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Abstract

Proximal Policy Optimization (PPO) has been ap-
plied to a wide range of applications, from robotics
to large language models (LLMs). Yet, despite its
success, it still suffers from unstable updates, per-
formance collapse, and extreme sensitivity to hy-
perparameters. Many alternatives have been pro-
posed to alleviate these issues, often demonstrat-
ing empirically stronger performance on standard
reinforcement learning (RL) benchmarks. In this
work, we observe that PPO’s training instability
fundamentally stems from the brittle inter-coupling
between its surrogate optimization hyperparame-
ters which jointly dictate the effective size of pol-
icy updates. This complex coupling makes tuning
quite difficult and, in practice, often leaves PPO
under-performing. To mitigate this, we introduce a
criterion on trajectories generated by behavior and
target policies which can be used as an early stop-
ping rule. This formulation effectively decouples
the optimization dynamics, allowing the algorithm
to adaptively scale its updates using a single thresh-
old parameter. We additionally find a scaling law
between this threshold parameter and the number
of trajectory batches collected, further reducing the
tuning burden. Using this simple criterion, we eval-
uate PPO on continuous control tasks from the DM
Control Suite, outperforming prior policy gradient
methods and revealing that many reported improve-
ments were largely artifacts of under-performing
PPO baselines. Our code is available at: https:
//github.com/rbouftini/adappo

1 INTRODUCTION

Large-scale pretraining complemented by online reinforce-
ment learning (RL) has emerged as a successful paradigm

for building capable and reliable agents. In robotics, be-
havior cloning [Schaal, 1996, Pomerleau, 1988] on expert
demonstrations provides a strong initialization for robot
policies [Dasari et al., 2019, Mandlekar et al., 2021, Lee
et al., 2024, Sundaresan et al., 2025], but the resulting pol-
icy is typically suboptimal [Ross and Bagnell, 2010, Block
et al., 2024]; online RL is then used to improve performance
beyond the limits of the demonstrations [Rajeswaran et al.,
2017, Torne et al., 2024]. Similarly, language models are
pretrained on massive corpora to acquire broad knowledge
[Radford et al., 2019, Brown et al., 2020], yet they are nei-
ther aligned with human preferences nor reliably capable
of performing advanced cognitive tasks [Wei et al., 2022].
Reinforcement Learning from Human Feedback (RLHF) ad-
dresses alignment [Ouyang et al., 2022], and recent work on
Reinforcement Learning with Verifiable Rewards (RLVR)
has further improved the reasoning capabilities in latest mod-
els [Abdin et al., 2025, Guo et al., 2025, OpenAI, 2025].

Given the importance of online reinforcement learning for
fine-tuning policies and achieving high performance, pol-
icy gradient (PG) methods [Williams, 1992, Sutton et al.,
1999] emerged as the de facto standard within this setting.
PG methods parameterize the policy and directly optimize
the RL objective through local search techniques such as
stochastic gradient ascent to find an optimal policy. How-
ever, vanilla PG is sample inefficient and unstable for large
gradient steps. Trust Region Policy Optimization (TRPO)
[Schulman et al., 2015a] remedies these issues by construct-
ing a local approximation of the objective as a surrogate
and maximizing it within a constrained trust region, i.e., a
region in which the surrogate remains a reliable approxi-
mation, with the constraint based on policy divergence and
motivated by monotonic improvement theory. TRPO can
also be viewed as a variant of the natural policy gradient
[Amari, 1998, Kakade, 2001], preconditioning the gradient
with the inverse of the Fisher information matrix to ac-
count for the geometry of the parameter space. Because of
TRPO’s second-order optimization, Schulman et al. [2017]
introduced Proximal Policy Optimization (PPO) as a sim-
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pler alternative. It preserves the constrained optimization
idea through a heuristic clipping mechanism, and its first-
order nature, simplicity, and empirical performance made it
widely used.

Nevertheless, since PPO does not strictly enforce the di-
vergence constraint, its performance is highly sensitive to
hyperparameters that are required to ensure stable updates
[Engstrom et al., 2020, Andrychowicz et al., 2021]. Since
then, many algorithms have been proposed to remedy the
training instability of PPO, mainly addressing the fact that
the clipping mechanism fails to establish any rigorous con-
straint on policy divergences, which can lead to excessive
policy updates and performance collapse [Wang et al., 2020,
Xie et al., 2025]. Yet, across the many applications of pol-
icy optimization, training instability is still observed and
ultimately hinders the final policy capabilities [Shao et al.,
2024, Zhao et al., 2025, Liu et al., 2025].

In this work, we revisit the fact that the hyperparameter
tuning of PPO is the primary cause of training instability.
The proposed changes in the literature that show improved
performance over PPO on standard RL benchmarks are then
often merely artifacts of suboptimal hyperparameters lead-
ing to underperforming PPO baselines. Because the main
PPO hyperparameters for surrogate optimization–the learn-
ing rate, number of policy updates per batch, and clipping
range–are tightly coupled and jointly determine the effective
policy update, this coupling makes hyperparameter tuning
quite challenging in practice. To that end, we propose to
decouple these hyperparameters and let them be implicitly
governed by a single criterion, significantly simplifying the
search of optimal training parameters.

The main observation is that the core idea of surrogate
construction is entirely based on the accuracy of the lo-
cal approximation. The clipping mechanism alone does not
guarantee this accuracy, making it necessary to explicitly
incorporate a criterion to control the estimation error. When
viewing the surrogate construction as an importance sam-
pling procedure over trajectory distributions, it is sufficient
to control the divergence between these distributions to trust
the surrogate optimization. The maximum tolerated diver-
gence, which can be seen as a threshold condition, is then
directly related to the number of samples (trajectory batches)
used to construct the surrogate. Since the forward KL di-
vergence is not tractable, the clipping mechanism merely
ensures a bounded relationship between the forward and
reverse KL divergences, allowing the computable reverse
KL to serve as a reliable substitute. This formulation allows
us to derive a scaling law for the threshold criterion based
on the number of samples collected, with the clipping pa-
rameter contributing only as a scaling factor. The iterative
optimization of the surrogate then relies entirely on this cri-
terion, effectively absorbing the impact of the learning rate
and number of policy updates, rendering the optimization
more stable.

In summary, our main contributions are as follows:

• We theoretically show that the trajectory divergence
between the behavior and target policies controls the
accuracy of the surrogate objective. We further demon-
strate how constraining the policy probability ratio
through a clipping mechanism is necessary to bound
the geometry of the space and arrive at a practical cri-
terion.

• From this framework, we derive a scaling law show-
ing that the maximum tolerated trajectory divergence
scales as 1−ϵ

1+ϵ ln
N
c0

, where N is the number of trajec-
tory batches and ϵ is the clipping parameter. We empiri-
cally confirm this relationship across multiple settings.

• This theory yields a simple trajectory-based criterion
that decouples PPO’s three key hyperparameters: the
learning rate and number of policy updates adapt im-
plicitly to the criterion, while the clipping range enters
only as a known scaling factor, reducing hyperparame-
ter tuning to a single parameter.

• We evaluate PPO equipped with this criterion against 7
policy gradient methods on 13 continuous control tasks
from the DM Control Suite, achieving greater stability
and overall best performance.

2 BACKGROUND AND NOTATION

We formulate the reinforcement learning problem with an
episodic Markov Decision Process (MDP) [Puterman, 2014]
that is described by the tuple (S,A, r, P, µ, T ), where S
and A are the state and action spaces respectively; r :
S ×A → R is the reward function; P : S ×A×S → [0, 1]
is the transition probability function; and µ is the initial
state distribution. The agent’s goal is to learn a policy
π : S → P(A) as a map from states to probability dis-
tributions over actions, with π(a|s) denoting the proba-
bility of taking action a in state s. We define the per-
formance measure J(π) as the expected return over a fi-
nite horizon T , J(π) := Eτ∼π

[∑T−1
t=0 r(st, at)

]
, where

τ = (s0, a0, s1, a1, . . . , sT ) denotes a trajectory consisting
of a sequence of states and actions under π.

We define the following useful quantities in the standard
way: the action-value and value functions

Qπ(st, at) := Est+1,at+1,···∼π

[T−1∑
l=t

r(sl, al)

]
,

V π(st) := Eat∼π(·|st)[Q
π(st, at)],

(1)

and the advantage function Aπ(st, at) := Qπ(st, at) −
V π(st), which measures how good the chosen action is
compared to the average action at state st, and finally the
unnormalized episodic state-visitation frequency ρπ(s) :=∑T−1

t=0 Pr(st = s | π). Policy gradient methods parametrize
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Figure 1: PPO with Early Stopping. We report the perfor-
mance of PPO and PPO with early stopping for different
number of gradient steps K (equivalently, the number of
epochs). For PPO with early stopping, we use a threshold
δ = 0.05 found best after tuning. The performance is aggre-
gated over six environments from DM Control Suite, each
for 10 random seeds, and we report the average normalized
returns for the last 15% of training steps. We observe that
early stopping based on policy KL does not yield higher
performance than simple PPO with tuned K, but reduces
the dependency on it.

the policy (e.g., with a neural network) by a vector of pa-
rameters θ ∈ Rn and optimize J(θ) in search of optimal
parameters θ∗ via gradient ascent. We slightly abuse nota-
tion and write J(θ) instead of J(πθ). The gradient of the
objective has the tractable form

∇θJ(θ) = Eτ∼πθ

[
T−1∑
t=0

∇θ log πθ(at | st)R(τ)

]
, (2)

where R(τ) is the sum of rewards in a trajectory. The gradi-
ent in (2) is taken under the current policy, so each update
requires new trajectories. This, in addition to the difficulty of
choosing a suitable step size, makes policy gradient methods
sample inefficient.

Kakade and Langford [2002] derived a useful expression
that relates the performance of a policy π′ to that of another
policy π:

J(π′) = J(π) + Eτ∼π′

[
T−1∑
t=0

Aπ(st, at)

]
= J(π) +

∑
s

ρπ′(s)
∑
a

π′(a | s)Aπ(s, a).

(3)

Maximizing the last term guarantees an improved (or at
least no worse) policy, but still requires access to both the
state-visitation frequency and action distribution of π′. This
prompted the construction of the following local approxi-
mation, where the state-visitation frequency is taken under
the policy π Schulman et al. [2015a]:

Lπ(π
′) = J(π) +

∑
s

ρπ(s)
∑
a

π′(a | s)Aπ(s, a). (4)

In order to quantify the gap between Lπ(π
′) and the true

objective J(π′), it is useful to introduce the following statis-
tical divergences. These will also be helpful throughout the
paper.

Definition 1. Let f : R+ → R be a convex function such
that f(1) = 0. For two probability mass functions P and Q
on discrete sample space X , the f -divergence between P
and Q is defined as

Df (P∥Q) :=
∑
x∈X

Q(x) f

(
P (x)

Q(x)

)
. (5)

Taking f(x) = 1
2 |x − 1| gives the total variation diver-

gence (DTV), and f(x) = x log x the Kullback-Leibler
divergence (DKL). It was then shown that [Schulman et al.,
2015a]:

Theorem 1. Given α := maxs DTV

(
π(· | s) ∥π′(· | s)

)
,

the following bound holds:

J(π′) ≥ Lπ(π
′) − 2 ε T (T − 1)α2. (6)

where ε := maxs,a
∣∣Aπ(s, a)

∣∣.
This is the analogue of the TRPO’s Theorem 1 bound for
an undiscounted, finite-horizon MDP, where

∑T−1
t=0 t =

T (T−1)
2 shows up instead of

∑∞
t=0 γ

tt = γ
(1−γ)2 .

In practice, within the set of parameterized policies Πθ,
TRPO does not maximize this lower bound directly. Instead,
it maximizes Lπ(π

′) while enforcing a trust region con-
straint with hyperparameter δ. This can be interpreted as
maximizing a local approximation of J(π′); a ‘surrogate
objective’ that disregards the discrepancy between the state
distributions dπ(s) := 1

T ρπ(s), which is a reasonable ap-
proximation when π and π′ are close. The actions sampled
from π can be corrected to reflect π′ through importance
sampling weights π′(a|s)

π(a|s) . This leads to the TRPO objective:

max
π′

E s∼dπ, a∼π

[
π′(a | s)
π(a | s)

Aπ(s, a)

]
subject to E s∼dπ

[
DKL

(
π(· | s) ∥π′(· | s)

)]
≤ δ.

(7)

The complexity of TRPO’s constrained optimization moti-
vated PPO, with a simpler first-order objective that clips the
importance ratio to [1− ϵ, 1+ ϵ], heuristically discouraging
large policy updates:

LPPO = Es∼dπ
a∼π

[
min

(
r(s, a)Aπ, r̃(s, a)Aπ

)]
, (8)

where r(s, a) = π′(a|s)
π(a|s) , r̃(s, a) = clip(r(s, a), 1−ϵ, 1+ϵ),

and Aπ is shorthand for Aπ(s, a).
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3 METHODOLOGY

3.1 CONSTRUCTION OF THE SURROGATE
OBJECTIVE

The instability of policy updates in PPO can be attributed
to the absence of an explicit constraint on the divergence
between policies, allowing the new policy to move further
from the current one. One natural modification is to moni-
tor the KL divergence from exceeding a predefined thresh-
old, thereby ensuring that the surrogate objective is opti-
mized only while it remains reliable and within the trust
region. As shown in Figure 1, this early stopping mechanism
makes PPO less sensitive to the number of gradient steps K.
However, existing methods that incorporate this criterion
[Achiam, 2018, Wang et al., 2020, Dossa et al., 2021, Sun
et al., 2022] introduce the maximum tolerated divergence
as an additional hyperparameter that must be jointly tuned
with the learning rate and clipping range, making hyperpa-
rameters tuning even more brittle.

Our first observation is that the number of gradient steps K
should not be held fixed and tuned a priori. Instead, the iter-
ative optimization of the surrogate should be governed en-
tirely by the KL criterion. By taking computationally cheap
steps in the Euclidean parameter space while strictly moni-
toring the divergence in the distribution space, we actively
prevent the policy from overshooting. This dynamically cou-
ples the step size and the number of updates per batch to
the KL boundary. Geometrically, this adaptive approach
ensures that the sequence of Euclidean updates respects
the curvature of the distribution space, achieving a similar
goal to the natural gradient without requiring second-order
computation. In contrast, a fixed number of Euclidean steps
disregards the underlying geometry entirely, risking over-
shooting or undershooting the trust region depending on the
local curvature.

However, to make this geometric constraint truly reliable,
we must reconsider how we measure this divergence. While
bounding the action distribution at individual states is stan-
dard practice, we observe that it is far more faithful to di-
rectly constrain the space of trajectories induced by the
policies. Writing Pπ for the distribution over trajectories
τ induced by policy π with initial state distribution µ, we
provide the following results:

Theorem 2. Given α := DTV

(
Pπ ∥Pπ′)

, then the follow-
ing bound holds:

J(π′) ≥ Lπ(π
′) − 2 ε T α2. (9)

where ε := maxs,a
∣∣Aπ(s, a)

∣∣.
Theorem 2 guarantees that when the trajectory distributions
Pπ and Pπ′

are close, within α, the local approximation
Lπ(π

′) is more accurate than when only the action distri-
butions are constrained to be close. This yields a better

surrogate for optimization, since constraining trajectories
provides tighter control over the state distribution mismatch.
To make this precise, we introduce the following lemmas
where we denote the state marginals at timestep t for a
policy π as ptπ(s) := Pr(St = s | π).

Lemma 1. For any two policies π and π′ with initial
state distribution µ. Given α := maxs∈S DTV

(
π′(· |

s) ∥π(· | s)
)
, then for all t ∈ {0, . . . , T − 1} we have

DTV(p
t
π′ || ptπ) ≤ α t.

By bounding the difference between π and π′ to be at most
α in total variation at every state, the mismatch between the
state distributions after t steps grows at most linearly in t.
This lemma is key to controlling state distribution shift in
Theorem 1.

Lemma 2. For any two policies π and π′ with initial state
distribution µ. Given α := DTV

(
Pπ ∥Pπ′)

, then for all
t ∈ {0, . . . , T − 1} we have DTV(p

t
π′ || ptπ) ≤ α.

Whereas Lemma 1 shows that errors accumulate linearly
with the number of timesteps, a direct constraint on the
trajectory divergence uniformly bounds the state distribution
mismatch at every time step by α, yielding tighter control
of the surrogate gap.

We first note the relationship between TV divergence and

KL divergence DTV(p||q) ≤
√

1
2DKL(p||q) to get:

J(π′) ≥ Lπ(π
′) − 2 ε T DTV

(
Pπ ∥Pπ′)2

≥ Lπ(π
′)− ε TDKL

(
Pπ ∥Pπ′)

. (10)

Consequently, the local approximation Lπ(π
′), constructed

to disregard the state distribution mismatch, remains faithful
to the true objective provided that the trajectory distribu-
tions induced by the two policies are close. This motivates
optimizing the surrogate subject to a trust-region constraint
on the trajectory divergence:

max
π′

E s∼dπ, a∼π

[
π′(a | s)
π(a | s)

Aπ(s, a)

]
subject to DKL

(
Pπ ∥Pπ′)

≤ δ.

(11)

The construction of the constraint does not require any
heuristic approximation to monotonic improvement the-
ory Schulman et al. [2015a]. In contrast, the formulation in
TRPO based on the average KL divergence between policies
Es

[
DKL(π ∥ π′)

]
, deviates from the theory in Theorem 1

which requires a uniform pointwise bound over all states
maxs DKL(π∥π′), and this is harder to maintain in practice;
thus, the former is typically applied instead.

In the next section, we view the introduction of this criterion
from an importance sampling perspective, which reveals that
constraining the probability ratio is a necessary condition
for the criterion to be reliable, while also shedding light on
how the trust region size should be set.
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3.2 OPTIMIZING POLICY IMPROVEMENT VIA
IMPORTANCE SAMPLING

Another view is to optimize policy improvement directly
via importance sampling at the trajectory level:

J(π′)− J(π) = Eτ∼π′

[
T−1∑
t=0

Aπ(st, at)

]

= Eτ∼π

[
Pπ′

(τ)

Pπ(τ)

T−1∑
t=0

Aπ(st, at)

]
,

(12)

with Pπ′
(τ)

Pπ(τ) =
∏T−1

t=0
π′(at|st)
π(at|st) . However, the variance of

the estimator grows exponentially with T due to the product
of action probabilities [Meuleau et al., 2000, Jie and Abbeel,
2010]. Although numerical tricks can stabilize computation,
they do not reduce variance. For this reason, the surrogate
Lπ(π

′) provides a lower variance estimate by ignoring state-
distribution mismatch and avoiding the full product of ratios;
meanwhile, these two objectives remain close within the
trust region.

Nevertheless, since Lπ(π
′) is a good local approximation

of J(π′), as shown in Section 3.1, the trajectory-level im-
portance sampling perspective is valuable for guiding the
choice of δ, as it relates to the sample size N . In fact, Sanz-
Alonso [2018] and Chatterjee and Diaconis [2018] establish
that with N = exp(DKL(P

π′∥Pπ)−t), for some t > 0, the
trajectory-level IS estimate may fail with substantial proba-
bility. Therefore, a necessary condition for the IS estimate to
be reliable, i.e., close in the L1 sense to the policy improve-
ment J(π′)−J(π), is to have N ≥ exp(DKL(P

π′∥Pπ)−t).
We can then use this as a condition to find when the surro-
gate is no longer trustworthy. Therefore, at each optimiza-
tion step, taking Pπ′

as the target and Pπ as the sampling
distribution, we continue optimizing on the current batch as
long as

c0·exp
(
DKL(P

π′
∥Pπ)

)
≤ N, for some c0 ∈ (0, 1]. (13)

During optimization, the target distribution Pπ′
changes at

every gradient descent step. Once the updated target violates
the divergence condition in Equation 13, the estimator (and
hence the surrogate) can no longer be considered accurate on
that batch, and new samples should be collected to construct
a new objective.

Although theoretically appealing that the KL criterion scales
with the natural logarithm of the number of batches col-
lected, it is practically not very useful since it depends on the
unknown target distribution Pπ′

, in fact the very issue im-
portance sampling aims to avoid. Furthermore, bounding the
tractable reverse KL, DKL(P

π ∥Pπ′
), is not geometrically

equivalent. However, by explicitly trimming the per-step
probability ratio and effectively constraining the geometry
of the space, the following theorem allows us to safely use

the reverse KL as a stopping criterion while providing its
exact scaling relationship:

Theorem 3 (Informal). Let the probability ratio rt :=
π′(at|st)
π(at|st) ∈ [1 − ϵ, 1 + ϵ], with ϵ ∈ (0, 1). Under mild

assumptions, with a number of trajectories collected N > 0,
and constant c0 ∈ (0, 1], we can reformulate the criterion
in Equation 13 as:

DKL(P
π ∥Pπ′

) ≤ 1− ϵ

1 + ϵ
ln

(
N

c0

)(
1 +O

(
1√
T

))
.

(14)

Intuitively, the trajectory distributions Pπ and Pπ′
can be

viewed as two distinct points on a statistical manifold. The
shortest path, or geodesic, connecting these two distribu-
tions is defined by the exponential twist density [Dabak and
Johnson, 2003]. This geodesic induces a Fisher informa-
tion metric on the manifold, which corresponds exactly to
the variance of the log-probability ratio with respect to the
intermediate twisted densities. Because both the forward
and reverse Kullback-Leibler divergences are obtained by
integrating this shared metric along the path with different
time-weightings, bounding the reverse KL does not univer-
sally bound the forward KL unless the underlying geometry
of the space is explicitly constrained. Essentially, in the
long-horizon regime, restricting the per-step probability ra-
tio to be within [1− ϵ, 1 + ϵ] strictly limits the curvature of
the statistical manifold. This guarantees a condition number
of 1+ϵ

1−ϵ for the Fisher metric, which provides the necessary
geometric bound to safely control the forward KL using the
reverse KL. Proof is deferred to Appendix A.

Therefore, within PPO, it is sufficient to control the reverse
KL weighted inversely by the condition number to maintain
the surrogate accuracy guarantee. Consequently, the larger
the allowed deviation ϵ of the per-step probability ratio, the
stricter the reverse KL bound must become.

Finally, introducing the KL criterion DKL(P
π ∥Pπ′

) ≤
δ(N, ϵ) into the PPO algorithm as an "early stopping" mech-
anism yields Algorithm 1. For the long-horizon regime
T → ∞, this threshold is explicitly defined as δ(N, ϵ) =
1−ϵ
1+ϵ ln

(
N
c0

)
, where c0 acts as a precision parameter.

3.3 PRACTICAL ADVANTAGES

The KL criterion decouples PPO’s three key surrogate op-
timization hyperparameters. The learning rate no longer
dictates stability; it merely controls wall-clock efficiency.
Any step size within a stable optimization regime is valid,
as the trajectory divergence criterion absorbs variations in
step size by dynamically scaling the number of epochs, as
shown in Table 1. Similarly, from Theorem 3, the clip ep-
silon enters the criterion only through the scaling factor 1−ϵ

1+ϵ ,
so any choice within ϵ ∈ (0, 1) is automatically reflected in
the trust region size without separate tuning.
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Figure 2: Threshold sweeps across different clipping ranges. Performance (returns) is plotted as a function of the trajectory
divergence threshold δ for varying numbers of collected batches N . For each N , a quadratic fit is applied (dashed lines), and
the empirical optimal threshold is marked. Across all clipping values ϵ, we consistently observe that the optimal δ increases
monotonically as more batches are collected.

Learning Rate Returns Average Epochs (K)

1× 10−5 757 ± 26 28
6× 10−5 760 ± 20 21
1× 10−4 762 ± 18 14
3× 10−4 760 ± 23 12

Table 1: Impact of varying the learning rate on final per-
formance and the average number of gradient steps (K)
per batch. The trajectory divergence criterion automatically
scales K inversely to the step size, maintaining policy sta-
bility and consistent returns on DM Control Suite across a
wide range of learning rates without the need for co-tuning.

4 RESULTS

4.1 SCALING LAW

In practice, Equation 14 provides a heuristic scaling rela-
tionship between the threshold δ, the sample size N , and the
clipping parameter ϵ. To empirically verify this, we conduct
large-scale experiments (necessary due to the inherent ran-
domness in RL) to identify the optimal δ for various values
of N under a fixed ϵ. To evaluate the performance of each
(δ,N) pair, we use the normalized average reward over the
last 15% of training steps across six environments from the
DeepMind Control Suite [Tassa et al., 2018, Tunyasuvu-
nakool et al., 2020] and 10 random seeds, allocating a fixed
training budget of 400 episodes per run.

The results, shown in Figure 2, demonstrate that the optimal
threshold δ increases monotonically with N . Concretely,
for each ϵ setting, after extracting the optimal δ, we are
able to fit a scaling law that matches the logarithmic scaling
predicted by Theorem 3.

Furthermore, as illustrated in Figure 3 for a specific choice
of ϵ, the empirical fit closely recovers the predicted 1−ϵ

1+ϵ
scaling factor. This relationship holds consistently across
other values of ϵ, with the corresponding fitted equations

provided in Appendix D.

2 4 6 8 12 16 24
N

8.0

8.5

9.0

9.5

10.0

10.5

*

* = 0.94 ln N + 7.5

Figure 3: Optimal threshold δ as a function of the number
of samples for ϵ = 0.05. The N-axis is on logarithmic scale.

4.2 HYPERPARAMETER TUNING

Although our proposed trajectory-based criterion signifi-
cantly reduces PPO’s sensitivity to hyperparameters, con-
ducting a fair performance evaluation requires strictly tuned
baselines. Therefore, we perform extensive hyperparame-
ter tuning for 7 other policy optimization algorithms: Al-
phaPPO [Xu et al., 2023], ESPO [Sun et al., 2022], RPO
[Gan et al., 2024], SPO [Xie et al., 2025], SPU [Vuong et al.,
2018], TRPO [Schulman et al., 2015a], and TR-PPO-RB
[Wang et al., 2020]. We reuse the official implementation
whenever it was made available by the authors. For the tun-
ing method, we employ Bayesian Optimization with Gaus-
sian Processes and an Upper Confidence Bound (UCB) ac-
quisition function via OSS Vizier [Song et al., 2022, 2024].
The optimization objective is the average normalized re-
turn computed across 5 Gymnasium environments [Towers
et al., 2024] (Walker2d, Hopper, Swimmer, HalfCheetah,
and InvertedPendulum), evaluated over 8 random seeds each.
Importantly, we deliberately tune on a disjoint set of envi-
ronments from those used for our final testing to prevent
benchmark overfitting. In total, we conduct 40 Bayesian op-
timization trials to search for the optimal hyperparameters
for each algorithm.
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Figure 4: Aggregated performance. Overall results across
13 DM Control Suite tasks and 10 random seeds. PPO
achieves the strongest overall performance among all evalu-
ated baselines.

To isolate the effects of the algorithms’ core mechanics, we
only tune algorithm-specific hyperparameters. For general
hyperparameters, such as network architecture, discount
factor, and advantage estimation, we adopt optimal set-
tings firmly established in the literature which can be ap-
plied to any policy gradient method [Engstrom et al., 2020,
Andrychowicz et al., 2021, Huang et al., 2022]. Specifically,
the policy is parameterized by a neural network with two
hidden layers of 64 units each and Tanh activations. The
network is orthogonally initialized with a standard deviation
of
√
2 for the hidden layers and 0.01 for the final layer to

encourage early exploration. A wider architecture is used
for the separate value function network, comprising two
hidden layers of 256 units, which is fitted using a mean
squared error loss against the empirical sum of observed
rewards. For continuous action spaces, the policy outputs
the mean of a Gaussian distribution with state-dependent
means and independent standard deviations [Duan et al.,
2016]. Optimization is performed using the Adam optimizer
[Kingma and Ba, 2014] with a linear learning rate warmup
and a stable schedule [Wen et al., 2024]. We also apply
gradient clipping [Zhang et al., 2019] except for and TRPO.
Advantages are normalized across the batch and estimated
via Generalized Advantage Estimation (GAE) [Schulman
et al., 2015b] with λ = 0.97 and discount factor γ = 0.99.

4.3 PERFORMANCE EVALUATION

Once the hyperparameters are tuned for each algorithm, we
evaluate them on downstream tasks from the DM Control
Suite, specifically considering 13 new state-based contin-
uous control tasks. In our experiments, we use 10 random
seeds per environment with horizon T = 1000, N = 16 and
400 training episodes, reporting 95% bootstrap confidence
intervals in all plots and standard deviations in the perfor-
mance tables. The optimal hyperparameters used following

tuning can be found in Appendix C.

Figure 4 shows the overall comparison results between al-
gorithms. To assess the aggregated performance across all
tasks robustly, we use the interquartile mean (IQM) metric,
following the recommendations of Agarwal et al. [2021].
Additionally, we report the final performance for each in-
dividual environment in Table 2. These results suggest that
with this simple addition to PPO, we are able to obtain stable
results and achieve the overall best performance.

Notably, Early Stopping Policy Optimization (ESPO),
which removes the clipping mechanism entirely and relies
solely on a policy KL divergence criterion for early stop-
ping, performs poorly across these tasks. The theoretical
framework established in Section 3.2 directly explains this
failure since bounding the reverse KL divergence without
simultaneously constraining the geometry of the space fails
to bound the forward KL divergence. As we established,
strictly bounding the forward KL is necessary to maintain
an accurate surrogate objective.

4.4 ABLATION STUDY

Our proposed approach allows for an adaptive number of
gradient steps on the policy objective, governed by the tra-
jectory trust region criterion. In practice, however, training
involves joint optimization of both the policy and the value
function (for advantage estimation). Consequently, the num-
ber of gradient steps taken on the value network could also
independently influence overall performance.

We investigated whether the number of value function up-
dates should be held fixed or allowed to adapt alongside
the policy updates. As shown in Table 3, coupling the value
function epochs to the adaptive policy criterion yields stable
and comparable performance. Nevertheless, we recommend
keeping the number of value function updates fixed. Treat-
ing it as an independent hyperparameter, much like the GAE
parameter λ or the discount factor γ, properly isolates the
core policy optimization mechanism from the specific im-
plementation details of the critic.

5 RELATED WORK

Implementation and hyperparameter sensitivity. A se-
ries of large-scale studies have shown that the performance
of policy optimization algorithms, or specifically of PPO,
depends critically on implementation details and hyperpa-
rameter choices [Tucker et al., 2018, Engstrom et al., 2020,
Andrychowicz et al., 2021, Huang et al., 2022]. In partic-
ular, they argue that code-level optimizations often matter
more than the policy algorithm itself. Our results align with
these findings in the sense that we also demonstrate that
a properly stabilized PPO outperforms many newer pol-
icy gradient methods that previously claimed superiority
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Table 2: Environment performance comparison on the DeepMind Control Suite. PPO achieves competitive and stable performance
across a wide variety of tasks compared to the tuned baselines.

Environment PPO ALPHAPPO ESPO RPO SPO SPU TRPO TRPPORB

ball-in-cup-catch-v0 941 ± 7 972 ± 5 865 ± 139 974 ± 4 968 ± 4 971 ± 3 956 ± 9 969 ± 5

cartpole-balance-sparse-v0 721 ± 155 759 ± 85 960 ± 44 648 ± 212 587 ± 102 714 ± 84 839 ± 172 880 ± 100

cartpole-balance-v0 748 ± 58 597 ± 70 625 ± 119 646 ± 99 697 ± 138 700 ± 75 655 ± 141 732 ± 161

cheetah-run-v0 596 ± 35 567 ± 13 339 ± 61 605 ± 15 685 ± 26 586 ± 8 513 ± 26 526 ± 10

dog-walk-v0 546 ± 16 603 ± 34 181 ± 48 455 ± 61 436 ± 76 482 ± 50 313 ± 29 631 ± 81

finger-spin-v0 799 ± 21 788 ± 21 387 ± 65 750 ± 71 802 ± 21 783 ± 39 673 ± 112 684 ± 58

fish-upright-v0 941 ± 7 934 ± 13 869 ± 55 930 ± 8 945 ± 4 941 ± 7 924 ± 16 926 ± 11

quadruped-fetch-v0 396 ± 34 381 ± 34 338 ± 36 365 ± 6 355 ± 16 379 ± 19 369 ± 6 390 ± 24

quadruped-walk-v0 872 ± 101 743 ± 121 441 ± 205 713 ± 115 742 ± 158 827 ± 130 831 ± 101 809 ± 142

reacher-easy-v0 953 ± 6 961 ± 5 693 ± 263 957 ± 9 949 ± 6 966 ± 5 923 ± 53 946 ± 7

reacher-hard-v0 915 ± 10 925 ± 14 571 ± 281 907 ± 57 934 ± 11 943 ± 12 748 ± 74 872 ± 26

walker-stand-v0 964 ± 3 977 ± 2 805 ± 131 968 ± 2 963 ± 3 968 ± 5 974 ± 1 970 ± 2

walker-walk-v0 902 ± 61 821 ± 85 506 ± 142 915 ± 17 938 ± 8 923 ± 14 835 ± 93 788 ± 102

upon their introduction. Ultimately, our method, rather than
simply documenting this well-established hyperparameter
sensitivity within the RL community, attempts to resolve it.

Value Function Epochs Returns

Fixed 760 ± 23
Adaptive 758 ± 34

Table 3: Ablation comparing fixed versus adaptive epochs
for value function fitting. Returns are evaluated following
the setup detailed in Section 4.3 on the DM Control Suite,
using a learning rate of α = 3× 10−4.

Early stopping in PPO. Several works incorporate early
stopping by monitoring the per-state policy KL divergence
during surrogate optimization [Achiam, 2018, Dossa et al.,
2021, Sun et al., 2022, Wang et al., 2020]. While this pre-
vents excessive updates, these methods simply introduce the
divergence threshold as an additional free hyperparameter
that must be jointly tuned with existing ones. Our approach
is similar in that we rely on iterative surrogate optimiza-
tion governed by a stopping criterion. However, we adopt
a trajectory-level perspective, which cannot be captured by
relying on per-step policies alone. This fundamentally shifts
the threshold from a free variable to a predictable boundary,
ultimately allowing us to derive a principled scaling law
and eliminate the reliance on ad-hoc tuning. Notably, ESPO
[Sun et al., 2022] removes clipping entirely and relies solely
on policy KL early stopping. As our theory predicts and
experiments confirm, this performs poorly since, without
clipping to constrain the geometry of the space, the com-
putable reverse KL cannot reliably bound the intractable
forward KL.

6 DISCUSSION AND LIMITATIONS

In this work, we introduced a simple criterion for assess-
ing the accuracy of the surrogate objective in PPO. The
key observation is that each optimization step constructs
the surrogate using a fixed behavior policy while the target
policy changes at every gradient step. By reinterpreting this
as an importance sampling problem at the trajectory level,
we formulated a condition under which the surrogate can no
longer be trusted to accurately reflect the true objective, and
further optimization steps cannot be expected to yield an
improved policy. While this statistical perspective naturally
involves the intractable forward KL divergence, we showed
that explicitly constraining the geometry of the space–as
PPO already does through its clipping mechanism–allows us
to derive a practical criterion based on the practical reverse
KL. Incorporating this criterion into PPO effectively decou-
ples the hyperparameters that jointly controlled the effective
size of policy updates, removing the brittleness to hyperpa-
rameter tuning. Furthermore, in the long-horizon regime, we
derived a scaling law for this threshold, showing how it can
be set as a function of the number of trajectory batches and
the clipping parameter without relying on ad-hoc tuning.

Our work has three main limitations. First, while we fo-
cused on decoupling PPO’s core optimization hyperpa-
rameters, our experimental setup adopted the many code-
level optimizations established in the RL literature–such as
network initialization, architecture choices, and advantage
estimation–that are shared across policy gradient methods. A
deeper investigation into how these implementation choices
interact with exploration and ultimately affect the final pol-
icy remains an important direction for future work. Second,
the derived scaling law relies on the long-horizon regime
T →∞. While our experiments show that the scaling holds
well for typical RL tasks on DM Control Suite, for shorter-
horizon tasks, the correction term becomes non-negligible
and the exact scaling curve may deviate from the theoretical
prediction. Nevertheless, even without a closed-form scaling
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law, the criterion can still be tuned as a single parameter
while retaining the hyperparameter decoupling benefits de-
scribed above. Finally, our empirical evaluation is limited to
continuous control on the DM Control Suite. While the crite-
rion and its scaling law are not tied to this setting, validating
them in other domains and most notably language-model
fine-tuning with RLHF and RLVR, where PPO’s training
instability is itself a central concern, remains an important
direction for future work.
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A PROOF OF THEOREMS AND LEMMAS

Lemma 1. For any two policies π and π′ with initial state distribution µ. Given α := maxs∈S DTV

(
π′(· | s) ∥π(· | s)

)
,

then for all t ∈ {0, . . . , T − 1} we have DTV(p
t
π′ || ptπ) ≤ α t.

Proof. By coupling lemma at each matched state Wilmer et al. [2009], when St = S′
t = s and DTV

(
π′(· | s) ∥π(· | s)

)
≤ α,

one can couple At ∼ π(· | s) and A′
t ∼ π′(· | s) so that Pr(At = A′

t | s) = 1 − α. Let Et be the event that the two
trajectories have made no action mismatch up to time t. We have Pr(Et) = (1− α)t.

Thus there exists a distribution mt on S such that

ptπ′ = Pr(Et) p
t
π +

(
1− Pr(Et)

)
mt = (1− α)t ptπ +

(
1− (1− α)t

)
mt (15)

Then ∣∣ptπ′ − ptπ
∣∣ = ∣∣∣ (1− α)t ptπ +

(
1− (1− α)t

)
mt − ptπ

∣∣∣ = (1− (1− α)t
) ∣∣mt − ptπ

∣∣ (16)

After summing over all s and using the trivial bound DTV(p || q) ≤ 1, we get: DTV(p
t
π′ || ptπ) ≤ 1− (1− α)t

Finally, using the inequality, (1− α)t ≥ 1− αt for α ∈ [0, 1], gives 1− (1− α)t ≤ αt, proving the lemma.

Lemma 3. Let ε := maxs,a |Aπ(s, a)|. Given α := max
s∈S

DTV

(
π′(· | s) ∥π(· | s)

)
, we have

|Ea∼π′ [Aπ(s, a)]| ≤ 2α ε (17)

Proof. By construction we know

Ea∼π[A
π(s, a)] = Ea∼π[Q

π(s, a)]− V π(s) = 0 (18)

Thus,

|Ea∼π′ [Aπ(s, a)]| = |
∑
a

(π′(a|s)− π(a|s))Aπ(a, s)|

≤
∑
a

|π′(a | s)− π(a | s)| ε = 2DTV(π
′(· | s) ||π(· | s)) ε ≤ 2α ε (19)

Theorem 1. [Schulman et al., 2015a] Given α := maxs DTV

(
π(· | s) ∥π′(· | s)

)
, then the following bound holds:

J(π′) ≥ Lπ(π
′) − 2 ε T (T − 1)α2 (20)

where ε := maxs,a
∣∣Aπ(s, a)

∣∣.
Proof.

|J(π′)− Lπ(π
′)| = |

T−1∑
t=0

(∑
s

ptπ′(s)− ptπ(s)
)
Ea∼π′ [Aπ(s, a)]|

≤
T−1∑
t=0

(∑
s

|ptπ′(s)− ptπ(s)|
)
|Ea∼π′ [Aπ(s, a)]|

≤
T−1∑
t=0

(
2DTV(p

t
π′ || ptπ)

)
(2αε) = 4αε

T−1∑
t=0

αt = 4α2ε
T (T − 1)

2
(21)
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Lemma 2. For any two policies π and π′ with initial state distribution µ. Given α := DTV

(
Pπ ∥Pπ′)

, then for all
t ∈ {0, . . . , T − 1} we have: DTV(p

t
π′ || ptπ) ≤ α.

Proof. For state marginals at timestep t for policies π and π′ we have: ptπ(s) =
∑

τ :st=s P
π(τ) and ptπ′(s) =∑

τ :st=s P
π′
(τ). Thus

DTV(p
t
π||ptπ′) =

1

2

∑
s

|ptπ(s)− ptπ′(s)| =
1

2

∑
s

|
∑

τ :st=s

Pπ(τ)− Pπ′
(τ)|

≤ 1

2

∑
s

∑
τ :st=s

|Pπ(τ)− Pπ′
(τ)| = 1

2

∑
τ

|Pπ(τ)− Pπ′
(τ)| = α (22)

Theorem 2. Given α := DTV

(
Pπ ∥Pπ′)

, then the following bound holds:

J(π′) ≥ Lπ(π
′) − 2 ε T α2. (23)

where ε := maxs,a
∣∣Aπ(s, a)

∣∣.
Proof. Similarly as in Theorem 1, here we use Lemma 2 and follow the same procedure to obtain the claimed bound.

Theorem 3. Let the probability ratio rt :=
π′(at|st)
π(at|st) ∈ [1− ϵ, 1 + ϵ], with ϵ ∈ (0, 1). Suppose Assumptions 1–4 hold. Then,

for any number of trajectories collected N > 0, and constant c0 ∈ (0, 1], we can reformulate the criterion in Equation 13
as:

DKL(P
π ∥Pπ′

) ≤ 1− ϵ

1 + ϵ
ln

(
N

c0

)(
1 +O

(
1√
T

))
. (24)

Proof. Proof relies on the following key assumptions:

Assumption 1 (Bounded Importance Ratio).

rt :=
π′(at | st)
π(at | st)

∈ [1− ϵ, 1 + ϵ], ϵ ∈ (0, 1). (25)

Assumption 2 (Geometric α-mixing). For each policy πc with c ∈ [0, 1], let F j
i be the σ-algebra generated by the state

sequence (si, . . . , sj). There exist constants Cα > 0 and ρ ∈ (0, 1), such that for all integers k ≥ 1 and all t ≥ 0:

απc(k) := sup
A∈Ft

0, B∈F∞
t+k

∣∣Pr(A ∩B)− Pr(A) Pr(B)
∣∣ ≤ Cα ρk. (26)

Equivalently, writing τ := 1
|ln ρ| for the effective mixing time, we have:

απc
(k) ≤ Cαe

−k/τ . (27)

Intuitively, this assumption guarantees rapid mixing of the environment dynamics. The α-mixing coefficient bounds the
maximum deviation between the joint distribution of events separated by k steps and the product of their marginals, ensuring
that long-horizon state dependencies vanish exponentially fast.

Assumption 3 (Uniform policy proximity). There exist constants Cmax ≥ 1 and L > 0 such that:

(a) The max-to-average divergence ratio is bounded:

Dmax
KL (π, π′) := sup

s
DKL(π∥π′)(s) ≤ Cmax · d̄ , d̄ :=

δ

T
, (28)

where δ := DKL(P
π∥Pπ′

) is the trajectory-level reverse KL.
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(b) The environments dynamics increase the per-step policy perturbations by at most a constant:

sup
t≥0

DTV

(
ptπc

, ptπ
)
≤ L · sup

s
DTV

(
πc(·|s), π(·|s)

)
∀ c ∈ [0, 1]. (29)

Part (a) formalizes how controlling trajectory-level KL controls worst-case per-state divergence. Part (b) follows from
standard Markov-chain perturbation bounds and holds with L depending only on the environment’s mixing constants.

Assumption 4 (Long-horizon regime). T →∞ with δ = O(1) and T/τ →∞.

We start the proof by first defining P to be the manifold of probability distributions, with Pπ and Pπ′
representing the

trajectory distributions of the old and new policies respectively. We define the trajectory log-likelihood ratio ST as:

ST := ln
Pπ′

(τ)

Pπ(τ)
=

T−1∑
t=0

ln
π′(at|st)
π(at|st)

=

T−1∑
t=0

ξt, (30)

where the per-step log-ratio is bounded: ξt := ln rt ∈
[
ln(1− ϵ), ln(1 + ϵ)

]
.

Because ξt is strictly bounded, all moments of ST are finite. Consequently, the exponential twist density (the geodesic
connecting Pπ and Pπ′

) is well-defined for c ∈ [0, 1]:

Pc(τ) :=

[
Pπ(τ)

]1−c[
Pπ′

(τ)
]c

Zc
, (31)

πc(a | s) :=
π(a | s)1−c π′(a | s)c

Zc(s)
, (32)

where Zc and Zc(s) are the trajectory and per-state normalization constants, respectively.

The statistical distance between the tranjectories along this geodesic is governed by the Fisher Information Metric:

F (c) :=
∑
τ

(
∂ lnPc(τ)

∂c

)2

Pc(τ) = VarPc
[ST ]. (33)

This induces the following exact integral representations for the Kullback-Leibler divergences:

DKL(P
π′
∥Pπ) =

∫ 1

0

c F (c) dc , (34)

DKL(P
π∥Pπ′

) =

∫ 1

0

(1− c)F (c) dc . (35)

To analyze F (c), we define the Cumulant Generating Functions (CGFs) for the per-state log-ratio and the trajectory log-ratio.
For a fixed state s, the per-state log-ratio CGF is:

f(c, s) := lnZc(s) = ln Ea∼π[e
c ξ(a,s)]. (36)

By the standard properties of exponential families, the derivatives of this CGF correspond exactly to the cumulants of ξ
under the tilted density πc:

f ′(c, s) = Eπc [ξ], f ′′(c, s) = Varπc [ξ], f ′′′(c, s) = Eπc

[
(ξ − Eπc [ξ])

3
]
. (37)

For a fixed state sequence s = (s0, . . . , sT−1), the conditional trajectory CGF decomposes additively. Because the actions
are conditionally independent given the state sequence, the CGF of the sum ST is the sum of the per-state CGFs:

Φs(c) := ln EPπ

[
ec ST | s

]
= ln EPπ

[
T−1∏
t=0

ec ξt

∣∣∣∣∣ s
]

= ln

(
T−1∏
t=0

Eπ(·|st)
[
ec ξt | st

])

=

T−1∑
t=0

ln Eπ

[
ec ξt | st

]
=

T−1∑
t=0

f(c, st). (38)
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Lemma 4 (Per-state Grönwall bound). For any state sequence s = (s0, . . . , sT−1) such that Φ′′
s (0) > 0, and state s with

π(·|s) ̸= π′(·|s). Under Assumption 1 with range dϵ := ln 1+ϵ
1−ϵ and all c ∈ [0, 1]:

e−dϵc Φ′′
s (0) ≤ Φ′′

s (c) ≤ edϵc Φ′′
s (0). (39)

Proof. We have: ∣∣E[(ξ − E[ξ])3
]∣∣ ≤ E

[
|ξ − E[ξ]|3

]
(40)

≤ dϵ E
[
|ξ − E[ξ]|2

]
(41)

= dϵf
′′(c, s) (42)

Step 41 uses the fact that |ξ − E[ξ]| ≤ ln 1+ϵ
1−ϵ , and since f ′′′(c, s) = E

[
(ξ − E[ξ])3

]
, we get:

|f ′′′(c, s)| ≤ dϵ f
′′(c, s) ∀ c ∈ [0, 1], ∀ s. (43)

Utilizing (43):

−dϵ f ′′(c, s) ≤ f ′′′(c, s) ≤ dϵ f
′′(c, s) (44)

e−dϵc f ′′(0, s) ≤ f ′′(c, s) ≤ edϵc f ′′(0, s) (by Gronwall inequality) (45)

e−dϵc Φ′′
s (0) ≤ Φ′′

s (c) ≤ edϵc Φ′′
s (0). (after summing over t) (46)

We have the per-step average KL is d̄ = δ/T → 0. By Assumption 3(a), each per-state KL satisfies DKL(π∥π′)(s) = O(d̄).
By definition of the CGF:

|f ′(0, s)| = DKL(π∥π′)(s) = O(d̄), (47)
f ′′(0, s) = Varπ[ξ|s] = O(d̄), (48)

where (48) uses the fact that Varπ[ξ|s] = 2DKL(π∥π′)(s) when d̄→ 0. Then by the Fundamental Theorem of Calculus,
and triangle inequality, we have:

|f ′(c, s)| ≤ |f ′(0, s)|+
∣∣∣ ∫ c

0

f ′′(x, s) dx
∣∣∣ (49)

≤ |f ′(0, s)|+
∫ c

0

edϵ f ′′(0, s) dx (50)

≤ |f ′(0, s)|+ edϵ f ′′(0, s) = O(d̄), (51)

where Step 50 uses Lemma 4 and f ′′(x, s) ≥ 0, and Step 51 uses the definition of c ∈ [0, 1].

By the law of total variance, conditioning on the state sequence s, the Fisher Information metric decomposes into action
variance and state coupling:

F (c) = VarPc [ST ] = EPc

[
VarPc [ST | s]

]︸ ︷︷ ︸
=:Fact(c)

+ VarPc

[
EPc [ST | s]

]︸ ︷︷ ︸
=:Fstate(c)

. (52)

Writing gt := f ′(c, st) with |gt| = O(d̄) we decompose the variance Fstate(c):

Fstate(c) = VarPc

[∑
t

f ′(c, st)
]
=
∑
t

Var[gt] + 2
∑
t<t′

Cov[gt, gt′ ]. (53)

Each diagonal term satisfies Var[gt] ≤ E[g2t ] = O(d̄2). By Assumption 2, the off-diagonal covariances decay as
|Cov[gt, gt+k]| = O(d̄2) · ρk, then the double sum evaluates to:

Fstate(c) = T · O(d̄2) · O(τ) = O
(
δ2τ

T

)
. (54)
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Meanwhile F (0) ≥ Fact(0) =
∑

t Ept
π
[f ′′(0, st)] = O(δ). Therefore:

Fstate(c)

F (0)
= O

(
δτ

T

)
. (55)

By Lemma 4, Φ′′
s (c) ≤ edϵc Φ′′

s (0) for every state sequence. Taking expectations under Pc:

Fact(c) = EPc
[Φ′′

s (c)] ≤ edϵc EPc
[Φ′′

s (0)]. (56)

The quantity EPc
[Φ′′

s (0)] =
∑

t Ept
πc
[f ′′(0, st)] differs from EP0

[Φ′′
s (0)] =

∑
t Ept

π
[f ′′(0, st)] only because the state

marginals ptπc
differ from ptπ . Bounding this shift at each timestep using the L1 definition of Total Variation distance:

∣∣Ept
πc
[f ′′(0, s)]− Ept

π
[f ′′(0, s)]

∣∣ = ∣∣∣∣∣∑
s

f ′′(0, s)
(
ptπc

(s)− ptπ(s)
)∣∣∣∣∣

≤ ∥f ′′(0, ·)∥∞
∑
s

∣∣ptπc
(s)− ptπ(s)

∣∣
= 2 ∥f ′′(0, ·)∥∞ ·DTV(p

t
πc
, ptπ)

= O

(
δ L

T

√
δ

T

)
. (57)

The final equality follows because the maximum per-state variance is bounded as ∥f ′′(0, ·)∥∞ = O(d̄) by Assumption 3,
and the state marginal shift is bounded by DTV(p

t
πc
, ptπ) ≤ L ·O(

√
d̄) by combining Assumption 3 with Pinsker’s inequality

on the per-state policy divergence.

Summing over T timesteps and dividing by EP0 [Φ
′′
s (0)] = Fact(0) = O(δ) we get:

EPc
[Φ′′

s (0)] =
(
1 +O(L/

√
T )
)
Fact(0). (58)

Substituting (58) into (56):
Fact(c) ≤

(
1 +O(L/

√
T )
)
edϵc Fact(0). (59)

The analogous lower bound Fact(c) ≥ (1 +O(L/
√
T )) e−dϵc Fact(0) follows identically from the lower half of Lemma 4.

Then, the previous variance decomposition now gives:

F (c) = Fact(c) + Fstate(c)

≤
(
1 +O(L/

√
T )
)
edϵc Fact(0) +O(δ2τ/T )

=
(
1 +O(1/

√
T )
)
edϵc F (0), (60)

where the last step uses Fact(0) = F (0)
(
1 +O(δτ/T )

)
from (55) and factors out F (0), absorbing the relative errors since

O(L/
√
T ) +O(δτ/T ) = O(1/

√
T ) as T →∞.

The analogous lower bound gives:
F (c) ≥

(
1 +O(1/

√
T )
)
e−dϵc F (0). (61)

Applying (60) and (61) to the integral representations (34) and (35):

DKL(P
π′
∥Pπ) =

∫ 1

0

c F (c) dc ≤
(
1 +O(1/

√
T )
)
F (0)

∫ 1

0

c edϵc dc , (62)

DKL(P
π∥Pπ′

) =

∫ 1

0

(1− c)F (c) dc ≥
(
1 +O(1/

√
T )
)
F (0)

∫ 1

0

(1− c) e−dϵc dc . (63)
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Both integrals evaluate to the same quantity up to a factor of edϵ . The numerator integral:∫ 1

0

c edϵc dc =
dϵe

dϵ − edϵ + 1

d2ϵ
.

The denominator integral, via the substitution u = 1− c:∫ 1

0

(1− c) e−dϵc dc = e−dϵ

∫ 1

0

u edϵu du = e−dϵ · dϵe
dϵ − edϵ + 1

d2ϵ
.

Dividing (62) by (63), the F (0) and the common polynomial cancel:

DKL(P
π′∥Pπ)

DKL(Pπ∥Pπ′)
≤
(
1 +O(1/

√
T )
)
edϵ . (64)

Since e−dϵ = e− ln 1+ϵ
1−ϵ = 1−ϵ

1+ϵ , concludes the proof.

B ALGORITHM

Algorithm 1 PPO with Trajectory Divergence Criterion

1: Input: initial policy θ0 and value parameters ϕ0, clipping parameter ϵ, divergence threshold δ, batch size N , learning
rates απ and αv

2: for i← 0, 1, 2, . . . do
3: Collect N trajectories {τj}Nj=1 using πθi

4: Compute advantage estimates {Â(j)
t } and returns {R(j)

t }
5: Initialize θ ← θi, ϕ← ϕi

6: while true do
7: Policy loss:

LPPO(θ)← − 1
NT

∑
j,t

min

(
πθ(a

(j)
t |s(j)t )

πθi
(a

(j)
t |s(j)t )

Â
(j)
t , clip

(
πθ(a

(j)
t |s(j)t )

πθi
(a

(j)
t |s(j)t )

, 1− ϵ, 1 + ϵ

)
Â

(j)
t

)
8: Compute KL divergence estimate over trajectories:

D̂KL ←
1

N

N∑
j=1

T−1∑
t=0

[
log πθi(a

(j)
t |s

(j)
t )− log πθ(a

(j)
t |s

(j)
t )
]

9: if D̂KL > δ then break
10: end if
11: Value loss: LV(ϕ)← 1

NT

∑
j,t

(
Vϕ(s

(j)
t )−R

(j)
t

)2
12: Update parameters: θ ← θ − απ∇θL

PPO(θ), ϕ← ϕ− αv∇ϕL
V(ϕ)

13: end while
14: θi+1 ← θ, ϕi+1 ← ϕ
15: end for

C HYPERPARAMETER SETTINGS

To ensure a fair and rigorous evaluation, we systematically tuned the key hyperparameters for all baseline algorithms.
Table 4 defines the search space and scale types used for Bayesian optimization. After 40 optimization trials per algorithm,
we extracted the optimal configurations, which are summarized in Table 5. For completeness, we also include the final
parameters used for our method in PPO, as motivated by the theoretical framework in the main text. For instance, the specific
ϵ and δ choice is motivated by the collection of N = 16 batches per iteration.

D FITTED SCALING LAW
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Table 4: Hyperparameter Search Space per Algorithm.

Algorithm Hyperparameter Search Range Scale Type

All except TRPO
Learning Rate (απ , αv) [10−5, 10−2] Log
Epochs (K) {4, . . . , 20} Linear
Max Gradient Norm [0.1, 2.0] Linear

RPO
Beta (β) [0.0, 1.0] Linear
Epsilon (ϵ) [0.01, 0.6] Linear
Epsilon1 (ϵ1) [0.01, 0.6] Linear

SPO Epsilon (ϵ) [0.01, 0.6] Linear

ESPO Delta (δ) [0.01, 0.5] Linear

TRPO

CG Iterations {1, . . . , 20} Linear
CG Damping [10−5, 10−1] Log
Max KL (DKL) [0.001, 0.1] Log
Backtrack Coefficient [0.1, 0.9] Linear
Backtrack Iterations {1, . . . , 20} Linear

TR-PPO-RB Delta (δ) [0.001, 0.1] Log
Alpha (α) [0.0, 1.0] Linear

AlphaPPO Alpha (α) [−2.0, 2.5] Linear
Beta (β) [0.0, 1.0] Linear

SPU
Delta (δ) [0.001, 0.1] Linear
Epsilon (ϵ) [0.001, 0.1] Linear
Lambda (λ) [0.1, 5.0] Linear

2 4 6 8 12 16 24
N

8.0

8.5

9.0

9.5

10.0

10.5

*

* = 0.94 ln N + 7.5

(a) ϵ = 0.05
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Figure 5: Corresponding fitted scaling law for each ϵ with the optimal δ for each N extracted after sweeping. The x-axis is
in logarithmic scale.

Table 5: Optimal Hyperparameters. Best hyperparameter configurations discovered via Bayesian optimization across 40
trials for each baseline, alongside the parameters utilized for PPO.

Algorithm Learning Rate Epochs (K) Max Grad Norm Algorithm-Specific Parameters

PPO 3× 10−4 Adaptive – ϵ = 0.15, δ = 10.0

AlphaPPO 1× 10−4 13 0.10 α = 2.5, β = 0.45
ESPO 2× 10−4 8 1.90 δ = 0.25
RPO 5× 10−4 15 1.85 β = 0.15, ϵ = 0.2, ϵ1 = 0.1
SPO 8× 10−4 11 1.50 ϵ = 0.45
SPU 3× 10−4 15 0.90 δ = 0.1, ϵ = 0.04, λ = 1.9

TRPO 1× 10−2 15 –
CG Iters = 8, CG Damp = 0.1, Max KL = 0.03

BT Coeff = 0.4, BT Iters = 14
TR-PPO-RB 1× 10−4 16 1.90 δ = 0.1, α = 0.2
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