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Abstract

Cox processes model overdispersed point process
data via a latent stochastic intensity, but both esti-
mation of the nonparametric intensity model and
posterior inference over intensity paths are gener-
ally intractable, relying on computationally-heavy
MCMC methods. We introduce Neural Diffusion
Intensity Models, a variational inference frame-
work for Cox processes driven by neural stochastic
differential equations (SDEs). Our key theoretical
result, based on enlargement of filtrations, shows
that conditioning on point process observations pre-
serves the diffusion structure of the latent intensity
with an explicit drift correction. This provides guid-
ance on how to choose an appropriate variational
family so that ELBO maximization coincides with
maximum likelihood estimation under sufficient
model capacity. We provide an amortized encoder
architecture that maps variable-length event se-
quences to posterior intensity paths by simulat-
ing the drift-corrected SDE, replacing repeated
MCMC runs with a single forward SDE simu-
lation. Experiments on synthetic and real-world
data demonstrate accurate recovery of latent inten-
sity dynamics and posterior paths, with orders-of-
magnitude speedups over MCMC-based methods.

1 INTRODUCTION

Point process data arise in many scientific and industrial
applications, including neural spike trains [Amemori and
Ishii, [2001]], social interactions [Perry and Wolfel 2013, fi-
nance and insurance models [Bjork}[2021]] and queuing mod-
els [Brémaud, [1981]]. Such data are sparse, irregular, and
often exhibit substantial over-dispersion (high variance to
mean ratio) relative to simple inhomogeneous Poisson mod-
els [Jongbloed and Koole}, 2001}, |Avramidis and L’ Ecuyer,

2005]. As an example, in Section@ we will consider a
dataset of incoming calls from a large U.S. bank call center,
and Figureﬂ] shows that for this dataset, 10-minute arrival
counts are strongly over-dispersed. A natural and expres-
sive framework is to model these data as Cox processes,
wherein event arrivals follow a Poisson process with a latent
stochastic intensity [Daley and Vere-Jones| 2003} Chapter 6].
The randomness of the intensity function helps explain the
greater between-realization variability that is characteristic
of over-dispersed point processes.

In this paper, we model the intensity process as a Markov
diffusion that solves an unknown stochastic differential
equation (SDE). Such a point process model is com-
monly referred to as a diffusion-driven Cox process
(DDCP) [Gongalves et al., [2024]. The Markovianity of
the intensity process is a common requirement in many
applications; for instance, [Zhang et al., 2014] propose a
Cox-Ingersoll-Ross (CIR) diffusion model of the intensity
of the U.S. bank data in Figure [} Modeling via an SDE
allows one to explicitly encode dynamic mechanisms, such
as mean reversion or state-dependent volatility, giving an
interpretable description of the event rate evolution.

Learning a DDCP amounts to estimating the coefficients
of the latent SDE from point process observations. This
is a challenging problem, involving intractable infinite-
dimensional integrals over intensity paths and requir-
ing computationally-intensive Markov chain Monte Carlo
(MCMC) methods [Gongalves et al. [2024]]. These chal-
lenges persist even after the model is learned: computing
the posterior of the latent intensity conditioned on a point
process observation requires expensive MCMC simulations.

In this work, we introduce Neural Diffusion Intensity Mod-
els, a nonparametric variational inference framework for
Cox processes driven by latent SDE intensity processes.
Our approach combines three key ideas:

1. Neural SDE priors. We parametrize the drift of the latent
SDE with a neural network, making a flexible generative
model for intensity paths.
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Figure 1: The variance curve exceeds the mean curve, indi-
cating strong over-dispersion of the arrival point process, in
the US Bank data from [SEE Lab, Technionl [2024]].

2. Posterior characterization. Using tools from enlarge-
ment of filtrations (EoF), we show that conditioning on
point process observations introduces a score-like drift
correction while preserving the diffusion structure of the
latent intensity. That is, the posterior intensity process re-
mains a diffusion with the same diffusion coefficient and
a modified score-type drift. This establishes a conjugacy
at the level of path measures.

3. Path-space amortized inference. Rather than comput-
ing the posterior drift correction anew for each newly
observed point process, we exploit the above result to re-
place the point process realization-dependent drift correc-
tion with a trainable neural network. This way, posterior
inference is amortized: given point process observations,
posterior intensity paths can be sampled by forward sim-
ulating the neural drift-corrected SDE.

Our architecture has the flavor of a variational autoencoder
(VAE). The drift neural network is a decoder from Brownian
paths to point process observations via the latent intensity,
while the drift correction neural network forms an encoder
mapping from point process observations to posterior distri-
butions over intensity paths. We train both neural networks
by maximizing the evidence lower bound (ELBO). For an
expressive enough neural network, our approach approxi-
mates the true posterior arbitrarily well. This is in contrast
to works that use, for example, a linear SDE approximation
to the true posterior, as we discuss next.

1.1 RELATED WORK

There have been numerous prior works on point process
models with stochastic intensity functions. A large number
of these model the intensity function as a transformed real-
ization of a smooth Gaussian process prior, and carry out
posterior inference via MCMC [Mgller et al.| 1998, |Adams
et al.,|2009], variational inference [Donner and Opper, 2018],
Aglietti et al.l |2019], or approaches like INLA [Simpson
et al.;2016]. Here, the latent intensity primarily serves as a
smoothing mechanism, and these Gaussian process models
lack the capacity to represent mechanistic dynamics in the

way that a drift term in an SDE can.

Closer to our work is [Duncker et al.| [2019]] and Jaiswal
et al.|[2021]], both of whom consider DDCPs, and attempt
to flexibly learn the drift-function of the underlying SDE
using variational Bayes. In the former, the authors make
a Gaussian approximation to the posterior along the lines
of |Archambeau et al.|[2007] (see below): however this in-
troduces a variational gap. [Jaiswal et al.,2021]] proposed a
variational inference scheme for DDCPs, using a stochastic
partial differential equation satisfied by the smoothing poste-
rior density as a heuristic to identify the posterior diffusion.
The present paper builds on this line of work by providing a
rigorous EoF-based structural characterization of the poste-
rior path measure (not considered in [Jaiswal et al., |2021]),
and establishes that a sufficiently expressive variational fam-
ily will contain the true posterior. Furthermore, these works
do not consider amortized inference, necessitating a fresh
inference run for each new observation.

A different approach is that taken by neural temporal point
processes (neural TPPs) and related models [Du et al.| 2016,
Shchur et al., 2021} [Zuo et al.,|2020, [Mei1 and Eisner, 2017,
Shchur et al., [2020]: these model marked point processes
autoregressively, predicting the time and mark of the next
event in a sequence using neural network architectures like
RNNs, GRUs or LSTMs. Works like APP-VAE [Mehrasa
et al., 2019], VEPP [Pan et al., 2020]], and [Shibue and
Iwata, |2024] apply variational-autoencoder ideas to point
processes by introducing latent variables at the level of
inter-arrival times. These are flexible predictive models,
but they do not aim to recover a latent diffusion intensity
or quantify its uncertainty. Similarly, neural TPPs such as
neural Hawkes and Transformer Hawkes models [Du et al.,
2016l [Mei1 and Eisner, [2017, [Zuo et al., 2020, Shchur et al.|
2021, 2020] parameterize the history-conditional law of
future events directly, whereas our objective is to learn prior
diffusion dynamics and perform posterior inference over
latent intensity paths.

A separate recent line of research uses diffusion-model ideas
directly on point process observations. ADD-THIN [Ludke
et al., 2023]] and diffusion-excursion models [[Hasan et al.,
2023]] also connect diffusions and point processes, but oper-
ate on event patterns or path-event constructions rather than
on posteriors of a latent stochastic intensity diffusion.

Moving our focus from point processes to SDEs, there is
an extensive literature on MCMC [Beskos et al.l 2006,
Gongalves et al. 2024] and variational inference for
continuous-time stochastic models. Variational SDE meth-
ods trace back to|/Archambeau et al.| [2007], with later work
learning posterior drifts for latent paths [Opper} 2019, Ry
der et al.| |2018]]. These methods do not treat point process
observations, identify the exact posterior structure induced
by a Cox likelihood, or amortize posterior inference across
event sequences. Latent Neural SDEs for generative mod-
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eling have also been studied [Kidger et al.,|2021} [Li et al.}
2020]], but not for point process observations generated by a
latent diffusion intensity.

Opper’s formulation of variational inference as stochastic
optimal control [Opper, [2019] is closely related to [Tzen and
Raginsky, [2019], who derive the Follmer drift for terminal-
state conditioning. Since Cox process likelihood’s depend
on the full intensity trajectory, our EoF result is the cor-
responding path-measure analogue and identifies the full
posterior path measure rather than just the marginal poste-
rior distribution.

Discrete-time amortized inference for dynamical latent vari-
ables has been studied by Krishnan et al.|[2017] and Marino
et al.|[2018]]. Our work is the continuous-time point-process
analogue, with EoF giving the structural reason to condition
on the full event sequence.

2 PROBLEM FORMULATION

We formulate our model on a filtered probability space
(%, F, (Ft)tepo,1, P*), where P* denotes the unknown
ground-truth data-generating measure. We observe event
data as a simple point process [Daley and Vere-Jones| 2003,
Chapter 11 X = {r;}, on [0,T], with0 < 73 < -+ <
Tx < T and K a random variable giving the number of
events. We occasionally also use X to denote the count-
ing measure, or the counting process Xo. where X; :=
Yo Lr<ny- Welet pgy = P*o X ~! denote the ground-truth
distribution over event sequences, and let X' := UpcnRF
represent the sample space for X.

The filtration (F;) is assumed to carry both the observed
events X and a latent intensity process Z = (Z):e[o, 1),
which is (F;)-adapted but not directly observed. Let Z :=
C(]0,T); R?) represent the sample space of R%-valued con-
tinuous functions for Z.

2.1 NEURAL DIFFUSION INTENSITY MODEL

We focus on one-dimensional simple point processes, not-
ing that our framework can be extended to multivariate
point processes by replacing the scalar intensity process
with a vector-valued SDH'|on [0, 7. A rigorous multivari-
ate posterior characterization is given in Appendix [D} Our
model class {Py,0 € O} consists of Cox processes (dou-
bly stochastic Poisson processes), defined by the hierarchi-
cal structure Py(X) := [ dPy(X, Z) where Py(X,Z) =
P(X|Z)Py(Z), P(X|Z) and Py(Z) are path measures and
© C RP, p > 0. Conditioned on a latent intensity tra-
jectory Z = (Zi)4e[o,1)> the observation X is an inhomo-

!This would model either multiple event streams that may
share a common multivariate intensity, or independently evolving
ones.

geneous Poisson process with rate (Z;);c[o,r]. The prior
measure Py(Z) over intensities is induced by the Markov
diffusion solution of the SDE. We focus on one-dimensional
simple point processes X, though our framework can be
extended to multivariate point processes by replacing the
scalar intensity process with a vector-valued diffusimﬂ on
[0,7]. A rigorous multivariate posterior characterization
is given in Appendix D} Our model class {P,0 € O}
consists of Cox processes or doubly stochastic Poisson pro-
cesses. Specifically, the marginal probability of the observa-
tions is Py(X) := [ dPy(X, Z) where the joint distribu-
tion factors as Py(X,Z) = P(X|Z2)Py(Z), P(X|Z), with
Z = (Z4)1e(o0,) denoting the latent intensity process. Con-
ditioned on Z, the observations X form an inhomogeneous
Poisson process with intensity (Z;);co, 77, so that P(X[2)
is the corresponding Poisson likelihood. The prior measure
Py(Z) over intensities is induced by the solution of the SDE

dZt = bg(Zt7t) dt + O'(Zt,t) dBt, ZO = Z. (1)

Here B; is a Brownian motion adapted to (F%).c[o, 1], While

* by is an unknown drift function, parametrized by a p-
dimensional parameter 6. In this work, we will directly
represent the drift function with a neural network, so
that 6 denotes the network parameters. Although finite-
dimensional, a high-capacity parametrization serves
as a flexible, effectively nonparametric model for the
drift.

* ¢ is a known diffusion coefficient (e.g., fixed as a con-
stant or set by the CIR model).

We assume that the drift and diffusion coefficients satisfy the
usual conditions consistent for a strong solution of the SDE
to exist; see [@ksendal, 2003, Theorem 5.2.1]. Then, the
joint measure Py (X, Z) is well-defined on X x Z provided
Z; > 0 a.s., making it a valid intensity function. This con-
struction yields an infinite mixture model [Lindsay| |1995a]
of Poisson processes [Mgller et al.,|1998]], with mixing dis-
tribution given by the SDE prior Py(Z). See Section [B]for
the measure-theoretic desiderata for the model.

2.2 MAXIMUM MARGINAL LIKELIHOOD

With this setup, learning Py(X) reduces to estimating the
drift parameter §. We do this by maximizing the expected
log-likelihood under the ground truth distribution fig:

sup B, [log Pp(X)] = sup E,,, {1og/P(X|Z)P9(dZ)} .
EE) 0ce

For a flexible enough model class of the drift, this is ef-
fectively a nonparametric maximum likelihood estimation

This would model either multiple event streams that may
share a common multivariate intensity, or independently evolving
ones.
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(NPMLE) problem [Lindsayl |1995bf]. We assume that the
model class {FPy,0 € O} is well-specified in the sense
that KL (g || Py) < oo for some § € ©. This ensures that
E,, [log Py(X)] is well-defined and finite, and that the max-
imum likelihood objective is not trivially —oo.

In practice, jig is unknown and we assume access to n i.i.d.
. . ; . i iid.
observations of the data, i.e., { X"}, with X* "~ Hgts

leading to the empirical objective
supE; [log/P(XZ)dPg(Z)] 2)
0cO

~ .1 n ) ..
where /i := > " | dx: is the empirical measure.

Solving this maximization problem however involves a
structural difficulty: with a few special exceptions, the in-
tegral on the RHS is intractable. This has been classically
addressed in the mixture modeling literature by resorting
to an expectation-maximization (EM) type algorithm; see
Appendix and [Lindsay} [1995a, Chapter 3 and 6] for
finite dimensional settings.

In our setting, the E-step requires sampling from the pos-
terior path measure Py(Z|X), typically via MCMC, while
the M-step updates the prior measure (with parameters 6).
This can be computationally expensive, since every gradient
step requires new MCMC samples from the path posterior
distribution. Furthermore, the EM algorithm will only learn
the prior dynamics, and posterior inference for a newly
observed point process will require additional MCMC at
test time. Since the posterior is a path space measure, such
MCMC sampling can be challenging, especially in settings
where repeated or real-time inference is needed.

To bypass this computational burden, we introduce an amor-
tized approximation to the posterior. We model the posterior
drift correction with a neural network wug, and the posterior
intensity process as the solution of the SDE

dZ; = bg(Zt7t> + 1{t§T'}0-(Ztat)u5 (Ztath/7N0:T/):|dt

+ O'(Zt, t) dBt
3)
and treat the path measure induced by this SDE as the varia-
tional family Q4(Z|X), where ¢ = (6, 3).

This construction preserves the diffusion coefficient, while
introducing an observation-dependent drift correction
through ug. Once by and ug are learned, posterior infer-
ence for any observation reduces to simulating sample paths
from Eq. (3). Posterior inference becomes fully amortized.

2.3 ENLARGEMENT OF FILTRATIONS

At this point, this structure imposed by our variational ap-
proximation remains a heuristic. There are two fundamental
questions to consider regarding the true posterior process:

i. (Structure) Does the posterior intensity, conditioned
on a point process observation, remain a diffusion with
an SDE representation? And if so:

ii. (Correction) How does its drift relate to the prior drift?

Answering the first question justifies the validity of using
path measures induced by Markov diffusions (as solutions
of SDEs) for the approximate posteriors, and answering the
second sheds light on the correct functional form of the
posterior drift correction.

Both questions can be answered using tools from Enlarge-
ment of Filtrations (EoF) [Jeanblanc et al., 2009, Jacod,
2000], wherein one studies how semimartingale decompo-
sitions change when the filtration is enlarged to include
additional information, typically information about future
events. In our setting, the enlargement corresponds to condi-
tioning on the observed point process trajectory X = No.7v,
where 77 < T'. Formally, we pass from the original filtra-
tion (F;) to the “enlarged” filtration G; = F;V o (No.1), so
that the future event times up to 7" are known at all earlier
times. This is the continuous-time analogue of smoothing
in a hidden Markov model (HMM), where the latent state
at time ¢ is inferred given the entire observation sequence
rather than only the observations up to time ¢; here, the role
of the full observation sequence is played by the complete
point process trajectory Xg.7-.

Under Jacod’s absolute continuity condition (Theorem [C.T)),
one can apply the general semimartingale decomposition
theorem (Theorem. [C.3)) to obtain the following resulﬂ

Theorem 2.1. Fix T < T and let Xo.7' be a one-
dimensional point process on [0,T']. Suppose the prior
intensity process satisfies

dZt = b(Zt7t) dt + O'(Zt,t) dBt, ZO = 20-

Assume that, for each realized observation X, the function
hx(z,t) == h(z,t,T", X) is strictly positive and differen-
tiable in z on the interior of the state space visited by Z,
and that the process p;* = hx(Zy,t) satisfies

d(B,p™ ) = 0(Z4,1)0,hx (Zy, t) dt

on each interval between successive event times. A sufficient
condition is that hx is piecewise C*' in (z,t) with locally
bounded derivatives. Then, conditioned on the observed
event times X = (0 < 7 < --- < 1n,, < T'), the
posterior intensity process admits the SDE representation

d
dZ; = [b(Z,t) + l{tST/}a(Zt,t)2£ log h(Zy,t,T', X)]dt

+O—(Zt7t) dBta ZO = 20,

3Proof in Appendix m
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where B is a Brownian motion with respect to Gy and

h(z,t, T', X) =

T/
E |exp (—/ Z ds)
t

with the conditional expectation taken under the prior law
of Z. Thus, h is the prior predictive likelihood of the un-
observed future portion of the point-process realization,
viewed as a function of the current latent state. h is also
commonly referred to as a Doob’s h-function.

“)

11 7

t<T; <T’

Zt:Z )

Theorem 2.1 answers the two structural questions:

i. Diffusion structure is preserved. Under conditioning
on the point process realization, the intensity remains
a semi-martingale diffusion with the same diffusion
coefficient. Only the drift is modified.

ii. Posterior correction is a score-type correction. The
additional drift term 20, log h takes the form of a
score function: it is the gradient of the log-density of
future observations with respect to the current state,
evaluated under the prior.

The posterior correction is analogous to the classifier guid-
ance term in conditional diffusion models [[Dhariwal and
Nichol,, 2021]], where the score of a classifier steers the
prior toward the conditioned distribution. Comparing Theo-
rem@]with the variational SDE (Eq. (3)) introduced earlier,
we see that the amortized correction ug is intended to ap-
proximate the quantity o(Z;,t)0, log h(Z,t,T', X). The
theorem therefore provides a principled, structured target
for which variational inference methodology can be applied
to learn. In this sense, EoF does not merely justify the SDE
ansatz, but precisely identifies the functional object that
amortization must approximate. When ug can represent
the target 00, log h arbitrarily well, the variational family
contains the true posterior, and the variational gap vanishes.

3 VARIATIONAL METHODOLOGY

Consider the empirical NPMLE objective (2)), with a single
observation X, so that i = dx. For any probability measure
Q equivalent to Py, i.e, Q ~ Py, we write log Py(X) =
log [ P(X|Z) Kfig"((zz)) dQ(Z). Applying Jensen’s inequality
gives the standard evidence lower bound (ELBO)

log Py(X) = Eq(z)[log P(X|2)] — KL[Q(Z)[|Ps(Z)] -
5)
This bound is tight when Q = Py(Z|X).

Recall the posterior drift correction ug(-) indexed by 5 from
Eq. (B, and let ¢ := (6, 3). Then ELBO takes the following
specific form:

Theorem 3.1. Suppose the prior model {Py(Z)} is spec-
ified by Eq. (1), and the variational family {Q4} is speci-
fied by Eq. @), then the evidence lower bound for the log-
likelihood L(0, 3; X) reduces to

1

TI
Eo, logP(X|Z)—§/O w2(Zy,t,T', X) dt]. (6)

We direct readers to Appendix. [F1]for the proof of this.
To train our model, we jointly optimize the empirical ELBO,

n

1 )
— D L0,8 X, @

i=1

with respect to 6 and 3, learning a generative prior over
intensity trajectories and an amortized approximation to the
posterior SDE. Once trained, posterior inference for a new
point pattern X' reduces to simulating the SDE in Eq. (3),
avoiding the need for repeated MCMC sampling.

3.1 IDENTIFIABILITY

The preceding sections are only concerned with maximizing
the evidence lower-bound. However, there is no guarantee
that the learned drift that optimizes the model fit is unique
in describing the true latent dynamics. The Cox observation
law identifies the latent random intensity measure through
its Laplace functional, and, because the paths are contin-
uous, it identifies the latent intensity-path law. With fixed
diffusion coefficient and initial condition, the drift is then
identifiable on the region visited by the latent process, up
to the corresponding occupation measure. This is formally
stated in the two propositions below. Proofs are given in

Appendix [A]

Proposition 3.2 (Identifiability through the Cox Laplace
functional). Let X and X' be Cox processes on [0, T with
random intensity measures N(dt) = Z;dt and N (dt) =
Z} dt, where Z and Z' have continuous nonnegative paths.
If X and X' agree in distribution, then A and A’ agree in
distribution. Consequently, the induced path laws of Z and
7' agree.

Proposition 3.3 (Drift identifiability w.r.t. the occupation
measure). Let P® and P denote the laws on C ([0, T]; R%)
of weak solutions to

dZt :b(Zt,t) dt+0’(Zt,t) dBt, ZO = 20,
and
dZ, = b(Zy,t)dt + o(Z,t) dBy, Zo = 2o,

with the same initial condition and diffusion coefficient. As-
sume that the coordinate process is a special semimartingale
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under both laws and that the drift integrals are well-defined.
If P = P =: P, then

b(Zi,t) = b(Zy,t)

Equivalently, b = b wp-a.e. for the occupation measure

T
/0 L{(z, tycay dt| .

This identifiability result is what makes drift-level interpre-
tation meaningful: under sufficient assumptions, the learned
drift uniquely determines a latent diffusion law. If distinct
drifts could induce the same Cox process observation law,
then explanations based on the fitted drift would reflect a
modeling choice rather than information identifiable from
the data.

(P ®dt)-a.e.

pp(A) :=Ep

3.2 OPTIMIZATION STRATEGY

To optimize the ELBO in Eq. (7)), we must first evaluate the
gradients 0pL(0, 5; X)) and 93L(8, B; X ) associated with
any point process observation X in Eq. (6). Under standard
regularity conditions, differentiation can be interchanged
with expectation, so the gradients are expectations of func-
tionals of the simulated posterior path and its parameter
sensitivities J¢ := (9pZ); and J/ := (08Z):. We simu-
late the posterior SDE and sensitivity equations with Euler-
Maruyama using common Brownian increments, average
over m Brownian paths and mini-batched point process ob-
servations, and update (6, §) with Adam. Full formulas are

in Appendix [F.2]

3.3 POSTERIOR CORRECTION
ARCHITECTURES

The prior drift by only depends only on (Z;, ), so it can be
parameterized by an MLP. On the other hand, the posterior
correction is more complicated because Theorem [2.1] shows
that its target is

(2, T, X) = 0(2, 1), log h(z,t, T, X)),

which depends on the current state, time, conditioning hori-
zon, and a variable-sized set of future event times. We there-
fore use a Deep Sets encoder [Zaheer et al.,|2017] to pool
event-level features before producing the drift correction,
which is discussed alongside with other optional architecture
below.

3.3.1 Options of Posterior Correction Architecture

The target posterior correction in Eq. (3) is
u*(z,t, T, X) = 0(z,t)0, logh(z,t, T, X),

so an encoder must map (z,t,7") and the variable-sized
future-event set {7; : t < 7; < T"} to a drift correction.

Remaining-count.
of remaining events,

The simplest summary is the number

Tt(X) = XT/ — Xt,
and the correction can be parameterized as
ug(z,t,T",X) = o(z,t)MLPg(2, ¢, T, r:(X)).

This is computationally cheap but discards event-time in-
formation, so it is generally misspecified except for special
prior models.

Deep Sets. To encode relative event locations while han-
dling variable-length inputs, we use a Deep Sets architecture
inspired by [Zaheer et al.| 2017]:

Uﬁ(Z,t,TI,X) =

U(Z7t)/)5 thaT/a Z wﬁ(ZaTi _taTl _Ti7Ai) 5

t<T, <T’

where A; = 7; — 7;,_1 and pg, ¢ are MLPs.
Hard-coded constraints. The h-function implies a jump
in 0, log h at event times:

1
lim 0, logh — lim 0, logh = —.
s T 3 SN\ & Z.,.
Explicitly adding a hard constraint such as r;(X)/Z; can
therefore improve training efficiency by encoding part of
the known structure.

4 NUMERICAL EXPERIMENTS

In this section, we evaluate prior recovery, amortized pos-
terior inference, and running speed against an EM/MCMC
baseline on synthetic and real datasets.

4.1 PRIOR RECOVERY

We begin with a synthetic experiment in which the ground-
truth intensity process follows Cox-Ingersoll-Ross (CIR)
dynamics,

dZ, = 0.3(80 — Z,) dt + \/Z,dBy, Zo=5. (8)

Using this model, we generate 256 Cox process observations
on [0, 4], each from an independently sampled intensity path.
The SDEs are simulated using the Euler-Maruyama scheme,
with 100 even steps. Monte Carlo gradient estimates are
computed using 10 i.i.d. Brownian paths (discretized) (de-
tails in appendix [F.2)). The model is trained for 100 epochs
with a mini-batch size of 32 and a learning rate of 0.005
for both the prior drift network by and the control network
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ug. To stabilize optimization, gradients are clipped to have
an Lo norm of at most 5. During training, the true prior
dynamics are not accessible.

Fig. 2] compares the learned drift with the ground truth.

27

A ks 60 ’
Time = | L VA
3
"

.

Figure 2: Comparing learned prior drift by(Z;,t) (purple)
to the ground truth drift b(Z;, t) = 0.3(80 — Z;) (yellow).

Note that the nonparametric drift is mainly learned on the
state/time region visited the most by the data-generating
diffusion. To check this is not a fundamental failure, we
also ran a parametrized CIR experiment, where the only
difference is that by is parametrized as bg(z,t) = 61 (02 — 2)
instead of a full-size neural network. Within this correctly
specified class, we recover the ground-truth drift; see Fig[TT]

Generative performance is shown in Fig. B} 128 samples
from the learned drift match the empirical means and stan-
dard deviations of 128 samples from the true drift despite
the local drift mismatch in Fig. 2]

Cumulative Count Process Comparison

—— Training Samples Mean (n=128)

150 Training Samples + Std

—— Generated Samples Mean (n=128)
Generated Samples * Std

Cumulative Count N(t)

)
Time

Figure 3: The learned data samples (red) compared to the
true data samples (blue).

4.2 AMORTIZED POSTERIOR INFERENCE

To assess posterior approximation quality, we compare the
learned variational posterior with a high-fidelity MCMC
approximatiorﬂ using a burn-in of 10,000 iterations. Fig.

“The MCMC posterior paths are generated with the standard
Metropolis-Hasting algorithm, with proposal paths generated using

shows two representative inference scenarios.

In Fig. fa] the posterior is conditioned on the test sam-
ple with the fewest events over [0, T; despite the rarity of
such samples in training, the variational posterior tracks the
MCMC trajectories closely.

Fig. [4b] shows partial observations on [0,7/2] and poste-
rior inference over [1'/2, T'], where agreement with MCMC
indicates that ug uses the observed events effectively.

True Prior, True Posterior vs. Learned Posterior

—— True Prior Mean
True Prior + Std
—— True Posterior Mean
True Posterior + Std
—— Learned Posterior Mean
Learned Posterior + Std
« Events

Intensity Z(t)

7o
Time

(a) Posterior Inference with complete data Xo.7.
True Prior, True Posterior vs. Learned Posterior

10| = True Prior Mean
True Prior + Std
—— True Posterior Mean
True Posterior + Std
—— Learned Posterior Mean
Learned Posterior + Std
«  Events

Intensity Z(t)

meon oo mienmmemiiom me

o0 os 1o s 2o 25 ) 35 o
Time

(b) Posterior Inference with partially observed data Xo.7 /2.

Figure 4: The learned posterior sample paths (red) are gener-
ated using the learned (by, ug) pair, and the baseline “true”
posterior sample paths are generated using extensive MCMC
simulations (blue).

DOES AMORTIZATION OVERFIT?: A natural question
concerns the number of point process realizations (and the
observation intervals) necessary for the amortized posterior
drift correction X — ug(z,t,7", X) to reliably generalize.
Even if the prior by is learned well, an overfitted ug may
still yield unreliable posterior predictions for new point
process observations. We use the empirical 2-Wasserstein
distance under an L? path metric on the simulation grid;
lower train than test distance indicates overfitting of the
amortized correction.

Fig.[5|shows a train-test gap for n < 8, indicating overfitting
of ug, and the gap vanishes by n > 16.

the prior.

1454



Wasserstein Distance vs Sample Size

\ —e— Training

P
n

Testing
125 \
\\ —

2 2 2 2 2 2k 2k 27 2
Sample Size (n)

—
w
o

Wasserstein Distance
=
~ 5
o

o
°

N
o

o
o

Figure 5: Train vs. test Wasserstein distance between amor-
tized posterior samples and high-fidelity MCMC posterior
samples as a function of the training sample size n. A train-
test gap indicates overfitting of the amortized correction
ug(-- -, X), which vanishes as n goes beyond 16.

4.3 COMPARISON TO EM

We next compare against an approximate EM baseline (Al-
gorithm|I)) that alternates MCMC posterior approximation
with gradient-based likelihood maximization.

LEARNING THE MODEL (PRIOR): We first evaluate prior
recovery using the expected L? deviation between learned
and ground-truth intensity paths: E [ fOT (Zf — th)z dt} ,
smaller values indicate better recovery. Using the same set
of Brownian noisesﬂ and a five-hour budgeﬂ Table|1|shows
that VI is comparable to, or better than, EM while also
learning the amortized correction ug.

True drift b EM (¢2 loss) VI (2 loss)
0.3(30 — Z,) 6.159 5792
0.3(80—Z;)—5t 6.721 4.989

Table 1: Comparison of the learned prior quality in terms of
£? deviation of the intensity paths.

INFERENCE TIME: We compare posterior inference effi-
ciency by matching posterior predictive log-likelihood,

T
Exop |Ezeqex) | >, logZr, — / Zydt| |,
T' <7 <T

©)
and measuring time to generate 32 posterior paths for each
of 128 test observations. VI samples by simulating Eq. (3));
EM uses a Metropolis-Hastings posterior sampler, where
the number of MCMC steps is chosen such that the posterior
quality matches that of the VI posteriors.

Tables [2] and [3] show one-to-two-order-of-magnitude
speedups for VI at comparable predictive log-likelihood.

5The same Brownian noises are used in generating the intensity
paths for all the trained drifts, which ensures they are compared
w.r.t. to the same w in the sample space.

%0On an M3 MacBook Air with 8GB of RAM.

b(Zy,t) = 0.3(80 — Z,)

Horizon Likelihood MCMC VI
[0, 7] 398.0 17m 38.5s 39.9s
[T/4,T)] 370.1 12m 43.8s 9.6s
[T/2,T) 288.4 14m 3.3s 19.6s
[3T/4,T) 162.6 15m 49.8s 29.7s

Table 2: Comparison of computation time used for posterior
inference on the testing dataset. The data is generated with
the ground truth drift b(Z;, t) = 0.3(80 — Z,).
b(Z;,t) = 0.3(80 — Z;) — 5t
Likelihood MCMC VI
249.9 16m 17.7s 38.2s

Horizon
[0, 7]

Table 3: Comparison of computation time with time-
dependent b(Z;,t) = 0.3(80 — Z;) — bt.

4.4 US BANK DATASET

Finally, we evaluate the method on call records from a large
U.S.-based bank call centelﬂ The call counts exhibit strong
time-of-day variation and over-dispersion [Brown et al.,
2005]], motivating a Cox-process model. The data records
arrivals per minute; we spread calls evenly within each
minute, use 128 Mondays for training, and thin arrivals with
probability 0.001 for training stability.

The model uses the same optimization procedure and five-
hour training budget as the synthetic experiments. Since the
true prior is unknown, Fig. [6] compares fitted-model sam-
ples with all training observations. The fitted mean captures
the main temporal pattern, including peak periods, while
variance mismatch suggests that learning the diffusion coef-
ficient o, is an important next extension.

Cumulative Count Process Comparison

*— Training Samples Mean (n=128)
Training Samples + Std
30{ —— Generated Samples Mean (n=128)

Generated Samples + Std

Cumulative Count N(t)

Time

Figure 6: The learned data samples (red) compared to the
true data samples (blue).

7https ://seelab.net.technion.ac.il/data/;
see Appendix [H}
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4.5 NEURAL SPIKES DATASET

We include an additional real-data experiment using the
neural spike-train data from the Allen Visual Coding Neu-
ropixels dataseﬂ Previous experiments only tested posterior
recovery on synthetic CIR datasets, this experiment extends
that to a real-world dataset.

Learned Prior vs MCMC Posterior vs Learned Posterior

Intensity Z(t)

0.00 025 050 075 1.00 125 150 175 2.00
Time

Figure 7: Neural spike-train experiment. The model is eval-
uated on a high-count spike-train observation. The learned
amortized posterior matches the sample-wise MCMC pos-
terior closely in their mean behavior, while the remaining
variance mismatch may be attributed to using a fixed CIR
diffusion during training.

The main qualitative conclusion is that the same inference
framework can be used without changing the model or op-
timization procedure. At the same time, we still observe
variance mismatch as the diffusion term is treated as fixed
during the training process. We hope to extend to more
flexible, learnable diffusion term in future works.

The mutivariate experiments are included in Appendix [
showing that the same amortized posterior-correction idea
extends beyond the scalar point-process setting.

S CONCLUSION

We introduce Neural Diffusion Intensity Models, a varia-
tional framework for Cox process models with neural SDE
intensities. Our key theoretical contribution leverages en-
largement of filtrations to show that conditioning on point
process observations preserves the diffusion structure of the
latent intensity with an explicit drift correction, establishing
a path-measure analogue of a conjugacy between our neural
SDE priors and the Poisson likelihood. When the variational
correction can represent the exact posterior correction, the
variational gap vanishes and ELBO maximization coincides
with likelihood maximization. Experiments show accurate
prior recovery and orders-of-magnitude faster posterior in-
ference than MCMC-based EM, with the same framework
extending naturally to richer diffusion-intensity models.

$Dataset available at https://allensdk.
readthedocs.io/en/latest/visual_coding_
neuropixels.htmll
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A PROOF OF IDENTIFIABILITY STATEMENTS

A.1 PROOF OF PROPOSITION.

Proof. For any continuous nonnegative test function f, the Cox Laplace functional is

em;<—[;fuyxuo>]
exp (— /T(l — e_f(t))A(dt)>] .

Equality in law of X and X’ gives equality of these functionals for all such f. As f varies, 1 — e~/ ranges over continuous
functions with values in [0, 1). This still determines the Laplace transform of A(g) for every continuous nonnegative g: for
small s > 0, sg lies in this range, and uniqueness of one-dimensional Laplace transforms extends equality to all s > 0.
Applying the same argument to finite linear combinations of test functions, or equivalently using the Laplace criterion for
random measures [Kallenberg, 2017, Corollary 2.3], yields equality in distribution of A and A’. Since continuous functions
that agree Lebesgue-a.e. agree everywhere, the map z — z(t) dt is injective on continuous nonnegative paths, giving equality
of the induced laws of Z and Z'. O

Lx(f)=E

=E

A.2 PROOF OF PROPOSITION.

Proof. On canonical path space, the same coordinate process admits under P the two decompositions

t

t
a:%+/m4@@+m, &:%+/M&@@+M,
0 0

where the finite-variation terms are predictable and M, M are local martingales. By uniqueness of the canonical decomposi-
tion of a special semimartingale [Jacod and Shiryaev, [2003, Chapter II, 2c],

t
/{b(ZS,s)—l;(Zs,s)}ds:O forallt € [0,7], P-as.
0

Thus b(Zy,t) = b(Zy, t) for (P ® dt)-a.e. (w,t), equivalently yp-a.e. O
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B MEASURE-THEORETIC FOUNDATIONS OF THE NEURAL SDE COX MODEL

We provide precise conditions under which the path measures in the Neural SDE Cox model (Section [2.T) are well-defined.
Throughout, let Z := C([0,T],R>¢) denote the space of non-negative continuous paths on [0, 7] equipped with the
sup-norm topology and its Borel o-algebra B(Z), and let X = UycyR* denote the space of locally finite counting measures
on [0, T'] equipped with the vague topology and its Borel o-algebra B(X).

Existence and uniqueness of the SDE solution. We require the drift and diffusion coefficients of the SDE (1) to satisfy
the following standard conditions:

(A1) Global Lipschitz continuity. There exists a constant K > 0 such that for all z,y € Rand ¢t € [0, T,
|bg (2,t) = bo(y, )| + |o(x,t) —o(y,t)] < K|z —y].
(A2) Linear growth. There exists a constant C' > 0 such that for all z € R and ¢ € [0, 7],
[bo (2, )] + |o (2, )| < C(1+ |z]).
(A3) Joint measurability. The functions by(+,-) and o (-, -) are jointly Borel measurable in (z, t).

Under [(A1)H(A3)| the SDE admits a unique strong solution for each § € © [@ksendall, 2003, Theorem 5.2.1]. This
solution induces a well-defined probability measure Py(Z) on (Z,B(Z)) via the pushforward of the Wiener measure
through the Itd6 map.

Non-negativity of the intensity process. Since Z serves as an intensity, we additionally require:
(A4) Non-negativity. Z; > 0 almost surely for all ¢ € [0,T].

This condition is not implied byand must be enforced through the model structure. For instance, if o(z,t) = 0ov/z
(as in the CIR model), the Feller condition 2b4(0,t) > o2 for all ¢ ensures that the boundary at zero is unattainable.
Alternatively, one may model log Z; as the SDE solution and recover Z; by exponentiation, guaranteeing positivity. The
global-Lipschitz assumptions above are sufficient conditions used for a clean well-definedness statement. They do not
cover the square-root CIR diffusion coefficient used in the synthetic experiments. Instead, the CIR case is covered by the
standard CIR existence and boundary theory under the usual Feller-type positivity condition. Thus, the appendix should be
read as giving one regular sufficient regime, with the CIR experiments falling under a separate classical non-Lipschitz but
well-posed regime.

The Poisson kernel as a Markov kernel. Given a non-negative intensity path Z € Z, the conditional law P(X | Z) is
that of an inhomogeneous Poisson process with rate function (Z;).¢[o, 7). Its Radon-Nikodym derivative with respect to the
unit-rate Poisson measure Fj is

T T
ab(X | Z) = exp / log Z; dN; — / (Zy —1)dt |, (10)
dPo 0 0

where X; denotes the counting process associated with X. We require:

(AS) Integrability. fOT Z; dt < oo almost surely.
(A6) Strict positivity at event times. Py(Zy > 0forallt € [0,T]) = 1.

Condition is automatically satisfied when Z has continuous paths on the compact interval [0, T, but we state it
explicitly for completeness. Condition [(A6)|ensures that log Z; in (I0) is well-defined at event times; it is implied by the
Feller condition in the CIR setting or by the log-normal construction. Under (A6)| the map Z — P(X | Z) defines a
Markov kernel from (Z, B(Z)) to (X, B(X)), since the Poisson likelihood (T0) is a measurable functional of the intensity
path.
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Well-definedness of the joint and marginal measures. Under conditions the joint measure
Py(X, Z) = P(X | Z) Py(2)

is well-defined on the product o-algebra B(X) @ B(Z) by the standard Markov kernel construction [Kallenberg, [2021,
Chapter 3]. The marginal observation law

Fp(X) P(X | 2)dPy(2)

zZ

is then a well-defined probability measure on (X, B(X)).

Regularity in §. For gradient-based optimization via the pathwise (“differentiate then simulate”) method [Glasserman,
1991] |Gobet and Munos, |2005]], we further require:

(A7) Differentiability in parameters. The map 6 — by (z, ) is continuously differentiable for all (z, 1), and Vb satisfies
conditions uniformly in 6 over compact subsets of ©.

Under [(A7)| the augmented system of SDEs for (Z;, 09 Z;,0pZ;) admits a unique strong solution, ensuring that the
pathwise sensitivity processes are well-defined and that the resulting Monte Carlo gradient estimators are unbiased (up to
time-discretization error).

C ENLARGEMENT OF FILTRATIONS

In this section, we will work with a filtered probability space (2, F,F,P) where the probability measure P encodes our
“beliefs”, and the filtration—collection of o-algebras—IF = (F;):> represents the information that’s available to us at any
time. A stochastic process (X;);>o is said to be adapted to F if X, is F;-measurable for all ¢. That is, the value of X; can
be determined exactly by the information available at time ¢. The mathematical framework that studies how stochastic
processes behave under such changes in information is called Enlargement of Filtrations, which has been studied extensively
in the probability literature; see [[Grigorian and Jarrowl 2023 Jacod} 2006, Jeanblanc et al., [2009].

C.1 MARTINGALES

Let (Q, F,F = (Ft)i>0, P) be a filtered probability space, and let M, be an F-adapted stochastic process with E | M| < oo
for all ¢. If
E[M|Fs] = M,

for all 0 < s < t, then M, is said to be an F-martingale. Intuitively, a martingale represents a “fair game": given the current
information, its expected future value is just the present value. A process X; is a semimartingale if it can be decomposed as

Xt == Mt —+ At
where M; is a local martingale (which behaves like a martingale up to random stopping timesﬂ and A; is an F-adapted

finite-variation process. Semimartingales form the largest class of stochastic processes for which we can talk about Itd
calculus.

C.2 ENLARGING THE FILTRATION

X may be a martingale with respect to some filtration [, but not necessarily when F is “enlarged" with extra information (.
Describing X in the presence of this information is the goal of Enlargement of Filtrations.

'A process M is a local martingale if there exists an increasing sequence of stopping times 7, * oo such that each stopped process
M-, is a martingale.
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C.2.1 Setup

There are two main types of “enlargement":

« Initial enlargement: all secret information is available at time 0.
* Progressive enlargement: information is gradually revealed over time.

We focus on the first case, which will be related to our variational problem. Let F = (F,);>( be the original filtration, and
let ¢ be an F-measurable random variable taking values in some measurable space F. We define the enlarged filtration

G = (gt)tzo by
G =F Vo),

where V denotes the smallest o-algebra containing elements from F; and o (¢). Intuitively, G describes a world in which the
value of ( is known from the start—one has “insider” information about ( at time 0.

C.2.2 The H and ' Hypotheses

The question is how martingales behave under a filtration enlargement.

If every F-martingale remains a G-martingale, we say that IF is immersed in G, or that the pair (IF, G) satisfies the H-
hypothesis. This is quite a strong condition—informally, it means that the extra information carried by ¢ does not interfere
with the “fairness” of any F-martingale.

A weaker but more flexible condition is the '-hypothesis: every F-martingale remains a G-semimartingale. Under this
assumption, Itd calculus remains valid, but an additional drift term may appear when expressing the F-martingale in the G
filtration. This is what’s going under the hood when we enlarge the filtration with the observed point process Xg.7.

C.2.3 Jacod’s condition

Among several sufficient conditions ensuring the H'-hypothesis, Jacod’s condition is often the most convenient in practice.
The following statements (theorem and lemma) are adapted from [Grigorian and Jarrow} [2023]].

Theorem C.1 (Jacod’s condition). Let ¢ be a random element in a standard Borel space (E, E), and let Qi(w, dx) be the
regular conditional distribution of ¢ given F, for all t > 0. Suppose that there exists a positive U—ﬁniteﬂ measure 1 on (E,E)
such that

Q¢ (w,dz) < n(dz) a.s., ¥t > 0.

Then H’' holds.
Just knowing that a process remains a semimartingale is usually not enough, we typically would like the semimartingale
decomposition in the enlarged ﬁltratio F7(©). To do so, we need the following lemma and theorem.
Lemma C.2. Under J, there exists a nonnegative O(F) x B(R)-measurable function
QOxRy xR 3 (w,t,2) — pr(w, z)

cadlag in t such that

(l) Qt(wa d!E) = pt(w7 m)n(dx)fo” everyt Z 0’

(ii) for each x € R, the process (p(z))i>o is an F-martingale,
(iii) p(z) > 0and p_(x) >0 orﬂ [0, ¢*[ and p(x) = 0 on [(*, o0of, where ¢* := inf{t : p_(x) = 0}.

Theorem C.3. Suppose that the random element ( satisfies J. If X is an F-local martingale, the process X defined as

S B L | ) E «
X=X = [ —sdXp)ihe (T ()

is an T2 Jocal martingale.

%A measure is called o-finite if it can be written as a countable union of finite measures.
3We use F(©) to denote the right-continuous version of the enlarged filtration F \/ ().
*The double square bracket is used for intervals with random boundary points.
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C.2.4 Example: Brownian bridge via initial enlargement

Consider a standard Brownian motion B = (By);>o on (2, F,F,P) with its natural filtration (F;, = 0(X,,0 < s < t)).
Suppose we enlarge F with the information given by ¢ := Br, i.e.,

Gy = F: V o(Br), G = (Gt)e>o0-

As always, G is assumed to be right-continuous by taking

g =9

s>t
Step 1: Verifying Jacod’s condition. For ¢ < T, the conditional law of By given F; is Gaussian:
Br | Fe ~ N (B, T —t).

Hence there exists a dominating measure (the Lebesgue measure) 7(dz) = dz. Q;(w, dx) has a density with respect to
Lebesgue measure: Q¢ (w,dx) = pi(w,x) dz, with

o 1 (I*Bt)2
pe(x) = \/ﬁexp(— m), 0<t<T.

Thus Q:(-,dr) < n(dz) a.s. for each t < T, so Jacod’s condition holds on [0,t). (On [T, c0), the conditional law is
degenerate at Br.)

Step 2: Computing the semimartingale decomposition. We apply Theorem [C.3|with X = B. To do so, we first compute
the F-predictable covariation (B, p(x))¥. By 1td’s formula, we can get

x—B
dpi(z) = Op,pi(x) dB, = T—tt pi(z) dBy, t<T.

Hence the predictable covariation with B is just

r— B
A(B,p()), =

pe(x) dt, 0<t<T.

Plugging this into (x) with 2 = { = Br, we obtain from Theoremthat the process

t
- Br — B,
B=B— | 22" % qs  0<t<T
T
0 — S

is a G-local martingale. Since B is continuous with quadratic variation [B]; = t, it follows that [B]; = ¢ as well, and by
Lévy’s characterization B is a G-Brownian motion on [0, 7).

Equivalently, B admits the G-semimartingale (indeed, SDE) representation

Br — By

dB; = dB
t t + T_1

dt, 0<t<T,
where B is a G-Brownian motion. This is precisely the Brownian bridge drift toward the terminal pinning value By-.

C.2.5 Proof of Theorem 2.1: Intensity process under initial enlargement
We give the proof for the scalar case; Appendix [D]gives the vector-valued analogue. Let X = No.pv denote the realized

point-process path, and let 7) be the law of a unit-rate Poisson process on [0, 7"]. Conditional on a latent path Z, the likelihood
of a deterministic counting path x relative to 7 is

Ly (23 Z) = exp (/OT log Z, x(ds) — /OT/(ZS - 1)ds) .
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Hence the conditional law Q(w, dx) := P(X € dx | F;)(w) is absolutely continuous with respect to n(dx), with density
process
pi(x) = E[Ly(2; Z) | Fi].

This verifies Jacod’s condition under the standing positivity and integrability assumptions. By the Markov property, for
t < T’ we may factor
pe(x) = Ag(2)Hy (Zt, 1),

where A, (x) depends only on the observed part of = up to time ¢ and has finite variation, while

exp (/tT/ log Z x(ds) — /tT/(ZS - 1)ds>

Up to the multiplicative factor eT'~t, which is independent of z, this is exactly

T/
h(z,t,T',x) =E |exp (—/ sts> H Ze\Zy =2
t

t<T; <T’

Hr(z,t):E Zt:Z

Therefore 0, log H, = 0. log h. Since A;(x) is finite variation, the continuous martingale part of p;(x) comes from
H,.(Z;,t). Applying Itd’s formula gives

dpy(2)¢ = pi_(z) 0(Zy, )0, log h(Zy, t, T, z) dBy,

and hence
d<Bap(‘x)>t = Pt— (37) U(Zta t)az 10g h(Zta t7 T/’ .13) dt

The semimartingale decomposition theorem for initial enlargement then yields

AT’
B, = B; — / 0(Zs,8)0,logh(Zs,s, T, X)ds,
0

which is a Brownian motion in the enlarged filtration. Equivalently,
dB, = dB; + 1<pny0(Zy, ). log h(Zy,t, T', X )dt.
Substituting this identity into the prior SDE
dZy = b(Z, t)dt + o(Z, t)d By

gives ~
dZt = [b(Zt, t) + 1{t§T’}U(Zt7 t)232 log h,(Zt, t, T’, X)] dt + O'(Zt, t)dBt,

which proves Theorem [2.1]

D MULTIVARIATE ENLARGEMENT-OF-FILTRATIONS RESULT

We now state the multivariate analogue of Theorem Let Z; € R solve
dZt == b(Zt, t)dt + Z(Zt, t)dBt,

where B is p-dimensional Brownian motion, ¥(z,t) € R**?, and a(z,t) := %(2,t)X(z,t) . We observe d counting
processes X!, ..., X9 on [0, T’]. Conditional on the latent path Z, the channels are independent inhomogeneous Poisson
processes with intensities \;(Z;), i = 1,...,d, where the link functions \; : R — (0,00) are known. This allows
dependence across observed channels through the shared latent diffusion, while preserving conditional independence given
Z.

For a realized multichannel observation X = (X,..., X9), with X = 375, 9.1, define
d T d
hx(z,t) :=E |exp (—Z/ /\i(ZS)ds> IT II »@zpjzi==
=171 i=1y<ri<T

This is the prior predictive likelihood of the future multichannel observation, viewed as a function of the current latent state.
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Theorem D.1 (Multivariate EoF posterior diffusion). Assume Jacod’s condition holds for the initial enlargement by
X = No.1v, the likelihood terms above are integrable and strictly positive, and hy is piecewise C*' in (z,t) between
consecutive event times across all channels, with locally bounded spatial derivatives and $(Z;,t) "'V . log hx (Zy,t) locally
square-integrable along the prior path. Then, in the enlarged filtration Gy = F; V o(Ny.7/), the posterior latent process
satisfies _

dZt = [b(Zt, t) + 1{t§T/}a(Zt, t)Vz IOg hX(Zt, t)} dt + Z(Zt, t)dBt7

where B is a p-dimensional Brownian motion with respect to (Gy).

Proof. Let 1 be the law of d independent unit-rate Poisson processes on [0, 7”]. For a deterministic multichannel counting
path z, the conditional likelihood relative to 7 is

d T ) d T’
Lov(2: Z) = exp (Z /O log A Z.)2°(ds) Y /O (n(Z) —1)ds>.

Thus Q¢ (w, dzr) = P(X € dz | Fi)(w) admits the density p,(z) = E[Ly (z; Z) | Fi], so Jacod’s condition holds. Factoring
the likelihood at time ¢ gives p;(x) = A;(x)H,(Z;,t), where A;(z) is finite variation and H, = e™™ =" h,. Since the
exponential factor is independent of z, V, log H, = V_ log h,. Applying It6’s formula to H,(Z;,t) between observed
event times gives the continuous martingale part

dpy(2)¢ = py_ (2){%(Zs,t) " V. log he(Zs,t)} T dB;.

Therefore
d(B,p(x)) = pt—(2)2(Z4, ) 'V log hy (Zy, t)dt.

Jacod’s decomposition applied to the Brownian motion yields

tAT!
Bi=Bi— [ S(2.9)V.loghx(Z,5)ds,
0

which is Brownian in the enlarged filtration. Substituting
dB; = dB; + 1<pn X(Z, t) "V, log hx (Zy, t)dt
into the prior SDE gives the claimed posterior SDE with drift correction X"V, loghx = aV. loghx. O
Remark D.2. A natural multivariate variational family is therefore
dZy = [bg(Zy,t) + Lyg<rrya(Zy, t)up(Zy, t, Nourr)| dt + 3(Z, t)dBy,

where ug approximates V log hx. If instead one parameterizes the correction as Yug, then the target becomes uj; =
YTV, log hx, assuming the dimensions are compatible.

E EXPECTATION MAXIMIZATION AND GRADIENT COMPUTATIONS

In this section, we introduce the general expectation-maximization scheme. Then, we look at an approximate version as
applied to our problem setting, with a focus on gradient computations in the M-step.

E.1 THE EXPECTATION-MAXIMIZATION ALGORITHM
First, we restate the variational lower bound in Eq. (3) for the log-likelihood:

log Py(X) > Eqqz)[log P(X|2)] - KLIQ(Z)|| P4(2). an
The expectation-maximization scheme maximizes this lower bound by iterating between two steps:

* Expectation-step
Find Q(Z) that tightens the inequality in Eq. (TT))
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* Maximization-step
Maximize the right-hand side of Eq. (TT) with respect to 6.

One can show that the Q)(Z) that tightens the inequality is exactly the true posterior, i.e.,
Q(Z) = Py(Z|X).

This procedure is shown in detail in Algorithm T}

Algorithm 1: Expectation-Maximization

Input: n observed samples { X},
Initialize with arbitrary 6(°)
for t < 0 to co do
Expectation: Compute for all X*
Q'(Z) = Py (Z1X")
Maximization:
04+D € argmaxy L Y7 | (Egi(z)[log P(X'|Z)] — KL[Q'(2)||Ps(2)]):

return Q°;

E.2 SAME ALGORITHM, ADAPTED TO OUR PROBLEM

In our problem setting (and many others), it is hard to compute the exact posterior Q*(Z) = Py (Z]X") for each sample
X" in the E-step, so we may resort to approximations of the true posterior. In particular, we generate approximate sample

paths from Pe(t) (Z|X*) using Metropolis-Hastings type MCMC algorithm.

In the M-step, finding the argmax is difficult since the expectation over the approximate posterior does not have a closed-form
expression. Instead, we perform a few gradient steps with respect to 6, which requires Monte-Carlo estimates of the gradients
of right-hand side of Eq. (TT). The next section explains how to compute these gradient estimates.

E.3 GRADIENT COMPUTATIONS

Starting with Eq. (TT)), observe that

Z P*(Z
0p ELBO = —89EQ(Z) [log dQ(Z) 4P )] )

= —E 1
dPe(Z)] e [ 8Py (2)
where P*(Z) is the path measure induced by the SDE

dZt = O'(Zt7 t) dBt

This identity holds because, during the M-step, the variational distribution Q(Z) is fixed and does not depend on 6.
Furthermore, the data likelihood term log P(X|Z) is also independent of 6.

Assuming regularity conditions (as before), we may write

T 1 T 12 T T
89 ELBO = —9;E ¢ 2) / bi; dZ; — = / biz dt| = Egz) / bo Oobo gy / %;9 dZ,
0o 7 2 Jo 0 o 0

o 02

To obtain Monte Carlo estimates of this gradient, we substitute discretized increments dZ;, ~ (Z;,,, — Z;,) and evaluate
the resulting expression w.r.t. sample paths Z ~ Q(Z) generated in the E-step. Averaging over these trajectories and over
batched samples yields an unbiased estimator of the gradient (up to discretization error).

F VARIATIONAL INFERENCE GRADIENT COMPUTATIONS

In Section[3.2] we give the high-level ideas of how gradients of the ELBO are computed. Here, we dive into the details of
those gradient computations.
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F.1 ELBO DERIVATION (PROOF OF THEOREM

We begin by deriving the Evidence lower bound (ELBO) for the variational formulation as shown in Eq. (). Starting
from the general ELBO expression in Eq. (5)), we replace the variational measure Q(Z) with the conditional path measure
Q4(Z)X) that is induced by the posterior SDE in Eq. (@). Recall the version of the Girsanov’s theorem adapted to our
notations:

Theorem F.1 (Girsanov’s theorem). Let (2, F, (Fi)icjo,1], P) be a filtered probability space carrying a Brownian motion
B under which the prior diffusion satisfies

dZt = bg(Zt,t)dt + O'(Zt,t)dBt, ZO = 20-

Let u be progressively measurable and suppose the exponential martingale

Mp = exp (/ ug dBs / ||u5|2ds>
0

is a true martingale. Define Q by dQ/dP|x, = Mry. Then

t
B; := By —/ Usds
0
is a Q-Brownian motion, and the same coordinate process Z satisfies under Q
dZy = (bg(Zy, t) + 0(Zy, t)uy) dt + o(Zy, t)dB,.

Moreover,

1 o,
KL[QIP] = 3Eq [ luilPds

By the theorem, with u; = ug(Z;,t,T", X)1 <7}, the Radon-Nikodym derivative between the variational posterior path
measure and the prior path measure is

dQy(Z| X) _ v A A /
dPg(Z) = exp /0 uﬁ(Zt,t,T,X)dBt —2/0 uﬂ(Zt7t,T,X)dt R

where B is the Brownian motion under the prior measure. Under Q, Bf = By + fot ug(Zs,s,T',X)ds, so

KL[Qs(Z | X)|Po(2)] = Eq, [; / ug<zt,t,r,x>dt] |

Substituting this into the general ELBO yields Eq. (0).

F.2 GRADIENT COMPUTATIONS

We now turn to the computation of gradients of the ELBO with respect to the model parameters ¢ and 3. Under suitable
regularity conditions, we may interchange differentiation and expectation (e.g., by Fubini’s theorem), leading to the following
pathwise gradient representations:

02y T T Bug
99 ELBO = E Z L D Zy dt — us B ogZy dt|
0 0 t

o< <! T

T T
0gELBO =E Z % —/ 352156#—/ (gz 8BZt+agUﬂ> dt
0 0

o< <T’ i
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The expectations above are taken with respect to the joint law of Z; and its parameter sensitivities. These evolve according
to the following set of SDEs. Z; satisfies Eq. (3), while the sensitivities with respect to 6 and (3 satisty

%ath + do

%2t + o5 a7,

4002, — [aebe 4 O 99 D52, dBy, 9970 = O, (12)

g {) Z (“‘:‘i_
E ——Up0p Lt

0Z;
Obg

do
97, 0Zy + 00gug +

OpZs + 07,

daBZt = |: gZ u585Zt} dt + 0o 8th dBt, 852() =0. (13)

0Z4

Moreover, because the posterior correction in Eq. (3 is only in effect before 77, every drift term involving ug or its
derivatives is also multiplied by 1(;<7/}.

To obtain Monte Carlo estimates of the gradients, we sample m i.i.d. discretized Brownian paths. For each path, simulate
Zy, 0pZy, and 0g Z, using a shared Brownian path B, with Euler-Maruyama discretization. Substituting these simulated
trajectories into the expressions above yields unbiased estimators of the gradients, the remaining bias comes from the Euler
scheme.

G DATA-GENERATING PROCEDURES FOR SYNTHETIC COX SAMPLES

We describe two ways to generate event times conditioned on a simulated intensity path Zy.7. The first is the thinning
procedure used in our experiments; the second is the small-A¢ binned approximation.

Algorithm 2: Exact thinning conditional on an intensity path

Input: Nonnegative intensity path Zg.r

Output: Event times X = {7;}

Set Znax = SUP4e(0,7] Z; (in simulations, the supremum is approximated on the Euler grid or on the chosen
interpolation of the path).;

Generate candidate times {s; } from a homogeneous Poisson process on [0, 7] with constant rate Zy,ax.;
For each candidate time s;, keep it independently with probability Z, /Zmax and discard it otherwise.;
Return the retained candidate times in increasing order.;

Conditional on the path Z, Algorithm 2] produces an inhomogeneous Poisson process with rate Z;. It is exact at the level
of the represented continuous path; the only numerical approximation in the implementation comes from simulating and
evaluating the latent SDE path on a finite grid.

Algorithm 3: Binned Poisson approximation
Input: Grid 0 =ty < t; < --- < tpy = T, simulated intensities th
Output: Approximate event times X = {7;} '
forj=0,....,.M —1do

Sample AN ~ Poisson(Z;, At;), where At; =t; 1 —t;.
L Place AN; event times independently and umformly in [t;, t J+1)

Return all sampled event times in increasing order.;

Algorithm 3| corresponds to replacing Z; by a piecewise-constant approximation over each grid cell. More accurately, one

may use mean f:7 "1 Zsds if the integral is available or numerically approximated. The method is fast and accurate when the
v

grid size is small, while Algorithm [2]is the procedure used for the synthetic experiments reported in the paper.

H ABOUT THE BANK DATASET

The dataset [SEE Lab, Technionl [2024] originates from an undisclosed U.S. bank. With up to 300,000 calls per day, it
provides a rich collection of information, including call time, call duration, and various categorical and continuous data. For
our analysis, we focus solely on the initial arrival times of the calls. Accordingly, the dataset records the number of calls
occurring within each minute of the day. Given the large volume of calls, we first evenly distribute calls within each minute
and then apply independent thinning to each event with probability p = 0.001.
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H.1 INFERENCE WITH OVERDISPERSED DATA

1e7Var(N_t) as a Function of A for Multiple Hours (Using Fitted CIR Parameters) le7 Var(Q_t) as a Function of A for Representative Hours (Cox/M/«)
o
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(a) Variance of event counts as a function of A, with CIR intensity  (b) Variance of Cox /M /oo queue length as a function of A.
model.

Figure 8: Overdispersion affects downstream inferences.

We now describe a simple experiment demonstrating overdispersion in the U.S. Bank dataset. As Figure [I] shows, the
estimated mean and variance of arrival counts over 10-minute intervals differ by more than an order of magnitude. The ratio
of the variance to the mean is called the index of dispersion [Cox and Lewis} |1966[. Under a nonhomogeneous Poisson
process, the index of dispersion would be uniformly equal to 1 by definition, so the discrepancy observed in the dataset is
direct evidence that the data-generating process is not a simple Poisson point process.

Overdispersion has immediate implications for downstream inference. For a nonhomogeneous Poisson process with
deterministic intensity (\;), the variance of the count X (¢) := >, 1,,<; over an interval [¢,¢ + A) satisfies

Var, (N(t + A) = N()) = E,[N(t + A) - N(1)] = A(1)A.

That is, variance grows linearly in A at the same rate as the mean. For a Cox process with stochastic intensity (Z;) satisfying
E[Z(t)] = A(t), the law of total variance gives

Var,(N(t+ A) — N(t)) =Ez [Vary (N(t + A) — N(t) | Z)] + Varz (Ex [N(t +A) — N(t) | Z])
~ M)A 4+ A Varz (Z(t)).

The additional term A? Varz(Z(t)), absent in the Poisson case, reflects the randomness of the latent intensity and causes
the variance to grow quadratically in A.

Figure [8a] plots the empirical variance of arrival counts from the U.S. Bank dataset as a function of A, at four representative
hours: 3AM, 10AM, 2PM, and 6PM. The variance grows nonlinearly, consistent with the Cox process prediction and
inconsistent with a Poisson model with deterministic intensity, for which conditional and unconditional count variances
cannot exceed the mean in this way. We also fit a CIR diffusion intensity model to each time period. Figure [8b|then plots the
variance of the queue length in a Cox/M /oo queue driven by the fitted Cox process. The nonlinear growth persists in the
queue length as well, illustrating that overdispersion propagates into downstream inference: a model that does not explicitly
represent the stochastic intensity will systematically misrepresent the variability of quantities that depend on it.

I MULTIVARIATE SYNTHETIC EXPERIMENTS

We evaluate the multivariate extension of the method on a two-dimensional Cox process. The goal of this experiment is to
see whether the proposed framework can learn a vector-valued latent intensity process and perform posterior inference when
the latent coordinates are statistically correlated. Conditional on the correlated latent path (Z; = (Z}, Z2)T), we generate
two inhomogeneous Poisson processes independently. The ground truth drift is

0.3(80 — 21)
bz t) = (0.45(55 - z2))> ’
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and the covariance matrix is fixed to be

S(z,t) = <p\/;;2 ﬁ@) p = 0.65.

Hence the two latent intensity coordinates have instantaneous correlation (p = 0.65), even though their drifts are decoupled.
This construction gives a simple but nontrivial test case: the model must recover marginal mean-reverting dynamics for each
coordinate while also representing the cross-coordinate dependence induced by the covariance matrix.

Figure[9) compares samples generated using the learned multivariate prior against samples generated from the ground-truth
correlated CIR prior. The learned model captures the main marginal behavior of both intensity coordinates, including their
different long-run levels.

Cumulative Count Comparison
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Figure 9: Multivariate synthetic prior recovery. The learned model is compared with samples generated from the ground-truth
multivariate diffusion-driven Cox process. Agreement of the channel-wise sample statistics indicates that the learned neural
SDE prior captures the main joint generative structure of the multichannel observations.

Figure [I0]shows posterior inference for the same multivariate setting. The posterior samples generated from the learned
drift-corrected SDE respond to the observed event patterns in both channels: higher observed activity in a channel pushes
the corresponding latent intensity upward, while the correlation structure allows information from one channel to influence
posterior uncertainty in the other.

Overall, this experiment supports the claim that the enlargement-of-filtrations characterization and the variational SDE
construction extend naturally beyond the scalar case. The example verifies that the proposed method can handle multichannel
observations and correlated latent stochastic intensities.
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Figure 10: Multivariate posterior inference. The learned amortized posterior is evaluated on a multichannel observation
from a multivariate CIR-type synthetic model. The posterior samples track the event information in the observed channels,
illustrating the multivariate analogue of the scalar posterior-correction mechanism described by Theorem@
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