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Abstract

Action-dependent policies, which condition deci-
sions of each agent on both states and other agents’
actions, provide a powerful structured framework
for cooperative multi-agent reinforcement learning
(MARL). Most existing studies have focused on
auto-regressive formulations, where each agent’s
policy depends on the actions of all preceding
agents. However, this structure suffers from se-
vere scalability limitations as the number of agents
grows. In contrast, the theoretical foundations of
sparse dependency structures remain largely un-
explored. To address this gap, we introduce the
Action Dependency Graph (ADG) to model sparse
inter-agent dependencies. We propose a refined
equilibrium concept with respect to the ADG that
is stronger than the Nash equilibrium which often
traps independent policies. Furthermore, within
Coordination Graphs (CG) structured problems,
we show that such an equilibrium attains global
optimality when the ADG satisfies specific CG-
induced conditions. To substantiate our theory, we
develop a tabular multi-agent policy iteration algo-
rithm that converges to the refined equilibrium ex-
actly as predicted. We further extend our approach
to deep MARL, confirming that these structural
conditions provide a reliable design principle for
scalable and optimal coordination.

1 INTRODUCTION

Achieving effective multi-agent reinforcement learning
(MARL) in fully cooperative environments requires agents
to coordinate their actions to maximize collective perfor-
mance. While independent policies [Zhang et al., 2021}
Oroojlooy and Hajinezhad, |2023]] offer computational scala-
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bility, they implicitly assume a fully factorized joint policy,
ignoring the complex dependencies required for global co-
ordination. Although computationally tractable, these com-
pletely decentralized representations are often suboptimal
[Fu et al., [2022], as they tend to converge to one of many
Nash equilibrium solutions [[Ye et al.| 2022]] that may not
correspond to the globally optimal configuration.

The emergence of action-dependent policies [[Fu et al.||2022]]
offers a promising solution by reframing coordination as a
structured decision process. In this context, we introduce the
action dependency graph (ADG), a directed acyclic graph
that defines the conditional independence among agents’ ac-
tions. Theoretical studies [Bertsekas, 2021} |Chen and Zhang]|
2023|] demonstrate that policies in the auto-regressive form,
associated with fully dense ADGs, can recover the full joint
distribution and guarantee global optimality. However, fully
dense ADGs pose substantial scalability issues, as the de-
pendency complexity renders them intractable for large-
scale systems. The fundamental challenge lies in identifying
sparse ADG structures that preserve optimality guarantees
while maintaining efficient inference.

This leads to two fundamental challenges that remain un-
addressed in the literature: establishing convergence guar-
antees for policies defined by arbitrary sparse ADGs, and
identifying the conditions under which such sparse ADGs
can maintain global optimality guarantees. While the con-
vergence properties of independent and fully auto-regressive
policies are well-documented, the behavior of policies with
general dependency structures represents a significant theo-
retical gap.

We address these challenges by unifying ADGs with
the framework of Coordinated Reinforcement Learning
[Guestrin et al., 2002]], where a coordination graph (CG)
represents the additive decomposition of the joint utility
function. We establish a convergence result for policy it-
eration, proving that iterating any action-dependent policy
converges to a GG 4-locally optimal policy, a structural equi-
librium where each agent’s conditional decision maximizes
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the global objective given the fixed actions of its ADG par-
ents. Our key insight is that the permissible sparsity of an
ADG, which ensures that such a G 4-locally optimal policy
is guaranteed to be globally optimal, is governed by its struc-
tural compatibility with the CG. Building on this foundation,
we derive the structural conditions relative to the CGs under
which this convergence further extends to global optimality.

The contributions of this paper are summarized as follows.

(1) We introduce the notion of Gg4-local optimality, a
structural refinement of the Nash equilibrium that pre-
cisely characterizes the convergence behavior of action-
dependent policies associated with the ADG G .

(i1) We establish a theoretical framework that unifies CGs
with ADGs, deriving the first set of structural condi-
tions under which sparse ADGs preserve global opti-
mality.

(iii)) We design a policy iteration algorithm that, grounded
in our theory, guarantees convergence to a GG4-locally
optimal policy, and further to a globally optimal so-
lution when the proposed conditions on the CG and
ADG are satisfied.

2 RELATED WORK

Independent policy. The majority of the literature on
MARL represents the joint policy as the Cartesian prod-
uct of independent individual policies. Value-based meth-
ods such as IQL [Tan, 1993, VDN [Sunehag et al., | 2018]],
QMIX [Rashid et al.,2020], and QTRAN [Son et al., 2019]
employ local value functions that depend only on the state or
observation of each agent. Similarly, policy-based methods
such as MADDPG [Lowe et al., 2017]], COMA [Foerster
et al., [2018]], MAAC [Igbal and Shal [2019], and MAPPO
[Yu et al., 2022] directly adopt independent policies. These
approaches often fail to achieve global optimality, as they
are not able to cover all strategy modes [Fu et al.|[2022].

Coordination graph. Some value-based methods [Bohmer
et al., 2020, (Castellini et al., 2021} [Li et al., 2021, 'Wang
et al., |2022b] recognize that the limitation of independent
policies is due to a game-theoretic pathology known as rela-
tive overgeneralization [[Panait et al.|[2006]. To mitigate this,
they employ a higher-order value decomposition framework
by introducing the coordination graph (CG) [|Guestrin et al.,
2002]. In this graph, the vertices represent agents, and the
edges correspond to pairwise interactions between agents
in the local value functions. While CGs improve coopera-
tion by considering inter-agent dependencies, the resulting
joint policy cannot be decomposed into individual policies.
Consequently, decision-making algorithms still require in-
tensive computation, such as Max-Plus [Rogers et al., 2011
or Variable Elimination (VE) [Bertele and Brioschil [1972]].
When the CG is dense, these computations may become

prohibitively time consuming, making the policy difficult to
execute in real time.

Action-dependent policy. In contrast to independent poli-
cies, action-dependent policies [Wang et al., 2022al [Ruan
et al.,|2022, |Li et al., 2023} 2024 incorporate not only the
state, but also the actions of other agents into an agent’s
decision-making process. The action dependencies among
agents can be represented by a directed acyclic graph, which
we refer to as the action dependency graph (ADG). In
some literature, the action-dependent policy is also referred
to as Bayesian policy [Chen and Zhang| 2023|] or auto-
regressive policy [Fu et al.l 2022]. Moreover, the use of
action-dependent policies can be viewed as a mechanism to
leverage communications for enhancing cooperation [Zhou
et al.,[2023| [Duan et al.| 2024} [Jing et al.| 2024, Tang et al.}
2025]]. Some approaches [Bertsekas},|2021} |Ye et al., [2022]
Wen et al.l [2022] transform a multi-agent MDP into a single-
agent MDP with a sequential structure, enabling each agent
to consider the actions of all previously decided agents
during decision-making. This transformation ensures the
convergent joint policy to be globally optimal [Bertsekas,
2021]. However, the fully dense ADG makes these methods
computationally expensive and impractical for large-scale
systems. For more general ADGs, existing theories can
only guarantee convergence to a Nash equilibrium solution
[Chen and Zhang| 2023]]. Currently, no theoretical evidence
demonstrates the superiority of action-dependent policies
with sparse dependency graphs over independent policies.

3 PRELIMINARY

We formulate the cooperative multi-agent reinforcement
learning problem as a Multi-Agent Markov Decision Pro-
cess (MAMDP), represented by the tuple (N, S, A, P, r, ),
where N' = {1,...,n} denotes the set of agents, S is the
finite state space, A = []!_; A; is the joint action space
formed by the Cartesian product of each agent’s finite action
space, P : S x A x § — [0,1] is the transition kernel,
r: S x A — Ris the reward function, and v € [0, 1) is the
discount factor.

We consider policies of the deterministic form 7 : S — A.
The state value function and state-action value function
induced by a policy 7 are

V7(s) :=E, lz yr(st, at)
t=0

sos], (1

Q" (s,a) :=E, thr(st,at)
t=0

where the expectation E is taken over all random variables
st induced by 7 and P.

sozs,aoza], 2)

For any function V' € R(S), where R(S) denotes the set
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Figure 1: A coordination graph (a) and an action dependency
graph (b).

of real-valued functions J : S — R, we define

QY (s,a) :==r(s,a) +~ Z P(s'|s,a)V(s'). (3)
s'eS
The Bellman operator 7 : R(S) — R(S) and the Bellman
optimality operator 7 : R(S) — R(S) are given by

T:V(s) = QY (s,m(s), TV(s) = maxQ"(s,a), (4)

respectively. The value function V'™ is the unique fixed point
of T, and the optimal value function V* is the unique fixed
point of 7.

3.1 COORDINATION GRAPH

In many practical scenarios such as sensor networks [Zhang
and Lesser, 2011]], wind farms [Bargiacchi et al., 2018]], mo-
bile networks [Bouton et al.,|2021]], etc., the Q)-function can
be approximated as the sum of local value functions, each
depending on the states and actions of a subset of agents.
A widely used approach to representing this decomposition
is the use of the coordination graph (CG) [Guestrin et al.}
2002]], which captures the pairwise coordination relation-
ships between agents. Formally, we define a CG as follows.

Definition 3.1 (Coordination Graph). An undirected graplﬂ
G. = (N, &) is aCG of a value function Q™ : Sx A — R,
if there exists a local function Q7; : § x A; x A; — R for
every edge (7,7) € &, and alocal function QT : S X A; —
R for every vertex i € A, such that for any a € A, the
following decomposition holds:

Q"(s,a) =Y _QF(s,ai)+ Y. QF(s,ai,a5). (5)
€N (i,5)€Ec

Remark 3.2. If G.. is a subgraph of G/, and G.. is a CG of
QT, then G, is also a CG of Q™. Therefore, multiple CGs
may correspond to the same value function Q™.

FigureI](a) shows a CG where Q™ can be decomposed as:

Q" (s,a) = QTy(s, a1, a2)+QT3(s, a1, a3)+Q33(s, az, az).

(6)

'In this paper, the vertices and edges of the graph are repre-
sented by agent indices and index pairs.

3.2 NOTATIONS

In the paper, we frequently use sets as subscripts in expres-
sions. Let S C N, and denote its elements in ascending
order as S = {s1, $2,. .., s }. For a space, such as Ag, we
define As = [[;cq Ai = [T, A.,. For a vector, such
as ag, we define as = (as,,asy,...,0s,), As; € As,.
The notation < ¢ indicates the set of agents with indices
smaller than ¢, similarly for < 4, > 4, and > . For an undi-
rected graph G, Ng, (i) denotes the neighbor of vertex i.
When there is no ambiguity, we abbreviate N¢_(7) as N.(4).
N_[i] := N.(4) U i. For a directed graph G4, Ng,(7) de-
notes the parent set of vertex ¢. Likewise, we abbreviate
Ng, (i) as Ny(i) and Ng[i] := Ng(i) Us.

4 ADG WITH OPTIMALITY
GUARANTEE

4.1 ACTION DEPENDENCY GRAPH

In MARL, a deterministic joint policy 7(s) is a vector-
valued mapping from states to actions, where each compo-
nent corresponds to an individual action. Thus, 7(s) can
always be written as a collection of independent policies
(m1(s),m2(s),...,m(s)). In this sense, the independent
policies are expressive enough to form any joint determin-
istic policy, including the optimal one. However, this does
not imply that independent learning can converge to the
optimal joint policy, since independent policies cannot cap-
ture coordinated behaviors that rely on correlated actions
across agents. The absence of such coordination may cause
independent learners to converge to suboptimal points.

To address this limitation, we introduce a broader class of
policies, termed action-dependent policies, whose inputs
include not only the state but also the actions of other agents.
Formally, specifying action-dependent policies requires de-
termining the order in which actions are generated. Without
loss of generality, we assume that actions are output sequen-
tially according to agent indices 1,2, . .., n. In this case, the
general form of agent i’s policy is m; : S x Ac; — A,
Since an agent’s policy may not strictly require the actions
of all preceding agents, we can represent these sparse action
dependencies using a directed acyclic graph (DAG). Given
the fixed generation order, we naturally assume throughout
this paper that the topological order of any such DAG aligns
with the agent indices, meaning that all directed edges (j, ¢)
satisfy j < 1.

Definition 4.1 (Action Dependency Graph (ADG)). A DAG
Gq = (N, &) is the Action Dependency Graph of a joint
action-dependent policy m = (1, 7o, . .., 7, ) if, for every
agent i € N, the policy m; depends only on the state s
and the actions of its parent set N;4(4) in G4. Formally, for
any s € S and ac;,a’; € Ay, if ay,i) = “?vd(i)v then

1425



(s, a<i) = mi(s,al;).

For convenience, we sometimes directly denote the individ-
ual policy as 7;(s, an,(;)) to explicitly reflect this sparse
dependency. Figure[T[b) illustrates the ADG of a joint policy
7 with the following form:

m(s) = (m(s), ma(s, m1(5)), ma(s, m2(s, m1(s)), M1 (8))) -
7

From (7)), it is evident that expressing the components of a
joint policy directly in terms of action-dependent policies
becomes cumbersome. To streamline such representations,
given C' C N, we recursively define the following policy
notation:

a; ifi € C,
(8, m<i,c(s,a¢)) otherwise,

mi,c(s,ac) = { (8)

where 7, ¢ = (71,0, ..., mi—1,c). Conceptually, 7; ¢ is
derived from 7; by fixing the actions of agents in C as
given inputs, while the actions of the remaining preceding
agents in (< 4) \ C are sequentially generated by their
respective policies. Consequently, m; ¢ depends strictly on
the actions in C. A special case is 7; z, where no other
agent’s action is fixed as a given input. In this case, m; &
is exactly the individual component of 7, and can be
rewritten concisely as

m(s) = (m1,2(8), m2,5(s), 73,5 (s)) - ©

4.2 COORDINATION POLYMATRIX GAME

A key reason why independent policies often converge to
locally optimal solutions is the existence of Nash equilib-
rium policies [Zhang et al.,|[2022, [Kuba et al.| [2022], also
known as agent-by-agent optimal policies [Bertsekas| [2021]].
In this subsection, we illustrate the suboptimality of Nash
equilibria through an example of coordination polymatrix
game [Cai and Daskalakis, 2011]], and demonstrate how
action-dependent policies can overcome this limitation.

A coordination polymatrix game can be viewed as a single-
step decision problem, formulated by a MAMDP tuple
(N,S, A, P,r,v), with S = @ and v = 0. In ad-
dition, the game is equipped with an undirected graph
G. = (N,&.) and a set of pairwise payoff functions
{rij}(i.j)ee.. which together determine the global reward
r(a) =3 . j)ee. Tij(ai, a;). In this setting, 7 is equivalent
to the (state)-action value function Q : A — R, and G,
serves as the CG of . Figure [2] illustrates a polymatrix
game with three agents, each having two possible actions,
A; = {0,1},7 = 1,2, 3. The payoff matrices specify the
reward for each agent pair; for example, if agents 1 and 2
both choose action 0, they receive a payoff of 1 together.

For independent policies, the joint policies 7 = (1,1,1)
and 7 = (0,0, 0) are both Nash equilibria. However, only

o
[y
o
o
[y
o

110 |06 .
® ®
r12 r23
Figure 2: A polymatrix game on a line CG.

(0,0, 0) is globally optimal. Although (1, 1, 1) is suboptimal,
no single agent has an incentive to deviate unilaterally, since
any individual deviation reduces the total reward.

Now consider action-dependent policies with an ADG Gy
whose edge setis 5 = {(1,2), (2, 3)}. Suppose the policies
are given by m; = 1, m2(0) = 0, m2(1) = 1, m3(0) = 0,
and 73(1) = 1. This corresponds to the same joint policy
m = (1,1,1). However, if agent 1 switches its action to 0,
agents 2 and 3 will also switch to 0, leading to the joint
action (0,0, 0) with reward (0, 0,0) = 2, which exceeds
r(1,1,1) = 1.2. Thus, agent 1 is incentivized to choose
action 0, driving the system toward the globally optimal
policy. This example shows exactly the advantage of using
action-dependent policies.

4.3 OPTIMALITY GUARANTEE

Although action-dependent policies can converge to solu-
tions stronger than Nash equilibria, such solutions are not
necessarily globally optimal. In this subection, we intro-
duce G4-local optimality to characterize the optimality of
action-dependent policies.

Definition 4.2 (G4-locally Optimal). Let G4 = (N, &y) be
an ADG. A joint action-dependent policy m = (71, ..., my)
is G4-locally optimal if, for every state s € S and any
an, @iy € Any(i) the following holds:

Q" (8, TN N4 i) (5, any (i)

= max Q" (5, T N[ (85 an,fi]))s

(10)

where 7y v, (i) (8, @n,(i)) Tepresents the joint action that
the actions of agents in the parent set Ny(4) are fixed to
an,(i)» and the actions of other agents are sequentially gener-
ated by the remaining policy components. Because our recur-
sive definition explicitly dictates that 7; n, () (S, an, (i) =
a;,¥j € Ng4(i), this notation elegantly captures the com-
posite joint action (an, (), T— N, (i),Na(5) (5, AN, (5)))- When
G4 is empty (i.e., independent policies), the G4-local opti-
mality coincides with agent-by-agent optimality. As more
edges are added to G4, condition (T0) becomes increasingly
restrictive. In the extreme case where G is a fully dense
DAG with edge set &5 = {(i,j) € N x N i < j},a
G 4-locally optimal policy aligns with the globally optimal
policy. A joint policy under policy iteration with ADG G
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tends to converge to a G4-locally optimal solution, as dis-
cussed in the next section. Thus, the most straightforward
way to avoid suboptimality is to adopt a fully dense ADG.
However, the computational cost of training and execut-
ing such policies grows rapidly with the number of agents,
limiting scalability.

To identify sparse ADGs that preserve global optimality
without prohibitive computational costs, we examine the
structural dependencies required for maximizing the joint
utility. We introduce the notion of a compatible ADG based
on the sequential decomposition of the objective function.

Definition 4.3 (Compatible ADG). Let G, be a DAG over
N without immoralities (i.e., for any node 1, its parent set
Ny (i) forms a fully dense subgraph in Gy). A real-valued
function f : A — R over the joint action space is said to
additively decompose according to G}, if there exist local
functions f; such that

fla) = Z filan, @), as)-

1EN

1)

An ADG G is compatible with f if there exists such a
DAG G}, over which f decomposes, and G, C Gy (i.e.,
Ny(i) 2 Ny(2) forall s € N).

This definition bridges the agent’s action dependencies with
the underlying utility structure. Based on this, we present
our main optimality theorem.

Theorem 4.4 (Optimality of Compatible ADG, proof in
Appendix [A). Let G4 be an ADG and the policy T be
Gg-locally optimal. If G4 is compatible with the function
Q™ (s, -) for all states s € S, then 7 is globally optimal.

Proof Sketch. The proof proceeds by backward induction
from agent n down to 1. Because the underlying DAG G,
has no immoralities, maximizing the objective over agent
1’s action perfectly absorbs the resulting dependencies into
its fully connected parents N, (7), without creating any new
fill-edges. Since the ADG is compatible (Ny(i) 2 Np(4)),
the required parent actions are already observed by agent
1. Consequently, the GG4-local optimality condition ensures
that each agent’s conditional decision effectively executes
a lossless variable elimination step, guaranteeing global
maximum. O

Remark 4.5. For notational clarity, we formulate G; and
G, as fixed global structures. However, the extension to
state-dependent graphs, G4(s) and G.(s), is mathemati-
cally trivial. Because the joint maximization over actions is
performed point-wise for each state s independently, there is
no cross-state coupling. As long as G 4(s) is compatible with
Q7 (s, -) for each respective s, the sequential maximization
guarantees hold independently at every state. To simplify the
presentation, we consistently assume fixed global structures
throughout the remainder of this paper.

Note that any arbitrary @-function admits a trivial com-
patible DAG. For instance, a fully dense DAG is univer-
sally compatible by assigning the entire objective to the
final agent (i.e., fn(an,(n),an) = Q"(s,a) and f; = 0
for ¢+ < m). This recovers the known result that fully dense
ADGs guarantee global optimality. The non-trivial chal-
lenge, however, lies in identifying a sparse latent DAG G},
that preserves this guarantee. Fortunately, when the prob-
lem is structured by a CG, we can construct such a sparse
compatible ADG by leveraging the structural equivalence
between Markov networks and Bayesian networks [Theo-
rem 4.13, |[Koller and Friedman, |[2009], as formalized in the
following corollary.

Corollary 4.6 (Optimality via CGs, proof in Appendix [A).
Let G be the CG of Q™, and let G}, be any chordal com-
pletion of G.. There exists a DAG Gy, without immoralities
that shares the exact same set of edges as Gy,. Consequently,
for any policy ™ with ADG G satisfying G, C Gy, if 7 is
G g-locally optimal, then T is globally optimal.

This corollary provides a practical blueprint for designing
optimal ADGs directly from underlying CGs. Two special
cases illustrate this principle: (i) When G, is empty, it is
already chordal. The corresponding G, is empty, allowing
G to be empty. This yields a VDN-style decomposition
where any Nash equilibrium is globally optimal, consistent
with|Dou et al|[2022]. (ii) When G.. is a complete graph, its
only chordal completion is itself. The resulting Gy is a fully
dense DAG. Thus, for any arbitrary CG, a fully dense ADG
guarantees global optimality, since every CG is a subgraph
of the complete graph.

CG Sparse ADG

Dense ADG

Figure 3: For a star CG, both the complete graph and itself
are valid chordal completions. However, the ADGs they
induce exhibit significantly different levels of sparsity.

For general CGs, different chordal completions can signif-
icantly impact the sparsity of the resulting ADG, as illus-
trated in Figure |3| The choice of the chordal completion
G, fundamentally governs the structure of the resulting
Gp. If we measure sparsity in the sense of the parent set
size, the sparsest compatible DAG G}, is obtained by find-
ing a chordal completion G, that minimizes the size of its
maximum clique. Crucially, the minimum over all chordal
completions of the size of the maximum clique (minus one)
is precisely the definition of the treewidth of G [Koller and
Friedman, [2009]. Thus, the maximum parent set size | N ()]
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in the sparsest possible ADG is bounded by the treewidth of
the CG. For example, if G is a tree, its treewidth is 1, mean-
ing each agent in GG, (and thus in G4) depends on at most
one other predecessor. However, finding the optimal chordal
completion that minimizes this maximum clique size is an
NP-complete problem [Kok and Vlassis}, 2006, equivalent
to finding the optimal elimination order in variable elimi-
nation (VE). Despite this complexity, practical heuristics
from probabilistic inference, such as the min-fill elimina-
tion [Koller and Friedman, [2009]], can be employed. Our
greedy method (Algorithm |2 in Appendix |C) instantiates
this heuristic, efficiently generating sparse ADGs. Figure ]
illustrates the resulting ADGs for several simple CG topolo-
gies, which for these cases also happen to be the sparsest
possible ADGs.

O-00® — OO0
5= N
® ®
ot " b

Figure 4: ADGs generated by Algorithm [2|for CG topolo-
gies: line, ring, and star.

S CONVERGENCE OF
ACTION-DEPENDENT POLICY

5.1 CONVERGENCE TO G;-LOCALLY OPTIMAL
POLICY

In this section, we introduce a policy iteration algorithm in
the tabular setting. This algorithm highlights the advantage
of employing action-dependent policies, enabling conver-
gence to a G4-locally optimal policy rather than merely an
agent-by-agent optimal one.

Our approach Algorithm [I]extends the multi-agent policy
iteration (MPI) framework proposed in [Bertsekas| [2021]],
which decomposes the joint policy update step of standard
policy iteration (PI) [Sutton, |2018] into sequential updates
of individual agents’ policies, thereby mitigating the com-
putational complexity of PI. However, MPI guarantees con-
vergence only to an agent-by-agent optimal policy, which
is often suboptimal. To address this limitation, we incorpo-

rate action-dependent policies into the MPI framework and
ensures convergence to a GGg-locally optimal policy.

Algorithm 1 Action-Dependent Multi-Agent Policy Itera-
tion

Initialize policies 7}, i € A/, with ADG G4 under every
seS
for k=1,2,...until 7¥ = 7F71 Vi € N do

// Policy Evaluation

Compute yr* by solving V = TV

// Policy Improvement

for:=1,2,...,ndo

For every (s, ay,(;)) pair, compute the Q-value:

k .
Qi(sv aNd(i)) A Qﬂ (Saﬂg&:il)yj\[d(i)(sa aNd(i));

Qi 775>i),1vd[¢] (s ANy (i) )

if 7F(s,a<;) € argmax, Qi(s, an,(;)) then
WfH(Sa a<i) < Wf(Sa a<i)
else .
Ter(s, a<;) < argmax, Q;i(s,an,())
end if
end for

end for

Since the policies of agents in (< 7) are always updated
before agent 4, the (I2) can always be applied in succes-
sion. Since the image set of arg max may have multiple
values, we arbitrarily select one of them. Specifically, if
7rz’-"(37 a<;) is already in the image set, then we prioritize
selecting ¥ (s, a~;). Note that while the update is specified
for every (s, a<;) pair, the arg max in Algorithm [1|only de-
pends on (s, ay, ;). so the actual computation only needs
to be performed for every (s, ay,(;)) pair. When update rule
no longer changes 7%, the algorithm reaches convergence.
The following theorem describes the convergence property:

Theorem 5.1 (Convergence of Algorithm |1} proof in Ap-
pendix . Let {m*}2° | be the policy sequence generated
by Algorithm Then {m*}$2., converges to a Gg-locally
optimal policy in a finite number of steps.

Proof Sketch. The proof is structured to propagate stabil-
ity from independent base cases to complex conditional
dependencies through the following steps:

Step 1: Monotonic Convergence of Independent Com-
ponents. We establish the monotonic convergence of the
value function sequence {V™" } (Lemma . Since the
policy space is finite, the non-decreasing nature of the value
function ensures that the base independent components of
the policy, 7z, &, must stabilize within finite iterations.

Step 2: Constructing a Total Order on the Power Set.
To handle the potential oscillations of conditional policies
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7i(s, an,()), we define a strict total order < on the power
set of predecessors C = P({1,...,n—1}) (Definition[B.3).
This ordering allows us to perform a structural induction on
the complexity of the dependency context rather than just
the number of agents.

Step 3: Handling Sparsity via Dependency Reduction.
The core technical difficulty of the convergence of 7; ¢, C' €
C lies in sparse ADGs where an agent ¢ may not observe
certain predecessors in a given context C,, (Ng(7) 2 Cp).
Lemma [B.6] provides a reduction principle: if an agent’s
ADG does not cover the current context C,,, its policy
behavior can be mapped back to a observable context C;
that precedes C,, in our total order. This ensures that the
induction remains well-defined even when ADG are not
fully dense.

Step 4: Completion of Induction. By inducting over the or-
dered contexts C,,, € C, we prove that a change in any
conditional policy would imply a strict increase in the
already-converged value function, leading to a contradiction
(Lemma|[B.7). Thus, the entire individual policies sequence
must converge to a Gg-locally optimal limit. L

It is straightforward to verify that once all individual policies
converge, the joint policy is G4-locally optimal. However,
the convergence of individual policies under general ADG
structures presents significant theoretical challenges. Most
existing literature focuses on the two extremes: independent
policies or fully dense auto-regressive formulations. While
Chen and Zhang|[2023]], Chen et al.|[2024] demonstrated
that action-dependent policies can converge to a Nash equi-
librium under policy gradient methods, such results only
ensures the stability of the marginalized independent com-
ponents 7,z (s). The full conditional policies 7; (s, an, (i)
may still exhibit persistent oscillations, preventing the joint
police from stabilizing at a G4-locally optimal point.

5.2 CONVERGENCE TO GLOBALLY OPTIMAL
POLICY

When the CG of an MDP is fixed (e.g., polymatrix games),
we can construct an ADG G that is compatible with the
value function Q™ structured by a CG G, (via the chordal
completion outlined in Corollary @.6)), and we simply say
that G4 is compatible with the CG G.. Then, apply Al-
gorithm [T] to update policies under this ADG. Upon con-
vergence, Theorem [5.T| ensures that the resulting policy is
G g-locally optimal, and by Corollary 4.6 it is also globally
optimal.

Corollary 5.2. Given G as the CG of the value function
Q™ for all policies w. Let {m*}° | be the policy sequence
generated by Algorithm[I|with an ADG Gg. If G 4 is compat-
ible with G, then {m*}3° | converges to a globally optimal
policy in a finite number of steps.

In more general scenarios, the CG may be dynamic. Such
changes in the CG are typically driven by both the state and
the joint policy. For state-dependent changes, it suffices to
design a distinct ADG for each state, ensuring that Corol-
lary [4.6] remains valid. In contrast, for policy-dependent
changes, the ADG should be updated after each policy itera-
tion to preserve convergence to the globally optimal policy.
A key challenge arises here: directly modifying the ADG
may alter the structural dependencies of individual policies.
For instance, under one ADG, agent 7 may depend only on
the action of agent 7, whereas under another ADG it may
additionally depend on the actions of both j and k. If the
policy of agent ¢ lacks the interface to accommodate these
additional dependencies, direct modification of the ADG
becomes infeasible.

To address this issue, we could employ an indirect con-
struction. Specifically, we build a set of individual policies
such that, although their functional forms may differ before
and after the ADG update, their induced joint policies re-
main identical. For deterministic policies, this construction
is straightforward. Given a joint policy 7 with independent
components 7(s) = (71(s),...,Tn(s)), we define a set of
action-dependent policies {7; };c - with the new ADG such
that the ADG is compatible with the new CG G.(7) and
m1(8)  71(s), ma(s,m(s))  72(s),

vy (8, T1(8)y o Tno1(8))  Tn(s). (13)

This guarantees that the joint policies before and after
the ADG update are equivalent. Consequently, if the CG
changes after policy improvement, we reconstruct the new
policy ﬂf +1 according to (T3). This ensures that the ADG
continue to be compatible with the CG, thereby allowing
Algorithm [T]to achieve the optimal solution.

Corollary 5.3 (Proof in Appendix [B). Given G, () as the
CG of the value function Q™ for joint policy . Let {m*}2 |
be the policy sequence generated by Algorithm[I} with policy
reconstruction according to (13) upon CG change. Then
{Wk},;";l converges to a globally optimal policy in a finite
number of steps.

6 EXPERIMENTS

6.1 COORDINATION POLYMATRIX GAMES

To validate theoretical optimality and convergence guaran-
tees, we evaluate Algorithm [I]on polymatrix games with
four CG topologies: star (5 agents), ring (5 agents), tree (7
agents), and mesh (9 agents), respectively. These topolo-
gies represent varying degrees of structural complexity. We
compare three ADG configurations: sparse (constructed via
Algorithm[2)), fully dense (auto-regressive), and empty (in-
dependent). Additional experimental details are provided in

Appendix
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Figure [5] reports the learning curves averaged over 100
runs, showing that both sparse and dense ADGs consistently
achieve the global reward upper bound across all topologies.
In contrast, independent policies (empty ADGs) frequently
trap in suboptimal Nash equilibria. Shaded areas represent
the 95% confidence intervals (similarly hereafter) computed
over 100 independent runs.

To assess computational efficiency, Figure[6]reports the aver-
age per-iteration runtime for different topologies, including
ADGs derived from ring, star, and binary tree CGs, as well
as fully dense ADGs. Each average time evaluation involves
100 runs, and each agent has two actions. It highlights the
scalability advantage: while dense ADGs incur exponential
runtime growth as the number of agents increases due to the
enlarging joint action space, sparse ADGs exhibit resonable
runtime while preserving the same performance.

Star Graph

Ring Graph

—— empty ADG 3.0 | —— empty ADG
sparse ADG sparse ADG
—— dense ADG 25 —— dense ADG
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Iteration Iteration

Tree Graph Mesh Graph

35— empty ADG —— empty ADG
sparse ADG 7 sparse ADG
30 —— dense ADG —— dense ADG

0 10 20 40 50 60 0 10 20 40 50 60

30 30
Iteration Iteration

Figure 5: Results of coordination polymatrix game.
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6 8 10 12 14
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Figure 6: Average time per iteration.

6.2 IMPLEMENTATION IN DEEP MARL

To assess the performance of action-dependent policies with
sparse ADGs in non-tabular settings, we integrate the ADG
structure into the MAPPO framework [Yu et al., [2022].
Specifically, we replace the independent actor 7(a;|s) with
the action-dependent form 7(a;[s, a,(;)) following the de-
pendency structure defined by the ADG. This requires up-
dating the PPO importance sampling ratio to account for
the conditional action dependencies. Detailed experimental
protocols and hyperparameters are provided in Appendix

Results on star-topology polymatrix games (lower right cor-
ner of Figure /) demonstrate that even with neural network
function approximation, ADG-structured policies could suc-
cessfully escape suboptimal points that hinder independent
learners. This confirms that the proposed structural condi-
tions provide a robust design principle beyond tabular cases.

We further evaluate the framework on Adaptive Traffic Sig-
nal Control (ATSC) over 10 different seeds, where the coor-
dination structure is naturally defined by the road network
topology. We test on 2 X 2 (4 agents), 3 x 3 (9 agents), and
4 x 4 (16 agents) grid networks using the Simulation of
Urban Mobility (SUMO) platform [[Lopez et al., 2018]] and
SUMO-RL [Alegrel 2019]]. The CG edges represent adja-
cency between intersections, and sparse ADGs are derived
using greedy ordering in Algorithm 2]

Figure[7]shows that sparse ADGs achieve performance sim-
ilar to auto-regressive models while outperforming indepen-
dent policies. These results indicate that in realistic simula-
tion tasks with CG structures, sparse ADGs can effectively
capture necessary coordination without the computational
overhead of auto-regressive communication.

SUMO 2x2 Grid

SUMO 3x3 Grid
-18000

-20000

-22000

—-24000

-26000

Episodic Return

—— empty ADG -28000
~7000 sparse ADG
—— dense ADG ~30000
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—— dense ADG

0 50000 100000 150000 200000 0 50000 100000 150000 200000
Step Step

SUMO 4x4 Grid Polymatrix Game

Episodic Return

—— empty ADG
sparse ADG 8
—— dense ADG

—— empty ADG
sparse ADG
—— dense ADG

0 50000 100000 150000 200000 0 20000 40000 60000 80000
Step Step

Figure 7: Results in Deep MARL.
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7 CONCLUSION

In this work, we established a theoretical framework for
action-dependent policies in multi-agent reinforcement
learning by introducing the ADG and the G4-local opti-
mality. We further identified the conditions under which
G 4-locally optimal policies coincide with globally optimal
solutions in CG-structured problems, and proposed a policy
iteration algorithm with guaranteed convergence. These the-
oretical findings were substantiated by empirical evaluations
on polymatrix games and adaptive traffic signal control, con-
firming that our theory serves as a reliable design principle
for scalable multi-agent systems. Future research will focus
on developing automated methods for structural learning in
environments where the underlying coordination topology
is unknown.
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Sparse Action-Dependent Policy Iteration: Convergence and Optimality under
Coordination Structures
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Jianglin Ding' Jingcheng Tang' Gangshan Jing!
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A PROOF OF OPTIMALITY

Lemma A.1. Let Gy, be a DAG without immoralities under the topological order 1,. .. n. If a function g;(a<;) decom-
poses over the subgraph Gy <; as g;(a<;) = 23':1 filan, ), aj), then its maximization over a; strictly preserves the
decomposition over the remaining subgraph Gy <;:

i—1
max gila<i) = Z; filan,Gys aj), (14)
j:
where f J/ are updated local functions.
Proof. We isolate the terms involving a; in g;(a Si):
i—1
Jnax gila<i) = ; filan, (), a;) + Jnax filan, iy, ai)- (15)

If Ny(i) = (), maxg,,c .4, fi(a;) is a constant and can be trivially added to any remaining function. Otherwise, let k =
max(Np(7)) be the highest-indexed parent of i. Since G, has no immoralities, all nodes in Ny (4) are fully connected. Thus,
nodes in Ny (¢) \ {k} must strictly precede k and be connected to &, which implies N, (i) \ {k} C Ny(k).

Consequently, the variables involved in max,,c4; fi(an, (i), ai) are exactly a subset of {a.} U ay, (x). We can thus absorb
this maximization term directly into f; by defining:

Substituting f] back into (I3) yields max, e 4, gi(a<i) = Y51 fi(an, ;). a;)- O
Proof of Theorem
Proof. Without loss of generality, we assume the agent indices 1, ..., n follow a topological order of the DAG G}. Fix

an arbitrary state s € S and denote f(a) := Q7 (s, a). Since G4 is compatible with f, there exists a DAG G}, without
immoralities such that:

fla)=>" filan,).a:), and  Ny(i) C Ng(i), Vi € N. (17)
i=1

*Correspondence to Gangshan Jing: jinggangshan@cqu.edu.cn
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According to the G4-local optimality condition (T0), for any agent i, the policy 7; unilaterally maximizes the joint objective
when ay, ;) is fixed:

Ti(an, @) € argmax f(ma N, i (an, i) (18)
a; €A
We prove by backward induction on i € {n, ...,0} that for any prefix of fixed actions a<;, the policy 7 rolls out optimally
over the remaining agents:
[y <ila<i)) = max f(a<i, aq). (19)
a>;

Base case: Since all actions are fixed, f(7ma <n(a<n)) = f(a) = max,., f(a<n,a>n) holds trivially.

Inductive step: Assume (I9) holds for agent i. We must show f(ma,<i(a<i)) = max,., f(a<i,ax;). By applying
Lemma the function max,_, f(a<;, a>;) preserves the additive structure over the remaining variables:

i1
Yggxf(agm asi) = Z filan, iy, @) + filan, iy, ai)- (20)
i =1

Evaluating the objective in (I8) fixes a; and the parent actions a N4 (i)- Let the preceding actions be a<; = T<; v, (s) (a Nd(i)).
By the induction hypothesis (T9):

i—1
f(ma N (an,p)) = Ifllfxf(&q, aiyasi) = Y filan, ), @5) + fi(an, iy, ai)- @2y
: =

Crucially, because compatibility guarantees Ny (i) C Ng(i), the required parent actions for f; are explicitly fixed in a, ;).
implying dy, iy = an,(;)- Since the first summation in (1) is independent of a;, substituting (ZT) into (T8) yields:

mi(an,@)) € arg n;‘ax filan, @), a:)- (22)
a; €A,

We can now evaluate f(mar,<;(a<;)):

f(rn<ila<i)) = f(mn <ila<i, mi(s, a<i)))
=max f(a<;, mi(s,a<;),as;) (by the induction hypothesis)
a>iq

1—1
= filan,gy a5) + filan, ), mils, a<i))
j=1

i—1

= Z filan, ), aj) + nax filan, (i), ai)  (dueto @2)) 23)
j:1 £ T
i—1
= max > filan,gy a5) + filan, iy ai)
e et
= max max f(a<;, @>;) = max f(a<;, a>;).
a;€EA; a>; a>;
By induction, reaching i = 0 yields f(7(s)) = max, f(a). Recalling that f(a) := Q™ (s, a), we have
V7(s) = TaV7(s) = Q7 (s,m(s)) = max Q" (s, a) = TV"(s), (24)
which shows that V'™ is a fixed point of 7. Hence, 7 is globally optimal. L

Proof of Corollary [4.6]

Proof. By the definition of CG, since G}, is a chordal completion of G, (i.e., G. C G},), Q™ (s, a) trivially decomposes
over Gy,.
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In probabilistic graphical models, the additive decomposition of a real-valued function is equivalent to the multiplicative
factorization of a positive probability distribution (e.g., via the energy function P(a) x exp(Q™(s,a))). Thus, G}, acts as a
Markov network for this distribution.

Since G}, is a chordal Markov network, Theorem 4.13 in|Koller and Friedman| [2009] guarantees the existence of a Bayesian
network GGy, that is a perfect map of Gj. The properties of a perfect map imply that GG, and GG}, share the exact same
underlying edge set, and GG, contains no immoralities.

Because the distribution factorizes over the Bayesian network Gy, taking the logarithm yields an exact additive sequential
decomposition of Q™ (s, a) over Gy:

Q" (s,a) =Y _ filan, (i), a:)- (25)

ieN
Therefore, Q™ (s, a) additively decomposes according to . Since the corollary assumes G, C G4, it immediately follows
from Definition [4.3|that G4 is compatible with Q™ (s, -) for all states s € S. Given that the policy 7 is G 4-locally optimal,
Theorem [4.4] confirms that  is globally optimal. O

B PROOF OF CONVERGENCE

We first reformulate the MAMDP as a sequentially expanded MDP (SEMDP) [[Ye et al., 2022} L1 et al.} 2023| [Bhattacharya
and Bal| [2025]], and then establish our proofs on this reformulation. The SEMDP transforms a multi-agent system into a
single-agent MDP by expanding the state space and it does not introduce any new assumptions. Our results can still be
proven directly under the MAMDP formulation. However, introducing the SEMDP can greatly simplifies the notation used
in the proofs.

Given an MAMDP (N, S, A, P, 7 ™), we construct a SEMDP denoted by (N, S, A, P,r,~), where

* S isidentical to the state space in the MAMDP;
« A=TJ", A is identical to the joint action space in the MAMDP;

* Z = J,;cpr Zi is the expanded state space, where Z; = S x H;;ll A, is the individual expanded state space for agent
(5

* P:Zx 2 xJ;epn Ai — [0,1] is the transition kernel of the SEMDP;
o 7 Ujenr(Zi X Ai) — Ris the reward function of the SEMDP;

The SEMDP transition kernel is defined as
P((s,a<i)|(s,a<i),a;) =1, Vs€ S,a<; € A<;,0 <i <, (26)
P(s'|(s,a<n),an) = P(s'|5,a), Vs€ S, acp € Acp. 27)
The reward function is defined as
r((s,a<i);a;) =0, Vse S, a<; € A<;,0< i <n, (28)
r((s,a<n);an) = 7(s,a), VseS,ac€ A 29)
In the appendix, the joint policy in the SEMDP is denoted by 7 : Z — ;.\, A, Where
(s,a<i) € Ajy, Vs € S ac; € Agy.

The individual policy of agent i is defined as 7; := 7| z,, which restricts the function to Z;. This formulation is identical to
the individual policy in the MAMDP. To distinguish between the joint policies in MAMDP and SEMDP, we rewrite the joint
policy in the MAMDP as 7 := mh 5 = (1,05, .., Tn,2).

In the SEMDP, the state value function takes the form V : Z — R, and the state-action value function takes the form
Q : Ujen(Zi x A;j) = R.Forany V € R(Z), we define

QY (s,acisa;) :==r1(s,acs;a;) +7 Z P(Z"| (s,a<i),a;)V(2). 30
z'eZ
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The Bellman operator 7. and the optimal Bellman operator 7 are given by

TV(z) = Qv(s,a<i;7ri(s,a<i)), TV(z) = max Qv(s,a<i;ai). 31)

Qs

The state value function V™ is the fixed point of 7, and the state-action value function is Q™ := Q""" . The optimal state
value function V* is the fixed point of 7, and Q* := QY. The semicolons in ) and r highlight the action dependence.
However, Q(s, a<y; a,) can also be regarded as the value function of the full joint action and thus is sometimes written

simply as Q(s, a).

Proposition B.1. We summarize several fundamental properties of the SEMDP:

1. V*(s) =417 "V™(s), Q% (s,a) = v~ "Q™ (s, a), where V™ and QT denotes the state and state-action value function
in the original MAMDP.
2. Q7 (s,aci;a;) =4V™(s,a<;), 1<i<n.

3 Q7 (s,aci30i) =" TIQT (8, T(<n) (<i) (8, a<i); T <y (S, a<i)), 1< i<

Proof. (i) We expand the definition of V7 in the MAMDP:

Vi(s) =B | Y A r(s, w(se))|ses1 ~ P(lse, 7 (s¢)), 50 = s]

Lt=0

=E Z Z’Yntﬂin?"(st; Teiz(8t); Ti,o(st))|St41 ~ P(-[se, A (st)), 50 = 51
Lt=0 i=1
r © n _

=E V7YY A (s maio(se)i mia(se)) | sern ~ PLse w(s0)), 50 = S]
L t=0 i=1

7' "E 27 (23w (z)) |21 ~ P(|ze, m(z2e)), 20 = 8
=" "V”(S)

Similarly, we can derive that Q7 (s) = v'="Q™(s).

(i) For 1 < i < n, we compute:

Q" (s,a<i30;) = r(s,acs;@) +v » P(2' | (s,a2:),a:) V()

Z'eZ
=4V (s,a<;).

(ii1) Repeatedly unrolling the recursion yields:

Qﬂ(57a<z‘;a4) = (S agq:)
= WQ (s, A< Ti41, (<¢)(S agi))

= = "TQ7 (8, (<), (<i) (8, a<i); T (<i) (8, a<i).

O

From Proposition [B.I]i), we see that the value functions in the SEMDP and the MAMDP are equivalent up to a constant
factor. Therefore, it can be easily verified that (1) an optimal policy in the SEMDP remains optimal in the original MAMDP,
(2) Q™ and Q™ have the same CG, and (3) in (I2), replacing the Q-function with its SEMDP counterpart does not affect the

update outcome:

k+1
)

k+1

k
(s,a<;) + argmax Q" (s,7r(<i)’Nd(i)(s, AN, (i)); Gi)- (32)

[¢23

We first prove that the joint policy wﬁfy ~(s) in MAMDP converges.
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Lemma B.2. Let {Wk}zozl be the policy sequence generated by Algorithm Then both V™" (s) and W}C\/) () converge
within a finite number of steps.

Proof. From the update rule (32)), for any s € S,0 < i < n, we have

Toent VT (5,755 (5) = Q7 (5,75 L () i (s, 781 L ()

> Q™ (5,7 L () mh (5,7 L (5)) (33)
=V (5,7 ().
We now proceed by induction. Assume that
T2V (5,780 5 () = TEAV™ (5,751 5 (s)), Vse€S,0<i<n. (34)
We now prove that
TIRAVT (s, 75 L (8) = T V™ (.75 L(s)), VseS, 0<i<n (35)
When i < n, } .
TIAV™ (5,780 (s)) = mﬂvw (5,75 5 ()
> 77— k+1 (S W]Z;ril Z(S)) (36)
= 7;ch+1‘/7T (s, Wﬁt}a(s))
When i =n, .
7:51;:11 (Saﬁgt,l@(s)) 7(s, Wijzlz +VZP (s']s, ”Izrz,lz(s))ﬁkﬂvw (s")
ok
> r(s, 7585 (s) +VZP s, TS (N TIEL VT (8) (37
= T V™ (s, ﬂiﬁ%(s))
Thus,
k+1 . ; ok ok ok
Ve (s () = lim TV (s, 7L () 2 V7 (s, mE L (5) 2 VT (s (9). (38)

By the monotone convergence theorem, V™" (s,m%; 5(s)) converges. Since the policy space is finite, v (s, 5(5)),
Vi€ N,s € S converges within a finite number of steps.

Next, we prove by contradiction that Wﬁ/, () also converges. Suppose that for some M, y (s) has already converged

when k > M. Assume that for k > M, ﬂ'/’i/,@(s) + Wﬁ'é( ). Let i be the first index such that 7}’ (s) # 7rk+1( ) while
Tl'iLQ(S) = wiflg(s) Then

okl s n— okl
VI (s) =V (s, mE () = =TIV (5,18 5 (5))

n— k‘,+1
. 1(@@1@ RED ISR <s’>)

:W((s ) + 7T Pl L ()Y k“/))

= ”’IQ”k (s, ﬂ’i#g(s);wﬁ“(s T (5))) (39)
1™ (s, T () mh (s, 75 ()
72 (s, mEEL ) (s) (s, 7L L(s)))

> >y (s, T L (s)mi T (s, w5 (9)))

> Q™ (s, 7 () (5,7 5 (5)))

=TV (5,78 o (5)) = VT (s).
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The first equality follows from Proposition (ii). The third equality uses the fact that v (s) has already converged. The
strict inequality follows from the update rule, which preferentially selects the pre-update policy.

Hence V™" (s) > yr (s), contradicting the assumption that v (s) has converged. Therefore, 7, ,(s) = wﬁé(s) for
k > M, implying that the joint policy WJ’?/, () also converges. O

In order to deduce the convergence of individual policies from the convergence of 7@’“\; ~(5), we employ induction. To make
the induction work properly, we need to construct a special ordering.

Definition B.3. LetC = P({1,2,...,n — 1}), where P denotes the power set. We introduce a binary relation < on C as

follows:
A < B <= min(A\ B) >min(B\ A), A,BeC. (40)

For the case involving the empty set, we define min @ := n.

Lemma B.4. Forany A, B € C, the following holds:
A < B <= min(AAB) € B\ 4,

where A denotes the symmetric difference, i.e., AAB := (A\ B) U (B\ A).

Proof. We first prove the direction "<=". Let k = min(AAB) € B\ A. Since A\ B C AAB, we have min(AAB) <
min(A \ B). Moreover, because k € B\ A, it follows that min(AAB) = min(B \ A). Since (B\ A)N(A\ B) = &, we
obtain min(AAB) < min(A \ B). Thus, min(B \ A) < min(A \ B),ie., A < B.

Conversely, assume A < B. Then min(B \ A) < min(A \ B). Hence,
min(AAB) = min{min(B \ A),min(A4 \ B)} = min(B \ A). 41)
Therefore, min(AAB) € B\ A. O

Proposition B.5. The binary relation < on C is a strict total order.

Proof. Irreflexivity and asymmetry are immediate. We now prove that < is connected and transitive.
(Connectedness): Let A, B € C with A £ B. We distinguish three cases:

() If A C B, then B\ A # @. Hence min(B \ A) <n —1and min(A\ B) =n > min(B \ A),s0 A < B.
(ii) If B C A, by symmetry we obtain B < A.

(i) If A ¢ Band B ¢ A, then min(A \ B) # min(B \ A). Thus, either A < Bor B < A.

(Transitivity): Let A, B,C € C with A < Band B < C.

If A = &, then clearly A < C'. Otherwise, set k; = min(AAB) and ks = min(BAC). By Lemma[B.4] we have k; € B\ A
and ky € C'\ B. We analyze three cases:

(i) If k1 < ko, then k1 ¢ BAC. Since ky € B, it follows that ky € B N C. Moreover, as k; € B\ A, we have ky € C'\ A.
Now, we only need to show k1 = min(AAC). Forall i < k; withi € AU B, we have i ¢ AAB, hence i € AN B. Since
k1 < ko, wealso geti € AN BNC,implying i ¢ AAC. Thus k; = min(AAC), and by Lemma A<C.

(ii) If ko < k1, then by symmetry, ko = min(AAC) and ky € C'\ A. Hence A < C.
(iii) If k; = ko, then k1 € B\ A and k; € C'\ B simultaneously, which is a contradiction. Thus this case cannot occur.

Therefore, < is transitive. O

After defining the strict total order <, we arrange the elements of C in ascending order as C = {C1,Cs, ..., C|¢|}.

Lemma B.6. Let C,, € C and C,, # @. Let Gq be the ADG of 7 under state s. If Nq(i) 2 Cp,,i € N, denote
k = min(Cy, \ Ng4(2)), and define

Ci=AUB:={zeCp|e<klU{ze{l,...,n—1}| x> k}. (42)
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Then we have j < m. Furthermore, if i # k, the following holds:
mi.c, (s, 7,0, (8, ac,,)) = T, (8, ac,,)- (43)

Proof. We first verify that j < m. Since N4(i) 2 Cy,, we have C,, \ Ny(i) # &, and hence k < n. By construction of C},
min(Cy, \ C;) = k. Therefore,

min(C;AC,,) = min{min(C; \ Cy,), min(C,, \ C;)} = min{min(C; \ C,), k}. (44)

Because min(C}; \ Cp,) > k, we obtain min(C;AC,,) = k € Cy, \ C;. By Lemma|[B.4] this implies C; < Cy, ie., j < m.
When i € Cy,, since i # k, we have ¢ € Cy,, N C}, and therefore

Ti.c, (8, e, .0 (8, 00,,)) = ai = i c,, (s, a0,,). (45)

When i ¢ C,,, we consider the two cases k = 1 and k > 1 respectively.
k=1
In this case, C; = {2,3,...,n — 1}. We analyze the construction of 7; ¢, (s, ac; ):

Ti.c,(s,ac;) =mi(s, T(<4),c (s7acj))

(s,

=mi(s,m1,0;(8,a0;), T(<i)ne,.c; (8, ac;))
(
(

(46)
=mi(s,m1(s), a(<i)nc;)
=8, T1(8), A(<i)n(Cu\ {1} U(<\Cr)-
Substituting 7¢, ¢,, (5, ac,, ) into ac,, we obtain
mic; (s, 7c; .0 (8, ac,,))
=7i(5:M<i),0; (500 )| a. e e (w00 @7)
=i (8, T1(8), A(<H)N(C\{1}) T(<ONC,Com (55 AC,, ))-
Since 1 ¢ Ny(i), m; does not depend on a;. Thus, replacing 71 (s) with a;, we obtain
Ti.c, (8, 7c;,c (85 aC,,))
=i (8, a1, A(<i)(Cp\{1}) T(<i)\Com o O (55 AC,, ) 48)
=Ti(8, A(<i)NC » T(<i)\Con,Con (55 GC,y, )
=T, (8;0C,, )
(i) k> 1.
We proceed by induction to prove that
Xer (S,Wcj’cm(s,acm)) = 7Tg7cm(8,acm), V1</{<k. 49)
For ¢ =1, since 1 < k, we have 1 € C,;, N C}. Thus,
T1,0; (8, 7,00 (8, a0,,)) = a1 = 71,0, (s, ac,,)- (50)

Assume the statement (@9) holds for all indices less than (. For ¢ < k, note that (< ¢) N C,, = (< ¢) N C; and
(< O\ Cp = (< 0\ C;. Therefore,
T¢,C; (S,Wcj,cm (s,ac,,))

=me(s, A(<)NC;r T(<L\C;,C; (s, GC]»))| D

AC;=TC;,Cm (S,acm)

=T0(8, A(<O)NCp> T(<O\Cm,C, (85 TC;.0, (85 00,,)))-
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By the induction hypothesis,

T(<ON\Cm,C; (8, TC; ,Con (8, 0C,,.)) = T(<o\Com O, (55 0C,, ) (52)

which yields
7,0, (8, 7C; .00 (8,00,,)) = (8, A(<)nCyn s T(<ONC,Cm (85 0C,, ) = Te,C, (5, aC,,)- (53)
Finally, similar to (7)), analyzing the construction of mi,c, (8, ac,) gives
mic, (8, 7c; 00 (8, 00,,))
=7i(5,7<i,0; (5,00 )|, e e (si00m) (54)
=m;(s, A(<i)NChy s T(<k)\Cn,C; (s, TC;,Cm (s,ac,,)), Tk,C; (s, TC;,Cm (s,ac,,)), TC\Cm,Cm (s,ac,,))-
Since k ¢ Ny(i), we can replace 7y ¢, (s, 7c; ¢, (5, ac,,)) by 7x,c,, (5, ac,, ), yielding

4,05 (S, TC;,Cm (87 ac,, ))

=T3(8, A(<i)NC s T(<\ConoCon (55 AC, )5 Tk, C, (85,00, ), TON OO (8500, ) 55)
=Ti(8, A(<i)NCp > T(<i)\ComsCo (85 GC,, )

=m.c,, (s, ac,,)
U
Lemma B.7. Let {wk}z"zl be the policy sequence generated by Algorithm Then for every Cy, € C, 7T/k\/7cm converges
within a finite number of steps.
Proof. We proceed by induction.
Base case: Consider C; = @. By Lemma we directly obtain that 77}“\/,01 converges in finitely many steps.

Induction step: Assume that Wﬁ/,cj has already converged for all j < m when k > M. We now prove that wf\ﬂ c,, also
converges in finitely many steps.

We first show that, when k > M, for any max C,,, < i < n, the following inequality holds:
K _1 nk .
Q" (s, 750 (5,00, )75 (s,a0,)) 2 47'QT (5,787 o) (s,a0,)i 7 ¢, (s,a0,,))- (56)
(i): If Ng(i) 2 Cp, then by the update rule,

Q™ (s, L c,,L (s,a0,,); 78 (5,a0,,))

= Q™ (s, 7ML (s,ac,,);7i (s, 7L (s,ac,.)))
k

> Q™ (s, (s,ac,, )i mE (s, 750L (s,ac,,))

= V*IQ” (s, ﬂ’i‘f_lpm (s,ac,,); ﬂ'fj'll (s, 77}2‘——11,07,7, (s,ac,,)))-

(57)

(iD): If Ny(i) 2 C,, we then construct C; = {z € Cy, | o < K} U{z € {1,...,n =1} | @ > k'} with k¥ =
min(C,y, \ Ng(i)) according to Lemma [B.6, Since i > max C,,, we have i # k', and therefore 7f (s,ac,,) =
Wﬁcj (s, wéj ., (s;ac,,)). By the induction hypothesis, leﬂ\/,cj has already converged. Hence,

k k k
Tri,-ic—vyln(s7acm,) = ﬂ'iJcr* (s, 7TC'+1C (Svacm))
- //Tf,Cj (53 WCT:,CM('S? aCm)) (58)
= (5,78, 0, (5, a0,))| o _ et

oy =mtl, (s.a0,)

- Wf (Sa ”Tii,cj (57 ﬂé‘j}cm (Sa acm,)))'
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We examine each component of Wi‘f}j (s, wé*’c (s,ac,,)). Iz € (< i)and z = K/, since kK ¢ Ngy(i), then 7} is
k+1

independent of a,, so we replace 7" (s 7Tc+c (s,ac,,)) with

m

Lemma[B.6]and the induction hypothesm to obtain

- (s,a¢,,) in @8). If = # k', then we again apply

k k k k
Moo, (5: 76 ¢, (8,00,.)) = T (8,76 6, (5,a0,,)) = 46 (s,a0,,)- (59)
Thus,
mon (s,a0,) =7 (s, 78, o (s, 16 6, (s,a0,,)) = 7 (8,780 6 (s,a0,))- (60)
Therefore,

Qﬂ ( <zC (Svacm);ﬂﬁgl (570'0 ))
= Q™ (5,7 L (s,ac, )7 (s, 7L (s,ac,,))) (61)

= V_IQTF (37 Wij'fl,cm (Sa aCm)§ ijll (87 7T];irfll,cm (87 aCm)))'

Next, we prove

k k+1 k k
Qﬂ (8, 7T<J1rnax Cp,Com (S acm.) mtx C,Con (57 acvn)) Qﬂ (S 7T<max CisCom (S acm,) T max CmyCm (S, ac,, )) (62)
We examine each component of 7r<max CCon (8500, )

(iii): If i € Cypo then 7f . (s,00,,) = a; = ﬂfél (s,ac,,)-

(iv): If i ¢ Cp, let Cj = Cry N (< ). Since i < max Cpy, we have C; C Cpy,, and by Definition[B.3] j < m. By the
induction hypothesis, 7rf, o has converged. As ﬂ’éi depends only on the first 7 — 1 agents, it follows that wl’f c,, = ﬂf o,
Therefore, -

e, (s,ac,) = Tho,(s,ac,) = mEN (s ac,) = wEL (s ac,,)- (63)

k+1 _ k
Thus, 720 o o (8,ac,,) =78 o o, (s, ac,,), and hence (62) holds.

ms

Now,

k k
Q" (s, 7T<Zlcm(5 ac,.); T, (5, ac,.))

= Q" (s, it (s,a0,,)imed (s,.ac,,))
_ k
> 2 MO TRQT (s, mE e 0 (8100, )i Tt 0 0 (85 6C,0) ©4)

Cy— k
= O TR QT (8, i oo (880, )i T o O (8,001 )
k
= Q™ (s, 0, (5,00, )7k o, (5,00,,)).

Here, the second line follows from Lemma which ensures that V™" (s) has converged, and hence Q“k (s,a) have
converged; the third line follows from (36); the fourth line from (62)).

Equation (64) shows that Q™ (s, <n o, (s,ac,);mh ., (8;ac,,)) is monotonically non-decreasing, and thus converges in
finitely many steps.

Let k > M’ > M be such that Q™ (s, ”Izn,c (s,ac,,); 7k ¢, (s;ac,,)) has converged. We now prove by contradiction
that W/’if,cm must also converge.

Suppose for k > M, 7k, . (s) # !¢ (). Let i be the smallest index where they differ, i.e.,

Lon(8) # T (), L0, (s) = mElEL, (5). (65)
By the analyses in (iii) and (iv), ¢ must satisfy i > max Cy,. If N4(i) 2 Cy,, then by (ii),

T (s.ac,) = (s, 75 0 (s.a0,)) = 7 (5,785 0, (s, ac,,) = Te,, (5,a0,,), (66)

contradicting ©¥ ., (s) # ' & (s). Therefore, it must be that Ng(i) 2 Chp,
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Q" (Svﬂ—iz,lcm (s7acm); WZ,JFC}M (Sa aCm))

k k k
= Qﬂ (S’ 7T<—:L710m (S, a’cnz); anrclm (S’ ac,, ))
. k
>y Q" (Svﬂ—i—;lcm (Svacm);ﬂi-aln(s’acm))

. k X
=7"7"Q (5,78, 0, (s.ac, )i m T (s, Y o, (s, ac,,))

. k
>TQT (s,nhi ¢, (s.ac, )i (5,785 0, (5, ac,)))

(67)

k
= QTF (87 W’in,cm (87 acm); Wﬁ,cm (87 ac,, ))

The second line uses the fact that Q“k (s, a) has converged; the third line is by the update rule; the fifth line follows from the
update rule, which preferentially selects the pre-update policy.

Equation contradicts the fact that Q™" (s, 7%, ¢, (s,ac,,);7k o (s,ac,,)) has already converged. Therefore, for all
k> M, wh o (s)= ﬂﬁf%m (s).ie., mir o converges in finitely many steps. O

Proof of Theorem 5.1]

Proof. According to Lemma we have that mF = 7% _; converges in a finite number of steps. Let 7 be the limit point of

the sequence {7*}2° ;. From the update rule, it follows that

QT (5, (i), Na(@) (8, ONa(9))3 Wi, Nai) (8, ANa(3))) = MAX QT (5, (i) Na(i) (8, ANa(i)); 1). (68)
Therefore, the limit point of {ﬂk}go:l is a Gg-locally optimal policy. O
Proof of Corollary[5.3]

Proof. From the analysis in Lemma we know that V™" (s) is monotonically non-decreasing. Hence, v (s) also
converges within a finite number of steps.

Suppose that for k > M, V™" (s) has already converged. Assume further that G.(7%+1) # G.(#*) when k > M. This
implies 7%+1 # 7*. From the contradiction argument in Lemma|[B.2] it follows that

k+1 ~k+1

VT (s) = VT s) > V() = VT (s), (69)

which contradicts the assumption that V™" (s) has already converged. Therefore, it must hold that G.(7**1) = G.(7*) for
allk > M.

Consequently, when k > M, the dynamic CG eventually stabilizes into a static CG. During this stabilization stage, the
update process reduces to Algorithm By Theorem 7% converges within a finite number of steps. Let 7 be the limit
point of {7*}2° ;. Then 7 is a G4-locally optimal policy. Furthermore, since the ADG is compatible with G, (), it follows
from Corollary .6 that  is globally optimal. O

C CONSTRUCTION OF ACTION DEPENDENCY GRAPHS

To elucidate the construction of ADGs, we present Algorithm [2]that efficiently derives an sparse ADG from a given CG.

D EXPERIMENTAL DETAILS

Setup of Coordination Polymatrix Game. In matrix cooperative games, different CGs and their corresponding sparse
ADGs are shown in Figure 38| For policy iteration methods, we randomly generate the parameters of the payoff matrices,
while fixing the maximum reward to be equal to the number of edges in the CG. Moreover, the maximum reward is obtained
when all agents choose action 1. For the MAPPO method, we use fixed payoff matrices, with the exact parameters provided
in Table[T]to Table @l

1443



Algorithm 2 Greedy Algorithm: Finding a Sparse ADG

1: Input: A Coordination Graph G, = (N, &)

2: Output: A topological ordering of agents 7 : A" — {1,...,n} and an ADG G4 = (N, &)
3: Initialize working graph G}, < G, unmarked vertices i < N, and ADG edges £; + ()

4: for k = n down to 1 do

5. for eachu € U do

6 Np(u) + {w € G | (u,w) € G}

7: cost(u) < number of missing edges between pairs of vertices in Np, (u)

8:  end for

9:  Find v* € argmin, g, cost(u)
10:  Assign topological index m(v*) < k
11:  for each w € Nj,(v*) do
12: Eq + EqU{(w,v*)}
13:  end for
14:  Add undirected edges to G}, to fully connect N, (v*) {Chordal completion to avoid immoralities }
150 U« U\ {v*} {Mark v* as eliminated}
16: end for
17: return ordering 7 and Gy = (N, &)

®5 ol ) 2 3 ol
T 5 Il Bt
® @
& N = e |C56> o N\e,
2 o1 P} ® (] o4 @ @5 Qo (] (]
=59 " " r— T 0 ] L
o AN P CE S 7 G AN
3 043 e3 o7 (1) ©8 @ @9 o4 ®5 @6 o7
N - T— 0 T T * TN
CG of Star CG of Ring CG of Mesh CG of Tree
/\
°5 1 o1 02 03 ol
¥ - il'\ T/ T o N
I 5e o2 4 %5 6 ®?2 ®3
°2 ol 04 (] ] ] —
A w\ ‘/|Il T /MT e\
°4 e3 o7 per o9 o4 ®5 o6 o7
) T F—f % T F YT
Sparse ADG of Star Sparse ADG of Ring Sparse ADG of Mesh Sparse ADG of Tree
Figure 8: The CG and sparse ADG of polymatrix coordination game.
Table 1: (D) in Star Table 2: (2) in Star
al\ag 0 1 2 3 4 (11\@3 0 1 2 3 4
0 35 50 05 05 05 0 35 05 50 05 05
1 05 35 60 05 05 1 05 35 60 05 05
2 05 05 35 05 05 2 05 05 35 05 05
3 05 05 05 325 05 3 05 05 05 325 05
4 05 05 05 05 30 4 05 05 05 05 30
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Table 3: 3 in Star Table 4: @) in Star

al \a4 0 1 2 3 4 al \a5 0 1 2 3 4
0 35 05 05 50 05 0 35 05 05 05 50
1 05 35 60 05 05 1 00 00 00 00 0.0
2 05 05 35 05 05 2 05 05 35 05 05
3 05 05 05 325 05 3 05 05 05 325 05
4 05 05 05 05 30 4 05 05 05 05 30

Setup of ATSC. In the ATSC environment, we conduct experiments on the maps 2x2grid, 3x3grid, and
RESCO/grid4x4 provided by SUMO-RL. Based on the road network connectivity, we design corresponding CGs,
with their adjacency lists for CGs and sparse ADGs reported in Table [3]to Table[I0] To increase task difficulty and highlight
the benefits of cooperation, we follow the idea of |Li et al.|[2021]], Bohmer et al.|[2020] to modify the reward function.
Specifically, instead of assigning each agent its own queue reward, we redefine the reward as the minimum individual reward
among its CG neighbors, thereby emphasizing the performance gap induced by cooperation.

Table 5: CG of 2x2grid Table 6: Sparse ADG of 2x2grid
Vertex Neighbors Vertex Parent nodes
0 1,2 0
1 0,3 1 0
2 0,3 2 1,0
3 1,2 3 2,1
Table 7: CG of 3x3grid Table 8: Sparse ADG of 3x3grid
Vertex Neighbors Vertex Parent nodes
0 1,3 0
1 0,2,4 1 0
2 1,5 2 1,0
3 0,4,6 3 2,1,0
4 1,3,5,7 4 3,2,1
5 2,4,8 5 4,3,2
6 3,7 6 5,4,3
7 4,6,8 7 6,5,4
8 5,7 8 7,5

Setings of MAPPO. In MAPPO, We transform the independent policy g, (a;|s) into the action-dependent form
g, (ails, an,(;)). This requires a modification of the optimization objective to properly handle the action-dependent
policy. Consider MAPPO [Yu et al., |2022]], where the original objective is

L(0) = Esp,anm,,, [Z min (’I"gi (ai, 8) A, (s,a), clip(re,(a;,s),1 £e)Ar, (s, a)) ] ,
i=1

o, (ails)

o ails)’ and D denotes the distribution in the replay buffer. To adapt this objective for action-
i,0ld \YEls

where rg, (a;, s) =

_ m(ails,an, i)
76, o1a (@ilS:aN,0))

For MAPPO with empty ADGs, we adopt the default MLP configurations specified in Papoudakis et al.| [2021]], [ Bohmer|
et al.|[2020]. For MAPPO with sparse and dense ADGs, we modify the agent network architecture as follows.

dependent policies, we replace g, (a;, s) with rg, (a;, 5, an,(;))

Let o; € R% denote the observational features of agent 4, and a; € R% the action features of agent . The first-layer hidden

features are computed as:
hl

e}

;= ReLU(Wloi + bl), hl

a

;= RCLU(WQ(M + bg),

where T, € R64xdo W, € R64%da and by, by € R%* are the weights and biases, respectively.
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Table 9: CG of 4x4grid Table 10: Sparse ADG of 4x4grid

Vertex Neighbors Vertex Parent nodes
0 1,4 0
1 0,2,5 1 0
2 1,3,6 2 0,1
3 2,7 3 0,1,2
4 0,5,8 4 0,1,2,3
5 1,4,6,9 5 1,2,3,4
6 2,5,7,10 6 2,3,4,5
7 3,6,11 7 3,4,5,6
8 4,9,12 8 4,5,6,7
9 5,8,10, 13 9 5,6,7,8
10 6,9,11, 14 10 6,7,8,9
11 7,10, 15 11 7,8,9,10
12 8,13 12 8,9,10, 11
13 9,12, 14 13 9,10, 11, 12
14 10, 13,15 14 10,11, 13
15 11,14 15 11, 14

Next, we take the average of héi over the dependency set Ny (i):

1
2 = hl .
“ [Na(3)] 2 .

1€N, (i)
We then concatenate the two feature vectors and obtain
3 1 22
h’ = [ho,ﬂhai]v

which is fed into a multilayer perceptron:
h* = ReLU(W3h? 4 b3), 2z = Wyh* + by,
where W3 € R64X128 1), ¢ Rbwionx64 po c R64 and by € R%ein The final output is z.

Experimental Hyperparameters. Our implementation of MAPPO is based on the open-source EPyMARL framework
Papoudakis et al.|[2021]], employing the Adam optimizer for training. We use the same hyperparameters across experiments
under different ADGs, with a few critical hyperparameters adjusted to fit each environment. These modified values are
reported in Table while any unlisted parameters follow the default EPyMARL configuration.

Table 11: Experimental Hyperparameters

learning rate  weight decay buffer size batch size entropy coefficient

ATSC 0.0004 0.0001 8 8 0.02
Polymatrix Game 0.0004 0.0001 16 8 0.1

Extension to Unknown Coordination Structures. We further extended our approach to environments with unknown
CGs by integrating it with online structure learning. Specifically, we conducted an experiment in the ALOHA environment
[Wang et al.,|2022b] where we do not use the prior CG knowledge. Instead, we employed the CASEC [Wang et al., 2022b|]
method to independently learn the coordination structure, which was then pruned to retain only the 30% most critical
edges and converted into an ADG. To accommodate the variable number of dependent actions as the CG evolves during
training, we utilized the Multi-Agent Transformer (MAT) [Wen et al., 2022] for policy training. MAT provides the flexibility
to implement sparse action dependencies dynamically by applying an attention mask that blocks interactions outside the
defined ADG structure.

All experiments were conducted across 10 different random seeds. Key hyperparameters for training included a learning
rate of 0.0004, a buffer size and batch size of 10, and an entropy coefficient of 0.1. The experimental results (Figure 9]
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comparing dense (auto-regressive), sparse (30% learned CG edges), and empty (independent) configurations show that the
sparse ADG achieved performance identical to, and even slightly better than, the dense ADG, while both outperformed
the empty baseline. This confirms that even when the CG learned from scratch, our theory still provides an effective and
principled target for structural pruning.

Aloha

Test Transmitted

0 50000 100000 150000 200000 250000 300000
Step

Figure 9: Results in ALOHA.
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