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Abstract

The explainable clustering problem was first posed
by Moshkovitz et al. (ICML 2020) and studies
how well an axis-aligned decision tree with K
leaves can approximate a given clustering. The per-
formance of the tree is measured via the price of
explainability, defined as the ratio between the clus-
tering cost of the tree (where every leaf is a cluster)
and the optimal cost. Several recent works have
given worst-case characterizations of the price of
explainability for different cost functions. How-
ever, these guarantees are data-agnostic and there-
fore notoriously pessimistic in practical clustering
settings. In this paper, we study explainable clus-
tering from the point of view of mixture models,
which allows us to give the first data-dependent
bounds on the price of explainability. First, we fo-
cus on K-medians clustering of mixture models
with subexponential tails. We propose an algorithm
that leverages information about the distribution of
the data to find better cuts, and prove new upper
and lower bounds. Second, we extend our algo-
rithm and the theoretical guarantees it provides
to kernel clustering, thereby refining the existing
worst-case analysis.

1 INTRODUCTION

Over the past decade, explainable machine learning has
emerged as an active area of research, promising to cast
light into black box algorithms. While several methods have
been developed for the supervised setting, the explainability
of unsupervised learning has attracted less attention, de-
spite models deployed in practice often leveraging large
amounts of unlabeled data. Recently however, several re-
searchers have begun to address the problem of explainable
K-means or K-medians clustering. In their ICML 2020

work, Moshkovitz et al. [2020] suggest to cluster the data
using binary axis-aligned decision trees with K leaves. At
every node of the tree, a one sided axis-aligned threshold
cut xi ≤ θ partitions the data into two child nodes (where xi
denotes the i-th coordinate of x). The clustering cost of this
tree is then compared to the optimalK-medians orK-means
solution. Of course, unless all clusters are incidentally al-
ready separable by axis-aligned cuts, the tree has a strictly
higher cost. The quality of the approximation is measured
by the price of explainability, which is the ratio between
the clustering cost induced by an optimal axis-aligned tree
(where every leaf is a cluster) and the optimal clustering
cost. Moshkovitz et al. [2020] prove an upper bound on
the price of explainability that depends only on the number
of clusters K, with O(K) guarantees for K-medians. This
bound holds for any dataset, regardless of how well it is
clustered.

Numerous recent works have given improved upper and
lower bounds on the price of explainability for various cost
functions (for an overview, see related works). Notably,
Makarychev and Shan [2023] show that for K-medians
the price of explainability is Θ(logK), and that the up-
per bound is attained by a randomized procedure known
as Random Coordinate Cut. From a worst-case point of
view, this settles the matter. However, all existing theory is
entirely distribution-agnostic: It treats well-separated, low-
noise mixture models and adversarial worst-case examples
on equal footing.

This is overly pessimistic. In practice, it is unlikely that we
would ever need to explain a clustering model that doesn’t
cluster the data well (instead, the data scientist would most
likely be asked to fit a better model). Indeed, Frost et al.
[2020] empirically show that the price of explainability is
actually close to 1 for several real-world clustering datasets.
Interestingly, already Moshkovitz et al. [2020] ponder in
their discussion whether better guarantees are feasible for
well-clustered data, such as Gaussian mixture models. On
the other hand, as Gamlath et al. [2021] point out, the cur-
rently known examples which provide lower bounds on
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the price of explainability already consist of rather well-
clustered instances, suggesting that care must be taken in
the analysis.

Contributions. In this work, we study explainable clus-
tering under assumptions on the data distribution, which al-
lows us to derive tighter, more realistic guarantees. The first
part of the paper tackles the classic explainable K-medians
problem under mixture models with subexponential tails.
We introduce an explainability-to-noise ratio ENR(ν) for
mixtures ν and show that ENR(ν) influences how well
a decision tree can approximate ν. We prove upper and
lower bounds on the price of explainability that depend
only on the number of clusters K and ENR(ν), and are
almost tight in the latter. Our upper bounds are attained by
the Mixture Model Decision Tree (MMDT) algorithm that
we propose. MMDT takes specific information about the
distribution of the mixture model into account and runs in
data-independent time. The second part of this paper ap-
plies our new probabilistic analysis to kernel clustering. We
derive data-dependent guarantees on the price of explain-
ability that significantly improve over existing worst-case
guarantees, thereby explaining the empirically observed phe-
nomenon that the price of explainability is often quite low
on real world clustering datasets.

Related Work. Starting with Moshkovitz et al. [2020], a
significant number of works have tackled the explainable
clustering problem. Most works focus on a tighter analy-
sis of the worst-case price of explainability for K-medians
and K-means [Makarychev and Shan, 2021, Gamlath et al.,
2021, Esfandiari et al., 2022, Makarychev and Shan, 2023,
Gupta et al., 2023]. Some results also incorporate the role of
the dimension d into the analysis [Charikar and Hu, 2022],
or focus on other cost functions [Laber and Murtinho, 2021,
2023]. Other works on interpretable clustering loosen the
requirement of exactly K leaves. Frost et al. [2020] empir-
ically demonstrate that this improves the practical perfor-
mance, and Makarychev and Shan [2022] formally prove
it. Laber et al. [2023] discuss explainable clustering with
shallow decision trees. Fleissner et al. [2024] theoretically
analyze the worst-case price of explainability for kernel clus-
tering, focusing on Gaussian and Laplace kernel. Several
other works also propose explainable clustering algorithms
that can be used for partitions induced by kernel clustering,
but do not bound the price of explainability [Bertsimas et al.,
2021, Ohl et al., 2024, Argov and Wagner, 2026].

2 PROBLEM SETUP AND DEFINITIONS

We begin by formalizing the model, discussing the problem
statement, and introducing key definitions and notation.
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Figure 1: Illustration of our setting: Given three distributions
ν(1), ν(2), ν(3), we investigate how well a decision tree with
axis-aligned binary cuts and three leaves can cluster these
components. The objective is the ratio between the cluster-
ing cost of the tree, and the cost of the baseline partition
into ν(1), ν(2), ν(3).

2.1 DATA MODEL

Let K ≥ 2 be an integer. We are given a mixture model ν =∑K
k=1 p

(k)ν(k), where each ν(k) is a discrete or absolutely
continuous probability distribution on Rd, and

∑K
k=1 p

(k) =
1. We assume that the the mixing weights p(k) are safely
bounded away from 1, satisfying p(k) ≤ α

K for some α ≥ 1.
We denote by µ(k) the mean of mixture component ν(k),
and assume that the probability density or probability mass
function of each ν(k) is symmetric around its mean, so that
means and medians coincide for all k. We assume further
that the mean absolute deviations of all mixture components
are finite.

∀k, i : Ex∼ν(k) [|xi − µ
(k)
i |] = σ

(k)
i <∞. (1)

For all i ∈ [d], we define the average mean absolute devi-
ation as σi =

∑K
k=1 p

(k)σ
(k)
i . We use the superscript for

enumerating the mixture components, and the subscript to
refer to axes of the ambient space Rd. The support of ν is
denoted supp(ν).

2.2 PROBLEM STATEMENT

Given a mixture model ν on Rd, the goal is to explain each
of its components in terms of individual features. In the
explainable clustering problem, one chooses decision trees
that sequentially partition the data into K leaves, select-
ing at most K features. Formally, given a mixture model
ν, our goal is therefore to construct an axis-aligned deci-
sion tree with K leaves such that each leaf approximates
exactly one of the K mixture components ν(1), . . . , ν(K).
At every internal node of the tree, a one-sided threshold cut
xi ≤ θ partitions the data into two child nodes. Here, we
denote xi for the i-th coordinate of the point x. We ensure
correspondence between leafs and mixture components by
constraining the decision trees to satisfy that each leaf con-
tains exactly one mean µ(k). This is natural in a mixture
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model setting, but technically need not be enforced (there
could exist trees with low clustering cost despite multiple
means in the same leaf). However, all existing algorithms
also demand every leaf to contain exactly one of the K
baseline cluster centers. Figure 1 illustrates our setting.

2.3 PRICE OF EXPLAINABILITY

We analyze the ratio between the cost of the tree and the
cost of the underlying mixture model, defined as follows.

Definition 1 (Price of explainability for mixtures). Given
a mixture model ν as specified above, and a decision tree T
that partitions Rd into K leaves each containing one of the
means µ(k), we define

Price(T, ν) =
Ex∼ν [∥x− µ̃(x)∥1]
Ex∼ν [∥x− µ(x)∥1]

(2)

as the price of explainability. Here, µ(x) = µ(k) if x is
sampled from ν(k), and µ̃(x) is the median of the leaf that
x ends up in. We denote further µ̂(x) for the mean µ(k) that
ends up in the same leaf as x. This need not be µ̃(x).

This is a direct adaption of the price of explainability to
mixture models. However, the reference partition (i.e. the
denominator) that we compare the decision tree against is
the K-medians cost of assigning to each x ∼ ν the median
of the mixture component from which x is drawn (i.e. one
of the µ(k)). This is not necessarily the optimal K-medians
partition associated with ν. The reason is that the optimal
centers of the K-medians cost

costopt(ν) := min
c(1),...,c(K)

Ex∼ν

[
min
k∈[K]

∥x− c(k)∥1
]

(3)

are not given by the set {µ(k)}Kk=1. As an example, think of
ν being a mixture of two Gaussians in R, with means µ(1) =
1 = −µ(2) and unit variance. The minimizers of costopt(ν)
are in general not ±1, because some x ∼ ν will be sampled
closer to the “other” mean, making it beneficial to push
c(1), c(2) further apart. However, in a mixture model setting,
we are typically interested in the components {ν(k)}Kk=1

and not the optimal population clusters, and most works
on mixture modeling aim to recover the true means and
covariances, not the clustering [Dasgupta, 1999, Ashtiani
et al., 2020]. In other words, our ground truth to compare
an explainable clustering method against is the set of means
{µ(k)}Kk=1 of the mixture components, and we therefore
stick to Definition 1 in this paper.

In this paper, we incorporate information on ν into the anal-
ysis of Price(T, ν).

Definition 2 (Explainability-to-noise ratio). For a mixture
model ν, we define its explainability-to-noise ratio as

ENR(ν) := min
k ̸=l

max
j∈[d]

(
|µ(k)

j − µ
(l)
j |

σj

)
. (4)

Algorithm 1 Mixture Model Decision Tree (MMDT)

1: Input: Components {ν(k)}Kk=1 with means {µ(k)}Kk=1 ⊂ Rd

and coordinate-wise mean absolute deviations {σ(k)
i }i,k.

2: Output: Binary tree with K leaves (one per component).
3: Create root t0 with N(t0)← [K], active set A ← {t0}.
4: while ∃ t ∈ A with |N(t)| > 1 do
5: Pick any such t, set N ← N(t).
6: Choose (i, θ) by minimizing (5) over i ∈ [d] and θ ∈ It.

If densities are unknown, by minimizing the bound in (7)
over i, θ.

7: Split index set into NL ← {k ∈ N : µ
(k)
i ≤ θ} and

NR ← {k ∈ N : µ
(k)
i > θ}.

8: Store at t the cut (i, θ), create children tL, tR with
N(tL) = NL, N(tR) = NR.

9: Update A ← (A \ {t}) ∪ {tL, tR}.
10: end while
11: Route x at node (i, θ) to left if xi ≤ θ and right otherwise.
12: If leaf t has N(t) = {k}, assign leaf to component k.

A large explainability-to-noise ratio ensures that at any node
of a decision tree that is not a leaf, we can find a pair of
remaining means that can be separated along some axis i ∈
[d] without increasing the probability Px∼ν(µ(x) ̸= µ̂(x))
too much. The explainability-to-noise ratio can be viewed as
an axis-aligned version of the classic signal-to-noise ratio.

At this point, one may be tempted to think that if there
exists a tree that makes few mistakes on a mixture model
ν, then the tree also automatically achieves a low price of
explainability. However, this is not necessarily correct: The
cost of the tree is not only influenced by the error rate of
the tree, but also by the severity of the mistakes it makes. In
some cases, both effects exactly “cancel out”. For example,
known Ω(logK) lower bounds on the price of explainability
for K-medians can be adapted such that the resulting tree
almost perfectly recovers the mixture components ν(k), in
the sense that P(µ̂(x) = µ(x)) = 1− o(1).

However, for mixture models with light tails, the error rate
of the tree is indeed the deciding quantity, as it generally
decays much faster than the cost of mistakes. This observa-
tion forms the starting point of our analysis and suggested
algorithm.

3 PROPOSED ALGORITHM

We propose the Mixture Model Decision Tree (MMDT) al-
gorithm to obtain an explainable approximation for mixture
models. MMDT is described in Algorithm 1. It iteratively
partitions the means into K leaves, each of which eventu-
ally contains exactly one mean, representing one mixture
component. At every node t with a set of remaining mixture
components N(t) ⊂ [K], this is achieved by identifying the
axis i ∈ [d] and binary cut θ ∈ R such that the probabil-
ity that any x ∼

∑
k∈N(t) p̄

(k)ν(k) =: ν(N) is separated
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from its mean is minimal. Here, p̄(k) simply rescales p(k) to
ensure the weights of ν(N) still sum to one. Formally,

i, θ = argmin
i∈[d],θ∈It

Px∼ν(N)(x separated from µ(x) by θ)

It =

(
min

k∈N(t)
µ
(k)
i , max

k∈N(t)
µ
(k)
i

)
(5)

If multiple possible thresholds exist, one is selected ran-
domly. Typically, the exact probability density of each ν(k)

is not known (or difficult to minimize), so we choose θ by
instead minimizing an upper bound on the probability in
(5). If nothing is known about the mixture components ex-
cept its means and mean absolute deviations, we can use
Markov’s inequality: For any threshold θ chosen on the i-th
axis, we can certainly bound the probability that x ∼ ν(k)

gets separated from its mean by |µ(k)
i −θ|
σ
(k)
i

. We assume lighter,

subexponential tails.

Assumption 3 (Subexponential tails). We assume there
exist constants c1, c2 > 0 independent of K such that for
all k ∈ [K], i ∈ [d], s > 0,

Px∼ν(k)(|xi − µ
(k)
i | > s) ≤ c1 · exp

(
− sc2

σ
(k)
i

)
. (6)

Under Assumption 3, for all k ∈ [K], and any threshold cut
θ along some axis i ∈ [d], we can bound

Px∼ν(k) (x is separated from µ(x) by θ)

≤ c1 exp

(
−c2|θ − µ

(k)
i |

σ
(k)
i

)
.

(7)

Plugging this bound into (5), θ can be found in data-
independent time (i.e. without iterating over all datapoints).

Remark 4 (Connection to IMM). Algorithm 1 can be
viewed as a “population version" of IMM, the initial ex-
plainable clustering algorithm proposed by Moshkovitz et al.
[2020]. IMM minimizes the number of points that go to
the wrong cluster center at a given node. It admits data-
independent O(K) bounds for K-medians, and its runtime
scales linearly with the number of samples (unlike MMDT,
which only relies on means and mean absolute deviations).

Remark 5 (Improved runtime for high dimensions). For
high dimensions, finding the minimizer of (7) over all i ∈ [d]
may be inefficient. For these cases, we suggest the following
acceleration: At any node t of the tree, and for all i ∈ [d],
compute

ri(t) = σ−1
i

(
max
l∈N(t)

µ
(l)
i − min

k∈N(t)
µ
(k)
i

)
. (8)

Then, for some small integer d′ ≪ d, only minimize (7)
over the axes i1, . . . , id′ that achieve highest ri(t). Our
theoretical guarantees are preserved even for d′ = 1.

Remark 6 (Relaxing assumptions). If the assumption of
subexponential tails is considered too restrictive, one should
replace Assumption 3 with a heavier-tailed decay rate. This
in turn changes Equation (7) and also the theoretical guar-
antees that can be attained. For the sake of clarity, we stick
to Assumption 3 in the following section.

4 THEORETICAL ANALYSIS OF MMDT

In this section, we theoretically analyze Algorithm 1 in
terms of the price of explainability for K-medians. To sim-
plify the analysis, we assume in this section that σi = σ

(k)
i

for all i ∈ [d], k ∈ [K].

Theorem 7 (Upper bounds on price). Consider a mixture
model ν satisfying Assumption 3. Denote q = ENR(ν).
Then, Algorithm 1 yields a decision tree T such that

Price(T, ν) ≤ 1 +
c1α · q

exp
(

c2·q
2(K−1)

)
− 1

.

The proof is in Appendix A. Theorem 7 quantifies the phe-
nomenon that we alluded to in the introduction: Mixture
models with light tails can usually be explained very well,
with price of explainability close to 1 despite large K. We
now provide a lower bound that is almost tight in q for
those trees that recover the individual mixture components
sufficiently well.

Theorem 8 (Lower bounds on price). For any K ≥ 3 and
q ≥ (K − 1) log(1.5) there exists a mixture model ν with
K components, ENR(ν) = q, equal mixing weights, and
constants c1 = c2 = 1 such that the following holds: For
any decision tree T satisfying Px∼ν(k)(µ̂(x) = µ(k)) ≥ 0.5
for all k, and denoting CK = K!−K+1

K! ,

Price(T, ν) ≥ CK(2K − 1)

2K
+

q

96(K − 1) · (e
q

K−1 − 1)

The proof is included in Appendix B. Since we need the con-
stants c1, c2 to be independent ofK, our construction differs
from previous lower bounds on explainable K-medians.

Remark 9 (Comparison to Random Cuts). The Random
Coordinate Cut algorithm analyzed by Makarychev and
Shan [2023] achieves O(logK) worst case bounds for K-
medians. In contrast, the upper bound for MMDT takes
ENR(ν) into account. If ENR(ν) = Θ(K), MMDT is
loose by a factor of order Θ( K

logK ) compared to Random
Coordinate Cut. However, if the data is well-clustered and
ENR(ν) = Ω(K logK), the upper bound for MMDT is
tighter. Being greedy at each node pays off if the data is
easy to explain.
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5 EXTENSION TO KERNEL
CLUSTERING

Kernel clustering is a nonparametric clustering technique
based on the theory of reproducing kernel Hilbert spaces
[Smola and Schölkopf, 1998]. Intuitively, it relies on a suit-
able kernel function κ : Rd × Rd → R that measures
the similarity between points x, x′ ∈ Rd. The potential
nonlinearity of κ allows discovering nonlinear cluster struc-
tures, which is impossible with ordinary K-means or K-
medians. For kernel K-means with the Gaussian kernel
κ(x, x′) = exp(−γ∥x − x′∥2) it has been shown that the
price of explainability is essentially O(dK2) in the worst-
case. In this section, we extend our probabilistic analysis of
explainable clustering to kernels, providing us with tighter,
distribution-dependent guarantees. The first step is to refor-
mulate our problem in a nonparametric setting using kernel
mean embeddings. We then introduce additional assump-
tions and definitions specific to this section.

5.1 BACKGROUND

When a kernel κ is positive semi-definite, there exists a
Hilbert space H of functions and a feature map ϕ : Rd → H
such that κ(x, x′) = ⟨ϕ(x), ϕ(x′)⟩ for all x, x′ ∈ Rd. As be-
fore, let ν be a distribution on Rd with Ex∼ν

[√
κ(x, x)

]
<

∞. Then, the Bochner integral ϕν := Ex∼ν [ϕ(x)] ∈ H is
referred to as the kernel mean embedding of the distribu-
tion ν. For any f ∈ H it holds that Ex∼νf(x) = ⟨f, ϕν⟩.
Given two distributions ν, ν′, the maximum mean discrep-
ancy (MMD) is defined as dκ(ν, ν′) := ∥ϕν − ϕν′∥H. The
MMD has numerous applications, such as two-sample test-
ing [Gretton et al., 2012] and can be used to prove that
kernel clustering recovers nonparametric mixture models
[Vankadara et al., 2021]. For more details on kernel mean
embeddings, see Muandet et al. [2017].

5.2 ASSUMPTIONS

The kernel setting is a bit different from the setup consid-
ered in the first part of this paper. Therefore, instead of the
assumptions introduced in Sections 2 and 3, we impose
three conditions on the mixture ν and the kernel κ. Firstly,
we assume that the kernel κ is a bounded, distance-based
product kernel

κ(x, x′) =

d∏
i=1

κi(x, x
′) =

d∏
i=1

gi(|xi − x′i|) (9)

where each gi : [0,∞) → R is a positive, monotone de-
creasing function satisfying gi(0) = 1. Examples include
the Gaussian kernel with gi(t) = exp(−t2) for all i and the
Laplace kernel with gi(t) = exp(−t) for all i. Secondly, we
assume that the components ν(k) of the mixture model ν all

satisfy

∥ϕν(k)∥2H = Ex,x′∼i.i.d.ν(k) [κ(x, x′)] = σ2 (10)

for some σ2 ∈ (0, 1), and that ν(k) ̸= ν(l) for all k ̸= l.
Thirdly, we assume that for all i ∈ [d], k ∈ [K] and x̄ ∈
supp(ν) , the variance of κi(x̄, ·) is bounded by

Vx∼ν(k) [κi(x̄, x)] ≤ ϵ2 (11)

for some (small) ϵ > 0. This is a concentration assumption
on the coordinate-wise similarity between any fixed x̄ and
random x ∼ ν(k). Due to boundedness of the kernel, un-
bounded support of ν does not pose a problem, though the
decay of the gi impacts how small we can hope ϵ to be.

Next, we extend Definition 1 to kernels.

Definition 10 (Price of explainability in kernel clustering).
Consider a kernel function κ satisfying (9), and a mixture
model ν satisyfing (10) and (11). Then, we define the price
of explainability of ν with respect to κ as

Priceκ(T, ν) =
Ex∼ν

[
∥ϕ(x)− µ̃(x)∥2H

]
Ex∼ν [∥ϕ(x)− µ(x)∥2H]

. (12)

Here, µ̃(x) denotes the kernel mean embedding of the distri-
bution ν conditioned on the event that it arrives in the l-th
leaf of the decision tree.

Remark 11 (Upper bound on price for kernels). We can
certainly upper bound

Priceκ(T, ν) ≤
Ex∼ν

[
∥ϕ(x)− µ̂(x)∥2H

]
Ex∼ν [∥ϕ(x)− µ(x)∥2H]

(13)

where µ̂(x) = ϕν(l) if x ends up in a leaf that is assigned
to the l-th mixture component ν(l). This is true because the
second moment functional M : H → R defined via

M(h) := E
[
∥ϕ(x)− h∥2H

]
(14)

has its minimum at the mean h = E[ϕ(x)].

The explainability-to-noise ratio (Definition 2) does not
translate directly to the kernel setting, where clustering hap-
pens in H instead of Rd. In the following, we instead give
our guarantees on Priceκ(T, ν) in terms of the following
axis-aligned quantity.

Definition 12 (Axis-aligned kernel distance). For a mix-
ture model ν and a kernel κ as introduced before, we define

τ = min
k ̸=l

max
i∈[d]

Ex,x′∼ν(k),y∼ν(l) [κi(x, x
′)− κi(x, y)]

(15)
as the axis-aligned kernel distance of the mixture compo-
nents.
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Algorithm 2 Kernel Mixture Model Decision Tree (Kernel
MMDT)

1: Input: Mixture components {ν(k)}Kk=1 on Rd, product kernel
κ(x, x′) =

∏d
i=1 κi(x, x

′) where κi(x, x
′) = gi(|xi − x′

i|)
and g is monotone decreasing.

2: Output: Decision tree T with K leaves (one per component).
3: Root t0 with N(t0)← [K], active set A ← {t0}.
4: while ∃ t ∈ A with |N(t)| > 1 do
5: Pick any such t, set N ← N(t).
6: Find maximizers (x̄, i∗, k∗, l∗) of

ξ(x, i, k, ℓ) := Ex′∼ν(k) [κi(x, x
′)]− Ey∼ν(ℓ) [κi(x, y)].

7: For each m ∈ N , compute ζ(m) := Ey∼ν(m) [κi∗(x̄, y)].
8: If densities are known, choose ρ ∈ (min ζ(m),max ζ(m))

such as to minimize (19). If densities are unknown, select ρ
as midpoint of largest consecutive gap among sorted values
{ζ(m) : m ∈ N}.

9: Split index set into NL := {m ∈ N : ζ(m) ≤ ρ} and
NR := {m ∈ N : ζ(m) > ρ}.

10: Define θ = g−1
i∗ (ρ).

11: Store at t the cut (i∗, x̄i∗ , θ), create children tL, tR with
N(tL) = NL, N(tR) = NR.

12: Update A ← (A \ {t}) ∪ {tL, tR}.
13: end while
14: At node (i, x̄i, θ) send x right iff |x̄i − xi| < θ (else left).
15: If N(t) = {k}, assign leaf to component k and predict

µ̂(x) = ϕν(k) .

The axis-aligned kernel distance plays the role of the
ENR(ν) in a nonparametric setting, except that is defined
via inner products instead of distances (which is more natu-
ral when working with kernels). It can be upper bounded by
the MMD between the mixture components, capturing the
idea that well-clustered data is easier to explain even in ker-
nel clustering. The following result is proved in Appendix
C.

Lemma 13 (MMD implies bounds on τ ). Consider a
mixture model ν such that for any two distinct ν(k), ν(l) it
holds that dκ(ν(k), ν(l)) ≥ γ. Then, τ ≥ γ

2d .

5.3 ALGORITHM

The main hurdle facing us in adapting the MMDT-algorithm
to the kernel setting is that the kernel mean embeddings are
no longer elements of Rd. But for our decision tree to be
interpretable, its axis-aligned cuts naturally need to be in
the input space, not H (in general, the “coordinates” of H
are functions, not coordinates of Rd). Of course, one could
in principle still operate on the means µ(k) = Ex∼ν(k) [x] ∈
Rd. But these are in general not informative, because the
clustering cost is measured in the Hilbert space. In fact, the
input space means may even coincide despite the mixture
components being well-clustered in H.

Example 1. For real numbers r1, . . . , rK > 0 denote
by ν(k) the uniform distribution on the sphere of ra-
dius rk in Rd. Let κ be the Gaussian kernel. Then
κ(x, x′) = exp(−∥x − x′∥22) ≤ exp(rl − rk) for all x ∈
supp(ν(k)), x′ ∈ supp(ν(l)). However, Ex∼ν(k) [x] = 0 for
all k ∈ [K].

We resolve this by instead choosing prototype points x̄ at
every node, and deciding based on these x̄whether a mixture
component goes to the left or the right child node. The
intuition is that, for at least one axis i ∈ [d], κi(x̄, x′) should
be larger than some ρ > 0 for those x′ sampled from the
same cluster as x̄, and smaller otherwise. One thing changes
compared to the previous section: Since

κi(x̄, x) ≤ ρ ⇐⇒ |x̄i − xi| ≥ g−1
i (ρ) =: θ (16)

the axis-aligned threshold cuts are no longer one sided cuts
xi ≤ θ but rather two-sided intervals |xi − x̄i| ≤ θ. This
does not harm the interpretability of the resulting tree, as
we are still only checking one axis at every node. This way,
we can construct a decision tree in the input space, while at
the same time relating its clustering cost to properties of the
mixture components in H. The very same relaxation was
done by Fleissner et al. [2024].

As before, the tree T is fitted sequentially. Suppose we have
a set N(t) ⊂ [K] of remaining mixture components at a
node t. We choose an axis i∗ ∈ [d], a pair k∗, l∗ ∈ N(t),
and a reference point x̄ ∈ supp(ν(k

∗)) such that

ξ(x, i, k, l) := Ex′∼ν(k),y∼ν(l) [κi(x, x
′)− κi(x, y)] (17)

is maximal. Note that certainly ξ(x̄, i∗, k∗, l∗) ≥ τ at each
node if the axis-aligned kernel distance is ≥ τ . A threshold
value ρ is then decided as follows: For m ∈ N(t), sort the
terms

ζ(m) = Ey∼ν(m) [κi∗(x̄, y)] (18)

in non-decreasing order. If densities are known for each mix-
ture component, then choose ρ ∈ (min ζ(m),max ζ(m))
such that∑
k∈N(t)

p(k)Px∼ν(k) (κi(x̄, x), ζ(k) lie on other sides of ρ)

(19)
is minimized. If densities are unknown, ρ is chosen halfway
between the two neighboring terms that are separated fur-
thest. Now, for any x ∼ ν that arrives at this node, we send
it left if κi∗(x̄, x) < ρ and right otherwise. To keep track of
which child node of t receives the m-th mixture component,
we simply evaluate on which side of ρ the scalar ζ(m) is
located.

From there, the procedure continues at both child nodes.
Eventually, each node only contains a single index k ∈ [K].
All points in this leaf are then assigned to the k-th mixture,
that is µ̂(x) = ϕν(k) . We refer to this algorithm as Kernel
MMDT, see Algorithm 2.
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Remark 14 (Choice of threshold in Kernel MMDT). Sim-
ilar as in MMDT, the threshold ρ in Kernel MMDT is chosen
with the aim of minimizing the probability that a point x is
separated from its corresponding mixture component. For
large datasets, choosing the cut halfway in between two
neighboring ζ(m) is a fast proxy.

We can now give data-dependent guarantees on the price of
explainability for kernels that depend on the axis-aligned
kernel similarity τ and ϵ, which measures the concentration
within each cluster. The proof is in Appendix D.

Theorem 15 (Price of explainability for kernels). Con-
sider a mixture model ν as introduced above. Denote by
τ > 0 its axis-aligned kernel distance. Then, it holds that

Priceκ(T, ν) ≤ 1 +
1 + σ2

1− σ2
·
(4 + 2π2

3 )αϵ2(K − 1)2

τ2

where T is the tree fitted using the above algorithm (under
known densities).

We conclude this section with two final remarks.

Remark 16 (Empirical Algorithm). For a finite dataset
X = {x(1), . . . , x(n)} of size n, the algorithm can be run on
the empirical estimate ν̂ = 1

n

∑n
i=1 ϕ(x

(i)) of ν. Note that
supp(ν̂) is finite, and every point x(i) ∈ X is a potential
prototype point to be selected by Kernel MMDT. If n is large,
we propose speeding the algorithm up by sampling a set of
S ∈ N candidate prototypes P = {x(s,k)}s∈[S],k∈[K].

Remark 17 (Generalized threshold cuts). As Lemma 13
indicates, the axis-aligned kernel distance τ decreases with
the input dimension d, suggesting that finding a “good” axis
i ∈ [d] is difficult in high dimensions, even when the mixture
components are well-separated. For Gaussian and Laplace
kernel, this can be resolved by allowing generalized thresh-
old cuts of the form

κ(x̄, x) ≤ ρ ⇐⇒ ∥x̄− x∥pp ≥ − log ρ. (20)

where p = 1 for Laplace and p = 2 for Gaussian kernel. Of
course, these cuts are no longer axis-aligned, but instead
define ℓp balls around prototype points x̄ in Rd.

6 EXPERIMENTS

To evaluate how robust our algorithms is, we compare it
to IMM, CART, and Random Coordinate Cut on a number
of synthetic and real world clustering datasets. First we
look at two Gaussian mixture models (GMM) where the
components have different covariance structures and non-
uniform weights. The first GMM has K = 5 clusters in
d = 2 dimensions, the second one has K = 10 clusters in
d = 10 dimensions. Then, we run both algorithms on wine

and the Wisconsin breast cancer dataset. K is chosen based
on the true number of classes in the dataset.

The algorithms are not provided with the true mixture model
but instead estimates weights, means and mean absolute de-
viations from the data using the GMM algorithm provided
in scikit-learn [Pedregosa et al., 2011]. The output of this
algorithm is also used to compute the baseline K-medians
cost. Note: Since the GMM algorithm may not find the op-
timal K-medians partition, it is possible that the price of
explainability is < 1 if the tree actually clusters slightly
better than the estimated mixture model. We do not estimate
the entire distribution, but use Equation 7 to compute the
optimal threshold cut (i, θ) at each node. For Random Co-
ordinate Cut, we report the average price of explainability
over 500 runs. MMDT outperforms the worst-case optimal
RCC on all four datasets. The difference is particularly pro-
nounced when the assumption of a mixture model with light
tails is satisfied. The full result is summarized in Table 1.
Figure 2 shows an example with K = 5 Gaussians in R2.

We also include empirical evaluations for Kernel MMDT on
three datasets: Iris, MNIST digits 0-3, 20newsgroups. For
the latter, the features are constructed via tfidf. We use the
Gaussian kernel with the bandwidth chosen proportional
to the median Euclidean distance between points from the
dataset, and compare with CART and SpeX [Argov and
Wagner, 2026]. As Table 2 shows, Kernel MMDT performs
comparably well, sometimes slightly weaker. Note that we
do not claim to have derived the optimal explainable kernel
clustering algorithm — neither of the two competitors ana-
lyze price of explainability. Our contribution lies in showing
that refined guarantees are possible by taking the data distri-
bution into account.

7 DISCUSSION AND CONCLUSION

This paper provides the first analysis of the explainable clus-
tering problem for mixture models. While a significant num-
ber of previous works have focused on worst-case bounds,
we are the first to show that it is possible to obtain more
realistic guarantees on the price of explainability by incorpo-
rating information on the data distribution. It is noteworthy
that our ideas extend to a kernel setting, and both the Gaus-
sian as well as the Laplace kernel fall under the umbrella
of our analysis. Given that both Gaussian and Laplace are
characteristic kernels capable of distinguishing between ar-
bitrary distributions [Sriperumbudur et al., 2008], one might
intuitively not expect interpretable approximations to exist.
Our results provide a more nuanced look on this matter,
demonstrating that axis-aligned cuts can work even for non-
parametric mixture models provided the average similarity
between samples from distinct mixture components is small,
and dimensionality is not too high (see Lemma 13).

There are a few open questions for future works to explore.
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Figure 2: On a Gaussian mixture model with K = 5 components (left plot), MMDT exploits the concentration within each
cluster to find an axis-aligned tree with low clustering cost (center plot). The distribution-agnostic Random Coordinate Cut
randomly samples threshold cuts, leading to higher cost (right plot).

Dataset n d K Price MMDT Price CART Price IMM Average Price RCC

Gaussians I 7081 2 5 1.022 1.021 1.022 1.425
Gaussians II 14970 10 10 1.000 1.010 1.000 1.967
Wine 178 13 3 1.003 1.016 1.003 1.042
Breast Cancer 569 30 2 0.985 0.986 0.986 1.062

Table 1: Price of explainability for four clustering datasets. On average over 500 runs, proposed MMDT outperforms RCC
on all four datasets. The improvements are particularly noticeable for Gaussian mixture models. Note: The algorithm is not
provided with the true clusters on all datasets, but instead estimates a mixture model.

Dataset n d K Price KMMDT Price CART Price SpeX

Iris 150 4 3 1.0742 1.0636 1.0636
Digits 720 64 4 1.1240 1.0474 1.0263
20newsgroups 2756 1000 3 1.0045 1.0064 1.0040

Table 2: We report the price of explainability for kernel clustering on three popular clustering datasets. We compare with
CART and SpeX. The performance is comparably good for all three, indicating that the kernel clustering cost of the decision
trees is close to the baseline partition.

For one, this paper assumes exact knowledge of the means
and mean absolute deviations of the mixture model ν, and
studies approximation guarantees for decision trees. This is
the probabilistic equivalent of assuming knowledge of the
true K-means or K-medians clusters, as is done in prior
works. However, an immediate extension of our work would
be to move towards generalization on new data by incor-
porating finite sample complexity bounds on estimation of
mixture models, e.g. when every component is Gaussian
[Ashtiani et al., 2020]. Since our proof mainly relies on the
explainability-to-noise ratio ENR(ν) that depends only on
means and mean absolute deviations, we do not believe that
our results change for reasonably large sample sizes. Then
again, it may not always be possible to exactly estimate ν.
This touches on the important question of identifiability in
mixture models [Aragam et al., 2020].
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A PROOF OF THEOREM 7

Proof. Throughout this proof we assume c1 = c2 = 1 to avoid carrying all constants with us. Note that
Ex∼ν [∥x− µ(x)∥1] = σ1 + · · ·+ σd. Moreover,

Ex∼ν [∥x− µ̃(x)∥1] ≤ Ex∼ν [∥x− µ̂(x)∥1] (21)

because µ̃(x) is the median of the points that end up in the same leaf as x, and thus achieves the minimum possible ∥ · ∥1
cost. Using the triangle inequality, we obtain

Ex∼ν [∥x− µ̂(x)∥1] ≤ Ex∼ν [∥x− µ(x)∥1] + Ex∼ν [∥µ(x)− µ̂(x)∥1] . (22)

Therefore, the price of explainability is given by

Price(T, ν) ≤ 1 +
Ex∼ν [∥µ(x)− µ̂(x)∥1]

σ1 + · · ·+ σd
. (23)

The random variable ∥µ(x)− µ̂(x)∥1 can be bounded uniformly from above.

∥µ(x)− µ̂(x)∥1 ≤
∑
t∈T

1(x is separated from µ(x) at node t) · max
k,l∈N(t)

∥µ(k) − µ(l)∥1 (24)

where each t ∈ T denotes a node of the tree T and we bound ∥µ(x)− µ̂(x)∥1 in terms of the worst-case distance between
any pair from the set of remaining centers N(t) at this very node. Taking expectations over x ∼ ν, we obtain

Ex∼ν [∥µ(x)− µ̂(x)∥1] ≤
∑
t∈T

P(x is separated from µ(x) at node t) · max
k,l∈N(t)

∥µ(k) − µ(l)∥1. (25)

Let t be an arbitrary node of the tree. For all j ∈ [d], define Rj(t) = maxk∈N(t) µ
(k)
j −minl∈N(t) µ

(l)
j for the length of the

interval that contains all remaining centers in N(t), projected to the j-th axis. Note that there certainly exists i ∈ [d] such
that Ri(t) ≥ σiq. This is true because ENR(ν) = q.

Recall that Algorithm 1 chooses the threshold cut that minimizes the probability of making a mistake at the node t. We can
certainly upper bound this probability by analyzing only cuts along the particular axis i ∈ [d].

Observe that x ∼ ν can only be separated from µ(x) at node t along axis i if it lies on the wrong side of the threshold cut
(i, θ). This can only happen if |xi − µi(x)| > |θ − µi(x)|. Using Assumption 3, the probability is therefore bounded as

P(x is separated from µ(x) at node t) =
K∑

k=1

p(k) · P(x is separated from µ(k) at node t) (26)

≤ α

K

∑
k∈N(t)

exp

(
−|θ − µ

(k)
i |

σi

)
(27)
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plugging in p(k) ≤ α
K . We assume w.l.o.g. that N(t) = [K ′] for some K ′ ≤ K. We also assume that the projections are

sorted in non-decreasing order, that is

0 = µ
(1)
i ≤ µ

(2)
i ≤ · · · ≤ µ

(K′)
i = Ri(t). (28)

Define the function

fi(θ) =

K′∑
k=1

exp

(
−|θ − µ

(k)
i |

σi

)
. (29)

This is an upper bound on the probability of separating any x ∼ ν from its center at node t through the threshold cut chosen
by the algorithm.

Claim 1: Let K ′ ≥ 2, Ri(t) > 0, σi > 0, and let 0 = µ
(1)
i ≤ · · · ≤ µ

(K′)
i = Ri(t). Define the function

fi(θ) :=

K′∑
k=1

exp

(
−
|θ − µ

(k)
j∗ |

σj∗

)
, (30)

and let θ∗ ∈ argminθ∈[0,Ri(t)] fi(θ). Then, the following upper bound holds.

fi(θ
∗) ≤ 2

⌈K′/2⌉∑
k=1

exp

(
− (2k − 1)Ri(t)

2(K ′ − 1)σi

)
. (31)

Proof of Claim 1: The idea of the proof is to connect to Theorem 1.3 in [Farkas et al., 2025], which gives a
very general result on minimax sums of translation-invariant functions. Set m := K ′ − 1, R := Ri(t), σ := σi, and ρ := R

σ .
After the change of variables s = θ

R and with

yk :=
µ
(k+1)
i

R
(32)

for all k = 0, . . . ,m we obtain a normalized configuration

0 = y0 ≤ · · · ≤ ym = 1 (33)

on the unit interval. We define

Φy(s) :=

m∑
k=0

e−ρ|s−yk|, (34)

fi(θ
∗) = inf

s∈[0,1]
Φy(s). (35)

Then, taking the supremum over the points yk,

fi(θ
∗) ≤ sup

0≤y1≤···≤ym−1≤1
inf

s∈[0,1]
Φy(s). (36)

We now apply Theorem 1.3 of Farkas et al. [2025] to what is referred to as a non-singular kernel K(u) := −e−ρ|u| and a
field function J(s) := −e−ρs − e−ρ(1−s). Note that K(u) is piecewise concave and monotone on (−1, 0) ∪ (0, 1), and that
J(s) is finite everywhere (thus, for any m, it is a m-field function). Let

F (y, s) := J(s) +

m−1∑
k=1

K(yk − s). (37)

Their result asserts that, in our notation,

inf
0≤y1≤···≤ym−1≤1

sup
s∈[0,1]

F (y, s) = sup
0≤y1≤···≤ym−1≤1

min
0≤j≤m−1

sup
s∈[yj ,yj+1]

F (y, s). (38)
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Note that F (y, s) = −Φy(s). By switching signs, this implies that

sup
0≤y1≤···≤ym−1≤1

inf
s∈[0,1]

Φy(s) = inf
0≤y1≤···≤ym−1≤1

max
0≤j≤m−1

inf
s∈[yj ,yj+1]

Φy(s). (39)

The left hand side is what we’re after. The right hand side can be upper bounded by evaluating the respective max inf
objective for the equidistant grid yk = k

m where k = 0, . . . ,m. This grid places all points at a distance of 1
m . For each

interval Ij(y) :=
[

j
m ,

j+1
m

]
where j = 0, . . . ,m− 1, define the midpoint sj := 2j+1

2m . Surely then, for all j = 0, . . . ,m− 1,
we have

inf
s∈Ij(z)

Φz(s) ≤ Φz(sj). (40)

At such a midpoint, the two nearest grid points are at a distance of 1
2m , the next two possible grid points are at distance of

3
2m , and so on. Since there are only m = K ′ − 1 grid points, we obtain

Φz(sj) ≤ 2

⌈m/2⌉∑
k=1

exp

(
−ρ · (2k − 1)

2m

)
. (41)

This bound is independent of j. Consequently,

sup
y

inf
s∈[0,1]

Φy(s) ≤ 2

⌈m/2⌉∑
k=1

exp

(
−ρ · (2k − 1)

2m

)
. (42)

Substituting back m = K ′ − 1, and ρ = Ri(t)
σi

gives the claimed result. □

Combining this result with the previous steps and using K ′ ≤ K, we see that at any node t, the probability of a
mistake is bounded as follows.

P(x separated from µ(x) at t) ≤ 2α

K

⌈K′/2⌉∑
k=1

exp

(
− (2k − 1)Ri(t)

2(K ′ − 1)σi

)

≤ 2α

K

∞∑
k=1

exp

(
− Ri(t)

2(K ′ − 1)σi

)(2k−1)

≤ 2α

K
· 1
2
·

∞∑
k=1

exp

(
− Ri(t)

2(K ′ − 1)σi

)k

=
α

K
·

exp
(
− Ri(t)

2(K′−1)σi

)
1− exp

(
− Ri(t)

2(K′−1)σi

)
=

α

K
· 1

exp
(

Ri(t)
2(K−1)σi

)
− 1

(43)

Returning to the price of explainability, we first note that

max
k,l∈N(t)

∥µ(k) − µ(l)∥1 ≤
d∑

j=1

Rj(t) (44)
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Therefore,
Ex∼ν [∥µ(x)− µ̂(x)∥1]
Ex∼ν [∥x− µ(x)∥1]

≤
∑
t∈T

∑d
j=1Rj(t)∑d
j=1 σj

· α
K

· 1

exp
(

Ri(t)
2(K−1)σi

)
− 1

≤
∑
t∈T

Ri(t)

σi
· α
K

· 1

exp
(

Ri(t)
2(K−1)σi

)
− 1

≤
∑
t∈T

αq

K
· 1

exp
(

q
2(K−1)

)
− 1

≤ αq

exp
(

q
2(K−1)

)
− 1

.

(45)

In the third step, we used the fact that the function x 7→ x
exp(x)−1 is decreasing for all x ≥ 0, and that Ri(t)

σi
≥ q by definition

of the explainability-to-noise ratio. In the final step, we use that there are no more than K − 1 nodes in the tree.

B PROOF OF THEOREM 8

Proof. Fix any K ∈ N and q ≥ 1. Define σ = K−1
q > 0. We first construct means µ(k). Let d = K! and for all j ∈ [d],

let Πj be a permutation of the set {0, . . . ,K − 1}. Then, define µ(k)
j = Πj(k) for all j ∈ [d], k ∈ [K]. Thus, for all l ̸= k,

we have ∥µ(l) − µ(k)∥1 ≥ dK
3 . Let σ = K−1

q . For all j ∈ [d], k ∈ [K], pick each ν(k) to be a Laplace distribution (with
independent marginals of scale σ) and mean µ(k). This construction ensures that the mean absolute deviation is σ. Moreover,
the distribution is subexponential with constants c1 = 1, c2 = 1. For all j ∈ [d], k ∈ [K], s > 0, standard results on the
CDF for Laplace random variables give

Px∼ν(k)(xj ≥ µ
(k)
j + s) =

1

2
exp

(
− s

σ

)
. (46)

We have uniform mixing weights, so ν = 1
K

∑K
k=1 ν

(k). Thus, ENR(ν) = K−1
σ = q and E[∥x−µ(x)∥1] =

∑d
j=1 E[|xj −

µj(x)|] = dσ. Since the distribution is symmetric, means and medians coincide, so this is also the baseline K-medians cost.
Now consider as tree T that puts every µ(k) in its own leaf. At its root, the probability of putting a sample x ∼ ν to a leaf
that dos not contain µ(x) is at least

P(x separated from µ(x)) ≥ 1

2K

K−1∑
k=1

exp

(
−k
σ

)

=
1

2K

e−
1
σ − e−

K
σ

1− e−
1
σ

≥ 1

4K

1

e
1
σ − 1

.

(47)

The last line uses q ≥ (K − 1) log 1.5 ≥ log 2. Denote by µ̃(x) the median of the leaf that a sample x ends up. Denote by
I(T ) ⊂ [d] the coordinates used in a tree T . To lower bound the price of explainability, we will rely on the lower bound

Ex∼ν [∥x− µ̃(x)∥1 ≥
∑

j /∈I(T )

Ex∼ν [|xj − µ̃j(x)|]. (48)

Note: For j /∈ I(T ), the distribution of xj is independent of any events that depend on the tree (such as whether the point
was split in other axes). Therefore, we can later condition on these events without changing the expectation.

For all l ̸= k, the distance between the means restricted to the coordinates j /∈ I(T ) is still of order dK. This is true because
the worst that can happen for any pair l ̸= k is that the coordinates in I(T ) (of which there are no more than K − 1 since
the depth of the tree is at most K) remove exactly K − 1 of those 2(K − 2)! coordinates where the distance between µ(k)

and µ(l) is K − 1. Thus,∑
j /∈I(T )

|µ(k)
j − µ

(l)
j | ≥ dK

3
− (K − 1)2 ≥ dK ·

(
1

3
− K − 1

K2

)
≥ dK

12
. (49)
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This already shows a weaker result, namely that

Ex∼ν [∥x− µ̂(x)∥1]
Ex∼ν [∥x− µ(x)∥1]

≥ 1

dσ
·
( ∑

j /∈I(T )

P (µ̂(x) = µ(x)) · E[|xj − µ(x)j |] + P (µ̂(x) ̸= µ(x)) · dK
12

)
≥ d−K + 1

d
+

K

12σ
· 1

4K

1

e
1
σ − 1

=
d−K + 1

d︸ ︷︷ ︸
≈1 for large K

+
q

48(K − 1)
· 1

e
q

K−1 − 1
.

(50)

To proceed further, we need to account for the fact that µ̂(x) ̸= µ̃(x). We start with a lower bound on the median of a sum
of Laplace random variables with “distant” means.

Claim 2: Let K ∈ N, p ∈ N and α1, . . . , αK ∈ Rp, and σ > 0. For all k ∈ [K] let Lk ∼ Lap(αk, σ) denote
the p-dimensional Laplace distribution with mean αk ∈ Rp and independent marginals of scale σ. Suppose that there exists
C > 0 such that ∥αk − αl∥1 > C for all l ̸= k. Let p1 ≥ p2 ≥ · · · ≥ pK ≥ 0 denote mixing weights that sum to one, and
let m ∈ Rp be the median of the mixture. Then,

K∑
k=1

pkE[∥Lk −m∥1] ≥ p1 · pσ + (1− p1)
(
0.5C + pσe−

C
2pσ

)
. (51)

Proof of Claim 2: For k ∈ [K], define rk := ∥αk −m∥1. Since the coordinates of Lk are independent Laplace random
variables with scale σ, the one-dimensional identity EX∼Lap(µ,σ)[|X − a|] = |µ− a|+ σ exp

(
− |µ−a|

σ

)
yields

E[∥Lk −m∥1] = ∥αk −m∥1 + σ

p∑
j=1

exp

(
−
|e⊤j αk −mj |

σ

)

≥ ∥αk −m∥1 + pσ · exp
(
−∥αk −m∥1

pσ

)
.

(52)

In the second step we used the AM-GM inequality, i.e.
∑n

i=1 ui ≥ n
∏n

i=1 u
1/n
i for any u1, . . . , un ≥ 0. Therefore,

E[∥Lk −m∥1] ≥ rk + pσ exp

(
− rk
pσ

)
= ψ(rk), (53)

where we define the function ψ(t) := t+pσ exp(− t
pσ ) for all t ≥ 0. Observe that ψ(0) = pσ and ψ′(t) = 1−exp(− t

pσ ) ≥
0. Thus, ψ is non-decreasing. Let i ∈ [K] be the index of the mean αi that is closest to the median. We write

ri = min
k∈[K]

rk =: c. (54)

We distinguish two cases.

1. If c ≥ 0.5C, then rk ≥ 0.5C for all k, and thus

K∑
k=1

pkψ(rk) ≥ ψ (0.5C) = 0.5C + pσ · exp
(
−0.5C

pσ

)
≥ p1 · pσ + (1− p1)

(
0.5C + pσe−

C
2pσ

)
. (55)

2. If c < 0.5C, then for all other k ̸= i, the triangle inequality gives

rk = ∥αk −m∥1 ≥ ∥αk − αi∥1 − ∥αi −m∥1 > C − c ≥ 0.5C. (56)
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Therefore, using that ψ is non-decreasing and that p1 is the largest weight,

K∑
k=1

pkψ(rk) ≥ piψ(ri) +
∑
k ̸=i

pkψ(rk)

≥ piψ(0) +
∑
k ̸=i

pkψ (0.5C)

≥ p1ψ(0) +
∑
k ̸=1

pkψ (0.5C)

= p1pσ + (1− p1) ·
(
0.5C + pσ exp

(
−0.5C

pσ

))
.

(57)

This proves the claim. □

We are ready to complete the proof. Let pk→l = P(µ(x) = µ(k), µ̂(x) = µ(l)) denote the probability mass of
component k assigned to leaf l. Summing the cost over all leaves and using the law of total expectation,

Ex∼ν [∥x− µ̃(x)∥1] =
K∑

l,k=1

Px∼ν(µ(x) = µ(k), µ̂(x) = µ(l)) · Ex∼ν

[
∥x− µ̃(l)∥1

∣∣∣µ(x) = µ(k), µ̂(x) = µ(l)
]

≥
∑

j /∈I(T )

K∑
l,k=1

Px∼ν(µ(x) = µ(k), µ̂(x) = µ(l)) · Ex∼ν(k)

[
|xj − µ̃

(l)
j |
∣∣∣µ̂(x) = µ(l)

]

=

K∑
l,k=1

pk→l

∑
j /∈I(T )

Ex∼ν(k) [|xj − µ̃
(l)
j |]

(58)

We used the fact that for x ∼ ν(k), the random variable xj is independent of the event µ̂(x) = µ(l) for j /∈ I(T ). As stated
before, for all k ̸= k′, we have

∑
j /∈I(T ) |µ

(k)
j − µ

(k′)
j | ≥ dK

12 =: C. Now, we may invoke Claim 2 for all leaves l ∈ [K].

Define p̄l :=
∑K

k=1 pk→l for the probability mass of the l-th leaf. Recall that we restrict ourselves to trees T satisfying

∀k ∈ [K] : Px∼ν(k)(µ̂(x) = µ(x)) ≥ 1

2
. (59)

Due to equal mixing weights, this implies pl→l ≥ 1
2K for all l. Furthermore, for all l ̸= k, pk→l ≤ 1

2K and hence
maxk pk→l = pl→l. Define p = d− |I(T )|. Then,

K∑
l,k=1

pk→l

∑
j /∈I(T )

Ex∼ν(k) [|xj − µ̃
(l)
j |] =

K∑
l=1

p̄l ·
K∑

k=1

pk→l

p̄l

∑
j /∈I(T )

Ex∼ν(k) [|xj − µ̃
(l)
j |]

≥
K∑
l=1

p̄l ·
(
pl→l

p̄l
· pσ +

(
1− pl→l

p̄l

)
·
(
0.5C + pσe−

0.5C
pσ

))

=

K∑
l=1

pl→l · pσ + (p̄l − pl→l) ·
(
0.5C + pσe−

0.5C
pσ

)
= pσ +

K∑
l=1

(p̄l − pl→l) ·
(
0.5C + pσe−

0.5C
pσ − pσ

)
(60)

where we used
∑K

l=1 p̄l = 1 in the last line. Furthermore,

K∑
l=1

p̄l − pl→l =

K∑
l=1

∑
k ̸=l

pk→l = P(µ̂(x) ̸= µ(x)) ≥ 1

4K

1

e
1
σ − 1

. (61)

Plugging this into the bound,

Ex∼ν [∥x− µ̃(x)∥1] ≥ pσ +
1

4K
· 0.5C + pσe−

0.5C
pσ − pσ

e
1
σ − 1

. (62)
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Recall C = dK
12 and q = K−1

σ , so 1
σ = q

K−1 and 0.5C
4dσK = q

96(K−1) . Let CK := K!−K+1
K! as defined in the theorem. Note:

p
d ≥ CK since p ≥ d−K + 1. Dividing the cost of the tree by the baseline cost dσ, some algebra gives

Price(T, ν) ≥ CK +
1

e
q

K−1 − 1

(
q

96(K − 1)
+

p

4Kd

(
e−

C
2pσ − 1

))
≥ CK +

1

e
q

K−1 − 1

(
q

96(K − 1)
− p

4Kd

)
≥ CK − p

2Kd
+

q

96(K − 1)
(
e

q
K−1 − 1

)
≥ CK(2K − 1)

2K
+

q

96(K − 1)
(
e

q
K−1 − 1

) .
(63)

where p ≤ d and q ≥ (K − 1) log 1.5 are used. This completes the proof.

C PROOF OF LEMMA 13

Proof. Recall that for all k ∈ [K], we have

Ex,x′∼i.i.d.ν(k) [κ(x, x′)] = ∥ϕν(k)∥2H = σ2. (64)

Now take any pair of distinct mixture components ν(k), ν(l). First of all, we have

γ ≤ dκ(ν
(k), ν(l)) (65)

= Ex,x′∼i.i.d.ν(k) [κ(x, x′)] + Ey,y′∼ν(l) [κ(y, y′)]− 2Ex∼ν(k),y∼ν(l) [κ(x, y)] (66)

= 2Ex,x′∼i.i.d.ν(k) [κ(x, x′)]− 2Ex∼ν(k),y∼ν(l) [κ(x, y)] . (67)

Therefore, we can write

γ/2 ≤ Ex,x′∼i.i.d.ν(k) [κ(x, x′)]− Ex∼ν(k),y∼ν(l) [κ(x, y)]

= Ex,x′∼i.i.d.ν(k),y∼ν(l)

[
d∏

i=1

gi(|xi − x′i|)−
d∏

i=1

gi(|xi − yi|)

]
.

(68)

Next, we use the fact that for any set of positive real numbers ai, bi ∈ (0, 1] we can write

d∏
i=1

ai −
d∏

i=1

bi = (a1 − b1)

d∏
i=2

ai + b1(a2 − b2)

d∏
i=3

ai + b1b2(a3 − b3)

d∏
i=4

ai + . . .

=

d∑
i=1

(ai − bi)
∏
j<i

bj︸ ︷︷ ︸
∈(0,1]

·
∏
j>i

aj︸ ︷︷ ︸
∈(0,1]

≤
∑

i:ai≥bi

(ai − bi).

(69)

Therefore, there must exist i ∈ [d] with

ai − bi ≥
∏d

i=1 ai −
∏d

i=1 bi
d

. (70)

It follows from Equation (68) that there certainly exists i ∈ [d] with

Ex,x′∼i.i.d.ν(k),y∼ν(l) [gi(|xi − x′i|)− gi(|xi − yi|)] ≥
γ

2d
. (71)

Since the pair k ̸= l was arbitrary, this proves the statement.
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D PROOF OF THEOREM 15

Proof. We begin by noting that for any x ∼ ν, if µ̂(x) ̸= µ(x), then

∥ϕ(x)− µ̂(x)∥2H = ∥ϕ(x)∥2H + ∥µ̂(x)∥2H − 2⟨ϕ(x), µ̂(x)⟩ ≤ 1 + σ2. (72)

Here, we plugged in ∥ϕ(x)∥2H = κ(x, x) = 1 and then used the fact that µ̂(x) is a kernel mean embedding to get

⟨ϕ(x), µ̂(x)⟩ = Ey∼νµ̂(x) [κ(x, y)] ≥ 0. (73)

Thus,
∥ϕ(x)− µ̂(x)∥2H ≤ ∥ϕ(x)− µ(x)∥2H + 1(µ̂(x) ̸= µ(x)) · (1 + σ2). (74)

Therefore,
Ex∼ν

[
∥ϕ(x)− µ̂(x)∥2H

]
≤ Ex∼ν

[
∥ϕ(x)− µ(x)∥2H

]
+ P(µ̂(x) ̸= µ(x)) · (1 + σ2). (75)

This implies that

Ex∼ν

[
∥ϕ(x)− µ̂(x)∥2H

]
Ex∼ν [∥ϕ(x)− µ(x)∥2H]

≤
Ex∼ν

[
∥ϕ(x)− µ(x)∥2H

]
+ P(µ̂(x) ̸= µ(x)) · (1 + σ2)

Ex∼ν [∥ϕ(x)− µ(x)∥2H]

= 1 +
1 + σ2

1− σ2
· P(µ̂(x) ̸= µ(x))

(76)

where we used the fact that ∥ϕν(k)∥2H = σ2 for all k, which implies

Ex∼ν

[
∥ϕ(x)− µ(x)∥2H

]
= 1− σ2 (77)

by virtue of κ(x, x) = 1. Thus, we see that it is sufficient to bound the error rate of the tree. Fix a node t with remaining
components N(t). The algorithm chooses x̄, i∗, k∗, l∗ ∈ N(t) that maximize

ξ(x̄, i, k, l) := Ex′∼i.i.d.ν(k),y∼ν(l) [κi(x̄, x
′)− κi(x̄, y)]. (78)

Note that Ex̄∼ν(k∗) [ξ(x̄, i∗, k∗, l∗)] ≥ τ by definition of the axis-aligned kernel similarity. Therefore, ξ(x̄, i, k, l) ≥ τ .
Without loss of generality, we may assume that N(t) = [K ′] for some K ′ ≤ K, and that k∗ = 1, l∗ = 2. For any m ∈ [K ′]
define

ζ(m) = Ey∼ν(m) [κi∗(x̄, y)]. (79)

We may assume that ζ(m) ≤ ζ(m+ 1) for all 2 ≤ m ≤ K ′. If this does not hold, simply sort and relabel. We know that
ζ(2) ≤ ζ(1)− τ . Therefore, the scalars {ζ(m)}K′

m=1 are spread out on an interval of length at least ∆ ≥ τ . Recall that the
threshold θ is chosen exactly halfway where the jump between ζ(m) and ζ(m+ 1) is largest. For any mixture component
m ∈ N(t) and any x ∼ ν(m), the threshold cut at θ can only make a mistake (i.e. assign x to the child node that erroneously
does not contain index m) if either κi∗(x̄, x) < θ < ζ(m) or vice versa. This can only happen if

|κi∗(x̄, x)− ζ(m)| > |θ − ζ(m)|. (80)

We can now use Chebyshev’s inequality to bound the probability of making mistakes.

Px∼ν (x goes to wrong child at t) ≤
∑

m∈N(t)

p(m) · Px∼ν(m)(|κi∗(x̄, x)− ζ(m)| > |θ − ζ(m)|)

≤
∑

m∈N(t)

p(m) · ϵ2

|θ − ζ(m)|2

≤ αϵ2

K

∑
m∈N(t)

1

|θ − ζ(m)|2
.

(81)

Now we argue just as we did in the proof of Theorem 7 (see Claim 1 from Appendix A), except that we have quadratic
concentration and not exponential concentration. This is not a problem for Theorem 1.3 in [Farkas et al., 2025], as the
(singular) kernel K(u) = −u−2 is still concave and monotone on (−1, 0) and (0, 1). The corresponding field function is
J(s) = −s−2 − (1− s)−2, which is bounded from above on [0, 1] and finite everywhere except at the interval endpoints.
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Thus, an upper bound occurs when all ζ(m) are equidistant on the interval of length ∆ and N(t) = [K]. In that case,
|ζ(m+ 1)− ζ(m)| = ∆

K−1 for all m ≤ K − 1. Then,

∑
m∈N(t)

1

|θ − ζ(m)|2
≤ 2

⌈K/2⌉∑
k=1

1

(2k − 1)2( ∆
2(K−1) )

2

≤ 8(K − 1)2

∆2

∞∑
k=1

1

(2k − 1)2

≤ 8(K − 1)2(0.5 + π2/12)

∆2
.

(82)

This implies (at every node)

Px∼ν (x goes to wrong child) ≤
(4 + 2π2

3 )αϵ2(K − 1)2

Kτ2
. (83)

Since there are no more than K nodes, we obtain

Px∼ν(µ̂(x) ̸= µ(x)) ≤
(4 + 2π2

3 )αϵ2(K − 1)2

τ2
. (84)

Obviously, the probability can never exceed 1, so we take the maximum. Plugging this back into the price of explainability
yields the desired result.
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