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Abstract

Dynamic knowledge graphs are ubiquitous in to-
day’s Al applications, as we represent molecular
structures, social relationships, and language infor-
mation using these graph models. As knowledge
graphs evolve over time and are often noisy and
incomplete, modeling their temporal and relational
dependencies becomes crucial for downstream
tasks. To address these challenges, this paper pro-
poses PGRE (Poisson—-Gamma Relational Evolu-
tion), a probabilistic model for modeling inter-
relational dependencies in dynamic knowledge
graphs. PGRE represents multi-relational temporal
links via a Poisson—Bernoulli formulation. It intro-
duces Gamma-distributed latent variables to cap-
ture entity—factor associations and cross-relation
dependencies mediated by shared latent commu-
nities. A Gamma Markov process further models
the temporal evolution of these latent variables,
enabling principled characterization of relational
dynamics. Experiments on benchmark datasets
show that PGRE achieves competitive performance
in link prediction, particularly in sparse settings,
while revealing meaningful relational evolution
patterns in dynamic knowledge graphs.

1 INTRODUCTION

Knowledge graphs (KGs) [Ji et al., [2021]] provide a fun-
damental representation of structured knowledge about en-
tities and relations, and support a wide range of applica-
tions including question answering [Yasunaga et al., |2021]
Chakraborty et al) 2021 Jia et al. [2021]], recommender
systems [Wang et al., 2019b| 2021}, 2019al], and seman-
tic search [Thingbaijam et al., 2024, Xiong et al., 2017,
Ehrlinger and W60, 2016]. In practical settings, however,
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knowledge is inherently dynamic: relations may emerge,
evolve, or disappear over time. This motivates the study of
dynamic knowledge graphs (DKGs) [Liang et al., 2024].
DKGs model multi-relational interactions as temporal event
sequences to predict future or missing relations from histor-
ical observations.

Knowledge graph completion has been extensively studied
over the past decade, with significant progress driven by
representation learning methods based on neural architec-
tures [Schlichtkrull et al., 2018, |Trivedi et al., 2017, |Ross1
et al.| [2020, |Jin et al., [2019]. Despite their strong empirical
performance, these approaches often rely on large amounts
of training data and exhibit limited interpretability due to
their black-box nature [Chen and Ying} 2023} [Seo et al.,
2024]]. Such limitations become more pronounced in sparse
or small-sample settings, which are common in real-world
dynamic knowledge graphs [Huang et al.,|2023| Zhou et al.,
2022].

At the same time, relations in knowledge graphs are rarely
independent. Different relation types may exhibit structured
dependencies, and relational facts observed in the past can
directly influence future interactions [Schlichtkrull et al.|
2018, [Trivedi et al. 2017]. As illustrated in Fig. E], such
dependencies often manifest as structured relation transi-
tions over time, where the relation of an entity pair at time
t depends on its state at the previous time step t—1. Ignor-
ing these inter-relational and temporal dependencies may
result in an incomplete characterization of relational evolu-
tion. Bayesian approaches provide a principled alternative
by explicitly modeling uncertainty and structured depen-
dencies [Acharya et al., 2015} |Yang and Koeppl, |2018bja,
Schein et al., 2019, |Yang and Koeppl, 2020, |Yang and Zha),
2023 2024], offering a natural framework for capturing
relational dynamics while maintaining interpretability.

In this paper, we propose PGRE (Poisson—-Gamma Rela-
tional Evolution), a probabilistic model for dynamic knowl-
edge graph completion. PGRE represents multi-relational
temporal links through a Poisson—-Gamma latent-variable
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Figure 1: Illustration of a relation transition prior and its
manifestation in dynamic knowledge graphs. The top panel
shows an illustrative prior over relation transitions, where
directed edges encode assumed transition probabilities be-
tween relation types. The bottom panel provides an example
of how the relation between an entity pair may change from
time ¢t — 1 to ¢, depending on its previous relation (e.g.,
Pr(yuv,t =T ‘ Yuv,t—1 = 7"3)).

formulation and introduces a relation transition matrix
within Gamma-Markov dynamics to explicitly capture inter-
relational temporal dependencies. By jointly modeling
entity—factor associations and relation-to-relation evolution
in a unified generative framework, PGRE provides inter-
pretable latent representations and supports tractable poste-
rior inference for dynamic link prediction.

The main contributions of this paper are summarized as
follows:

1. PGRE, a probabilistic model for dynamic knowledge
graph completion, is proposed to jointly model entity—
factor associations and inter-relational temporal dy-
namics.

2. Single-relation probabilistic modeling is extended to a
multi-relational setting, enabling structured character-
ization of relational evolution in dynamic knowledge
graphs.

3. An efficient Gibbs sampling algorithm based on
negative-binomial-logarithmic data augmentation is
developed for tractable posterior inference.

4. Extensive experiments on benchmark datasets are con-
ducted, demonstrating that PGRE achieves competitive
or superior link prediction performance, particularly
in sparse and small-sample regimes, while revealing
meaningful relational evolution patterns.

2 RELATED WORK

Dynamic knowledge graph completion has been extensively
studied using neural representation learning methods. Early

approaches extend static embedding models by incorporat-
ing temporal information, including TTransE [Garcia-Duran
et all 2018]], TA-TransE and TA-DistMult [Leblay and
Chekol, 2018]], HyTE [Dasgupta et al., 2018, DacKGR [Lv
et al.l [2020], and DKGE [Wu et al., [2022]], which intro-
duce time-aware embeddings or temporal constraints to
model relation evolution. Subsequent work combines graph
neural networks with sequence modeling to capture both
structural context and temporal dynamics. Representative
models include DyRep [Trivedi et al.l 2019], RE-NET [Jin
et al., 2019], and RE-GCN |[Li et al.} 2021]], which leverage
attention mechanisms, recurrent units, or evolutionary ag-
gregation to predict future relations. More recently, large
language models have been leveraged for temporal knowl-
edge graph forecasting to improve cross-scenario general-
ization [Bai et al., 2025, Tang et al., |2025]]. While these
neural approaches achieve strong empirical performance on
large datasets, they typically rely on extensive training data,
offer limited interpretability and face challenges in sparse
or small-sample regimes.

Probabilistic modeling provides a principled alternative for
dynamic network analysis by explicitly characterizing un-
certainty and temporal evolution.Early work builds on the
stochastic block model (SBM) [Holland et al.,|1983| Now-
icki and Snijders, [2001]] and its nonparametric extensions
such as IRM [Kemp et al.|[2006] and GP-EPM [Zhou, [2015].
Dynamic extensions include the dynamic stochastic block
model of [Matias and Miele| [2017], D-NGPPF [Acharya
et al.,2015]], which models smoothly evolving communities
via gamma-Markov chains, and DPGM [Yang and Koeppl,
2018b], which allows time-varying community member-
ships. A recent extension, G-HSEPM [Yu et al., [2025]], in-
troduces hierarchical transition structures to characterize
latent community evolution in dynamic networks. However,
these models typically focus on single undirected networks
and do not explicitly address multi-relational dynamics. An-
other line of research studies temporal interaction data by
reshaping dynamic knowledge graphs into event—time count
matrices, leading to models such as PGDS [Schein et al.,
2016[, PRGDS [Schein et al.|[2019], and NBRGDS [Huang
et al.| 2024]. Although effective for modeling temporal in-
tensities, these approaches capture multi-relational structure
indirectly through data transformation rather than directly
modeling relation interactions. As a result, Bayesian model-
ing of dynamic multi-relational knowledge graphs remains
relatively underexplored.

3 THE PROPOSED DYNAMIC
KNOWLEDGE GRAPH MODEL

This section begins by defining the problem setting, fol-
lowed by a detailed description of the proposed Pois-
son—Gamma model for modeling and tracking relational
evolution in dynamic knowledge graphs.
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3.1 NOTATION AND PROBLEM DEFINITION

A temporal knowledge graph (TKG) represents time-
evolving relational facts as a set of time-stamped quadruples
(s,r,0,1), where s and o denote entities,  denotes a relation
type, and t is a discrete timestamp. The collection of events
at time ¢ forms a snapshot G, and a TKG over 7' time steps
is represented as a sequence G = {G1,...,Gr}.

For modeling convenience, we represent the TKG as a bi-
nary tensor M € {0, 1}7XEXNXN “where M(t][r][s][0] =
1 indicates the presence of relation r from s to o at time
t. Temporal knowledge graph completion then amounts to
predicting missing entries of M. In this work, we focus on
the forecasting setting, where the objective is to infer future
relations based on historical observations. Given historical
snapshots up to time ¢, — 1, the goal is to infer whether a
relation (s, r, 0) holds at a query time ¢,.

3.2 POISSON-GAMMA RELATIONAL
EVOLUTION

We first describe how to represent the structure of latent
communities at a single time step, and then explain how
the influence of these latent communities on relation types
evolves over time. Throughout the paper, we use Gam, Pois,
Dir, Bern, and NB to denote the Gamma, Poisson, Dirichlet,
Bernoulli, and negative binomial distributions, respectively.

To characterize the community structure of knowledge
graphs, we associate each entity with two nonnegative entity—
community factor vectors, corresponding to its roles as a
subject and as an object. These vectors capture role-specific
soft affiliations with multiple latent communities, while
their absolute scales are not interpreted in isolation. Instead,
their relative patterns, together with the relation- and time-
specific community weights, determine the strength of multi-
relational interactions. Intuitively, entities may participate in
multiple types of interactions simultaneously. For example,
a researcher may collaborate with some peers while advis-
ing others. Such overlapping and role-dependent patterns
can be represented through different subject- and object-side
affiliations with multiple latent communities. Specifically,
we assume that the dynamic knowledge graph contains K
latent communities. The subject-side factor loading of en-
tity ¢ on community £ and the object-side factor loading
of entity 7 on community k are assigned Gamma priors as
¢ir ~ Gam(ag,1/¢;) and ¢, ~ Gam(as,1/c;), respec-
tively, where Gam(«, 6) denotes a Gamma distribution with
shape « and scale 6. The hyperparameters ag and a; control
the prior shapes, while ¢; and c; regulate the magnitudes
of the subject- and object-side community factor loadings,
respectively.

We assume that latent communities evolve over time and
are influenced by relation types. Therefore, we introduce

a time- and relation-dependent variable 5;:’” to represent
the state of community k£ under relation r at time ¢. Intu-
itively, different relation types in a knowledge graph are
not independent, and their dynamics can influence each
other through shared latent community structures. Entities
sharing similar semantic contexts often exhibit correlated
relational behaviors over time. For example, the emergence
of a “collaborates with” relation between two researchers
may increase the likelihood of a subsequent “publishes with”
relation within the same community. To capture such depen-
dencies, we model the state of community & under relation
r at time t as 5;:’” ~ Gam (Zf:‘:l Tt 5}(;—1,7«’)’ 1/7'),
which indicates that the weight of community %k under re-
lation r at time ¢ may be influenced by the weights of the
same community across all relations at the previous time
step t — 1. The strength of this influence is determined by
the coefficient vector I1,. = [m,1, T2, - . ., Tz . In partic-
ular, we draw the initial community weight under relation
r from a Gamma prior as 5121’T) ~ Gam(v,/K,1/7). We
impose a Dirichlet prior on the transition kernel as 7, ~
Dir(v1vp, -+ ,&Vp, - -+ ,VRV,), and draw the hyperparam-
eter v, from a Gamma prior as v, ~ Gam(yy/R,1/5),
where -y is the concentration parameter and [ is the hyper-
parameter.

It is worth noting that as the number of latent communities
K approaches infinity, the hierarchical Gamma prior ex-
hibits an inherent shrinkage property that drives the weights
of redundant communities toward zero. This property en-
ables the model to automatically infer an appropriate num-
ber of active communities from data, rather than relying
on a manually fixed K, thereby improving flexibility and
interpretability in modeling real-world dynamic knowledge
graphs.

Given the subject- and object-side community factor load-
ings ¢; and 1;, together with the relation- and time-

dependent community weights 5,(:’7"), we model the proba-
bility of a link of type r from subject entity ¢ to object entity
7 at time t using the Bernoulli—Poisson link function as

M{t)[r][i][j] ~ Bern (1 —exp (- 3 5,§“>¢ik¢jk>> .
k=1
(1)

Equivalently, this formulation can be expressed as

MY =157 > 1), @
K

w47~ Pois( 3760 buti ) ©
k=1

where ./\/lg-’r), equivalent to M t][r][¢][7] in the tensor repre-
sentation, indicates whether the event (i, 7, j) occurs at time
t. This Bernoulli-Poisson formulation effectively captures
the discrete and sparse nature of temporal multi-relational
data and enables tractable posterior inference.
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Figure 2: The overall structure of the proposed PGRE model. The upper part illustrates the hierarchical Gamma-Dirichlet

process governing the temporal and relational evolution of community weights 5;:”, while the lower part shows the
Poisson—Bernoulli generative process for multi-relational links over time.

The full generative Poisson-Gamma relational model is spec-
ified as follows.

t,r t,r
MED =1 (27 > 1), )
K
:cg’r) ~ Pois( Z 5,E.t’r)¢ik1/)jk)v (5)
k=1
¢i.  ~ Gam(ao,1/c;), Y ~ Gam(ai,1/c;)),
(6)

R
(5](:7T) ~ Gam(z Ty’ 5](:—1,7‘)71/7_)’ t= 27""T’

r'=1

(7
51(:’” ~ Gam(v,/K,1/7), 8)
T ~ Dir(tVpy ..., EVpy ... VRV, 9)
Uy ~ Gam(yo/R,1/8). (10)

Here, c;, c;, &, and 3 are assigned Gamma priors, while hy-
perparameters such as ag, a1, and 7y are themselves drawn
from Gamma distributions. The overall structure of the pro-
posed PGRE model is illustrated in Fig. 2]

4 INFERENCE

This section outlines the Gibbs sampling procedure for
PGRE by presenting the posterior updates of key model
parameters, with full derivations deferred to the supplemen-
tary material. The following standard results are recalled
for completeness and are not claimed as new theoretical
contributions [[Zhou, 2015]].

Theorem 1 Let )\ ~ Gam(r, ﬁ) and y | A ~ Pois(\).
Then the marginal distribution of y is NB(r,p). Equiv-
alently, a negative binomial random variable admits a

gamma—Poisson mixture representation.

Theorem 2 The Poisson—logarithmic bivariate representa-
tion links the negative binomial distribution to the Poisson—
CRT construction. If y ~ NB(r,p) and | ~ CRT(y,r),
then y = Zi:l us with us ~ Logarithmic(p) and [ ~
Pois(—rlog(l —p)).
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Theorem 3 Ler y = ZnN:1 Yn, Where y, ~ Pois(\,)
are independent Poisson random variables with rates \,,.
Then, according to the Poisson—multinomial equivalence,

(yla-"7yN) | Yy ~ Mult (y’ Eilkn7.'.7 Z%:;&ﬂ) and
y ~ Pois (Zf:;l )\n)~

Sampling latent counts xxkr) By Theorem the latent
counts are allocated across communities as

r 35 it
(z E;k’q) | =)~ MUIt< o ) K : (t,r) - ’
Zk’:l 0p ik Vi

Sampling community factor loadings ¢;. and v;;. By
Gamma—Poisson conjugacy, both subject- and object-side
factor loadings admit closed-form Gamma updates:

—1
(fir | =) ~ Gam <a0 +> a2l (Cz‘ +> 5;(ct’r)¢jk> > :

tr,j £,
12)

-1

(x| =) ~ Gam (a1 + Z:cg;}:), <Cj + Zé,ﬁt’”qﬁik) > .
t,r, t,7,4

13)

Sampling community weights § ,(:’T). For the final time step
t =T, applying the Gamma—Poisson conjugacy yields the

following posterior update for § ,ET’T).

6" =) ~ Gam< <T”+ZW<S<T RENCE >

r’=1
(14)
To incorporate forward information, we marginalize 5,it+1’r)
via Theorem I and introduce auxiliary variables

R
llit,~r) ~ CRT (x(t],cr) + l](€t+1,-r), Z ﬂrrlél(gt—l,r ) ’
r’'=1

5)
which propagate forward information across time.

Combining backward counts and forward augmentation, the
conditional posterior of 4, (1) i

l(f+1 r) +Z7TW5(f u’)

r’

(67|=) ~ Gam ( &)

L(r+ s = In(1 = p{ ")),

(16)
The auxiliary parameter p,(C ) follows the recursion
(t+1)
sk —In(1 —
p;:) _ (L—py ") ' (17)

T+ s, —In(1 — pl(;H))

Sampling the transition matrix 7,.. After marginalizing
out ¢, the auxiliary counts follow a multinomial distribu-

tion (117 18FD) o Mult (z“ D (T wm)).
By the Dirichlet-multinomial conjugacy, the posterior dis-
tribution of 7, is given by

l(t 1r)

Mx

(w|=) ~ Dir (v, + XT:

1

l(tﬂ“r)

MH
Mw

vy + . (18)

t

=

=1
K

VRV, + Z Z l(t’Rr)).
2 k=1

||
[N

t=

Sampling v, and £. We marginalize over II to obtain a
Dirichlet-multinomial distribution

SRR )

19)

~ DirMult(l.("'T), (V1Vpy oo EVpy oo Z/RVT)),

where 1077 =

= S K,

By introducing a beta-distributed auxiliary variable ¢,, the
Dirichlet-multinomial distribution can be rewritten as a
negative binomial distribution:

g ~Beta [ 177 v, [+ vy (20)

r! 79,.

Then, 17 and l.("wl) follow negative binomial distribu-
tions as ") ~ NB(¢vy, ¢v) and 17" ~ NB(vp17, g ).
To further facilitate posterior inference, we introduce auxil-
iary count variables /... and h,.~ via the Chinese Restaurant
Table (CRT) distribution:

B,y ~ CRT (z.(‘””, gw) ,
" (21)
hyps ~ CRT (z.("” ), W,,,) .

Using the gamma-Poisson conjugacy, £ is then sampled as

_QT)> .

(22)

& 1
(£|_) ~ Gam <b0 + Z h'rra

r=1 €o — Z?:l vy In(1

Next, we define

—hrr+ZhT1T+ZhTT2+ler

T1F£T AT
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Table 1: Performance comparison on three dynamic knowledge graph datasets, evaluated using AUC-PR and AUC-ROC.

Best results for each metric are shown in bold.

Model ICEWS18 GDELT WIKI
AUC-PR AUC-ROC AUC-PR AUC-ROC AUC-PR AUC-ROC
PGDS 0.082£0.004 0.863+0.001 0.12440.014 0.836 4+0.008 0.126 4 0.006 0.854 & 0.004
PRGDS 0.079 £0.003 0.865+0.002 0.136 +0.016 0.84340.010 0.134£0.006 0.889 £ 0.002
NBRGDS 0.071 £0.005 0.876 +£0.004 0.102£0.019 0.8514+0.009 0.437 £0.007 0.949 &+ 0.003
Know-Evolve 0.0724+0.005 0.907 £0.002 0.105+0.017 0.805+0.012 0.554+0.014 0.976 £ 0.007
DyRep 0.075+£0.006 0.914+0.003 0.11440.012 0.82440.011 0.598 +0.015 0.984 £ 0.008
RENet 0.080 £0.005 0.916 £0.004 0.108£0.019 0.837+0.011 0.727 £ 0.005 0.998 + 0.001
D-NGPPF 0.127£0.004 0.930£0.004 0.121£0.012 0.880+£0.011 0.582+£0.003 0.987 £ 0.003
DPGM 0.105£0.004 0.922+£0.003 0.108£0.015 0.874+£0.008 0.498+£0.006 0.989 + 0.002
G-HSEPM 0.120 £0.002 0.930 £0.002 0.1194+0.016 0.878 +0.005 0.556 4 0.006  0.987 & 0.004
PGRE 0.198 +£0.004 0.936 +=0.003 0.277 £ 0.015 0.902 +0.004 0.607 £0.003 0.998 &+ 0.002
where ll(cl’r) ~ Pois(—7v, In (1 — pl(:))). Using the Poisson ~ Baselines. We compared PGRE with representative meth-

additive property and gamma-Poisson conjugacy, we have

(vp]—) ~ Gam(l]_g tnn1/(B+t),  (23)

where t,. = —In(1—g¢,) (f + D Vrl) = e (1
K 1
Gr)ves = Yoy (1 = pi).

S EXPERIMENTS

This section evaluates PGRE through comparative perfor-
mance analysis, ablation studies, and parameter visualiza-
tions to assess both effectiveness and interpretability.

5.1 RELATION PREDICTION

Datasets. We evaluated PGRE on three widely used
temporal knowledge graph datasets: ICEWS18 [Boschee!
et al., |2015]], GDELT |Leetaru and Schrodt, 2013]], and
WIKI [Leblay and Chekol, 2018]]. To construct moderate-
scale subgraphs with sufficient relational-temporal support,
we first ranked relation types according to their total num-
bers of observed events and retained the most frequent rela-
tions, resulting in 10 relations for ICEWS18, 8 for GDELT,
and 15 for WIKI. Within each relation-filtered subgraph,
entity activity was measured by the total number of events
in which an entity appeared as either a subject or an object.
We then retained the 500 most active entities and removed
events whose subject or object was not included in the se-
lected entity set. This preprocessing strategy keeps Gibbs
inference computationally manageable while ensuring suffi-
cient observations for estimating inter-relational temporal
dependencies.

ods from three categories: probabilistic models for dy-
namic networks (DPGM |[Yang and Koeppl, 2018b], D-
NGPPF [Acharya et al., 2015], G-HSEPM [Yu et al.
2025])), probabilistic models for dynamic count data
(PGDS [Schein et al.l 2016], PRGDS [Schein et al.,[2019],
NBRGDS [Huang et al.;[2024])), and neural models for tem-
poral knowledge graphs (Know-Evolve [Trivedi et al.,2017],
DyRep [Trivedi et al.,|2019]], RENet [Jin et al., 2019]).

Experimental Settings. Each dataset was divided into
three temporal segments: train (t = 1,...,7 — 2),
valid (t = T — 1), and test (¢ = T'), where the predic-
tion query time is ¢, = 7. Given historical events up to time
tq — 1, models predict the probabilities of events occurring
at time ¢,. Performance is evaluated using AUC-ROC and
AUC-PR. More experimental details are provided in the
supplementary material.

Results on Relation Prediction. Table [1| summarizes
the relation prediction performance on ICEWS18, GDELT,
and WIKI. PGRE consistently achieves competitive results
across all datasets, with particularly large improvements in
AUC-PR on ICEWS18 and GDELT, both of which exhibit
sparse and highly multi-relational structures. Even on WIKI,
where relational dependencies are weaker, PGRE attains
the second-best AUC-PR, indicating robust generalization
across varying relational densities.

The superior AUC-PR performance of PGRE primarily
stems from two modeling choices. First, PGRE captures
latent transition dependencies among relations through the
transition matrix IL,.,., enabling the model to represent how
different relations evolve and interact over time. Second, the
explicit modeling of directed head—tail entity roles allows
PGRE to capture asymmetric temporal dynamics that are
ignored by conventional single-relation models.
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Figure 3: Comparison of AUC-ROC and AUC-PR under different relation counts R € {10, 25, 50, 75, 100}. The first row
compares PGRE with its variant PGE (without the relation transition matrix), while the second row compares PGRE with

two strong baselines, D-NGPPF and RENet.

Table 2: Average time per iteration (seconds) on different
datasets.

Model ICEWS18 GDELT WIKI
PGDS 73.28 13552 5191
PRGDS 75.07 117.54  54.85
NBRGDS 72.11 79.06 46.55
D-NGPPF 140.70 329.81  81.50
DPGM 172.78 459.88  88.86
G-HSEPM 204.01 339.26 14598
PGRE 71.70 185.16  16.19

Compared with both count-based probabilistic methods and
neural temporal models, PGRE is more robust under sparse
multi-relational settings. While neural models often achieve
higher AUC-ROC by focusing on frequent patterns, PGRE
maintains substantially better AUC-PR by leveraging struc-
tured Bayesian priors that couple relations and entities, re-
sulting in improved recall and interpretability.

Table[2]reports the average time per iteration on three bench-
marks. PGRE achieves the lowest runtime on the sparsest

dataset (WIKI) and remains competitive on denser datasets
such as ICEWS18 and GDELT. Overall, PGRE provides a
favorable trade-off between computational efficiency and
modeling expressiveness in multi-relational temporal set-
tings.

5.2 ABLATION AND INTERPRETABILITY
ANALYSIS

We conduct a mechanism-oriented relation-cardinality abla-
tion on ICEWS18 to examine how relation coupling behaves
as the number of retained relation types increases. D-NGPPF
and RENet are selected as the strongest probabilistic and
neural baselines, respectively, in the main comparison. Fig.
reports the performance under varying numbers of relations
R. The AUC-PR of PGRE initially increases, reaches its
maximum at R = 25, and then gradually decreases, while
remaining consistently higher than those of the competing
methods. Its AUC-ROC exhibits an overall upward trend,
with a slight fluctuation at R = 75. In contrast, the AUC-PR
values of the competing methods generally decline as R in-
creases, suggesting that they benefit less from the additional
cross-relation structure.
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Figure 4: Temporal evolution of latent factors for six representative relations: Demand, Praise or endorse, Express intent
to engage in diplomatic cooperation, Sign formal agreement, Express intent to cooperate, and Make optimistic comment,
5"/ (ZkK:I 6;°"). The y-axis represents latent factor indices (150-199) and the z-axis represents time steps ¢. Redder colors

indicate higher activity levels.

. |

Figure 5: Transition probabilities among the 25 most ac-
tive relations in the R = 25 relation-cardinality setting of
ICEWSI18.

The ablation variant PGE, which removes the relation tran-
sition matrix, exhibits a substantial reduction in AUC-PR
across all settings, demonstrating the contribution of ex-
plicit relation coupling. Similarly, the AUC-PR values of
D-NGPPF and RENet decrease as R grows, whereas their
AUC-ROC improvements are less pronounced than those
of PGRE. These results indicate that the proposed relation-
transition mechanism helps PGRE maintain more robust
predictive performance as relation diversity increases.

To further examine the learned structure, we visualize the
temporal evolution of latent factors and the relation transi-
tion matrix IL,. ... Fig. Elillustrates the temporal evolution
of latent factors for representative positive interaction types.
Certain latent factors remain consistently active across mul-
tiple relations, suggesting the presence of shared latent com-

munities that drive their temporal dynamics. Fig. [5]shows
the transition probabilities in the R = 25 setting. The matrix
displays a dominant diagonal pattern, reflecting strong tem-
poral self-dependence of relations across adjacent time steps.
In addition, several off-diagonal bands reveal structured tran-
sitions between semantically related relations, indicating dy-
namic coupling beyond self-persistence. These observations
demonstrate that PGRE captures both interpretable latent
evolution and structured inter-relational interactions, which
jointly contribute to its robustness in sparse multi-relational
settings.

6 CONCLUSION

We have proposed a probabilistic network model for cap-
turing temporal evolution and relational interactions in dy-
namic knowledge graphs. In contrast to existing Bayesian
network models, the proposed framework is directly appli-
cable to dynamic knowledge graph completion. The model
has introduced a structured relation transition kernel to char-
acterize inter-relational dynamics within latent communi-
ties and has supported efficient closed-form posterior infer-
ence via Gibbs sampling. Experimental results on multiple
temporal knowledge graph benchmarks have demonstrated
competitive relation prediction performance, with substan-
tial AUC-PR improvements on [CEWS18 and GDELT, to-
gether with interpretable relational and temporal structures
revealed through ablation and visualization analyses.

Future work includes extending the model to settings with
rapidly evolving event streams and learning time-varying
relation transition dynamics. Another promising direction is
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adapting the framework to heterogeneous temporal networks
with irregular or partially overlapping node sets.
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7 SUPPLEMENTARY MATERIAL

7.1 BASELINE IMPLEMENTATIONS
We provide additional details on the baseline models used in the experiments.

Probabilistic Models for Dynamic Networks. DPGM, D-NGPPF, and G-HSEPM are designed for dynamic single-
relation networks. Following standard practice, we train one independent model for each relation. For directed relations,
each relational graph is converted into an undirected bipartite graph by separating entities into source and target roles,
resulting in a (2N x 2N) adjacency matrix per relation.

Probabilistic Models for Dynamic Count Data. PGDS, PRGDS, and NBRGDS operate on temporal count tensors. We
reshape the original R x T' x N x N temporal knowledge graph into an event-time matrix, where each event corresponds
to a triple (s, 7, 0). Model inference is conducted following the settings described in the original papers.

Neural Models for Temporal Knowledge Graphs. Know-Evolve, DyRep, and RENet are neural temporal knowledge
graph models that output real-valued scores for candidate events. We use the official implementations when available and
follow the default hyperparameter configurations recommended by the authors. For models that do not directly produce
probabilities, a sigmoid function is applied to convert scores into probabilistic predictions.

7.2 ADDITIONAL EXPERIMENTAL SETTINGS

All probabilistic generative models, including PGRE and count-based baselines, are trained using Gibbs sampling. For all
datasets, the number of latent communities is fixed to K = 200. To ensure fair comparison, the remaining hyperparameters
for each probabilistic model follow the recommendations in the original papers or official implementations. Model inference
is performed with 2000 Gibbs sampling iterations, where the first 1000 iterations are discarded as burn-in and the remaining
1000 iterations are used for posterior estimation.

For neural network-based methods, we use the authors’ publicly released code and follow their recommended experimental
settings. All neural models are trained in a supervised learning setting using the binary cross-entropy loss. Training is
conducted for up to 1000 epochs with early stopping based on validation performance, using a patience of 20. The model
checkpoint achieving the best validation performance is selected for testing. Unless otherwise specified, the learning rate
and batch size are set to 0.0001 and 200, respectively.

To reduce the effect of randomness, each experiment was repeated five times with different random seeds, and the reported
results correspond to average performance. All experiments are implemented in Python 3.9.12 with PyTorch 2.1.0 and

*Corresponding author: sikunyang @ gbu.edu.cn
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Table 3: Post-burn-in effective sample sizes for selected representative model parameters.

Parameter ESS

700 49.97
20 336.70
70 246.59
540 23.63
5540 12.99

Table 4: Sensitivity of PGRE to the temporal scale parameter 7. The results correspond to a single-run sensitivity analysis.

T AUC-ROC AUC-PR

0.5 0.9324 0.2067
1.0 0.9327 0.1991
1.5 0.9329 0.2002
2.0 0.9316 0.2008

CUDA 12.1, and are conducted on a Dell Precision 7920 workstation running Ubuntu Linux (kernel 6.11.0-25-generic). The
implementation code and experimental scripts are publicly available at https://github.com/ffffkgh/PGRE.

7.3 SAMPLING DIAGNOSTICS

We assessed the sampling behavior of the Gibbs sampler using effective sample sizes (ESSs) and trace plots for a subset
of representative model parameters. The sampler was run for 2,000 iterations, with the first 1,000 iterations discarded as
burn-in and the remaining 1,000 iterations retained for posterior estimation. Because the model contains a large number of
latent variables, we report diagnostics for selected entries of the relation transition matrix and selected normalized temporal
community weights on a representative dataset and temporal—relation slice.

For the relation transition parameters, the post-burn-in ESS values were 49.97 for 7gg, 336.70 for mog, and 246.59 for 7.
We additionally monitored two representative normalized temporal community weights,

~t 5(75»7‘)
5](:7 ) _ k

T
whose post-burn-in ESS values were 23.63 for g((ﬁ,o) and 12.99 for ngo). The corresponding results are summarized in
Table[3l

Figs. [6]and [7) show the corresponding trace plots over all 2,000 iterations. The representative transition parameters exhibit
an initial adaptation period followed by comparatively more stable trajectories in the retained sampling period. Their ESS
values also indicate more effective mixing for 7o and 77¢, while myg exhibits stronger serial dependence.

The normalized temporal community-weight summaries display slower variation and stronger autocorrelation, consistent
with their lower ESS values. Nevertheless, their trajectories become comparatively more stable after the initial adaptation
period. Taken together, the trace plots and ESS values provide complementary evidence that the adopted sampling design
captures a more stable posterior regime after burn-in. These diagnostics therefore support the use of 1,000 burn-in iterations
followed by 1,000 retained iterations for posterior estimation, while also indicating that some latent community-weight
summaries remain more strongly autocorrelated than the transition parameters.

7.4 SENSITIVITY ANALYSIS OF THE TEMPORAL SCALE PARAMETER

We examined the sensitivity of PGRE to the temporal scale parameter 7, which controls the scale of the Gamma—Markov
evolution. We varied 7 over {0.5,1.0, 1.5, 2.0} while keeping all other experimental settings unchanged. The results are
reported in Table [}
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Trace plots of representative transition parameters
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Figure 6: Trace plots of selected representative relation transition parameters over 2,000 Gibbs sampling iterations. The
first 1,000 iterations are treated as burn-in, and the remaining 1,000 iterations are retained for posterior estimation. The
trajectories exhibit an initial adaptation period followed by comparatively more stable post-burn-in behavior.

Trace plots of normalized delta summaries (t=4, r=0)
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Figure 7: Trace plots of selected normalized temporal community weights at (¢,7) = (4,0) over 2,000 Gibbs sampling
iterations. Compared with the transition parameters, these summaries exhibit stronger serial dependence and slower variation,
consistent with their lower post-burn-in ESS values.
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The performance remains stable across the tested values of 7. Specifically, the AUC-ROC values vary only from 0.9316
to 0.9329, while the AUC-PR values range from 0.1991 to 0.2067. Although 7 = 0.5 achieves the highest AUC-PR and
7 = 1.5 gives the highest AUC-ROC, the differences are modest. These results indicate that PGRE is reasonably robust to
moderate variations in the temporal scale parameter and does not rely on a narrowly tuned value of 7. We therefore use
7 = 1.0 as the default setting in the main experiments.

7.5 MARKOV CHAIN MONTE CARLO INFERENCE

Here we present the Gibbs sampling for the PGRE model.

(t.r)

Sampling latent counts z;;” . We sample the latent count associated with each observed event M(t " as

K
(@] =) ~ MEPoL (37 8107 g, (24)
k_

(tr) _

where Pois (+) denotes a zero-truncated P01sson distribution. Since z;; Z el x(f ") , by the additive property of the

(t,r)
ijk

can be sampled as

Poisson distribution we have x

(t,r)
ijk

~ P01s( L )¢ik¢3k)~ According to the Poisson—multinomial equivalence (Theorem |3)) ',

the latent count x

5;? T)¢ik¢jk
Eszl 5](¢t’r)¢ik7/)jk

(@7 1-) ~ Mult(z (", (

Uk

(25)

Sampling community factor loadings ¢;;, and 7). By the Gamma-Poisson conjugacy, the posterior distributions of the
subject- and object-side memberships are given by

T R N
(61| =) ~ Gam ( YY),
t=1r=1j=1
i
T R N
1/ (Ci + Z Z Zé,f’”%k)),
t=1

=1 r=1j=1
J#i

(26)

R N
<wjk—>~eam<a1+zzz o)

2]

R N
1/ Cj+zzzal(:7r)¢ik))~
2

t=1r=11i=1
7

S,
S

27

/N

Sampling entity-specific scaling parameters c; and c;. We place Gamma priors over the entity-specific scaling parameters
as ¢; ~ Gam(fo, 1/g0) and ¢; ~ Gam(zo, 1/ko). Using the Gamma—Gamma conjugacy, the posterior distributions can be
derived in closed form as:

K

(cil—) ~ Gam(fo + Kao, 1/(g0 + Y dix)), (28)
k=1
K

(cjl=) ~ Gam(zo + Kay, 1/(ko + Y _ ¥jx)), (29)
k=1
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where K denotes the number of latent communities.

Sampling community weights 5,(:’7"). The community weights 5,(:’7’) evolve under a Markovian structure, so both backward
and forward information must be incorporated into the posterior updates.

For the last time step ¢ = T', we define the ageregated latent count as 9: 1 T ’7), which follows a Poisson
P ggreg = 1 ] ijk
distribution x_(_:’,;7r) ~ Pois(é,(cT’T)sk), where s, = Ef\il Zjvzl ®ik¥jk. By applying the gamma—Poisson conjugacy, the
i

posterior of 6,(€T’T) is given by

r'=1

For t =T — 1, to incorporate forward information, we marginalize out 5,(fT’r) using Theorem which leads to

R
2.7 ~NB (Z Oy s/ (7 + sk>> . (31)

r'=1

According to Theorem 2] the negative binomial distribution can be augmented with an auxiliary variable as

1 CRT( (T,r) waa(T “”)) (32)

(T r) and Z(T T)

The joint distribution of x can then be written as

2"~ SumLog (1", pi""), 33)

1) ~P01s< ZT(TT/(S(T L (1 — piT >)>, (34)

r’'=1
where p{") = =35~ Since 1) — (1) — Sh 17772) the distribution of (""" is

l](CT,T‘r’) ~ Pois (77TTT/5](€T—177~’) 111( p](CT))) ) (35)

Using the additive property of the Poisson distribution and 22:1 Ty r = 1, we have

i~ pois (=6 (1 = o). (36)
Given x,(i_l”') ~ Pois(é,(CT_l’T)sk), the Poisson additive property leads to

27 ) o (5,§T*1”’>(sk —In(1 — ,o,gT)))) : 37)

This combines backward and forward information at ¢ = T — 1. With the gamma prior on & ,(CT_M)

is

, its conditional posterior

R
(5}5}T*1,7‘)|_) ~ Gam < (’1’; 1 T) + l]({:T,-T) + Z?TTT/6’E:T72)T )’
2 (38)

1(r + s —In(1 = "))

1535



For intermediate steps t =T — 2,. .., 2, we introduce

R
l,(:"r) ~ CRT (x'('tl;r) I l](€t+1,.r)’ Z WTT/(;}(:—LT )) ’ (39)

r'=1

and apply the same augmentation—sampling procedure:

R
R GRSyt

(40)
1/(r+ s —In(1 = o),
where
2
PR L "
7+ sp—In(1 — p;ct+2))
Finally, for ¢ = 1, we augment
i~ oRT (27 13 0 K 42)
and sample
(6°7)]=) ~ Gam (x,(_l,f) +137 4y /K,
(43)

1/(r + s, —In(1 — p,f)))) .

Sampling the transition matrix 7. After marginalizing out J, the auxiliary counts follow a multinomial distribution
(l,g’lr)7 . ,l,(:’RT)) ~ Mult (l,(ct"r), (T1pyene,m Rr)). By the Dirichlet-multinomial conjugacy, the posterior distribution of

m, is given by

T K
fop+ > N1 (44)

Sampling v, and £. We marginalize over II to obtain a Dirichlet-multinomial distribution

R e))

(r) (45)
~ DirMult(l. (e Z/RZ/T)),

() T K K (t,r17)
where [. =D m1 2=t o —t b
By introducing a beta-distributed auxiliary variable g, the Dirichlet-multinomial distribution can be rewritten as a negative
binomial distribution:

gr~Beta [ 157 v e+ v | |- (46)
r!#r
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Then, 17" and 1" follow negative binomial distributions as 1" ~ NB(évy, ¢) and ISR NB(v,vp, gr). To
further facilitate posterior inference, we introduce auxiliary count variables h,.. and h,.,» via the Chinese Restaurant Table
(CRT) distribution:

By ~ CRT (z.('“”, gw) ,
, 47)
hyps ~ CRT (z.(“” ), WT,) .

Using the gamma-Poisson conjugacy, £ is then sampled as

r=1 €o — Z§=1 v In(1 —gqy)

u 1
(¢]-) ~ Gam (bo + hy, ) : (48)

Next, we define

K
Ny = h'r‘r + Z h’7‘1r + Z h7.7,2 + Z ll(clq,r»)’
k=1

r1#T roF#r

where I{""™) ~ Pois Ty, In (1 — p(l) . Using the Poisson additive property and gamma-Poisson conjugacy, we have
k k

(ve|—) NGam(llg T+, 1/(8+ 1), (49)

where tr = —In(1 = g,) (& + 3, 4 ¥ ) = Sppoer 1 = @) = Sy % In(1 = o).

Sampling 3. Finally, by gamma—gamma conjugacy, the posterior of 3 is derived as

R
(B]=) ~ Gam(do + 0, 1/(ho + Y v))- (50)

r=1

Algorithm [I| summarises the full sampling procedure of PGRE.

7.6 FULL PROBABILISTIC GRAPHICAL MODEL

Fig. [ presents the full probabilistic graphical model of PGRE, which illustrates the complete generative process including
entity-level latent factors, relation-level temporal evolution, and observed interactions.

1537



Algorithm 1 Gibbs sampling algorithm for PGRE

Require: Dynamic relational data G, ...  G(T),
1: Initialise the number of communities K and other parameters
2: repeat
3:  Sample zg;ﬂ) (E and update gggtykr) (Eq.
4: Sample ¢;1 (Eq.[20) and 1,1, (Eq.[27)
5: update ¢; (Eq.[28) and ¢; (Eq.[29)
6: fort=1T,---,1do
7: if t = T then
8: Sample l,(cT’T) (Eq.
9 elseift =7 —1,---,2 then

10: Sample l,(:’r) (Eq.
11: else if ¢ = 1 then

12: Sample l,(fl’r) (Eq.
13: end if

14: Update p,(f) (Eq.

15: end for

16: fort=1,---,T do

17: if ¢ = 1 then

18: Sample 5,&1’” (Eq.
19: elseift =2,--- T — 1 then
20: Sample 6,(:’T) (Eq.
21: else if ¢ = T then

22: Sample 5,&T’r) (Eq.
23: end if

24: end for

25: Sample 7, (Eq.[44), update ¢, (Eq.[6) and h,., (Eq.
26: Sample £ (Eq.[48) and v, (Eq.

27: Sample 3 (Eq.[50)

28: until convergence

Ensure: Posterior mean of ¢;, 1,3, and 612”)

s
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w2

Figure 8: Full probabilistic graphical model of PGRE.
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