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Abstract

Uncertainty quantification is crucial in machine
learning, yet most (axiomatic) studies of uncer-
tainty measures focus on classification, leaving a
gap in regression settings with limited formal justi-
fication and evaluations. In this work, we provide a
formal way of representing uncertainty in continu-
ous space, using a general parametric formulation,
allowing for tractable analysis and evaluation of
uncertainty measures. Within this framework, we
propose a set of axioms that enable rigorous assess-
ment of total, aleatoric, and epistemic uncertainty
measures. Together, this allows for a theoretical
examination of uncertainty measures and their cor-
responding properties. As a specific example, we
compare the widely used entropy- and variance-
based measures with respect to established predic-
tive models and analyze their limitations and chal-
lenges in uncertainty quantification. Our work pro-
vides a principled way to understand and develop
uncertainty measures in supervised regression, of-
fering theoretical insights and practical guidelines
for reliable uncertainty assessment.

1 INTRODUCTION

Uncertainty quantification (UQ) has emerged as an active
field in contemporary machine learning research and prac-
tice—particularly in supervised regression settings. Mostly
due to the application of Al systems to safety-critical tasks,
research has focused on quantifying uncertainty in do-
mains such as weather forecasting [Rasp and Lerch}|2018|
Biilte et al., [2026]], energy systems [Miele et al., [2023]], au-
tonomous driving [Michelmore et al., 2018 or healthcare
[Edupuganti et al., 2020, |Lohr et al., [2024]]. Having a thor-
ough understanding of uncertainty is key in these domains.

In the aforementioned supervised learning tasks, the focus

is usually on predictive uncertainty, which describes the
uncertainty of the outcome y € )Y given underlying data
x € X. There has been a particular emphasis on distin-
guishing aleatoric and epistemic uncertainty, as well as the
decomposition of fotal uncertainty into its aleatoric and
epistemic components [Hiillermeier and Waegeman, 2021].
Aleatoric uncertainty captures the inherent randomness in
the data-generating process. As it represents variability that
cannot be reduced even with more data, it is often referred to
as irreducible uncertainty. Sources of aleatoric uncertainty
include inherent randomness in physical systems or mea-
surement errors. In contrast, epistemic uncertainty arises
from a lack of knowledge or understanding about the un-
derlying data-generating process, which can be reduced
by acquiring additional data or improving the model itself.
Therefore, epistemic uncertainty is also referred to as re-
ducible uncertainty.

When analyzing uncertainty, it is of particular importance to
distinguish between the representation and the quantifica-
tion of uncertainty. The latter refers to the task of measuring
(types of) uncertainty conveyed by a given representation.
While aleatoric uncertainty can effectively be represented by
probability distributions, representing epistemic uncertainty
poses significant challenges. In fact, there is a general con-
sensus that epistemic uncertainty cannot be represented by
means of classical probability theory. Consequently, higher-
order formalisms are adopted, such as second-order distri-
butions (distributions of distributions) or credal sets (sets of
probability distributions) [Levi, |1980, [Walley, [1991].

Various approaches have been proposed in the literature,
addressing the inherent difficulty of evaluating the quality
of uncertainty measures [Hiillermeier and Waegeman, 2021}
Stahl et al.l 2020]. One such prominent approach is the
axiomatic evaluation of uncertainty quantification, which
assesses the suitability of measures for total, aleatoric, and
epistemic uncertainty based on a predefined set of axioms.
However, evaluations primarily focus on the supervised
classification setting [Hiillermeier et al., 2022, Wimmer|
et al.| 2023/ |Sale et al., [2024blja, [2023]], although many ma-
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chine learning problems are actually within the regression
framework, from classical regression to inverse problems.
In contrast to classification, the underlying outcome space
of supervised regression is generally unbounded, prevent-
ing a direct transfer of results. Although some research has
analyzed uncertainty quantification for the regression set-
ting [Berry and Meger, 2025, Malinin et al., 2020} |Amini
et al.,[2020], there is a noticeable lack of formal justification
for many proposed approaches, as well as an absence of
evaluations grounded in an axiomatic framework.

Contributions. In this paper, we propose a formal uncer-
tainty representation framework that allows for tractable
analysis, along with a set of formalized axioms that provide
a way to evaluate uncertainty measures theoretically. To rep-
resent uncertainty, we propose a general parametric family
that admits a natural characterization of epistemic uncer-
tainty and contains many widely used predictive machine
learning methods. We then provide a set of six axioms that
uncertainty measures should satisfy, specifically designed
and adapted to accommodate the continuous regression set-
ting. Finally, we analyze the most commonly used uncer-
tainty measures, based on entropy or variance, with respect
to the proposed axioms, highlighting differences and iden-
tifying pitfalls. Our analysis reveals that both entropy- and
variance-based measures, despite their widespread adoption,
exhibit fundamental shortcomings: each violates specific
axioms in ways that directly translate to undesirable and
potentially misleading behavior regarding uncertainty quan-
tification. Our framework provides a principled foundation
for both evaluating existing uncertainty measures and guid-
ing the design of new ones, directly addressing a gap that
has left practitioners without formal criteria for this choice.

2 REPRESENTING AND QUANTIFYING
UNCERTAINTY IN REGRESSION

In the following, we denote by X C R¥, ) C R<, and
© C RP the (real-valued) feature, target, and parame-
ter space, respectively. Furthermore, define the probabil-
ity measures P(X),P(Y),P(©) over the corresponding
measurable spaces. Assume we have training data D =
{zi,y;}1 € (X x V)", where fori € {1,...,n}, each
pair (x;,y;) is a realization of the i.i.d. random variables
(X,;,Y;), distributed according to some probability mea-
sure P. Consequently, a given feature vector x € & induces
a conditional probability distribution P(-|x) € P()).

2.1 UNCERTAINTY REPRESENTATION

In general, aleatoric uncertainty can naturally be represented
by the induced conditional probability distribution P(- | x).
Epistemic uncertainty, on the other hand, requires a higher-
order representation, for which we adopt a second-order
distribution [Hiillermeier and Waegeman, 2021]]. In the clas-
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sification setting, this definition is straightforward, as one is
working with predictions in the K — 1-dimensional proba-
bility simplex A, on top of which the second-order distri-
bution () is placed, i.e., Q € P(Ak).

However, in the regression setting, as the prediction space )
is continuous and unbounded, the corresponding definitions
turn out to be more complex. While one can formally define
the second-order distribution as an abstract distribution over
probability measures, i.e., Q € P(P(Y)), this definition
cannot be practically used to evaluate uncertainty measures.
To make uncertainty quantification and uncertainty eval-
uation feasible, we propose to use parametric first-order
distributions and place a second-order distribution over the
corresponding parameter space O, allowing for operational-
ization of the second-order distribution.

In particular, we consider a parametric family of predictive
distributions

{P(-10):6 0} CP), (D
where the distributional family itself is fixed and all un-
certainty resides in the parameter vector 8 € ©. The de-
pendence on the covariates is then captured by a covariate-
dependent second-order distribution

Q(z) € P(©), 2

representing the (epistemic) state of knowledge about the
first-order parameters at a given instance * € X.

In this setting, if Q(x) = d6(z), We recover the paramet-
ric predictive distribution P(- | ) = P(- | 8(x)) with
covariate-dependent parameter vector 6(x) € ©. Here,
the dependence on the covariates is typically modeled
via 0¥ (z) = hi(ne(x)), k = 1,...,p, where ny(x) are
(parameter-specific) regression predictors and the response
function hy : R — R maps the predictors to the appro-
priate parameter space, for example with the exponential
function for nonnegative parameters. This case includes gen-
eralized linear and generalized additive models [Kneib et al.|
2023]], but also neural network-based probabilistic meth-
ods, when 7y, (x) = F, g (x) is parameterized with a neural
network F (’; with weights (and biases) ¢. In this setting,
each distributional parameter #* is a (possibly nonlinear)
function of the covariates x, allowing for huge flexibility
regarding the types and complexity of the target distribution,
as the parameters can represent any distributional aspects,
such as location, scale, or shape [Kneib et al.| 2023]]. A
non-degenerate ()(x), in contrast, additionally expresses
epistemic uncertainty about the first-order parameters them-
selves, including conjugate prior settings such as in deep
evidential regression [Amini et al., 2020].

More formally, letp : © — P(Y) : ¢(0) = Py == P(-| 0)
be a measurable map, which essentially transforms the
parameter vector 6 into a (specific) probability measure



Pp. Given some 0 € 0O, aleatoric uncertainty is naturally
available via Py. Epistemic uncertainty, by contrast,
requires a higher-order formalism, which we represent
through the probability distribution Q(xz) € P(©) over
©. By defining Q¥ (z) = pxQ(xz) € P(P(Y)) as the
push-forward of Q(x) under ¢ (the law of the random
first-order distributions Py, when 9 ~ Q(x)), we then
implicitly obtain the (second-order) probability distribution
over the space P()).

Finally, we can define the predictive (mixture) distribution,
as

Pl) = /@ PyQ(z)(d0) € PY). ()

Here, we assume that all first-order measures are dominated
by the Lebesgue measure u, i.e., for all 8 € © we have
Py < 1 (and hence P(x) < 1), and obtain the correspond-
ing densities, denoted as pg and p(- | «), respectively. As all
subsequent definitions, axioms, and results are understood
to hold pointwise for a given instance £ € X', we hence-
forth drop the dependence on the covariates « for ease of
notation.

Note that in this setting, we treat the distributional family
as fixed and assume that all uncertainty resides in the pa-
rameters 6. While this specification might initially seem
restrictive, deriving theoretical statements about uncertainty
measures requires a trade-off between tractability and gener-
alization. Still, our setting allows for great flexibility regard-
ing the distributional family (e.g. multivariate-, nonnegative-
or skewed distributions) and has been utilized for regres-
sion tasks in various applications, such as geodesy
[Shahvandi et all [2025]], forecasting of weather extremes
[Schulz and Lerch| [2022] [Friederichs and Thorarinsdottir,
2012]], photometric redshift estimation [D’Isanto and Pol}

2018] or photovoltaic power forecasting [Mayer et al.},
[2026], [Gneiting et al, 2023]]. Furthermore, our setup also in-

cludes many commonly used machine learning approaches
for uncertainty representation, including (deep) ensembles,
distributional regression, or deep evidential regression.

2.2 UNCERTAINTY QUANTIFICATION

In this section, we recall the two predominant sets of mea-
sures used in the literature to guantify total (TU), aleatoric
(AU), and epistemic uncertainty (EU), namely entropy-
based and variance-based measures. In the following, con-
sider a first-order distribution Py € P()) with a random
parameter vector ¥ ~ ( and assume that () satisfies the
necessary integrability conditions ensuring the existence of
all uncertainty measures defined below.

Entropy-based measures. The most widely adopted mea-
sures for quantifying total, aleatoric, and epistemic uncer-
tainty associated with a second-order distribution in the
classification setting rely on Shannon entropy and its decom-
position into conditional entropy and mutual information

Variance-based Entropy-based

Aleatoric

Epistemic

###  Negative Uncertainty
I Positive Uncertainty

—— Mean Prediction Data
---- Ground Truth 770 No Data

Figure 1: Comparison of variance and entropy-based uncer-
tainty measures for deep ensembles on a synthetic example.
Note in particular the occurrence of negative uncertainty
values for the entropy-based measure.

[Houlsby et al, 2011} [Kendall and Gall, 2017} [Charpentier]
2022]. This decomposition can be directly transferred
to the regression setting by considering differential entropy
[Malinin et al, 2020, [Postels et al.l 2021]], which however
has structurally different properties.

Let Y denote the outcome with marginal density p(y) =
Jop(y | 8)dQ(8). Then, its differential entropy is given by
HY)=- fy p(y) log p(y) dy. Following
[2011]], we can utilize conditional differential entropy to
establish the following well-known decomposition:

H(Y)= H(Y | Py) + I(Y,Py). “)
—— —— ——
Entropy conditional entropy ~ mutual information

Then, the uncertainty measures can be defined as

TU(Q) = H(P), 5)
AU(Q) =Eq[H(Y | Py)], (6)
EU(Q) = Eq[DxL(Ps||P)], )

where Dy (+||-) denotes the Kullback-Leibler (KL) diver-

gence and P is the previously introduced predictive mixture
distribution.

Intuitively, AU can be assessed by fixing a first-order dis-
tribution Pp, thus removing all epistemic uncertainty. How-
ever, as 0 is not exactly known, we take the expectation
over the second-order distribution (). Epistemic uncertainty,
defined as the mutual information, quantifies the potential
reduction in uncertainty of Y through observing Py
[1990]. The entropy-based measures require absolutely con-
tinuous distributions with respect to the Lebesgue measure,
ie., Pp < p, VO € ©, which we assume throughout.

Variance-based measures. In classification, another set of
commonly used uncertainty measures is based on the law
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of total variance [Sale et al., |2024a]]. Even more naturally,
this decomposition extends to the real-valued case and is
widely applied in regression settings [Amini et al.l 2020,
Valdenegro-Toro and Moril, 2022, |Laves et al., [2021]].

To accommodate for the (possibly) multivariate setting, we
use the scalar generalization of the variance via the trace of
the covariance matrix, i.e., V(Y) := E [[|[Y — E[Y]|]3] =
tr(Cov(Y')). From this, we can leverage the law of total
variance to decompose total uncertainty into its aleatoric
and epistemic components:

V(Y) =Eq[V(Y |9)] + Vo(E[Y |9]).
——

total

®)

aleatoric epistemic

In the multivariate case, the uncertainty measures corre-
spond to the sum of all marginal uncertainties; in the univari-
ate case, this corresponds to the commonly-used variance-
based decomposition [[Aminti et al., 2020].

Similar to the entropy-based measures, AU is the variance in
the outcome variable when removing epistemic uncertainty
by fixing a (known) parameter ©. However, as ¥ is unknown,
we take the expectation with respect to (). Epistemic un-
certainty, on the other hand, is given by the variance of the
mean prediction, e.g., the uncertainty induced by the second-
order distribution (). The variance-based measures require
finite second moments, i.e., E[|Y||3] < oo to exist, which,
in contrast to the classification setting, is not necessarily
fulfilled, for example, for heavy-tailed distributions.

While both types of measures provide meaningful estimates
of the different kinds of uncertainty and fulfill an additive
decomposition, i.e., TU = AU + EU, they differ signifi-
cantly in their definition, assumptions, and properties, as
visualized in

2.3 UNCERTAINTY EVALUATION

Although many uncertainty measures have been proposed, it
remains an open question how they can be properly justified
or evaluated. Generally speaking, such a justification could
be either of a theoretical or empirical nature. The question
of how to empirically evaluate (aleatoric and epistemic) un-
certainty in practice is highly nontrivial, in particular since
there is typically no directly observable ground truth for
uncertainty. Unlike standard predictive tasks, where predic-
tions can be compared against actual observed outcomes, no
such ground truth is available when evaluating uncertainty.
As a consequence, uncertainty evaluation typically relies
on proxies or indirect validation strategies. In particular,
the focus is often on downstream tasks such as selective
prediction, active learning, and out-of-distribution detection.
While these evaluation protocols have become standard, they
are not without criticism [Li et al., 2025]].

Given the inherent difficulties of empirical evaluation, a
complementary evaluation approach is of a theoretical na-
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ture, namely, assessing whether a given uncertainty mea-
sure satisfies qualitative properties one would expect from
its intended semantics. The importance of this (axiomatic)
perspective is highlighted by recent results indicating that
prominent uncertainty measures do not always satisfy even
basic desiderata [Wimmer et al., |2023]]. In this spirit, our
paper is centered around an axiomatic evaluation approach.

3 FORMAL PROPERTIES FOR
UNCERTAINTY MEASURES

Evaluating measures based on a set of axioms has been
standard practice in the (uncertainty) literature [Pal et al.
1993| IBronevich and Klir, 2008|] and has been adopted by
the machine learning community [Hiillermeier et al., 2022].

In the context of supervised classification, recent works
have proposed axiomatic frameworks for second-order un-
certainty [Wimmer et al., 2023] Sale et al.l |2024a]] with
subsequent contributions extending these foundations [Sale
et al., |2023]] or proposing novel types of uncertainty mea-
sures [Kotelevskii et al.| 2025, [Hofman et al.,|2024]]. Moving
beyond classification, we propose a set of axioms specifi-
cally tailored to the regression setting and the continuous
structure of the target space ). The transfer of existing
axioms (AO0—A3) is inherently asymmetric: classification
admits a natural notion of maximal epistemic uncertainty
through the uniform distribution, which has no counterpart
in regression, requiring a mathematical reformulation. Our
proposed novel axioms regarding translation invariance (A4)
and scale-order equivariance (AS) further exploit the metric
and algebraic structure of R%, which is absent on a discrete
label space. Before introducing this set of axioms, we first
establish the relevant notation and preliminaries.

Definition 3.1 (Translation-invariance). Assume that the
family {Pg : 0 € O} is closed under translation, i.e., for
every ¢ € R? there exists a parametrization 7, : © —
O, 0 — 0. such that p,_9)(y) = pe(y —c), Yy € V.
Define Q. as the pushforward of Q € P(O) under this
mapping, i.e., Q¢ ‘= Tex Q. Then, an uncertainty measure
M is called translation-invariant if

M(Q) = M(Q.), YQ € P(©), VeceR%

This definition formalizes the common notion of translation-
invariance to a second-order uncertainty measure and im-
plies that the corresponding measure remains unchanged
under a constant location shift in the first-order distribution.

Definition 3.2 (Scale-order equivariance). For a > 0, define
the scaling map S, implicitly via

Y~P = aY ~S,P.

Assume that the predictive family { Py : 6 € ©} is closed un-
der scaling, i.e., there exists a measurable map 1, : © — ©



such that P; gy = S, Pg. Define Q* as the pushforward of
Q € P(©) under this mapping, i.e., Q% := T, Q. Then, an
uncertainty measure M is called scale-order equivariant if

M(Q") = g(a)M(Q) + c(a),

for functions g : Ry — Ry, ¢ : Ry — R, with g,c
nondecreasing in a.

a >0,

Similarly, this definition formalizes the notion of scale-
invariance. However, here we only require monotonicity,
i.e., that the ordering of the uncertainty measure remains
unchanged under a scaling of the first-order distribution.

Further, let 9 € P(O) denote the Dirac measure at 6 € O.
For Py, , Py,, € O let <. denote the convex order, meaning
that Py, <ex Po, <= Ex~py, [¢(X)] < Eyp,, [0(Y)]
for all convex functions ¢ : ) — R. In particular for
Pgl <cx Pgu it holds that EXNPel [X] = EYNPeu [Y} and
Vxnpy (X) < Vyop,, (Y), since the convex order is a
measure of variability of a distribution [Shaked and Shan{
2007).. Similarly, for Qf, Q% € P(P(Y)), let
<z, denote the convex order with respect to all convex func-
tionals @ : P()) — R. We define the following properties
that a suitable uncertainty measure should satisfy:

e N

A0: TU, AU, and EU should be non-negative.

Al: EU(Q) = 01if and only if Q = dg.

A2: EU() < EU(Q:) < EUQ.), VQ <2 Q%.
A3: AU(dg,) < AU(dg,), VPs, <cx Po,,-

A4: TU, AU, and EU should be translation invariant.
AS5: TU, AU, and EU should be scale-order equivariant.

\ J

Axiom A0. Non-negativity is a justifiable assumption in the
setting of the uncertainty measures, as it allows for inter-
pretability and, together with an additive decomposition,
implies that TU > EU and TU > AU.

Axioms Al & A2. Intuitively, the smallest value of EU should
be attained for a distribution with no variability at all; a
(second-order) Dirac distribution dg. In addition, the con-
verse should hold as well (A1l). Further, when Qf is less
variable than Q)¥, as implied by the convex order, the cor-
responding measure of epistemic uncertainty should assign
a smaller value to J; (A2). Since the uncertainty measures
might depend on 6 in a nonlinear way, we assume the con-
vex order on the push-forward distribution Q%.

Axiom A3. Similarly, if the second-order distribution is de-
generate, and Py, is less variable than Py, the correspond-
ing measure of AU should assign smaller values as well.

Axiom A4. A measure of uncertainty should be invariant to a
translation shift in the predictive distribution, i.e., it should
not matter whether the first-order distribution is shifted by
some constant value. This is formalized in Definition 3]
and should hold for all types of uncertainty.

Axiom A5. Finally, all measures of uncertainty should be
scale-order equivariant, since a nonnegative scaling of the
outcome Y should not affect the order of the assigned un-
certainties. Definition formalizes this notion of scale-
order equivariant with respect to two scaling functions g
and c. Note that for the case g(a) = 1, ¢c(a) = 0 we obtain
scale equivariance, which would imply that the assigned
uncertainty values do not change at all with a scaling of
the outcome variable. While the latter is helpful for inter-
pretability, it might be too strict as a requirement, as it would
force uncertainty measures to be unitless—an unrealistic
constraint given that uncertainty could naturally change with
the underlying unit.

Overall, our axioms are not intended as an exhaustive set
of requirements for uncertainty measures in regression, but
provide a principled baseline of intuitive properties against
which any candidate measure should be evaluated. Yet even
this basic set already exposes fundamental differences be-
tween the most widely used uncertainty measures.

4 COMPARISON OF UNCERTAINTY
QUANTIFICATION METHODS

In this section, we demonstrate how our uncertainty rep-
resentation framework includes commonly-used predictive
methods, in particular deep ensembles [Lakshminarayanan|
and deep evidential regression
2020]. Furthermore, we highlight how the variance- and
entropy-based measures differ across the two representation
methods regarding their relative assessment of aleatoric and
epistemic uncertainty. More details and derivations of the
measures, an analysis of additional representation methods,

as well as visualizations are available in[Appendix B|
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Figure 2: Comparison of the different measures for aleatoric
and epistemic uncertainty for a two-member deep ensemble
with p; = 2, us = —2. The variance-based measure for

epistemic uncertainty is invariant against changes in o2,

Deep Ensembles. Consider a (univariate) deep ensemble
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[Lakshminarayanan et al., 2017]], which utilizes a predic-
tive Gaussian distribution, i.e. P = N(-;u,0?), 0
(1, 0%)T € R x Rsg. Here, M networks are trained in
a stochastic manner, leading to a discrete set of predic-
tions 0,, = (Um,02)", m 1,..., M. The ensem-
ble acts as an empirical distribution @ = +; 2%21 96, >
e.g., a mixture of (equally weighted) Dirac measures
over the parameter space. The second-order distribution
is then given as Q¥ = ﬁ Z%Zl dp,, and the predic-
tive mixture is given as a Gaussian mixture distribution
P = Y NGt 03).

For the variance-based measures, we obtain

)

1 M
AU(Q) =I5 Uvznv
M m=1
| M | M 2
EU(Q):MZN%L— <MZ/~Lm> )
m=1 m=1

while the entropy-based measures are given as

M
AV(Q) = 517 3 loa(2meo)
m=1
6(t | 01n)
L 6t ] 6)

where ¢(- | 8,,) denotes the density of a Gaussian with
parameters 6,,,.

9

M
PU@ = 7 3 [ o] 0,108
m=1

Clearly, both measures behave quite differently. In particu-
lar, the entropy-based measure does not admit a closed-form
expression for epistemic uncertainty. For the variance-based
measure, EU depends only on the first moment and AU only
on the second moment of the underlying distribution. There-
fore, the measure cannot distinguish between distributions
where only higher-order moments are different, leading to a

violation of (A1), as highlighted in[Figure 2]

Deep Evidential Regression. Consider the deep evidential
regression framework [Amini et al.,|2020], which also as-
sumes a predictive Gaussian distribution. Here, second-
order uncertainty is incorporated by specifying a Normal
Inverse-Gamma (NIG) prior over the Gaussian parameters
0 = (u,02) . Applying this to our setting, we obtain: Q =
a(p,0%) = q(n)q(0?) = N(wy, 0?0 )T 0% a, B)
withy € R,v > 0, > 1, 8 > 0. While the push-forward
Q¥ is only defined implicitly with no analytic expression,
the predictive mixture is given via a Student’s t distribution

P =ty ( B1+v)

ST T
In the deep evidential regression setting, the variance-based
measures are given as

B

a—1

) with 2« degrees of freedom.

_B
v(a—1)’

AUQ) = EU(Q) =

)
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while for the entropy-based measures, we obtain
AU(Q) = § (log(2rme) + log(8) ~ v(a)).
BU(Q) = 1 (12 (. 252 ) - av(@)

ov
where 1) denotes the digamma function. Again, both mea-
sures differ significantly in their behavior with respect to
the parameters of the second-order distribution. In partic-
ular, as visualized in [Figure 3| both measures behave very
differently for decreasing parameters «, v. Intuitively, for
the NIG distribution, the mean can be interpreted as being
estimated from v virtual observations, while its variance is
estimated from « virtual observations [[Amini et al., 2020].
Therefore, the limiting cases « | 1 and v | 0 describe the
behavior of the model under decreasing evidence. While
the entropy-based measures remain well-defined for a | 1,
the variance-based measure diverges. For v, both measures
behave similarly, with AU remaining bounded and EU di-
verging, since with zero evidence v, there is maximal uncer-
tainty about the model parameters. This directly relates to
the existence assumption of the measures; since the variance
based measures requires finite second-moments, it diverges
in the limiting case. Further visualizations of the behavior
of the different measures for varying «, 3 are available in
App
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10?
\
. AN
10 g
= Seo - _—
= ——
10° S —— e —
1.0 12 11 16 8 2.0
o
(b) v-evidence
Y
)
102
\\
Sy S~~~
= ————___
_____ =
10" —— —
0.0 0.2 0.1 0.6 08 10
v
m— Variance (AU) === Variance (EU) === Entropy (AU) == Entropy (EU)

Figure 3: Comparison of the asymptotic behavior of the deep
evidential regression parameters o, v under the two differ-
ent uncertainty measures. Although both measures behave
similarly for v, the variance-based measures diverge for
a | 1, while the entropy-based measure remains bounded.

S ASSESSMENT OF PROPERTIES

In this section, we demonstrate how our proposed axioms
can be used to assess existing or novel uncertainty measures
theoretically and can ultimately guide practitioners in se-
lecting or designing measures with specific characteristics,



depending on the underlying task. Here, we specifically ana-
lyze the previously introduced variance- and entropy-based
measures, with respect to the proposed axioms. As already
highlighted in [Figure 1| and [Figure 2] the same prediction
can lead to substantially different estimations of uncertain-
ties. This also transfers to the axioms, where we prove that
both measures fulfill, but also violate some of the axioms,
highlighting individual strengths and weaknesses. All corre-

sponding proofs can be found in

Proposition 5.1. The variance-based measures violate Al.

The variance-based measure can only measure epistemic
uncertainty in terms of the mean of the predictive distribu-
tion, and therefore cannot distinguish between two different
second-order distributions that have the same marginal dis-
tribution over the mean. For instance, for a predictive Gaus-
sian p(y | 9) = N(u,0?), the epistemic uncertainty re-
duces to EU(Q) = V() and is therefore insensitive to the
marginal distribution of o2. Consequently, two second-order
distributions that share the same marginal over y but differ
in their distribution over o? are indistinguishable—compare

the deep-ensemble example in

Proposition 5.2. The variance-based measures fulfill A0,
A2, A3, A4, A5.

By nonnegativity of the variance, AO follows immediately.
A2 and A3 follow from the connection between convex
order and increasing variance. Furthermore, A4 also holds,
as the variance is translation-invariant. Finally, the variance-
based measures are scale-order equivariant with g(a) = a?
and ¢(a) = 0. Therefore, the variance-based measures fulfill
the majority of the proposed axioms.

Proposition 5.3. The entropy-based measure violates AO
for AU and TU.

As highlighted in one major drawback of the dif-
ferential entropy and the entropy-based measure is that al-
though EU is nonnegative, AU (and therefore TU) can be
assigned negative values. A natural definition of the absence
of uncertainty is to have zero uncertainty, or in other words,
complete knowledge about the underlying process. Nega-
tive uncertainty, on the other hand, does not admit a natural
interpretation and makes the entropy-based measure diffi-
cult to evaluate in practice and impossible to compare to
other measures. Since the lower bound for AU regarding
entropy is negative infinity, this problem cannot be adjusted
through a linear transformation. Furthermore, this implies
that TU is not necessarily larger than EU, which is coun-
terintuitive regarding the very definitions of the underlying
uncertainties.

Proposition 5.4. The entropy-based measure fulfills A2, A4,
and AS.
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Figure 4: Comparison of the scale-order equivariance for
the case of univariate deep evidential regression. While each
of the entropy-based measures is equivariant when scaling
the underlying data with a factor a, their ordering depends
on the chosen scaling. In particular, AU is smaller (larger)
than EU for a = 0 (¢ =~ 1), which can lead to problems
as the ordering of the uncertainties should not depend on
the scaling of the data. For the variance-based measure this
problem does not occur.

A2 follows from the definition of convex order and convexity
of the Kullback-Leibler divergence in P. A4 follows since
all involved quantities are translation-invariant. Finally, A5
follows by properties of the differential entropy with g(a) =
1, ¢(a) = dlog(a) for TU, AU and by properties of the KL-
divergence with g(a) = 1, ¢(a) = 0 for EU. Interestingly,
while the entropy-based measures fulfill scale-order equiv-
ariance for each individual measure, as the shift function c is
different across EU and AU, their ordering changes with the
scaling factor a. In fact, since EU is scale equivariant and
nonnegative, it is always possible to find a;, a,, > 0 such
that AU(Q%) < EU(Q“) = EU(Q*) < AU(Q%), as
visualized in[Figure 4] From an interpretability perspective,
this is problematic, as the scaling of the data impacts the
connection of EU and AU, in particular, which of the two is
larger. This is directly related to the entropy-based measure
violating (A0).

Proposition 5.5. The entropy-based measure fulfills Al if
the parametric family is identifiable and A3 if the parametric
Sfamily is log-concave.

In general, the differential entropy and KL-divergence can
depend on the parameter @ in any complex and nonlinear
way. Therefore, for these axioms to hold, additional as-
sumptions are required. Al holds if the parametric family is
identifiable, which is a reasonable and commonly used as-
sumption. A3 holds if the parametric family is log-concave,
which includes distributions such as the normal or Gamma
distribution. Both assumptions are fulfilled for the previ-
ously introduced uncertainty representation methods. How-
ever, for both axioms, it can be shown that they do not hold
without the additional assumptions discussed above.

6 RELATED WORK

Many works focus on analyzing different measures of un-
certainty and their corresponding properties in the classifica-



tion setting. Specifically, axiomatic evaluation has been put
forward in the machine learning community [Hiillermeier
et al.,[2022] and built the foundation for the development
of many new measures of uncertainty, for example, based
on proper scoring rules [Kotelevskii et al., 2025, [Hofman
et al., [2024]], Wasserstein distance [Sale et al., [2024a]] or
credal sets [Hofman et al., [2024]]. Despite this focus on an
axiomatic understanding of uncertainty measures for clas-
sification, in the regression case, research mainly focuses
on uncertainty representation and only little on a formal
understanding of uncertainty measures and their underlying
properties.

Amini et al.| [2020]], Meinert and Lavin| [2022] propose the
(multivariate) deep evidential regression, as a generalization
of the evidential learning framework. To assess aleatoric and
epistemic uncertainty, they utilize the variance-based decom-
position. [Laves et al.|[2021]] propose a calibration method
that removes bias from an estimate of aleatoric uncertainty
by correcting the scale of the first-order predictive variance.
They also utilize the variance-based measure to decompose
the different types of uncertainty.|Valdenegro-Toro and Mori
[2022]] compare several different methods for uncertainty
representation, such as deep ensembles or dropout, with
respect to their capacity to measure and decompose epis-
temic and aleatoric uncertainty. For their assessment, they
utilize a first-order predictive Gaussian and the variance-
based uncertainty decomposition. For the selected methods,
they critique the lack of disentanglement between aleatoric
and epistemic uncertainty across different prediction tasks.

Moving to entropy-based methods, Berry and Meger| [2025]
propose a combination of deep ensembles and normalizing
flows to generate a non-parametric model to estimate uncer-
tainties. In their approach, aleatoric uncertainty is measured
via conditional entropy with respect to the output distri-
bution of the normalizing flow. Furthermore, they provide
so-called Pairwise-Distance Estimators to provide bounds
on the differential entropy and therefore allow for represent-
ing the epistemic uncertainty in the base distribution of the
normalizing flow in an analytical way. Malinin et al.|[2020]
introduce regression prior networks, which are similar to
multivariate deep evidential regression [Meinert and Lavin,
2022]] and utilize a prior distribution over the parameters of
a predictive multivariate Gaussian. To assess uncertainties,
they utilize the variance- and entropy-based decomposition,
as well as an additional measure called the expected pair-
wise KL-divergence, which is an upper bound on mutual
information and is analytically available for a larger class of
models. Postels et al.| [2021]] consider an approach that uti-
lizes a latent representation of a neural network to measure
epistemic and aleatoric uncertainty. By decomposing the
network into a latent representation for each of the L layers,
they can utilize bounds on differential entropy to provide es-
timates for both types of uncertainty. Using a quite different
approach, [Lahlou et al.| [2023]] propose to characterize epis-
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temic and aleatoric uncertainty in terms of the Bayes risk on
an estimator. By utilizing out-of-sample errors of a trained
model, they obtain an estimate for the excess risk, which
represents epistemic uncertainty. For aleatoric uncertainty,
they propose several heuristics, such as estimation based on
intrinsic data variation.

While all of the aforementioned approaches provide novel
and well-founded ways to measure epistemic and aleatoric
uncertainty, the focus is usually set on a specific predictive
model and corresponding uncertainty representation. To the
best of our knowledge, there exists no work that considers
a general uncertainty representation framework, formalizes
the corresponding evaluation procedure in a theoretical and
axiomatic manner in general regression tasks, and compares
the properties of different measures in a theoretical and
axiomatic manner.

7 DISCUSSION

This work establishes a formal foundation for uncertainty
representation, quantification, and evaluation in the super-
vised regression setting. We introduce a parametric uncer-
tainty representation framework that allows for operational-
ization via a tractable second-order distribution, induced by
the distribution over the parameter space and encompass-
ing many well-known predictive machine learning methods,
thereby enabling the first systematic cross-method compar-
ison in regression. Furthermore, we develop an axiomatic
methodology, comparing both classification-adapted and
regression-specific axioms, that allows for analyzing given
uncertainty measures with respect to their fundamental prop-
erties, strengths, and weaknesses. We demonstrate the prac-
ticality of our approach by evaluating the commonly used
entropy- and variance-based uncertainty measures, exposing
the strengths and weaknesses of each. In particular, we show
that entropy-based measures can yield negative values in
certain settings, which directly impacts scale equivariance
across AU and EU and hinders natural interpretability. In
contrast, the variance-based approach satisfies the majority
of the proposed axioms but lacks a unique minimum for
epistemic uncertainty, rendering it insensitive to uncertainty
in higher-order moments, and requires stricter assumptions
for its existence. Beyond the specific measures analyzed
here, our axiomatic framework provides practitioners and
researchers with a principled methodology for evaluating
existing uncertainty measures and provides a principled
guideline for designing novel uncertainty measures.

Limitations While choosing a predictive model with un-
certainty only in its parameters is very general and includes
commonly used approaches, as highlighted in this paper,
it might be too restrictive in certain settings, for exam-
ple, when Gaussian processes or sample-based generative
models, such as diffusion models. In addition, although



the proposed axioms provide a principled baseline, the se-
lection is not exhaustive; alternative or additional axioms,
specifically designed for the regression domain, could reveal
further distinctions between uncertainty measures not cap-
tured here. Finally, while the axioms capture theoretically
desirable properties, satisfying or violating them does not
directly guarantee good or poor empirical performance in
any particular downstream task. The relationship between
axiomatic compliance and practical utility—for example, in
uncertainty-guided decision making or out-of-distribution
detection—remains an open question.

Future work Our work opens several venues for future
research. The most immediate open problem is to search for
novel uncertainty measures that satisfy the proposed axioms
in their entirety—or to establish whether such measures ex-
ist in the first place. For the classification setting, new mea-
sures have been proposed based on Wasserstein distance
[Sale et al., [2024al] or score-based entropies Kotelevskii
et al.| [2025]], Hofman et al.| [2024], and an extension to the
regression setting, as well as a corresponding theoretical
analysis, seems promising. Here, our proposed axioms can
provide a clear guidance on the design of new measures, for
example, measures based on statistical divergences seem to
be a natural candidate to fulfill (A1) and (A2). In addition,
one may think of further analyzing and extending the set of
axioms itself to accommodate other desirable properties of
uncertainty measures, such as robustness or interpretability.
Furthermore, validating the axioms in real-world regres-
sion settings could lead to a deeper understanding of the
strengths and weaknesses of individual approaches. In par-
ticular, it would be worth analyzing whether the implications
of the axioms persist across different data modalities. Fi-
nally, generalizing the framework to a more general class of
predictive distributions is a direction worth pursuing. This
could allow for analyzing the axioms for arbitrary predictive
distributions, such as nonparametric methods or generative
models.
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A PROOFS OF PROPOSITIONS

A.1 VARIANCE-BASED

Proof of Proposition[5.1] We prove that the variance-based measure violates Al. Consider P, = N (0,0%), Py = N(0,03)
with 02 # 02 and a second-order distribution, specified as a Dirac mixture, i.e. Q = %503 + 5 »2- Recall that for the

variance-based measure, we have EU(Q) = Vg[E[Y | 9]}, with ¥ ~ Q. In addition, we obtain P=1P + 1P and
Ey, p[Y’] = 0. Then we obtain
EU(Q) = VQ[E[Y | 9)) = Eong[(Byry [Y] — By 5[Y'])?*] = Eong[(Ey~p, [Y])’]
———

=0

= L Ern V) + 5 (Eyen V] =0

=0 =0
Therefore, we obtain EU(Q) = 0 although Q # dg. O

Proof of Proposition We prove that the variance-based measures fulfill AO, A2, A3, A4, and AS.
A0: A0 follows immediately from the variance being nonnegative.

A2: By definition of the convex order and the push-forward measure, we have
Eq¢ [B(P)] = Eon [®(Po)] <o Eonq, [P(Po)] = Eqe [0(P)],

for all convex functionals & : 73()}) — R. By definition, convex order preserves expectations, which implies equal predictive
mixtures, i.e., Pg, = Pg, = P.

Define the random vectors M; = E[Y \ 9], 9 ~ Qand M, = E[Y | 9], 9 ~ Q. Then, for the variance-based
measure, we have EU(Q;) = V(M,;), EU(Q.,)=V(M,).

Now, consider the functional ®(P) = g(Ey.p[Y]), which is convex on P()) for any convex g : R? — R. Using the
definition of the convex order, we obtain

Eoqu[9(Eyr,)] < Eong,[9(Eynr,)] V¥ convexg,

which, by definition, is
Eq,[9(M))] <Eq,[g(M,)] V convex g,
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and implies M| <., M uﬂ From the convex order it follows immediately that E[M ;] = E[M,] and V(M) < V(M,,),
which directly implies

EU(Qi) < EU(Qu)-

A3: Recall that we have Py, <.x Pp,, 0,0, € © and AU(dg) = Es,[V(Ps)] = V(Py). By definition of the convex order
we have
Po, <cx Po, = V(Py,) < V(Pe,),

and therefore
AU(dg,) < AU(dg,,)-

A4: LetY |9 ~ Pygand Y. | ¥ ~ Py with ¥ = 7.(9) with 9 ~ Q. Then, by definition, we have Y’ LY te By the
properties of the variance, we obtain

AU(Qe) = Eq. [V(Y [ 9)] = EQ[V(Y + ¢ | 7(9))] = Eq[V(Y' | 9)] = AU(Q),

and
BEU(Qc) = Vo (EY | 9]) = Vo(EY + ¢ | 7(9)]) = Vo(E[Y | J]) = EU(Q).
TU then follows from the additive decomposition.

A5: By definition, we have P, (9) = S,Py ford ~ Q. If Y | 9 ~ Py, then Y* | 9" ~ S, Py is the law of aY" with
¥ = 7,(19) ~ Q*. By properties of the variance, we obtain

AU(Q") = Equ[V(Y | 9)] = Eq[V(Y* | 9')] = Eq[a®V(Y | 9)] = o AU(Q),

and
EU(Q?) = V@ (E[Y | 9']) = Vo(E[Y® | 9']) = Vg (aE[Y | 9]) = a® EU(Q).

TU follows from the additive decomposition and we obtain g(a) = a? and c(a) = 0. O

A.2 ENTROPY-BASED

Proof of Proposition[5.3] We prove that the entropy-based measure violates AO for AU and TU. For EU, as the KL-
divergence is nonnegative by definition, EU is also nonnegative. AU can be negative since differential entropy can be
negative. As an example, consider the exponential distribution with entropy H (EXP(\)) = 1 — log()), which is negative
for A > e. Taking @ = do. as a second-order distribution then leads to AU(Q) < 0. Due to its additive structure, total
uncertainty TU = EU + AU can also be negative. O

Proof of Proposition We prove that the entropy-based measures fulfill A2, A4, and AS.
A2: By definition of the convex order and the push-forward measure, we have

Eqr [®(P)] = Eong, [P(Po)] <% Egnq, [P(Ps)] = Eq¢ [®(P)],

for all convex functionals @ : P(Y) — R. By definition, convex order preserves expectations, which implies equal predictive
mixtures, i.e., Pg, = Pg, = P.

For the entropy-based measure we have EU(Q) = Eq[®(Ps)], where ®(P) := Dx,(P||P) is a convex functional, due to
the convexity of the KL-divergence in the first argument. Therefore, by the assumption of Q¥ <2_Q¢, we obtain

I —cx

EU(Q1) = Eg~q, [Dkr(Po | P)] < Eg~q, [Dxi(Ps | P)] = EU(Qu).

A4: Let ¥ = 7.(9¥) with ¥ ~ Q. By the shift invariance of the differential entropy H(-), we obtain
AU(Qe) = Eq. [H(Py)] = EQ[H (Pr.(s))] = Eq[H(Py(- — ¢))] = Eq[H (Py)] = AU(Q),

"Here we slightly overload the notation and use <., for the convex order, as introduced earlier, but comparing random vectors instead
of probability measures.
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and

EU(Qc) = H(Eq [Py]) = AU(Q.) = H(Eq[Ps(- — ¢)]) — AU(Q)
= H(Py(- — ) — AU(Q) = H(Py) — AU(Q) = EU(Q).

TU then follows from the additive decomposition.

A5: By definition, we have P, (9) = S, Py ford ~ Q. If Y | 9 ~ Py, then Y* | 9’ ~ S, Py is the law of aY" with
¥ = 7,(9) ~ Q. By properties of the differential entropy H (-), we obtain

AU(Q") = Eqa [H(Po)] = Equ[H(S.Ps)] = Equ[H(Pp) + dloga] = AU(Q) + dlog a.
Furthermore, we have
H(Eq:[Py]) = H(EqQ[Pr,(s)]) = H(Eq[SaPs]) = H(S,P) = H(P) + dloga,

and therefore

EU(Q") = H(Eq:[Py']) — AU(Q") = (H(P) + dloga) — (AU(Q) + dloga) = EU(Q).
With this, we obtain g(a) = 1, ¢(a) = dloga for AU, TU and ¢(a) = 0 for EU. O
Proof of Proposition Here, we prove that the entropy-based measure fulfills A1 if the parametric family is identifiable
and A3 if the parametric family is log-concave.

First, we show that the entropy-based measure fulfills A1l if the parametric family is identifiable.

Let Q € P(0), P = [ Py dQ(0), and define Q¥ = ¢,.Q € P(P(Y)) as the push-forward of @ under . Then
EU(Q) = Eo[Dia.(Ps | P)] = [ Dia(PIP)Q*(aP) = 0.

In particular, we obtain EU(Q) = 0 iff Q¥ = 5. Under identifiability of ¢, this is equivalent to Q = Jg.

Second, we show that the entropy-based measure fulfills A3 if the parametric family is log-concave. A probability distribution
has log-concave density if the density can be expressed as p(z) = exp(p(z)) for a concave function ¢(x). Since by
assumption we have Py, <. Pp, and pg, is log-concave, one obtains supp(Py,) C supp(Pp,, ) [Strassen, |1965]] such that
the cross-entropy defined below is finite. Now, recall that differential entropy, which can be expressed as

AU(de) = H(P) = — /pe(x) log pe(z)dp(x) = Ep, [~ log pa(X)].

Then, for a log-concave density, we have that ¢(x) := — log pg, (x) is a convex function in z. By convex order, we then
have

Ex~py, [=1logpe, (X)] = Ex~py, [0(X)] < Eyp,, [¢(Y)] = AU(e, ).

The left-hand side is the cross-entropy of P, , P, , which, by definition, can be decomposed into

Ex~p,, [~ logpe, (X)| = H(Py,) + Dx1.(Pe,||Po,) > H(Pes,),
where the inequality follows from the KL-divergence being nonnegative. Combining the above gives

AU(d6,) < Ex~py, [~ logpe, (X)] = Exp, [¢(X)] < Eypy, [0(Y)] = AU(de,)-

Proposition A.1. The entropy-based measure violates Al if the model is not identifiable.

Proof. Consider a non-identifiable model Py with Py, = Py, and 6; # 6. Then QQ = %591 + %592 is not the Dirac
measure, but we obtain P = %Pg1 + %sz = Py, = Pp,, and therefore

EU(Q) = Eg~q[DkL(Py | P)] = 0.
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Proposition A.2. Without additional assumptions, the entropy-based measure violates A3.

Proof. Consider the (symmetric) Beta distribution Y,, ~ P,, = Beta(«, ), o > 0, which has mean Ep_[Y,] = 1/2 and a
second-order Dirac distribution @) = §,,. Consider two special cases:

* Y7 ~ Beta(1,1) = Unif(0, 1) with CDF Py (x) = z, = € [0, 1].
* Y35 = Beta(1/2,1/2) (arcsine distribution) with cdf P; /o (2) = 2arcsin (yz) , z € (0,1).

First, we check the convex order. From [Shaked and Shanthikumar, 2007, Theorem 3.A.5] we know that for two variables
X, Y with equal means and CDF F and G, respectively, we have

X<CXY<:>/ du>/G u)du, Vpe€l0,1].
In our case, we have

p P U p
/ pPr du—/ uduz/ sin? (—) du:/ P17é(u)du, Vp € [0,1],
0 2 0

which can be verified by solving the integrals. Therefore, we have

Py <cx Pyja.
On the other hand, using the differential entropy, we obtain H (P;) = log(1) = 0 and H(P; ) = log (§) ~ —0.24 < 0.
Therefore, we have Py <cx P;/2, but AU(61) = 0 > —0.24 = AU(d; /2), which violates A3. O

B ANALYSIS OF UNCERTAINTY REPRESENTATION METHODS

In this section, we analyze the already introduced uncertainty representation methods, i.e., deep ensembles and deep
evidential regression, in more detail and provide an analysis for additional variants.

B.1 GAUSSIAN DEEP ENSEMBLE

(Gaussian) deep ensembles, as popularized by [Lakshminarayanan et al.|[2017]] provide a way to improve the performance of
a neural network by simply training an ensemble of networks in a stochastic manner, therefore obtaining a more robust
solution. When combined with a first-order predictive distribution, this leads to possible assessment of aleatoric- as well as
epistemic uncertainty. Deep ensembles have been a gold standard for the past years [Ovadia et al.| 2019, |Ganaie et al., 2022]]
and have been applied to numerous tasks, such as computer vision [Thuy and Benoit, [2024} (Ovadia et al.| 2019], image
segmentation [Buddenkotte et al., [2023| [Mehrtens et al.,2023| [Huet-Dastarac et al.,|2024] or weather prediction [Rasp and
Lerchl 2018l Schulz et al.| 2026]).

In the (univariate) deep ensemble setting [Lakshminarayanan et al., 2017]], we have Y ~ Py = N(u, 02), with 9 ~ Q. Here,
M different networks are trained in a stochastic manner, leading to a set of predictions 0,,, = (tim, afn), m=1,..., M.

The ensemble acts as an empirical distribution () = ﬁ Zfrvl[:l de,, , €.2., a mixture of (equally weighted) Dirac measures.
For the predictive mixture, we obtain the Gaussian mixture

N
P=2 > NCipimom):

m=1

Variance-based measures: For the variance-based measures, we obtain

AU(Q) = EQ[V(Y [ 9)] = 12 D o2,
1 ]\; | M 2
EU(Q) = Vo(E[Y |9]) = M Z Hin — (M Z Hm) )



Entropy-based measures: For the entropy-based measures, by the definition of differential entropy and the KL-divergence,
we obtain

M
AV(Q) = EQlH(Y | Pa)] = 51 D" log(2mea),
_ LN [T p(t | Om)
BU(@) = EolPra(FallP)) = 3 3= [ pte |61 T ot

TU(Q) = H(P) = AU(Q) + EU(Q),

where p(z | 0,,) = N (x; fim, 02,). Here, EU(Q) (and therefore TU(Q)) does not admit a closed-form solution, but can be
approximated numerically.
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Figure 5: The figure shows the variance- and entropy-based different measures of uncertainty for a deep Gaussian ensemble
(fm, 02,)2,_, with two members across varying parameters.

shows the closed-form solutions of the variance- and entropy-based measures (EU and AU) for a two-member
Gaussian deep ensembles. It is visible that both measures differ significantly. Most notable, the variance-based measure
for EU does not change across 0%, 03, as it only measures uncertainty based on the first-order moments, which is a direct
implication of Proposition[5.1] In addition, both measures provide very different estimates for AU. For the variance-based
measure the estimate depends, by definition, on 02, o3 in a linear way, while for the entropy-based measure the dependence
is in a significantly different, nonlinear way, as visualized in the first row of each subplot in [Figure 3]
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B.2 LAPLACIAN DEEP ENSEMBLE

While research and applications have mainly focused on the Gaussian case [Ganaie et al.,|2022], for the deep ensemble
one can essentially consider any learnable parametric first-order distribution. The variance- and entropy-based uncertainty
measures transfer in the same way, although closed-form solutions might not necessarily be available. As an example, we
analyze how the different measures behave for a deep ensemble with a first-order Laplace distribution, which was used
by [Kiani Shahvandi et al.| [2025] to model and predict deviation of time differences between earth’s rotation time and
coordinated universal time.

The setting is the same as the Gaussian deep ensemble setting, but with a predictive Laplace distribution, i.e., Y ~ Py =
Laplace(u,n), ¥ ~ @ with density

1 ly — p T
0) = — — 0= R x Ryp.
p(y|0) 2nexp< ; ; (nsm) € R xRy

For the Laplace distribution it holds that E[Laplace(u, )] = u and V(Laplace(u, 7)) = 2n?. For the predictive mixture,
we obtain

M
g Laplace(: ; fm, Nm)-
Variance-based measures: For the variance-based measures, we obtain

AU(Q) =Eq[V(Y | 9)] Z 207,
M | M 2
EU(Q) = Vo(E[Y | 9)) Z (M > um> :
1 X 1 u ’
TU(Q) =V(Y) = i Z (205, + 112,) — (M Z Mm> :

Entropy-based measures: For the entropy-based measures, by the definition of differential entropy and the KL-divergence,
we obtain

M
AU(Q) = Eq[H(Y | Py)] Z 8(2nm),

M oo
BU(Q) = EqlDiw (Po[P) MZ/ (110, log 2510y

M l 1 (t|01)
TU(Q) = H(P) = AU(Q) + EU(Q).

Here, EU(Q) (and therefore TU(Q)) does not admit a closed-form solution, but can be approximated numerically.

shows the closed-form solutions of the variance- and entropy-based measures (EU and AU) for a two-member
Laplacian deep ensembles. It is evident that both measures differ heavily. Similar to the Gaussian case, the variance-based
measure of EU does not change across 71, 172. However, even for AU, both measures differ significantly. For both, AU
depends on 1, 772 in a nonlinear way, however the corresponding curvatures are different, as visible in the two first rows of
each plot.

B.3 UNIVARIATE DEEP EVIDENTIAL REGRESSION

Deep evidential regression, introduced by |Amini et al.| [2020] is a widely used method to provide uncertainty estimates and
is based on the conjugate prior of a normal distribution. Recall that in this setting, we have Py = N (1, 02) with 9 ~ @Q and
q(p, 0?) = q(u) q(0?) = N(i; v, 0*v=1) T =(0?; a, B). The predictive mixture is given via a Student’s t distribution

P =t <~;fy,ﬁ(1+v)>.

av
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Figure 6: The figure shows the variance- and entropy-based different measures of uncertainty for a deep Laplacian ensemble
(fm, 02,)2,_ with two members across varying parameters.

Variance-based measures: [Amini et al., 2020]] show that by calculating the corresponding moments, the variance-based
uncertainty measures are given as

AU(Q) = Eol(y | 9)] = 2,

B _ B
EU() = Vo(EY | 9) = -
TUQ) = V(Y) = -2 ——(1+07h.

Entropy-based measures: For the entropy-based measures, we obtain
AU(Q) = 5 (log(2me) + log(5) — (),
EU(Q) = 2a+1 (a+ ) —ay (o) — %log(ﬂe)—klogB <a, %) + %log (1:7)) )
(4

TU(Q) = 2a+ ! < < ) 1/1(04)) +log B (a%) n %log (M) .
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This can be derived by the properties of the Normal-Inverse-Gamma distribution. For aleatoric uncertainty, we have
1 2 1 2
AU(Q) = ]Eq(ﬂ) [H(Pg)] = Eq(g) 5 10g(27‘(‘€0’ ) = ]EJQNI‘*l(a,ﬁ) 5 10g(2ﬂ'60’ )
1 1 9 1
— 5 108(27€) + SEg2r 10,9 [log(0%)] = 5 (log(2me) +log(8) - ¥(a)),

where we used that for S ~ I'~!(a, ) we have E[log(S)] = log(3) — 1(c), where 9 denotes the digamma function. For
total uncertainty, we use

TU(Q) = 1(P) = # (120 (1. 222

av
= 2a2+1 (q/; (a+%) —w(a)> +log B <a%> +%log <M)

where B(-, -) is the Beta function. Then epistemic uncertainty can be obtained via EU(Q) = TU(Q) — AU(Q). [Figure 7,
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Figure 7: The figure shows the variance- and entropy-based measures of uncertainty for the deep evidential regression
setting, across varying parameters.

shows the closed-form solutions of the variance- and entropy-based measures (EU and AU) for the deep evidential regression
setting. It is clear that both measures behave very differently. In particular, for the variance-based measures EU and AU
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diverge for « | 1, while the entropy-based measures are well defined for all > 0. Furthermore, the entropy-based EU
estimate does not depend on 3, which corresponds to the scale parameter of the first-order noise.

B.4 MULTIVARIATE DEEP EVIDENTIAL REGRESSION

Meinert and Lavin|[2022] extend the deep evidential regression to the multivariate setting, by considering the corresponding
conjugate prior of a multivariate normal, which is given by a Normal-Inverse-Wishart distribution. In this setting, we have
Y e RYand Y ~ Py = N(u, X) with 9 ~ Q. The corresponding densities are given as ¢(p, ) = q(u)q(X) with

a(p) = N po. B/K), q(B) =W (T,v),

where W™ denotes the inverse-Wishart distribution and we have x > 0, > d 4+ 1, ¥ € R4*4, The predictive mixture is
given via a multivariate ¢-distribution with v — d + 1 degrees of freedom, i.e.,

_ 1+ k
P=t,_q11 < i Ko, H(V—d—i—l)\P) .

Variance-based measures: Similar to the univariate case, the variance-based uncertainty measures can be calculated from the
moments of the underlying (Normal-Inverse-Wishart) distribution as

AU(Q) = Eg[V(Y | 9)) = Eqltr(Cov(¥ | 9))] = A
BU(Q) = Vo(E[Y | 9)) = u(Cov(ElY | 0]) = )

TU(Q) = V(Y) = % (1 + i) .

Entropy-based measures: For the entropy-based measures, we obtain
AU(Q) = glog(ﬂe) + %10g(|\]:l|) - %% (%) ’
EU(Q) = glog (M) —logl’ (T) +logD (”_;‘”1)
+u42rl v (v;n) _w<V—;‘l+1)_ +%¢d(g)7
o (1)) e (252 b ()
1T 1 —d+1\]
+V42r _w<l/;- >w<”2+)

where I'(+) denotes the Gamma function, ¢(+) the digamma function, and ¢4(+) the multivariate digamma function. The
derivations are similar to the univariate case and based on the differential entropy of a multivariate ¢-distribution.
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