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Abstract

This paper presents three theoretical contributions
that improve the usability of risk certificates for
neural networks based on PAC-Bayes bounds.
First, two bounds on the KL divergence between
Bernoulli distributions enable the derivation of the
tightest explicit bounds on the true risk of clas-
sifiers across different ranges of empirical risk.
Then, a novel method to optimize bounds on non-
differentiable objectives is introduced, allowing
to optimize risk bounds directly on the 0-1 loss
instead of resourcing to a surrogate differentiable
loss, such as the bounded cross-entropy. These
theoretical contributions are illustrated with an em-
pirical evaluation on the MNIST and CIFAR-10
datasets. In fact, this paper presents the first non
data-dependent generalization bounds on the 0-1
loss for neural networks fitted on CIFAR-10.

1 INTRODUCTION

A critical open problem in machine learning is certifying
models’ performance, particularly evaluating and guarantee-
ing their generalization capabilities. This is vital in regulated
domains such as healthcare (e.g., diagnostic tools), finance
(e.g., credit risk models), and autonomous systems (e.g.,
self-driving vehicles). The true risk of a classifier, defined
as the probability of incorrectly classifying any test obser-
vation, would be an ideal certification. However, such risk
turns out to be impossible to compute as in general the true
underlying data distribution is unknown. The PAC-Bayesian
framework offers a robust alternative to derive such certifi-
cates by producing non-trivial upper bounds on the true risk
without requiring costly cross-validations or splitting data
into training and testing subsets [[Alquier;, [2024].

The PAC-Bayes framework operates by defining two distri-
butions over the hypothesis space: the prior, which must be

independent from the data used to produce the certificate,
and the posterior, which may depend on said data. The key
to estimating the generalization capability lies in combining
the empirical risk of the posterior with the quantification
of the divergence between these two distributions. While
this paper studies the generalization of the posterior, there
are also “de-randomization” techniques that study the gen-
eralization of a sample from the posterior [Catoni} 2007,
Blanchard and Fleuret, 2007, |Viallard et al., [2024].

In bayesian learning, it is common to optimize objectives
that can be decomposed into a performance term and a
“prior” term. To obtain better performance, the weight of
the prior term is frequently “attenuated”, by introducing a
coefficient Blundell et al.|[2015]] in the training target (see
Gued;j|[2019] for an in-depth analysis). This paper argues
that an extensive grid-search through different coefficient
values can be replaced by a properly designed objective
function.

PAC-Bayesian analyses have traditionally been effective
with simpler models such as kernel methods [Parradot
Hernandez et al.l |2012], where the prior and posterior distri-
butions can be characterized with relatively few parameters.
Extending these techniques to certify deep neural networks
(NNs) presents significant challenges due to the complex-
ity and size of modern architectures [Dziugaite and Roy),
2017]. The state of the art PAC-Bayes bounds on the true
risk of NNs are significantly weaker than those estimations
obtained through traditional train/test split methods.

An approach that is not discussed in this paper, even
though it produces models with strong performance and
tight bounds, is the use of data-dependent priors [Parrado4
Hernandez et al.| 2012} |Dziugaite et al.l 2021} |Lotfi et al.}
2022, 'Wu et al.l 2024]. The reason for this is that when
addressing more complex tasks such as classification on
CIFAR-10, this approach becomes equivalent to a train-test
split pipeline with the added complexity of the PAC-Bayes
framework. This can be seen in the work of [Pérez-Ortiz
et al.| [2021]], where such approach yields posteriors with
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a negligible divergence from their priors and no increased
performance.

Like most of the recent work in PAC-Bayes bounds in prac-
tice, this paper builds on Maurer’s bound [Maurer, [2004].
Maurer’s bound assumes a bounded loss function, and con-
sequently most results in this line of research are constrained
to bounded losses. Some exceptions are [Haddouche et al.,
2021}, [Zhang et al., 2024].

In this context this paper aims at augmenting the usabil-
ity of PAC-Bayes certificates for NNs with the following
contributions:

¢ New relaxations of Maurer’s bound [Maurer, [2004]]
that, to our knowledge, yield the tightest closed-form
PAC-Bayesian risk bounds.

¢ A theoretical analysis of the KL-attenuation trick |Bluny
dell et al.[[2015] that motivates a new method to opti-
mize risk bounds on non-differentiable loss functions.

* A new training objective for SGD to optimize Maurer’s
bound when optimizing the bound on a 01 loss.

2  OBTAINING PAC-BAYESIAN RISK

CERTIFICATES
Consider a set of n samples S = {(X;,Y;)},, where
each S; = (X,,Y;) is an i.i.d. sample from an unknown
distribution Z := X x Y, where X; € R? and Y; € {0, 1}.
The goal of our learning algorithm is to find a mapping
h : X — Y from a hypotheses space H such that h(X;)
is a good approximation to Y; for any (X;,Y;) € Z. Let
us denote by (g a data-independent prior distribution over
‘H, and by @ the posterior data-dependent distribution over
‘H from which the learning algorithm selects the final h.
The precision of each prediction made by h is measured
with a bounded loss function ! : H x Z — [0, 1], and the
performance of h with the risk L(h), defined as its expected

loss over Z:
L(h) :=E,.z[l(h, 2)]

The definition of risk can be extended to distributions over
hypotheses: L(Q) := Ejg[L(h)]. Analogously, the em-
pirical risk of  w.r.t. S is the average of the loss over
the elements of S: Lg(h) = 13" I(h,S;). Likewise,
Ls(Q) = Ep~q[Ls(h)].

The Kullback-Leibler divergence between two distribu-
tions is represented by KL(-||-). If these distributions are
Bernoulli with means p and g, respectively, we will use:

kl(p||g) = plog (];)Jr(l—p) log GZ) p.q € (0,1)

The classical “PAC-Bayes-kl” bound with confidence 1 — §
was introduced by |Langford and Seeger|[2001], and slightly
improved by |[Maurer| [2004]:

Theorem 2.1 (PAC-Bayes-kl). Let S = {(X;,V;)}, "~
Z. For any distribution Qg independent from S, any distri-
bution @) and a bounded loss function 0 < [ < 1, it holds
with probability 1 — § that:

_ KL(Q[|Qo) +log(*¥")
- n

KI(Ls(Q)]IL(Q)) (1)

For the remainder of the paper, K denotes the right-hand
side of ineq. (I):

K= KL(Q||Qo) + log(2£2)
n

Since kI(Ls(Q)||Ls(Q)) = 0, we assume 0 < Lg(Q) <
L(Q) < 1 when discussing any upper bound on L(Q) with-
out loss of generality.

Although L(Q) cannot be computed without access to Z,
Theorem gives an upper bound on L((Q). However, be-
cause the bound is not explicit on L(Q), it may be both-
ersome in practice. A common workaround to obtain an
explicit bound on L(Q) is to find a lower bound to the left
side of (I)) and solve for L(Q). Another workaround is to
consider the following inequality equivalent to (T)

L(Q) <K (Ls(Q),K) )

where kl™! is precisely the function that makes both in-
equalities equivalent, that is, kI *(p, k) = sup{q € [p, 1) :
ki(p|lq) < k}. In fact, due to the convexity and non-
negativity of the divergences, kl(p|l¢g) = 0 < p =g¢q
implies kl(p||q) is strictly increasing for ¢ > p. This means
kI™!(p, k) := g such that kl(p||q) < k and ¢ > p is equiv-
alent and well-defined. The inversion of the binary KL of
Seeger| [2002], kI~ (p, k) := A such that kl(p||p + A) <
kand A > 0, while not consistent with the inverse of a
function, simplifies the proofs in this paper. The second
workaround involves upper-bounding the right-hand side of
@) [[Alquier, 2024} [Hellstrom et al. 2025]]. Moreover, this
explicit bound can then be used to optimize Theorem
with respect to (). This is possible because, although an
analytical expression for kI~ *(p, k) is not known, it can be
approximated numerically.

2.1 RELAXING THE INEQUALITIES

This subsection reviews the most common relaxations of in-
equalities (T) and (). The review is non-exhaustive, and
does not cover parametric relaxations such as the PAC-
Bayes-\ bound [Thiemann et al., [2017]], which is closely
related to KL-modulation (see subsection[d)), or inequalities
that are looser in the < 1 regime such as the Bretagnole-
Huber inequality [Bretagnolle and Huber] {1979, (Canonne,
2022]|. A key point here is that any lower bound for the left-
hand side of ineq. (] that admits a closed-form solution for
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L(Q) can be turned into an upper bound for the right-hand
side of ineq. (2)), and any upper bound for the right-hand
side of (2) that admits a closed-form solution for K can
be turned into a lower bound for the right-hand side of (T)).
Since we need a closed-form solution for L(Q) but not for
K, the second approach is more general than the first and
should be the tool to derive even tighter bounds in the future.
Each bound presented in this section admits a closed form
for K, and both forms are provided.

2.1.1 Pinsker’s inequality

Consider Pinsker’s inequality, a classical lower bound on the
KL divergence that applied to two Bernoulli distributions
with means p and ¢ yields kI(p||q) > 2(¢ — p)?. Applying
this lower bound to (I) produces a version of the clas-
sic McAllester bound [McAllester, [1999] with improved
constants, highlighting the potential of Maurer’s bound [Dz{
tugaite and Roy, [2017]:

L(Q) < Ls(Q) + \/f 3)

This bound is equivalent to upper bounding the right-hand

side of @) by kI *(p, k) < p+ /k

2.1.2 Refined Pinsker’s inequality

Applying a refinement of the Pinsker inequality, kl(p||q) >
(¢ — p)?/(2q), to the left-hand side of (I) and solving for
L(Q) yields the PAC-Bayes-quadratic (PBQ) bound [Rivas,
plata et al., 2019]:

L) < (\/ﬁs(Q)JrIZ{Jr\/f) “)

This bound is tighter than (3) when and only when L(Q) <
1/4, which is often the case in practice. In fact, the objective
functions derived from (@) produce much better results than
those derived from @ [Pérez-Ortiz et al., 2021]].

Notice (@) is equivalent to upper bounding the right-hand
side of @) by kKI™*(p,k) < p + k + 20k + k2 =
(Vp+k/2+\/k/2)?

2.1.3 Tolstikhin and Seldin’s (TS) bound

Tolstikhin and Seldin| [2013]] produce a PAC-Bayesian
bound by applying kI ™' (p, k) < p + 2k + +/2pk to the
right-hand side of (2)):

L(Q) < Ls(Q) + 2K +1/2Ls(Q)K )

fs(0)=0.02
=== |nv. Classic Pinsker (3)
Tolstikhin-Seldin (5)
5 0.8 7 — Inv. Tighter R. Pinsker (7)
t == Refined TS bound (8)
c = |nv. Refined Pinsker (4)
o 0.61 K-
= -
c
=]
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_
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Figure 1: Different upper bounds on the true risk of the
posterior over the hypothesis, L(Q), as a function of the
right hand side of @) K, for a small (top) and a large (bot-
tom) empirical risk Ls(Q). The dark green curve represents
Maurer’s bound, of which the rest are relaxations of, so the
closer to the dark green curve the better the relaxation. The
bottom plot shows that for larger values of the empirical risk
the classic Pinsker bound is extremely tight.

This is equivalent to lower-bounding the left-hand side of
(@ by Ki(p|lg) > (2¢ — p — \/4qp — 3p?) /4.

It has been described as “better” [Alquier, |2024] and “more
refined” [Hellstrom et al.| [2025]] than (EI) the bound derived
from the classic Pinsker inequality. However, this tighter
behavior strongly depends on the values of Lg(Q) and K.

2.2 GRADIENT OF MAURER’S BOUND

Closed-form approximations to the inverse of the KL enable
the minimization of the bound on L(Q) through gradient
descent. This way, one can fit NNs with specific objective
functions that optimize any of the risk certificates expressed
by these bounds [Pérez-Ortiz et al.l 2021]]. However, it is
possible to directly calculate the gradient of Maurer’s bound
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on L(Q) with respect to 6, the parameters that define Q.

Let ¢ be the bound on L(Q) given in (T), for an empirical
loss p := Lg(Q) and a right-hand term K:

1_
Voq = ¢ <<10g . _’;’ - 1og§) Vop + VgK) 6)

where all the gradients are computed w.r.z. 6, and

(=8

£= 1-0 o

q q
This and similar results, although useful in practice, have
eluded mainstream adoption in PAC-Bayes, being rediscov-
ered independently multiple times in the literature. To our
knowledge, it was first introduced in Equation (5) of
[2009] in the context of linear classifiers. Then,
rediscovered it in the context of gaussian
processes. Although the method had direct application to the

PAC-Bayes-by-Backprop line of research Rivasplata et al.|

[2019], it was not introduced in it until Rodriguez-Galvez

et al [2024].

Hoping these results see widespread adoption, the method
used during the writing of this paper to independently derive
them is provided in Appendix B.

3 TIGHTER PAC-BAYES BOUNDS

The first contribution of the paper is a new, universally
tighter bound than the one in (@).

Theorem 3.1. Let f(p,q) := 2(5(;71 );). Then
ki(pllg) = f(p.q)  0<p<q<l
Proof. See Appendix A. O

The new 1—p term makes the improvement over (@) uniform
in {(p,q) : 0 < p < g < 1}. Now, applying the new
bound to (T) and solving for L(Q) yields the Tighter Refined
Pinsker (TRP) bound:

L@ < <\/ﬁs<@+ KO- Ls(@) | Wm ~Ls(@)

@)

This is equivalent to upper bounding the right-hand

side of @) by kI''(p,k) < p + (1 — pk +

V2l —p)k+ k2 (1-p)? = (Vp+k(l-p)/2 +
(1—p)k/2)%.

1.0 W Classic Pinsker (3)

| Tighter R. Pinsker (7)
B Refined TS bound (8)

0.8
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Ls(Q)

Figure 2: Map with the tightest bound (out of all the bounds
studied in the paper) for different values of K (right-hand
side of (I)) and Lg(Q).

Figure [T| shows that the TRP bound is universally tighter
than PBQ, and that this difference is most noticeable for
larger values of Lg(Q).

The second contribution of the paper is a new, universally
tighter bound than () and (3), and tighter than (7) for
smaller ranges of the empirical risk Lg(Q):

L(Q) < Ls(Q) + K +1/2Ls(Q)K (8)

This bound, which we call Refined Tolstikhin-Seldin (RTS)
bound, can be obtained by lower-bounding the left-hand

side of (T) by k(p||q) > ¢ — \/2qp — p*.

Theorem 3.2. Let f(p,q) := q — \/2qp — p>. Then,
ki(pllg) = f(p,q) O0<p<g<l
Proof. See Appendix A. O

Figure [I]shows that for a larger value of the empirical risk,
the classic bound (3) is significantly tighter than the other
bounds analyzed in the paper, and closely follows the inverse
of the KL.. When the empirical risk is smaller, RTS is the
tightest for small values of K and the classic bound (3)) is
the tightest for increasing values of K. With respect to the
bounds proposed in the paper, Figure[T|shows that they are
universally tighter than their counterparts: RTS is tighter
than TS bound and TRP is tighter than PBQ. This can also
be easily seen by comparing their bounds on kI ~1. Eq. (7) is
similar to (@) but with some terms multiplied by a constant
which is less than 1, and when compared to Eq. (8), Eq. (@)
has an extra K2 term inside the square root, and Eq. (5) has
a 2K term instead of just K.

Moreover, Figure [2| shows that just three of the bounds
analyzed in the paper suffice to cover the whole range of
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values of K and ﬁS(Q): The classic Pinsker relaxation of
(@) covers the largest area while the bounds introduced in
this paper are the tightest for small values of K and ﬁS(Q),
as well as for large values of Lg(Q).

4 ON THE OPTIMIZATION OF
NON-DIFFERENTIABLE FUNCTIONS

The reason why a better approximation f(Lg(Q), K) ~
kI~1(Ls(Q), K) produces a better risk certificate through
gradient descent is not that the error |f — kl™'| is lower,
but that the direction of the gradient of the bound on L(Q)
with respect to 6 deviates less from the one derived directly
from Maurer’s bound. This gradient can be regarded as a
weighted sum of the gradients of Lg(Q) and K (of course
the coefficients of said weighted sum would depend heav-
ily on the values of Lg(Q) and K). Then, the role of our
approximation f will be to estimate the ratio between both
coefficients of the weighted average. In those cases where
f consistently over or underestimates this ratio, corrections
should be applied.

This idea of correcting the relative weights of empirical
loss and KL is not new. It has been used many times to
derive risk certificates in the Bayes-by-backpropagation
literature [Blundell et al.l 2015] |Pérez-Ortiz et al., [2021].
However, the motivations given in these works to justify this
correction are fundamentally empirical. The strength of the
correction is commonly optimized through grid search, or
just fixed to a value that “seems to work well”. We argue that
an unbiased objective function does not need an arbitrary
“KL-attenuating coefficient” (inequalities in Sections [2]and
[3]are biased estimators of Maurer’s bound by nature, as they
are bounds), and if one seeks to optimize a function with
unknown gradient through a surrogate function with known
gradient, then all efforts should be devoted to the estimation
of the relationship between both gradients, rather than to the
optimization of the scaling of the KL term in the gradient of
the surrogate function.

Problem (B) expresses the gradient of a training objective
as a function of ¢, p, Vp and VK. The terms ¢, p and VK
are computable, but we require the empirical risk p to be
differentiable for Vp to exist. This is also a requisite in the
traditional machine learning setting. A common procedure
to optimize a non-differentiable loss, like the 0-1 loss %1,
is to assume that the minima of the non-differentiable loss
will align with those of a differentiable one, like the cross-
entropy loss ("¢, and optimize for the latter expecting to
optimize for the former. However, this is not the case with
PAC-Bayes bounds.

To work around this issue, consider the following setting:
let I be a non-differentiable loss function whose bound
on the true risk L!(Q) we seek to optimize, and [ be a
differentiable loss function. Let us denote by ﬁg and I:‘é

the empirical risks corresponding to [* and (¢, respectively.
To use [% as a surrogate loss, one must build a differentiable
function r(ﬁ‘é) ~ IA/tS Now, applying the chain rule to (6)
yields the following gradient V¢ for loss I*:

]_ _
Vaq: =~ & (<log 1 b _ log pt) ' (pa)Vpa + VK)
—a qt 9

where subscripts d and ¢ assigns the corresponding term to
the implicit function for loss I or I*, respectively, and

-1
_(1-pt p
o-(122-2)
a4

This bypasses the need to introduce a KL-modulating co-
efficient > 0 in the surrogate objective and optimize it
through grid-search. In general, each minimum in the true
objective is also a minimum in the surrogate objective for ex-
actly one value of 7. Consider you have found an arbitrarily
good estimator r in equation (9). For a fixed 6 € ©, the gra-
dient of the arbitrarily good resulting objective function can
be computed as cr, Vﬁ‘é + cx VK. Now, consider the gradi-
ent of a different objective function evaluated at the same 6,
bLVﬁdS +bx VK. Since by, bg, cr, and c are strictly posi-
tive, for any 6 € ©, there exists a KL-attenuating coefficient
n > 0 that verifies ¢, VL% + cx VK o by VLE +nbg VK,
which is 7 = ¢x by, /(cLbk ). Consequently, for any 6* that
is a local minimum of the arbitrarily good objective function,
there is a value of 7 that makes 8* a minimum of the KL-
modulated objective function. Therefore, applying the KL
modulating method with the optimal 7 to a surrogate func-
tion is sufficient to find any good local minimum, including
the best possible solution.

This method is commonly known as “KL-attenuating”, be-
cause in the literature the optimal value of 7 is generally
less than 1. However, the experiments in Section E] show
that the optimal value of 7 to minimize a risk certificate may
be greater than one, so we rename it “KL modulating”.

S EXPERIMENTS

This section gives some insights on the quality of the theoret-
ical contributions of the paper by showing their performance
in the certification of NNs trained on MNIST [Deng, 2012,
CC3.0 License] and CIFAR-10 [Krizhevsky and Hinton,
2009, MIT License].

In all experiments, the prior distribution on the classifiers,
Qo, is the product of the individual priors on each weight of
the network. Each individual prior is a Gaussian G(m, o?)
where o is explored in [0.02, 0.08] (every prior has the same

!Code to replicate all experiments in this paper is available at
github.com/Diegogpcm/pacbayesgradients.
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Figure 3: Risk certificates on cross-entropy loss (top) and 0-
1 loss (bottom) on different experiment runs on the MNIST
dataset. Color indicates training objective. The training ob-
jective functions work with L*¢ in both plots, which ex-
plains why the RTS bound outperforms the stronger by-
passed Maurer’s bound in the bottom plot.

o in a given experiment run) and m is randomly sampled
from G(0,1/n;,,), where n;, is the dimension of the input
to the corresponding layer.

The posterior () is a Gaussian with diagonal covariance
matrix (i. e., the parameters are independent). The mean
and covariance of () are initialized to be those of )y and
optimized through 100 epochs of stochastic gradient descent
on the corresponding objective function. Training is done by
drawing a fresh sample from @ on each batch, performing
inference and backpropagating as usual. We evaluate three
of these objective functions:

* fpbg» the PBQ bound of , that serves as baseline for
the proposals of this work.

* frts, the RTS bound of ().

* fmp, resulting from the application of the procedure
described in (6) to the Maurer’s bound of ().

These objectives optimize the risk bound on the bounded
cross-entropy loss (see [Pérez-Ortiz et al.| [2021]]) with class
probabilities restricted to being larger than le — 5. These
objectives are sometimes modified according to Section 4]
to optimize the 01-loss instead. In such cases, they are pre-
sented as f. We do not include the results for f¢,., because
they are similar to fy,,4, and fpp4 serves as state-of-the-art
baseline. The results for fi,, can be found in the supple-
mentary material.

All risk certificates in the results are obtained with a confi-
dence factor of § = 0.025. Moreover, the empirical risks in
the bounds are estimated using Monte Carlo with 150000
models sampled from @), following the same procedure as
Pérez-Ortiz et al.[[2021].

The provided confidence intervals are calculated with 10 dif-
ferent seeds for the random number generator. Reported val-
ues are formatted as =+ 20, where p represents the mean of
the results and o the standard deviation. Notice these confi-
dence intervals have nothing to do with the confidence in the
bound itself, which is already set to be 1 — § = 0.975. The
relative size of these intervals also gives insight on the sensi-
tivity of the final value of the bound to randomized elements
of the learning algorithm, such as the prior initialization and
the ordering of the samples during training. We also compute
expected losses for the Gibbs classifier © — h(z),h ~ Q,
the deterministic classifier ¢ — h(x),h = E[Q] and the
ensemble classifier z — 1319 h; (), h; ~ Q. All experi-
ment runs are done on NVIDIA RTX 4090 GPUs and each
run takes a few minutes.

5.1 MNIST

The first set of experiments consists of fitting 3-layer MLPs
with 600 neurons in each hidden layer on the MNIST dataset,
and is a reproduction of the experiments in |Pérez-Ortiz et al.
[2021]] and |Rodriguez-Galvez et al.| [2024] with the new
RTS objective added.

Table[I|shows that f,;s achieves the tightest certificate for
the 0-1 loss, and also serves as core model for the most
accurate classifiers.

Figure [3] shows that the proposed RTS bound and the by-
pass procedure of (6)) achieve risk certificates significantly
tighter than the PBQ bound. This is particularly marked
when the risk certificate involves the 0-1 loss but the ob-
jective functions work with the cross-entropy loss (bottom
plot). With respect to the performance of the contributions
of this paper, Figure [3|and Table [I] show that the a priori
stronger theoretical result corresponding to f,,,; achieves
marginally better results than f,.;s in the bound of L*¢ while
losing against it in every other metric. This is not a surprise;
Section [4|shows that if the gradient of the bound on L(Q)
is expressed as cr, Vfﬂge + cx VK, fppq Overestimates the
ratio cg /cr, in Maurer’s bound, while f,;s underestimates
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Table 1: Results for the three objective functions used to train the MLP with the MNIST data. The first five rows show
information about the tightness of the risk certificate of the posterior (), namely the bound for the cross-entropy loss (L*¢),
the bound for the 0-1 loss (L°"), plus the corresponding empirical risks (L' (Q) and L% (Q)) and penalty (KL /n) used for
their computation. Next rows show the accuracy, measured as the [*¢ or the [°! averaged over the test set, of 4 classification
strategies implemented with each model (Gibbs classifier, deterministic classifier, ensemble and average of the prior).

- Metric fpbq frts fmb
L*e 0.173+0.002 0.169+0.002 0.16710.003
Risk bound LOl 0.43Oi0.014 0-339i0.009 0.36110.011
KL/n 0.032:‘:0_001 0.065:‘:0.001 0.053:‘:0.001
Emp. R bound @%ﬁ(@) 0.095+0.002 0.059+0.001 0.069+0.001
L3 (Q)  0.32440.012 0.192. ¢ g07 0.22740.010
Gibbs ze loss 0.082:‘:0.001 0.048:|:0,0()1 0.057:‘:0‘001
01 loss 0-299i0.010 0.168i0,008 0.20210‘010
E(Q) ze loss 0'048:t0.006 0'027:|:0.008 0.032:‘:0.007
01loss  0.14510.010 0.097 +0.006 0.109+0.007
ze loss 0.0ozoio,ooog 0-0012i0.0002 0-0014i0.0002
Ensemble 01 loss O~15O:t0.013 0'097:|:0.006 0-110:|:0.008
E(Qo) 01 loss 0.899+0.043
it, effectively applying the “KL-attenuating trick”. The con- NIST B
sequence of this can be clearly seen in the bottom plot of CIFAR1O ¥
Figure [3] where experiment runs that use f,, as objective 0.8 o
attain a better bound than f,,,;, showing that the optimal ,,/
objective for minimizing the bound on [ is not optimal 0.61 P
for minizing the bound on [°!. This illustrates the goal of o e
Section ] which is designing the optimal objective. B 0. /,/
I,.,
i ,‘/
0.2 -~
" 4
5.1.1 Optimizing for accuracy - . . . .
0.05 0.10 0.15 0.20
[2(Q)

The objective functions used to obtain the results in Table []]
had a bounded version of the cross-entropy loss as optimiza-
tion target. As discussed in SectlonE], to optimize the bound
for the 0-1 loss we must estimate LY as a function of L“"e
Figure | makes a strong case to choose r to be linear, and
use the approximation mL“ ~ L in (9). A reasonable
value for m is estimated by d1v1d1ng a rolling average of
Lo by arolling average of L,.. We denote by fpuqg, fris
and f,,; the objective functions resulting by applying this
procedure to fpuq, fres and fr,p, respectively. As expected,
Table@]shows improved risk certificates for the 0-1 loss, and
worsened risk certificates for the bounded cross-entropy loss
when the objective functions pursue the optimization of the
0-1 loss. Just like in the previous experiment, frts obtains
better empirical performance due to a weaker penalty on KL
divergence.

Figure 5|shows that when applying the correction method
to optimize for accuracy, the objective corresponding to the
proposed stronger theoretical result, fmb, obtains slightly
tighter risk certificates than the other proposal, fris, and
significantly tighter than the baseline fpbq.

Figure 4: Observed values of LY! plotted against the value
of ﬁge for the same experiment run in both MNIST and
CIFAR-10. An approximately linear relationship is strongly
implied.

5.1.2 Applying the KL-modulating method

This set of experiments illustrates the capabilities of the
KL-modulating method introduced in Section [] to align
the gradient of any objective function with that of the 0-1
loss. Table [3] shows that the three objective functions end
up achieving very similar values for both risk certificates,
especially for the one built on the 0-1 loss.

5.2 CIFAR-10

This set of experiments reproduces those in Section [5.1.1]
on the CIFAR-10 dataset. Results in Table ] show that the
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Table 2: Results for the three modified objective functions used to train the MLP with the MNIST data. The objective
functions are modified to directly optimize L°! through the application of the procedure in (9). The objective function based

on Maurer’s bound obtains a better bound on

lOl

, which is the target objective in this experiment.

B Metric fpbq frts fmb
Risk bound LO1 0-345i0.021 0~329i0.005 0-325i0.006
AKL/?”L 0.083i0,001 0.164i0.003 0.13610.003
Emp. R bound 1}5(@) 0.05540.004 0.032_0.001 0.03710.001
Ly (Q) 017710018 0.099+0.003 0.116+0.003
Gibbs xe loss 0.044i0_004 0.024:|:0,001 0.028:‘:0.001
01 loss 0.154:‘:0.019 0.085:|:0,0()3 0.100:‘:0‘004
E(Q) xe loss 0.025:‘:0.009 0.012:|:0_007 0.014;‘;0.007
01 loss 0'092:t0.007 0.045:|:0_003 0.053:‘:0,003
ze loss 0-0011i0.0003 0.0006i0.0002 0.000?io_OOOQ
Ensemble 6 joss  0.09810017  0.047-0001  0.0560.004
E(Qo) 01 loss 0.899:‘:0,043
PBQ (@) on CIFAR-10 in |Pérez-Ortiz et al.|[2021]] produce vacuous
038 RTS (8) bounds without data-dependent priors. In our experiments,
Hg o Maurer's (2) we use shallower models consisting of 4 and 5 layers. Re-
il 037 sults for the unmodified objective functions are not provided
5 for the CIFAR-10 dataset as they are all vacuous.
% 0.36 The results show a large gap in performance between opti-
= . mizing directly against Maurer’s bound and optimizing with
E 0351 & eooo & surrogates. This gap grows even larger for deeper models,
x A Qo oo which might be explained by the error of the gradient ac-
& : 0%e® cumulating throughout a larger amount of backpropagation
0.341 o ébooc’ steps. Another interesting result is that, while on the MNIST
0.08 0.10 012 0.14 0.16 dataset the f,, objective yielded a posterior with higher
[9(0) KL divergence due to a lower KL-penalizing coefficient, on

Figure 5: Risk certificates computed for each MLP (one
MLP per objective function and explored length scale of the
prior Q) using the 0-1 loss. The training objective functions
work with L%,

Table 3: The same results as in Table after introducing an
extensive grid-search over a KL-modulating coefficient. As
predicted, similar risk certificates on L°! are attained with
every method.

- Metric fpbq frts fmb

Lre 0.186 0.191 0.190

Risk bound Lot 0.315 0315 0.315
KL/n 0.107 0.117 0.114

objective functions introduced in this paper combined with
our method for optimizing the risk bound on accuracy pro-
duce non-trivial bounds on performance on the CIFAR-10
dataset, which is to our knowledge a first in PAC-Bayes
and NNs. Deeper NNs (9+ layers) such as the ones used

CIFAR-10 the KL divergence is higher for the f,,; posterior.

The gap between the generalization error bound and the true
generalization error remains large. A very precise estimate
of the generalization error can be seen in Table 4] as the
difference between the bound on the empirical loss and the
Gibbs loss over the test set. The gap then hovers around a
full order of magnitude.

Additionally, in the experiments in this section as well as
Section[5.1.1] the variance of the bound on the risk is gen-
erally significantly smaller than the variance of the loss of
the prior. This highlights the stability of the learning algo-
rithm, which is a desirable property, but also indicates there
is room for improvement, as it shows that good minima
are distributed somewhat evenly throughout the parametric
space and the KL penalty restricts the search to a very small
region.

6 CONCLUSIONS

This paper has introduced two new explicit PAC-Bayes
bounds on the true risk of binary classifiers and has demon-
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Table 4: Results for the three modified objective functions used to train CNNs of varying sizes on CIFAR-10. The objective
functions are again modified to directly optimize L°* through the application of the procedure in (9). Larger models give
vacuous bounds and a KL of 0. The 01 loss of the prior, (%1 (Qy), is also provided.

Model layers  # params Metric frbq frts Sfmb
Bound on LOl O.841i0_101 0.74510.011 0.738i0.007
Bound on [:%1 0-820i0,146 0.648i04015 0.610i0,012
KL/TL O-OOGiO.OOQ 0.032104002 0-051i0.004
4 9946 Gibbs 01 loss O.802i0_158 0-625:|:0.017 0'586:|:0.016
]E(Q) 01 loss 0.751:|:0_207 0.549:‘:0.020 0.507:‘:(),019
Ensemble 01 loss 0.750:&0.231 0.548:‘:0‘025 0.507:‘:0‘022
L (E[Qo)) 0.906+0.031
Bound on LOl 0.823i0,023 0.773104007 0.758i0.005
Bound on [:%1 0.78310.040 0.65910.012 0.598.10.011
KL/n 0-012i0.006 0.045104005 0-077i0.007
4 315722 Gibbs 01 loss 0.762i0_035 0.63810.019 0-577i0.014
]E(Q) 01 loss 0-709:|:0.062 0.562:‘:0.018 0.495:‘:0.020
Ensemble 01 loss 0.679:|:(]_()57 0.555:‘:0.()19 0.486:‘:()()2()
LT (E[Qo]) 0.89510.018
Bound on LT >0.9 >0.9 0.756.1.0.006
Bound on L' >0.9 >0.9 0.624_.010
KL/n 0.000 0.000 0.056i0,005
5 12266 Gibbs 01 loss O.897i0,009 0.8951()‘011 0.602i0.015
]E(Q) 01 loss O.894i0_025 0.888i0.044 0'525:t0.016
Ensemble 01 loss 0.899:|:0_008 0.897:‘:0.011 0'524:t0.016
LN(E[Qo]) 0.900+0.008

strated that they are tighter than the state of the art. These
bounds have been used to design objective functions that en-
able the training of NNs with the optimization of the risk cer-
tificate as main goal. Additionally, the paper has introduced
a procedure to optimize the bound for non-differentiable
loss functions such as the 0-1 loss, which is tied to the KL-
attenuating method used in the literature. These theoretical
results have been successfully applied to the calculation of
risk certificates for neural networks trained on MNIST and
CIFAR-10. The latter is particularly clarifying with respect
to the efficacy of the results, as the contribution in section E]
is necessary to derive the nonvacuous risk bounds.

The contributions in this paper are orthogonal to other PAC-
Bayesian learning techniques such as data-dependent priors,
and thus can be employed simultaneously. Notably, they
may be applied in all settings where PAC-Bayesian train-
ing of neural networks has already found success, such as
transfer learning and domain adaptation.
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Theorem 1i Let f(p,q) :== 2(5(Ef)p).

Kl(pllg) > f(p,q) 0<p<g<l1

Proof. Let g,(A) = Kl(p|lp+ A) — f(p,p + A), for A € [0,1 — p). g,(0) = 0, since kl(p||p) = f(p,p) = 0. We first
show g, (A) > 0:
~1-p P A A2
TTp-A A AR 2(0-p)ptA)
A A A?

I—p-Mp+d) (-p0w+d)  20-p)ptA)
A A A2

S0P +d) (-De+d)  20-pray
= A 5 >0
2(1-p)(p+4A)

9p(A)

Since g is continuous in its domain, the Mean Value Theorem states that g,(A) = Ag,(§) + g,(0) = Ag,,(§) for some
¢ € [0, A]. However, g,,(§) > 0 for all £ € [0, A], so necessarily g, (A) > 0.

Finally, it is clear that g,(A) > 0 implies k1(p||q) > f(p,q) if ¢ = p + A, and that each point in the set {(p,¢q) : 0 < p <
q < 1} is contained in the domain of g.

O

Theorem 1i Let f(p,q) := q— \/2qp — p>.

K(pllg) > f(p,q) 0<p<g<l1

Proof. Let g,(A) = Kl(p|lp+ A) — f(p,p + A), for A € [0,1 — p). gp(0) = 0, since kl(p||p) = f(p,p) = 0. We first
show g;(A) > 0:

1-p p p A p p
"(A) = - —1=1 — -1
9(A) l—-p-A p+A+\/p2+2pA TTpA p+A+1/p2+2pA

p p p >0

p
> - + = - + >
P+A P+ 2pA p+ A2 (p+ A2 - A2

And the rest of the proof follows exactly the end of the proof of Theorem 3.1]
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B DERIVATION OF THE DIRECT OPTIMIZATION OF THE BOUND WITH IMPLICIT
DIFFERENTIATION

Surrogate training objectives are necessary to optimize a function without known gradient, but this is not the case with
Maurer’s bound:

(10)

2vn
L(Q) < k1! (iS(Q), KL(Q||Q) + log( . ))

n

Let ¢ be the bound on L(Q) given in (T), for an empirical loss p := Lg(Q) and a right-hand term K. Bound g is the solution
of the following equation:

Kipllg) =K  0<p<g<L,K>0

Let us define a function f : R — R that analyzes the space of solutions:

f(p,K,q) :==Kl(pllg) — K

Since f is continuously differentiable and invertible in its domain {(p, K,q) : 0 < p < ¢ < 1, K > 0}, the Implicit
Function Theorem states that there exists a continuously differentiable function g such that f(p, K, g(p, K)) = 0. The
gradient of this implicit function can be computed with:

vo=[ 2= (5r) [ #]

Using the gradient descent algorithm to minimize g in the parametric space of () means gradually updating () according to
the gradient of ¢ with respect to ). Let © be the parametric space of the problem we are trying to solve by gradient descent.
In other words, each particular posterior () is represented by a particular 6 in ©. Therefore the optimization of the bound
with respect to () demands the computation of the gradients with respect to 6 by means of the chain rule:

Vog(p(0), K(8)) = Vop(0) 22 + v,k (8) 25

Op 0K
of af\ [of\ ! p 1—p
= _ =z K==L\ (= = — log = —1 — VoK 11
(Vepap-f—Vg 5K) (5(]) & Vop qu Ogl—q Vo (11)
:§(<1og1_p—logp> V9p+V9K>
1—¢q q

where all the gradients are computed w.r.t # and

_(1-p_p\"
<= (1 —q q)
C REPRODUCIBILITY

Code, experiment outputs and instructions to reproduce the experiments are available at
github.com/Diegogpcm/pacbayesgradients.
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