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Abstract

Learning unnormalized models is an ubiquitous
problem in modern statistics and machine learning.
Noise contrastive estimation (NCE) takes a popular
approach based on solving a binary classification
problem: Unnormalized models are learned by dis-
criminating input data with artificially generated
noise data. This paper follows this approach, but
proposes a general framework based on the Breg-
man divergence. By selecting the convex function
in the divergence, our framework includes exist-
ing methods as special cases, and novel variants of
NCE can be also derived. Learning unnormalized
models in the proposed framework is performed
by estimating the posterior probability in the bin-
ary classification, i.e., the composition of the lo-
gistic function and the ratio of data and noise dis-
tributions. Due to the boundedness of the logistic
function, our framework is advantageous in outlier-
robustness. In fact, we theoretically prove that ro-
bust estimation is possible in our framework under
a variety of convex functions in the Bregman di-
vergence. Furthermore, the asymptotic efficiency
is also investigated, implying a trade-off between
efficiency and robustness in our framework. In-
spired by these results, we derive the optimal noise
distribution under some constraints for robustness.
Finally, we numerically demonstrate the robust-
ness of the novel variants of NCE and the derived
optimal noise distribution.

1 INTRODUCTION

It is the central problem to learn unnormalized parametric
models in modern statistics and machine learning. In con-
trast with the baseline methods (e.g., maximum likelihood
estimation (MLE)), learning unnormalized models does not

require them to be properly normalized, and thus offers
a wider range of practical applications. A well-known ap-
plication is generative models, e.g., generative adversarial
networks (GAN) [Goodfellow et al., [2014]] and diffusion
models [Song and Ermonl 2019} Song et al., [2021]]. Another
example is self-supervised learning [Liu et al., 2020], which
can be regarded as obtaining a useful representation of data
through estimation of unnormalized models. Other applica-
tions include large language models [Mnih and Teh| [2012]
Chen et al., 2024]).

A number of practical methods for learning unnormalized
models have been proposed so far [Besag), (1975 [Hinton|
2002, Hyvérinen, 2005, |(Gutmann and Hyvérinen, 2012}
Takenouchi and Kanamori, 2017, [Uehara et al.| [2020]. One
of the promising methods is noise contrastive estimation
(NCE) [Gutmann and Hyvirinen, |2012]], which forms the
basis of GAN and self-supervised learning. NCE learns
unnormalized models by discriminating input data from ar-
tificially generated noise data through logistic regression,
and thus can be seen as solving a binary classification prob-
lem. As in MLE [Van der Vaart, |1998| |Wassermanl, [2004],
NCE has a good theoretical property called asymptotic effi-
ciency [Gutmann and Hyvérinen, 2012]. On the other hand,
this efficiency of NCE comes at the cost of robustness be-
cause logistic regression used in NCE is well-known to be
sensitive to the contamination of outliers [Feng et al., [2014]].

The crucial point in NCE is how to make noise data samples
or choose the noise distribution because the practical per-
formance strongly depends on them. To cope with this
problem, |Ceylan and Gutmann| [2018]] proposed to gen-
erate noise data by injecting a small amount of additive
noise into input data, and demonstrated that the proposed
approach works well for data with a lower-dimensional man-
ifold structure (e.g., ring). GAN takes an iterative approach
that updates noise samples (i.e., noise distribution) so that it
makes difficult or almost impossible to discriminate them
from input data samples |Goodfellow et al.|[2014]). A similar
iterative approach has been proposed based on normaliz-
ing flow [Gao et al.| [2020] where the noise distribution is
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updated towards the data distribution. See a recent review
paper for NCE [Gutmann et al.| 2022]] and references therein.
Overall, a common belief behind these approaches would be
that the data or near-data distribution is an optimal choice
for the noise distribution. However, in spite of this belief, it
has recently been shown that the optimal noise distribution
could be different from the data distribution [[Chehab et al.,
2022], meaning that there exists a clear gap between them.

This paper follows the same classification approach as NCE
yet proposes a general framework to learn unnormalized
models with the Bregman divergence [Bregman, |1967]]. Pre-
viously, similar frameworks have been proposed based on
the Bregman divergence, which directly estimate the ratio
between data and noise distributions for learning unnormal-
ized models [|[Gutmann and Hirayamal 2011} |Uehara et al.}
2020]. In contrast, the proposed framework estimates the
posterior probability in the classification problem, i.e., the
composition of the logistic function and ratio of the two
probability distributions, and thus not directly the ratio. This
subtle difference makes a great benefit in terms of robustness
against outliers. The posterior probability is always bounded
even if the ratio is unbounded due to the logistic function.
This boundedness is critical for robust estimation because
the ratio can be arbitrarily large when outliers move to tails
of the data or noise distribution. Previously, an outlier-robust
variant of NCE has been proposed [Sasaki and Takenouchil
2024] but is also a special case of the proposed framework.

After proposing our framework, we perform detailed asymp-
totic analysis in robustness and efficiency. Our analysis
based on the influence function [Huber and Ronchetti, [ 2009]
guarantees the robustness of the proposed framework on
a variety of convex functions in the Bregman divergence,
while NCE is a rare exception, i.e., it is strongly hampered
by the contamination by outliers. The asymptotic efficiency
is achievable in the proposed framework as well with a par-
ticular choice of the noise distribution in contrast with NCE.
Overall, these theoretical results imply a trade-off between
efficiency and robustness in our framework.

Subsequently, we establish the optimal noise distribution in
the proposed framework. In stark contrast with|Chehab et al.
[2022]], we propose to impose novel constraints to optimize
the noise distribution. Interestingly, the optimal noise distri-
bution derived under one of the constraints is a combination
of the noise distribution in [Chehab et al.|[2022]] and data
distribution, and thus might give an insight to bridge a gap
to the aforementioned common belief behind NCE. Fur-
thermore, inspired by the asymptotic analysis, we propose
other constraints for robustness, and derive the optimal noise
distributions under them with substantially different proofs
from that in|/Chehab et al.|[2022]. Finally, we experimentally
show the robustness of the derived optimal noise distribution
and novel variants of NCE in the proposed framework.

This paper is organized as follows: Section [2] formulates the

problem in this paper and reviews noise contrastive estim-
ation and existing frameworks for learning unnormalized
models. Our framework based on the Bregman divergence
is proposed in Section[3] Section [ performs asymptotic ana-
lysis in terms of efficiency and robustness, while SectionE]
derives the optimal noise distribution in the proposed frame-
work. The novel variants of NCE in our framework and the
optimal noise distribution are experimentally investigated in
Section[6] Section [7]concludes this paper. A notation table
is given in Appendix [A]

2 BACKGROUND

We first suppose that there exists a o-finite reference meas-
ure space (2, B, 1), and the probability measure P, for data
is absolutely continuous with respect to p, i.e., it has the

density as pq = dd—id. Then, we assume that n samples of

data vectors x; drawn from pq(x) are available as
iid
X = {@;}iL, ~ pa(z).
Then, this paper considers the problem of estimating the
parameter vector 6 in a parametric model,

gy _ Im(x:6)
Pm(;0) = 20)
from X where Z(8) is the partition function, and ¢, (x; 0)
is some non-negative function with 6. This section reviews
noise contrastive estimation and an existing framework for
learning unnormalized models based on the Bregman diver-
gence.

2.1 NOISE CONTRASTIVE ESTIMATION

Noise contrastive estimation (NCE) learns a parametric
model by solving a binary classification problem where the
following dataset is supposed to be additionally available:
Y =1y ® pa(y),

where y; and p, are called the noise samples and noise
distribution, respectivel pn is fundamentally required to
have two properties: (i) the functional form of p,, is known
and (ii) sampling from p,, is possible. By regarding X and Y
as datasets from binary classes, the conditional distribution
of data u given class label C is defined as

p(u|C =0) =pa(u) and p(u|C =1) = py(u).

'As in pq, we assume that the probability measure P, for noise

data is absolutely continuous with respect to x and has the density

dp,
as pn = 2.

1605



Then, the posterior probability is formulated as

pa(u) r(u)
C =0lu) = =
P [v) pa(u) +vpy(u)  7(u)+v
vpn(u) v
C=1u)= = ,
P ) pa(u) +vpy(u)  r(u)+v )
where v := Z Egzé; with the class probability p(C') and

r(uw) := pa(u)/pn(w) is the ratio of two probability distri-
butions.

Learning in NCE is performed through the posterior estim-
ation. To this end, NCE expresses the partition function as
a single parameter ¢ and defines an unnormalized model
Y (u; @) as

log py, (u; @) = log gm (u; ) — c.

Then, all parameters o = (0, ¢) are estimated by fitting the
following model to the true posterior probability:

) Thwa)  ra(wa)
folu; o) = po(u; ) +vpy(u) — rm(usa) +v
filu ) = V() - . @

0 (wy ) Fupy(u)  rm(usa) F v’

where r, (z; ) == pY (u; ) /pn(w). Then, the risk func-
tion of NCE is formulated through logistic regression as

L (@) = —Eqllog fo(X; )] — vEy[log f1(Y; )],

where E4 and E,, denote the expectations over pq and p,,
respectively. In practice, the empirical version of £}, () is
minimized to estimate the parameter vector cx.

2.2 DIRECT RATIO ESTIMATION WITH
BREGMAN DIVERGENCE

Learning unnormalized models is possible by estimating
the ratio 7, (z; ) = pY (z; ) /pu(x) if p, is known as
assumed in NCE. In fact, (Z) indicates that NCE can be
regarded as estimating 7, (; ) through logistic regression.
Based on the ratio estimation, a general framework for learn-
ing unnormalized models has been proposed [Gutmann and
Hirayama, [2011} [Uehara et al.| 2020] with the (separable)
Bregman divergence, whose risk is defined by

—Ea [¢' (rn(X; )]
+En [{¢ (ra(Y;0) (Y 0) — 0 (rm(Y; @0))]

where ¢(-) is a strictly convex function on R | and ¢’(2) :=
%cp(z). By selecting ¢, a variety of risk functions can be
derived.

This line of work is similar to our approach, but there exists
a fundamental difference: We do not directly estimate the
ratio (), but the posterior probability in (I), i.e., the com-
position of the logistic function and ratio (). The notable

point is that the posterior probability is always bounded
due to the composition by the logistic function, while ra-
tio () can be unbounded. This subtle point makes robust
learning possible when outliers lie on the tails of the data or
noise distribution. Indeed, it has been theoretically shown
that direct ratio estimation can be strongly hampered by
the contamination of outliers even when robust divergences
are employed [Kanamori and Sugiyama, 2014, [Sasaki and
Takenouchi, 2024].

3 BREGMAN CONTRASTIVE
ESTIMATION

The main idea in our framework is to employ the Bregman
divergence between the posterior probability p(C|u) and its
model fc(u; a) for which the risk function is defined as

/ pw) S [ep(Clu) — o(fo(us @)

ce{0,1}
—¢'(fo(u;a))(p(Clu) — fo(u;a))]du.  (3)

Then, by expressing the marginal distribution as

Y pulC)p(C) o palu) + vpa(uw),

ce{0,1}

p(u) =

Appendix [B|shows that our risk function can be written by

L5B(a) i= —Eq [0 (X @) + Uy (X ) f1(X; )]
—VE, [@,(Y; ) = Vo (Vi) fo(Y; )],
€))

where @, (u;a) = ¢ (fo(u;a)) + ¢ (fi(u; ) and

\I/Ssoéu;a) : g’.(fo(u;a)) - ¢ (f1(u; @)). In practice,
L3 (a) is empirically approximated from data samples as
1 n
S
ﬁwB(a) = Z [Py (i ) + Uy (i; @) f1(wi; )]
i=1
1 ny

==Y Ry a) = Vo (yis ) folyss )],
i=1

n -

where v is substituted by o := n, /n. The parameter vector
« is estimated by minimizing CiB(a) as

a = argmin E?aB(a) =(6,2).
(a4
We call this method as the Bregman contrastive estimation
(BCE).

Next, we show that BCE includes NCE and its robust variant
called the power NCE (PNCE) [Sasaki and Takenouchi,
2024] as special cases:

Example 1 (NCE). When ¢(z) = zlogz, L3P(a) is re-
duced to Ly, ().
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Table 1: Examples of BCE under the choices of .

o(z) risk reference
NCE zlog z L (a [Gutmann and Hyvirinen, [2012]]
PNCE % Ls(a [Sasaki and Takenouchi:2024L
p-NCE | —log(z+p) | L,(c This work
7-NCE | (z +7)log 37 | L, (« This work

Example 2 (PNCE). When o(z) = 2°t1/(3(8 + 1)),
Es’,B (a) is reduced to the following risk function proposed
in\Sasaki and Takenouchi [|2024)]:

1
Ls(a) = *B
1 1

M c;(Ed[f (X5 0) T 4 VB, [fo( X ) H)).

(Ealfo(X;0)°] + vEL[1(Y; @)”])

Next, two novel variants of NCE are derived from BCE. The
first choice is ¢(z) = — log(z + p), which has been used in
boosting [Murata et al.,[2004] and introduced to cope with
a mislabeling problem [Takenouchi and Eguchil, [2004]. The
second choice can be seen as a generalization of the first
one.

Example 3 (p-NCE). When ¢(z) = —log(z + p) with a
parameter p > 0, LEJB (a) is reduced to

L,(ax) :Ed{— log (fo(X;a)fi(X;a) + p* + p)

X a){f(Xa) - fl(X;a)}}
Jo(Xsa) f1(X;0) +p2 +p

—vE, [ —log (fo(Y;a) f1(Y; ) + p° + p)
_ Jo(Y;a){fo(Y; ) — f1(Y; a)}]
fY;a)i(Yia)+p2+p |
We call the learning method based on L,(cx) as p-NCE.

Example 4 (7-NCE). When ¢(z) = (z + 7)log £~ for
T >0, EEB(a) is reduced to

Lr(a) = —Eq[(1+4 7)log f§ (X; a) + 7log f] (X; )]
—vE, [(1+7)log f1 (Y; ) + 7log f5 (Y )],

where fI(x;a) = %for C = 0,1. We call the
learning method based on L. () as T-NCE.

It is shown theoretically and empirically that 7-NCE and
p-NCE are robust against outliers. Table[T] summarizes how
each method corresponds to a particular choice of .

3.1 MODEL SELECTION IN BCE

The selection of the hyper-parameters (e.g., p and 7) is
important in practice. Here, by following a simple heuristic

approach proposed in[Minami and Eguchil[2003]] and Sasaki
and Takenouchi|[2024]], a method for model selection based
on cross-validation is presented as follows: Taking 7-NCE
as an example,

1. Choose a fixed parameter 7 called the anchor para-
meter and candidates of 7 denoted by T'.

2. Divide X = {z;}"_, into K disjoint subsets { X} }7_;.

3. Obtain the estimator &(Tk) for 7 € T from X without
A, and reference data vectors y; which are generated
by keeping the same sample ratio .

4. Compute LATO with the anchor parameter 7y from X
as CV(k,7) := L, (&)

5. Choose the optimal value of 7 on 7' that minimizes
K
% Y w1 CV(E, 7).

It seems to still matter the choice of the anchor parameter
in cross-validation, but our empirical results show that this
method reasonably works well on a range of the anchor
parameters.

4 ASYMPTOTIC ANALYSIS:
ROBUSTNESS AND EFFICIENCY

This section performs asymptotic analysis to BCE in terms
of robustness and efficiency. Throughout this section, let us
assume that for all 0,

D := supp(pm(;0)) C supp(pn), (5)

where supp(pm(;0)) = {x | pm(z;0) # 0} and
supp(pn) := {y | pu(y) # 0}. This support assump-
tion is standard in the analysis of NCE [Gutmann and
Hyvirinen, [2012}, Matsuda et al., [2021}, |Sasaki and Taken+{
ouchi, [2024], and required to estimate p,,(-;0) over the
full support. Furthermore, we assume that p (z; ) is
differentiable with respect to o such that the gradient
g (T; @) := Vo log pY (x; a) is properly computed.

4.1 ROBUSTNESS OF BCE

Here, the robustness of BCE is investigated based on the
influence function [Huber and Ronchetti, 2009, Hampel
et al.| 2011}, Maronna et al.| 2019]]. To this end, we start by
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modeling the contaminated probability distributions as
pa(x) = (1 = €)pa(x) + €bg, (), (6)

where 0 < ¢ < 1 is a constant, x, is an outlier, and 0, (+)
denotes the Dirac measure centered at x, and is sufficient
for the worse-case local analysis. As the contamination ratio
¢ is increased, the dataset is contaminated by more outliers.
Based on the contaminated probability distribution (6], we
define the following estimators:

o, = argmin EEB(a) and o = argmin ZiB (), (7)

where by expressing the expectation over fq(-) as Eq,

£ (a) = ~Ea[2(X: @) + ¥(X: ) f1(X; )]
—VE, [®(Y;a) = U(Y;a) fo(Y;a)].

Based on these estimators, the influence function (IF) is
defined in the limit of ¢ — 0 as follows:
Q. —

IF(z,) = lim

e—0 £

®)

IF(x,) helps us to understand how the asymptotic estim-
ator o, is influenced by infinitesimal contamination of
outliers. A useful notion based on IF is B-robustness: If
Supgep [|IF(x)| < oo, o, is said to be B-robust. B-
robustness ensures that the influence from outliers x, is
limited even if they go far away from the center of data.

We first derive IF and show a condition for B-robustness in
the following proposition, and then discuss how mild the
condition is:

Proposition 1. Assume that the Hessian matrix H, =
VQQLSS(,B(aHa:a* is invertible. Then, the influence function
is given by

IF(x,) = H;1 {Ed[w«p(x§ o) f1 (X o) gm (X a*)]

—’wtp(wo§ a*)f1<mo§ a*)gm(wo; a*)} » 9)
where with "' (z) = %@(z)’

wg,(a:;a)

= {¢" (folz; ) + " (f1(z; )} folx; @) f1 (5 ).
(10

Furthermore, o, is B-robust if the following inequality
holds:

sugww(w;a*)ﬂgm(a:;a*)\l < 0. (11)
xTE

The proof is deferred to Appendix |C| The first term on
the right-hand side of (9) is a constant bias and cannot be
eliminated but has no influence from outliers. The second
term is influenced by outlier x,,, and thus o, is guaranteed

to be B-robust if this term is finite, i.e., condition is
fulfilled.

For NCE, it is very unlikely that condition (TI) is satis-
fied because the choice of p(z) = zlogz in Example
yields a constant weight w,(x; o) = 1. Thus, the left-
hand side on becomes Sup,cp ||gm (x; o) ||, which
can be unbounded in general. Non-robustness of NCE has
been previously reported in |Sasaki and Takenouchil [2024]]
as well. Appendix @]illustrates that weights w (x; o, ) for
PNCE, 7-NCE and p-NCE are non-constant and approach
to zero if fy — Oor f1 — 1.

Next, we show when condition (@ is fulfilled. To enhance
the interpretability, we re-express condition (TT) in terms of
the ratio model 7, (z; @) = P2 (x; ) /pn (x; @) in the fol-
lowing corollary where C* denotes the space of continuous
and k-times differentiable functions:

Corollary 1. Assume that w,(x; o) is not a constant func-
tion and @ belongs to C?. Then, is equivalent to

U (25 0y )

2Bt rn(wa,e @l <oe 12
The proof is a direct consequence from the finiteness of
¢ because ¢ is a C? function and the domain of ¢ is
[0,1]. It is useful to consider a common situation (e.g.,
Gaussian distributions) where ||gm (; o, )|| diverges when
P2 (z; ) — 0 as x goes to the boundary of D. In this situ-
ation, r, (x; o) approaches zero if p, () has a wider sup-
port and slower decay than p?, (x; o, ) because the growth
speed of g (x; ) = Vo logpl (z;a)|a=a, is logar-
ithmic. Thus, condition (T2) seems very mild and could
be satisfied under a variety of strictly convex functions ¢
because the fundamental condition is that ¢ is a C? function.
Moreover, a large value of v would also make condition @
more easily satisfied, and thus improve the robustness of
BCE.

4.2 EFFICIENCY OF BCE

Efficiency of statistical estimators is a classical yet important
notion. An estimator is said to be asymptotically efficient if
the asymptotic variance is equal to the Cramér-Rao lower
bound [Lehmann and Casellal |1998]], which is the inverse
of the Fisher information matrix?| defined as

I = Eq [gn (X5 ) gm (X5 ) T] -

To investigate the efficiency, we first establish the asymptotic
normality of BCE and then show some differences to NCE.
The consistency of BCE is proved in Appendix [E]

*More formally, the Fisher information matrix Ir is defined
with the expectation over pm (-, 8). However, Assumptions (A3-4)
imply pm (+; 0x) = pa(-). Therefore, we defined Iy in terms of the
expectation over pa(-).
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For asymptotic normality, we make the following regularity
assumptions:

(A1) The parameter space O of 6 is compact.

(A2) For all 6, supp py(+;0) C supp pn.

(A3) pm(x;0) is identifiable, i.e., pm(x; 01) = pm(x; O2)
implies 61 = 05.

(A4) pq(x) belongs to the same parametric family as
pm(x; 0), ie., there exists a constant vector 8y €
Int(©) (i.e., interior of ©) such that pg(xz) =
Pm(x; 6o).

(A5) Forall € > 0, infqja—a,|>c L3 (0) > L3P (a).

(A6) sup,, |£iB () — EiB (a0)] — 0 in probability.

Assumptions (A1-4) are quite standard. Assumption (AS5)
means that o, is a well-separated point of minimum of
LB (av) [Van der Vaart, 1998, and Assumption (A6) is the
well-known uniform law of large numbers. By definition
of a, and Assumption (A4), we have pq(x) = pm(x; 0y).
Therefore, the identifiability condition (A3) ensures that
6y = 0., which enables us to express f1(u; ) as

vpn(u)
Pd (u) + Vpn(u) ’
In addition, as in |Gutmann and Hyvirinen| [2012]], Matsuda
et al|[2021]], we suppose the asymptotics that o = ny /n —
vasn — oo and n, — o0.

J1(u) = fi(u; o) = (13)

We first establish the asymptotic normality of BCE in the
following theorem proved in Appendix [F}

Theorem 1 (Asymptotic normality). Suppose that Assump-
tions (Al-6) hold. We further assume that there exists an
integrable function b(x) such that

0509 (5 @) | < b(x) and |9p%, (x5 @) | < b(x),

83
(9047;604]‘ Bak : Then’

Vn(a—a) converges to the following normal distribution:

2
where 0 00;978% and Ojy,

V(@ —a,) 3 N(0,A,),

where A, = J;'I,J;', and with g¥(x; ) =
we (2; o) gm (; @),

I, = Ba [/ (g (X g (XianT] - (141

x B [f1(X)gi(X; 00)] Ba [£1(X)git(X; a)]
(14)

J, =Eq4 [fl*(X)wcp(X;a*)gm(X;a*)gm(X;a*)T] .
(15)

The asymptotic variance A, of BCE takes a complex form
and clearly depends on the strictly convex function (. The
following theorem asserts that NCE is in fact the optimal
choice of ¢ in the sense that it is the closest to the Cramér-
Rao bound:

Theorem 2 (Optimality of NCE). For all strictly convex
functions o, it holds

Acp = ANCEa (16)
where A, = Ancr means that A, — Ancg is positive
semidefinite, and AncE denotes the asymptotic variance of
NCE and is given by (33). Equality in (16) holds when w,,
is a constant function.

The proof is deferred in Appendix [G] Theorem [2]indicates
the optimality of NCE with respect to the choice of ¢. On
the other hand, as shown in Section[4.T} NCE is not robust
against outliers This may imply a trade-off in terms of the
choice of ¢: An efficient choice of ¢ comes at a cost of
loosing outlier-robustness.

NCE has been shown to achieve the Cramér-Rao bound in
the limit of ¥ — oo regardless of the choice of the noise
distribution p,, [Gutmann and Hyvairinen, |2012]. In contrast,
the following theorem indicates that the Cramér-Rao bound
is attained in BCE under a particular choice of p, in the
asymptotic regime as for v:

Proposition 2 (Noise limit). Assume that o belongs to C2.
Then, as v — 00,

A, =J T o2,

where

= pa(X)\* o a7

I—Ed (pn(X)> gm(X; *)gm(Xv *)]
[P T (X)) 1T
]Ed |:pn(X)gm(X7 *):| IEd [pn(X)gm(Xv *):|

J=Eq {gig;gm(&a*)gm(X;a*)T] :

The proof is given in Appendix [H| In the limit of v — oo,
the striking features of A, are twofold: (i) A, does not
depend on the choice of ¢, and (ii) unlike NCE, the noise
distribution p,, still exists in A,. This possibly indicates
that parameter estimation by BCE is more dependent on the
choice of p,, than ¢ in a large noise sample regime.

Proposition shows that A, asymptotically equals to the in-
verse of Iy, i.e., BCE achieves the Cramér-Rao bound when
Pn = pa. However, this choice of p, makes the weight func-
tion w,, in (I0) to be constant, and thus condition (TT) for
B-robustness is never satisfied when ||g., (x; o) || diverges.
This again may reveal a trade-off between efficiency and
robustness, but this trade-off seems to be slightly different
from the aforementioned one after Theorem[2} The choice of
Ppn 1s more relevant in the asymptotic regime (i.e., v — 00),
while the choice of ¢ would matter in non-asymptotic re-
gime as implied in Theorem [2]
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S THE OPTIMAL NOISE DISTRIBUTION
WITH ROBUSTNESS

A common criterion to measure the statistical performance is
mean-squared error (MSE) between 6 and 0,.. Asin/Chehab
et al.[[2022], we derive the optimal noise distribution based
on the following approximation of MSE:

MSE = (Ae)
n

a7
This approximation would be valid when n is large be-
cause the bias term in MSE often more quickly goes to
zero as n increases. In this section, we express gm () :=
Ve log pm(w; 0) |0=9* and suppose that pd(m) = pm(m; 0*)
as implied by the assumptions in Section 4]

It is too difficult to analytically derive the optimal noise
distribution in general. To alleviate this problem, we make
the following assumptions:

(B1) The noise distribution p,, is contained in P, defined as
follows: for sufficiently small positive constant ey < 1,

P, ={p: Q2 — [0,00)’ /Qp(ac) du(x) =1,

pa(x)

Jh,de € (0, €g),

(B2) ¢ belongs to C3.
(B3) pn(y) is normalized so that [ p,(y)dy = 1.

(B4) Fisher information matrix Iy is positive definite.

Assumption (B1) is striking, and enables us to have a first-
order expression of MSE with respect to e whose details are
given in Appendix [l The following theorem presents the
optimal noise distribution as the minimizer of the first-order
expression:

Theorem 3 (Optimal noise distribution). Under Assump-
tions (B1-4), the optimal noise distribution minimizing the
first-order approximation of MSE is given by

P () = Pa@) 15 gu (¥)|

n Z (18)

where Z,, = Eq[||Iz'gm(X)|] is the normalizing con-
stant.

The proof is given in Appendix |} The optimal noise distri-
bution pSPt is exactly the same as the one derived in|{Chehab
et al.[[2022] and is clearly different from the data distribu-
tion pq. As depicted in Figure[] it seems to emphasize the
region where pq strongly changes. Interestingly, p2Pt(y) is

optimal for any choice of convex functions ¢.

It should be noted that there is a gap in the optimal noise
distributions between Proposition [2] and Theorem [3} The-
orem (3| shows that the optimal distribution is pgpt, while

— 1+ eh(@), [Ihll <1}.

Proposition [2|indicates that the data distribution pq is op-
timal in the limit of v — oco. In order to bridge pq and p2Pt,

we consider to take the following constraint into account in
the optimization problem:

/ (pa(x) *pn(m))z’dm <C
pn(w) — €9

19)

where C, denotes a non-negative constant. The left-hand
side on (T9) is the Pearson y2-divergence, and thus (T9)
means that p,, is optimized in a neighborhood of pq more
explicitly than Theorem [3as well as [Chehab et al.| [2022].
The optimal noise distribution is established under this con-
straint in the following theorem:

Theorem 4 (Optimal noise distribution in a neighborhood of
pa)- Assume that (1+C.)/Zy < [ pa(x) /|15  gm(z)|/dx
holds. Then, the optimal noise distribution minimizing the
first-order approximation of MSE under constraint (19) is
given as follows: For 0 < \ < oo,

P s A) o /P () + Apa()2,

where X is determined by C. and satisfies @7). When \ =

0o, PP (y; A) = pa(y).

(20)

The proof provided in Appendix [J]is substantially different
from that of |Chehab et al.| [2022], where a novel lemma
is established. Interestingly, %P (y; A) is a combination of
p2P%(y) and pq(y). If A = 0, then poP* reduces to pSPt,
while it approaches pgq as A increases. This result might
give some insight to the gap between the noise distribution
in|Chehab et al.|[2022] and the common practical belief that

pa is the optimal noise distribution mentioned in Section|[I]

Finally, we propose two constraints for robustness and de-
rive the optimal noise distributions under them. Theorem 3]
and Figure (1| imply that p%P* has a wider support than pq,
and thus distribution ratio r, (z; oy ) = pa(x) /poPt(x) o
| I *gm(x)||~* can approach zero when outliers z, go to
the tails of pq. Based on this implication, the condition @D
for B-robustness can be simplified and generalized as fol-

lows: For all @,

a(x)
po()

b

lgm ()| < C, 2n

where C’ > 0 and v > 0 are a positive constant and a tun-
ing parameter, respectively. A larger exponent 7y increases
the divergent speed. Therefore, if (21)) holds even for larger
v, BCE could be more robust. Motivated by this idea, we
propose to add (Z1) as a constraint in optimizing p,,. Fur-
thermore, inspired by (1)), we propose another constraint
of an integral form, which yields a smoother optimal noise
distribution, as follows:

/pd(w) gm ()| d < C”, (22)

Pn(x)
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Figure 1: piP*(y), poP*(y; A), b
line) when A = 0.5.

where C” is a positive constant. The following theorem
establishes the optimal noise distribution under each of the
robust constraints:

Theorem 5 (Optimal noise distribution with robustness).
Under an additional constraint 1)), the optimal noise dis-
tribution is given

P (y5 ) = max(pa(y) g (W)II7/C", AP (1)), (23)
where X is chosen so that [ pSP*(y; A, v)dy = 1.

Next, we replace constraint 1) by 22) and assume that

J Vra(@)|gm(x)||"de < VC". Then, if 0 < A < oo, the

optimal noise distribution p°P* is given by

Vo @) + wpa@) lgm(@I7, 24
where \ is determmed by C" and satisfies (A9). When \ =

00, PP (57) oc v/pa(@)]|gm (z)||7/2

The proof is given in Appendix [K] and includes another
lemma which has not been seen in |(Chehab et al.| [2022].
Compared with the optimal noise distribution in Theorem 3}
PPt and Pt in (24) have a wider support that p2Pt. This
wide support is 1mp0rtant in robust estimation because it
prevents the ratio pq(x)/pn(x) from diverging when out-
liers go to the tails of pq (). Indeed, Figure I 1| illustrates
PP and p2P* have a wider support than p2P' in Gaussian
mean estimation.

Opt

(x5 A, y)

6 NUMERICAL EXPERIMENTS

This section numerically investigates the robustness of 7-
NCE and p-NCE without model selection, and demonstrates
the performance of BCE with the optimal noise distribution
derived under a robustness constraint. The experimental
results with model selection based on cross-validation are
given in Appendix [}

6.1 ROBUSTNESS OF BCE

We first generated the contaminated data from

(1—e)pa(z) +eb(x), (25)

b)y=3

©v=5

poPt (45 ) and pOPt(y; A,~y) in mean estimation of the Gaussian distribution (black dotted

where () denotes a probability distribution of outliers. For
pd, we employed three kinds of distributions: Gaussian, log-
normal, and Poisson distributions. Distributions in the same
family were chosen for &(x) and p,, (z). With unnormalized
models, we estimated the ten-dimensional mean parameter
vector for Gaussian and log-normal distributions, and the
single parameter for Poisson distribution. The performance
measure is RMSE to the true parameters. The details of the
experiments are presented in Appendix [[]

The results are presented in Fig. ] when ¢ =
0,0.01,0.05,0.1. For all data, both 7-NCE and p-NCE are
robust against outliers, and compare favorably with PNCE.
On the other hand, the estimation error of NCE quickly
increases as the contamination ratio ¢ increases. These res-
ults support our theoretical analysis for B-robustness in
Section[4.T]and possibly imply that BCE is robust under a
variety of convex functions ¢. As implied in Corollary [T}
Figure |3|illustrates that the robustness is often improved as
v increases.

6.2 OPTIMAL NOISE DISTRIBUTION

Next, we investigate whether the optimal noise distribution
PP (x; A, ) in (23) produces robust parameter estimation.
To this end, we generated one-dimensional data by the con-
taminated model (23]) where N (0, 1) and N (p0,0.1%) were
employed for pq and 9, respectively. The parameter /i, in
N (4o, 0.12) can be interpreted as the center of outliers. For
comparison, pq and p°P' were used as noise distribution
pn- Noise data samples were generated using the inverse
function method for p2P* and slice sampling for pSPt, re-
spectively. As in Section[6.1] we estimated the mean value
in the Gaussian distribution N (0, 1) by PNCE with 5 = 1.

Figure ] shows estimation errors when the contamination
ratio ¢ is from 0.01 to 0.05. The optimal noise distribution
PP (x; A, ) produces very robust estimates, while the es-
timation by pq and pSP* is strongly hampered by the more
contamination of outliers. This robustness of p°P*(x; A, ~)
is more clearly emphasized when i, is located around the
heavier-tails of the data distribution pq (Figure f[b)). Estim-
ation errors over the noise sample ratio o are also presented
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Figure 2: Estimation errors over outlier ratio ¢ when (n, ny) = (1000, 1000). Each point indicates the averaged errors over
100 runs, and the vertical axis is plotted on a logarithm scale.
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Figure 3: Estimation errors over sample ratio 7 = n, /n when (n, €) = (3000, 0.01).

=~ Data Noise (p = pa)
0.20 -+ Optimal Noise (pP")
—e— Proposed (53%,A=1,y=1) -
—— Proposed (3", A=1,y=3)

—— Proposed (5", A=1,y=5) %

0.09-
- Data Noise (p = pg)

--+-- Optimal Noise (p%")
—— Proposed (53,A=1,y=1)

0.08-
0.07-
| —=— Proposed (53", A=1,y=3)
—— Proposed (53™,A=1,y=5)

3 3 ]
Contamination ratio (%)

@ po =3

2 3 I3
Contamination ratio (%)

(b) po =10

57 Y )
Noise sample ratio v

(a) € = 0 (no outliers)

57 0 B3
Noise sample ratio v

(b) e =0.05

Figure 4: Estimation errors over contamination ratio € when
(n,ny) = (500,2500). Each point is the average of estim-
ator errors over 100 runs. The shaded regions represent the
standard errors.

in Figure

7 CONCLUSION

This paper proposed a general framework for learning un-
normalized models based on the Bregman divergence. Our
framework includes existing methods as special cases, and
enables us to derive novel variants of NCE. We performed
asymptotic analysis of our framework in terms of outlier-
robustness and efficiency. Our analysis indicates that robust
estimation is possible under a variety of convex functions
in the Bregman divergence. The proposed framework can

Figure 5: Estimation errors over sample ratio © when
(ko n) = (3,500).

achieve the Cramér-Rao bound when the noise distribution
is equal to the data one. Inspired by the asymptotic analysis,
the optimal noise distribution is also derived under novel
constraints for robustness. We numerically demonstrated
the robustness of the novel variants of NCE and our optimal
noise distribution.
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A NOTATION
Table 2: List of notations.
x, Yy Input and noise data
|l]| Euclidean norm of a vector x
Va Gradient with respect to o
n, Ny Numbers of input and noise data samples
pa(x) Data distribution
Pd Contaminated distribution of pqg
Pn(y) Noise distribution
PP (y),  pPY(y; A),  pPSPY(y;+y), | Optimal noise distributions
PPt (yi A7)
Pm(x;0) Statistical model with a parameter vector 6
P (z; ) Unnormalized statistical model with a parameter vector & = (0, ¢)
D := supp(pm) Support of pm: {& | pm(x; ) # 0}
gm(T; ) Gradient of log p2 (x; &) with respect to a: Vg log p2 (z; )
gm () Gradient of log pr, (x; 0) with respect to 8 at @ = 0,: Vg log pm(; 0)|e—e,
r(x) Ratio of pq(x) to py(x): pa(x)/pn(x)
T (2 @) Ratio of p}, (a; @) t0 py(®): pi, (a; @) /()
fe(lz;a) (C=0,1) Model for the posterior probability
v Ratio of class probabilities: p(C' = 1)/p(C = 0)
v Sample ratio: ny /n
0, o, o’ Strictly convex function in the Bregman divergence and its derivatives
x, Outlier
€ Contamination ratio of outliers
O, Dirac delta function with the point mass x,,
Eq4,Eq4,E, Expectations over pq, pq and py,
LB (a), L3P (ax) Risk function of BCE and its contaminated risk using pq
a,, o Minimizers of L3P (cx) and L3P ()
A,, Ance Asymptotic variances of BCE and NCE
Ir Fisher information matrix
&(u) Model with the optimal parameter: fc(x; o)
ck Space of continuous and k-times differentiable functions
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B DERIVATION OF (4)

Here, we first express p(u) = po{pa(u) + vpn(u)} where pg := p(C = 0). Then, (3) can be written as
- [ 3 (eletuia)) - ¢ (fo(wia) ((Clu) - foluia)] du
ce{0,1}

=m0 [[alw) +vpa(w) Y [ple(wsa)) + ¢ (folus @) fo(wia))du

Cce{0,1}

= 3 O [ pulC) folus @))du

Cce{0,1}
—po(Ba| D {-elfe(X50) + ¢ (fo(X;a) fo(X; @)} |
Cce{0,1}
FUE| Y {—elfe(Yi) + ¢ (fe(Yia)fe(Yia)} | - Eale/(fo(X5@))] - VB[ (A(Ysa))
Ce{0,1}

= po( — Ba[p(fo(X: ) + 0(f1(X; ) = ¢ (fo(Xs @) {fo( X @) = 1} = ¢/ (f2(X; @) 1 (X )|
VB[V @) + o(1 (Vi) — ¢ (fo(Y s ) oY) — ¢/ (fi(Y i) {u(Y i) 1] ).
Since fo(u; o) + f1(u; ) = 1 for all u, we finally obtain

L3P (a) = —Eale(fo(X;a)) + o(f1(X; ) + {¢' (fo(X; @) — &' (f1(X; )} [1(X; )]
—vEL[p(fo(Y; ) +o(f1(Y;a)) —{¢' (fo(Y;) — & (f1(Y; )} fo(YV;a)].

C PROOF OF PROPOSITION
It follows from the definitions of ¢, and o, that

Vol (@)|,_, =0 and VoL (a) =0. (26)

o= =0

A simple calculation shows that VaﬁiB (o) satisfies
VallP (@) = Vall® () — e {Ea[wy (X; ) f1(X; 0)gm (X )] — wy (2o; @) f1(2o; @) g (@03 @)}
where we employed the following formulae:
Vafo(w;a) = fo(w; a) fi(x; a)gm(w; ) and Vo fi(z; ) = —fo(w; a) f1(@; o) gm(w; o). @7

Since the influence function is defined by a Géteaux derivative of c., differentiating the second equation in (26) with respect
to € ate = 0 yields

Hc,a : IF(:I)O) - Ed[wtp(X; a*)fl (X; a*)gm(X§ a*)] + wcp(mOQ a*)fl(mo; a*)gm(mo; a*) =0,

where H,, := V2,L38 ()|

a—a. The invertibility assumption of H,, completes the proof.

D EXAMPLES OF THE WEIGHT FUNCTION w,,

This appendix gives examples of the weight function w,, and illustrates them in Figure @

 PNCE:

we(x;0) = (fola; )~ + fi(z;)?™Y) folz; @) fi(z; ).
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Figure 6: Tllustration for the weight function {¢” (f) + (1 — f)} f(1 — f).

e 7-NCE:

1 1
oetwi2) = (e + a7 ) ol i)

« p-NCE:

1 1
Folwia) 192 | (h(mo) 1 p)

(5 ) = ( 2)f0<w;a>f1<w;a>.

E CONSISTENCY OF BCE

Proposition 3 (Consistency). Suppose that Assumptions (A1-6) hold. Then, & converges to a, in probability.
Proof. We essentially follow the consistency proof in|Van der Vaart|[1998]]. By definition of «, and Assumptions (A3-4),
we have 6y = 0,. Thus, it suffices that & converges o, in probability.

From Assumption (A5), an event {||& — a,|| > €} for each ¢ > 0 implies another event {L3P(a) > L3P (a,) + 6} for
some 6§ > 0. Thus, we have the following inequality of these events:

P(lla—ayl| =€) < P(ﬁiB(a) — LE,B(a*) > 0).
Since ES (@) > LSB( ) holds for all a by definition of &,
£5(@) - L8 (a) = £3B(@) — L38 () + L3P (a) — LB (a)
SB/~ ASB /A~ S S
< £5B(@) - LB(&) + LB () — LB (a)
< 2sup [£535(a) — L3B(a)|.

©

Therefore, Assumption (A6) ensures that EEB (@) — LiB (aty) converges to zero in probability, indicating the convergence
of & to a,.. The proof is completed. O

F PROOF OF THEOREM

By definition of &, we have

n D Ty
1

vaZgSpB(a)’a: = _Ezwtp(a"ﬁa)fl(wu )gm ZBZ, + 72“’@ yza fO Yi; & )gm(yi;a) =0. (28)

i=1
The Taylor expansion of (28) around e, yields

ValSE(a)| +Hy(@—-a,)+0(|la—a.?) =0, (29)

A=y
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where

f{\w = ViESB(a”a:a*

A Z [{vawso(wi? o) T (x8) Gm (235 a*>T + wy (5 0 ){Va fr () tgm(Ti; oz*)—r

=1 (30)

Ty

0 (@15 0) 7 (@) Vg (@35 00)] 2= > [Vt (05 €5 () (s )|

W, (Yi3 00 ) {Va S5 (Y1) g (Yis ) T+ 0o (35 00) 5 (4:) Vagm (¥ )]

where f§(x) :==1— ff(x) = #% and Vo ff(x) := Vo f1(2; @)|a=a, - Since vp, f§ = pa f7, the expectation

of H,, over X and ) is computed as
By H = [ (50 f5 (@7 ()9 500 Jgn (@i ) Tpa(a)de
+ [ wely @) 5 )1 (W) (s ) (s (v)dy
- [{55@)+ L@} wtwsa i @l an)gn(as ) Tna(e)da
=50 [ {500+ 2100 b (o) (Ogm(Xs g (X )T

Since # is assumed to converge to v, f§(x) + 2 ff(x) — 1 as n — oo and ny, — co. Therefore, the law of large numbers
guarantees that VQEEB () converges to J, = Eq [we(X; o) f1(X)gm (X o) gm (X5 ) '] in probability.

On the other hand, by definition of c,, the expectation of VQEEB(Q) at o = «, satisfies
Exxy[VallE(a.)] =0, 31)
The variance of V, ZE,B (o) at @ = . can be computed as follows:

Varayy[Valdl ()]

=Exxy

1 ¢ )
(n D we(Xis o) f1(Xi)gm (X @) + nl > we (Vi o) £ (Yi) g (Vi a*)>
i=1 Y =1

n Ny T
(—i D we(Xis @) [ (Xi)gm (Xis o) + é D we(Yis ) £ (Yi)gm (Vi a*)> ]
=1 1=1

1

n2

n n T
Ex (Zws@(xﬁa*)ff(Xi)gm(Xi%0‘*)) <Zwsa(Xiéa*)ff(Xi)gm(Xﬂa*)) ]

ZA/2

Ny Ty T
+ —5Ey <Z%(Yi;a*)f8(Yi)gm(Yi;a*)> ( w,(Yi; ) S(Yi)gm(Yi;a*)> 1

i=1

= 20Eq[w,(X) f{ (X) g (X5 00) | En [0, (V5 00) 5 (¥ ) g (Y5 )] T

= LBy (X ) £ (X)g (X ) g (X )]

(143 Bl (X ) (X)X 0 ) Ea w0 (X 000) f1 (X )gn (X 0]

"2
ny

Hence, it follows from the central limit theorem that \/EVQEA?DB () converges to a normal distribution as follows:

ViaVaLSP(a,) B N(0, 1), (32)
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where

I, = Ealwy(X; o) f1(X) g (X ) g (X ) ]

(1 L) Bl (O ) 2 (X)gin (X e By (X ) (X)X )]

By the dominant convergence theorem and the consistency of &, higher-order terms in(29) can be ignored, which yields
V(@ — o) = ViH; Vo LB (o).

Thus, Slutsky’s theorem [[Van der Vaart, [1998]|| and (32)) ensures that \/n (a — a*) converges to a normal distribution as
follows:

Vi@ —a,) B NO,J LY.

This completes the proof.

G PROOF OF THEOREM
As derived in|Gutmann and Hyvirinen| [2012], the asymptotic variance of NCE is given by
1
Ancg i=I71 <I — (1 + ) mmT) I (33)
v
where
I:=Eq [ff(X)gm(Xa ) gm (X a*)T] and  m = Eq [f{(X)gm(X; )]
By definition of g, (u; at), we have
gm(u; ) = Vo logpy, (u;a) = (Ve logpm(u; 0) ', ~1) . (34)

Then, by letting a canonical vector be e; := (0, ..., 0, 1), it holds gp, (u; a*)Tel = —1, based on which the second term on
the right-hand side of I, in (T4) can be computed as

Ea[f7 (X)we (X5 o) g (X )| Ea[ f7 (X ) w0, (X5 o) g (X 000)] T
= Eal /7 (X)we(X; o) gin (X ) g (X ) "] Ea[ 7 (X)wy (X5 00)gin (X ) g (X5 ) Ten] T

. . (35)
=Eq [fl (X)wcp(X; a*)gm(X; a*)gm(X; a*)T]eleIEd [f1 X wgp(X; a*)gm(X; a*)gm(X; a*)T]
= Jere] J,.
Eq.(33) enables us to express A, as
1
Ay = J M 50 = T (Balff (@) wl(X; o) g (X 0u)gm (X5 a) T]) I — (1 + V) eie].  (36)

Applying a matrix version of the Cauchy-Schwarz inequality [Lavergnel [2008] to the first term in (36) gives
— _ -1 —
T2 (Balff (X)wp (X3 0)2 g (X 00 )gun (Xs ) 7)) T3 = B [f1(X) (X a)gun (X5 )] = T70 (37)
On the other hand, the second term in (36) can be computed as
ere] =TI YI(eje/ ) I} ' =T (mm")IT},
where we applied the following equation derived similarly as (33):
mm” = Eq[f{(X)gun(X; ) JEalf} (X)gu(X; )] = Tere] I. (38)
Finally, by combining (36) with and (38)), we obtain
1 1
A, -T7'— (1 + > I''tmmMHIt=1" {I - <1 + ) mmT} I!' = Ance.
v v
Equality holds if the following equation holds almost everywhere: For all u, there exist constant vectors a, b such that
wy (@5 0 )/ [ (@)a" g (@5 00) + 1/ f1(@)b g (a5 000) = 0,

implying that w,, (u; o) is constant by assuming that || gm (u; o, )|| and / f7(w) are positive.
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H PROOF OF PROPOSITION

It follows from the definition of v, and Assumptions (A3-4) that pq(-) = p2, (-; v, ) holds, giving

oy P (u; o) - pa(u) ~ paluw) -2

Jo () = ) T vpn(a) ~ pata) +vpn(@) ~ vpatw) T OV (39)
) uplw) el

Ji() = o tra) T vpa(w) — palw) +opn@) L vpalw) T OV (40)

By assumption that ¢ is of class C2, ¢ is bounded on [0, 1]. Thus, we can define the limit values as Cy = lim,_,o ¢"(2)
and C = lim._,; ¢”(2). Then, the weight function w,, has the following order expression:

(Co + Cr)pa(u)

-2
O +0(2). (41)

wsﬁ(“? a*) =

Substituting and into J,, gives

pa(X)
Vpn(X)

:CU+C1

14

J, = (Co+ Cy)Ey gu(Xsalgn(Xs )] +007) J+00?) “2)

Similarly, regarding the first term in I,, we have

Balu (X 0 f£ (X)g (X )g (X 0) ] = L2 O g (ﬁdg ) gulXia X[ 4007
while the second term is written as
(1 + i) Ea 100 (X 00) £ (X)) (X 00 )Eawe (X 06,) £ (X ) g (X 0]
(A (5 ] s
By using these expressions in I,,, we obtain
I,= (004157201)%+ ow™®). (43)

Since

-1
spt = {00y,

v

we have JS I, J ;1 = J -1 IJ~! + O(v~2), which completes the proof.

I PROOF OF THEOREM

Since pq(x) = pm(x; 05 ), f7(x) can be represented as in (I3)). Then, gdgg = 1+ eh(x) in Assumption (B1) gives the
following order expression:

fi(@) = —— =




These order expressions enable us to represent w,, (; o) as

we(@; o) = " (5 () + " (f7 (@)} f5 () [ (a0)

1 (o53) o () wrapet o (57) — ¢ (751 e -0}

VQ—V

) { (v+1)2 + (v+ 1)36h(m) " 0(62)}
= Cy + Cyeh(x) + O(e?),

oo () o ()
oo o () o () e £ () (o)

In order to compute I, and J,, we substitute this expression of w,, (x; o) into

where

1% v
v+1 (w+1)

beie) +0(e)

we(m; o) f1(x) = {C1 + Coeh(z) + O(e*)} {

_ Cw Cyov B Chiv
v+ v+1 (r+1)

seh(e) +0() )

v v
v+l (v+1)

wy(x; o) f1(x) = {CF + 2C1Ca¢eh(z) + O(€%) } {

_ Civ 201Cov C?v
v+ v+1 v+1)

(o) +0()}

5 } eh(x) + O(e?).
Then, I, and J,, are expressed as

I, = Eqlwe (X )’ f{ (X) g (X)gm(X) ]
— Eafwy (X5 o) f1(X) gun (X)) Ea [0, (X @) £ (X) g (X))

1% { 201021/ 0121/
F

- o A +0@)

_ 2
=¢ v+1  (v+1)

Yyt

Ty = Bl (X: ) (X)gn (X (%) = G2 et { 2% = Q0 b A + 01,

where A(e) := ¢Eq[h(X)gm(X)gm(X) "] and we applied Eq[gy, (X )] = 0. Since

J = {01 v IF+{ Cav CIV)Q}A(e)JrO(e?)}l

v+1 v+1 (v+1
v+l Ca(v+1) 1 -1 —1 2
- ClV IF ( 0121/ Cly IF A(G)IF +O(€ )7

we compute the asymptotic variance A, as follows:

v+1

A, =J'I,J;" = V

1
I+ ;IF_lA(e)IF‘l +O(é?).

The first-order approximation of MSE = Tr(A.,)/n is given by

+1 _ 1 _ _
MSE = ”ny Tr(I5 ') + — (I AL ") + O() (44)
v+l Sy, € pa(X) —1 2
=TI+ ({2 1 I e (O] @)
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where since Iy is symmetric and eh(x) = g dE:g — 1, we computed the second term as

Tr(I7 A() Iz ") = €Eq [R(X)Tr ({I5 ' g (X) Hgm (X)Iz '} T)] = €Eq szg; — 1} ||IF_19m(X)2} .

Next, we derive the optimal noise distribution as the minimizer of the second term on the right-hand side of (45) with a
constraint f pn(x)dx = 1. Hence, we optimize the following Lagrangian:

min { / f;;((maj; 1Lz gun ()| 2da + A / pn(a:)dsc} : (46)

Pn

where A denotes the Lagrange multiplier. By computing the variational derivative and setting it to zero, we have

opt

PP (y) < pa(W) T gm ()|,

which completes the proof.

J PROOF OF THEOREM {4
Our proof relies on the following Lemma whose proof is provided below:
Lemma 1. Let q(x) be a probability density and let u(x) > 0 be an integrable function. Consider the optimization problem

2 2
miglf/q(w) dx  such that /u(:c) de < C,
p:p.d.

p(x) plx)

where C is a positive constant. Then,

(a) If C < ([ u(x)dx) ? then the problem is infeasible.

2 u(x)? .
) If (fu(z)dz)” <C < [ o(ay A, then there exists Ao € (0,00] such that

(/ md””) (f itz xot@pa) = c.

and the optimal solution is

q(x)? + Mou(x)?

Popt (@) = [ Va(z)?+ )\ou(z)2dz.

With the convention Ao = oo, which corresponds to C' = ( [ u(x)dx)?, we obtain

_u(=x)
Popt(®) = Ju(z)dz

(c) IfC > f 1;((2)) dz, then popt(z) = q(x).

We first rewrite the Pearson x? divergence in (T9) as

(pa(®) —pa(@)? | _ [pal@)?
/ (@) dw_/ pa(@) F T

Then, our optimization problem is formulated as

. pd(ﬂﬂ)2 -1 2 /pd(:c)2
min I. gn(x)||“dx such that de <1+ C..
I)n:p.d.f./ Pn() I r 9 @)l Pu()
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To apply Lemma |1} we next substitute ¢(x) = pa(z)|| I ' gm(x)||/Zn and u(z) = pa(z). Since C. is a non-negative
constant, it holds ([ u(x)dz)? =1 < 1+ C. and thus, Case (a) in Lemmais excluded. On the other hand, the left-hand
side of the condition in Case (c) of Lemmal[]is given by

/ / HIF gm

The assumption excludes Case (c). Hence, the optimal noise distribution is Case (b) and given by

o a { @R T g @22 + Apa@? 0< A< oo
\/ZTHQm |'Y/2 = 0,

where X is chosen such that

14C. =

pa(z)? 1 —
x pa(®)?| Iz gm(x)|?/Z2 + Apa(x)?dx ) . (47)
/ \/ pa(@)?| Iz gm(2)(2/ 22 + Apa(x)? (/ \/ ' )

Proof of Lemma (a) For any probability density p, by Cauchy-Schwarz inequality,

(/ “(w)dm)2:< ;%md:E) < (/ Z(é))?d"”) </ p“’“’”"”) -/ Z(éfdw

Hence [u(z)?/p(x)dx > ([ u(x)dz)?, so the problem is infeasible when C' < ( [ u(z)dx)?.

(c) For any probability density p,

d@? [ o) - p@)?
/p<m>d‘”‘/ o) rri=h

with equality if and only if p = g a.e. If C > [wu(x)?/q(x)dx, then p = q is feasible and thus optimal.
(b) Define, for A > 0,

The dominated convergence theorem guarantees that i () for 0 < A < oo is continuous. Indeed, the inequalities
u(x)? < u(x)
q(x)? + u(z)® ~ VA
q(2)? + Mu(x)? < g(x) + Vau(x)

and the integrability of ¢ and u lead to the continuity of h()). Since h(0) = [u(z)?/q(z)dx and limy_, h(\) =
([ u(x)dz)?, there exists Ag € (0, 0o] such that h(A\g) = C under the assumption of (b).

Assume first that A\g < co. Let p be any feasible probability density. Then,
2 2 4y 2 2 24y 2
JEC S R TG W T S8 L.
p(z) p() p(x) p(z)
By Cauchy-Schwarz inequality,

2
/ a(@)? + dou(z)® | / (Va@)? + hou(z)?)’ (f Vale)? + Aou(dew)

p(z) v

p(x) - [ p(z)dx

. (/\/de)

Therefore,

/ ICIR ( / \/mdw)2 — XoC. (48)
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Let popt () < \/¢(x)? + Aou(x)? by which the equality holds in {8). Then, the Cauchy—Schwarz inequality is tight, and

/“ da = (/\/ )2 + Aou(w dm)(/

popt

\/+—A0’U/ ) = h()‘O) = Oa

SO Popt 18 feasible and attains the lower bound. Hence, it is optimal.

Finally, when \g = oo, we have ( [ u(z)dz)? = C, which means that the constraint is

/ Z((Z))Qd”’ ([ viara)” | %);dm (J wwraw)'(f Wdﬁlf < (f weyie)

for u( x)/ [u(z)dz. Thus, the only feasible solution is p = 4. O

K PROOF OF THEOREM

K.1 ROBUST CONSTRAINT

Our optimization problem is formulated as

: pa(®)® 2 pa(x) ,
min I; gn(x)||"dx suchthat Ve, m(@)|” <.
pn:p.d.f./ () [ I gm ()|l Po(@) |G () ||

The proof is completed by substituting ¢(x) = pa(x)|| Iz ' gm ()| /Ea|| Ix ' gm(X)||] and w(z) = pa(x)||gm(z)||7/C" in
the following Lemma:

Lemma 2. Let q(x) be a probability density and u(x) a non-negative function. Consider the optimization problem

min /q(x)2d33 such that Vax, p(x) > u(x).
p:p.d.f. p(ﬂ})

Suppose that [ w(x)da < 1. Then the optimal solution is given by

Popt () = max{u(x), cog(z)},

where cog > 0 is a non-negative constant chosen so that f Popt (x)dx = 1. Moreover we have ¢y € [0, 1].

Proof of Lemmal[2] Define the function

¢ e / max{u(z), cg(@)}da.

The function 7(c) is increasing and satisfies 7(0) = [u(z)dz < 1and n(1) = [ max{u(x),¢(x)}dz > [¢(x)dz = 1.
Moreover, by the dominated convergence theorem, 7)(c) is continuous on [0, 1]. Hence, by the intermediate value theorem,
there exists ¢y € [0, 1] such that n(c) = 1. If (0) = 1, then p(x) = u(x) (with ¢y = 0) is the unique feasible solution. In
the below, we assume ¢y > 0.

For a probability density p(x), define the functional

P = [ U ag - [ (L2 2 - .

(
For any probability density p(x) satisfying p(x) > u(x), we have

T
+ 5 Z + Poth( )
p(®) G popi(®) &

for all . Therefore, F'(p) > F(popt) for all feasible p, which completes the proof. O
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K.2 ROBUST-INTEGRAL CONSTRAINT

The proof is based on Lemma [I] and is similar as Theorem 4 We first formulate our optimization problem as

2
min /pd((a:)) | I gm(z)||*dz  such that /pd(m) lgm ()| Yde < C".
Pn(x

pn:pdf. Pa(x)

To apply Lemma we next substitute ¢(z) = pa()||I5 ' gm()||/Zn and u(z) = \/pa(z)||gm(x)|". By assumption,
Case (a) in Lemmal[]is excluded. After the substitution, the left-hand side of the condition in Case (c) of Lemma[I|can be

expressed as
u(x)” Zn [ lgu(@)|” , / 1
de = — =~ > gm ()| de,
[t = 5 | it g o

where kpax denotes the maximum eigenvalue of Ir. Since the right-hand side above diverges in general, Case (c) is also
excluded. Hence, the optimal noise distribution is Case (b) and given by

(37, A { \/pd 215" g (@) 12/ 22 + Mpa(@) | gm ()7 0 < A < o0

V Pa(T)||gm(x |PY/2 A = o0,

where ) is chosen such that

Pa(®) lgun(@)]" . 5
z Pa(@)? | I g () [2/ 22 + Apa (@) |gun ()| 2z )
/ VPa(@? I (@) [2/22 + Apa(@) |gun ()| </ / ' )
(49)

L EXPERIMENTAL DETAILS AND RESULTS WITH CROSS-VALIDATION

For pg(x), d(x) and p,(z), we employed the following probability distributions:

* Gaussian data (d = 10): The standard normal density N (0, I;) was used for pq(x), while N (3,0.121;) was for §(x)
where N (m, C) denotes the Gaussian density with the mean vector m and covariance matrix C, and I is the d by d
identity matrix. Then, we estimate the mean vector 0 in pq with the following unnormalized model:

1
log p2, (; o) = ~5 Z(xl —0,)* —c

As done in NCE [[Gutmann and Hyvirinen, 2010], we used the Gaussian density with the sample mean and sample
covariance for p,, (). Estimation errors were measured by ||@ — 0||/+/d where 6 denotes an estimate of (61, . .. ,0).

* Log-normal data (d = 10): The following log-normal density was used for pq(x) and §(x):

d
1 (log ; —u)2>
S - 50
gxi\/?W? exp( 202 0

where 7; > 0 (i = 1,...,d), and we used # = 1 and p = 3 for pg(z) and §(x) respectively, and o = 1 in both
distributions. An unnormalized model,

d

1
log p2, (z; o) = —Z {loga:i + §(logxi - 92»)2} —c,

i=1

was adopted to estimate the parameter 1+ = 1 in pq(x), and estimation errors were measured by ||§ —1||/+/d where
1=(1,...,1) . For py(y), the log-normal density was employed where the empirical estimates were substituted into

w and o in (B0).
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* Poisson data (d = 1): We sampled one-dimensional data = by using Poisson distribution:

ATeA

x!

3

where ) is a positive parameter. For data generation, A\ = 0.5 and A\ = 5 were used for pq and (), respectively. As
done in|Sasaki and Takenouchi| [2024], we employed Poisson distribution with the parameter value twice larger than
the empirical estimate of A for p,,. To estimate A, our unnormalized model is formulated as

log p2,(z; @) = xlog + log ! — c.
Estimation errors were measured by |§ —0.5].

All parameters of unnormalized models were optimized by BFGS.

The same experiments as Section [6] were performed with cross-validation in Section Figure /] indicates that our
cross-validation method fairly works well on a range of the anchor parameters.
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Figure 7: Estimation errors of NCE, PNCE, p-NCE and 7-NCE when (1, ny, €) = (1000, 1000, 0.05) and anchor parameters
(Bo, po and 7p) are changed. The hyper-parameters of PNCE, p-NCE and 7-NCE are selected based on five-fold cross
validation.
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