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Abstract

We study episodic reinforcement learning with
adversarial losses and bandit feedback in MDPs
with unknown transitions under a linear-mixture
model. In this setting, prior studies are typically
built upon global optimization methods with the
notion of occupancy measure, rather than the
purely local policy optimization-based method,
which avoids solving a constrained convex opti-
mization problem and is thus more preferred in
practice. In this work, we develop the first pol-
icy optimization-based algorithm that runs online
mirror descent locally on each state. The main
challenge is to interface local updates with transi-
tion learning: the dilated-bonus analysis requires
predictable reachability surrogates and robust one-
step maximizations over a confidence set, but the
statistically natural VLS confidence region is a
coupled ellipsoid over a shared parameter and is
not (s, a)-rectangular. We address this by rectan-
gularizing the VLS ellipsoid into local per-(s, a)
kernel sets, which enables robust dynamic pro-
gramming to compute occupancy envelopes and
to drive the implicit-exploration estimator and di-
lated bonuses. Based on this technique, we prove
a high-probability regret bound O (H 3/2\/SAK +
d H3/283/2\/K ) which nearly matches the best-
known bound achieved by occupancy-measure-
based methods.

1 INTRODUCTION

Reinforcement learning (RL) studies how an agent can learn
to make sequential decisions under uncertainty from inter-
action data, and has become a central tool for modeling and
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optimizing interactive systems [Sutton and Barto, 2018].
The core difficulty is that the loss and transition dynamics
are unknown and depend on the agent’s actions, so the agent
must trade off gathering informative data for exploration
and minimizing cumulative loss for exploitation, and naive
myopic learning can be brittle. Markov decision processes
(MDPs) provide the standard mathematical framework for
reasoning about this sequential structure, separating the un-
known environment dynamics from the agent’s policy and
enabling regret-based performance guarantees [Puterman,
1994].

In the tabular setting, a long line of work develops algo-
rithms with near-optimal regret guarantees by maintaining
confidence sets over the transition model and planning opti-
mistically, such as UCRL2 and UCBVI [Jaksch et al., 2010,
Azar et al., 2017]. However, when the state space is large
or continuous, treating each state-action pair independently
becomes statistically infeasible. This motivates RL with
function approximation, where the learner exploits known
structure to generalize across states and actions. Among
the most widely studied structured models with linear func-
tion approximation are linear MDPs [Jin et al., 2020b] and
linear-mixture MDPs [Ayoub et al., 2020, Zhou et al., 2021].
These are distinct modeling assumptions and are generally
treated as incomparable in the literature: without additional
restrictions, neither model is a special case of the other [Jin
et al., 2020b, Zhou et al., 2021]. In this paper, we focus
on the linear-mixture model, which posits that each transi-
tion kernel lies in the span of a known feature map with an
unknown low-dimensional parameter. This model strikes a
balance between expressiveness and tractability and has led
to near-minimax guarantees in the stochastic setting.

Adversarial RL studies sequential decision making under
non-stationary, potentially worst-case losses, and has been
studied extensively in episodic MDPs [Even-Dar et al.,
2009, Yu et al., 2009, Rosenberg and Mansour, 2019]. More
recently, this line of work has been extended to linear-
mixture models under stronger feedback assumptions (e.g.,
full-information access to losses), which enables global
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planning-style updates over a confidence set [He et al., 2022,
Dai et al., 2023]. In this paper, we focus on the more chal-
lenging bandit-feedback regime with unknown transitions
under the linear-mixture model: the learner observes only
the losses along the realized trajectory in each episode. This
setting was recently investigated by Zhao et al. [2023] and
Li et al. [2024].

Existing approaches for adversarial linear-mixture MDPs
with bandit feedback and unknown transitions predomi-
nantly rely on global planning and optimization over a
transition confidence set, such as optimistic dynamic pro-
gramming or occupancy-measure-based formulations [Zhao
et al., 2023, Li et al., 2024]. While powerful, such global
updates typically require solving a planning subproblem
or a large-scale optimization problem over the entire state
space in every episode, which can be computationally bur-
densome and less preferred in practice. This motivates the
following question: can we obtain sharp regret guarantees
for adversarial linear-mixture MDPs using a purely policy-
optimization algorithm with local updates?

Policy-optimization methods for adversarial linear-mixture
MDPs have so far been developed primarily under stronger
feedback assumptions, such as full-information access to
losses [He et al., 2022, Dai et al., 2023]. In contrast, in the
bandit-feedback regime with unknown transitions, existing
results are based on occupancy-measure or other global
planning formulations over a transition confidence set [Zhao
et al., 2023, Li et al., 2024].

We answer this question affirmatively by developing a purely
policy-optimization algorithm with local updates. The main
technical challenge is to interface per-state OMD with tran-
sition learning in a way that supports predictable reachabil-
ity surrogates and robust planning primitives, despite the
coupled and non-rectangular structure of the statistically
natural VLS confidence region. Building on the dilated-
bonus template of Luo et al. [2021], we resolve this by
rectangularizing the VLS confidence set [Li et al., 2024]
and using robust dynamic programming to compute occu-
pancy envelopes and to support the dilated-bonus recur-
sion. As a result, we prove a high-probability regret bound
O(H?*?VSAK + d H3/?253/2\/K), matching the best-
known S3/2 state dependence in the transition-uncertainty
term.

2 RELATED WORK

Adversarial MDPs. Prior work on adversarial MDPs can
be organized along two axes: whether the transition dynam-
ics are known or must be learned, and whether the feedback
is full-information or bandit. With known transitions, early
works obtain regret guarantees by coupling online learning
updates with dynamic programming [Even-Dar et al., 2009,
Yu et al., 2009, Neu et al., 2010, Zimin and Neu, 2013].

When transitions are unknown, the dominant approach is to
maintain confidence sets and perform optimistic global plan-
ning, often via occupancy-measure formulations; this ap-
plies under full-information feedback [Rosenberg and Man-
sour, 2019] as well as under bandit feedback [Arora et al.,
2012, Jin et al., 2020a, Zhao et al., 2023, Li et al., 2024].
This prevalence of global planning is natural because un-
certainty about transitions couples exploration across time,
and optimism is often implemented by solving a worst-
case or optimistic planning problem over the entire state
space. In contrast, policy-optimization methods emphasize
local updates of per-state action distributions and seek ex-
ploration mechanisms that avoid solving a global planning
problem in every episode. This line includes O-REPS un-
der full-information feedback [Zimin and Neu, 2013] and
the dilated-bonus and FTPL-style local-update frameworks
under bandit feedback [Luo et al., 2021, Dai et al., 2022].

Function approximation. Function approximation is es-
sential for scaling RL beyond tabular problems [Sutton
and Barto, 2018], and in linear models it is useful to dis-
tinguish assumptions on the dynamics. In the stochastic
setting, both linear MDPs [Jin et al., 2020b] and linear-
mixture MDPs [Ayoub et al., 2020, Zhou et al., 2021] ad-
mit near-optimal exploration guarantees, but rely on dif-
ferent structural conditions. In the adversarial setting, the
strongest results for linear-mixture dynamics under full-
information feedback are obtained by planning over a confi-
dence set [He et al., 2022, Dai et al., 2023]. For the bandit-
feedback and unknown-transition regime, existing guar-
antees for adversarial linear-mixture MDPs similarly pro-
ceed through global planning/occupancy-measure optimiza-
tion [Zhao et al., 2023, Li et al., 2024]. From a methodolog-
ical perspective, these results highlight a recurring tradeoft:
occupancy-measure/global planning makes it easier to inte-
grate transition confidence sets with exploration, while local
policy updates require additional machinery to propagate
uncertainty and future reachability into statewise updates.
Our contribution is to bridge this gap for adversarial linear-
mixture MDPs with bandit feedback and unknown transi-
tions by providing an explicit policy-optimization interface
that couples local OMD updates with transition learning
through rectangularized confidence sets.

3 PROBLEM SETTING

Layered episodic MDP. We consider an episodic MDP
with horizon H, and adopt the standard layered (loop-free)
formulation used in regret analyses of episodic adversarial
MDPs. See, e.g., [Zimin and Neu, 2013, Jin et al., 2020a,
Zhao et al., 2023, Li et al., 2024]. The state space is parti-
tioned into layers S = Sy US1 U - - - U Sy where transitions
only go from S, to Sy, 41. Let S £ Ztho |Si| denote the
total number of states (including the terminal layer) and let
n := maxy, |Sp,| be the maximum number of states per layer.
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Table 1: Comparison of representative results that match our setting: adversarial losses with bandit feedback and unknown
linear-mixture transitions. The table highlights how different algorithmic interfaces (global optimistic planning versus local

policy updates) trade off regret scaling and modularity.

Reference Regret bound Optimization style
Lower bound [Zhao et al., 2023] QVHSAK + dHVK) information-theoretic
LSUOB-REPS [Zhao et al., 2023] O(VHSAK + dS*VK) global optimization
VLSUOB-REPS [Li et al., 2024] (9(\/ HSAK +dVHS3K ) global optimization

Ours

O(H*?\/SAK + d H*?S%/2V/K)

local optimization

The action space A is finite with |.A| = A. The initial state
sg € Sp is fixed and known.

The layered assumption rules out within-episode cycles
and supports backward recursions for value functions and
occupancy measures.

Adversarial losses and bandit feedback. For each
episode k = 1,2,..., K, an adaptive adversary chooses
a loss function ¢, : S x A — [0, 1] before the learner
acts in episode k. The learner selects a (possibly non-
stationary) policy 7, = {m (- | 8)}£-; and rolls out
a trajectory (g0, @k,0, - - - , Sk, z) under the unknown tran-
sition kernel P*. Bandit feedback means the learner only
observes £k (s n, ar,n) along the trajectory. See, e.g., [Neu
et al., 2010, Zimin and Neu, 2013, Jin et al., 2020a, Luo
et al., 2021].

Value functions, )-functions, and occupancies. For any
policy 7 and transition kernel P, define the cost-to-go and
action-value functions for episode k by

H—
Vkﬂ;hp(s) = Emp [

[

gk‘(stvat) | Sp = $:|a

~+

T

Qih (5,a) == Enp |

t=

L (st at) | Sp = S,ap = a].

>

Let d’,:’P(s) be the visitation probability of s € Sy,, and de-
fine the state-action occupancy ¢'" (s, a) £ d'" (s) ma(a |
s). These quantities are the basic building blocks for both
policy updates (they determine the weights in regret decom-
positions) and bandit estimators.

Linear mixture transitions. For each layer h €
{0,..., H — 1}, we are given a known feature map ¢, (- |
s,a): Spe1 — R<. The unknown transition kernel satisfies
the linear mixture model: there exists an unknown parameter
vector 07 € R such that for all (s, a, s') € S, x AX Sh1,

P}t(s/ | S,CL) = <Lph(8/ | S7a)7 9;;> . ()

We assume ||05 ]|, < B and ||¢n(s" | s,a)||, < 1, and that
(1) defines a valid probability distribution.

This model is a standard way to formalize low-dimensional
structure in transition dynamics and can be viewed as a
function-approximation analogue of the tabular model. It
reduces to the tabular case by choosing indicator features,
and it enables statistically efficient exploration when d <
S [Ayoub et al., 2020, Zhou et al., 2021].

Value and regret. The episode value is V;"" (sp) =

Vkﬂép(so). Regret is measured against the best fixed com-
parator policy 7*:

(Vkﬂ'k7p* (SO) _ Vk‘/r*,P* (50)) )

M=

Reg(K) =

k=1

4 ALGORITHM

We present a policy-optimization algorithm that performs
online mirror descent (OMD) updates on the per-state action
distributions and achieves exploration under bandit feedback
by augmenting the loss estimator with a dilated bonus [Luo
et al., 2021]. To handle linear-mixture unknown transitions,
the algorithm maintains an (s, a)-rectangular confidence set
that supports efficient robust dynamic programming, which
yields a modular interface between transition learning and
the local policy-update loop.

Algorithm 1 summarizes the full procedure; we introduce
its main components below when they are needed.

4.1 RECTANGULAR CONFIDENCE SETS

We now describe our main novelty: transition-learning prim-
itives that are specific to the linear-mixture setting. We
first construct a VLS estimator and confidence ellipsoid for
the shared linear-mixture parameter (Eq. (3) and Eq. (5)).
We next rectangularize this coupled uncertainty into an
(s, a)-rectangular kernel set Py, (Eq. (9)), so that robust dy-
namic programming admits locally-assembled maximizers
(Lemma 11). Finally, we compute upper/lower occupancy
envelopes (up. n, uy ;) (Eq. (10)); controlling their cumula-
tive gap under VLS (Lemma 16) yields the improved S3/2
dependence in the transition-uncertainty term.
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Algorithm 1 Policy optimization for adversarial linear-
mixture MDPs with bandit feedback.
Require: step size n > 0, regularization A > 0, confidence
)
1: Initialize 7y (- | ) uniformly over A for all h, s, and
set Py to contain all valid kernels.
2: fork=1,...,Kdo
3: Construct Pj,_1 from past data (with Py as initial-
ization) using (3)—(9).
4 Compute occupancy envelopes (u 5, uy, 5,) via (10)
(robust DP over Py_1). '
5: Roll out episode k under 7, observe trajectory
(Sk,h7 ak’h)hHgol and losses Ek(sk’h, ak’h).
6:  Form Q} , by (11).
7: Compute local bonuses by, ;, and dilated bonuses
By j, using (12) and (13).
8: Update 71 by (14).
9: end for

VLS confidence sets for linear-mixture transitions. Fix
alayer h € {0,..., H—1}.Recall the linear-mixture param-
eterization P} (- | s,a) = ®x(s,a)0}, where ®,(s,a) €
RISr+11xd gtacks the row features ¢y, (s’ | s,a)" for s’ €
Sh+1. Given a transition sample s; 5,1, the learner observes
the one-hot vector e, , ., € RISr+11, Vector least squares
(VLS) fits ¢;; by ridge-regressing these one-hots against
D, (84,1, a4 1) under a squared loss [Li et al., 2024]:

k

2

0"15 € arg mln )\||9||2+Z H‘I)h 8; }Laalh)G_ESi,}LJrlHQ'
i=1

@)

Writing 2;1(s") = n(s’ | sinain) € RY

expanding (2) yields the normal equation (A -+

Zf:l doe xi,h(sl)xi,h(S/)T)éZ}Z Zf:l i n(Si,n41)
ie.,

Akh—)‘l+z Z xzh xzh )T’

i=1s"€Sp41
k
Is . A—1 § :
st Ak,h xi,h(si’thl).

i=1

3)

A key feature of VLS is that each visit contributes
Dp (i i) T Pr(sins ain) = 2y in(s)in(s) T to
the design matrix, so the estimator leverages the known
features of all next states, not only the realized s; ;1.

For a confidence level §' € (0,

vls l ﬁ
B(8") = fB+\/21116,+d1 <4+ Ad), 4)

and the ellipsoid

1), define the radius

leb() {GeRd H0 Hvls

< G50 }-
®)

k,h

The radius in (4) follows from a self-normalized martingale
inequality for linear regression [Abbasi-Yadkori et al., 2011].
A high-probability event guaranteeing 65 € O} 7.(6/H) for
all k£, h is stated as Lemma 12.

VLS also enables a uniform control of transition deviations
for all bounded continuation vectors, which is the key in-
gredient in our improved bound on the cumulative envelope
gap; see Lemma 16.

Rectangularization and robust planning primitives.
The statistically natural confidence set for linear-mixture
transitions is a coupled ellipsoid over the shared parame-
ter: one maintains an ellipsoid ©}' (§/H) and considers all
kernels whose transition probabilities are induced by some
0c @Vls 3 (6/H) through the linear-mixture parametrization.
This coupled set is standard in linear mixture MDPs and
linear bandits [Abbasi-Yadkori et al., 2011, Ayoub et al.,
2020, Zhou et al., 2021]. It is also the starting point of recent
adversarial results [Li et al., 2024].

Formally, this corresponds to the ellipsoid-induced (cou-
pled) kernel set

Pl = {Pu:30 € 05, 6/H) s

Piu(- | 5,a) = ®y(s,a)f V(s,a)}.

The key point is that a single parameter § must simultane-
ously explain all (s, a) pairs at layer h, which couples the
feasible next-state distributions.

(6)

However, this “ellipsoid-induced” kernel set is generally not
(s, a)-rectangular: the choice of next-state distributions at
different (s, a) pairs is coupled through the shared parameter
0. This coupling is incompatible with the dilated-bonus
recursion, whose robust backups involve a sequence of per-
step maximizations and require a dynamically consistent
Jjoint maximizer that can be assembled across (s, a) pairs. To
restore this property, we introduce a rectangular relaxation
that decouples the uncertainty across (s, a) while still being
implied by the ellipsoidal parameter uncertainty.

Specifically, the dilated recursion repeatedly uses robust
one-step lookaheads of the form

PIGII'?%@X ) E’S’NPh( |s,a) [Bk h+1( )} (7
for many (h, s,a) and continuation functions By 51 in-
duced by the current policy and bonus-to-go. When Py, _1 is
not (s, a)-rectangular (e.g., (6)), the maximizer in (7) may
couple different (s, a) choices. In particular, maximizing
(7) separately for different (s, a) pairs can lead to differ-
ent “best” kernels, so there may be no single kernel that
simultaneously realizes all these local maximizers. This is
exactly the obstruction to a backward recursion: the dilated
update requires that the robust lookaheads at all (h, s, a)
can be certified by one joint optimistic kernel (formalized
in Lemma 11).
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Accordingly, for each (s, a) at layer h, we convert the cou-
pled ellipsoid (5) into a local set of next-state distributions.
Let &y, (s, a) € RISn+11%4 be the feature matrix whose s'-th

row equals ¢, (s" | s,a)T.

Cyls (s,a) == {p € A(Spy1) : 30 € OF5,(5/H) s.

p= @h(s,a)ﬂ}.

Pr:={P: Pu(-|s,0) €5 (s,a)V(h,s,a)}.  (9)

For brevity, write Py, := Py15(5). The set Py5(4) is (s, a)-
rectangular by construction: nature can choose the con-
ditional distribution at each (h, s, a) independently. This
enlargement is the price we pay to make robust dynamic
programming and the dilated recursion tractable.

®)

Moreover, the rectangularized set is a relaxation of the cou-
pled ellipsoid-induced set: if P, € Pg'}, then for each
(s,a) we have Py, (- | s,a) = ®p(s,a)0 € C (s, a), hence
PC“ C Py, at each layer.

Remark 1 (Why the relaxation does not worsen regret rates).
Although P, is a relaxation of the coupled ellipsoid-induced
set, our final regret bound in Theorem 1 attains the same sta-
tistical rate as the best-known results in this setting. The rea-
son is that the analysis uses the confidence set only through
per-(s, a) deviation control, not through the coupling con-
straint “the same ¢ must explain all (s,a).” Concretely,
each P, (- | s,a) € Py, is realized by some witness param-
eter O, € (9"1b 2 (6/H), so Lemma 13 yields an ¢; radius
(s, a) for every (h, s, a):

sup || Pu(- | 5,0) —

k—1

Pr(-| s,a)”1 < 7i.1(s,a).

Consequently, for any bounded continuation V' with
IVl < H, we have for every (s, a)

E/N s,a |4 ! _ES/N *(+]s,a 14 !
‘Prengx s (ls,a) [V (5)] (s, [V (5")]

< Hrpn(s,a),

and similarly for the minimum, so the one-step opti-
mistic/pessimistic width is controlled by the same radius:
max Ep[V]— min Ep[V] <2H (s, a).
PEPy_1 PEP,_1

In our analysis, these one-step width bounds propagate
through robust dynamic programming and enter the regret
bound through the cumulative occupancy-envelope gap (de-
fined in Section 4.1). Lemma 16 shows that under VLS this
cumulative gap remains of the same order as in the coupled
model, namely

K H-1

S (wknls a)-wp(s,a) < O(dS2VHE).

k=1 h=0 s,a

Thus, rectangularization does not deteriorate the statistical
rate that drives Theorem 1.

Remark 2 (Why rectangularization is (usually) unnecessary
in tabular and linear-MDP settings). In Luo et al. [2021], the
dilated-bonus recursion is developed for both tabular MDPs
and the (standard) linear-MDP model, and in these settings
the transition-confidence sets used for robust backups do
not require an additional rectangularization operation. In
contrast, in linear-mixture MDPs the statistically natural
confidence set is the coupled ellipsoid-induced family (6),
where a single shared parameter must explain all (s, a) pairs
at a layer; this coupling can break joint maximizers across
(s, a) and motivates our rectangular relaxation.

In tabular MDPs, the standard confidence set already con-
trols each conditional distribution separately, e.g.,

Pt (6) = { P ¥(h, 5,0),

HPh(' | s,a) — Py_1(- | S,a)Hl

S Ek—l,h(s7 G;)},

which factorizes over (h,s,a) and is therefore (s,a)-
rectangular by construction.

In the (standard) linear-MDP model, the optimistic contin-
uation can be summarized by a single global vector that is

independent of (z, a): if Py(z' | z,a) = <¢h(x,a), u;‘f/>,
then for any continuation V,

Ex’NPh(~|x,a) [V(wl)] = <¢h(xv a)’ Z Vﬁlv(wl)> .

Ar(V)

The key point is that Ay, (V') does not depend on (x, a), so
robust backups do not face the joint-maximizer obstruction.
In contrast, for linear-mixture MDPs we only have

]Ea '~ Py (¢]s,a) [V( /)] <1/’X( ) 0h>
V) (s,a) Z n(s' | s,a)V(s),

ESh+

and the coefficient vector ) (s, a) generally varies with
(s,a). Thus the “optimistic direction” in parameter space
changes across (s, a), which is exactly what can break joint
maximizers over the coupled set (6); we therefore use the
rectangular relaxation (8)—(9) to recover decomposability.

Robust occupancy envelopes. We now connect the rect-
angular confidence set Pj_; to the occupancy measures
defined in the problem setting. Given the current policy
Tk, we upper and lower bound its state-action occupancy
q;{’“’ (s,a) over all plausible kernels P € Py_;. These
bounds are computed via robust dynamic programming en-
abled by (s, a)-rectangularity [Iyengar, 2005, Nilim and
El Ghaoui, 2005].
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Define the upper and lower occupancy envelopes under the
previous confidence set:

wen(s,a) = max " (s,a),
— ; Tk, P (10)
U p(s,a) = min g,*" (s, a).

On the realizability event {P* € Py_1}, the true oc-
cupancy is sandwiched: wy ,(s,a) < qZ’“’P* (s,a) <
ug,h (8, a). Moreover, uy, 5, is predictable (measurable w.r.t.
past episodes), since it depends only on 7y and Pj_1. This
predictability is crucial for bandit concentration when we
normalize importance-weighted estimators.

4.2 DILATED BONUSES AND OMD UPDATE

Building on the predictable occupancy envelopes
(uk,n, 1y, ) defined in Section 4.1, we now specify the
implicit-exploration (IX) estimator, the associated bonuses,
and the exponential-weights (OMD) policy update. Let
Ly = Zf;l O (sk.t,ak,t) be the observed loss-to-go
along the trajectory of episode k. For a learning rate n > 0,
set the IX parameter v := 2nH [Kocék et al., 2014, Neu,
2015]. Define the bandit return estimator

b e Lkvh ]1{(316,}“ a’k,h) - (3, CL)}
Q. p(s,a) = wrr(5.0) 73 .

We now describe how we turn the stabilized bandit surro-
gate QY into a full policy update. There are two sources of
error that must be explicitly compensated. First, implicit
exploration introduces a controlled bias through the nor-
malization uy, (s, a) + «. Second, because transitions are
unknown, the occupancy envelope gap ug, n — Uy, 5, quanti-
fies how much the state-action visitation probabilities may
vary across plausible kernels. Our bonuses are designed so
that these two effects enter additively in the regret analysis.

We now define the bonuses and the policy update that to-
gether compensate the two errors identified above (IX bias
and transition uncertainty). We now define the local bonus.
The local bonus provides a one-step compensation that cou-
ples the IX bias (via «) and the transition uncertainty (via
the envelope gap) [Kocék et al., 2014, Neu, 2015]:

3vH + H(uk,h(S, a) — Qk,h,(s’ a))

ugn(s,a) + (12)
brn(s) == mrn(a|s)ben(s, a).

acA

gk,h(s7 a) =

We next define the dilated bonus. The local bonus only
accounts for errors at a fixed (h, s, a). To ensure upstream
decisions also pay for downstream uncertainty under the cor-
rect reachability weights, we apply the dilated-bonus recur-
sion of Luo et al. [2021]. This performs a robust backward
propagation that repeatedly applies the robust lookahead (7)

under Py_1.Let o :== 1+ 1/H and define By, i = 0 and,
forh=H—-1,...,0,

By n(s,a) = bin(s) + ozplengx
k—1
Eg by (1s,0) Barmm 1 (1) [ B (87, a)]
(13)

Finally, we run an OMD update using the stabilized ban-
dit return QZ, ,, together with the dilated bonus-to-go By 5.
We use the gradient surrogate gi (s, a) = szh(s, a) —
BkJ, (S, a):

Tr+1,n(a | ) o< mp(a | s) exp ( — ngk,h(s,a)). (14)

This exponential-weights (OMD) update is standard in on-
line learning [Cesa-Bianchi and Lugosi, 2006, Hazan, 2016]
and is widely used in online/adversarial MDP algorithms, in-
cluding O-REPS and recent adversarial linear-mixture MDP
methods [Zimin and Neu, 2013, Zhao et al., 2023, Li et al.,
2024].

Computational aspects. The main computational distinc-
tion is at the policy-update / planning layer. In our method,
after the statistical estimates and robust surrogates are com-
puted, Eq.(14) gives a closed-form local OMD update, thus
the policy update costs O(HnA) over all state-action pairs
and decomposes over (h, s). The robust lookahead terms in
Eqgs. (10) and (13) are also local: they consist of O(HnA)
independent problems of the form max,ec, , (s,a)(P; V)-
Under the VLS rectangularization, each local problem has
effective dimension about d + n. With a generic dense
interior-point solver, the dominant robust-backup cost is
O(HnA(d+n)3?), followed by the O(HnA) closed-form
OMD update. Lower-order terms, such as VLS rank-one
updates and feature/radius arithmetic, depend on the imple-
mentation and do not change the main comparison.

By contrast, global occupancy-measure planning methods
obtain the next policy by solving one coupled optimization
problem over the whole MDP. A lifted flow formulation
uses variables gy, s , and Yy, s 4,5, giving global dimension
D = O(HnA + Hn?A) = O(Hn?A), with Bellman-
flow and transition-consistency constraints coupling all lay-
ers. A generic dense interior-point implementation has per-
update cost O(D3®) = O((Hn?A)3%) = O(H?5n" A39)
[Boyd and Vandenberghe, 2004, Nemirovskii and Nes-
terov, 1994]. This is a solver-model comparison rather than
an implementation-independent lower bound: specialized
sparse solvers may improve constants or exploit additional
structure. The formal distinction is that our method replaces
a single coupled global update of dimension O( Hn?A) by
9] (HnA) independent local robust backups of dimension
about d + n, followed by an (5(H nA) closed-form policy
update.
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5 MAIN RESULT

Our main theorem gives a high-probability regret bound
for Algorithm 1. The main text highlights the high-level
proof roadmap; all technical details and auxiliary lemmas
are deferred to the supplementary material.

Theorem 1 (High-probability regret bound). Ser n :=

min {ﬁ, \/ hl,‘ggiﬁ(} and v := 2nH. Under the linear
mixture model (1), with probability at least 1 — 6, Algo-
rithm 1 satisfies

Reg(K) < 5(H3/2\/&47 + dH3/253/2\/[?> .

Remark 3 (Comparison to prior work). In adversarial
linear-mixture MDPs with bandit feedback and unknown
transitions, Zhao et al. [2023] provides the information-
theoretic lower bound (vVHSAK + d HVK). For lay-
ered MDPs in this setting, representative upper bounds
include O(vVHSAK + d S*v/K) via optimistic dynamic
programming [Zhao et al., 2023] and the sharper transition-
uncertainty term O(d v HS3K') based on VLS and refined
occupancy-difference analysis [Li et al., 2024].

Up to logarithmic factors, Theorem 1 matches the best-
known state dependence in the transition-uncertainty term,
namely d S%/2v/K. On the other hand, our horizon de-
pendence is worse than the sharpest existing bounds by
roughly a factor of H. This gap can be traced to the policy-
optimization interface under bandit feedback. The IX es-
timator and the dilated-bonus recursion introduce surro-
gate losses of magnitude up to order H. Controlling the
exponential-weights update therefore requires a conserva-
tive step size to maintain uniform boundedness of the up-
dates, which is reflected in the cap n < 1/(24H?) in Theo-
rem 1. By contrast, global planning and occupancy-measure-
based methods can implement optimism and transition learn-
ing through value or occupancy objects without the same
need to backpropagate bandit-normalization error through
local mirror-descent updates, and they can avoid this partic-
ular accumulation of horizon factors. Closing this horizon
gap, while retaining a purely local policy-optimization loop
with dilated bonuses, as opposed to global optimization
over value/occupancy objects, remains an interesting open
problem.

Regret decomposition (analysis outline). Work on the in-
tersection of the VLS confidence event (Lemma 12) *anq the
IX concentration event (Lemma 2). Let dj (s) := d}, 7 (s).
Lemma 1 yields the policy-gradient-style identity

Reg(K
k,h,s
(15)

= > i) (menl- | 9) = mi (| ), Q" (s,

Add and subtract the bandit estimator Q° and the dilated
bonus-to-go By, ;, to obtain

Reg(K)
=3 i) (men | 5) = mil- | 9), (Qhn = Brn)(s:7))

k,h,s

REG-TERM
+ Z dy (s <7Tk w(-|8) ( M’ Qk h)( )>
k,h,s

BIAS-1
+ 3 A (T ), (@b — Q) (s0)
k,h,s

BIAS-2
+ 3 i) (menl | 8) = mi(- | 5), Brals, )
k,h,s

BONUS-COUPLING
(16)

Step 1 (OMD + IX): control REG-TERM and the two
bias terms. The first term REG-TERM is exactly the OMD
regret against the per-round surrogate a QZ’ n(s,a) —
B, 1 (s, a) under comparator 7} (- | s), weighted by d (s).
Online mirror descent yields

REG-TERM
~ HlogA> ~H
<0 + dr(s)mppnla | s) ————
< (n S i mate 19
Z dj,(s) mkn(a | s) B (s, a) (17)
khsa

See Lemma 5. The two middle terms in (16) capture the
bias introduced by replacing the true return QZf“,{P* with its
stabilized bandit estimate Q% 5~ The IX concentration and
predictability of uy, ;, imply

BIAS-1 + BIAS-2
2
<o)
v

+H > di(s

k,h,s,a

Auyg p(s,a)

_— 18
upn(s,a) + 7 (18)

) Trn(a ] s) -

Here Augp(s,a) £ upn(s,a) — uy (s, a) denotes the
occupancy-envelope gap. See Lemmas 6 and 3. Combining
(16)—(18) and using the local bonus definition (12) gives

Reg(K)

2
<O(HlogA H)
n

> djy(s) brn(s

k,h,s
1
+ﬁ Z dy (s)mi,n(a | 8) Bi.n(s, a)
k,h,s,a
+ 3 dis)(menl- | 5) = w1 9), Bins, ).
k,h,s
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Step 2 (dilated-bonus reduction): The inequality (19) con-
tains a local occupancy bonus term ) dj (s) by »(s) and a
dilated coupling term involving By, ;. Lemma 8 shows that,
by the dilated recursion (13) and (s, a)-rectangularity, these
can be upper bounded by a single robust value of the bonus
cost under the optimistic kernel P}. Concretely, Lemma 8
upper bounds the two B-dependent terms in (19) by a single
optimistic bonus value,

+3 Z VP (501 b).

k=1
19)
Step 3 (bonus value bound): It remains to upper bound

Hlog A H2>

Reg(K )<o( ;

Yo Vi v P (so;bg) in terms of explicit quantities that
can be controlled. Recall the local bonus definition (12):
bn(s,a) = uk,h?)(zz) — + Iiﬁf(z};()i:)’ which separates
the IX smoothing contribution (the first fraction) from tran-
sition uncertainty through the envelope gap (the second
fraction). Define by, 1 (s) = >, mk.n(a | s)gk’h(s,a) as
in (12). Expanding the definition of the bonus value and

using that qh’"P" (s,a) < up p(s,a)for PP € Py_1,

505 b)

K b

Wk,Pk
> Vit
k=1

3vH
< Uk, h(S, ( +
2 e

< 3vH Z 1+ H Z Auy (s, a)
k,h,s,a k,h,s,a

=3YHSAK + H Y Auyp(s, a). (20)
k,h,s,a

H Auk)h(s, a))
uph(s,a) +

In the penultimate inequality we used u/(u + ) < 1. This
derivation is stated and proved formally in Lemma 9. Under
VLS, Lemma 16 bounds the cumulative envelope gap by

3 Auk,h(s,a)g@(dSS/Q\/HK). @1)

k,h,s,a

This sharper S/2 dependence follows from combining the
layered occupancy recursion with a refined control of one-
step transition deviations. The envelope gap Auy, (s, a) is
driven by deviations | P (- | s,a)—P7 (- | s,a)||1,and these
deviations propagate forward through the occupancy recur-
sion so that their cumulative effect is weighted by the reach-
ability under P*. Under the VLS construction, each visit
contributes the full feature covariance ®, (s, a) " @ (s, a) to
the design matrix, which enables an elliptical-potential-type
summation of the resulting radii over visited (s, a) pairs.
This mechanism yields the improved cumulative envelope-
gap bound in Lemma 16, building on the refined VLS analy-

sis of Li et al. [2024]. Substituting (20)—(21) into (19) yields

Reg(K)
2
< 0<Hlog‘4 a ) + O(vHSAK)
7 v
+ 6(dH 53/ 2\/HK) . 22)

Substituting v = 2nH, the leading terms take the form
O(Hlog A/n) + O(nH2SAK). Optimizing gives 7 =
/log A/(HSAK) (up to constants and logs), which yields

Theorem 1.

6 EXPERIMETS

We conduct one structured experiment to illustrate this
computational distinction. It compares our local policy-
optimization method with two global occupancy-based
REPS baselines, VLSUOB-REPS [Li et al., 2024] and
LSUOB-REPS [Zhao et al., 2023], on the same randomly
generated adversarial linear-mixture instances. We sweep
H € {2, 3,4} using shared-prefix instances generated from
one H,,x = 4 instance; each time layer has 4 states and
each state has 4 actions, so the total layered state/state-
action space scales with H. We use linear-mixture dimen-
sion d = 4, K = 200 episodes, and 5 random seeds. The
experimental results are shown in Figure 1.

The regret curves are comparable in scale, but we do not
claim that the local method dominates the baselines in re-
gret. The runtime gap is the main point: across horizons
and baselines, our method reduces the mean per-episode
total compute by 15.6-30.9x and reduces the update/global-
solve component by 77.7-83.7x. The runtime breakdown
separates occupancy-envelope/bound construction from the
actual local update or global occupancy solve, which di-
rectly reflects the algorithmic difference emphasized in the

paper.

7 CONCLUSION

We studied policy optimization for adversarial linear-
mixture MDPs with bandit feedback and unknown transi-
tions. Our analysis isolates a modular interface—predictable
and (s,a)-rectangular confidence sets with robust oc-
cupancy envelopes—that allows one to plug structured
transition uncertainty into a dilated-bonus OMD policy-
optimization loop. Instantiating this interface with VLS
confidence sets yields improved control of the cumula-
tive occupancy-envelope gap and leads to the S3/2 state
dependence in Theorem 1. While our bound matches the
best known state dependence up to logarithmic factors, it
comes with a worse dependence on the horizon H com-
pared to the sharpest existing rates. An important direc-
tion is to tighten the horizon dependence within the policy-
optimization framework, and to extend the interface beyond

1256



Cumulative regret

H=2, T=200, 5 seeds

Runtime breakdown

H=2, T=200, 5 seeds

Total runtime

H=2, T=200, 5 seeds

= Ours
= VLSUOB-REPS [1]
= LSUOB-REPS [2]

w » v =3
<3 S S S
S ) ) S

Cumulative regret

w
5
Mean per-episode time (ms)
N
5
8

[ 25 50 75 100 125 150 175 200 Ours
Episodes T

H=3, T=200, 5 seeds

VLSUOB-REPS [1]
Method Method

H=3, T=200, 5 seeds

=
o
)

@
3

e Occupancy-envelope/bound time
m== Update / global-solve time
T  +1std over seeds

Total time per run (s)
o
3

IS
S

N
S

LSUOB-REPS [2] ours VLSUOB-REPS [1] ~ LSUOB-REPS [2]

H=3, T=200, 5 seeds

100
800 -

80

600 4
60

400 +
40

Cumulative regret
Mean per-episode time (ms)

) 25 50 75 100 125 150 175 200 Ours
Episodes T

H=4, T=200, 5 seeds

VLSUOB-REPS [1]
Method Method

H=4, T=200, 5 seeds

150

1251

100 4

754

Total time per run (s)

501

251

LSUOB-REPS [2] Ours VLSUOB-REPS [1] LSUOB-REPS [2]

H=4, T=200, 5 seeds

160

140

120 d

100

80

60

Cumulative regret

40

Mean per-episode time (ms)
a
2
8

[ 25 50 75 100 125 150 175 200 Ours
Episodes T

VLSUOB-REPS [1]

250

1501

100 1

Total time per run (s)

501

LSUOB-REPS [2] Ours

VLSUOB-REPS [1]
Method Method

LSUOB-REPS [2]

Figure 1: Experimental results

linear-mixture transitions to more general function approxi-
mation and uncertainty models.
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Policy Optimization for Adversarial Linear Mixture MDPs
(Supplementary Material)

Yutian Cheng"' Canzhe Zhao"! Shuai Li!?

'Shanghai Jiao Tong University, Shanghai, China
2Shanghai Innovation Institute, Shanghai, China

A  PROOFS AND TECHNICAL DETAILS

This supplementary material contains all lemma statements and proofs used in the proof of Theorem 1.

A.1 A COMPARATOR-WEIGHTED PERFORMANCE DIFFERENCE LEMMA

Lemma 1 (Comparator-weighted performance difference lemma). Fix an episode k and a transition kernel P. Let Q}}, F(s,a)
be the Q-function under policy 7 and transitions P for loss {i. Then for any two policies w and 7

Vil (so) = V" ZZWP< N 8) =i | 9), QA (5.)).

h=0 s€Sp

Proof. Fix (k,P) and abbreviate Qx(-,-) £ Qi (-,-) and Vi(s) 2 (mu(- | 5),Qn(s,*)). By definition, Vy(so) =
Vi (50)-

For any trajectory (regardless of the generating policy), the Bellman identity holds pointwise:

Qn(snan) = le(sn,an) + E[Vig1(sns1) | snsan].

Taking expectation over (sp, ap) generated by (7*, P) yields

Ere p[lk(sh,an)] = Exe p[Qn(sh,an)] — Exx p[Vii1(sny1)]-

Summing from h = 0 to H — 1 telescopes and uses Vg = 0:
VP (s0) = Ene P[ Z Cr(sh, an } Vo(so) Z Eqs P[Vh Sh) — aw;(-|5h)Qh(8h,7G)}-
Rearranging and writing expectations using dZ*’P gives

VP (s0) = VT (s0) = ZZWP( (- 15): @nls, ) = (i (- | £),Qnls.) )
which is the claim. O

* These authors contributed equally.
T Correspondence to: Shuai Li <shuaili8 @sjtu.edu.cn>
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A.2 AUXILIARY CONCENTRATION: IMPLICIT EXPLORATION

Lemma 2 (Implicit exploration, per-layer form). Fix a finite set U and a predictable sequence of distributions p; € A(U).

At round t, sample Uy ~ p; and define indicators I;(u) = 1{U; = u}. Let Z;(u) € [0, R] be random and z:(u) €
predictable such that E[Z,(u) | Fi—1] = z:(u) for all u. Then for any v > 0, with probability at least 1 — 6,

SN

ZZ (It zt(u)> < gm

t=1 ueld

Proof. The argument is standard (see, e.g., Luo et al. [2021, Lemma A.2]); we include it for completeness.

Fix A £ v/R and define

L Mfzu :Mf zZt(u
X8 3 (G ) = ST = 3 )

u€eU uel

[0, R] be

One can verify that E[exp(AX}) | Fi—1] < 1. Therefore exp(A Zthl X}) is a supermartingale, and Markov’s inequality

gives

T 1.1
P thleng <4
t=1

Since 1/ = R/~, this yields the stated bound.

A.3 REGRET DECOMPOSITION AND THE THREE MAIN TERMS

Applying Lemma 1 with P = P* and 7w = 7 and summing over k yields
K
* T, P*
Reg(K) = > 3 D dils)(men- | 9) = mi- | 5). Q75" (s.)),

where di (1) = dT T (-).

Add and subtract the stabilized bandit estimator Q° and the dilated bonus-to-go Bj,.;, to obtain

Reg(K)
= 3 i) (menl 1 8) =i | 8). (Qhn— Brn)(s:))
k,h,s
REG-TERM
+Zdh <7Tkh |s), (QF WkP Qkh)( )>
k,h,s
BIAS-1
+ > di ) (mil | 9), (Qhn— Q") (s0)
k,h,s
BIAS-2
+ 37 di(s)(menl- | 8) = w1 5), Bunls, ).
k,h,s

BONUS-COUPLING

(23)

We control REG-TERM, BIAS-1, and BIAS-2 in Lemmas 5, 6, and 3, respectively. The remaining BONUS-COUPLING

term is handled by the dilated-bonus reduction in Lemma 8.
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A.4 BOUNDING BIAS-2

Lemma 3 (BIAS-2 bound). On the event that P* € Py_1 for all k, with probability at least 1 — 9,

2
piasz < 6( ).
y

Proof. We expand
BIAS-2 = Y di(s)(mi(- | ), Qhals ) = QF%" ().

k,h,s
Fix alayer h and define i/ = S, x A. Let
pr(s,a) 2 i (s,a),  Ii(s,a) 2 W{(spn,ann) = (s,0)}.

Define
* * T, P*
zkn(s,a) £ dj(s)m)(a | 5) QEh (s,a),

and the “filled-in” random variable

Zin(s.0) 2 di(s)mi(a | 5) (Tu(s,@) L + (1= Ti(s, @) Q75 (s,0) ).

Then 0 S Zk,h(sa a) S H and E[Zkﬁ(s,a) | fk—l] = Zk,h(57 a).

Also note
Lk,h Ik(s, a)

ukah(57 a’) + 7.

Ix(s,a)Z, )
sz* )i (a | s) Qkh‘ga ZZ kuihas th’ya.

On the realizability event, uy 5 (s, a) > px(s,a), hence (ug,p +v) " < (pr + )~ '. Apply Lemma 2 with R = H and
failure probability 6 /H, and union bound over h. This yields, with probability at least 1 — 4,

IksaZkh(s a) H H
§ 3 _ <ZIni
< pr(s,a) +v nlsa) | < 2

S,a ’7

Qz,h(& a) =

Thus for fixed h,

Rearranging and summing over h gives BIAS-2 < (5(H 2/5). O

A.5 BOUNDING REG-TERM

Lemma 4 (Exponential-weights regret bound, per-state). Let m; € A(A) be updated via 7,41 (a) o 7(a)e (%) and
assume |nly(a)| < 1. Then for any 7™ € A(A),

Z Z (me(a “(a))ti(a) < M +7]Z Z 7 (a)ly(a)?.

t=1acA

Proof. This is the standard multiplicative-weights analysis (see, e.g., Cesa-Bianchi and Lugosi [2006, Chapter 2]). Let w;(a)
be the unnormalized weights with m;(a) = w(a)/ >, wi(a’). The update implies In % = InEqur, [e7@)].
Using e <1 —x + 22 for |z| < 1 and In(1 + u) < u yields

IDM < —77<7Tt7£t> + 772<7Tt7€?>'

2q wi(a)
Summing over ¢t and comparing to any fixed action distribution 7* (via a standard relative-entropy argument) gives
Some— 7 by < % +n >, (m, ), completing the proof. O
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Lemma 5 (REG-TERM bound). On the realizability event and with probability at least 1 — 6,

vH 1
Z dy (s)mg n(a | s) ( + HBkJL(S’a)> .

REG- TERM<(9< )
k,h,s,a ’Lbkh(sa)‘i"}/

Proof. Apply Lemma 4 state-wise for each (h, s) to the sequence ¢ ,(-) = grn(s,:) = Z n(8,) — Bi.n(s,-). For each
fixed (h, s),

K
S (minl 18) = w1 8), Qhals:) = Brls, ) ><@5m2ﬁma\Qm@w—MMwm?

provided |77(Qz’h — Bg.p)| < 1, verified in Lemma 7.
Multiply by dj (s) and sum over (h, s) (using >_ s, dj(s) = 1):

REG-TERM < 1124

0 > di(s)menlal $)(QY4(s.a) — Bua(s,a)’.

k,h,s,a

Use (z — y)? < 2x + 2y? to split the square. For the B? term, Lemma 7 implies 0By (s,a) < 1/(2H), hence
2nByn(s,a)? < £ Bi (s, a).

For the (Q")? term, note (Q}, (s, a))* < H? 1{(spn, ar,n) = (s,a)}/(urn(s,a)+7)?. Applying Lemma 2 with R = 1/~
as in the original analysis of Luo et al. [2021] gives

2 " dis)menla | )@l )? Z%WWM'WMG)

k.h,s,a k,h,s,a Uk h(S Cl) +7 n
using v = 2nH. Collecting terms proves the claim. L

A.6 BOUNDING BIAS-1

Lemma 6 (BIAS-1 bound). On the realizability event and with probability at least 1 — 0,

BIAS-1 < (’)( ) Z & (s)men(a | ) ( 2vH n H(uk,h(s,a) ukyh(s,a))> .

k,h,s,a Uk, (s,a) + 7 uph(s,a) +v

Proof. We expand BIAS-1 and separate a martingale term and a deterministic bias term.

Write
t BIAS-1 = Zd;(s)<7rk,h(~\s), P (s, > 3 di(s <7rkh (), Qz’h(s,~)>.

k.h,s k,h,s

Define
Ly

Wk, (Skhy Grn) + 77

Yin = Z dj,(s <7Tk n(- 1), Q7ns, ')> = d}(Sk,1n) Tk n (k| Sk.h)

SESH

Conditioned on F_1, the trajectory of episode k is generated by (7, P*), so

ﬂ'ka (8 a) o P*
E[Yin | Fi-1] Zdh )7kn(al s )m ey (s,0).

Hence

Tk, P
Tk * h S3a
BIAS-1 =3 (BVin | Fia] = Yin) + 37 dis)munle | 5)Q05" (s,0) (1 - q()> |

Kok k.hosa k(s a) +y

(I) martingale term (IT) deterministic term
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Term I: Freedman with self-bounding variance. Define Y, = >, Y, iy = E[Y} | Fj—1], and the martingale
difference X, £ pr — Yg. Since 0 < Ly, < Hand upp, +v > 7, wehave 0 < Yy, < H/yand thus 0 < Y}, < H2/'y,
implying |X| < H?/y.

Moreover, by (3>, yn)? < H Y, y3 and using (djmp, )% < dji g p,

1

Var(Xy | Fr—1) < E[Ykz | Fre—1] < H? Z dg(s)wk’h(a | S)m7

h,s,a

where we used qz’“’P* (s,a) < ug,n(s,a)on the realizability event. Applying Freedman’s inequality (Freedman 1975) and
linearizing the resulting square root via AM-GM yields, with probability at least 1 — 4,

vyH

_(H
Z (EYin | Fea] = Yin) < Z dp (8)mk,n(a | S)m + O(ﬁ) )

k,h k,h,s,a
using v = 2nH.

Term II: deterministic bias. Since QZ’“,;P ’ (s,a) < H,

TR, P* _ g, P*
T, P (S, (1) 1— qp (57 a) S i uk,h(sa CL) + v qp (Sv a’) .
Uk,h(s; @) + 7 Uk,h(s,a) +

On the realizability event, qZ""P*(s,a) > uy, ,(s,a) and uy, (s, a) > q"

Therefore

(s,a), s0up h+y—qp*" < (upn —Upp)+Y

* e, P ug p(s,a) —uy (s, a
woP (s,a) <1qh (S’a)>§H( enls0) ~ Len(s,a) | 7 )

uk,n(s,a) +7 ug,n(s,a) + ugn(s,a) +

Combining the v-fraction here with the martingale term yields the displayed % contribution. Summing over (k, h, s, a)
completes the proof. O

A.7 BOUNDEDNESS NEEDED FOR EXPONENTIAL-WEIGHTS UPDATES

Lemma 7 (Boundedness of Q°, b, b, and B). Assume v = 2nH andn < 1/(24H?®). Then for all (k,h, s, a),

1
) NBin(s,a) < S By (s, a) < 12H.

N =

nQII;,h(& a) S

Moreover,
ben(s,a) <AH,  bpp(s) < 4H.

Proof. We have @}, ;,(s,a) < H/v, hence nQ}, ,(s,a) <nH/y =1/2.

Using ug (s,a) +v > vand 0 < ug p — uy p, < Uk ps

3vH H (up,p(s,a) — U, (85 a)) — wg (s, a)

— - < 4H.
Uk, (s,a) 4+ up,n(s,a) +7 Up,n(s,a) +7

gk,h(s, CL) =
Taking expectation over a ~ 7, (- | s) yields by 5 (s) < 4H.

Backward induction in the dilated recursion with « = 1 + 1/H yields By, (s, a) < 12H?. Thus nBy 1 (s,a) < 12nH? <
1/(2H). O
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A.8 DILATED-BONUS REDUCTION

Lemma 8 (Dilated reduction (state-only local bonus form)). Suppose that on some event we have

Reg( —|— Z d* bk h Z d* 71']€ h a ‘ )Bkﬁ(s,a)
k,h,s k h,s,a
+ > di(s)(mrnla | s) = mi(a | s)) Bin(s,a).
k,h,s,a

)1y

Assume further that By, j, satisfies the dilated recursion in Algorithm I with By, i = 0, and that Py_1 is (s, a)-rectangular
so the per-(s, a) maximizers can be assembled into a single joint kernel P,S € Pr_1. Then

K
Reg(K) < o(K) +3 3 V7 (s0; by),
k=1

b
where V,:’“’P’“ (503 bx) denotes the value of the state-only bonus cost b, = {by. 1 (s)} under policy ), and kernel P}.
Proof. Since the uncertainty set is (s, a)-rectangular, we can construct a single kernel P,i’ € Pr_1 that simultaneously
attains all maxima in the definition of By, 5, (s, a) by selecting each conditional distribution independently at its argmax.

Define the 7j-averaged dilated bonus-to-go By 1 (s) £ Eqrr, . (1) [Bk,n (s, a)]. Taking expectation over a ~ x4 (- | ) in
the recursion gives - -
Bk,h(s) = bk,h(s) + QES’NPIS’:’C (-]s) [Bk’hﬂ(s/)],

where P,f 7% (- | s) is the one-step transition induced by first sampling @ ~ 7, , (- | s) and then s’ ~ P,g »(- | s,a). Unrolling
yields

Bk() So [Z (0% bkh Skh ’ (7Tk>P}i))} S OZI_IVZUC (So,bk) < 3V T (So,bk)

since aff < e < 3.

Next, because P* € Pj_; on the realizability event and By, j, is defined by a max over Pj_;, we have the optimism
inequality
Bk,h(sa a) > bk,h(s) + OéES/NP;:(-‘S,a)Ea/NTFk,h+1(-‘S') [Bk,h-‘rl(slv a/)]-

Taking expectation over a ~ 7} (- | s), multiplying by dj (s), and summing over s yields a telescoping inequality. Summing
over h and rearranging shows that the three B-terms in the premise are bounded by a.By, o (s0). Combining with the bound
on By, o(so) completes the proof. O

A.9 BOUNDING THE CUMULATIVE BONUS VALUE

Lemma 9 (Cumulative bonus value). On the realizability event,

ZV“ so,bk) <3yHSAK+H Z (uk n(s,a) = uy (s, a))
k,h,s,a

Proof. Since by, j,(s) = >, mkn(a | s)gk7h(s, @), we can rewrite

Vkﬂk’P" (s0;bk) Zdw’“’P" Vorn(s) = Z ,T:k’P’“(s a) bk n(s,a).

h,s,a

Plug in Ek r, and split. For the first part,

x 3vH
qupk <37H¥uku:zza+’y<3HZZZl<37HSA,

h,s,a uk urn(s,0) +7 h=0 sES) a€A
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using ¢™+F% < vy and u/(u+v) < 1. Summing over k gives 3yH SA K.

For the second part,

Z qm,Pk H (ug,n(s,a) Qk’h(s’ @) <H Z (Uk,h(s, a) — Ek,h(sa a))7

h,s,a uk’h(s’ (I) + v h,s,a

again using ¢ ¥ < u. Summing over k completes the proof. O

A.10 A PLUG-IN PRINCIPLE FOR CONFIDENCE-SET REPLACEMENT

Lemma 10 (A plug-in principle for confidence-set replacement). Fix any sequence of transition confidence sets {P_1}r>1
and define the UOB/LOB envelopes by

kP . o P
ukyh(&a) Iengx qh (s, a), @k,h(sva) = ngl?fl q;;k (s,a).

Assume the following hold on some event E:

(C1) (Predictability) Py_1 is Fi—1-measurable.
(C2) (Realizability) P* € Py_1 forall k.
(C3) (Rectangularity) Py_1 is (s, a)-rectangular.

Then, on &, Lemmas 6-9 and Lemma 8 continue to hold verbatim. In particular, the local bonus form and dilated recursion
remain valid after replacing the confidence sets.

Proof. The bounds in Lemmas 6, 3, and 5 only require (i) uy (s, a) > q’”’ (s, a) and uy, ,(s,a) < qZ’“’P* (s,a), and (ii)
predictability of u, u to apply martingale concentration. Both follow from (C1)-(C2) and the definitions.

Lemma 8 uses (i) realizability to obtain optimism in the recursion and (ii) rectangularity to guarantee the existence of a joint

b
maximizer P?. Lemma 9 additionally uses qZ""P"' (s,a) < ug p(s,a), which holds because P{ € Pj_1 by (C3). No step
depends on how Py_; is constructed. O

A.11 VLS TRANSITION ESTIMATION AND CONFIDENCE SETS
We now instantiate the plug-in principle with the VLS estimator of Li et al. [2024].
VLS estimator. For each layer h, define the regularized VLS objective

VIS 2
0% € afgmm A0)5 + Z > ((en(s' | simsain), 0) = I{sini = s'})

i=1s Esh+1

The closed form is given in Algorithm 1.

Ellipsoids and rectangularization. For a confidence level §' € (0,1), define ﬂ"ls (¢') as in Eq. (4) and the ellipsoid
CHACOERUE HO oy, < B (6")}. For each (s, a) at layer h, define the local confidence set

k:,h

Cyl% (s,a) 2 {p € A(Shy1) : 30 € O75,(8") st p(s') = (@n(s' | s,a), 0) Vs’ € Sy},

and the (s, a)-rectangular set Py = {P : Py(- | s,a) € C{(s,a) V(h, s,a)}.
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Lemma 11 (Robust dynamic programming under rectangular sets). Let P = {P : P,(- | s,a) € Cp(s,a) V(h,s,a)} be
(s, a)-rectangular and let 7 be any fixed policy. For any bounded stage-wise function g = {gh}th_Ol, define

505‘|.

Then the robust value admits a backward recursion: Vi (s) = 0and, forh =H —1,...,0,

H-1

Z gh(sh; ah)

h=0

VTP (s g) = ET"

Via(s) = (;Wh(a B (gh(s, @)+ max ES,NP[VW(S')]). 24)

. . . . . b
Moreover; there exists a kernel P® € P attaining the maximum, i.e., maxpep V™ (s;9) = V™ (s; ) for all s. An
analogous statement holds for min pcp with max replaced by min.

Proof. Fix 7 and g. For h € {0, ..., H} define the robust-to-go value

V* = Eﬂ‘,P
n () = max

H-1
Z 9t(st, at)
t=h

Sh28‘|,

with V; = 0. By the tower property, for any P € P,

H—-1 H—-1
B | gutsnan) =] Sl s) (gh@,a)wswph(.s,a) [E[ S gulsan)| s :H)
t=h a t=h+1

Maximizing the inner conditional expectation over P € P gives E[-] < V¥ ;(s'), so

V* < ]ES’N V* / ,
00 < Xl ) (onto o)+ e By Vi (4)])

where we used rectangularity to decouple the choice of Py(- | s,a) from other state-action pairs and future layers.
Conversely, choose for each (s, a) a maximizer pp, 5o € argmax,ec, (s.a) Es'~p[Vjry1(s)], and define a kernel P’ by
setting Pf(- | s,a) = pps,q for all (h,s,a). Then P’ € P and plugging it into the tower expansion yields equality,
establishing the recursion (24) and the existence of an attaining kernel. The proof for the minimization case is identical with
max replaced by min. O

Lemma 12 (VLS confidence event). With probability at least 1 — 0, simultaneously for all k > 0 and all layers h,

05 € ©y5.(6/H).

Proof. This follows from the self-normalized concentration for the VLS estimator. The proof is given (with the same
constants) in Li et al. [2024]; we adapt it to our notation. For completeness, we sketch the argument.

Let &n(s') & 1{sip1 = 8} — P} (s" | sin,ain). The noise vector (§4(s"))ses,,, is conditionally mean-
zero given F;_1 but correlated across s’. Li et al. [2024] prove a vector self-normalized inequality that controls
Dok en( | sin, ai7h)§i,h’ = uniformly over k. Combining with the ridge term v/ [|0}; |, yields (4). O

k,h

Lemma 13 (VLS ¢; deviation bound). On the event of Lemma 12, for any k, h and any (s,a) € Sy, x A, every P € Py_1
satisfies

IPaC-5,0) = PEC | sa)lly < 2855 00/H) S0 llen(s | sl -

s’€Shi1
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Proof. Fix k,h,s,a and P € Pj_;. By definition of P}’s,, there exists 0 € @‘,glfl’h(d/H) such that Py (s’ | s,a) =
(pn(s'| s,a), 0) for all s’. Thus

1Pu(- | s,0) = Pi(- | s,a)ly = Y [{enl(s' | s,0), 0 = 67) |

8'€Sh41

< Y e sl 10— 6y,
8'€Sht1

<16-6ily . S len(s sy, -

s'€Sp41

The inequality in the second line uses Cauchy—Schwarz in the Mahalanobis norms: for any positive definite matrix M and
vectors z,y, | (z, y) | < [|lzfl -1 [yl -

Since both 6 and 6}, lie in the ellipsoid ©}", , (§/H),

10 =il ., < |0 =020

where the second inequality uses ellipsoid membership for 6 and ¢;; (the latter from Lemma 12). Substituting this bound
into the previous display yields the claim. O

|

O =00 < B/ + B0/ H) = 28, 4 (0/H),

Ax—1,n Ak—1,n

A.12 UOB-LOB WIDTH BOUND

Define the (clipped) VLS radius

rin(s,a) =2 A | 265% ,(6/H) len(s" | s,a)][ 51
S k—1,h
s'€Sp 41

Then Lemma 13 implies || P, (- | s,a) — P} (- | s,a)ll; < 7% (s, a).

Lemma 14 (UOB-LOB width recursion with VLS radius). Fix an episode k and policy my. On the event of Lemma 12, for
any layer h and any state s € Sy,

U,k (8) =y p,(5) < 22 Z Zq”’“ s’ a) r%li(s a).

t=0 s’€S; ac A
Consequently,
H—

=

H—
Zukhsafukh(sa <2 ZZZqW’“P sarzlf(s a).

h=0 s€S) ac A €St acA

Proof. The proof follows the standard occupancy-recursion argument. Fix episode &k and layer h. For any kernel P € Pj,_1,

let dzkt’P and d’,:";P* be the state occupancies induced by (7, P) and (7, P*). By the occupancy recursion and triangle
inequality,

Iterating from¢t = 0to ¢t = h — 1 yields

On the event of Lemma 12, Lemma 13 bounds the ¢; deviations by r"“( ,a). Using the definitions of uk n and uy, 5, as
maxima/minima over P € Pj_1, we can upper bound the envelope gap at layer i by comparing each g, *’ P to q;;k £
dis"(s) = a5 ()| < 2maxpep, , ||dis" — 45"
we used |z(s)| < ||z||,. Combining with the previous display yields the first inequality. Summing over s € Sy, and then
over h gives the second. O

P ,P* ) ) )
R = ], < O ]+ D e I ) = B sl

5| <Y ) 1B 5.0) — PEC | sl

t=0 s,a

: for

any state s € Sp, uk,n(8) — Uy 5 (5) < 2maxpep, ,

, Where
1
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Lemma 15 (Generalized elliptical potential). Fix a layer h and define Ay, j, = Ysresnis 1on(s" | sk,n, ak7h)||f\—1 . Then
k—1,h
forany K > 1,

K

det(AK;L) K|Sh+1|
E 1NA <2In——= <2dln(1+ —— ).
k:l( A k’h) = o det(A) — dln d

Proof. Let Xy p € RISn+11%d be the feature matrix at episode k whose rows are oy, (s’ | Sk.hy»Qk,h) - Then Agp =
A +X ,;'— »Xk,n and the matrix determinant lemma gives

det(Ag pn)
det(Ak,Lh)

Since M = 0 implies det(I + M) > 1 + tr(M),

det(Ak h)
det(Ak 1 h)

= det (I—FXk hAk 1 hXI;r,h)'

In >In (14 tr(Xp Aty , Xy 5)) = In(1 4 Agp).

Using a A1 < 21In(1 + a) for @ > 0 and summing over k yields the first inequality. The second follows from tr(Ag ) <
Ad + K|Sp+1| and AM-GM on eigenvalues. O

Lemma 16 (UOB-LOB gap for VLS confidence sets). On the event of Lemma 12, with probability at least 1 — 6,

K H-1

Z Z Z Z (urn(s,a) = up, (s, a)) < 6(0553/2@) )

k=1 h=0 s€S ac A
Proof. Combine Lemma 14 with the shorthand

fih = qu P (s,a) 8 (s,0) = E[ry5 (skns arn) | Fro.

Summing Lemma 14 over (k, h, s, a) yields

K
Z (ug,n —ug ) < SZ ke, -

k,h,s,a k=1 h=0

Step 1: replace Y s, by realized radii. Let Ry, = r5 (skn,arn) € [0,2]. Define Ry, £ Y7, Ry and pp £

> Mk h, and the martingale difference X, £ jix — Ry. Then | X| < 2H. By Hoeffding—Azuma (or Freedman [Freedman,
1975]), with probability at least 1 — 4,

K K
> < k+O<H Kln(;)_
k=1

k=1

Step 2: bound ), , Ry j, via Lemma 15. Monotonicity gives %, ;, < 8%, = B¥°. Also, forany z > 0and 8 > 1,
2 A (28x) < 48(1 A x), hence

Rip <A4BE [ 1A Z lon(s" | Sk,h’akxh)”/\;il 3

s’ €Sh+41

By Cauchy-Schwarz, 3, [l¢n ()l 1 < v/IShi1] v/ Ak 50 1A X n(s) a1 < v/1Shaa] o/TA App. Summing
over k and applying Cauchy—Schwarz again yields

K
ZRk n < ABREVISnia] | KD (1A Agp).

k=1 k=1

Lemma 15 bounds >, (1 A Ay ) < O(d), hence SpRin < (5( 7\/ISh41]d K). Summing over h and using

S IShral < S gives 3y, Rin < O(BVASHEK). Since B = O(Vd) up to logs, we get 3, Rin <
O(dv/SHK). Plugging into Step 1 and then into the first display yields D kmsa(UWhn =y p) < O(ds32yHK). O
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A.13 PROOF OF THEOREM 1

Proof of Theorem 1. We combine the regret decomposition bounds from Lemmas 6, 3, and 5 with the dilated reduction in
Lemma 8 and the bonus bound in Lemma 9. By Lemma 10, these lemmas apply to the VLS confidence sets as long as
(C1)—(C3) hold. By construction, Py_1 is Fi_1-measurable and (s, a)-rectangular, and by Lemma 12 it contains P* with
probability at least 1 — §. We work on this event.

Step 1: from decomposition to bonus values. The decomposition yields, with probability at least 1 — O(9),

H(uk’h(s, a) — Qk,h(& a’)) >

(s, a) +7

~(H 9vH 3
Reg(K) <O — d —— 4+ —B ,
es(K) < (Tl) * k%;a h(s)ﬂk’h(a ) (uk,h(s,a) + 7y T H k’h(s o) +

+ > dj(s)(mrn — ) Bea(s. a).
k,h,s,a

Using u/(u +7) < 1 and Z—_T_% < 1, the bracketed terms are upper bounded by constants times by, 5 (s) and By, (s, a),
which matches the premise of Lemma 8. Applying Lemma 8§ yields

~( H K b
Reg(K) < O(’]]) +3ZVkﬂ'k,Pk (So;bk)'

k=1

Step 2: bound the cumulative bonus. Lemma 9 gives

=

b
SOV (s0ibi) < SYHSAK +H Y (e — ).
1 k,h,s,a

Finally, Lemma 16 bounds the width term by O (dS 3/2\/HK ). Putting everything together,
~(H 3/2
Reg(K) <O F+7HSAK+H-CZS VHK | .

Setting v = 2nH and optimizing 7 yields @(Hg/zv SAK +d HS/QSS/Q\/I?), proving the theorem. O
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