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Abstract

We study the problem of allocating contiguous
blocks of indivisible items positioned on a line to
a set of agents where agents are partitioned into
different groups. In the problem, agents must be
located on a line, and items allocated to each agent
must be contiguous and form a connected block.
We study the settings, considered by Suksompong
[2019] and Wang et al.[[2021]], without and with
the requirement that items are assigned to their
closest agents, respectively. For both settings, we
focus on allocations that satisfy intra-group envy
fairness (IEF) and inter-group fair share (GFS). In
both settings, we show that determining the exis-
tence of IEF or GFS allocations is NP-complete.
When the number of agents or items is constant,
we provide polynomial algorithms to determine
the existence of IEF or GFS allocations for both
settings. For both settings, we provide upper and
lower bounds on the existence of IEF or GFS allo-
cations as well as allocations that satisfy both IEF
and GFS simultaneously.

1 INTRODUCTION

In recent decades, fair division of indivisible items has re-
ceived extensive attention from various communities includ-
ing Al, theoretical computer science, operations research,
and economics [Moulin, 2004, [Brams et al., 2003} |JAma-
natidis et al., 2023|] due to its theoretical interests and ap-
plications to address situations such as divorce settlements
[Brams and Taylor, |1996]], task allocations [[Goldman and
Procaccia, [2015]], and expense divisions [[Goldman and Pro4
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caccia, [2015]. In fair division of indivisible items, the typi-
cal problems deal with allocating items to agents subject to
given fairness notions (e.g., envy-freeness, proportionality,
and their variations) based on the agent utility preferences
over the items [Amanatidis et al., 2023|.

In various scenarios—such as assigning offices to different
units in a corridor, designating retail spaces on a street to
various retailers—it is preferable to fairly allocate resources
contiguously to ensure each agent receives resources form-
ing a contiguous block [Suksompong, |2019| Bouveret et al.,
2017, Bilo et al.l 2022]]. To model these scenarios, [Bou{
veret et al.| [2017]], [Suksompong| [2019], Bilo et al.|[2022]],
Truszczynski and Lonc][2020], |Greco and Scarcello| [2020],
Misra et al.| [2021] study contiguous fair division of in-
divisible items located on graphs such that each agent’s
received items must be connected (or form a contiguous
block) under various fairness notions (e.g., envy-freeness
and proportionality). Following these studies, subsequent
work has explored specific graph structures [Bilo et al.,[2022]
Igarashi and Peters| [2019, Bei et al., 2022} [Truszczynski and
Loncl |2020]], chores [Hohne and van Steel 2021]], and clos-
est assignment constraints (i.e., agents need to be located
and items are assigned to their closest agents) [Wang et al.,
2021}, [Wang and Zhang}, |2021]].

All existing studies on contiguous fair division have focused
on individual agents in which fairness is considered with
respect to a single agent. However, as studied in existing
fair division literature (e.g., see a survey [[Amanatidis et al.,
2023]] and our related work section), agents often belong to
different fixed groups, items are allocated to agents, and fair-
ness must take agent groups into consideration. For instance,
when allocating offices, there are different specialized teams
(i.e., agents) within different units (i.e., groups). Each team
should be allocated a contiguous block of rooms to facilitate
communication (e.g., different departments within different
academic units share a space, and each department is often
allocated a contiguous space). When allocating retail units,
retailers can belong to different groups based on their types
or associations (e.g., National Restaurant Association). Each
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retailer should be allocated a contiguous block of space for
store extensions and operations.

Naturally, existing group fairness notions for fixed groups
[[Amanatidis et al., 2023| |Segal-Halevi and Suksompong,
2019, [Bredereck et al.| 2022, |/Abebe et al., 2017} |Aziz et al.|
2018}, Michorzewski et al., [ 2020] can be used for contiguous
fair division with groups of agents. We examine two classi-
cal inter-group and intra-group fairness notions for groups
of agents widely considered in the literature and consider
allocations that satisfy the two notions.

1.1 OUR CONTRIBUTIONS

We study the problem of allocating contiguous blocks of m
indivisible items on a line to a set of n agents. The agents
are partitioned into k groups and have additive utilities over
the m items. We consider two main settings of contiguous
fair division inspired by different situations. The first is the
setting of [Suksompong| [2019] in which each agent’s re-
ceived items (or bundle) must form a contiguous connected
block. The second is the setting of Wang et al.| [2021]] in
which we need to locate each agent on the line and assign
items to their closest agents. This setting is motivated by the
facility location problems in which one needs to locate the
facilities (which we refer to as agents) to serve their closest
customers (which we refer to as items) fairly. We refer to
contiguous allocations as those in which each agent’s bundle
is contiguous. We use valid allocations to denote contiguous
allocations that satisfy the closest assignment requirement.

For these settings, we consider the classical intra-group envy
freeness (IEF) and inter-group fair share (GFS) for groups
of agents where envy-freeness is only required for agents
within each group (e.g., each agent is aware of other agents
within their group) and group utility is at least proportional
to the group size (e.g., each agent is concerned about the
well-being of their group only). See Section [3|for detail.

Below, we summarize our contributions for both settings.

* We show that determining the existence of IEF or GFS
allocations is NP-complete.

* We provide algorithms to determine the existence of
IEF or GFS allocations. The algorithms are polynomial
when the number of agents or the number of items is
constant.

We provide (almost tight or tight) upper and lower
bounds on the existence of IEF or GFS allocations as
well as allocations that satisfy both IEF and GFS in
terms of the commonly studied additive approximation
in contiguous fair division (see Table [T}

When there is a single group, IEF reduces to EF. When the
number of groups is equal to the number of agents, GFS is
the same as proportionality. It is shown that determining the
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Table 1: Our Upper and Lower Bounds for Each Fairness
Notion (C = Contiguous, V=Valid, and («, 8) = a-IEF and
B-GFS). m is the number of items, n is the number of
agents, k is the number of groups, w,qz/tUmin 1S the maxi-
mum/minimum utility of any single item of any agent, and
|G maz| i the maximum size of groups.

existence of EF/proportional contiguous or valid allocation
is NP-complete [Bouveret et al., 2017, |Wang et al., 2021]].
We strengthened these hardness results by showing that the
hardness results still hold when there are multiple groups
(for IEF) and when the number of groups is less than the
number of agents (for GFS).

To derive the lower bounds, we carefully construct new spe-
cific instances. To derive the upper bounds, our arguments
are based on the combination of our new analyses (e.g., al-
location rounding and case studies) and existing results in
Bouveret et al.|[2017],[Wang et al.|[2021]]. For instance, in
the case of IEF allocations, we introduce a new rounding
technique to ensure that the allocation is contiguous %um(w-
IEF, which is better than the previous contiguous 2,4, -IEF
in [Suksompong| [2019]. We present case studies based on

different inequalities to derive (2 [%] + 2)-IEF valid allo-
cations. For GFS allocations, we use a new argument based
on analyzing the function f; (which is the maximum total

utility that group G4 can achieve contiguously) to obtain our
tight bounds of (lGni‘”‘ - % + %umm)-GFS contiguous
allocation and (leT”l — o + B U, )-GFS valid allo-
cation. For IEF+GFS allocations, we pre-allocate a certain
block to each group and apply the argument in Suksompong
[2019] to obtain the upper bounds for contiguous and valid
allocations.




Due to the lack of space, all of the missing proofs are in the
supplementary material/appendix.

Outline In Section 2] we present studies most relevant to
our settings. In Section[3} we provide the necessary notations
and definitions to define our settings formally. In Sections
M and ] we present our hardness and upper/lower bound
results for IEF and GFS, respectively. In Section [6] we
provide upper and lower bounds when considering IEF and
GFS together. Finally, we conclude in Section[7]

2 RELATED WORK

In this section, we discuss studies that consider contiguous
fair division and fair division with groups of agents.

Contiguous and Valid Allocations. Existing studies have
considered the contiguous fair division of indivisible items
(see, e.g., [Amanatidis et al.| 2023, Biswas et al.| [2023]
Suksompong, 2021]]). We focus on discussing the setting
(i.e., lines/paths) and results (i.e., upper and lower bounds)
that are most relevant.

When the graph is a line, under the additive fairness relax-
ation, |Suksompong| [2019] shows that there is a contiguous
”;1 - Umaq-Prop allocation, and a contiguous 2u,,4,-EF
allocation where w4, 1S the largest value of any player for
any item. [Bouveret et al.| [2017]] prove that the problem of
determining the existence of a contiguous Prop/EF alloca-
tion for an instance is NP-complete. Aziz et al.|[2019] study
the fair allocation of indivisible goods and chores. They
show that a contiguous PROP1 allocation of a path always
exists and can be computed in polynomial time, based on a
contiguous proportional allocation of a mixed cake. Their
PROP1 existence result extends to any graph that admits a
Hamiltonian path.

Wang et al.|[2021] consider the contiguous fair division of
indivisible items subject to the closest assignment constraint.
In their setting, the agents (i.e., facilities) have to be located
on a line, and items (i.e., customers) must be allocated (or
served) by one of the closest agents. They show that the
problem of determining the existence of an envy-free or
proportional allocation is NP-complete. They also provide
upper/lower bounds of (4. ) on the existence of envy-
free or proportional allocation.

Envy-free Proportional

(IEF, |G| =1) (GFS, |G| =n)
| [Suksompong U: 2Umas U: 2Ltz
(2019] L: Umaa L: %umaw

| Wangetal| | U: (%m + %)umm U: 2=l
[2021] L: T Umax | 15 Umaz

Table 2: Existing Upper and Lower Bound Results.
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Group Fairness Notions. While group fairness has not
been examined in contiguous fair division, existing studies
have considered several notions of group fairness for stan-
dard fair division settings. These group fairness notions can
be mainly categorized into either when agents do not belong
to any fixed groups or belong to predetermined fixed groups.
See also a survey [Amanatidis et al.| [2023]].

In the without fixed group setting, [Berliant et al.| [1992]
define the group envy-freeness (GEF) and |Conitzer et al.
[2019]] extend the notion to group-fairness (GF). Their fair-
ness definitions specify that the allocations to agents need
to be fair for any possible group or subset of agents. For
the above fainess,|Aziz and Rey|[[2020]] and |Conitzer et al.
[2019] introduce and examine different variants of the “up-
to-one” relaxation.

In the fixed group setting, fairness notions are often de-
fined over the fixed groups of agents. For instance, Ma/{
nurangsi and Suksompong| [2022]] and Kyropoulou et al.
[2020] consider EF1/EFx/EFc for fixed groups of agents,
where agents from the same group share the items and group
fairness is defined across different groups. In our settings,
we do not consider agents within the same group sharing
items. Other studies examine fairness notions across dif-
ferent groups. For instance, |[Suksompong|[2017]] consider
MMS (which focuses on maximizing the minimum utility
within each group), Segal-Halevi and Suksompong|[2019]
consider democratic fairness (which aims to fairly satisfy a
certain fraction of agents in each group), and Scarlett et al.
[2023]] study group weighted envy-freeness (which defines
envy-freeness based on group utilities normalized by their
group sizes). Instead of comparing groups’ utilities, GFS
aims to compare each group’s utility by the ratio of group
size over the total number of agents.

Note that none of the above-mentioned studies considers
contiguous or valid allocations.

3 PRELIMINARIES

Let M = {1,2,--- ,m} be the set of m items. The items
are located on a line segment, represented by the interval
[0,1]. Let F = {Fy, Fy,--- , F,,} be the set of n agents.

An allocation A = (A;, As,- -+, A,) is a partition of all
items into bundles for the agents so that agent F;; receives
bundle 4; with | J;.,.,, A, = M and 4; N A; = 0 for
Vi # j. o

Each agent F; has some nonnegative value u;(j) > 0
for item 5 € M. Without loss of generality, assume that
for every item j; € M, there is some agent F; with a
positive value, i.e., u;(j) > 0. For each agent F;, define
Ui mae = MaxXjem U;(J) to be the largest value of F; to-
wards any item. Also, we define w; ynin = minjen u;(j) to
be the smallest value of F; towards any item. Let w4, =



maxg, cF U;,maqe DE the largest value of any agent towards
any item. Similarly, we have ty,;, = Ming, cF Ui min-

We assume that utilities are additive, which means
ui(M') =3, ui() for any agent F; and any subset of
items M’ C M. Assume that for any agent F;, u;(M) = 1
(i.e., one can normalize agent utilities in a straightforward
manner). All of the above-mentioned assumptions are stan-
dard in existing literature [Suksompong} [2019,[Wang et al.,
2021, /Amanatidis et al., 2023]].

In our settings, agents are partitioned into £ > 2 disjoint
groups. Let G = {G1,Gs, -+, G} be the set of disjoint
groups of agents over F such that U;<;<;G4 = F, and, for
any groups Gy and G/, G4NGyr = (). For each group G, €
G, |G| is the number of agents in group G,. Let Gy, =
argming,eq |Gyl and Gpar = argmaxg,cqg |Gyl. As
for utility, we denote ug mar = MaXF,eG, Uimaz as the
largest value of any agent in G, towards any item.

We are interested in finding contiguous allocations of items
to agents that are fair with respect to the following intra-
group and inter-group fairness concepts for groups of agents.

The intra-group fairness notion we consider is intra-group
envy-freeness (IEF). A standard (exact and additive approx-
imate) version of IEF is defined below.

Definition 1. An allocation A = (Ay,As, -, Ap) is
intra-group envy-free (IEF) if u;(A;) > wu;(A;) for all
G € Gand F;, F; € G. For any € > 0, the allocation is -
IEF if u;(A;) > ui(Aj) —eforall G € G and F;, F; € G.

IEF says that an agent is only required to be envy-free
of those agents within their group. This notion has been
considered in the fair division literature as a special case of
envy-freeness defined on networks [Bredereck et al., [2022]
Aziz et al., 2018, |/Abebe et al.,|2017]] where each group of
agents forms a clique. It is reasonable for various situations
mentioned in the introduction in which agents might not
know the identity of the other agents.

We also study the inter-group fairness notion of group fair
share (GFS). GFS is a generalization of proportionality. An
exact and additive approximate GFS is defined below.

Definition 2. An allocation A = (A, As, -+, Ay) is
inter-group fair share (GFS) if 3 . c g ui(Ai) > ‘%l for
all G € G. For any ¢ > 0, the allocation is ¢-GFS if
YoreqUilAi) > Sl _ ¢ forall G € G.

n

GFS says that each group should receive a share that is
proportional to their group size. Recall that a proportional
allocation ensures that each agent should receive at least %
[Suksompong, 2019, Wang et al., 2021]]. It is easy to see that
proportionality implies GFS. However, GFS does not imply
proportionality. That is, an agent can still achieve a smaller
utility while their group can collectively obtain a combined
utility that satisfies GFS. GFS has also been considered in
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fair resource sharing literature for various domains (see e.g.,
[Michorzewski et al., 2020} |Airiau et al., [2023]] when select-
ing items to be shared by a set of agents). It can be naturally
applied to fair division and our setting. For instance, this no-
tion can be useful for ensuring that groups of research teams
or groups of retailers (in our introduction examples) receive
utilities proportionally fair for all groups with respect to
their sizes.

For simplicity, for any instance, we call an allocation “a
best-approximate IEF (or GFS) allocation” if and only if the
allocation is e-1EF (or e-GFS) with minimum €.

Contiguous and Closest Assignment Requirements. We
consider the setting with the contiguous requirement in
which each agent should receive a contiguous block. For-
mally, an allocation A is contiguous if and only if for each
agent F;, A; = {j € M|j € [l;,r;]} or empty. For conve-
nience, we use the interval [l;, r;] to represent A;. Notice
that the setting only requires agents to receive contiguous
blocks, while the items assigned to agents of the same group
are not necessarily contiguous.

We will also consider the setting with the closest assignment
requirement [Wang et al.| 2021]] in which we are required
to locate the agents on the interval and assign items to one
of their closest agents. This setting is motivated by facility
location applications in which facilities have to be located on
a line to serve their closest customers to ensure fair customer
allocation to facilities. In our context, facilities correspond
to the agents, and customers correspond to the items.

Thus, when considering the closest assignment requirement,
we want to locate n > 2 agents F = {F}, Fy,--- | F,,} in
different places on the interval [0, 1] and allocate m items
to the agents such that the items are assigned contiguously
and to one of their closest agents. To distinguish such an
allocation from the standard contiguous allocation, we call
allocation A valid if there exists a location profile of the
agents such that the locations of agents are pairwise distinct
and each item is assigned to an agent that has the small-
est distance to the item. Note that a valid allocation is a
contiguous allocation. Because the agent locations must be
different, a valid allocation implies that the bundle of every
agent induces a contiguous block, and thus it is contiguous.
However, a contiguous allocation is not necessarily valid.
We note that, given an allocation, we can check whether it
is valid by locating agents on the line in polynomial time
using linear programming [[Wang et al.| [2021].

4 IEF ALLOCATIONS

In this section, we first show that determining the existence
of an IEF contiguous or valid allocation is NP-complete
and provide algorithms for determining its existence. We
then provide lower and upper bounds to the existence of IEF



contiguous or valid allocations.

4.1 COMPUTING IEF ALLOCATIONS

In this subsection, we consider finding IEF contiguous or
valid allocations. We begin with providing a simple obser-
vation when the minimum group size is one, in which we
can assign all items to a group with size one.

Observation 1. Given any instance with k groups of agents
and |G min| = 1, there always exists an IEF contiguous or
valid allocation.

Determining the existence of an IEF contiguous or valid
allocation is hard in general. Notice that when there is one
group with all agents, finding an IEF contiguous or valid
allocation reduces to finding an EF contiguous or valid
allocation, which is already NP-hard [Bouveret et al.l 2017,
Wang et al., 2021]. However, as we increase the number
of groups, the problem can become easier (e.g., when each
agent is independently grouped, where the number of groups
k equals the number of agents n). Below, we show that the
problem is as hard even if we have multiple groups.

Theorem 2. Determining the existence of an IEF contigu-
ous or valid allocation is NP-complete, even if there are
multiple groups of agents.

Proof (Sketch). First, we consider the hardness of determin-
ing the existence of an IEF valid allocation. The correctness
of our reduction is in the appendix, together with a similar
proof when considering contiguity.

We show that the problem is in NP. In particular, we can
verify whether an allocation is valid by applying the linear
programming in/Wang et al.|[2021]]. For the given allocation,
we can also verify in polynomial time whether some envy
exists between agents from the same group. Therefore, the
problem is in NP.

Next, we show the problem is NP-hard. We reduce from
the problem of determining the existence of an envy-free
valid allocation (EEA), which is NP-complete when there is
a single group [Wang et al.|[2021]).

An instance of such a problem is given by I
(M, X,F,u), where M = {1,2,---,m} is the set of
items, X = {1, %2, -+, Xy} is the item location profile,
F ={F,Fs, -, F,} is the set of agents (n > 2), and u
is the utility matrix whose entry in ¢-th row and j-th column
u;(j) refers to the utility of agent F; for item j. Without
loss of generality, in the instance, 0 < u;(j) < 1 for ¢ and
J.

In the EEA problem, we aim to find valid allocation A =
(A1, As, -+, A,) such that each item is assigned to one
of their closest agents and each agent receives utility no
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less than others in the agent’s point of view, i.e., u;(A;) >
u;(A;) for any pair of agents F;, F;.

Considering k independent instances I(1), 1) ... () of
EEA with () = (M® X® F® ), we construct the
instance of our setting by defining M = U;<;<; M@, F =
U1§ing(i), G ={G1,Gs, - ,Gy} where G; = FO,

To construct item position profile X, we define ¢t = [log k]
and perform the following. To start with, we have the seg-
ment [0, 1]. We do recursion ¢ times. In each recursion, we
divide a segment [a, b] into two segment [a, a + 2] and

[b— bl’—o", b]. Eventually, we get 2 segments. For i-th seg-

ment [a;, b;], we locate the item j € M) at aﬂr:z:;i) (bi—a;)
so that the distance between items in M(?) proportionally
shrinks with respect to the length of the segment.

U1 U2 U1,k
- . U2,1 U2 U2k
Let utility matrix u be .|, where
Uk,1  Uk,2 Uk, k
u; j is an® x m() submatrix and
u® i=3j
R Qj
a3 on(@)
T o
Ui j = Qj (D o
. i F ]
Y] o
Q5 3 2n(9)

Here «; are extremely small positive numbers and o >
ag > -+ > ay. Lastly, we do normalization.

O

In the following, we show that there is a polynomial-time
algorithm to compute a (best-approximate) IEF contiguous
or valid allocation when the number of agents is constant.
The algorithm considers all possible contiguous allocations
of items to agents and check, for each contiguous allocation,
whether it satisfies IEF and whether it is valid. To determine
whether a contiguous allocation is valid, we additionally
require linear programming in|Wang et al.| [2021] and use [
to denote the number of bits to represent it.

Theorem 3. There exists an algorithm that returns either a
(best-approximate) IEF contiguous allocation in O((mn +
n?) max(m,n)" 1), or a (best-approximate) IEF valid al-
location in O((mn + n? + poly(m,n,1)) max(m,n)"~1).

Next, we show that when the number of items is constant,
we can obtain a polynomial-time algorithm to compute a
(best-approximate) IEF contiguous or valid allocation. In-
tuitively, we compute the minimum local envy achieved by
assigning each partition of the items to each group using
matching. Based on minimum local envies, we leverage



dynamic programming to obtain a (best-approximate) allo-
cation.

Theorem 4. There exists an algorithm that returns ei-
ther a (best-approximate) IEF contiguous allocation in
O (k|G rmaz)?>T°™ log |G max|4™), or a (best-approximate)
IEF valid allocation in O(k8™).

4.2 BOUNDS FOR IEF ALLOCATIONS

In this subsection, we provide upper/lower bounds on the
existence of IEF contiguous or valid allocations.

For envy-free (EF) contiguous allocations (with only one
group), Suksompong| [2019] shows there is always a 21,44~
EF contiguous allocation. We show that this approximation
can be improved when there are multiple groups for IEF.

Theorem 5. Given any instance with k > 2 groups of
agents, there always exists a %umaz-IEF contiguous alloca-
tion.

Proof. Consider a cake represented by the interval [0, m)
and a group that has the least number of agents. For F; €
Gin, agent F; has utility u,(j) for the subinterval [j —
1,7), which is the same as the utility of item j to agent
F;. According to |Stromquist| [[1980], for any instance, there
always exists an EF contiguous allocation for divisible items.
Therefore, we use G,,,;, and the cake as the instance of
the mechanism in [Stromquuist| [[1980]] to obtain the envy-
free division D = (Dy, D, -+, D|g,.,.|)» Where Dj is the
contiguous piece of cake for F; € G- Let |D| be the
length of any piece D.

Then we do rounding as follows: for subinterval [j — 1, j),
if it is covered by some D, i.e., [j —1,7) C D;, we allocate
item j to agent F;. Otherwise, the subinterval is shared by
some pieces.

Loof

2
1
3 we

o If there exists a piece D; such that more than
[ —1,7) isin D;, ie, [D; N [j — 1,5)] >
allocate the item j to agent F;.

* If there does not exist such a piece, there must exist
a piece D; that is fully contained in [j — 1, j), i.e.,
D; C[j —1,7). Then we allocate the item j to agent
F;. If more than one pieces are fully contained, we
arbitrarily choose one of them.

For those pieces that are fully contained by some subinter-
vals, they either lose or gain within one item, which is at
most u,q,. Other agents gain or lose utility also at most
Umaz SiNce each boundary contributes at most %umw.

For those who gain more than %um(m compared to the ini-
tial division D, we let them give up their rightmost item,
decreasing their extra utility to be at most %umam. Notice
that the item being given up is unallocated now. Then each
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agent in G, Will gain at most %um(m extra utility, while
it will lose at most w4, utility. Hence, the local envy is
- (_umam) =

1
§umaz 2 Umaz-

The case that some agents give up items will occur every
two agents at most. Thus, there are at most [%l
items that are given up. We use agents outside G, to
hold them one-to-one, i.e., one agent will only keep one
item. Since k¥ > 2 and |G| > |Gpin| > [%] for
any G € G, there always exist enough agents outside G,
for the reallocation. Since the agent outside G4, Will only
receive one item or nothing, the envy inside other groups
should be no more than ,,,,,.Thus, there always exists a
%umaw-IEF contiguous allocation.

O

For envy-free valid allocations (in which there is only
one group), (Wang et al.| [2021] show there is always a
(% + %)umaz- EF valid allocation. We show that this ap-
proximation can be improved considering groups.

Theorem 6. Given any instance with k groups of agents
and |Gin| = 2, there always exists a pq.-IEF valid
allocation.

Theorem 7. Given any instance with k groups of agents and
|Gimin| = 3, there always exists a i) (3[2] + 2)tmas-IEF
valid allocation for k > 3; ii) (3% + 3 )tmas-IEF valid

"
allocation for k = 2.

3

Proof. We first divide items into k blocks as equally as
possible, i.e., there are either [7*] or | 7] items in each
block. We assign the blocks arbitrarily to groups and each
group will receive exactly one block. For each group G,
we use the agents in G4 and the corresponding block to
generate a 2u,,,,.-EF contiguous allocation using Theorem
5 in |Suksompong| [2019]]. Combining such allocation for
each group together, we obtain a 2u,,4,-IEF contiguous
allocation A = (Ay, As, -+, A,). Applying Proposition
2.4 in |Wang et al,| [2021]], we can obtain a valid alloca-
tion A’ = (A}, A}, -+, Al), where u;(A}) > Fu;(A;) for
F; € F. For convenience, below we take G, € G as an
example.

Since A is 2Upqq-1EF, we have u;(A;) > u;(A;) — 2Umaa,
where I, F; € G,. Notice that the leftmost and the right-
most agent may obtain items from the neighbor blocks,
leading to ui(A;-) < ui(Aj) + [ 5 [tmaz- Then we obtain
that for ¢ # j and F;, F; € G,

uZ(A;) > %u’b(Al) > %ul(A]) — Umax
1 1 -m
> (A — (2=
= 2“1(14]) (2|_k—| +1)umax (D

Since a group can obtain items from two sides, we have

UZ(A/L) + u7(A;) < 3[%]“’7”@%7 (2)



which gives

1 1-m
(A > —u (AL — (== 1
u; z)—2u1( ]) (Q[kw—i— JUmaz
3 1 5_m
> Sy (AL + Su (A — (= [— 1
_4uz( J)+4uz( z) (4’—]{1"‘ JUmaz
It implies that
5. m 4
(AN > (AL — (=[— — .
u; (A7) 7UZ(AJ) (3[/4;1 + S)Umax

5 4

3

5rm

Thus, we obtain a (5[
cation for k > 3 groups.

1+ %)umas-1EF contiguous allo-

As for k = 2, inequality (1) still holds, but inequality (2)
changes to u; (A7) + u;(A}) < 2[ 7 |umaz, and the result
changes to (3[ %] + 3 O

m

k )Umaq-1EF valid allocation.

3
Recall that in[Wang et al.|[2021]], they show that the exis-
tence of ("} Uymae — 0)-EF valid allocation is not guaranteed
when there is only one group. Even when there are multiple
groups, we can still obtain a lower bound of %, -

Theorem 8. For a < 1, the existence of an quy,q.-IEF
contiguous allocation or Qumq.-IEF valid allocation is not
guaranteed.

S GFS ALLOCATIONS

In this section, we first show that determining the existence
of a GFS contiguous or valid allocation is NP-complete and
provide an algorithm for determining its existence. We then
provide lower and upper bounds to the existence of GFS
contiguous or valid allocations.

5.1 COMPUTING GFS ALLOCATIONS

Notice that when there are n groups for n agents, finding
a GFS contiguous or valid allocation reduces to finding a
proportional contiguous or valid allocation, which is already
NP-hard [Bouveret et al.| 2017, |Wang et al., 2021]).

However, as we decrease the number of groups, the problem
can become easier (e.g., when all agents belong to one
group). Below, we show that the problem is as hard even if
we have a small number of groups.

Theorem 9. Determining the existence of a GFS contiguous
or valid allocation is NP-complete if the number of groups
1<k<n.

Proof (Sketch). First, we consider the hardness of deter-
mining the existence of a GFS valid allocation. Inspired
by Theorem 3.1 in Wang et al.| [2021]], we reduce from
EXACT-3-COVER (X3C), which is an NP-complete prob-
lem |Garey and Johnson|[[1979]]. An instance of X3C is given
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by I = (X, T), where X = {x1, 2, -, 235} isasetof el-
ements, and T = {17, Ts,--- ,T,} is a family of 3-element
subsets of X. The answer is “yes” if and only if X can be
exactly covered by s sets from T, i.e., each element in X is
covered by exactly one of the s sets. This problem remains
NP-complete if the frequency f, = |{T € T|z € T} | of
each z € X is at most 3.

Consider an Instance I = (X, T) of X3C, where f, < 3
for each x € X and the elements of 7" are denoted by
x, 2% 23 for each T € T. We construct an instance of
our problem: there are three items vi., v, v3. for each set
T € T,asetof sitems B = {b1, b, - ,bs} and a dummy
item w. Let € > 0 be a sufficiently small number. The order
of these m = 3r + s + 1 items in the line segment [0, 1] is

v, < VR <vR <vp <o <vh <bp <o <bg<w

For each T; € T, the lengths of both intervals (v, v7,)
and (v}, ,v},) are . For i = 1,--- ,r — 1, the lengths of
both intervals (v3,,vy,, ) and (v, ,b1) are 3¢. For j
1,---,s— 1, the lengths of intervals (b;, b,41) and (bs, w)
are ¢. Define a T-set to be Vr = {v}, v}, v3.} for each
TecT.

There is a total of n’ = 3s + r + 1 real agents: one agent
Fr for each T € T, one agent F), for each x € X and
one dummy agent Fy. Moreover, we add other sn’ dummy
agents to construct the group profile G such that G, €
G contains the agent F; together with s dummy agents

{Fy.4,,Fg.d5, -+ Fy,a,}. The values are defined as:
3’}Ll ifveVyp
1 .
= ifveB
ur(v) =< "%
7(v) Wosol o if g = w

0 otherwise

% ifveVrpandz €T

ug(v) = "/j’f"? ifv=w
0 otherwise
1 v=w
ug(v) =
a(v) {0 otherwise

1 v=w

Ug,q(v) = {

Then each agent has a utility of 1 over the set of all items
satisfying normalization.

0 otherwise

O

We can use a similar idea in Theorem [3| for identifying
approximate GFS contiguous or valid allocations. Enumer-
ating all contiguous allocations, we check whether they
satisfy GFS or compute the best approximation € for them.



Theorem 10. There exists an algorithm that returns either
a (best-approximate) GFS contiguous allocation in O((m +
n) max(m,n)" 1) or a (best-approximate) GFS valid allo-
cation in O((m + n + poly(m, n, 1)) max(m,n)"~1).

The idea for Theorem [ can also be extended to find a (best-
approximate) GFS contiguous allocation.

Theorem 11. There exists an algorithm that returns ei-
ther a (best-approximate) GFS contiguous allocation in
O((k|G,|#+°(1))4™) or a (best-approximate) GFS valid al-
location in O(k8™).

5.2 BOUNDS FOR GFS ALLOCATIONS

For proportional allocations (in which there are n groups
for n agents), Suksompong|[2019] shows there is always a
”;1 Umag-proportional allocation. Surprisingly, this allo-
cation can provide a “L - |G02| * Umaz-GFS contiguous
allocation directly. We show that this bound can be improved

and depends on the number of groups.

Theorem 12. Given any instance, there always exists a
contiguous allocation A = (Ay, Aa, -+ , Ay,) such that for

|Gyl |Gyl 1
every group G, Zpieag ui(A;) > =5 — (22 - £+
kkluq,maw) In particular, there exists a (% — % 4
k—1

= Umaz )-GFS contiguous allocation.

Proof. Define f,(M’) to be the maximum total utility that
group G, can achieve contiguously for the contiguous bun-
dle of items M’. In Appendix, we show that while comput-
ing f, is NP-hard, there is a dynamic programming algo-
rithm that computes f, in O(m?n2™).

Lemma 13. For each group G4 and each bundle [, 7], the

inequality f4([l,7]) < fqo([l,i]) + fq([¢ + 1,7]) holds for
any item i in [, r].

We process the items from left to right using the following
mechanism, modified from Suksompong| [2019]:

1. Set block B to empty.

2. If there exists a group G|, such that fy(B) > ¢ —
%ugﬂnm, give the block to the group. (If several

groups satisfy the condition, choose one arbitrarily)

1

— If all groups have received a block as a result of
this step, allocate the leftover items to G, and
terminate.

— Otherwise, remove G, from consideration and
return to step 1.

3. Add the next item to block B and return to step 2.
We show by (backward) induction that when there are ¢

groups who have not been allocated a block, each group G|,
among them can achieve a maximum total utility of at least
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L E=ty, max for the remaining items R. Formally, we

kT k
prove that f,(R) > £ — £-tu, .4, for such group Gy.

e
The case holds when ¢ = k. Assume that the statement
holds when there are ¢t + 1 groups left, and consider G,
who is not the next group to receive the block B. When
there are t + 1 groups left, f,(R) > t — E==1
Assume that the last item that inserts into the block is j.
Since G is not the next group to receive B, f,(B \ j) <
T 1ug maz> meaning that fo(B) < 4 £Ugmaz- Since
fg(R\B + fg(B) > f4(R) by Lemmal|13] we have

fo(R\B) > f,(R) ~ [,(B) > + - *=1

as desired. Now each group G, receives total utility at least

1 k=1 |Gyl
+ — %2 Ug maz- In other words, ZFieGg ui(A;) > el —

k
(@ k+

n

Ug max-

Ug,max

O

uq,maw)

Recall that in[Wang et al.|[2021]], when every group has a sin-
gle agent, they show that there always exists a ”+m L tmaz-
Prop valid allocation. Their setting is equ1valent to ours
when there are £ = m groups. This allocation can provide
a 2L |G gs] - Umar-GFS valid allocation directly.
Below we derive an improved upper bound for instances
of our setting with groups by leveraging Theorem [12]and
Proposition 2.4 in|Wang et al.|[2021]].

Theorem 14. Given any instance, there always exists a valid
allocation A = (A, As, - -+, A,,) such thatfor every group

Go Xoriec, uil4i) 2 IGngl - (lcjz d— o T 5 tma). In

particular, there exists a ('GLR”‘ — g5 + Tkumw)-GFS
valid allocation.

Wang et al.[[2021] show the existence of a ({5 Umar — 6)-
GFS valid allocation is not guaranteed when each agent
belongs to their own group. Below, we show that even if
we have more agents in one group, we can obtain a lower

bound.

Gnl(ll‘

1Cmael iy
)-GFS contiguous allocation or a(w — o+

Theorem 15. The existence of an o2zl

k—1
k. umar
k kl Umaz )-GFS valid allocation is not guaranteed for any

o < 1 when there are m = k — 1 items.

6 IEF AND GFS ALLOCATIONS

When considering an IEF allocation, a group of agents may
not receive any item to satisfy envy-freeness (which can be
bad for GFS). In a GFS allocation, an agent may receive
low utility while other agents in the same group receive
high utility (which can be bad for IEF). In this section,
we consider allocations that satisfy both IEF and GFS and
provide upper/lower bounds on their existence.

When each group has only one agent, any allocation is IEF.
In this case, determining the existence of GFS reduces to



finding a proportional allocation, which is NP-hard con-
sidering contiguous or valid [Bouveret et al., 2017, |Wang
et al.l2021]]. We can use a similar idea as the algorithm in
Theorem [3| and Theorem [I0]to find a contiguous or valid
allocation that approximately satisfies both IEF and GFS.

For the existence of IEF and GFS contiguous allocation, we
provide the following upper bound.

Theorem 16. Given any instance, there always exists
@ 2pmaq-1EF and =00 tmin 20 mas || GFS con-
tiguous allocation.

Proof. Given any contiguous block By, a group G4 can
always achieve locally 2u,,4,-EF proved by [Suksompong
[2019]]. Meanwhile, since e-EF implies e-Prop, the alloca-
tion i also a 2ty qz-Prop allocation. Then for the given By,
we have the 2, 4,-EF and 2t,,,,,-Prop allocation A such
that for F; € G,

u;(By)
U; Al 2 y *QUmaz
W)=,
= Z Ui(Ai)ZM—Q\Gngam 3)
et |G|

We construct the contiguous block B, by assigning
|2 ]|Gy| or [2]]G| items to each group.

m
Z ui(By) = L;HGH X |Gglumin

FieGy
m m-—n
Z (g - 1)‘Gg|2umin - |Gg‘2u’min
(4)
After incorporating the inequality (4) into (3), we have
m—n
Z uz(Az) 2 n ‘Gg|umin - 2‘Gg|umaz
FiGGg
G G m-—n
:‘ ng| _ (‘ ng| - |Ggltumin + 2|Ggltmaz)
> ‘G9| _ 1- (m — n)umm + 2NUmax |Gma$|.
n n
O

Next, we provide the following upper bound on the exis-
tence of IEF and GFS valid allocation. For GFS, we apply
Proposition 2.4 in[Wang et al.[[2021]], which obtains a valid
allocation A’ from a contiguous allocation A such that for
each agent F;, u;(A}) > u;(A;). For IEF, the trick is sim-
ilar as in Theorem[7] except that some parameters in some
inequalities are different.

Theorem 17. Given any instance with k > 3 groups of

. 2—(m— mint2NUmaz
agents, there always exists a (m ")u2n 2nu |Gz |-

GFS and (3[2] |Gmax| + §)Umae-1EF valid allocation.

Proof. By applying Proposition 2.4 in|Wang et al.|[2021],
we can construct a valid allocation A’ from A in Theorem
such that for each agent F;, u;(A}) > 1u;(4;) by locat-
ing the agent at one of the boundaries of their allocation A;
to guarantee that the agent can always get the better half.

Then, we can obtain the following upper bound for GFS:

Z ui(A;)Z% Z u;(Ai)

FiEGy FieGg
m—n
> G, i~ |Gy i
Gyl |Gyl m-—n
:| ng‘ - (| n9| _ o ‘G9|umin + |Gg|umaw)

< |Gyl _2- (m — n)Umin + 2NUmax

‘Gmaz|~

n 2n

For IEF, we can apply the same tricks as in Theorem
Notice that the only difference between the A’ in Theorem
and the A’ here is the way to distribute items to each
group in the construction of A. Instead of [ 7' items, each
group can have at most [ |G| items in the contiguous
allocation A. Thus, the approximation of IEF for A’ is
(% (%1 |G maz| + %)umaw' O

Following the above result, as in Section 4, for k = 2, the
approximation for IEF becomes ( % [ G maz| + %)umw,
while the approximation of GFS remains the same.

Below, we provide a particular instance showing the lower
bounds on the existence of IEF or GFS contiguous and valid
allocations. The proof is shown in the appendix.

Theorem 18. The existence of a% |G maz|-
GFS or Bumaz-IEF contiguous allocation is not guaran-
teed, and the existence of a% |G maz|-GFS
or Bumaz-IEF valid allocation is not guaranteed for any
a, 8 < 1 when there are m = 2n — 1 items.

7 CONCLUSION

We consider contiguous fair division of indivisible items
to groups, where each agent’s bundle must be contiguous,
with or without closest assignment. For both settings, we
show NP-completeness for IEF and GFS allocation exis-
tence, and give polynomial-time approximation algorithms
when either the number of agents or items is fixed. We also
provide bounds for IEF, GFS, and their combination. For
future directions, an immediate direction is to tighten the
upper and lower bounds further. Beyond the additive approx-
imation (as often considered in contiguous fair division),
it is also interesting to consider relaxations analogous to
EF1/EFX/Prop1/PropX. Finally, it would be a good direc-
tion to consider other fairness notions for groups of agents
within contiguous fair division.
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PROOFS IN SECTION {4

PROOF OF THEOREM

Claim. Determining the existence of an IEF valid allocation is NP-complete, even if there are multiple groups of agents.

Proof. First, we consider the hardness of determining the existence of an IEF valid allocation. We show that the problem is
in NP. In particular, we can verify whether a given allocation to the problem is valid by applying linear programming in
Wang et al.| [2021]]. For the given allocation, we can also verify in polynomial time whether there exists some envy between
agents from the same group. Therefore, the problem is in NP.

Next, we show that the problem is NP-hard. We reduce from the problem of determining the existence of an envy-free valid
allocation (EEA), which is NP-complete when there is a single group Wang et al.[[2021]].

An instance of such a problem is given by I = (N, X,F,u), where N = {1,2,...,m} is the set of items, X =
{z1,22,...,xm} is the item location profile, F = {Fy, Fy, ..., F},} is the set of agents (n > 2), and w is the utility
matrix whose entry in i-th row and j-th column wu;(j) refers to the utility of agent F; for item j. Without loss of generality,
in the instance, 0 < w;(j) < 1 for and j.

In the EEA problem, we seek to find valid allocation A = {A;, Ao, ..., A,,} such that each item is assigned to one of their
closest agents and each agent receives utility no less than others in the agent’s point of view, i.e., u;(A;) > u;(A;) for any
pair of agents I, F}.

Considering & independent instances (1), 1(?), ... T(*) of EEA, we construct the instance of our setting by defining
N = UlgigkN(i)a F = Ulging(i)a G = {Gl, Go, ..., Gk} where G; = FO,

To construct item position profile X, we define ¢ = [log k] and perform the following. To start with, we have the segment

[0, 1]. We do recursion ¢ times. In each recursion, we divide a segment [a, b] into two segment [a, a + bl_—oa] and [b — bl_—oa, bl.

Eventually, we get 2¢ segments. For i-th segment [a;, b;], we locate the item j € N® at a; + x;i)(bi — a;) so that the
distance between items in N(*) proportionally shrinks with respect to the length of the segment.
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Here we assume that all «; are extremely small positive numbers and a;; > ag > ... > «y. Lastly, we normalize the
matrix « so that the sum of each row is 1.

Clearly, constructing instance I = (N, X, M, G, u) for our problem can be done in polynomial time. Next, we prove that
the answer to each instance of EEA is “yes” if and only if the answer to our problem is “yes”.

Suppose the answer to each instance of EEA is “yes” for all of the instances 1(?)’s, meaning that the local envy of each
group is 0. Then, we can directly combine the envy-free valid allocations of the & instances to obtain an IEF valid allocation.

For the other direction, suppose the answer to our problem is “yes”, meaning that there is an IEF valid allocation A. Take
G; € G as an example. We introduce a variable x to hold the index of instances for later discussion. If GG; receives some
items from N(i), x = 4. Otherwise, z is the minimum index of instance that GG; receives items from. There are three cases in
G;’s allocation:

Case-1 agent: the agent receives items from instances other than N(*),

By construction, the utilities of such items are far smaller than the items in N(*), Therefore, such an agent will definitely
envy those who receive items from N(*) meaning that this case will not happen.

Case-2 agent: the agent receives items from N(*) and some other instances.
Case-3 agent: the agent receives items only from N(*),

Because of the closest assignment requirement and the item location profile we construct, there are at most two case-2 agents,
and these two agents receive items from N(*) and some other instances. Since the difference in the utilities of different
instances is too large, there must exist some envy between these two agents. Thus, the case where there are two case-2
agents in G; will never happen. Notice that each group has multiple agents, meaning that there must exist case-3 agents.

Since the utilities of other instances are nonzero, there must exist some difference of utilities that case-2 and case-3 agents
receive from N (), Meanwhile, the utilities of other instances are too small to remove the difference, meaning that the case-2

agent always envies case-3 agents. Hence, case-2 agents do not exist, meaning that agents in GG; can only receive items from
N@),

Since ay > Zy S&, the agent receiving c, must be envied by other agents when z # i. Therefore, x = i, meaning that
agents in G; can only receive items from N(),

Hence, A is IEF, implying that the allocation for each instance is envy-free. Thus, the answer to each instance is “yes”.

O

We show that determining the existence of an IEF contiguous allocation is also NP-complete. In [Bouveret et al.[[2017],
they introduce the problem of fairly allocating a graph such that each agent receives a connected subgraph. They prove that
determining the existence of such allocations satisfying envy-freeness is NP-complete, even if the graph is a path. Notice
that when the graph is a path, the problem is just the same as our problem when all agents are in a single group. Next, we
can give the hardness of finding an IEF contiguous allocation when there are multiple groups of agents.

Claim. Determining the existence of an IEF contiguous allocation is NP-complete, even if there are multiple groups of
agents.

Proof. First, we show that the problem is in NP. It is easy to verify whether the given allocation is contiguous. We can also
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verify in polynomial time whether there exists some envy between agents from the same group. Therefore, the problem is in
NP.

Next, we show that the problem is NP-hard. We reduce from the problem inBouveret et al.| [2017] that given a path, whether
there exists an envy-free allocation such that each agent receives a connected subgraph. We will refer to their envy-free
allocation problem as EEAP.

An instance of EEAP is given by I = ((V,E), F, u), where V = {1,2, ..., m} is the set of vertices, E is the set of edges,
F ={F\, F>, ..., F,} is the set of agents, and w is the utility matrix whose entry in i-th row, j-th column u;(j) refers to the
utility of agent F; for vertex j. Without loss of generality, in the instance, Vi, j,0 < u;(j) < 1.

Since the graph is a path, vertices can be seen as items ordered from left to right in a line. Then for such a problem, we aim
to find valid allocation A = {A;1, A,, ..., A, } such that each agent receives a contiguous bundle with utility no less than
others in the agent point of view, i.e., u;(A;) > u;(A;) for any pair of agents F; and F}.

Considering k independent instances 1), 1(?) .. T(*) of EEAP with I = (V@ E®) F® ), we construct the

instance of our setting by defining N = U;<;<x VO, F = U1 <;<;, F), G = {G1, Gy, ..., Gy} where G; = F(). Also, the
order of items in an instance remains the same, while the instances are also arranged in some order.

Uy U2 0 ULk
. . U21 U232 - U2k . . . .
Let utility matrix u be . . . . |,whereu,; ;isa n{ x m) submatrix and
Uk,1 Uk2 - Ukk
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Here we assume that all «; are extremely small positive numbers and a1 > aig > ... > «y,. Lastly, we normalize the
matrix v so that the sum of each row is 1.

In the proof for valid case above, the allocation is restricted by the constructed utility of the items instead of the distance
between items, meaning that the arguments apply not only for valid but also for a contiguous allocation. As such, we can
follow the same arguments as in the valid case (i.e., the reduction above for valid allocations) to prove that the answer to
each instance of the EEAP is “yes” if and only if the answer to our problem is “yes”. Thus, our problem is NP-hard.  [J

PROOF OF THEOREM

Proof. We start with the following lemma to count the number of possible contiguous allocations.

Lemma 19. There are O(max(m,n)"~1) possible allocations in total.

Proof. Assume that there are 7 agents who receive some items, leaving others to receive no items. Then there are (7;) ways

to pick the 7 agents. Then we divide the m items into ¢ contiguous and nonempty bundles. There are (T__ll) divisions (adding
breakpoints to the gaps between two adjacent items, n — 1 breakpoints and m — 1 gaps; when ¢ > m, there is at least
one bundle that is empty, meaning that there is no way to divide the m bundles into ¢ contiguous and nonempty bundles).
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Moreover, there are ¢! ways to assign the ¢ bundles to the 7 agents. Totally, the number of possible allocations is

g; (?) wil % (”;_f)

<> (1)

=0
=O(max(m,n)" ).

O

Thus, we can simply enumerate all possible allocations and check whether each allocation satisfies IEF or compute the best
approximation. Since checking whether an allocation is IEF takes O(mmn + n?) (for each agent, computing the utility of all
agents under his evaluation takes O(m), while comparing with other agents to check whether it is IEF or calculating the
difference with other agents to find the best approximation takes O(n)) and there are O(max(m,n)"~!) possible allocations
by Lemma [19] the whole procedure takes O((mn + n?) max(m,n)"~1). Thus, this approach is polynomial when the
number of agents n is constant.

To check whether an allocation is valid, we can also apply the linear program in Proposition 2.4 in Wang et al.|[2021]] to
check its validity. Since a linear program can solve in poly(m,n,l) with m items, n agents, [ input bits to encode the linear
program Jiang et al.|[2020], the whole procedure takes O((mn + n? + poly(m,n, 1)) max(m,n)"~1). O

PROOF OF THEOREM @

Proof. To prove Theorem [ we first present the following lemma.

Lemma 20. Given a group of agents Gy and |G 4| contiguous bundles { By, Ba, - - - , B|g,| }, we can allocate the bundles to
the agents in G4 with the smallest local envy in polynomial time.

Proof. We first construct a bipartite graph G = (V1, V5, E) such that each vertex in V; represents an agent in G, while
each vertex in V5 represents a contiguous bundle. There is an edge e; ; between each vertex F; € Vi and B; € V,, whose
weight w; ; is the envy caused by assigning B, to F;. Thus, we have w; ; = maxy(u;(Bg)) — u;(Bj).

For a given w* as the maximum local envy, constructing a subgraph G* of GG with the same vertices and a subset of edges
E* = {e; jlw; ; <w*}. Itis not hard to see that there exists an allocation of the |G ;| bundles with at most w* local envy if
and only if G* has a perfect matching. Thus, by sorting all the possible weights and applying binary search, we can obtain
an allocation with the smallest local envy.

Notice that there are O(|G4|?) edges, implying O(|G4|?) possible weights. Thus, the binary search takes O(log |G,)).
Meanwhile, we can apply the algorithm for finding maximum flow to check the existence of a perfect matching, which takes
O(|G4|>T°™)) [Chen et al., 2022]]. Therefore, the whole procedure takes O(|G,4|*+°™) log |G, |) and is polynomial. ~ []

We call an interval [I, 7] C M’ for some subset of items M’ a local maximal contiguous bundle if | —1 ¢ M’ andr+1 ¢ M’
and j € M/ for any [ < j < r. Then the following lemma shows that we have O(2™~1) different ways to turn at most |G|
local maximal contiguous bundles into exact |G| contiguous bundles.
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Lemma 21. Given a group of agents G4 and a subset of items M’ € 2M composed of at most |G| local maximal contiguous
bundles, there are O(2™~1) ways to divide them into exact |G| contiguous bundles.

Proof. Typically, the number of ways to divide the subset of items M’ into G, bundles is calculated by selecting G, — 1
breakpoints from [M'|+ |G 4| — 1 slots. However, this method treats two empty bundles as distinct, leading to many duplicate
counts. Thus, we count them by assuming there are ¢ nonempty bundles and summing them up for all possible ¢. The number

of ways to divide the subset of items M’ into 7 nonempty bundles is calculated by selecting 7 — 1 breakpoints from |M'| — 1
M —1]

gaps between each two adjacent items, which is ( i1

). Therefore, the total number is

‘Gg‘ m—1
5 M| — 1 5 —1 .
< i—1 > S =0 <m2 ) =2 1'

=1

O

We define amap f : 2M x G — R showing the smallest local envy achieved by assigning a subset of items to a group of
agents. For any subset of items M’ and the group G, we first check whether M’ is composed of at most |G| local maximal
contiguous bundles. If no, f(M', G,) = oc; if yes, we try all O(2™~!) ways to divide them into |G | contiguous bundles by
Lemma[21] and then apply Lemma[20]for each of the divisions. Eventually, we take the smallest local envy among all divisions
as f(M’,G,). This procedure takes O(k % 2™ % 2™~ % |G oz | >0 1og |Grnaz|) = O(K|G oz [>T log |Gas [4™).

Next, we leverage dynamic programming. Assume that dp, s is the smallest local envy achieved by assigning the items in
item subset s to the first g groups. Initially, dpy g = 0. Then we have

dpg.s = glérsl max(dpy1,.s—s, f(s',Gy)).

Therefore, we obtain the best approximation with dpy nv, and we can recover the entire allocation by backtracking. Since
enumerating g, s, s’ takes O(k), O(2™), O(2™), the dynamic programming and backtracking takes O(k4™) in total.

Overall, the whole algorithm returns a (best-approximated) IEF contiguous allocation and runs in
O (k|G rmaz)?T°M log |Gz |[4™).

As for valid allocations, we can enumerate a division of all m items into n contiguous bundles B = {B;, By, -+ , B, }
and check whether such a division satisfies validity using linear programming in [Wang et al.,| [2021]]. Recall we have
shown in Lemmathat there are (’?:11) ways to divide the m items into ¢+ nonempty contiguous bundles. Hence, there

are y (T:ll) = O(2™) such divisions in total. Given a division B that satisfies validity, for each group of agents G,
we enumerate |G 4| bundles for them. Although there are n bundles in B, at most m of them are nonempty. We can only
enumerate ¢ nonempty bundles, assuming that the remaining |G| — ¢ bundles are empty. Thus, there are

<

H()50)-

=0 =0

enumerations for each group G,. Similarly, we define a map f : 2M x G — R showing the smallest local envy achieved by
assigning a subset of items to a group of agents. For any subset of items M’ and the group G, we first check whether M’ is a
union of |G,y contiguous bundles from B. If no, f(M’, Gy) = oo; if yes, we apply Lemma[20|using the corresponding |G|
contiguous bundles to get f(IM’, G,). Then we apply the same dynamic programming to find the best approximation and the
allocation. Since there are O(2™) different B, and we do linear programming, calculate f and apply dynamic programming
for each B, the overall procedure takes O(2™ (poly(n, m, 1) + k|G maz|> 721 1og |G naz |27 + k4™)) = O(k8™). O

PROOF OF THEOREM |§I

Proof. If |Gin| = 2, assume that G, achieves |G,yip|. From Theorem 4.2 of Wang et al|[2021], allocating all items to
agents F; € G, always guarantees that each agent has at most u,,, envy over the other one, which indicates a locally
Umaa-EF allocation in group G. Since other groups are all locally EF with no items allocated, there always exists a
Umaq-1EF valid allocation for |G | = 2. O
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PROOF OF THEOREM

Proof. When there does not exist any k natural numbers a1, as, ..., ax such that the number of items m = a1 |G1|+ az|Ga|+
.. + ax |G| (One setting satisfying this condition is that each group has even number of agents and the number of items
is odd). Suppose each agent has an equal utility of % towards each item. We first assign an equal number of items to the
agents in the same group. Let a;, as, ..., ax be the number of items the agents receive in the corresponding groups such that
the number of remaining items r = m — (a1|G1| + a2|G2| + .. + ax|Gy|) is minimized. Notice that 7 is less than |G in |,
otherwise a,,;, can increase by 1 meaning that r is not minimized. Also, r cannot be 0 by the initial assumption. Then
there must exist some agents who receive these remaining r items. To minimize envy, each agent that receives additional
items will only receive one more item. Thus, the local envy within a group containing such agents is equal to the utility of
one item, which is less than u,,,4,. Once how many items each agent receives is determined, we can assign the items from
left to right constructing the contiguous assignment A, which is w,,,4,-IEF. Thus, the existence of ati,,4,-IEF contiguous
allocation is not guaranteed.

Considering closest assignment requirement, suppose the segment [0,1] is equally divided by n point
{@11,212, ., %1,)Gy|> T2,1, .-, Th |y | from left to right. For each point z; in {xg 1, %42, ..., 2,q,| } there are a, items
in the neighborhood (x; — §, x; 4 &), where ¢ is a very small positive number. Suppose that there is one more item in each
of the neighborhoods of the last r points. It is not hard to see that the location profile of agents with the smallest local
envy is that each agent in G, is located separately at the points in {xg,l, Tg.2, e xmgg‘} and receives the items in the
neighborhood of that point. Since the last r agents will receive one more item than other agents in Gy, there is a local envy
of Uy,q2, and thus the allocation is u,,,,,-1EF and valid. O

PROOFS IN SECTION

PROOF OF THEOREM @

Claim. Determining the existence of a GFS valid allocation is NP-complete, even if the number of groups 1 < k < n.

Proof. First, we consider the hardness of determining the existence of a GFS valid allocation. Inspired by Theorem 3.1 in
Wang et al.|[2021]], we reduce from EXACT-3-COVER (X3C), which is an NP-complete problem (Garey and Johnson|[[1979].
An instance of X3C is given by I = (X, T), where X = {z1, 22, - , 235} is a set of elements, and T = {T,T5,--- ,T;.}
is a family of 3-element subsets of X. The answer is “yes” if and only if X can be exactly covered by s sets from T,
i.e., each element in X is covered by exactly one of the s sets. This problem remains NP-complete if the frequency
fo=|{T € T|z € T}| of each x € X is at most 3.

Consider an Instance I = (X, T) of X3C, where f,, < 3 for each z € X and the elements of 7" are denoted by z%., 2., z3.
for each T' € T. We construct an instance of our problem as follows. There are three items vk, vZ, v3. for each set T € T,
aset of s items B = {by, by, - ,bs} and a dummy item w. Let € > 0 be a sufficiently small number. The order of these
m = 3r + s + 1 items in the line segment [0, 1] is
vp, < VF <V <vp, <-o-<vh <bp <-or<bg <w

For each T; € T, the lengths of both intervals (vy,,v%,) and (v7,,v%,) are €. Fori = 1,---,r — 1, the lengths of both
intervals (v3, , viﬂ) and (v}, ,by) are 3. For j = 1,-- -, s — 1, the lengths of intervals (b;, b;11) and (b, w) are €. Define
a T-set to be Vi = {v},v3, v} } foreach T € T.

There is a total of n’ = 3s + r + 1 real agents: one agent Frr for each T' € T, one agent F,, for each z € X and one dummy
agent F;. Moreover, we add other sn’ dummy agents to construct the group profile G such that G, € G contains the agent

F, together with s dummy agents {F 4,, Fy.d,,- - , Fg,a. }. The values are defined as:
! ifveV,
3In/ T
1 .
= ifve B
ur(v) =47 )
) noslify =w
n
0 otherwise
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. ifveVrandx €T

ug(v) = ifv=w

0 otherwise

ud(v)z{l v=w

0 otherwise

ug’d@) _ {1 V=W

0 otherwise

Then each agent has a utility of 1 over the set of all items satisfying normalization.

Notice that there are n = (s + 1)n’ agents in total, and the fair share for each group is (Sf{;n, = % Since all agents in G4
only have utility towards the dummy item w, w is assigned to G4 in any GFS allocation. Thus, in any GFS allocation A,
for each group G, ZFieGg u;(A4;) = ug(A,), which is just equivalent to the cases in Theorem 3.1 inWang et al.{[2021]].

Further, we can also conclude that the answer to X3C is “yes” if we can find the GFS allocation for the instance.

Suppose that I admits an exact cover T' C T of size s. Let u be a perfect matching between T’ and B. Define a location
profile of agents and the allocation A as follows:

« foreach T' € T', agent Frr is located at the position of item ;(T") € B, and receives the item u(7T);

o foreach T' ¢ T’, agent Fr is located at the position of item v, and receives the T-set Vr;

k

 each agent F), is located at the position of v% such that x = v% and T' € T’, and receives item v7:;

* agent F} is located at the position of item w, and receives item w.
* agent [ 4 is located anywhere that is at the right of item w, and receives nothing.

Then every group receives at least ﬁ as its fair share and thus the allocation is valid and GFS. O
Now, we consider a GFS contiguous allocation. Again, in|Bouveret et al.| [2017]], they proved that determining the existence
of proportional allocation in a graph such that each agent receives a connected subgraph is NP-complete, even if the graph is
a path. Similar to IEF, when the graph is a path, the problem is just the same as determining the existence of a contiguous
proportional allocation in our setting. Thus, we can apply a similar method as in|Bouveret et al.|[2017]] and the claim above
to show the hardness of determining the existence of a GFS contiguous allocation.

Claim. Determining the existence of a GFS contiguous allocation is NP-complete, even if the number of groups 1 < k < n.

Proof. We reduce from EXACT-3-COVER (X3C), which is an NP-complete problem |Garey and Johnson| [1979]. An
instance of X3C is given by I = (X, T), where X = {x1,x9,...,x3s} is a set of elements, and T = {T},T>,...,T,}
is a family of 3-element subsets of X. The answer is “yes” if and only if X can be exactly covered by s sets from T,

i.e., each element in X is covered by exactly one of the s sets. This problem remains NP-complete even if the frequency
fo=1{T € Tjx € T} | of each x € X is at most 3.

Consider an Instance I = (X, T) of X3C, where f,, < 3 for each x € X and the elements of T are denoted by z., 2., z3.
for each T' € T. We construct an instance of our problem as follows. There are three items v}, v%, v3, for each set T € T, a
set of s items B = {by, b2, ..., bs } and a dummy item w. The order of these m = 3r + s + 1 items in the line segment [0, 1]
is

1 2 3 1 3
vy, <vp <vp <vp, < .o <vp <b <..<bs<w

Define a T-set to be Vi = {v},, v, v}, } foreach T € T.

There is a total of n’ = 3s + r + 1 real agents: one agent Frr for each T' € T, one agent F, for each z € X and one dummy
agent Fyy. Moreover, we add other sn’ dummy agents to construct the group profile G such that G, € G contains the agent
F, together with s dummy agents {F, 4,, Fy dy, ---, Fg.a, }- The values are defined as:

3,77 ifveVyp
1 .
= ifve B
ur(v) = W1 ifv=w
n’ -
0 otherwise
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L ifveVypandz eT

ug(v) = ”l;/?f"' ifv=w
0 otherwise
1 v=w
uq(v) =
a(v) {O otherwise

0 otherwise

ug,d(v) _ {1 v=w

Then each agent has a utility of 1 over the set of all items satisfying normalization.

Notice that there are n = (s + 1)n’ agents in total, and the fair share for each group is (Sf{)ln, = % Since all agents in G4
only have utility towards the dummy item w, w is assigned to G4 in any GFS allocation. Thus, in any GFS allocation A,
for each group G, ZFiecg u;(A4;) = ug(Ay), which is just equivalent to the cases in Theorem 3.1 inWang et al.{[2021]].
Further, in the hardness proof for valid cases, the allocation is limited by the designed utility of the items instead of the
distance between items, meaning that the statements are not only for the valid but also for a contiguous allocation. Then we
can conclude that the answer to X3C is “yes” if we can find the GFS allocation for the instance. And thus the problem is

NP-complete. O

PROOF OF THEOREM

Proof. Given an e-GFS allocation, let ¢, be the difference between the total utility of the group and its fair share. Formally,
we have } p o ui(Ai) = |G—ng| — €4 and € = max, €,4. Based on such a definition, we have the following lemma:

Lemma 22. Given a group of agents Gy and |G 4| contiguous bundles { By, Ba, - - - , B|g,| }, we can allocate the bundles to
the agents in G4 with smallest €, in polynomial time.

Proof. Since ¢, = ‘ij‘ — > req, 4i(4;), to minimize €5, we need to maximize 3 p o ui(4;).

We first construct a bipartite graph G = (V1, V3, E) such that each vertex in V; represents each agent in G, while each
vertex in V5 represents each contiguous bundle. There is an edge e; ; between each vertex F; € V; and B; € V5, who has
Weight Wy 5 = Uz(BJ)

Notice that since the constructed bipartite graph is a complete bipartite graph with equal vertices on both sides, the matching
with maximized total weights must be a perfect matching. This means that each bundle is assigned to an agent, and
each agent is allocated a bundle. Meanwhile, the algorithm in |Chen et al.[[[2022]] can also be applied here, which takes

O(IG,[>+0). 0

By replacing Lemma 20| with Lemma we apply the same algorithm in Theorem ] and find the (best-approximate) GFS
contiguous allocation in O (k|G az|> TV 4™) or (best-approximate) GFS valid allocation in O(k8™).

O

PROOF OF THE NP-HARDNESS OF COMPUTING f, AND THE DYNAMIC PROGRAMMING ALGORITHM
IN THEOREM

The problem of finding the maximum total utility when there are n items in a line and m agents with continuous demands
subject to the valid condition is proved to be NP-hard by |Wang and Zhang| [2021]] Since they limit the allocation by the
utility of items instead of the distance between items, the proof also works for the contiguous setting. Formally, we have the
following.

Claim. Computing f, is NP-hard.

Proof. We reduce from EXACT-3-COVER (X3C), which is an NP-complete problem |Garey and Johnson| [1979]. An
instance of X3C is given by I = (X, T), where X = {1, 22, ..., 23} is a set of elements, and T = {T},T», ..., T, } is a
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family of 3-element subsets of X. The answer is “yes” if and only if X can be exactly covered by s sets from T, i.e., each
element in X is covered by exactly one of the s sets.

Consider an Instance I = (X, T) of X3C, where the elements of T are denoted by x4, #2., 23, for each T' € T. We construct
an instance of our problem as follows. There are three items v4-, v, v3., each of which corresponds to an item in 7" for each
set T € T, r — 1 dummy items D = {dy,ds, ..., d,_1 }. The order of these m = 4r — 1 items in the line segment [0, 1] is

vp, < V3, < <dip <vp, <vf <l <dp < .. < v

Define a T-set to be Vi = {v},v3,v4} for each T € T. Denote by M the set of all items. Define the frequency
fu = 1{T € T|z € T} | to be the number of subsets that contain .

There are a total of n = 2s 4+ 2r — 1 agents: r — s identical T-type agents, one agent F, for each x € X, and one agent Fj
for each d € D. Denote by F the set of all agents. For each agent i € F, we have u;(IM) = 1. For each item v, the valuation
is defined as:

0  otherwise

wp(v) = {;T ifvg D

1o k k
if v = v%. and x = z7 for some T', k
wa(0) = {f ' !

0  otherwise

ud(v):{l v=d

0 otherwise

Notice that compared to other values, a dummy item has a sufficiently large utility toward the corresponding dummy
agent. Then it is easy to see that, in any optimal allocation A that maximizes the total utility, every d-type agent Fy,
must receive a dummy item d; € D and the bundle of every z-type or T-type agent cannot contain any dummy items,

indicating that u,(A) < fi and up(A) < % by the contiguous requirement. So the maximum total utility is at most

(7“—1)4—2%%—1—% x (r —s).
We claim that the X3C instance has a solution if and only if the maximum total utility of a contiguous allocation is
(r=1)+>, f% + % x (r — s)). This gives the reduction.

Suppose there is an exact cover T'. We can construct a contiguous allocation: every x-type agent receives a corresponding
item in the cover T', every T-type agent receives a T-set not in the cover T”, and every d-type agent Fy, receives the
corresponding dummy item d; € D. The total utility of such allocation is (r — 1) + > _ % + 1 x (r — s)) and thus it is
maximized.

Conversely, suppose the maximum total utility is (r — 1) +>_ fi + 1 x (r — s)). Consider a contiguous allocation A that
maximizes the total utility. Let T/ C T be the family of sets in which at least one element corresponds to an item assigned
to an z-type agent, that is,

T’ = {T € T|there is a v}. assigned to some F, with z = 2%} .

The total utility of all z-type agents is at most ) _ fi and that of all T-type agents is at most “-*. Then every z-type agent
must receive a corresponding item (as otherwise the maximum total utility is less than (r — 1) + 3 f%: + % X (r—2s)))
and thus it must be |T'| > s. If |T'| > s, then at least one T-type agent cannot receive a full 7-set, and the total utility of all
T-type agents is less then “—* . It indicates that the maximum total utility is less than (7 — 1) + > f% +1x(r—s)).a
contradiction. Therefore, it must be | T’| = s, which is an exact cover. O

Next, we present a dynamic programming algorithm to compute f,.

Let dp[S][;j] be the maximum total utility the agents in S C G, receive when considering the first j items. We enumerate
k < j and assign the items from £ 4- 1 to j to an agent F} in the agent set S. The f,; function can be computed as follows:

AplSIli) =, max (dplS — Pl + > wi(v)
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Finally, we get f,(IN) = dp[G4][m]. Notice that with some initialization, ZU k41 Ui(v) can be calculated in O(1). Since
enumerating S is O(2"), enumerating i is O(n), enumerating j, k is O(m?), the procedure goes in O(m?n2m).

PROOF OF LEMMA

Proof. Assume that sumy,. s is the total utility that G, gets from [/, 7] by the assignment of f,([l,r]), while sumgy s iz
is the total utility that G, gets from [i + 1, 7] by the assignment of f,([[,r]). By definition, f,([,¢]) > sumpre i and
fo(li 4+ 1,7]) = sumiuy pia- Thus, fo([l,1]) + fo([i + 1, 7]) = sumpregic + sumsugpiz = fo([l,7]). O
PROOF OF THEOREM

Proof. Applying Theoreml we can obtain a ( ‘G’"‘”‘ )— % + kTumm) GFS contiguous allocation A = {41, As, ..., A, }
such that for group G, € G, ZFieGg ui(A;) = ‘(i _ (‘(i gl 1 1+ 524y 1maz). By Proposition 2.4 in[Wang et al.|[2021]),

we can locate each facility at one of its boundaries guaranteeing that it receives more than half of its original utility so that
we get a valid allocation A’ = {A], A}, ..., A}, where for each facility, u;(A}) > 1

U (Az) Then for each group, we have
E UZ(A/) > = E uz(Az)
‘ 2

FieGy F,eGy
116G, G, 1 k-1
> (=9t =90 =
= 2[ n ( n k + k uq,maw)]

Gyl |Gl 1 k-1
T on ( n 2k + 2k Umaz)

In particular, we get a (LGZ;M\ _ le + %umaw)—GFS valid allocation. O
PROOF OF THEOREM
Proof. Suppose that there are m = k — 1 items for any of which each agent has an equal utility of +=5 and each group
has the same number of agents, i.e., |G4| = |Giae|- The fair share for group G, is ‘G | = IC; al E —|— kTumM. On the
other hand, in any allocation, some groups receive nothmg and therefore have a ut111ty of 0. For any o < 1, the utility
of this group is less than her fair share minus a(@ k + k umam) ‘We can conclude that the existence of a valid
a(\&;ﬂ k + & umm) GFS contiguous allocation is not guaranteed fora < 1.
With the same instance above, we give the lower bound for GFS valid allocation. Notice that IC%;I = ‘ij‘ — ﬁ + %ugmmx.
Then for the same reason, we can conclude that the existence of a valid a(‘GTli‘”l — ﬁ + %umaz)—GFS contiguous

allocation is not guaranteed for o < 1.

We notice that the same instance can provide the above lower bounds under different expressions. Both of these lower
bounds are mathematically equivalent for this instance. O

PROOFS IN SECTION [6]

PROOF OF THEOREM

Proof. Suppose that there are m = 2n — 1 items where each agent has an equal utility of 2n 7 and k groups with an even
number of agents in each group. Notice that the utility of an agent will never become negative. Thus, for any contiguous

1001



allocation, we have

FeGy
Gl 1Gl
n n
Gyl _ |Gmaz|

>
n

n
Gyl 1= 20U + 2nUmag

|Gmam|

n
S |Gyl 1= (2n — Dtmin + 2nUmax

|Gmax‘
n

n
_ |Ggl 1= mumin + 2nUmaa

|Gmaw‘
n n

Thus, the existence of a% |G max|-GFS contiguous allocation is not guaranteed for o < 1. Similarly, for any
valid allocation, we have

FieG_q
Gl _ 1
n n
Gl 2/Gonas]
~n 2n
|G | 2 — 2NUpin + 2NUmas
=1-9' _ B |Gmax|
n n
> |Gg| B 2 — (2n — l)umm + 277«umaz |Gmam‘
n 2n
|G | 2 — MUmin + Qnu’fﬂ(ll‘
=9 _ |Gmax‘
n 2n

2—MUpmin+2NUmax

Thus, the existence of « o

|G naz|-GFS valid allocation is not guaranteed for o < 1.

Notice that the instance satisfies the construction of Theorem [§](an even number of agents in each group and an odd number
of items). Thus, the existence of 5,4, -IEF allocation is still not guaranteed for 8 < 1, no matter whether the allocation is
contiguous or valid. O
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