and Partition-based) and our new
disagreement-based bounds, using surrogates from sample
compression, PAC-Bayes and model compression theory.

breadth of approaches, progress has remained limited: most
bounds are vacuous when applied to medium-to-large neural
networks or apply only to a modified version of the model
rather than the original predictor.

A recent line of work sidesteps these issues by leveraging
a simpler surrogate model with similar behavior to the net-
work of interest. The strategy is then to bound the true risk
of the original model through its link with the surrogate. In
particular, Hsu et al. [2021] and Suzuki et al. [2020] leverage
a smaller compressed neural network as a surrogate model,
and derive generalization bounds based either on distillation
or on the Minkowski difference between the two models.
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Table 1: Certification frameworks comparison. We seek deep
neural network bounds that are computable, non-vacuous,
and do not require assumptions about the target model. The
last column shows whether an additional dataset beyond the
train set is required (and should it be labeled or unlabeled).

Computable Non-vacuous No assumptions No additional data

PAC-Bayes ✓✓✓ ✓✓✓ ××× ✓✓✓
Sample Compression ✓✓✓ ✓✓✓ ××× ✓✓✓
Model Compression ✓✓✓ ✓✓✓ ××× ✓✓✓
VC dimension ××× ××× ✓✓✓ ✓✓✓
Information-theoretic ✓✓✓ ✓✓✓ ××× ××× (need labeled data)
Norm-based ✓✓✓ ××× ✓✓✓ ✓✓✓
Partition-based ✓✓✓ ××× ✓✓✓ ✓✓✓
Our bound (Zero-one loss) ✓✓✓ ✓✓✓ ✓✓✓ ×××(need unlabeled data)
Our bound (Lipschitz loss) ✓✓✓ ✓✓✓ ✓✓✓ ××× (need unlabeled data)
Our bound (Non-Lipschitz loss) ✓✓✓ ✓✓✓ ✓✓✓ ××× (need labeled data)

However, both results depend on universal constants that
cannot be computed. In contrast, Dziugaite and Roy [2025]
provide PAC-Bayes generalization bounds by pruning neu-
ral networks and finding a “teacher” model of smaller size
with small risk within them. While the resulting bounds are
computable, this approach is restricted to neural networks
with gated activations and residual connections, limiting its
applicability. Finally, Leblanc and Germain [2025] recently
presented a new approach for stochastic surrogates via a
conditional decomposition of the loss. Unlike our approach,
their method doesn’t require a supplementary subset of the
data, but cannot be used with stochastic neural networks for
classification problems with more than two classes.

In this paper, we present a framework that fulfills all desider-
ata simultaneously: we provide fully computable, non-
vacuous bounds that hold with high probability and apply to
any predictor, with no restrictions on architecture, activation
functions, training objectives, or optimizer (see Table 1 for
an overview of desiderata fulfilled by each framework). Like
prior work, we leverage a surrogate model that is simple
enough to enjoy tight generalization guarantees on its own,
while remaining close enough to the target network that
their predictions align on most inputs. The performance gap
between the two models is measured through a disagree-
ment bound, which we evaluate on a small unlabeled dataset
not used during training, the only additional requirement
of our approach. In comparison to labeled data, acquiring
unlabeled data is much cheaper and faster to obtain [Liao
et al., 2021], making this requirement much less stringent
than labeled data.

Our key theoretical contributions are reported in Section 3,
where we present a sketch of our disagreement bound, be-
fore specializing this result to the zero-one loss and to
Lipschitz-continuous losses. We further provide general-
ization certificates for the case where the disagreement term
is optimized on the available unlabeled data.

The resulting certificates are much stronger than the other
bounds in the literature that are computable and that hold for
the target model without modification, as illustrated in Fig-
ure 1. Moreover, unlike previous approaches, our guarantees

can be derived for virtually any proxy model. We showcase
this versatility in Section 4, where we apply three different
approaches (sample compression, model compression, and
PAC-Bayes theory) to train and certify the proxy model,
and study various families of neural networks: a CNN on
MNIST [LeCun et al., 1998], a ResNet18 [He et al., 2016]
on CIFAR10 [Krizhevsky et al., 2009], and a DistilBERT
[Sanh et al., 2019] and a GPT2 [Radford et al., 2019] on
Amazon polarity [Zhang et al., 2015].

2 BACKGROUND AND NOTATION

Let (x1, y1), . . . , (xn, yn) be a sequence of n indepen-
dently and identically distributed (i.i.d.) data points sam-
pled from an unknown distribution D over X ×Y . Let
S = {(xi, yi)}ni=1 be the dataset that contains these data
points. In this paper, we consider a feature space X ⊆ Rd

and a label space Y = {1, 2, . . . , C} for C-class classifica-
tion tasks.

The hypothesis class H contains predictors h : X → RC

with h(x) = (h(x)1, . . . , h(x)C). A learning algorithm
A :

⋃∞
k=1(X ×Y)k → H outputs a predictor A(S) ∈ H

when applied to S. Let ℓ : RC ×Y → [Bℓ, Tℓ] denote a loss
function with a range λℓ = Tℓ−Bℓ. Given a loss function ℓ,
the true loss of a predictor h is

LD(h) = E
(x,y)∼D

ℓ(h(x), y).

The true loss cannot be computed, as the distribu-
tion D is unknown. However, given a dataset S∼Dn,
we can compute the empirical loss of a predictor
L̂S(h) =

1
n

∑n
i=1 ℓ(h(xi), yi). When the choice of h ∈ H

is dependent on the dataset S, the empirical risk becomes a
biased estimator of the true risk. Thus, we rely on general-
ization bounds to upper-bound the true risk.

Definition 1. A generalization bound is defined as a high-
probability upper-bound on the true risk of a hypothesis
h ∈ H. With a confidence parameter δ and a complexity
function ϵ(n, δ), for some hypothesis h ∈ H, we have

P
S∼Dn

(
LD(h) ≤ L̂S(h) + ϵ(n, δ)

)
≥ 1− δ.

In this paper, we are mainly interested in two loss functions:
the zero-one loss ℓ0-1 and the cross-entropy loss ℓx-e. Given
a predictor h and a pair (x, y), the zero-one loss is defined as
ℓ0-1(h(x), y) = I[argmaxj∈{1,...,C} h(x)j ̸= y], where the
indicator function I[a] takes the value of 1 if the predicate
a is true and 0 otherwise. This loss has its own notation for
the true risk and empirical risk, respectively denoted RD(h)

and R̂S(h).

The cross-entropy loss is widely used to train neural net-
works and has recently become an object of interest in
statistical learning theory [e.g., Pérez-Ortiz et al., 2021,
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Lotfi et al., 2024]. The cross-entropy loss is defined as
ℓx-e(h(x), y) = − ln (σ(h(x), y)) with the softmax func-
tion

σ(h(x), y) =
exp (h(x)y)∑C
c=1 exp (h(x)c)

.

We denote σ(f(x)) = (σ(f(x), 1), . . . , σ(f(x), C)) the
softmax vector. By forcing the softmax to always be greater
than some positive constant, it is possible to bound the
cross-entropy loss, which otherwise tends to infinity when
the softmax tends to zero. To do so, we consider the clamped
softmax of Pérez-Ortiz et al. [2021] (see Definition S1) and
the smoothed softmax of Lotfi et al. [2024] (see Defini-
tion S2).

We now review the frameworks we leverage to derive the
results in Section 3 and experiment with in Section 4.

2.1 SAMPLE COMPRESSION THEORY

Introduced by Littlestone and Warmuth [1986], sample com-
pression theory provides generalization guarantees for data-
dependent predictors that can be fully described by a small
subset of the training data. Intuitively, if a model’s param-
eters depend on only a few training points, the model is
unlikely to have overfit, and sample compression theory
formalizes this intuition by providing an upper-bound of the
true risk of the model. Some examples of algorithms com-
patible with the sample compression framework include
the support vector machine [Boser et al., 1992], the per-
ceptron [Rosenblatt, 1958, Moran et al., 2020], the deci-
sion tree [Shah, 2007], the set covering machine [Marchand
and Shawe-Taylor, 2002, Marchand et al., 2003, Marchand
and Sokolova, 2005, Laviolette et al., 2005] and Pick-To-
Learn [Paccagnan et al., 2024, Marks and Paccagnan, 2025,
Paccagnan et al., 2025]. The latter was shown to be very
effective at deriving tight deep learning bounds [Bazinet
et al., 2025, Comeau et al., 2025].

We denote the compression set Si = {(xi, yi)}i∈i, which
is defined using a strictly increasing sequence of |i| indices
i = (i1, . . . , i|i|). All sequences i belong to P(n), the set
of all the 2n strictly increasing sequences composed of
the numbers 1 through n. We denote the complement set
Sic = S \ Si with |ic| = n − |i|. The subset of sample-
compressed predictors is denoted HS ⊆ H. A predictor
h = A(S) is called sample-compressed if there exists a func-
tion R :

⋃
m≤n(X ×Y)m → HS and a sequence i ∈ P(n)

such that R(Si) would return the same predictor as the orig-
inal algorithm (A(S) = R(Si)). For any such predictor, the
sample-compression bound of Bazinet et al. [2025] can be
used to upper-bound the true risk of the predictor.

Theorem 2 (Bazinet et al. [2025]). For a distribution D
over X ×Y , a loss ℓ : RC ×Y → [Bℓ, Tℓ] and δ ∈ (0, 1],
with probability at least 1 − δ over the draw of S ∼ Dn,

simultaneously for all compression sets i ∈ P(n), we have

LD(R(Si)) ≤ L̂Sic
(R(Si)) + λℓ

√√√√ 1

2|ic|
log

(
2
√
|ic|

Pn(|i|)δ

)
,

with Pn(|i|) = 6
π2 (|i|+1)−2

( n
|i|
)−1

.

This result is versatile and can be applied to any sample-
compressed predictor. In practice, one needs to prove that
an algorithm produces sample-compressed models in order
to compute the bound. A notable example for deep neural
networks is the aforementioned Pick-To-Learn algorithm.
Interestingly, the coreset methods (see Moser et al. [2025]
for an introduction) also fit this framework: a coreset can
be viewed as the compression set in Theorem 2 to obtain
generalization bounds. To the best of our knowledge, the
connection between coreset methods and sample compres-
sion has never been investigated.

2.2 MODEL COMPRESSION THEORY

The code length of a model is exploited by Zhou et al. [2019]
to measure its complexity: if it is possible to reduce the code
length of a model, by either decreasing the number of trained
parameters or quantizing its weights without performance
degradation, then the model should generalize well. In a
similar fashion, Arora et al. [2018] provided computable
bounds for compressed models by studying the robustness
of the layers to perturbations of an uncompressed model and
relating it to the description length of the model. Follow-
ing Zhou et al. [2019], Lotfi et al. [2022] presented a tight
bound for model compression based on the universal prior
[Solomonoff, 1964], which introduces the Kolmogorov com-
plexity [Kolmogorov, 1965] of the model into the bound.
In practice, they perform subspace compression [Li et al.,
2018] and adaptative quantization [Han et al., 2016] to mini-
mize the complexity of the model. Finally, Lotfi et al. [2024]
proposed a hybrid approach between subspace compression
and LoRA [Hu et al., 2022] named SubLoRA and extended
the generalization bound to real-valued losses, a result that
we now present. Let lC(ĥ) denote the code length in bits
of a model ĥ according to a code C, and HC ⊆ H be the
subset of compressed predictors that can be encoded by C.

Theorem 3 (Lotfi et al. [2024]). For a distribution D over
X ×Y , a loss ℓ : RC ×Y → [Bℓ, Tℓ] and δ ∈ (0, 1], with
probability at least 1− δ over the draw of S ∼ Dn, simul-
taneously for all ĥ ∈ HC, we have

LD(ĥ) ≤ L̂S(ĥ) + λℓ

√
1

2n

[
lC(ĥ)2 log 2lC(ĥ) + log

1

δ

]
.

2.3 PAC-BAYES THEORY

While the previous sections presented inequalities bound-
ing the true risk of a single model, the PAC-Bayes frame-
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work principally studies the true risk of stochastic predic-
tors expressed as a distribution over multiple models. Built
on the work of McAllester [1998] and Shawe-Taylor and
Williamson [1997], PAC-Bayes theory was popularized for
stochastic neural networks by Dziugaite and Roy [2017]
and Pérez-Ortiz et al. [2021]. Recent developments include
applications to meta-learning [e.g., Guan and Lu, 2022, Za-
kerinia et al., 2024, Leblanc et al., 2025], deep learning
generative networks [e.g., Chérief-Abdellatif et al., 2022,
Mbacke et al., 2023a,b, Mbacke and Rivasplata, 2024] and
large language models [Su et al., 2024].

In this setting, one is interested in learning a distribu-
tion Q over the set of predictors H. Starting with a data-
independent prior distribution P , an algorithm A′ takes as
input the dataset S and the prior distribution P and then
outputs the posterior distribution Q = A′(S, P ). PAC-
Bayes bounds control generalization by penalizing posteri-
ors that deviate from the prior, as typically measured by the
Kullback-Leibler (KL) divergence:

KL(Q||P ) = E
h∼Q

ln
Q(h)

P (h)
.

The following PAC-Bayesian theorem was first presented
by McAllester [2003] and tightened by Maurer [2004].

Theorem 4 (McAllester [2003]). For a distribution D over
X ×Y , a data-independent prior distribution P over H, a
loss ℓ : RC ×Y → [Bℓ, Tℓ] and δ ∈ (0, 1], with probability
at least 1− δ over the draw of S ∼ Dn, simultaneously for
all Q over H, we have

E
h∼Q

LD(h) ≤ E
h∼Q

L̂S(h) + λℓ

√
KL(Q||P ) + log 2

√
n

δ

2n
.

2.4 OTHER THEORETICAL FRAMEWORKS

There exist several other approaches in statistical learning
theory beyond those discussed above. Notably, norm-based
generalization bounds [Bartlett et al., 2017] are based on
the norm of the network’s weight matrices as a measure of
complexity. However, these bounds are generally vacuous
[Galanti et al., 2023b], sometimes negatively correlated with
generalization [Jiang et al., 2020], or cannot be computed, as
they either require the input space to be bounded [Golowich
et al., 2018] or depend on intractable universal constants
[Bartlett and Mendelson, 2002, Lin and Zhang, 2019, Long
and Sedghi, 2020, Wei and Ma, 2020, Ledent et al., 2021,
Pinto et al., 2025]. Similarly, VC dimension bounds are
intractable or vacuous for deep neural networks [Vapnik and
Chervonenkis, 1971, Bartlett et al., 1998, 2019].

In recent years, bounds based on information theory gained
interest, as the conditional mutual information framework
[Steinke and Zakynthinou, 2020, Hellström and Durisi,
2020] tends to yield non-vacuous bounds for stochastic gra-
dient descent [Hellström and Durisi, 2022]. However, these

bounds either hold in expectation or use a super-sample of
size 2n, where the model is trained on a first half of the
super-sample and the guarantee upper-bounds the risk on
the second half, instead of the true risk.

Finally, Galanti et al. [2023a] use the effective depth of
the neural network as complexity measure. However, their
bound is in expectation and depends on multiple assump-
tions that are not always satisfied in practice. Than and
Phan [2025] provide vacuous generalization guarantees for
trained models that depend on a partition of the input space.

3 DISAGREEMENT-BASED BOUNDS

As discussed in the previous section, most bounds for deep
learning are either vacuous, not computable or hold only for
a restricted class of hypotheses. In this section, we present
new theoretical results applicable to any machine learning
model. We first formalize the general ideas underpinning
our approach by stating a BOUND SKETCH, which presents
the form of our proposed disagreement-based bounds over
the gap between the losses of two models, and show how
this can be leveraged for three use cases. We then instan-
tiate our general scheme to three different types of losses:
the zero-one loss (Theorem 5), Lipschitz-continuous losses
(Theorem 6) and non-Lipschitz-continuous losses (Theo-
rem 7), a weaker result which requires a labeled dataset for
computing the disagreement.

The following BOUND SKETCH provides the general
scheme of the forthcoming high-probability bounds on the
gap between the true losses of two predictors. We denote
U = {(xi, ·)}mi=1 an unlabeled dataset sampled i.i.d. from
the distribution D.

BOUND SKETCH. Given two predictors f, h ∈ H, a loss
function ℓ, and a proper (to be defined) disagreement mea-
sure DU (f, h; ℓ, δ) between f and h over a dataset U . The
proposed disagreement-based bounds are such that, with
probability at least 1− δ over the sampling of U ∼ Dm, we
have

LD(f) ≤ LD(h) +DU (f, h; ℓ, δ). (1)

From now on, we take f to be the target model, i.e., a
model that does not enjoy tight generalization bounds, either
because its complexity is too large or because it doesn’t fit
the required assumptions, and h to be the surrogate model
for which tight generalization bounds exist. Let us describe
three use cases of the proposed disagreement-based bounds.

Use case #1 : Certifying the target model. Let H ⊆ H
be a class of certifiable surrogate models, such as the class
of sample-compressed predictors HS or the class of com-
pressed models HC. Let Q be a distribution over H. Suppose
that there exists a function ϵ(n, δ) bounding the generaliza-
tion gap of the proxy model h, that is, the following general-
ization bound on its true risk holds with probability at least
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1− δ over the sampling of S ∼ Dn:

∀h ∈ H : LD(h) ≤ L̂S(h) + ϵ(n,Q(h)δ) . (2)

Examples of the function ϵ(n,Q(h)δ) would be the square-
root terms in Theorems 2, 3 and 4, respectively for surrogate
models from sample compression, model compression and
PAC-Bayes theory.

Then, given a chosen model h⋆ ∈ H, combining Equa-
tions (1) and (2) gives that, with probability at least 1− 2δ
over the sampling of S ∼ Dn and U ∼ Dm:

LD(f) ≤ L̂S(h
⋆)+ϵ(n,Q(h⋆)δ))+DU (f, h

⋆; ℓ, δ) . (3)

Note that this type of bounds does not hold simultaneously
for all h ∈ H, but the model h⋆ can be dependent on the
dataset S, notably via an optimization algorithm. Further-
more, the model f can also depend on S, as its complex-
ity does not appear in the bound of Equation (3). When
a surrogate model h⋆ with tight generalization guarantees
is obtainable, then this strategy renders a certificate for f
whose tightness depends on the disagreement measured by
the chosen function DU (f, h; ℓ, δ).

Use case #2 : Minimizing the disagreement. The second
use case of this disagreement bound is to certify the true
risk of the target model whilst minimizing the disagreement
between the two models. With probability at least 1 − 2δ
over the sampling of S ∼ Dn and U ∼ Dm, simultaneously
for all h ∈ H, we have

LD(f) ≤ L̂S(h)+ϵ(n,Q(h)δ)+DU (f, h; ℓ,Q(h)δ) . (4)

We obtain this result by applying Equation (1) with a union
bound over all h ∈ H, followed by a union bound with
Equation (3). Although this added step loosens the bound in
principle, it allows the surrogate model to be selected and
trained on both the datasets S and U . One way to train the
surrogate model on the unlabeled set is via model distillation
[Schmidhuber, 1992, Hinton et al., 2015], using pseudo-
labels produced by the target model.

Use case #3 : Bounding the true risk gap. The final use
case of this bound is to guarantee that replacing a model
h with a new model f with better qualities does not lead
to a significant performance drop. Such qualities could be
that the model is fairness-aware [e.g., Dwork et al., 2012,
Hardt et al., 2016], differentially private [e.g., Dwork, 2006,
Dwork and Roth, 2014] or achieves faster inference, either
via model distillation [e.g., Buciluǎ et al., 2006, Hinton et al.,
2015] or model quantization [e.g., Han et al., 2016, Nagel
et al., 2020]. Note that bounding the risk gap can lead to
useful insights even when both models are too complex to
enjoy non-vacuous generalization bounds.

3.1 DISAGREEMENT WITH THE ZERO-ONE
LOSS

We present our first result for the zero-one loss. To do so,
we build on the work of Yang et al. [2024], who presented
a theoretical result to compare the reconstruction error of a
coreset. We show that this result can be upper-bounded with
high probability via the test set bound of Langford [2005]
(see Theorem S6), which is essentially perfectly tight for
binomial distributions. With these two results, we can state
a disagreement measure for the zero-one loss, which is
defined as

d0-1
U (f, h)=

1

m

m∑
i=1

I
[
argmax

j
f(xi)j ̸= argmax

k
h(xi)k

]
.

The disagreement measure d0-1
U compares the labels pre-

dicted by each model for a given data point. If the disagree-
ment bound between f and h tends to zero, then the models
achieve the same true risk. We now present our first result: a
disagreement-based bound for the zero-one loss. The proof
of all results are given in Appendix B.

Theorem 5. For two predictors h ∈ H and f ∈ H, with
probability at least 1− δ over the sampling of U ∼ Dm, we
have

RD(f) ≤ RD(h) + Bin
(
md0-1

U (f, h),m, δ
)
,

with Bin(k,m, δ) = argsupp∈[0,1]{Bin(k,m, p) ≥ δ} and

Bin(k,m, p) =
∑k

i=0 (
m
i )p

i(1− p)m−i.

This result provides generalization guarantees for the zero-
one loss of any target model f by training a surrogate predic-
tor h with tight generalization bounds and a small disagree-
ment with f ; In the experiments of Section 4, we do so by
bounding the true risk RD(h) of the surrogate model using
sample compression and model compression guarantees.

By definition, the binomial tail inversion Bin(k,m, δ)
[Langford, 2005] gives the tightest upper-bound on the error
rate of a binomial random variable. To do so, the bino-
mial tail inversion returns the greatest error rate p such that
Bin(k,m, p) the probability of making k or fewer errors out
of m samples is greater than δ. As it computes the exact
worst-case error rate, there cannot be a tighter bound.

3.2 DISAGREEMENT WITH LIPSCHITZ LOSSES

We now generalize the previous result for Lipschitz-
continuous bounded losses. An intuitive measure of dis-
agreement between two models is to compare the decision
boundary of the models by comparing their output distribu-
tions :

dKℓ

U (f, h) =
1

m

m∑
i=1

∥σ(f(xi))− σ(h(xi))∥1 .
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When this measure of disagreement tends to zero, the mod-
els predict the same class for each data point sampled
from D, which means that the models generalize similarly.
The following Theorem 6 uses the Chernoff bound for ran-
dom variables in the interval unit of Foong et al. [2022] (see
Theorem S7) in place of the zero-one loss-based test set
bound exploited by Theorem 5. Furthermore, Theorem 6
provides a bound on a target predictor f given a distribu-
tion Q over a class of surrogate models. This allows us to ap-
ply PAC-Bayes bounds (such as Theorem 4) to the true risk
of the surrogate model. Still, the following disagreement-
based bound for Lipschitz-continuous [Bℓ, Tℓ]-losses can be
applied to a single surrogate model by setting Q to a Dirac
distribution over a single hypothesis.

Theorem 6. For a distribution Q over H, a predictor f ∈ H,
a Lipschitz loss ℓ : RC ×Y → [Bℓ, Tℓ] with a Lipschitz
constant Kℓ, with probability at least 1−δ over the sampling
of U ∼ Dm, we have

LD(f) ≤ E
h∼Q

LD(h)+2Kℓkl
−1

(
E

h∼Q

dKℓ

U (f, h)

2
,
log 1

δ

m

)

with kl−1(q, ϵ) = argsupp∈[0,1] {kl(q, p) ≤ ϵ} and
kl(q, p) = q log q

p + (1− q) log 1−q
1−p .

The above result can be applied to common losses such as
the logistic loss, the hinge loss and the Huber loss, which
are known to be Lipschitz functions [Chinot et al., 2020].
The cross-entropy loss is Lipschitz with respect to the soft-
max output of the model when constraining the entries of
the softmax output to be greater than a given positive con-
stant, which is achieved with the clamped or the smoothed
softmax. However, the obtained Lipschitz constant Kℓ is
typically large and renders vacuous bounds. In the following
subsection, we present a weaker result that bounds the loss
of a model using disagreement on a labeled dataset.

3.3 DISAGREEMENT WITH NON-LIPSCHITZ
LOSSES

Let L = {(xi, yi)}mi=1 ∼ Dm be a small held-out labeled
set of data points removed before training f . Then, we
provide the following disagreement bound for any bounded
non-Lipschitz loss.

Theorem 7. For a distribution Q over H, a predictor f ∈ H,
a loss ℓ : RC ×Y → [Bℓ, Tℓ] with range λℓ = Tℓ − Bℓ,
with probability at least 1−δ over the sampling of L ∼ Dm:

LD(f) ≤ E
h∼Q

LD(h) + λℓkl
−1

(
E

h∼Q

dL(f, h)

λℓ
,
log 1

δ

m

)
,

with

dL(f, h) =
1

m

m∑
i=1

|ℓ(f(xi), yi)− ℓ(h(xi), yi)| .

In contrast with Theorems 5 and 6, the disagreement dL is
not a disagreement between the output of the models. How-
ever, we show in Corollary S16 that, for Lipschitz losses
with large Kℓ constants, dL is a proxy for disagreement
between the models, as it is upper-bounded by the dis-
agreement between the probability distributions outputted
by the models. We instantiate this result for the clamped and
smoothed cross-entropy respectively in Appendix C.1.

For both Theorems 6 and 7, the expectation of the true loss
of the surrogate might not be tractable, which is the case
for stochastic neural networks [Pérez-Ortiz et al., 2021].
Following the Monte Carlo sampling approach of Pérez-
Ortiz et al. [2021], we use a Chernoff bound [Foong et al.,
2022] to upper-bound the expectation of both the risks of
the surrogate and the disagreement between the surrogate
and target models, as described in Appendix C.2.

When used with the zero-one loss, dL is upper-bounded
by d0-1

U , leading to a bound on the true risk of the target
using PAC-Bayes theory and an unlabeled dataset U , which
wasn’t possible with the test set bound of Langford [2005].

4 EXPERIMENTS

In this section, we demonstrate the versatility and efficacy
of our framework by training and certifying a variety of
deep neural networks for which tight generalization bounds
were previously unavailable.1 In Section 4.1, we focus on
use case #1 and thus leverage Theorem 5 to bound the
zero-one loss and Theorem 7 to bound the cross-entropy
loss of the target network, obtaining a surrogate via sample
compression, model compression or PAC-Bayes training.
In Section 4.2, we illustrate use case #2 by applying The-
orem 6 to the true Huber loss of the target model, while
optimizing a compressed surrogate via model distillation.
Finally, in Section 4.3, we consider use case #3 and evaluate
the certificate on the gap between the true risks of the target
model and its quantized version.

For all experiments, we report the mean and standard devia-
tion over five training-evaluation runs. We randomly sample
10% of the training set to form a validation set. Of the re-
maining training set, we further select a disagreement set,
corresponding to 20% of data for MNIST and CIFAR10,
and 85% for Amazon polarity 2. We optimize the smoothed
softmax with α = 10−3, following the result of an abla-
tion study on coreset methods in Appendix D.4.1. Thus, in
all tables and figures, the cross-entropy loss is bounded by
ln(103C), which is approximately 9.21 with C = 10. All
the bounds presented hold with probability 1 − δ = 0.99.
Other hyperparameters are detailed in Appendix D.

1Our code is available at https://github.com/
GRAAL-Research/Bound-to-Disagree.

215% corresponds to roughly 500000 data points, more than
enough data to train the models on Amazon polarity.
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Table 2: Generalization bounds for the zero-one loss of the
target models according to the approach (and theorem) used
to certify the surrogate. The bound values are reported in %.

Bound (Theorem) MNIST CIFAR10

Baselines Partition-based (S4) 86.55±0.53 90.58±0.47
Norm-based (S5) (3.14±0.37)×108 (3.80±0.30)×1021

Our approach

Random Coreset (S8) 1.79±0.19 17.36±0.20
Best Coreset (S9) 21.50±0.83 81.72±0.69
Pick-To-Learn (S10) 3.90±0.09 57.13±2.71
Model compression (S11) 3.45±0.11 35.06±0.40
PAC-Bayes (S15) 4.83±0.32 28.13±1.55

Table 3: Generalization bounds for the smoothed cross-
entropy loss of the target models according to the approach
(and theorem) used to certify the surrogate.

Bound (Theorem) MNIST CIFAR10

Baselines Partition-based (S4) 7.9546±0.0475 8.3437±0.0431
Norm-based N/A N/A

Our approach

Random Coreset (S12) 0.0744±0.0026 0.6858±0.0089
Best Coreset (S13) 0.9035±0.0531 5.7076±0.0970
Pick-To-Learn (S13) 1.2673±0.0248 7.4941±0.2277
Model compression (S14) 0.1756±0.0041 1.7851±0.0223
PAC-Bayes (S15) 0.2592±0.0087 1.4204±0.1377

Pick-To-Learn Random Coreset k-Center Greedy Forgetting DeepFool
0.00
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0.10

0.15

0.20

0.25
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P2L bound
Test set bound
Sample compression bound
Disagreement bound

(a) Zero-one loss

Pick-To-Learn Random Coreset k-Center Greedy Forgetting DeepFool
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0.2

0.4

0.6
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1.2

1.4

Complement loss
Sample compression bound
Chernoff test set bound
Disagreement bound

(b) Smoothed cross-entropy loss

Figure 2: Illustration of the behavior of our disagreement bounds on MNIST using sample-compression methods.

4.1 CERTIFYING THE TARGET MODEL

For these experiments, we first train a CNN on MNIST
[LeCun et al., 1998] and a ResNet18 [He et al., 2016]
on CIFAR10 [Krizhevsky et al., 2009] as target models.
Because these models are deterministic, trained on the
whole training set and not quantized, the only generalization
bounds of the literature that we can compare with are: the
partition-based bound of Than and Phan [2025] (see Theo-
rem S4), and norm-based bounds, among which we present
the results of Galanti et al. [2023b] (see Theorem S5), which
is only defined for the zero-one loss. Note that for the
partition-based bound, contrary to the original paper, we
compute the partition on the disagreement set, to obtain non-
vacuous results. See Appendix D.2.1 for an ablation study
on the way of computing the partition. Tables 2 and 3 report
a summary of the value of our new disagreement bounds
for all the experiments, where we specify the generalization
framework from the literature used to certify the surrogate
model. The disagreement bounds displayed were obtained
without considering the disagreement by choosing the sur-
rogates with the tightest generalization bounds. We observe
that both norm-based bounds and partition-based bounds
are unsuited to certify the target model both on MNIST
and on CIFAR10: norm-based bounds are vacuous as cross-
entropy maximizes the network’s weight norms [Galanti
et al., 2023b], and partition-based bounds are almost trivial,
as they estimate a generalization performance close to a
random predictor (90%). Moreover, the latter cannot differ-

entiate between two problems of varying complexities, such
as MNIST and CIFAR10.

Sample compression In our first experiment, we use
sample-compression bounds to certify the target models
on MNIST and CIFAR10. To do so, we train neural net-
works with the same architecture as the targets using Pick-
To-Learn (P2L) [Paccagnan et al., 2024] and coreset meth-
ods such as Random Coreset, k-Center Greedy [Sener and
Savarese, 2018], Forgetting [Toneva et al., 2019] and Deep-
Fool [Ducoffe and Precioso, 2018].

Figure 2 presents the contribution of each term of the bound
on MNIST for the different sample-compression methods.
The results for CIFAR10 are presented in Figure S2 in Ap-
pendix D. The complement error is added as complementary
information, but the bound is not linear in the complement
error. We observe that each method is able to achieve tight
generalization bounds for our target models. The tightest
bound is achieved by the Random Coreset approach, which
is expected as it enjoys a test set bound, which means that
the complexity of the random coreset is never accounted
for in the bound. In comparison, the other bounds are train
set bounds, meaning the coreset method must find a com-
promise between accuracy and coreset size. Moreover, the
Random Coreset approach was found to be a very competi-
tive baseline by Guo et al. [2022], which can explain that
this method achieves a small train and test error. For the
zero-one loss, P2L achieves the second-tightest bound. For
the cross-entropy loss, it actually achieves the worst bound
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Table 4: Generalization bounds on the zero-one loss
achieved on MNIST and CIFAR10 using model compres-
sion (MC) bounds. We present the metrics for the surrogate
model used to certify the target model. All metrics are in
percents (%), except the size.

Dataset Surrogate model Target model

Test error Size (KB) MC Bound Test error Our bound

MNIST 0.89±0.08 0.04±0.00 2.45±0.13 0.50±0.07 3.45±0.11
CIFAR10 14.95±0.42 0.03±0.00 20.15±0.35 5.84±0.16 35.06±0.40

Table 5: Generalization bounds on the zero-one loss
achieved on MNIST and CIFAR10 using PAC-Bayes (PB)
bounds. We present the metrics for the surrogate model used
to certify the target model. All metrics presented are in per-
cents (%), except the KL.

Dataset Surrogate model Target model

Test error KL PB Bound Test error Our bound

MNIST 0.82±0.07 4.68±0.22 2.28±0.13 0.50±0.07 4.83±0.32
CIFAR10 11.33±0.55 1.62±0.92 14.04±0.91 5.84±0.16 28.13±1.55

of all methods. The complexity of the model learned using
P2L is much higher than the coreset methods, however, the
P2L bound (Theorem S10) still achieves significantly tighter
bounds. In Tables 2 and 3, we report the bound for P2L, Ran-
dom Coreset and the best (non-random) coreset method. Of
all the methods presented, Random Coreset achieves the
tightest disagreement bound for our target models. All of
the sample compression bounds are significantly tighter than
both the norm-based bound and the partition-based bound.

Model compression. For the model compression experi-
ments, we use the SubLoRA method of Lotfi et al. [2024].
To showcase a different approach that leads to tight certifi-
cates, we start by pretraining a CNN on 20% of the training
set for MNIST and a ResNet18 on 50% of the training set
for CIFAR10. We then add a low-rank adapter [Hu et al.,
2022] and use the subspace compression method [Li et al.,
2018] implemented by Lotfi et al. [2022] on the adapter.
After training the adapter on the remaining training data, the
subspace vector is quantized using adaptative quantization
[Han et al., 2016] and encoded using arithmetic encoding
[Rissanen and Langdon, 1979]. The bound on the surro-
gate’s loss is computed over the set on which the adapter
was trained.

In Table 4, we report the bound on the zero-one loss for the
SubLoRA approach on MNIST and CIFAR10. We report the
bound on the cross-entropy loss in Table S2. On MNIST, the
model compression bounds are the second-tightest bounds
reported in Table 2, whilst they are the third-tightest bounds
for CIFAR10. It was expected that these bounds would
be much tighter than the sample-compression bounds, as
pretraining the models tightens significantly the guarantees
[Ambroladze et al., 2006, Parrado-Hernández et al., 2012,
Dziugaite and Roy, 2018]. However, we note that even after
an extensive hyperparameter search on CIFAR10, the bound
favors a smaller subspace vector, where the model only
marginally improves after the pretraining, if at all.

PAC-Bayes. For the PAC-Bayes experiments, we train
stochastic neural networks with the implementation of Pérez-
Ortiz et al. [2021]. We start by pretraining a deterministic
neural network, either a CNN on 20% of the training set for
MNIST or a ResNet18 on 60% or 70% on the training set
of CIFAR10. We then add Gaussian distributions over the
weights of the neural network, with the mean and the stan-

dard deviation of the distributions as trainable parameters.
To compute the bound of Theorem S15, we approximate the
expectation via Monte Carlo sampling. The full statement
of the disagreement loss with the Monte Carlo sampling is
presented in Theorem S20.

In Table 5, we report the bound on the zero-one loss for
the stochastic neural networks on MNIST and CIFAR10.
The results on the cross-entropy loss are reported in Ta-
ble S3. As the models were pretrained, they achieve small
test errors even with a small KL divergence, similarly to the
model compression bound. In contrast with the previous ap-
proaches, the disagreement bounds are actually larger than
the compressed model bounds. The approximation via the
Monte Carlo sampling and the variance in the stochastic pre-
dictor leads to a larger disagreement between the model and
its surrogate. However, this approach provides tight general-
ization bounds and achieves the second-best disagreement
bound on CIFAR10.

4.2 MINIMIZING THE DISAGREEMENT

For the second use case of our disagreement bounds, we
provide model distillation experiments on Amazon polarity
dataset [Zhang et al., 2015]. Our target models are a Distil-
BERT [Sanh et al., 2019] and a GPT2 [Radford et al., 2019].
Using the target models, we create pseudo-labels for the
unlabeled disagreement set and train the surrogate models
on both the labeled set S and the unlabeled set U . We freeze
the pretrained weights of the model (from the Transformers
library [Wolf et al., 2020]) and add SubLoRA weights [Lotfi
et al., 2024] on the top half of the model. As the model is
trained on both datasets, the bound holds simultaneously
for all possible models, following Equation (4). We use the
Huber loss (see Definition S3) with δH = 0.2 to compute
Theorem 6, which means that we can train the model with
vanilla softmax.

We present the results for the Huber loss in Table 6, where
both models achieved non-vacuous generalization bounds.
The DistilBERT surrogate achieved a test loss very similar
to the one of the target model, while the GPT2 surrogate’s
loss is much higher. This could be explained by the fact that
the model is twice as big, although the SubLoRA adapter
that achieved the best disagreement bound is the same size
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Table 6: Generalization bounds on the Huber loss via model
distillation on Amazon polarity using model compression
bounds. With δH =0.2, the loss is less than δH− 1

2δ
2
H =0.18.

Dataset Surrogate model Target model

Test loss Size (KB) MC Bound Test loss Our bound

DistilBERT .015±.000 2.02±0.01 .027±.000 .012±.000 .059±.001
GPT2 .035±.004 2.04±0.43 .052±.004 .010±.000 .152±.015

(in KB) as the one of DistilBERT. Indeed, as the distribution
Q is present twice in Equation (4), the size of the model
becomes much more important in the bound minimization
than the loss of the model, leading to higher train and test
losses. Although the bound is only available for the Huber
loss instead of the cross-entropy loss, the model’s softmax
doesn’t have to be modified, the dataset does not need to be
labeled and the bound minimizes the actual disagreement
between the two models. We report the results for the zero-
one loss in Table S4. For both architectures, we are able
to provide non-vacuous and non-trivial (less than 50% for
binary classification) generalization bounds for the targets.

4.3 BOUNDING THE TRUE RISK GAP

To demonstrate our third use case, we provide quantiza-
tion experiments on Amazon polarity, with the same target
models as the previous section. We quantize the models
and compare their disagreement with the unquantized target
models. In contrast to the previous sections, the surrogates
are still too large to enjoy non-vacuous model compression
bounds, even after quantization. We can use our disagree-
ment bounds to provide an upper-bound on the gap between
the true risk of two models. This will guarantee that although
the surrogate is quantized, the models will perform similarly
on unseen data points. We present results for models with
and without quantization-aware (QA) training. For QA train-
ing, we quantize to 4 bits using TorchAO [Or et al., 2025]
and 8 bits using AO from PyTorch [Ansel et al., 2024]. For
the other experiments, we use half-quadratic quantization
(HQQ) [Badri and Shaji, 2023] to quantize the models.

We report the results in Figure 3. Without a surprise, fully
quantizing a model to 2 bits leads to large performance
loss. The tightest disagreement bounds were obtained by
using 8 bits with HQQ for both models. The QA training
with 4 bits achieves a better test error for both models than
8 bit training, leading, however, the DistilBERT model to
overfit on the training set. For both DistilBERT and GPT2,
respectively without and with quantization-aware training,
the 4-bits models are able to achieve disagreement bound of
about 2%, whilst achieving faster inference and using less
memory.

Remark. Finding a good surrogate model is the most im-
portant step to use our disagreement framework. We pro-
vide some recommendations derived from our experience
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Figure 3: Behavior of the disagreement bound according to
the number of bits and the use of QA training.

in training the models presented in this section. In general,
choosing the same model architecture for both the target
and surrogate models leads to very small disagreement be-
tween the models, although choosing a smaller model with
model compression theory may yield tighter bounds. For
sample compression surrogates, we recommend using the
random coreset approach or Pick-To-Learn. The random
coreset achieved the tightest bound by far with the smallest
computational cost, while Pick-To-Learn gives control on
the complement error via early stopping. For model com-
pression surrogates, we found that using SubLoRA [Lotfi
et al., 2024] with a base model pretrained on 20 to 50% of
the dataset works best. Finally, stochastic neural networks
with Gaussian distributions are generally harder to train
than the other surrogates, but can yield tight generalization
bounds when the base model is pretrained on 50 to 70% of
the data.

5 CONCLUSION

We proposed new disagreement-based bounds that can be
leveraged for any machine learning predictor. These bounds
require no assumptions about the model’s architecture or
the training method. We showed that these bounds can be
used with multiple statistical learning theory frameworks
to obtain tight generalization bounds, by experimenting on
datasets of varying complexity such as MNIST, CIFAR10
and Amazon polarity.

Despite achieving eloquent improvement over existing
bounds in many contexts, our proposed framework also
has limitations that deserve to be addressed in future work.
Notably, the disagreement-based bounds are only as good
as the guarantees used to certify the surrogate models, and
finding a surrogate for a very complex model can be chal-
lenging. Moreover, the tightest bounds are obtained without
minimizing the disagreement on the unlabeled set, giving
no control on the disagreement between the target and the
surrogate. In particular, the random coreset approach pro-
vides little control over the resulting bound, yet yields the
tightest bounds of all the approaches. Finally, we believe
that this approach may be generalized for regression prob-
lems and even possibly to text generation by leveraging the
token-level bound of Lotfi et al. [2025].
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A DEFINITIONS AND THEORETICAL RESULTS FROM THE LITERATURE

Definition S1 (Pérez-Ortiz et al. [2021]). Given a parameter α ∈ (0, 1) and a number of classes C, the clamped softmax is
defined as

σmax(h(x), y) = max

(
α

C
,

exp (h(x)y)∑C
c=1 exp(h(x)c)

)
,

and the cross-entropy loss is bounded with Bℓ = 0, Tℓ = ln C
α and λℓ = ln C

α .

Definition S2 (Lotfi et al. [2024]). Given a parameter α ∈ (0, 1) and a number of classes C, the smoothed softmax is
defined as

σsmooth(h(x), y) = (1− α)

(
exp (h(x)y)∑C
c=1 exp(h(x)c)

)
+

α

C
,

and the cross-entropy loss bounded with Bℓ = ln
(
1− α+ α

C

)
, Tℓ = ln C

α and λℓ = ln
(
1 + (1− α)Cα

)
.

Definition S3. Given h : X → RC , y ∈ RC and δH > 0, the Huber loss is defined as

ℓHuber(h(x), y) =
1

C

C∑
i=1

{
1
2 (σ(h

′(x), i)− yi)
2 if |σ(h′(x), i)− yi| ≤ δH

δH|σ(h′(x), i)− yi| − 1
2δ

2
H otherwise.

(5)

As we apply a softmax over the output of the predictor, this loss is bounded by δH − 1
2δ

2
H. This loss is Lipschitz-continuous

with Kℓ = δH [Chinot et al., 2020].

Theorem S4 (Partition-based bound of Than and Phan [2025]). Let Z = X ×Y and let Γ(Z) =
⋃K

i=1 Zi be a partition of
Z into K subsets. Let ni = |S ∩ Zi| be the number of samples of a dataset S grouped into Zi. Let T =

∑k
i=1 I[ni ̸= 0]

be the number of subsets of Γ(Z) in which data points from S fall into. For any partition Γ into K subsets, for any loss

ℓ : RC ×Y → [0, Tℓ], for any constants γ ≥ 1 and η ∈
[
0, γn(K+γn)

K(4n−3)

]
, with probability at least 1− γ−η − δ over the draw

of S ∼ Dn, for a given model hS trained on S, we have

LD(hS) ≤ L̂S(hS) + Tℓ

√
η ln γ

√√√√ γ

2n
+

γ2

2

K∑
i=1

(ni

n

)2
+ γ2

√
2

n
ln

2K

δ
+ Tℓ(

√
2 + 1)

√
T ln 4K

δ

n
+

2TℓT ln 4K
δ

n
.

Theorem S5 (Norm-based bound of Galanti et al. [2023b]). Given a fixed neural network architecture G that defines a
directed acyclic graph. Let the architecture have L layers and dl neurons at each layer l ∈ {1, . . . , L}. Denote zli is the
i-th neuron of the l-th layer. Let zl−1

i be a predecessor of the neuron zlj if there exists an edge between the two neurons
and denote pred(l, j) the set of predecessors of the neuron zlj . Let HG be the class of neural networks with architecture
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G. Denote ρ(h) the norm of the model h ∈ HG. Given images with c0 channels and d0 values such that the images are in
Rc0d0 and labels in Y ⊂ RC the set of C-dimensional one-hot vectors. Let z0j (x) be the jth pixel of the image. For any
distribution D over Rc0d0 ×{−1,+1}, with probability at least 1− δ over the draw of S ∼ Dn, we have

∀h ∈ HG : RD(h) ≤ R̂ γ
S (h) +

2
√
2(ρ(h) + 1)

γn
· Λ(h) + 3

√
log(2(ρ(h) + 2)2)/δ

2n
,

with R̂ γ
S (h) =

1
n

∑n
i=1 I[maxj ̸=yi

h(xi)j + γ ≥ h(xi)yi
] and

Λ(h) =

1 +

√√√√2(L log 2 +

L−1∑
l=1

log(max
j∈[dl]

|pred(l, j)|) + logC)

 ·

√√√√ max
j0,...,jL

L−1∏
l=1

|pred(l, jl)| ·
n∑

i=1

∥z0j0(xi)∥22.

Theorem S6 (Test set bound of Langford [2005]). Let X1, . . . , Xn be i.i.d. random variables Xi ∈ {0, 1} and p = E[Xi].
Then, with probability at least 1− δ, we have

p ≤ Bin

(
n∑

i=1

Xi, n, δ

)
,

with Bin(k,m, p) =
∑k

i=0 (
m
i )p

i(1− p)m−i and Bin(k,m, δ) = argsupp∈[0,1]{Bin(k,m, p) ≥ δ}.

Theorem S7 (Chernoff bound of Foong et al. [2022]). Let X1, . . . , Xn be i.i.d. random variables Xi ∈ [0, 1] and p = E[Xi].
Then, with probability at least 1− δ, we have

p ≤ kl−1

(
1

n

n∑
i=1

Xi,
1

n
log

1

δ

)
.

with kl(q, p) = q log q
p + (1− q) log 1−q

1−p and kl−1(q, ϵ) = argsupp∈[0,1] {kl(q, p) ≤ ϵ} .

Theorem S8 (Test set bound of Langford [2005], adapted for random coresets). For any distribution D over X ×Y , for any
predictor h ∈ H, for any random sequence i ∈ P(n) and for any δ ∈ (0, 1], with probability at least 1− δ over the draw of
S ∼ Dn, we have

RD(A(Si)) ≤ Bin
(
(n− |i|)R̂Sic

(A(Si)), n− |i|, δ
)
.

Theorem S9 (Sample compression bound of Laviolette et al. [2005]). For any distribution D over X ×Y , for any
deterministic reconstruction function R that outputs sample-compressed predictors h ∈ HS and for any δ ∈ (0, 1], with
probability at least 1− δ over the draw of S ∼ Dn, we have

∀ i ∈ P(n) : RD(R(Si)) ≤ Bin
(
|ic|R̂Sic

(R(Si)), |ic|,
( n
|i|
)−1 6

π2 (|i|+1)−2δ
)
.

Theorem S10 (P2L bound of Paccagnan et al. [2025]). For a fixed compression set size M , let R(Si) be the output of P2L
which stops when |i| = M . For any δ ∈ (0, 1), with probability at least 1− δ over the draw of S ∼ Dn, we have

RD(R(Si)) ≤ ε
(
M + | ic |R̂Sic

(R(Si)), δ
)
,

where ε(n, δ) = 1 and for k = 0, 1, . . . , n− 1, ε(k, δ) is the unique solution to the equation Ψk,δ(ε) = 1 in the interval
[ kn , 1], with

Ψk,δ(ε) =
δ

n

n−1∑
m=k

(mk )

( nk )
(1− ε)−(n−m).

Theorem S11 (Model compression bound, adapted from Lotfi et al. [2022]). For any distribution D over X ×Y , for any
prefix-free code C, for any hypothesis class HC such that any ĥ ∈ HC can be defined using the code C and for any δ ∈ (0, 1],
with probability at least 1− δ over the draw of S ∼ Dn, we have

∀ĥ ∈ HC : RD(ĥ) ≤ Bin
(
nR̂S(ĥ), n, 2

−lC(ĥ)2−2 log2 lC(ĥ)δ
)
.
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Proof. Using the prior p(h) = 1
Z 2−lC(ĥ)2−2 log2 lC(ĥ) of Lotfi et al. [2022], the test set bound of Langford [2005] and the

union bound, we get

∀ĥ ∈ HC : RD(ĥ) ≤ Bin
(
κ, n,

1

Z
2−lC(ĥ)2−2 log2 lC(ĥ)δ

)
. (6)

The binomial tail inversion is decreasing with respect to δ, as a smaller δ means a looser bound. By definition, Z ≤ 1, which
means that

1

Z
2−lC(ĥ)2−2 log2 lC(ĥ) ≥ 2−lC(ĥ)2−2 log2 lC(ĥ)

=⇒ Bin
(
κ, n,

1

Z
2−lC(ĥ)2−2 log2 lC(ĥ)δ

)
≤ Bin

(
κ, n, 2−lC(ĥ)2−2 log2 lC(ĥ)δ

)
.

Theorem S12 (Chernoff test-set bound of Foong et al. [2022], adapted for random coresets). For any distribution D over
X ×Y , for any predictor h ∈ H, for any loss ℓ : RC ×Y → [Bℓ, Tℓ], for any random sequence i ∈ P(n) and for any
δ ∈ (0, 1], with probability at least 1− δ over the draw of S ∼ Dn, we have

LD(A(Si)) ≤ Bℓ + λℓkl
−1

(
L̂Sic

(A(Si))−Bℓ

λℓ
,

1

n− |i|
log

1

δ

)
.

Theorem S13 (Sample-compression bound of Bazinet et al. [2025]). For any distribution D over X ×Y , for any determin-
istic reconstruction function R that outputs sample-compressed predictors h ∈ HS , for any loss ℓ : RC ×Y → [Bℓ, Tℓ] and
for any δ ∈ (0, 1], with probability at least 1− δ over the draw of S ∼ Dn, we have

∀i ∈ P(n) : LD(R(Si)) ≤ Bℓ + λℓkl
−1

(
L̂Sic

(R(Si))−Bℓ

λℓ
,
1

|ic|

[
log

(
n
|i|

)
+ log

(
2
√
|ic|

6
π2 (|i|+1)−2δ

)])
.

Theorem S14 (Model compression bound, adapted from Lotfi et al. [2024]). For any distribution D over X ×Y , for
any prefix-free code C, for any hypothesis class HC such that any ĥ ∈ HC can be defined using the code C, for any loss
ℓ : RC ×Y → [Bℓ, Tℓ] and for any δ ∈ (0, 1], with probability at least 1− δ over the draw of S ∼ Dn, we have

∀ĥ ∈ HC : LD(ĥ) ≤ Bℓ + λℓkl
−1

(
L̂S(ĥ)−Bℓ

λℓ
,
1

n

[
lC(ĥ) log 2 + 2 log lC(ĥ) + log

(
2
√
n

δ

)])
.

Proof. We use the same proof technique as Bazinet et al. [2025], but we replace the sample-compression prior with
p(h) = 1

Z 2−lC(ĥ)2−2 log2 lC(ĥ). Similarly to the proof of Theorem S11, we can avoid computing the normalizing constant Z
as kl−1(q, ϵ) is increasing in ϵ and, with Z ≤ 1, we have

− log p(h) = lC(ĥ) log 2 + 2 log lC(ĥ) + logZ ≤ lC(ĥ) log 2 + 2 log lC(ĥ).

Theorem S15 (PAC-Bayes bound of Pérez-Ortiz et al. [2021]). For any distribution D over X ×Y , for any set H of
predictors h : X → Y , for any loss ℓ : RC ×Y → [Bℓ, Tℓ], for any dataset-independent prior distribution P on H, for
any δ, δ′ ∈ (0, 1], with probability at least 1− δ − δ′ over the draw of S ∼ Dn and a set of V predictors h1, . . . , hV ∼ Q,
where Q is a dataset-dependent posterior distribution over H, we have

E
h∼Q

LD(h) ≤ Bℓ + λℓkl
−1

(
kl−1

(
1

V

V∑
i=1

L̂S(hi)−Bℓ

λℓ
,
1

V
log

2

δ′

)
,
1

n

[
KL(Q||P ) + ln

(
2
√
n

δ

)])
.
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B PROOFS OF THE MAIN RESULTS

Theorem 5. For two predictors h ∈ H and f ∈ H, with probability at least 1− δ over the sampling of U ∼ Dm, we have

RD(f) ≤ RD(h) + Bin
(
md0-1

U (f, h),m, δ
)
,

with Bin(k,m, δ) = argsupp∈[0,1]{Bin(k,m, p) ≥ δ} and Bin(k,m, p) =
∑k

i=0 (
m
i )p

i(1− p)m−i.

Proof. Given two predictors h, f ∈ H such that h(x) = (h(x)1, . . . , h(x)C) and f(x) = (f(x)1, . . . , f(x)C). We use
fmax(x) = argmaxj f(x)j and hmax(x) = argmaxk h(x)k to simplify the notation. Then, the result of Yang et al. [2024]
states that

|RD(f)−RD(h)| ≤ E
(x,y)∼D

I [fmax(x) ̸= hmax(x)]. (7)

For completeness, we restate the proof of this result before continuing on to prove our result.

|RD(f)−RD(h)| =
∣∣∣∣ E
(x,y)∼D

I [fmax(x) ̸= y]− E
(x,y)∼D

I [hmax(x) ̸= y]

∣∣∣∣
=

∣∣∣∣ E
(x,y)∼D

[I [fmax(x) ̸= y]− I [hmax(x) ̸= y]]

∣∣∣∣
≤ E

(x,y)∼D
|I [fmax(x) ̸= y]− I [hmax(x) ̸= y]|

≤ E
(x,y)∼D

I [fmax(x) ̸= hmax(x)] .

The first inequality is the triangle inequality. The second inequality can easily be shown with a truth table (see Table S1).

I [fmax(x) ̸= y] I [hmax(x) ̸= y] |I [fmax(x) ̸= y]− I [hmax(x) ̸= y] | I [fmax(x) ̸= hmax(x)]
0 0 0 0
1 0 1 1
0 1 1 1
1 1 0 0 or 1

Table S1: Truth table (0 for false, 1 for true). Let Y = {1, . . . , C} the set of classes. First line: if both fmax(x) = y and
hmax(x) = y, then fmax(x) = hmax(x). Second line (and similarly for the third line): if fmax(x) ̸= y and hmax(x) = y,
then fmax(x) ̸= hmax(x). Without loss of generality, suppose y = 1. Then, for the last line, if fmax(x) ̸= y and
hmax(x) ̸= y, then we have fmax(x) ∈ {2, . . . , C} and hmax(x) ∈ {2, . . . , C}. It is then both possible to have fmax(x) =
hmax(x) =⇒ I[fmax(x) ̸= hmax(x)] = 0 and fmax(x) ̸= hmax(x) =⇒ I[fmax(x) ̸= hmax(x)] = 1.

Equation 7 is not computable because it requires knowledge of the true data distribution D. We now extend this result
and upperbound the disagreement. To do so, we start by applying the binomial test-set bound of Langford (2005) (see
Theorem S6) on the right-hand side of Equation (7), with p = E(x,y)∼D I [fmax(x) ̸= hmax(x)].

1− δ ≤ P
U∼Dm

(
E

(x,y)∼D
I [fmax(x) ̸= hmax(x)] ≤ Bin

(
m∑
i=1

I [fmax(xi) ̸= hmax(xi)],m, δ

))

≤ P
U∼Dm

(
|RD(f)−RD(h)| ≤ Bin

(
m∑
i=1

I [fmax(xi) ̸= hmax(xi)],m, δ

))
(Equation 7)

= P
U∼Dm

(
|RD(f)−RD(h)| ≤ Bin

(
md0-1

U (f, h),m, δ
))

≤ P
U∼Dm

(
RD(f) ≤ RD(h) + Bin

(
md0-1

U (f, h),m, δ
))

with

d0-1
U (f, h) =

1

m

m∑
i=1

I
[
argmax

j
f(xi)j ̸= argmax

k
h(xi)k

]
.
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For the following theorem, we make the assumption that the loss natively applies a softmax over the output of the predictors.
Otherwise, we simply consider h′(·) = σ(h(·)) in the proof.

Theorem 6. For a distribution Q over H, a predictor f ∈ H, a Lipschitz loss ℓ : RC ×Y → [Bℓ, Tℓ] with a Lipschitz
constant Kℓ, with probability at least 1− δ over the sampling of U ∼ Dm, we have

LD(f) ≤ E
h∼Q

LD(h) + 2Kℓkl
−1

(
E

h∼Q

dKℓ

U (f, h)

2
,
log 1

δ

m

)

with kl−1(q, ϵ) = argsupp∈[0,1] {kl(q, p) ≤ ϵ} and kl(q, p) = q log q
p + (1− q) log 1−q

1−p .

Proof of Theorem 6. With σ(f(x)) = (σ(f(x), 1), . . . , σ(f(x), C)), we have∣∣∣∣LD(f)− E
h∼Q

LD(h)

∣∣∣∣ = ∣∣∣∣ E
h∼Q

[LD(f)− LD(h)]

∣∣∣∣
=

∣∣∣∣ E
h∼Q

[
E

(x,y)∼D
ℓ(f(x), y)− E

(x,y)∼D
ℓ(h(x), y)

]∣∣∣∣
=

∣∣∣∣ E
h∼Q

E
(x,y)∼D

[ℓ(f(x), y)− ℓ(h(x), y)]

∣∣∣∣
≤ E

h∼Q
E

(x,y)∼D
|ℓ(f(x), y)− ℓ(h(x), y)| (8)

≤ E
h∼Q

E
(x,y)∼D

Kℓ∥σ(f(x))− σ(h(x))∥1

= Kℓ E
(x,y)∼D

E
h∼Q

∥σ(f(x))− σ(h(x))∥1.

The first inequality stems from the triangle inequality. The second inequality comes from the Kℓ-Lipschitz continuity of ℓ.

The 1-norm of the difference of two softmax distributions is always positive and always bounded by 2, which can easily be
proved using the triangle inequality.

∥σ(f(x))− σ(h(x))∥1 ≤ ∥σ(f(x))∥1 + ∥σ(h(x))∥1 ≤ 2.

From Chernoff’s bound for random variables in the unit interval [Foong et al., 2022], with
p = E(x,y)∼D Eh∼Q

1
2∥σ(f(x))− σ(h(x))∥1, we have

P
U∼Dm

(
E

(x,y)∼D
E

h∼Q

1

2
∥σ(f(x))− σ(h(x))∥1 ≤ kl−1

(
E

h∼Q

1

m

m∑
i=1

1

2
∥σ(f(xi))− σ(h(xi))∥1,

1

m
log

1

δ

))
≥ 1− δ.

Let the difference between the losses be denoted by

dKℓ

U (f, h) = ∥σ(f(xi))− σ(h(xi))∥1.

We finish the proof.

1− δ ≤ P
U∼Dm

(
E

(x,y)∼D
E

h∼Q

1

2
∥σ(f(x))− σ(h(x))∥1 ≤ kl−1

(
1

2
E

h∼Q
dKℓ

U (f, h),
1

m
log

1

δ

))
= P

U∼Dm

(
E

(x,y)∼D
E

h∼Q
∥σ(f(x))− σ(h(x))∥1 ≤ 2kl−1

(
1

2
E

h∼Q
dKℓ

U (f, h),
1

m
log

1

δ

))
= P

U∼Dm

(
E

h∼Q
E

(x,y)∼D
Kℓ∥σ(f(x))− σ(h(x))∥1 ≤ 2Kℓkl

−1

(
1

2
E

h∼Q
dKℓ

U (f, h),
1

m
log

1

δ

))
≤ P

U∼Dm

(
E

h∼Q
E

(x,y)∼D
|ℓ(f(x), y)− ℓ(h(x), y)| ≤ 2Kℓkl

−1

(
1

2
E

h∼Q
dKℓ

U (f, h),
1

m
log

1

δ

))
≤ P

U∼Dm

(∣∣∣∣LD(f)− E
h∼Q

LD(h)

∣∣∣∣ ≤ 2Kℓkl
−1

(
1

2
E

h∼Q
dKℓ

U (f, h),
1

m
log

1

δ

))
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= P
U∼Dm

(
LD(f) ≤ E

h∼Q
LD(h) + 2Kℓkl

−1

(
1

2
E

h∼Q
dKℓ

U (f, h),
1

m
log

1

δ

))
.

Theorem 7. For a distribution Q over H, a predictor f ∈ H, a loss ℓ : RC ×Y → [Bℓ, Tℓ] with range λℓ = Tℓ −Bℓ, with
probability at least 1− δ over the sampling of L ∼ Dm:

LD(f) ≤ E
h∼Q

LD(h) + λℓkl
−1

(
E

h∼Q

dL(f, h)

λℓ
,
log 1

δ

m

)
,

with

dL(f, h) =
1

m

m∑
i=1

|ℓ(f(xi), yi)− ℓ(h(xi), yi)| .

Proof of Theorem 7. ∣∣∣∣LD(f)− E
h∼Q

LD(h)

∣∣∣∣ = ∣∣∣∣ E
h∼Q

[LD(f)− LD(h)]

∣∣∣∣
=

∣∣∣∣ E
h∼Q

[
E

(x,y)∼D
ℓ(f(x), y)− E

(x,y)∼D
ℓ(h(x), y)

]∣∣∣∣
=

∣∣∣∣ E
h∼Q

E
(x,y)∼D

[ℓ(f(x), y)− ℓ(h(x), y)]

∣∣∣∣
≤ E

h∼Q
E

(x,y)∼D
|ℓ(f(x), y)− ℓ(h(x), y)|

= E
(x,y)∼D

E
h∼Q

|ℓ(f(x), y)− ℓ(h(x), y)|

The inequality stems from the triangle inequality.

To use Chernoff’s bound, we need a loss in the unit interval, so we normalize it.

0 ≤ |ℓ(f(x), y)− ℓ(h(x), y)|
maxy,y′ ℓ(y′, y)−miny,y′ ℓ(y′, y)

=
|ℓ(f(x), y)− ℓ(h(x), y)|

Tℓ −Bℓ
≤ 1.

We set λℓ := Tℓ − Bℓ. Then, from Chernoff’s bound for random variables in the unit interval [Foong et al., 2022], with
p = E(x,y)∼D Eh∼Q

1
λℓ

|ℓ(f(x), y)− ℓ(h(x), y)|, we have

P
L∼Dm

(
E

(x,y)∼D
E

h∼Q

|ℓ(f(x), y)− ℓ(h(x), y)|
λℓ

≤ kl−1

(
E

h∼Q

1

m

m∑
i=1

|ℓ(f(xi), yi)− ℓ(h(xi), yi)|
λℓ

,
1

m
log

1

δ

))
≥ 1− δ.

Let the difference between the losses be denoted by

dL(f, h) =
1

m

m∑
i=1

|ℓ(f(xi), yi)− ℓ(h(xi), yi)| .

We finish the proof.

1− δ ≤ P
L∼Dm

(
E

(x,y)∼D
E

h∼Q

|ℓ(f(x), y)− ℓ(h(x), y)|
λℓ

≤ kl−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

))
= P

L∼Dm

(
E

(x,y)∼D
E

h∼Q
|ℓ(f(x), y)− ℓ(h(x), y)| ≤ λℓkl

−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

))
≤ P

L∼Dm

(∣∣∣∣LD(f)− E
h∼Q

LD(h)

∣∣∣∣ ≤ λℓkl
−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

))
= P

L∼Dm

(
LD(f) ≤ E

h∼Q
LD(h) + λℓkl

−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

))
.
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Corollary S16. In the setting of Theorem 7, for a Lipschitz continuous loss function ℓ with constant Kℓ, with probability at
least 1− δ over the sampling of L ∼ Dm, we have :

LD(f) ≤ E
h∼Q

LD(h) + λℓkl
−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

)
≤ E

h∼Q
LD(h) + λℓkl

−1

(
E

h∼Q

Kℓ

λℓ
d̂L(f, h),

1

m
log

1

δ

)
with

d̂L(f, h) =
1

m

m∑
i=1

∥σ(f(xi), yi)− σ(h(xi), yi)∥1.

Proof. Following from the Lipschitz-continuity of ℓ, we have

dL(f, h) =
1

m

m∑
i=1

|ℓ(f(xi), yi)− ℓ(h(xi), yi)| ≤
Kℓ

m

m∑
i=1

∥σ(f(xi), yi)− σ(h(xi), yi)∥1.

Moreover, as kl−1(q, ϵ) is monotonically increasing in q, we have :

kl−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

)
≤ kl−1

(
E

h∼Q

Kℓ

λℓ

1

m

m∑
i=1

∥σ(f(xi), yi)− σ(h(xi), yi)∥1,
1

m
log

1

δ

)
.

C ADDITIONAL RESULTS

C.1 SPECIAL CASES OF THE MAIN RESULTS

Corollary S17. In the setting of Theorem 7, with α ∈ (0, 1), β = C
α , the clamped softmax (see Definition S1) and the

clamped cross-entropy loss ℓ(g(x), y) = − ln(σmax(g(x), y)), with probability at least 1− δ over the sampling of L ∼ Dm,
we have

LD(f) ≤ E
h∼Q

LD(h) + ln (β) kl−1

(
E

h∼Q

1

ln (β)
dL(f, h),

1

m
log

1

δ

)
≤ E

h∼Q
LD(h) + ln (β) kl−1

(
E

h∼Q

β

ln (β)
d̂L(f, h),

1

m
log

1

δ

)
with

d̂L(f, h) =
1

m

m∑
i=1

∥σmax(f(xi), yi)− σmax(h(xi), yi)∥1.

Proof. This corollary is an application of Theorem 7 and Corollary S16 to the clamped cross-entropy loss. In Corollary S16,
we want to highlight the difference between the clamped softmax of f and h. Thus, we consider the loss ℓ as simply − ln(u),
with u ∈ ( αC , 1).

We now find the Lipschitz constant Kℓ by computing the gradient of ℓ.

Kℓ = sup
u∈( α

C ,1)

∣∣∣∣d(− ln(u))

du

∣∣∣∣ = sup
u∈( α

C ,1)

∣∣∣∣d ln(u)du

∣∣∣∣ = sup
u∈( α

C ,1)

∣∣∣∣ 1u
∣∣∣∣ = C

α
.

To simplify the notation in the theorem, we choose β = C
α .
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Corollary S18. In the setting of Theorem 7, with α ∈ (0, 1), β = C
α , the smoothed softmax (see Definition S2) and the

smoothed cross-entropy loss ℓ(g(x), y) = − ln(σsmooth(g(x), y)), with probability at least 1 − δ over the sampling of
L ∼ Dm, we have

LD(f) ≤ E
h∼Q

LD(h) + ln (1 + (1− α)β) kl−1

(
E

h∼Q

1

ln (1 + (1− α)β)
dL(f, h),

1

m
log

1

δ

)
≤ E

h∼Q
LD(h) + ln (1 + (1− α)β) kl−1

(
E

h∼Q

β

ln (1 + (1− α)β)
d̂L(f, h),

1

m
log

1

δ

)
with

d̂L(f, h) =
1

m

m∑
i=1

∥σsmooth(f(xi), yi)− σsmooth(h(xi), yi)∥1.

Proof. This corollary is an application of Theorem 7 and Corollary S16 to the clamped cross-entropy loss. In Corollary S16,
we want to highlight the difference between the smoothed softmax of f and h. Thus, we consider the loss ℓ as simply
− ln(u), with u ∈

(
α
C , 1− α+ α

C

)
.

We now find the Lipschitz constant Kℓ by computing the gradient of ℓ.

Kℓ = sup
u∈( α

C ,1−α+ α
C )

∣∣∣∣d(− ln(u))

du

∣∣∣∣ = sup
u∈( α

C ,1−α+ α
C )

∣∣∣∣d ln(u)du

∣∣∣∣ = sup
u∈( α

C ,1−α+ α
C )

∣∣∣∣ 1u
∣∣∣∣ = C

α
.

To simplify the notation in the theorem, we choose β = C
α .

C.2 COMPUTABLE PAC-BAYESIAN DISAGREEMENT BOUNDS

To compute the bounds exactly, we need to use the same trick as in Theorem S15, that is we approximate the sampling of
the hypothesis from the posterior Q via Monte Carlo Sampling. This result can be applied to the zero-one loss, as we have
λℓ = 1 and dL(·, ·) ≤ d0-1

U (·, ·) by Equation (7), which doesn’t require a labeled set L.

Lemma S19. For any distribution D over X ×Y , for any predictor f ∈ H, for any loss ℓ : RC ×Y → [0, 1], for any
δ ∈ (0, 1], with probability at least 1− 2δ over the draw of L ∼ Dm and a set of V predictors h1, . . . , hV ∼ Q, where Q is
a dataset-dependent posterior distribution over H, we have

LD(f) ≤ E
h∼Q

LD(h) + λℓkl
−1

(
kl−1

(
1

V

V∑
i=1

1

λℓ
dL(f, hi),

1

V
log

1

δ

)
,
1

m
log

1

δ

)
.

Proof. When computing Theorem 7 for a Gaussian distribution Q over the predictors, we cannot compute exactly the term

E
h∼Q

1

λℓ
dL(f, h)

as the expectation doesn’t have a closed form. However, similarly to Theorem S15, we can upper-bound it. Instead of using
the two-sided Chernoff bound as in Langford and Caruana [2001], Pérez-Ortiz et al. [2021], we use the one-sided Chernoff
bound [Foong et al., 2022], as we are explicitly interested in an upper-bound.

With Xi = 1
λℓ
dL(f, hi) and p = E[Xi] = Eh∼Q

1
λℓ
dL(f, h), with probability at least 1 − δ over the sampling of

h1, . . . , hV ∼ Q, we have

E
h∼Q

1

λ
dL(f, h) ≤ kl−1

(
1

V

V∑
i=1

1

λℓ
dL(f, hi),

1

V
log

1

δ

)
.

Using the fact that the inverse of the kl is increasing in its first argument, we have

kl−1

(
E

h∼Q

1

λℓ
dL(f, h),

1

m
log

1

δ

)
≤ kl−1

(
kl−1

(
1

V

V∑
i=1

1

λℓ
dL(f, hi),

1

V
log

1

δ

)
,
1

m
log

1

δ

)
. (9)

We finish the proof with a union bound with Theorem 7 and Equation 9.
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Theorem S20. For any distribution D over X ×Y , for any predictor f ∈ H, for any set H of predictors h : X → Y , for any
loss ℓ : RC ×Y → [0, 1], for any dataset-independent prior distribution P on H, for any δ ∈ (0, 1], with probability at least
1− 4δ over the draw of S ∼ Dn, L ∼ Dm and a set of 2V predictors h1, . . . , h2V ∼ Q, where Q is a dataset-dependent
posterior distribution over H, we have

LD(f) ≤ Bℓ + λℓkl
−1

(
kl−1

(
1

V

V∑
i=1

L̂S(hi)−Bℓ

λℓ
,
1

V
log

1

δ

)
,
1

n

[
KL(QS || P) + ln

(
2
√
n

δ

)])

+ λℓkl
−1

(
kl−1

(
1

V

2V∑
i=V+1

1

λℓ
dL(f, hi),

1

V
log

1

δ

)
,
1

m
log

1

δ

)
.

Proof. This result simply stems from the union bound of Theorem S15 and Lemma S19. We remove the factor of 2 in the
1
m log 2

δ by using the one-sided Chernoff bound, similarly to the proof of Lemma S19.

C.3 USING OTHER COMPARATOR FUNCTIONS

Up until now, all the results are presented with the inverse of the kl. This function gives the tightest bounds, but the
bounds obtained with this function are not intuitive. For example, it might be beneficial to use a bound with an analytical
upper-bound such as the quadratic loss ∆2(q, p) = 2(q− p)2 or Catoni’s distance ∆C(q, p) = − ln(1− p(1− e−C))−Cq.
Both are upper-bounded by kl(q, p), which can be proven by Pinsker’s inequality for the quadratic loss and Proposition 2.1
of [Germain et al., 2009] for Catoni’s distance. We present the following result, which is very intuitive and has probably
been used before. However, we were not able to find it in the literature, which is why we prove it formally here.

Lemma S21. If ∆(q, p) ≤ kl(q, p)∀q, p ∈ [0, 1], for any ϵ > 0, we have kl−1(q, ϵ) ≤ ∆−1(q, ϵ).

Proof. For any comparator function, we have

∆−1(q, ϵ) = arg sup0≤p≤1 {∆(q, p) ≤ ϵ}
= arg supq≤p≤1 {∆(q, p) ≤ ϵ} .

Indeed, for most ∆, there exists two solutions, one where p ≤ q and one where q ≤ p. Obviously, as we take the
arg-supremum, the second solution is always chosen. Thus, we consider only q ≤ p ≤ 1.

Let p1 = kl−1(q, ϵ) be the solution such that kl(q, p1) = ϵ. Let p2 = ∆−1(q, ϵ) be the solution such that ∆(q, p2) = ϵ.
From the assumption that ∆(q, p) ≤ kl(q, p)∀q, p ∈ [0, 1], we have

kl(q, p1) = ∆(q, p2) = ϵ ∧∆(q, p1) ≤ kl(q, p1) =⇒ ∆(q, p1) ≤ ∆(q, p2).

As ∆(q, p) is increasing for p ≥ q, we have that :

∆(q, p1) ≤ ∆(q, p2) =⇒ p1 ≤ p2 =⇒ kl−1(q, ϵ) ≤ ∆−1(q, ϵ).

D EXPERIMENTS

Devices. The experiments were run on three different devices. The target neural networks, the experiments with Pick-To-
Learn and the quantization experiments were computed on a computer with Python 3.12.3 and a NVIDIA GeForce RTX
4090. The coreset experiments and the model compression experiments were computed with Python 3.12.4 and a NVIDIA
H100 SXM5. Finally, the PAC-Bayesian experiments and the model distillation experiments were computed with Python
3.12.4 and a NVIDIA A100 SXM4.
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Libraries. All libraries used can be found within the code here : https://github.com/GRAAL-Research/
Bound-to-Disagree. Notably, we use DeepCore [Guo et al., 2022] (MIT license), PACTL [Lotfi et al., 2022] (Apache
2.0 License), PAC-Bayes with Backprop [Pérez-Ortiz et al., 2021] (CC-BY 4.0 License), PyTorch [Ansel et al., 2024]
(BSD 3-Clause License), Lightning [Falcon and The PyTorch Lightning team, 2019] (Apache 2.0 license), Loralib [Hu
et al., 2022] (MIT License), Transformers [Wolf et al., 2020] (Apache 2.0 License), Scikit-Learn [Pedregosa et al., 2011]
(BSD 3-Clause License), NumPy [Harris et al., 2020] (NumPy license), Weight and Biases [Biewald, 2020] (MIT License),
ScheduleFree [Defazio et al., 2024] (Apache 2.0 License), TorchAO [Or et al., 2025] (BSD 3-Clause License). We also use
the KL inversion function of [Viallard et al., 2021], which is distributed under MIT License.

Datasets. The datasets used are the MNIST dataset [LeCun et al., 1998] (MIT License), the CIFAR10 dataset [Krizhevsky
et al., 2009] and the Amazon polarity dataset [Zhang et al., 2015] (Apache 2.0 License). There is no explicit license for
CIFAR10, but the authors simply ask the user to cite this technical report : Krizhevsky et al. [2009].

D.1 TARGET MODEL

For MNIST, the models were trained using data augmentation for 200 epochs or until the validation error hasn’t decreased
for 10 epochs. For CIFAR10, the model was trained for 200 epochs. The models on Amazon polarity are trained for 10
epochs or until the validation error hasn’t decreased for 2 epochs. The models for MNIST and CIFAR10 are randomly
initialized, but for Amazon polarity the models are initialized with the pretrained weights from the Transformers library
[Wolf et al., 2020]. In some experiments, to remove the need for learning rate scheduling, we try the optimizers SGDFree
and AdamFree from the ScheduleFree library [Defazio et al., 2024] or the COCOB optimizer from Orabona and Tommasi
[2017]. Other times, we use the OneCycle learning rate scheduler [Smith and Topin, 2019] implemented in PyTorch.

We present the hyperparameter grids used for each problem.

Hyperparameters for MNIST

• Dropout probability : {0.2, 0.5}
• Optimizer : { Adam, AdamFree, COCOB }

• Training learning rate : {10−3, 10−4}
• Weight decay : {0.1, 0.01, 0.001}

Hyperparameters for CIFAR10

• Model type : { CNN, ResNet18 }
• Dropout probability : 0.0

• Optimizer : SGD

• Learning rate scheduler : OneCycle

• Training learning rate : {0.05, 0.01, 0.005}
• Weight decay : {10−3, 10−4}

Hyperparameters for Amazon polarity

• Model type : { DistilBERT, GPT2}
• Max epochs : 2

• Dropout probability : 0.0

• Optimizer : SGD

• Learning rate scheduler : OneCycle

• Training learning rate : 2× 10−5

D.2 PARTITION-BASED BOUNDS

We compute the bound both for the bounded cross-entropy loss and the zero-one loss for all of our target models. For each
model and for each loss, we do a grid search over the following hyperparameters :

• Number of subsets K : [5, 10, 20, 50, 100, 200] • α = [20, 50, 100, n(K+n)
K(4n−3) ]

Given one hyperparameter combination, we choose γ = ( δ2 )
−1
α such that the bound holds in 1−γ−α− δ

2 = 1−(( δ2 )
−1
α )−α−

δ
2 = 1 − δ with δ = 0.01. We use a union bound over the 24 combinations of the grid search to get a bound that holds
simultaneously for all possibilities.
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D.2.1 Ablation Study on the Partitioning Method

To compute their bound, Than and Phan [2025] partitions the space using a K-means clustering applied to the training
set. However, to the best of our knowledge, this choice of data-dependent partition seems to violate the statement of their
theorem. To compute the bound, we try two techniques : computing the partition on the unlabeled disagreement set and
using random clusters. As their bound doesn’t consider unlabeled data points, the disagreement approach is completely
valid. However, this is not the setting of the original paper. For the random clusters, we sample K centroids from a uniform
distribution and assign the data points to the cluster of the closest centroid. We repeat this experiments five times and
consider the best cluster.

MNIST CIFAR10

Train set cluster

Disagreement set cluster

Random Cluster

86.53±0.10 90.29±0.17

86.55±0.53 90.58±0.47

137.97±0.55 111.11±0.08
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100
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120

130

(a) Zero-one loss

MNIST CIFAR10

Train set cluster

Disagreement set cluster

Random Cluster

7.9529±0.0079 8.3171±0.0152

7.9546±0.0475 8.3437±0.0431

12.6901±0.0510 10.2348±0.0070

8

9

10

11

12

(b) Smoothed cross-entropy loss

Figure S1: Comparison of the different approaches to compute the partition-based bounds. We consider 5 different seeds for
the random clusters.

Although the train set cluster and the disagreement set cluster were obtained using different datasets, they are almost
identical. Moreover, we can see that in their setting (without a disagreement set), the only valid option is to use random
clusters, which leads to vacuous generalization bounds. Surprisingly enough, the bounds are actually worse on MNIST than
CIFAR10.

D.3 NORM-BASED BOUNDS

We compute the bound of Theorem S5 for each target model by adapting the code provided by [Galanti et al., 2023b]. As
suggested in the paper, we use γ = 1.

D.4 SAMPLE COMPRESSION EXPERIMENTS

We use the Pick-To-Learn with Early Stopping [Marks and Paccagnan, 2025] implementation of Bazinet et al. [2025]. We
use the coreset methods implemented by the DeepCore library [Guo et al., 2022]. All approach use Theorem S9 for the
zero-one loss and Theorem S13 for the cross-entropy loss. The exceptions include Pick-To-Learn with the zero-one loss, as
Pick-To-Learn enjoys the tight generalization bounds of Theorem S10, for which it was designed. The other exception is the
Random Coreset approach, which can be used with the following test set bounds : Theorem S8 for the zero-one loss and
Theorem S12 for the cross-entropy loss.

We now prove that coreset methods are sample-compression algorithms. Let C : ∪1≤n≤∞(X ×Y)n → ∪m≤n(X ×Y)m

denote some coreset method that takes a dataset S and returns a compression set Si. Let SGD denote stochastic gradient
descent. Then, we can apply the sample compression bounds for the predictors outputted by A : SGD◦C with the compression
set Si = C(S) and the reconstruction function R = SGD. Then, we have proven that A(S) = R(Si) = SGD(C(S)).

We present the hyperparameter grids.

Hyperparameters for P2L on MNIST
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• Dropout probability : {0.2, 0.5}
• Optimizer : { Adam, AdamFree }
• Training learning rate : {10−3, 10−4}

• Weight decay : {0.01, 0.1}
• Smoothing parameter α : {10−3, 10−4, 10−5}
• Softmax : { Smoothed, Clamped}

Hyperparameters for P2L on CIFAR10

• Model type : { CNN, ResNet18 }
• Dropout probability : 0.5
• Optimizer : { SGD, SGDFree }
• Training learning rate : {0.05, 0.01, 0.005}

• Weight decay : {10−3, 10−4}

• Smoothing parameter α : {10−3, 10−4, 10−5}

• Softmax : { Smoothed, Clamped}

Hyperparameters for coresets on MNIST

• Dropout probability : {0.2, 0.5}

• Coreset method : { Random Coreset, k-Center Greedy,
Forgetting, DeepFool }

• Percentage of dataset used as coreset :
{0.1%, 0.5%, 1%, 5%, 10%, 15%, 20%}

• Optimizer : { Adam, AdamFree }
• Training learning rate : {10−3, 10−4}
• Weight decay : {0.01, 0.1}
• Smoothing parameter α : {10−3, 10−4, 10−5}
• Softmax : { Smoothed, Clamped}

Hyperparameters for coresets on CIFAR10

• Model type : ResNet18

• Dropout probability : 0.5

• Coreset method : { Random Coreset, k-Center Greedy,
Forgetting, DeepFool }

• Percentage of dataset used as coreset :
{0.1%, 0.5%, 1%, 5%, 10%, 15%, 20%, 30%, 40%, 50%}

• Optimizer : { SGD, SGDFree }

• Training learning rate : {0.01, 0.05}

• Weight decay : 5× 10−4

• Smoothing parameter α : {10−3, 10−4}

• Softmax : { Smoothed, Clamped}

We report the results for the sample compression experiments on CIFAR10 in the following Figure S2.

Pick-To-Learn Random Coreset k-Center Greedy Forgetting DeepFool
0.0

0.2

0.4

0.6

0.8
Complement error
P2L bound
Test set bound
Sample compression bound
Disagreement bound

Pick-To-Learn Random Coreset k-Center Greedy Forgetting DeepFool
0

2

4

6

8

Maximum value
Complement loss
Sample compression bound
Chernoff test set bound
Disagreement bound

Figure S2: Illustration of the behavior of our disagreement bounds on CIFAR10 using sample-compression methods.

D.4.1 Ablation Study for the Bounded Cross-Entropy Loss

To choose which hyperparameter to use for the bounded cross-entropy loss, we compare the average cross-entropy loss
obtained over all the combinations of hyperparameters for the coreset methods. After computing all possible values, we take
the mean over all dimensions except the smoothing parameter α and the softmax type : clamped or smoothed. We report the
results in Figure S3.
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For both experiments, the optimal parameter seems to be α = 10−3. The gap between all values of α are not significant,
as their standard deviation overlaps. However, on the 448 combinations of hyperparameters for MNIST (with 5 seeds per
combinations) and 320 combinations for CIFAR10 (with 5 seeds per combinations), it seems like the parameter α = 10−3

leads to the best result. As for the type of softmax, the smoothed softmax seems to lead to slightly better results. Thus, we
choose the smoothed softmax with α = 10−3 in all other experiments.
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Figure S3: Ablation study on the hyperparameters of the bounded cross-entropy loss. We report the mean of the cross-entropy
loss over all coreset methods experiments.

D.4.2 Ablation Study for the Size of the Disagreement Set

Although acquiring unlabeled data is generally easier and cheaper than acquiring labeled data, the cost of generating a large
unlabeled set of data can still be prohibitive. Thus, in Figure S4, we study the effect of the size of the disagreement set on the
disagreement bound of Theorem 5 across 20 subset sizes and five seeds. To do so, we train CNNs on MNIST with random
coresets. The original disagreement set contains 10800 data points. The smallest subset contains 1% of the disagreement set,
comprising 108 data points.

We observe that when the disagreement set is smaller than 1000 data points, the bound has high variance. However, when the
number of data points becomes greater than a thousand, the improvement in the tightness of the bound becomes marginal.
From this small experiment, we argue that the minimum number of data points needed to obtain tight bounds would be
between a thousand and two thousand data points.

D.5 MODEL COMPRESSION EXPERIMENTS

For the model compression experiments, we pretrain randomly initialized models on a subset of the training set, over which
we then add LoRA adapters implemented by Hu et al. [2022] and the subspace compression approach implemented by Lotfi
et al. [2022]. This SubLoRA model is then trained on the remaining data points, where the bound is also computed.

Hyperparameters for MNIST

• Portion of training set for pretraining : 20%
• Number of pretraining epochs : 100
• Pretraining learning rate : 10−3

• Dropout probability : 0.0
• Optimizer : AdamFree
• Training learning rate : {10−2, 10−4}

• Weight decay : 0.1

• Random subspace projector : Dense

• Dimension of the subspace : {100, 500, 1000}

• Level of quantization : {5, 20}

• Rank of LoRA : {0, 2, 4}
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Figure S4: Illustration of the behavior of the disagreement bound with respect to the size of the disagreement set.

Hyperparameters for CIFAR10

• Portion of pretraining set : 50%

• Number of pretraining epochs : 150

• Pretraining learning rate : 0.05

• Dropout probability : 0.2

• Optimizer : SGD

• Learning rate scheduler : OneCycle

• Training learning rate : {0.01, 0.005}

• Max epochs : {500, 1000}
• Weight decay : 10−4

• Random subspace projector : { Dense, Rounded Dou-
ble Kronecker }

• Dimension of the subspace : {100, 500}
• Level of quantization : {5, 10, 20}
• Rank of LoRA : {0, 2, 4}

We report the results for the cross-entropy loss on both MNIST and CIFAR10 in Table S2.

Table S2: Generalization bounds on the smoothed cross-entropy loss achieved on MNIST and CIFAR10 using model
compression bounds.

Dataset Surrogate model Target model

Test loss Size (KB) MC Bound Test loss Our bound

MNIST 0.0273±0.0015 0.0356±0.0008 0.1338±0.0040 0.0150±0.0006 0.1756±0.0041
CIFAR10 0.7005±0.0243 0.0336±0.0014 1.0978±0.0195 0.2247±0.0060 1.7851±0.0223

D.6 PAC-BAYES EXPERIMENTS

For the PAC-Bayes experiments, we pretrain randomly initialized models on a subset of the training set. We then add
Gaussian distributions over each weight, with learnable mean and standard deviation parameters. The stochastic model is
then trained on the remaining data points, where the bound is also computed.

Hyperparameters for MNIST
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Table S3: Generalization bounds on the smoothed cross-entropy loss achieved on MNIST and CIFAR10 using PAC-Bayes
bounds.

Dataset Surrogate model Target model

Test loss KL PB Bound Test loss Our bound

MNIST 0.0286±0.0030 0.7425±0.1188 0.1235±0.0059 0.0150±0.0006 0.2592±0.0087
CIFAR10 0.5440±0.0568 1.6239±0.9202 0.7404±0.0744 0.2247±0.0060 1.4204±0.1377

Table S4: Generalization bounds on the zero-one loss achieved via model distillation on Amazon polarity using model
compression (MC) bounds. All metrics presented are in percents (%), except the size.

Model Surrogate model Target model

Test error Size (KB) MC Bound Test error Our bound

DistilBERT 7.61±0.07 2.02±0.01 14.37±0.08 6.19±0.15 21.35±0.32
GPT2 16.37±0.94 2.04±0.43 25.05±0.91 5.51±0.11 43.34±1.52

• Portion of pretraining set : 20%
• Number of pretraining epochs : 100
• Pretraining learning rate : 10−3

• Dropout probability : 0.0
• Optimizer : Adam
• Training learning rate : {10−3, 5× 10−3, 10−4}

• Weight decay : {0.01, 0.1}

• Smoothing parameter α : 10−3

• Softmax : { Smoothed, Clamped}

• Standard deviation of prior : {10−2, 5× 10−2, 10−3, 10−4}

• Number of Monte Carlo sampling : 2000

Hyperparameters for CIFAR10

• Portion of pretraining set : {60%, 70%}
• Number of pretraining epochs : 150
• Pretraining learning rate : 0.05
• Dropout probability : 0.2
• Optimizer : SGD
• Training learning rate : {10−3, 5× 10−3, 10−4}

• Weight decay : 10−4

• Smoothing parameter α : 10−3

• Softmax : { Smoothed, Clamped}

• Standard deviation of prior : {10−2, 5× 10−2, 10−3, 10−4}

• Number of Monte Carlo sampling : 5000

D.7 MODEL DISTILLATION ON AMAZON POLARITY

We start with DistilBERT and GPT2 with the pretrained weights of the Transformers library. We freeze the model and apply
a SubLoRA model on the top half of the model. For the adaptative quantization, we use the implementation of Lotfi et al.
[2022], a learning rate of 10−2 for DistilBERT and a learning rate of 10−4 for GPT2. We produce pseudo-labels for the
unlabeled using the target model and train the model to classify correctly both the labeled set S and the unlabeled set U with
the pseudo-labels.

• Max epochs : 5

• Dropout probability : 0.0

• Optimizer : Adam

• Training learning rate : 10−6

• Weight decay : 0.01

• Dimension of the subspace : {5000, 10000}
• Level of quantization : 250

• Rank of LoRA : 4
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D.8 QUANTIZATION EXPERIMENTS ON AMAZON POLARITY

We use the target models and quantize them following this hyperparameter grid. We do not consider the quantization-aware
training with 2 bits, as both TorchAO and AO did not consider this setting.

• Max epochs : 2

• Dropout probability : 0.0

• Optimizer : Adam

• Training learning rate : 10−6

• Weight decay : 0.01

• Number of bits : {2, 4, 8}
• Quantization-aware training : { Yes, No }
• Delta for the Huber loss : 0.2
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