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Abstract

We consider hypothesis testing of binary causal
queries using observational data. Since the map-
ping of causal models to the observational distribu-
tion that they induce is not one-to-one, in general,
causal queries are often only partially identifiable.
When binary statistical tests are used for testing
partially identifiable causal queries, their results
do not translate in a straightforward manner to
the causal hypothesis testing problem. We propose
using ternary (three-outcome) statistical tests to
test partially identifiable causal queries. We es-
tablish testability requirements that ternary tests
must satisfy in terms of uniform consistency and
present equivalent topological conditions on the
hypotheses. To leverage the existing toolbox of
binary tests, we prove that obtaining ternary tests
by combining binary tests is complete. Finally, we
demonstrate how topological conditions serve as
a guide to construct ternary tests for two concrete
causal hypothesis testing problems, namely test-
ing the instrumental variable (IV) inequalities and
comparing treatment efficacy.

1 INTRODUCTION

A causal query is deemed identifiable from observational
data whenever causal models that induce the same observa-
tional distribution also agree on the query of interest. For
hypothesis testing of binary causal queries, such as testing
the existence of an edge in a causal graph or testing whether
a causal effect is 0 or not, identification allows us to translate
the results of a statistical test based on observational data to
implications about causal hypotheses. For identifiable binary
causal queries, the set of observational distributions induced
by causal models where the binary causal query evaluates to
0, is disjoint from those induced by causal models where the

binary causal query evaluates to 1. However, often causal
queries of interest are “not identifiable” from observational
data because of reasons such as the presence of unobserved
confounders, positivity violations, etc. In such cases, the
aforementioned sets of induced observational distributions
overlap. If the overlap is partial, then the causal query is par-
tially identifiable. If the sets completely overlap, the causal
query is deemed non-identifiable since every distribution
could be induced by causal models corresponding to both
values of the causal query.

When binary statistical tests are used to test partially identifi-
able causal queries, their results do not translate in a straight-
forward manner to the causal hypothesis testing problem.
For example, consider a binary test based on observational
data such that the statistical null hypothesis is the set of
observational distributions induced by causal models where
the causal query evaluates to 0. In this case, rejecting the null
implies that the causal query, evaluated on the underlying
causal model, evaluates to 1. However, not rejecting the null
presents an identifiability issue since the null includes the
non-empty intersection of the induced sets of observational
distributions. Therefore, not rejecting the null only allows
concluding “unidentifiable”. See Bhadane et al. (2025) for
an example of a statistical test for the absence of a direct
effect that leads to a similar conclusion.

In this work, we propose testing partially identifiable causal
queries using statistical tests that output one of three out-
comes: “reject the null”, “don’t reject the null”, and “uniden-
tifiable”, where the former two correspond to the set dif-
ferences of the induced observational distributions and the
latter corresponds to the intersection. Clearly, a ternary test
provides more fine-grained information than a binary test. In
addition, translating the result of a ternary test to the causal
hypothesis testing problem is straightforward; if the ternary
test outputs either “reject the null” or “don’t reject the null”,
the conclusion for the causal hypotheses is exact, otherwise
it is unidentifiable from observational data.

We extend the binary hypothesis testing framework to test-
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ing overlapping hypotheses with three outcomes which can
be viewed as testing three disjoint hypotheses with three
outcomes. We consider an error to be when the output of a
ternary test is different from the hypothesis that contained
the distribution that samples were drawn from. We first de-
fine error-guarantee desiderata for ternary tests. In binary
hypothesis testing, these are made in terms of asymptotic
consistency and error-control (Dembo and Peres, 1994; Er-
makov, 2017; Genin and Kelly, 2017; Genin, 2018; Boeken
et al., 2026) and then related to topological conditions on the
hypotheses in a suitable topology of probability measures.
We follow suit by proposing analogous equivalent topologi-
cal conditions for existence of ‘good’ ternary tests. Given
the vast toolbox of binary tests developed so far, we study
ternary tests that are constructed by combining binary tests,
which we call a “two-stage ternary test”. We show via topo-
logical conditions on the hypotheses that two-stage ternary
testing is complete in the sense that it attains the same error
control as that of ternary tests that control “column-wise”
errors. We demonstrate how topological conditions on hy-
potheses can guide a practitioner in constructing ternary
tests by considering two concrete applications to testing
causal queries, namely testing the instrumental variable (IV)
inequalities (Pearl, 1995) expressed as conditions on the
interventional Markov kernel using observational data, and
comparing the treatment efficacy of a treatment from obser-
vational data against a threshold that might, for example,
correspond to the estimated efficacy of a competing treat-
ment obtained from a large randomized controlled trial.

1.1 RELATED WORK

Ternary hypothesis testing has often been proposed in the
context of mitigating shortcomings of the Neyman-Pearson
null hypothesis significance testing framework. One of the
earliest mentions can be found in the works of Neyman
(Neyman, 1976), Tukey (Tukey, 1991; Jones and Tukey,
2000) and Hays (1963). In particular, Esteves et al. (2016)
show that statistical tests that are logically coherent and
optimal are ternary and not binary. Berg (2004) considers
ternary tests for simple binary hypothesis testing and pro-
vides an optimal likelihood ratio test for the same. Izbicki
et al. (2023) considers a region-based test that constructs
confidence regions based on data and defines a ternary test
based on whether the confidence region is completely within
the null, completely within the alternative or has non-empty
intersection with both. Boeken et al. (2026) consider ternary
tests to obtain Type-I and Type-II error control with finite-
precision measurements. In sequential hypothesis testing,
since a sample size is not determined apriori, at every stage,
a sequential test decides between accepting the null, reject-
ing the null, and collecting another sample (Wald, 1945).
See also, Berger (1985) for a Bayesian analogue of sequen-
tial hypothesis testing and Dass and Berger (2003) for ex-
amples of ternary tests in Bayesian testing of composite

hypotheses. Garivier and Kaufmann (2021) consider testing
M overlapping hypotheses in the sequential testing frame-
work using M -ary tests by running M parallel binary tests
with a restrictive notion of error. While some of the afore-
mentioned works could be viewed as considering testing of
overlapping hypotheses whereas others could be viewed as
considering ternary tests for disjoint hypotheses, they only
consider specialized cases and do not consider the question
of existence of ternary tests that satisfy desiderata related to
error-guarantees.

In causal inference, ternary tests were considered in pass-
ing by Robins et al. (2003); Zhang and Spirtes (2002). In
addition, ternary tests have been proposed in the specific
context of detecting colliders in causal discovery algorithms
(Ramsey et al., 2006; Zhang and Spirtes, 2008) but our work
provides a general analysis of ternary tests proving their
existence under topological conditions and a way to con-
struct ternary tests by combining binary tests. Inference for
partially identified models has received a lot of attention in
the econometrics literature, especially for estimation tasks;
see Manski (1990); Imbens and Manski (2004); Romano
and Shaikh (2010) and references within the survey paper
Canay and Shaikh (2017). However, the simpler problem
of hypothesis testing of partially identified queries has re-
ceived little attention and further ternary tests have not been
proposed or analyzed to the best of our knowledge.

2 PARTIAL IDENTIFICATION: NEED
FOR TERNARY TESTS

We formalize the need for ternary tests, as mentioned in
Section 1, under the semantic framework of structural causal
models (SCMs) and provide definitions related to causal
models in Appendix A.1. Consider a family of causal models
M and a binary causal query, Q : M → {0, 1}. Define the
causal null hypothesis

H0
Q ≜ {M ∈ M : Q(M) = 0} , (1)

where the causal alternative hypothesis is defined by H1
Q ≜

M \ H0
Q. Given that we often only have access to obser-

vational data, i.e., data sampled from PM (XV ), the set of
observational distributions induced by the causal null hy-
pothesis is given by

PH0
Q
≜

{
PM : M ∈ H0

Q

}
,

and the set of observational distributions induced by
the causal alternative hypothesis is given by PH1

Q
≜{

PM : M ∈ H1
Q

}
.

If Q is partially identifiable, then PH0
Q
∩ PH1

Q
̸= ∅, i.e.,

while the causal null H0
Q and the corresponding alternative

H1
Q are disjoint, the resulting sets of distributions that they

induce, overlap, in general. When a binary-outcome statis-
tical test with null hypothesis PH0

Q
and disjoint alternative
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Figure 1: Illustration of a binary causal query inducing overlapping sets in the observed distributional simplex, W .

hypothesis W\PH0
Q

is used where W ≜ PH0
Q
∪ PH1

Q
,1 the

results of this statistical test have the following implications
for the corresponding causal hypotheses: rejecting the null
implies rejecting the causal null; however, not rejecting the
null does not imply that the underlying causal model is in
the causal null since PH0

Q
∩ PH1

Q
⊆ PH0

Q
implying that

given no a priori information, a distribution in PH0
Q

could
have been induced by a causal model in H1

Q. A similar ob-
servation was also made by Zhang and Spirtes (2002) and
more recently in Bhadane et al. (2025) where the relevant
causal query was the absence of a direct effect. For par-
tially identifiable causal queries, since PH0

Q
and PH1

Q
could

overlap in general, we propose testing such queries using
ternary tests. Figure 1 illustrates the need for ternary tests
graphically.

A natural question that arises is how to construct a ‘good’
ternary test for testing a given partially identifiable binary
causal query. At this stage we can decouple the context of
partial identification and consider a) what are desiderata for
a ‘good’ ternary test, and b) whether such ‘good’ ternary
tests exist in the first place. We base our answer to the
latter question on topological conditions that the statistical
hypotheses must satisfy. While these topological conditions
might seem restricted to the question of existence of ternary
tests, we subsequently demonstrate how a practitioner could
use them to guide their construction of a ternary test. Finally,
we demonstrate this guide for constructing ternary tests for
the partial identification examples in Section 6.

3 PRELIMINARIES

Denote P(X ) as the set of all probability measures defined
on the Borel σ-algebra B(X ) where X is a separable metric
space. Hypotheses H0, H1 ⊆ P(X ) are considered with
respect to the weak topology on P(X ) defined by the notion
of weak convergence of probability measures (Billingsley,

1Note that since PH1
Q
∩ PH0

Q
is non-empty, PH1

Q
cannot be a

disjoint alternative hypothesis.

1999). For simplicity, we assume that W ≜ H0∪H1 is com-
pact in the topology of setwise convergence on P(X ) which
is defined by pointwise convergence of probability measures
on all Borel measurable sets, thus making it finer than the
weak topology and implying that W is compact in the weak
topology on P(X ). See Appendix A.2 for topology-related
definitions. We present a few known results below for exis-
tence of binary tests for i.i.d. data with certain desiderata of
error-guarantees.

Definition 1 (Weak and Strong Consistency: Binary Tests).
Given disjoint hypotheses H0, H1 ⊆ P(X ), a binary test
ϕ = {ϕn}n∈N, where ϕn : Xn → {0, 1} is measurable, is

1. weakly consistent if for all i ∈ {0, 1}, for all P ∈ Hi,
lim
n→∞

Pn(ϕn(X
n) = i) = 1 ;

2. strongly consistent if for all i ∈ {0, 1}, for all P ∈ Hi,
P∞(ϕn(X

n) ̸= i for finitely many n) = 1.

Dembo and Peres (1994) provide sufficient conditions on
H0, H1 for the existence of a strongly consistent test which
are necessary if in addition the existence of p > 1-integrable
densities for every measure in W is assumed. Under a
weaker assumption of W being σ-compact, these conditions
are proven to be necessary for the existence of a weakly
consistent test (Ermakov, 2017, Theorem 4.4) and also for
the existence of a strongly consistent test (Ermakov, 2017,
Theorem 3.3). We present relevant results from Ermakov
(2017) under the aforementioned assumptions on X ,W for
disjoint H0, H1. See Appendix D.4 for a proof.

Proposition 2. The following are equivalent:

(i) there exists a binary test that is weakly consistent.

(ii) H0 and H1 are disjoint and Fσ (i.e., countable union
of closed sets) in the weak topology on P(X ).

Weak and strong consistency are notions of point-wise con-
sistency. A stronger error-guarantee desideratum is that the
above hold uniformly for all P in relevant hypotheses. We
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will only consider the uniform analogue of weak consistency.

Definition 3 (Uniform Consistency: Binary Tests). Given
disjoint hypotheses H0, H1 ⊆ P(X ), a binary test
ϕ = {ϕn}n∈N, where ϕn : Xn → {0, 1} is mea-
surable, is uniformly consistent if for all i ∈ {0, 1},
lim
n→∞

sup
P∈Hi

Pn(ϕn(X
n) ̸= i) = 0. If the above holds only

for i = 0, we say that ϕ is uniformly consistent with respect
to H0.

Necessary and sufficient conditions for existence of uni-
formly consistent binary tests were given by Berger (1951)
that are technical and difficult to apply. Le Cam and
Schwartz (LeCam and Schwartz, 1960) provide the same
in terms of the topology of setwise convergence on all n-
fold products of probability measures, which are “rather
inaccessible” (Le Cam, 1986). Much of subsequent work
has focused on introducing assumptions on W so that these
conditions are formulated in the weak topology. See Kleijn
(2022) for a comprehensive overview. The following is a
rephrasing of Ermakov (2017, Theorem 4.1) under afore-
mentioned assumptions on X ,W and disjoint H0, H1. See
Appendix D.4 for a proof.

Proposition 4. The following are equivalent:

(i) there exists a binary test that is uniformly consistent.

(ii) H0 and H1 are disjoint and closed in the weak topol-
ogy on P(X ).

In a similar vein, Ermakov (2017) also consider existence of
tests such that uniform consistency holds only for the null
and weak consistency holds for the alternative (and the null
since uniform consistency holds).

Proposition 5. The following are equivalent:

(i) there exists a weakly consistent binary test that is uni-
formly consistent with respect to H0.

(ii) H0 is closed and H1 is Fσ in the weak topology on
P(X ).

An even stronger error-guarantee desideratum on a test is
that the worst-case error for H0 (or H1) is bounded by
a predetermined constant α (or β) for every sample-size
n, often referred to as Type-I (or Type-II) error guarantee2.
Nonexistence of binary tests that control both the Type-I and
Type-II error for arbitrary α or β follows from Le Cam’s
two-point lower bound (LeCam, 1973). Genin and Kelly
(2017) consider tests with critical regions that are conti-
nuity sets (stronger than binary tests that are measurable

2Although Boeken et al. (2026) prove that in terms of existence
of tests the above notion of finite-sample error control is equivalent
to uniform consistency.

functions) under the assumption of existence of densities for
every measure in W (weaker than compactness) and provide
the same topological conditions as that of Proposition 5 for
existence of consistent (weakly and strongly) binary tests
that control Type-I error for arbitrary α. They also provide
the same topological conditions as that of Proposition 4 for
existence of consistent (with respect to H0 and H1) ternary
tests that control both the Type-I and Type-II error for arbi-
trary α and β. Boeken et al. (2026) consider ternary tests
with open critical regions (corresponding to decisions 0 and
1) and provide the same topological conditions as that of
Proposition 5 for existence of consistent binary tests that
control Type-I error for arbitrary α and the same topological
conditions as that of Proposition 4 for existence of consis-
tent (with respect to H0 and H1) ternary tests that control
both the Type-I and Type-II error for arbitrary α and β, all
without making any assumptions on W .

4 TERNARY TESTING

As mentioned earlier, H0, H1 ⊆ P(X ) where X is a sep-
arable metric space and P(X ) denotes the set of all Borel
probability measures. In general, for overlapping hypotheses
H0 and H1, W ≜ H0 ∪H1 is partitioned in three disjoint
sets, R0 ≜ H0 \H1, R1 ≜ H1 \H0 and R2 ≜ H0 ∩H1.
Table 1a summarizes an outcome-truth table for ternary
hypothesis testing. We denote errors by the outcome-truth
pairs, i.e., for example, if a test outputs 0 on a sample drawn
from the underlying distribution in R2 then it makes a (0, 2)-
error. We will extend this notation to binary tests as well;
i.e., a false positive is a (1, 0)-error, and a false negative is a
(0, 1)-error. A ‘ternary test’ ϕ is a sequence of measurable
functions (ϕ1, ϕ2, · · ·) where ϕn : Xn → {0, 1, 2} with the
subscript denoting the sample-size. We will abuse notation
to refer to indexed families of ternary tests as ternary tests.

4.1 TESTABILITY FOR TERNARY TESTING

Given a pair of overlapping hypotheses H0 and H1, we
will now define desiderata that ternary testing must satisfy.
For binary tests, there is a long line of work that specifies
such desiderata (Berger, 1951; LeCam and Schwartz, 1960;
Dembo and Peres, 1994; Genin, 2018; Genin and Kelly,
2017; Ermakov, 2017; Boeken et al., 2026) in terms of con-
sistency, uniform consistency and false positive and false
negative error-control guarantees. We define analogous no-
tions of consistency and error-control for the ternary case.

Definition 6 (Weak and Strong Consistency). Given hy-
potheses H0, H1 ⊆ P(X ), a ternary test ϕ = {ϕn}n∈N
where ϕn : Xn → {0, 1, 2} is weakly consistent if for all
i ∈ {0, 1, 2}, for all P ∈ Ri, lim

n→∞
Pn(ϕn(X

n) = i) = 1.

A pair of hypotheses H0, H1 is weakly consistent if there
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exists a test ϕ that is weakly consistent. For P ∈ Ri, we
term Pn(ϕn(X

n) = i) as probability of correct detection
(PCD). Therefore, a weakly consistent test implies that PCD
approaches 1 in the limit of infinite sample-size for all P ∈
Ri, for all i. We extend the notions of error control to the
ternary hypothesis testing setup below, except that errors
are controlled asymptotically and not for every n.

Definition 7 ((i, j)-error control). A ternary test ϕ =
{ϕα,n}n∈N,α>0 is said to asymptotically control the (i, j)-
error if for all α > 0, lim

n→∞
sup
P∈Rj

Pn(ϕα,n(X
n) = i) ≤ α.

In other words, controlling the (i, j)-error is an error-
guarantee on concluding i when the data-generating dis-
tribution belongs to Rj . Note that if there exists a ternary
test that controls the (i, j)-error then there exists a ternary
test {ϕ′

n}n∈N such that lim
n→∞

sup
P∈Rj

Pn(ϕ′
n(X

n) = i) = 0

(See Section B for a proof).

Definition 8 (Ternary-Testable Hypotheses (TT(I))). For
I ⊆ {R0, R1, R2},

(
H0, H1

)
⊆ P(X )

2 is TT(I) if there
exists a weakly consistent ternary test ϕ = {ϕᾱ,n}n∈N,ᾱ≻0

such that ϕ controls all (i, j)-errors for i ̸= j, Rj ∈ I where
ᾱ = {αij}i̸=j,Rj∈I and ᾱ ≻ 0 implies each component is
positive.

In terms of Table 1a, a TT(I) pair of hypotheses is equiva-
lent to the existence of a test that controls the error-rate of
each of the off-diagonal cells in columns corresponding to
sets in I .

To derive equivalent topological conditions on H0, H1 that
are TT(I), we reduce the existence of ternary tests to the
existence of appropriate binary tests, which implies topo-
logical conditions on hypotheses from the results listed in
Section 3.The proof can be found in Appendix D.1.

Lemma 9. If
(
H0, H1

)
is TT(I), then all R ∈ I are closed

and all R /∈ I are Fσ in the weak topology on P(X ).

In practice, the utility of these necessary topological condi-
tions is to check whether it is possible to construct ‘good’
ternary tests for the notion of ‘good’ that the practitioner
cares about. Concretely, if these topological conditions do
not hold, then one can abandon the search for a good ternary
test. However, if they hold, a natural question is whether
these topological conditions can guide in constructing a
ternary test with desired error-guarantees. We show how
this can be done in the following section.

5 TWO-STAGE TERNARY TESTS:
COMBINING BINARY TESTS

A natural way to obtain ternary tests is by combining two
or more binary tests. Indeed, given that many binary tests

have been developed and analyzed for a wide range of hy-
potheses, we would like to leverage existing binary tests
to construct ternary tests. We term any such combination
of two binary tests a “two-stage ternary test”. In this sec-
tion, we focus on the following specific form of two-stage
ternary tests. In the first stage, we test for one of the Ri’s
and its complement in W 3 using a binary test. In this stage,
depending on whether Ri or R∁

i is the null hypothesis, we
term the resulting ternary test ‘Split-alternative’ (SA) and
‘Split-null’ (SN), respectively. If in the first stage the bi-
nary test concludes to either not reject Ri or reject R∁

i , the
ternary test concludes in favor of Ri. Otherwise, we ‘split’
R∁

i and perform another binary test where the null and al-
ternative hypotheses are either of the constituent sets of R∁

i ,
i.e., Rj , Rk such that R∁

i = Rj ∪ Rk. See Figure 7 and
Figure 6 in Appendix Cfor an illustration. We now relate
the properties of the resulting ternary tests in terms of the
properties of its constituent binary tests.

Consider two binary tests ϕ1, ϕ2 where the former tests the
null hypothesis R1N against its complement which we de-
note by R1A, and the latter tests the null hypothesis R2N

against the alternative R2A. Table 1c and Table 1b summa-
rize how error-rates for errors in the outcome-truth table of
Table 1a relate to the false positive ((1, 0)-error) and false
negative ((0, 1)-error) error rates of the constituent binary
tests, ϕ1 and ϕ2 which we denote by α1, β1, and α2, β2,
respectively, i.e.,

lim
n→∞

sup
P∈R1N

Pn(ϕ1,n(X
n) = 1) ≤ α1, (2)

lim
n→∞

sup
P∈R1A

Pn(ϕ1,n(X
n) = 0) ≤ β1, (3)

lim
n→∞

sup
P∈R2N

Pn(ϕ2,n(X
n) = 1) ≤ α2, (4)

lim
n→∞

sup
P∈R2A

Pn(ϕ2,n(X
n) = 0) ≤ β2. (5)

The derivation of one concrete instance can be found in
Appendix C.We also show that sample reuse does not affect
the error-rate analysis.

5.1 COMPLETENESS OF TWO-STAGE TERNARY
TESTING

So far, we related error properties of two-stage ternary tests
with error properties of constituent binary tests. In this sec-
tion, we show that the necessary topological conditions for
a pair of hypotheses to be TT(I), i.e., necessary topological
conditions for the existence of a ‘good’ ternary test, imply
the existence of a good two-stage ternary test. Therefore,
the topological conditions are both necessary and sufficient
for the existence of a good ternary test.

Lemma 10. Let I ⊆ {R0, R1, R2}. If all R ∈ I are closed
and all R /∈ I are Fσ in the weak topology on P(X ), then

3All complements are taken with respect to W .
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Table 1: Outcome-truth tables for ternary tests.

Outcome

Truth
R0

(
H0 \H1

)
R1

(
H1 \H0

)
R2

(
H0 ∩H1

)
0 True 0 (0, 1)-error (0, 2)-error
1 (1, 0)-error True 1 (1, 2)-error
2 (2, 0)-error (2, 1)-error True 2

(a) Outcome-truth table for a general ternary test. All off-diagonal cells are considered errors.

Outcome

Truth R1A R2N R2A

1A - α1 α1

2N β1 - β2

2A β1 α2 -
(b) Error table for SN test.

Outcome

Truth R1N R2N R2A

1N - β1 β1

2N α1 - β2

2A α1 α2 -
(c) Error table for SA test.

there exists a weakly consistent two-stage ternary test that
controls all (i, j)-errors such that i ̸= j and Rj ∈ I .

See Appendix D.2 for a proof.From Lemma 9 and
Lemma 10, we conclude that two-stage ternary testing is
complete for ternary testing where errors are controlled
column-wise.

Theorem 11. Let I ⊆ {R0, R1, R2}, then the following are
equivalent:

1. The sets in I are closed and the remaining are Fσ in
the weak topology on P(X );

2. There exists a weakly consistent ternary test that con-
trols all (i, j)-errors such that i ̸= j, Rj ∈ I;

3. There exists a weakly consistent two-stage ternary test
that controls all (i, j)-errors such that i ̸= j, Rj ∈ I .

Proof. 2 =⇒ 1 =⇒ 3 from Lemma 9 and 10, respec-
tively. 3 =⇒ 2 by definition.

5.2 GUIDELINES FOR CONSTRUCTING
TWO-STAGE TERNARY TESTS

There are 12 possible two-stage ternary test options avail-
able to the practitioner, namely 6 options for the null hypoth-
esis of the first stage and for each such option, 2 options for
the second stage. Therefore, constructing a two-stage ternary
test that has desired error control properties requires choos-
ing one of the 12 options and then constructing constituent
binary tests. While we do not address the latter4, in this
section, we use the topological conditions of Theorem 11 as
a guide to the former part.

4We refer the reader to the vast literature on (binary) hypothesis
testing.

When the topological conditions in Theorem 11 are satisfied
for a particular I , we consider different cases depending on
how many sets in {R0, R1, R2} are closed in the weak topol-
ogy on P(X ). Figure 8 in Appendix E illustrates decision
trees that provide a guide to which two-stage ternary tests
provide the desired error control under different topological
properties of R0, R1, R2. Note that while all the tests in the
leaf nodes provide the desired error control, those suggested
in blue control additional errors. While the tests highlighted
in blue are suggested because they control the most number
of errors, it must be noted that this excludes tests where
R2N ∪R2A is not compact because Proposition 5 depends
on such a compactness assumption. As we shall see in Sec-
tion 6.1, Proposition 25 can be used to guarantee existence
of binary tests that are uniformly consistent w.r.t. the null
even when R2N ∪R2A is not compact. Irrespective of topo-
logical properties, for any of the aforementioned 12 options,
if there exist weakly consistent binary tests for the pairs
of hypotheses in the option, with error rates α1, β1, α2, β2,
then the error rates of the resulting SA or SN ternary test
are given in Table 1c and Table 1b, respectively.

6 APPLICATIONS TO TESTING CAUSAL
QUERIES

6.1 TESTING THE INSTRUMENTAL VARIABLE
(IV) INEQUALITIES

We will now apply the ternary testing framework to provide
a test for the IV inequalities (Pearl, 1995). Define the IV
model class, denoted by MIV, to be the set of causal mod-
els whose causal graph is a subgraph of Figure 2. Define
MIV,edge to be the set of causal models whose causal graph
is a subgraph of Figure 3 and note that MIV ⊂ MIV,edge. A
Markov kernel K(X,Y | Z) defined on discrete random
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Figure 2: Causal graph (maximal) assumed for MIV
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Figure 3: Causal graph (maximal) assumed for MIV,edge

variables X,Y, Z is said to satisfy the IV inequalities if

max
x∈X

∑
y∈Y

max
z∈Z

K(X = x, Y = y | Z = z) ≤ 1. (6)

Pearl (1995) proved that if X,Y, Z are discrete random
variables, then a necessary condition for M ∈ MIV is that
PM (X,Y | do(Z)) satisfies (6)5. We view testing the IV
inequalities as testing the binary causal query that evaluates
to 0 if PM (X,Y | do(Z)) satisfies (6). We only consider
the case where the instrument is binary since it is known
that the IV inequalities are, in general, not sufficient for
falsifying the IV model class for non-binary instruments
(Bonet, 2001; Song et al., 2025). Further, Bhadane et al.
(2025) show that for the binary instrument, binary outcome,
categorical treatment case, the IV inequalities are sufficient.

Testing the IV inequalities is the same as testing the causal
null hypothesis,

H0
IV ≜ {M ∈ MIV,edge : PM (X,Y | do(Z)) satisfies (6)} .

H0
IV induces the set of observational distributions, PH0

IV
≜{

PM : M ∈ H0
IV

}
and the causal alternative hypothesis,

H1
IV ≜ MIV,edge \H0

IV induces the set of observational dis-
tributions, PH1

IV
≜

{
PM : M ∈ H1

IV

}
. As before, denote

R0 = PH0
IV
\ PH1

IV
, R1 = PH1

IV
\ PH0

IV
, R2 = PH0

IV
∩ PH1

IV
.

Further, denote W ≜ PH0
IV
∪PH1

IV
and note that for X ,Y,Z

being discrete and finite sets, W = ∆ where ∆ is the proba-
bility simplex over |X | × |Y| × 2.

We first characterize R2 by showing that the distributions in
R2 are the same as those that violate positivity of Z.

Lemma 12. Let |Z| = 2. Then

R2 = {PM : PM (z) = 0 for some z ∈ Z,M ∈ MIV,edge}.
5Note that Pearl (1995) and most of subsequent literature

frames the IV inequalities as conditions that the observational
distribution PM (X,Y | Z) satisfies. However, this only holds
under the tacit assumption of positivity which is taken for granted
since the instrument, Z, is often randomized. When positivity of
Z is not guaranteed, IV inequalities are correctly expressed as
conditions only on PM (X,Y | do(Z)) and thus, identifiability is
not guaranteed.

Algorithm 1: Two-stage Ternary Test for (6)
Data: (Xi, Yi, Zi)

n
i=1

Result: ϕn((Xi, Yi, Zi)
n
i=1) ∈ {0, 1, 2}

1 Define fpos : Xn × Yn ×Zn → {0, 1} such that
fpos((Xi, Yi, Zi)

n
i=1) = 0 if there exists z ∈ Z such

that Zi ̸= z for all 1 ≤ i ≤ n and 1 otherwise;
2 Test R2 vs R1 ∪R0 using ϕ1 where

ϕ1(Xi, Yi, Zi)
n
i=1 = fpos((Xi, Yi, Zi)

n
i=1) ;

3 if ϕ1 outputs 1 then
4 Test R0 vs R1 using IV test implemented by Wang

et al. (2017). ϕn outputs 1 if IV test rejects null
and 0 otherwise;

5 else
6 ϕn outputs 2;
7 end if

Algorithm 2: Two-stage Ternary Test for Treatment
Efficacy Comparison
Data: (Xi, Yi)

n
i=1, c

Result: ϕn((Xi, Yi)
n
i=1, c) ∈ {0, 1, 2}

1 Test R0 ∪R2 vs R1 using a one-sided binomial test ϕ1

for P (X = 1, Y = 0) with threshold 1− c where ϕ1

outputs 1 if the null is rejected and 0 otherwise;
2 if ϕ1 outputs 0 then
3 Test R0 vs R2 using a one-sided binomial test ϕ2

for P (X = 1, Y = 1) with threshold c;
4 ϕn outputs 2 if ϕ2 rejects null and 0 otherwise;
5 else
6 ϕn outputs 1;
7 end if

The proof can be found in Appendix D.3. We outline topo-
logical properties of R0, R1, R2 and W that will eventually
lead us to a two-stage ternary test for the IV inequalities.

W: Since W can be regarded as a subset of R|X |×|Y|×|Z|,
the topology of setwise convergence is equivalent to the
product topology on R|X |×|Y|×|Z|. Since ∆ is closed and
bounded it is compact in the product topology and therefore,
compact in the topology of setwise convergence.

R2: R2 is closed in the weak topology on ∆ since ∃z ∈ Z
s.t. PM (Z = z) = 0.

R1: For M ∈ MIV,edge, PM ∈ R1 if and only if
PM (Z = z) > 0 for all z ∈ Z and (6) does not hold for
PM (X,Y | do(Z)) = PM (X,Y | Z). Since the mapping
PM (X,Y, Z) 7→ PM (X,Y | Z) is continuous, R1 is open
in the weak topology on ∆.

From Figure 8c, the above topological conditions suggest
an SN test where R1,A is R1 and R2,N is R2 that controls
the errors corresponding to α1, α2 in Table 1b, i.e., errors
(1, 0), (0, 2) and (1, 2) are controlled. A natural candidate
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for testing the IV inequalities, i.e., a positivity test followed
by an IV inequalities test that assumes positivity, is given by
an SA test with R1N = R2, R2N = R0. Since R2N ∪R2A

is not compact, Proposition 5 does not apply. However, we
use Ermakov (2017)’s Theorem 4.3 (Proposition 25) to guar-
antee the existence of a test that asymptotically controls the
(1, 0) error thus implying that the SA test and the aforemen-
tioned SN test control the same errors. Algorithm 1 specifies
an SA test for the IV inequalities which uses a positivity test
based on the empirical distribution and the IV inequalities
test assuming positivity from Wang et al. (2017).

6.2 TREATMENT EFFICACY COMPARISON

We now consider the problem of comparing the efficacy of
a treatment against a threshold given data from an observa-
tional study. The treatment variable, X , has two possible
states: untreated (0), treated (1). The outcome variable Y
is binary indicating whether the treatment was effective (1)
or not (0). Given a threshold c ∈ [0, 1], which might have
been obtained, say from a large randomized controlled trial
of a different treatment, and given observational data, we
want to test whether the treatment efficacy is at least the
threshold, i.e., whether P (Y = 1 | do(X = 1)) ≥ c.

Define MTEC to be the set of all acyclic causal models with
endogenous variables X and Y where X = Y = {0, 1}.
The causal null hypothesis is then defined as

H0
TEC ≜ {M ∈ MTEC : PM (Y = 1 | do(X = 1)) ≤ c},

with the causal alternative hypothesis H1
TEC ≜ MTEC \

H0
TEC . The Manski bounds (Manski, 1990) can be used to

bound the above query

PM (Y = 1, X = 1) + PM (X ̸= 1)

≥ PM (Y = 1 | do(X = 1)) ≥ PM (Y = 1, X = 1). (7)

Since the Manski bounds are tight, the causal null hypothesis
induces the set of observational distributions PH0

TEC
≜

{PM : M ∈ H0
TEC} where

PH0
TEC

= {PM : PM (Y = 1, X = 1) ≤ c.}

The causal alternative hypothesis induces the set of observa-
tional distributions PH1

TEC
≜ {PM : M ∈ H1

TEC}

PH1
TEC

= {PM : PM (Y = 1, X = 1) + PM (X ̸= 1) > c},
= {PM : PM (Y = 0, X = 1) < 1− c}

As before, denote R0 = PH0
TEC

\ PH1
TEC

, R1 = PH1
TEC

\
PH0

TEC
, R2 = PH0

TEC
∩ PH1

TEC
. Let W = PH0

TEC
∪

PH1
TEC

, and ∆ be the probability simplex over |X | × |Y|.
Note that R0 = ∆ \ PH1

TEC
and R1 = ∆ \ PH0

TEC
which

implies that W = ∆. Since W can be regarded as a subset of
R|X |×|Y|, the topology of setwise convergence is equivalent
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Figure 4: Average PCD of Algorithm 2 plotted as a function
of number of samples. The size for the constituent binary
tests was fixed at 0.025 each.

to the product topology on R|X |×|Y| which implies that ∆
is compact in the topology of setwise convergence. Further,
note that R0 is closed and R1 is open in the weak topol-
ogy on ∆. By Figure 8c, an SN test with R1A = R1 and
R2N = R0 provides maximum error control. Algorithm 2
specifies an SN test for treatment efficacy comparison where
both tests use one-sided binomial proportions tests and con-
trol the (1, 0), (2, 0) and (1, 2) errors.

6.3 NUMERICAL EXPERIMENTS

We perform a simulation-based analysis for the treatment
efficacy comparison case6. To make the least parametric
assumptions, we consider a data-generating process where
a discrete random variable U takes |X | × |Y||X | = 8 values
such that each value corresponds to a response-function pair
(ux, uy) (Balke and Pearl, 1997) where ux ∈ {0, 1} and
uy is one of four possible functions that map X to Y . We
sample U ∼ PU and generate data (X,Y ) = (Ux, Uy(Ux)).
We sample Ndist = 1000 distributions PU ∼ Dir(1/8) and
further sample n i.i.d. samples of (X,Y ). Figure 4 plots
the average PCD of the ternary test for each of R0, R1 and
R2 as a function of n for two values of c, which is akin to
a binary hypothesis test power analysis. Note that for R0,
for both values of c, the power is high since the SN test of
Algorithm 2 controls the (1, 0), (2, 0) and (1, 2) errors.

To demonstrate the practical utility of the ternary testing
approach, we compare the following natural confidence-
interval-based ternary test (CI-based test) that a practitioner
might implement: Compute level 1− α

2 confidence intervals
for the upper and lower Manski bounds. If the threshold c

6The code is at https://github.com/SourbhBh/
TernaryTesting
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Figure 5: Comparison of the Average PCD of the CI-based
ternary test versus Algorithm 2 plotted as a function of
number of samples. The size for the constituent binary tests
was fixed at 0.025 each and the CI-based ternary test uses
97.5% confidence intervals for the Manski bounds.

(set to 0.2) is included between the lower confidence bound
of the lower Manski bound and the upper confidence bound
of the upper Manski bound then the test returns 2. If the
threshold is lower than the lower confidence bound of the
lower Manski bound then the test returns 1 and otherwise
0. Note that this is equivalent to obtaining at least level
1− α confidence intervals for the bound interval (Imbens
and Manski, 2004). We compare our proposed SN ternary
test of Algorithm 2 with the CI-based test in Figure 5. First,
since both tests approach an average PCD of 1 for R0, R1

and R2 both tests are weakly consistent. At smaller sample
sizes, Algorithm 2 achieves a higher average PCD with
respect to R0 while the CI-based ternary test achieves a
higher average PCD with respect to R2. Depending on the
decision-theoretic setup, which decide the stakes of an error,
one might prefer one test over the other.

For the IV inequalities, we use the 1973 University of
California, Berkeley graduate school admissions dataset
UCBAdmissions (R Core Team, 2023) that contains
counts for sex-department-admissions outcome for the 6
largest departments at University of California, Berkeley.
We follow the observation of Bhadane et al. (2025) that
models this decision-making process as an instrumental
variable model where sex is treated as an instrument, de-
partment choice as treatment and admission decision as
outcome. On the Berkeley dataset, the positivity test outputs
a p-value of 0 since there is data on both sexes. The IV
inequality test of Wang et al. (2017) consists of multiple
directional chi-squared tests, and on the Berkeley dataset
each of these satisfies the sign check and outputs 0 as the
p-value of the IV inequalities test (i.e., less than the smallest

positive number representable using double precision float-
ing point format, i.e. < 5× 10−324, as reported in Bhadane
et al. (2025)). Thus, the IV inequalities are satisfied for the
Berkeley dataset.

7 DISCUSSION

We consider ternary testing for overlapping hypotheses
which includes establishing desiderata related to error-
guarantees of a ternary test in terms of uniform consistency.
The existence of ternary tests that satisfy these desiderata
can be characterized by topological conditions on the hy-
potheses. We introduced two-stage ternary tests that take
advantage of the large number of binary tests developed so
far. Since the design space of a ternary test is arguably larger
than that of binary tests, the characterizing topological con-
ditions guide our construction of two-stage ternary tests. We
demonstrate this guide on two applications, namely testing
IV inequalities and treatment efficacy comparisons. In the
former case, the ternary testing approach provides a theoreti-
cal grounding for the natural candidate test that first tests for
positivity followed by IV tests assuming positivity. In the
latter case, the ternary testing approach provides an alternate
test with different error control behavior with respect to the
baseline of computing confidence intervals on bounds.

We leave a) the relaxation of the compactness assumption,
and b) making the categorization of ternary-testable hy-
potheses finer by considering existence of ternary tests that
control the error-rate for any combination of cells in the er-
ror table instead of errors in columns corresponding to sets
in I , for future work. As seen in the IV inequalities case and
the treatment efficacy comparison study, for causal queries,
the sets of interest, namely R0, R1 and R2, are polynomial
(linear in this case) inequalities in the observational distri-
bution space, implying that these are semi-algebraic sets
for which binary hypothesis testing has received significant
attention (Drton, 2009; Sturma et al., 2024). A thorough
treatment of ternary tests with constituent binary tests of
semi-algebraic sets is also an interesting direction for future
work.
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A PRELIMINARIES

A.1 CAUSAL MODELS

We outline a few definitions related to causal models that follow the formal setup of Bongers et al. (2021).

Definition 13 (Structural Causal Model (SCM)). A Structural Causal Model (SCM) is a tuple M = (V,W,X , f, P ) where
a) V,W are disjoint, finite index sets of endogenous and exogenous random variables respectively, b) X =

∏
i∈V ∪W Xi

is the domain which is a product of standard measurable spaces Xi, c) for every v ∈ V , fv : X → Xv is a measurable
function, and f = (fv)v∈V is called the causal mechanism; the equations Xv = fv(X) for every v ∈ V are called the
structural equations, and d) P (XW ) =

⊗
w∈W P (Xw) is the exogenous distribution which is a product of probability

distributions P (Xw) on Xw.

Definition 14 (Parent). Let M = (V,W,X , f, P ) be an SCM. k ∈ V ∪W is a parent of v ∈ V if and only if it is not the
case that for all xV \k, fv(xV , XW ) is constant in xk (if k ∈ V , resp. Xk if k ∈ W ) P (XW )-a.s..

Definition 15 (Causal Graph). Let M = (V,W,X , f, P ) be an SCM. The causal graph, G(M), is a directed mixed graph
with nodes V , directed edges u −→ v if and only if u ∈ V is a parent of v ∈ V , and bidirected edges u ↔ v if and only if
∃w ∈ W that is a parent of both u, v ∈ V .

For simplicity of exposition, we restrict attention to acyclic SCMs, i.e. SCMs whose causal graph is acyclic (contains no
directed cycle X → · · · → Y → X).

Definition 16 (Observational Distribution). Given an acyclic SCM, M = (V,W,X , f, P ), the exogenous distribution, P and
the causal mechanism f induce a probability distribution over the endogenous variables which is called the observational
distribution, PM (XV ).

Definition 17 (Hard Intervention). Given an acyclic SCM, M = (V,W,X , f, P ), an intervention target T ⊆ V , and an
intervention value xT ∈ XT , the intervened SCM is defined as Mdo(XT=xT ) ≜

(
V,W,X , (fV \T , xT ), P

)
. Further, the

observational distribution of the intervened SCM, PMdo(XT =xT )
, is called an interventional distribution, and denoted by

PM (XV | do(XT = xT )).

A.2 TOPOLOGY

We assume that the reader is familiar with definitions of topological spaces, metric spaces, and open and closed sets (see
Munkres (2000) and Billingsley (1999)). We give brief definitions to relevant topological concepts below.

Definition 18 (Separable Metric Spaces). A metric space (X , d) is separable if it contains a countable dense subset.

The main reason to assume separability is so that the weak topology (defined below) is metrizable. Recall that P(X ) is the
set of all Borel probability measures defined on B(X ).
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Definition 19 (Weak Topology). The weak topology on P(X ) is the coarsest topology on P(X ) that makes the maps
P 7→

∫
f dP continuous for every bounded continuous function f : X → R.

Definition 20 (Topology of Setwise Convergence). The topology of setwise convergence on P(X ) is defined by pointwise
convergence of probability measures on all Borel sets: Pα → P setwise if

Pα(A) −→ P (A) ∀A ∈ B(X ).

The topology of setwise convergence is defined with respect to a stronger notion of convergence of probability measures
than weak convergence. This implies that every closed set of the weak topology is a closed set of the topology of setwise
convergence. Consequently, there are more closed sets (and more open sets) in the latter, compared to the former, i.e., the
topology of setwise convergence is finer than the weak topology.

Definition 21 (Compact Set). A subset K ⊆ X is compact if every open cover of K has a finite sub-cover: for every
collection {Uα} of open sets with K ⊆

⋃
α Uα, there exist finitely many indices α1, . . . , αn such that K ⊆ Uα1

∪ · · · ∪Uαn
.

Clearly, compactness (defined above) in the topology of setwise convergence implies compactness in the weak topology. We
use two properties of compact sets repeatedly. 1) For metric spaces (Hausdorff spaces), a set being compact implies that it is
closed. 2) For Euclidean spaces, a set being closed and bounded implies that it is compact.

B ASYMPTOTIC CONTROL AND UNIFORM CONSISTENCY

Proposition 22. Given a pair of hypotheses H0, H1 ⊆ P(X ), if there exists a ternary test that asymptotically controls the
(i, j)-error then there exists a ϕ′ = {ϕ′

n}n∈N such that lim
n→∞

sup
P∈Rj

Pn(ϕ′
n(X

n) = i) = 0.

Proof. By Definition 7, there exists a ternary test ϕ = {ϕα,n}n∈N,α>0 such that for all α >
0, lim

n→∞
sup
P∈Rj

Pn(ϕα,n(X
n) = i) ≤ α. Consider the sequence αm = 1

2m for m ∈ N. For each m ∈ N, pick Nm ∈ N such

that Nm−1 < Nm (if m > 1) and such that for all n > Nm, sup
P∈Rj

Pn
(
ϕ 1

2m ,n(X
n) = i

)
< 1

m . Construct ϕ′
n = ϕ 1

2m ,n for

Nm < n ≤ Nm+1, and define ϕ′
n arbitrarily for n ≤ N1. Then for any ε > 0, there exists m′ ∈ N such that 1

m′+1 < ε ≤ 1
m′

and consequently there exists Nε = Nm′+1 such that for all n > Nε = Nm′+1, n lies in some block Nm′′ < n ≤ Nm′′+1

with m′′ ≥ m′ + 1, so that

sup
P∈Rj

Pn(ϕ′
n(X

n) = i) = sup
P∈Rj

Pn
(
ϕ 1

2m′′ ,n
(Xn) = i

)
<

1

m′′ ≤
1

m′ + 1
< ε.

This implies that lim
n→∞

sup
P∈Rj

Pn(ϕ′
n(X

n) = i) = 0.
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C ERROR-RATE ANALYSIS FOR TWO-STAGE TERNARY TEST

Consider a two-stage SA ternary test with constituent binary tests ϕ1, ϕ2 where R1N = R2, R2N = R0. The combined
ternary test is defined as

ϕn(x
n) =


2 if ϕ1,n(x

n) = 0,

0 if ϕ1,n(x
n) = 1, ϕ2,n(x

n) = 0,

1 if ϕ1,n(x
n) = 1, ϕ2,n(x

n) = 1.

(8)

For simplicity, we assume that both tests use the same number of samples. We now relate the error-rates of the two-stage
ternary test to the asymptotic false positive and false-negative rates of its constituent binary tests.

(2, 0)-error and (2, 1)-error: The error rates for these errors are given by

sup
P∈R0

Pn(ϕn(X
n) = 2) = sup

P∈R0

Pn(ϕ1,n(X
n) = 0),

sup
P∈R1

Pn(ϕn(X
n) = 2) = sup

P∈R1

Pn(ϕ1,n(X
n) = 0)

respectively. From (3), since R1A = R0 ∪R1,

max

(
lim

n→∞
sup
P∈R0

Pn(ϕn(X
n) = 2), lim

n→∞
sup
P∈R1

Pn(ϕn(X
n) = 2)

)
≤ β1.

(0, 1)-error and (1, 0)-error: The error rates for these errors are given by

lim
n→∞

sup
P∈R1

Pn(ϕn(X
n) = 0) = lim

n→∞
sup
P∈R1

Pn(ϕ1,n(X
n) = 1 ∩ ϕ2,n(X

n) = 0)

≤ lim
n→∞

sup
P∈R1

Pn(ϕ2,n(X
n) = 0) ≤ β2,

lim
n→∞

sup
P∈R0

Pn(ϕn(X
n) = 1) = lim

n→∞
sup
P∈R0

Pn(ϕ1,n(X
n) = 1 ∩ ϕ2,n(X

n) = 1)

≤ lim
n→∞

sup
P∈R0

Pn(ϕ2,n(X
n) = 1) ≤ α2,

from (5) and (4) respectively.

(0, 2)-error and (1, 2)-error: The error rates are given by

lim
n→∞

sup
P∈R2

Pn(ϕn(X
n) = 0) = lim

n→∞
sup
P∈R2

Pn(ϕ1,n(X
n) = 1 ∩ ϕ2,n(X

n) = 0),

lim
n→∞

sup
P∈R2

Pn(ϕn(X
n) = 1) = lim

n→∞
sup
P∈R2

Pn(ϕ1,n(X
n) = 1 ∩ ϕ2,n(X

n) = 1),

respectively. Since the right hand side of both the above equations can be bound by α1 from (2), the result follows.

Remark: Note that the proofs above reuse samples across the two stages.

D PROOFS

D.1 PROOF OF LEMMA 9

Lemma 9. If
(
H0, H1

)
is TT(I), then all R ∈ I are closed and all R /∈ I are Fσ in the weak topology on P(X ).

Proof. Since
(
H0, H1

)
are TT(I), there exists a weakly consistent ternary test ϕ = {ϕᾱ,n}n∈N,ᾱ≻0 such that ϕ asymptoti-

cally controls all (i, j)-errors for i ̸= j, Rj ∈ I where ᾱ = {αij}i̸=j,Rj∈I .

Let Rx ∈ I . Consider the following binary test ϕbinary = {ϕbinary
n,ε }n∈N,ε>0 where
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ϕbinary
n,ε (Xn) =

{
0 ϕn,ᾱε(X

n) = x where ᾱε ≜ {ᾱ : αix + αkx = ε for i, k ̸= x}
1 otherwise.

Note that ϕbinary satisfies the following: for every ε > 0,

lim
n→∞

sup
P∈Rx

Pn(ϕbinary
n,ε (Xn) = 1) = lim

n→∞
sup
P∈Rx

Pn(ϕn,ᾱε
(Xn)) ̸= 0) ≤ ε.

Further, for all P /∈ Rx, lim
n→∞

Pn(ϕbinary
n,ε (Xn) = 0) = lim

n→∞
Pn(ϕn,ᾱε

(Xn) = 0) = 0.

We now prove that Rx is closed in the weak topology on P(X ). Assume to the contrary that Rx is not closed. This
implies that there exists P∗ ∈ cl(Rx) \ Rx which in turn implies that P∗ ∈ W \ Rx since cl(Rx) ⊆ W because W is
compact. Consider a sequence of Borel probability measures {Pt}t∈N where Pt ∈ Rx and Pt → P ∗ setwise. For ε = 1

4 ,
there exists N0 such that for all n > N0, sup

P∈Rx

Pn(ϕbinary
n, 14

= 1) < 3
8 . By weak consistency, there exists N > N0 such

that PN
∗ (ϕbinary

N, 14
= 1) > 3

4 . Let A ≜ {xN ∈ XN : ϕbinary
N, 14

= 1} be a Borel set. We have that PN
t (A) → PN (A) > 3

4

since setwise convergence is preserved under finite products. Therefore, there exists t∗ such that PN
t∗ (A) > 3

8 which is a
contradiction since Pt∗ ∈ Rx. Therefore, Rx is closed in the topology of setwise convergence on P(X ) implying it is closed
in the weak topology on P(X ).

For Rj /∈ I , consider the following binary test ϕbinary,j = {ϕbinary,j
n }n∈N where for a fixed ᾱ,

ϕbinary,j
n (Xn) =

{
0 ϕn,ᾱ(X

n) = j

1 otherwise.

Since ϕbinary,j is weakly consistent, by Proposition 2, Rj is Fσ in the weak topology on P(X ).

D.2 PROOF OF LEMMA 10

Lemma 10. Let I ⊆ {R0, R1, R2}. If all R ∈ I are closed and all R /∈ I are Fσ in the weak topology on P(X ), then there
exists a weakly consistent two-stage ternary test that controls all (i, j)-errors such that i ̸= j and Rj ∈ I .

Proof. I = ∅: The statement is trivially true.

|I| = 1: If Rc ∈ I is closed in the weak topology on P(X ), by Proposition 5, there exists a consistent binary test that
asymptotically controls the (1, 0)-error-rate. Using this test in the first stage of an SA test where Rc corresponds to R1,N

controls the two required errors in Table 1c. For the second stage, since the remaining sets are Fσ, by Proposition 2 there
exists a consistent binary test, thus making the resulting ternary test consistent with desired error control.

|I| = 2 : Denote the closed sets by Rc1 and Rc2 . Consider an SN test with R1N as Rc1 ∪Rc2 . Since Rc1 and Rc2 are closed
in the weak topology on P(X ), their union is closed and since it is a subset of a compact set W , it is also compact. Therefore,
by Proposition 4, there exists a uniformly consistent test for testing Rc1 as the null against Rc2 as the alternative (or vice
versa). This implies that in Table 1b, the errors corresponding to α1, α2, β2 are controlled. Since uniform consistency implies
consistency, the existence of a consistent ternary test with desired error control is guaranteed.

|I| = 3: Since all the sets are closed in the weak topology on P(X ), any pairwise union is closed. Since a closed subset of a
compact set is compact, there exist constituent binary tests that are either an SA test or an SN test and asymptotically control
both (1, 0)-errors and (0, 1)-errors, implying that all errors in Table 1c and Table 1b are controlled and the resulting ternary
test is consistent.
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D.3 PROOF OF LEMMA 12

Lemma 12. Let |Z| = 2. Then

R2 = {PM : PM (z) = 0 for some z ∈ Z,M ∈ MIV,edge}.

Proof. Denote the right-hand side set in the above equation by Spos-viol. For M ∈ MIV,edge, PM (X,Y | do(Z = z)) =

PM (X,Y | Z = z) if PM ∈ S∁
pos-viol. Further, in that case, PM (X,Y | do(Z)) satisfies (6) if and only if PM (X,Y | Z)

satisfies (6). This implies,
R2 ∩ S∁

pos-viol = ∅.

This implies R2 ⊆ Spos-viol. Let PM ∈ Spos-viol and define z : X × Y → Z as z(x, y) ≜ argmax
z′∈Z

K(x, y | z′). Equation (6)

can be expressed as ∑
y

K(x∗, y | z(x∗, y)) ≤ 1

where x∗ ≜ arg max
x′∈X

∑
y K(x′, y | z(x′, y)).

Let M be such that PM ∈ Spos-viol and denote z′ to be such that PM (Z = z′) = 1 and z to be such that PM (Z = z) = 0.

For any M such that PM ∈ Spos-viol and PM (X,Y | Z) does not satisfy (6), define M2 such that
fM2

((X,Y, Z, UX , UY , UZ , U)) = fM ((X,Y, z′, UX , UY , UZ , U)) where z′ ̸= z and the rest of the components of
the tuple defining M2 are same as M . Therefore, PM2

(X,Y | do(z′)) = PM2
(X,Y | do(z)) for z′ ̸= z. This implies that

the left hand side of (6) is ≤ 1 satisfying the IV inequalities. Since PM2
(Z = z) = 0, PM2

∈ Spos-viol.

For any M such that PM ∈ Spos-viol and PM (X,Y | Z) satisfies (6), choose (x̃, ỹ) where PM (x̃, ỹ | z′) > 0 and any y◦ ̸= ỹ.
Define M2 as fM2

((X,Y, Z, UX , UY , UZ , U)) = 1[Z = z](x̃, y◦, z) + (1− 1[Z = z])fM . Then PM2
= PM , and∑

y

PM2
(x∗, y | z(x∗, y)) ≥ PM (x̃, ỹ | z′) + 1 > 1,

where x∗ is defined with respect to M2.

Therefore, R2 = Spos-viol.

D.4 PROOFS FOR PROPOSITIONS IN SECTION 3

We prove Propositions 2, 4 and 5 by stating the version in Ermakov (2017) first in both cases. Remember that we assume
W ≜ H0 ∪H1 to be compact in the topology of setwise convergence.

Proposition 23 (Theorem 4.4 in Ermakov (2017)). If H1 is contained in a σ-compact set in the topology of setwise
convergence on P(X ), the following are equivalent:

(i) there exists a binary test that is weakly consistent.

(ii) H0 and H1 are contained respectively in disjoint σ-compact and Fσ (i.e., countable union of closed sets) sets
respectively.

Proposition 2. The following are equivalent:

(i) there exists a binary test that is weakly consistent.

(ii) H0 and H1 are disjoint and Fσ (i.e., countable union of closed sets) in the weak topology on P(X ).

Proof. Since W is compact, it is closed, implying that H̄0 and H̄1 are closed subsets of W and therefore, are compact.
This implies that both H0 and H1 are contained in σ-compact sets. If there exists a binary test that is weakly consistent,
then according to Proposition 23, H0 ⊆ A, H1 ⊆ B such that A is σ-compact and B is Fσ and A and B are disjoint.
Then H1 = B ∩ W is Fσ. Since H0 is contained in a σ-compact set and there exists a weakly consistent binary test,
according to Proposition 23, H0 ⊆ B0, H1 ⊆ A0 such that A0 is σ-compact and B0 is Fσ and A0 and B0 are disjoint.
Then H0 = B0 ∩W is Fσ . For the converse, if H0 and H1 are disjoint and Fσ then since H0 is a countable union of closed
sets that are subsets of a compact set, H0 is σ-compact implying that there exists a binary test that is weakly consistent.
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Proposition 24 (Theorem 4.1 in Ermakov (2017)). If H0, H1 are relatively compact in the topology of setwise convergence
on P(X ), then the following are equivalent:

(i) there exists a binary test that is uniformly consistent.

(ii) H0 and H1 are such that their closures in the topology of setwise convergence on P(X ) are disjoint.

Proposition 4. The following are equivalent:

(i) there exists a binary test that is uniformly consistent.

(ii) H0 and H1 are disjoint and closed in the weak topology on P(X ).

Proof. Since W is compact, it is closed, implying that H̄0 and H̄1 are closed subsets of W and therefore, are compact. This
implies that H0 and H1 are relatively compact. If there exists a binary test that is uniformly consistent, by Proposition 24,
since H̄0 and H̄1 are disjoint and H0 and H1 are also disjoint, both H0 and H1 are closed in the weak topology on P(X ).
If H0 and H1 are closed in the weak topology on P(X ), since W is compact implying the weak topology and the topology
of setwise convergence coincide, their closures are disjoint in the topology of setwise convergence on P(X ).

Proposition 25 (Theorem 4.3 in Ermakov (2017)). If H0 is relatively compact and H1 is contained in a set that is σ-compact
in the topology of setwise convergence, then the following are equivalent:

(i) there exists a weakly consistent binary test that is uniformly consistent with respect to H0.

(ii) H0 and H1 are contained in respectively disjoint closed and Fσ sets in the topology of setwise convergence on P(X ).

Proposition 5. The following are equivalent:

(i) there exists a weakly consistent binary test that is uniformly consistent with respect to H0.

(ii) H0 is closed and H1 is Fσ in the weak topology on P(X ).

Proof. Since W is compact, it is closed implying that H̄0 and H̄1 are closed subsets of W and therefore, are compact. This
implies that H0 and H1 are relatively compact. Further, H1 ⊂ W which is compact and also σ-compact. If (i) holds, by
Proposition 25, H0 ⊆ A0 and H1 ⊆ B0 such that A0 is closed, B0 is Fσ , and A0 and B0 are disjoint. Then H0 = A0 ∩W
is closed and H1 = B0 ∩W is Fσ in the weak topology on P(X ). Further, if H0 and H1 are closed and Fσ in the weak
topology on P(X ), then they are contained in disjoint closed and Fσ sets in the topology of setwise convergence on P(X )
since W is compact.

E DECISION TREES FOR CONSTRUCTING TWO-STAGE TERNARY TESTS

565



|I| = 0

Ronc is open

SN test with
R1A = Ronc

R2N - either

No open sets

None of the 12 tests

(a) |I| = 0

|I| = 3

Any of the 12 tests

(b) |I| = 3

|I| = 1

Rcno, Ronc1, Ronc2

SN test with
R1A = Ronc1 or Ronc2

R2N = Rcno

SA test with
R1N = Rcno

R2N - either

Rcno, Ronc, Rnonc

SN test with
R1A = Ronc

R2N = Rcno

SA test with
R1N = Rcno

R2N - either

Rco, Rnonc1, Rnonc2

SN test with
R1A = Rco

R2N - either

SA test with
R1N = Rco

R2N - either

Rcno, Rnonc1, Rnonc2

SA test with
R1N = Rcno

R2N - either

(c) |I| = 1

|I| = 2

Rcno1, Rcno2, Ronc or
Rcno1, Rcno2, Rnonc

SN test with
R1A = Ronc or Rnonc

R2N - either

Rco, Rcno, Rnonc or
Rco, Rcno, Ronc

SA test with
R1N = Rco

R2N = Rcno

SN test with
R1A = Rco

R2N = Rcno

SN test with
R1A = Rnonc or Ronc,

R2N - either

(d) |I| = 2

Figure 8: Decision Trees where I represents the closed sets. Subscript of R indicates topological property: cno - closed and
not open, onc - open and not closed, nonc - neither closed nor open, co - closed and open. All leaf nodes provide the desired
error control expected from Theorem 11. The tests suggested by blue colored leaf nodes provide the best available error
control guaranteed from topological conditions although tests that control more errors are possible.
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