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Abstract

Gaussian graphical models, estimated via precision
matrices, are popular for uncovering underlying
conditional dependencies among variables, yet the
case of multimodal data with blockwise missing
remains unaddressed. We propose a novel method,
Direct Sparse Graphical Learning for Multimodal
Data (DSGL), to handle this issue using only ob-
served data. The DSGL consists of two stages:
constructing a pilot estimator for the covariance
matrix without imputation as an admissible input
for GLASSO; and estimating the DSGL precision
matrix via GLASSO with repeated cross-validation
tuning. We further propose a thresholded variant
to address false-positive edges, a common issue
in high-dimensional data. We establish theoretical
properties for DSGL with respect to element-wise
deviation and its ability to recover the true graph-
ical structure. In simulations and an Alzheimer’s
Disease Neuroimaging Initiative (ADNI) appli-
cation, DSGL outperforms imputation-based and
other competing approaches, yielding more accu-
rate graph estimation and lower Frobenius-norm
error.

1 INTRODUCTION

An emerging paradigm in data analysis is the integration of
heterogeneous data modalities to address complex questions.
Multimodal data are widely used to improve predictive per-
formance and robustness to noise across applications, from
large language models to disease prediction (Zhao et al.,
2024; Hurst et al., 2024; Steyaert et al., 2023; Venugopalan
et al., 2021). A key challenge with multimodal data is the

increased likelihood of blockwise missingness, entire modal-
ities absent for groups of observations, which reduces the
stability of imputation-based approaches and raises compu-
tational cost (Yuan et al., 2012; Yu et al., 2020). To date,
blockwise missing multimodal data research has mainly fo-
cused on supervised or semi-supervised learning (Song et al.,
2024; Xiang et al., 2014; Yuan et al., 2012; Yu et al., 2020),
yet unsupervised problems such as graphical modeling have
not been explored.

Gaussian Graphical Models (GGMs) capture conditional
dependencies among variables via the non-zero off-diagonal
elements of the multivariate Gaussian precision matrix (Fan
et al., 2020). Graphical LASSO (GLASSO) and its vari-
ants are a popular approach for estimating a GGM preci-
sion matrix (Banerjee et al., 2008; Yuan and Lin, 2007;
Friedman et al., 2008). Other existing approaches include
neighborhood-wise regression (Meinshausen and Bühlmann,
2006; Zhou et al., 2011) and CLIME (Cai et al., 2011, 2016).
Furthermore, graphical model estimation has been devel-
oped by considering hub detection or joint estimation of
multiple GGMs (Tan and Witten, 2015; Sánchez Gómez
et al., 2025; Tsai et al., 2024).

Two graphical model issues subsequently arise regarding
our study: multimodality and missingness. For multimodal
graph estimation, Kolar et al. (2014) proposed a canonical
correlation-based estimation method, and Tugnait (2021)
introduced a sparse group LASSO. For missingness, most
existing research in GGMs is rooted in GLASSO and fo-
cuses on providing an alternate estimator to the sample
covariance matrix. The standard GLASSO is not directly
applicable to blockwise missing multimodal data. Therefore,
we need to develop a new estimator for Σ to incorporate
GLASSO. Many studies of precision matrix estimation have
focused on GLASSO with a single source missing data (Fan
et al., 2019; Park et al., 2021; Städler and Bühlmann, 2012).
Given the paucity of literature, we are unaware of an ex-
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isting study which has developed a GGM with blockwise
missing multimodal data.

Another challenge in graphical models is achieving sparsity
in the estimator. In the literature, there exists work showing
that GLASSO may have a high false positive rate (Liu, 2013;
Zhou et al., 2011; Sojoudi, 2016). Therefore, we consider
threshold methods, originally introduced as a way to im-
prove sparsity of the covariance matrix estimation (Bickel
and Levina, 2008). Thresholding methods in GGM target
the sample covariance or other terms that may have some es-
tablished equivalence with the precision matrix (Li and Gui,
2006; Mazumder and Hastie, 2012). In GLASSO, threshold
procedures have been applied to either intermediate steps or
the final estimator. Existing papers on thresholding showed
that there is a tradeoff between sensitivity, the proportion of
true non-zero edges identified, and specificity, the propor-
tion of zero edges identified (Li and Gui, 2006; Laszkiewicz
et al., 2021).

In this paper, we propose a novel precision matrix estimation
method, Direct Sparse Graphical Learning for Multimodal
Data (DSGL) and its threshold variant to address blockwise
missingness and reduce false positive edge detection. Our
contributions are as follows:

• We construct a pilot positive semi-definite (PSD) guar-
anteed covariance estimator using only observed data
without imputation, motivated by prior research. This
pilot estimator serves as critical input to GLASSO and
mitigates imputation-induced noise, especially in high-
dimensional data. While pilot-estimator ideas have
appeared in supervised regression settings (Yu et al.,
2020; Yuan et al., 2012), our contribution is an unsuper-
vised, PSD-enforced covariance construction tailored
to precision-matrix estimation with blockwise-missing
multimodal data.

• We incorporate a thresholding step to our DSGL preci-
sion matrix estimator to empirically control the false
positive rate of detecting edges by removing spurious
small-magnitude entries, improving the graph recovery
in the simulation studies.

• We use repeated two-fold cross-validation (CV) to tune
both the pilot estimator and the GLASSO penalty. This
version of CV uses a stable training and testing split
of blockwise missing data for tuning hyperparameters
to improve elementwise assessment metrics without
relying on the true covariance and precision matrices.

• We provide theoretical work that analyzes the graphical
model and covariance matrix under the blockwise miss-
ing multimodal scenario. We prove both the theoretical
elementwise and graphical convergence of our pilot
estimator and the DSGL graphical model estimator to
the population level parameters.

1.1 NOTATION

For sample data, let X P Rn�p � pX1, . . . , Xpq �
px1, . . . , xnqT denote n observations with p variables gen-
erated from a multivariate normal distribution with mean
0⃗ and covariance Σ. Let Σ and Ω � Σ�1 denote the true
covariance and precision matrices, respectively. The sample
mean, a p� 1 column vector, and the sample covariance, a
p�p matrix, without missing are defined as x̄ � �°

xT
i

� {n
and S � °n

i�1

�
xi � x̄

��
xi � x̄

�T {pn� 1q.

For vector b P Rp, we define the L1 norm, }b}1 �
p°

i�1

bi;

and the elementwise 8-norm of b is }b}8 � maxp|bi|q.
For matrix A P Rn�m, we denote the Frobenius norm
as }A}F �

c°
i,j

|aij |2 and the elementwise 8-norm is

defined as |A|8 � max
i,j

|aij |. Additionally, the L1 norm

is defined as }A}1 � max
1¤j¤n

p°
i�1

|aij |; the L8 norm is

}A}8 � max
1¤i¤n

p°
j�1

|aij |. Finally, we denote eigenvalues of

a matrix A as ν1 ¥ . . . ¥ νp with the minimum eigenvalue
being denoted as νmin � minpνiq.
Next, we define the modality of variables, the blocks of ob-
servations, and blockwise missing. Let M denote the total
number of modalities for X , where modality Im is an in-
dex subset of pm covariates such that Im � tm1, ...,mpm

u.
Without loss of generality, covariates belonging to the same
modality are consecutive, unordered variables. For obser-
vation i and modality m, we let Xim � txij : j P
Im and xij is observedu. We then denote Xi � YmXim.
With this notation, we make the following assumptions:

Assumption 1.1. For every observation, a modality is either
fully observed or entirely missing: |Xim| P t0, pmu. For
each pair of modalities Im, It, there exists i such that XimX
Xit � H.

With these assumptions, there are at most 2M observed
missing pattern, defined by which modalities are present or
completely missing per observation. Thus, we define J pkq
as the index set of modalities that are the only modalities
that are observed, and Bpkq as the subset of observations of
X that fit the index set of J pkq.

1.2 GRAPHICAL MODELS AND GLASSO

Covariance matrix entries, σi,j , denote the correlation be-
tween predictors, but not whether they are dependent or
independent ignoring all other variables, called conditional
independence. For variables Xi, Xj , they are condition-
ally independent if Xi KK Xj given all other predictors.
A growing approach to visually representing conditional
independence is graphical models. Formally, we can define
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a graphical model GpV,Eq as the set of vertices (or nodes)
V � t1, 2, ..., pu and the edge set E � t pi, jq : i  
j, Ωij � 0 u. In Gaussian graphical model, a set of vertices
V represents the variables X , and edges represent the con-
ditional dependence between two nodes. So, for variables
Xi and Xj , no edge exists between their nodes if and only
if Xi and Xj are conditionally independent given the other
variables (Hastie et al., 2009). The precision matrix Ω of
multivariate normal random variables is a direct representa-
tion of the conditional dependence between variables, ı.e.,
variables Xi, Xj such as:

pi, jq R E ðñ Xi KK Xj |X�pi,jq ðñ Ωij � 0.

The Graphical LASSO was proposed to estimate Ω, moti-
vated by converting the log-likelihood optimization problem
into a lasso-based approach (Meinshausen and Bühlmann,
2006; Banerjee et al., 2008). The goal of GLASSO is to max-
imize the following log likelihood function via estimator
Σ̂�1 s.t.

Σ̂�1 � argmax
Θ¡0

log detpΘq � trpSΘq � λ}Θ}1. (1)

As seen in supervised learning problems, providing a suf-
ficient substitute for S is an important step. Earlier work
in this field focused on using as much of the observed data
as possible (Städler and Bühlmann, 2012; Kolar and Xing,
2012). This strategy further developed by imposing addi-
tional weights and stipulations based on some rule of miss-
ingness (Loh and Tan, 2018; Park et al., 2021). Common
issues include ensuring that the replacement estimator for
S is both unbiased and positive (semi)definite, which is a
challenge in the presence of blockwise missing.

1.3 PRELIMINARY COVARIANCE
CONSTRUCTION WITH BLOCKWISE
MISSING MULTIMODAL DATA

Figure 1: Blockwise Missing Multimodal Data

Let X̃ be the multimodal data matrix with blockwise miss-
ingness under Assumption 1.1, which is illustrated in Figure
1. The standard covariance estimation is infeasible for X̃.
Hence, we use a preliminary covariance estimator, Σ̃, pro-
posed by Yu et al. (2020), as follows:

1. For predictors j and r, let Ij and Ir be their respective
modalities.

2. Define Bjr � YktBpkq : Ij , Ir P J pkqu, and njr �
|Bjr|.

3. Then Σ̃ is defined as:

Σ̃ � pσ̃jrqj,r�1,...,p, (2)

where

σ̃jr �
¸

iPBjr

xijxir{pnjrq. (3)

The key strength of Σ̃ is that its construction is based on all
existing data and imposes a weight on covariance elements
based on the number of existing elements for a pair of pre-
dictors without removing or imputing missing elements. For
example, in Figure 1, B11 uses data in all blocks because
Modality 1 does not have any missing, B12 � B21 uses data
in Blocks 1 and 2, B13 � B31 uses Blocks 1 and 3, and
B23 � B32 uses only Block 1 data. The initial estimator
Σ̃ is unbiased, but it is still not guaranteed to be positive
semidefinite. To resolve this issue, we represent Σ̃ as an
M �M symmetric block matrix, such that each element
Σ̃jt is a pj � pt for j, t � 1, � � � ,M . Using this scheme,
define the intramodality block diagonal matrix

Σ̃D � DIAGpΣ̃11, . . . , Σ̃MM q, (4)

and the intermodality block matrix

Σ̃C � Σ̃� Σ̃D. (5)

These two preliminary estimated matrices will be utilized to
ensure the positive semi-definiteness of a pilot covariance
estimator.

2 METHODOLOGY

2.1 PILOT COVARIANCE ESTIMATOR
CONSTRUCTION

As we discussed in Section 1.3, the preliminary covariance
estimate Σ̃ does not guarantee a positive semi-definiteness,
which is not an admissible input for the GLASSO opti-
mization. Therefore, we define the positive definite pilot
covariance estimator, Σ̂α:

Σ̂α :� Σ̃D � αΣ̃C � ν � Ip, (6)

*Data used in preparation of this article were obtained from the
Alzheimer’s Disease Neuroimaging Initiative (ADNI) database. As
such, the investigators within the ADNI contributed to the design
and implementation of ADNI and/or provided data but did not
participate in the analysis or writing of this report. A complete
listing of ADNI investigators can be found at: adni.loni.usc.
edu
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where ν �
�
|νminpΣ̃D � αΣ̃Cq|� δ

	
� Ipνmin   0q,

which is asymptotically ignorable for small δ ¡ 0. We
then normalize this quantity as in 2.1.

Definition 2.1 (Normalized Positive Definite Covariance
Estimator).

Σ̂ν,α :� 1

1� ν
Σ̃D � ν

1� ν
Ip � α

1� ν
Σ̃C . (7)

The normalization process is useful to simply the proof that
Σ̂ν,α Ñ Σ under sufficient conditions, as seen in Theorem
3.1.

Although our normalized pilot covariance estimator Σ̂ν,α

has the same basis as preceding research, there are no-
table differences. First, the tuning parameter α P p0, 1s
controls the weight between the intramodality and inter-
modality portions of the preliminary estimator. Theoret-
ically, we require α to satisfy the following condition:
α � O

�a
logppq{minj,r njr

�
. This type of pilot estimator

is a different version of preceding covariance estimators
using all data without imputation (Kolar and Xing, 2012; Yu
et al., 2020). Therefore, we capture the resulting imbalance
of observable data between different modalities.

Yu et al. (2020) uses a linear combination of Σ̃C and Σ̃D

where any resulting non-positive definite combination of the
two matrices is discarded in their algorithm. Also, there is an
additional weight allowing for Σ̃C to have more impact in
the resulting regression problem than Σ̃D. By reducing the
dimensionality of our estimator and adding the minimum
eigenvalue, we can test every possible combination of α and
the GLASSO tuning parameter, λ, in reasonable computing
time.

2.2 DSGL

Algorithm 1 outlines how to obtain the precision-matrix
estimate from the sample blockwise multimodal data with
missingness, X̃ , using the pilot covariance estimates in
Eqs. 6 and 7. This algorithm produces GLASSO precision-
matrix estimates for specified tuning parameters α and λ,
with the optimal values determined via a tuning procedure.

In previous research, tuning methods for λ focused on either
Bayesian Information Criterion (BIC) or Cross-Validation.
The BIC penalty adds degrees of freedom based on the
number of detected edges to enforce sparsity (Yuan and
Lin, 2007). Graphical model estimation in the MCAR that
used BIC yielded far higher sparsity in their estimations
(Städler and Bühlmann, 2012; Kolar and Xing, 2012). A
K-fold cross-validation (CV) approach typically trains the
graphical model estimation on K�1 folds and evaluates the
estimate against the remaining fold. In terms of the missing
data setting, cross-validation typically yielded better esti-
mates in terms of a specified loss function but did not have

as much sparsity as the BIC penalty (Städler and Bühlmann,
2012). Preliminary runs of DSGL highlighted a tendency to
yield the smallest λ candidate value possible. BIC penalty
inversely led to few correct edges detected. CV approaches
therefore become the more attractive option to use as much
data as possible, but the standard K-fold approach raises con-
cerns about stability in the blockwise missing multimodal
setting.

Algorithm 1 DSGL-Main

Input: Data matrix X̃ P Rn�pP1,...,PM q.
Construct Σ̃, Σ̃D and Σ̃C as in Eqs. 2 - 5.
given 0 ¤ α   1, 0   λ   1, δ ¡ 0
Construction of Eq. 7
Σ̂α Ð Σ̃D � αΣ̃C

ν Ð minimum eigenvalue of Σ̂α

if ν ¤ 0 then
ν Ð |ν|� δ
Σ̂ν,α Ð 1

1�ν Σ̃D � ν
1�ν Ip � α

1�ν Σ̃C

else if ν ¡ 0 then
Σ̂ν,α Ð Σ̂α

end if
Run GLASSO on Σ̂ν,α

Ω̂λ,α Ð GLASSOpΣ̂ν,α, λq
return: Ω̂λ,α

Therefore, to find the optimal tuning parameters α and λ, we
apply a K repeated, two-fold CV. The folds are constructed
by randomly splitting X so that each fold has an even num-
ber of observations for each observed missing modality
combination βr. We construct the preliminary estimators
for each split, and then fix one as the reference estimator
for Σ we call Σ̃1. For the other split, we apply Algorithm 1
for each candidate pα, λq pair. We then define the following
loss-function, an empirical version of the log-likelihood loss
function used during GLASSO:

l1pΩ̂, Σ̃q � � log detpΩ̂q � trpΣ̃Ω̂q. (8)

Although, Friedman et al. (2008) used 10-fold CV using a
log-likelihood function with the λ}Ω}1, that used complete
observations. The Städler and Bühlmann (2012) version of
the CV-score uses a version of the log-likelihood function
based on missing data without the L1 penalty. Therefore, Eq.
8 is based on the estimate Ω̂ of one fold evaluated against Σ̃1.
We repeat the process treating the other split as the reference
estimator, and apply Algorithm 1. Let the corresponding k-
fold CV value for pλ, αq be the sum of the two l1 values
s.t. CV kpλ, αq � l1pΩ̂1, Σ̃2q � l1pΩ̂2, Σ̃1q. Therefore, our
optimal parameter is chosen to satisfy the following:

pλ�, α�q � argmin
Ķ

k�1

CV kpλ, αq.
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In the event of a tie, we prioritize the largest α value which
promotes higher intermodal influence then the smallest λ to
ensure more edges are detected, as we expected to improve
sparsity with thresholding. See Algorithm 2 for additional
details. As seen in our simulation runs, the repeated CV
was able to avoid border solutions for our optimal λ while
satisfying the asymptotic properties of α.

Algorithm 2 DSGL - Tuning

Input: Data matrix X̃ P Rn�pP1,...,PM q.
given α � pα1, . . . αAq, and λ � pλ1, . . . λLq
CV P RA�L initialized as zero matrix.
for Iteration 1, . . . , k, . . . ,K do

CV k P RA�L as a zero matrix .
Set random sampling seed based on fold k
for Each Bjr P B do

Define B1
jr,B2

jr as a even, randomly sampled
splits of Br

end for
X̃

1 Ð pB1
1, . . . ,B1

Rq, X̃
2

defined similarly.
Σ̃1 � Σ̃pX̃1q, similarly for Σ̃2

for αa, λl do
Ω̂1 Ð DSGLpX1q, Ω̂2 Ð DSGLpX2q
Compute L1 � l1pΩ̂1, Σ̃2q, L2 � l1pΩ̂2, Σ̃1q.
pCV Kqa,l � L1 � L2

end for
end for
CV � °

CV K , let CVMIN � minCV
Choose pλ�, α�q corresponding to CVMIN

return: pλ�, α�q and Ω̂pλ�, α�q

2.3 THRESHOLDING

To mitigate excessive false-positive edges in GGM estimates
for high-dimensional data, we adopt a hard thresholding pro-
cedure based on the chosen pλ�, α�q from the training pro-
cess. We define the following, let C P p0, 1s, and τ � Cλ�,
and Ω̂ be the corresponding DSGL precision estimator asso-
ciated with those parameters. Then, our threshold version
of the DSGL estimator is proposed as:

rΩ̂τ si�j � Ω̂ijI
�
|Ω̂ij | ¥ τ

	
(9)

where the threshold is a hard threshold as in Bickel and
Levina (2008). Other thresholds such as soft threshold or
adaptive threshold are also possible (Cai and Yuan, 2012;
Donoho et al., 1995). The threshold variant of the DSGL
precision matrix is estimated using Algorithm 3. More re-
cently, Laszkiewicz et al. (2021) applied thresholding to
their relatively novel adaptive validation procedure for tun-
ing λ after providing a graphical model estimation. They
proceed to make a recommendation based on the optimal
tradeoff between the sensitivity and the positive predictive
value defined in our simulation report. Therefore, in our

simulation settings, we establish our own decision rule to
recommend an optimal threshold parameter.

One potential drawback is that this hard-thresholded version
may not be positive definite, despite the initial estimate
being guaranteed to be so from GLASSO. In that scenario,
we modify Ω̂τ based on the minimum eigenvalue to ensure
positive definiteness.

Algorithm 3 DSGL: Thresholding

Input: pλ�, α�q and Ω̂pλ�, α�q from Algorithm 2.
Define C⃗ � rC1, . . . , Cm�1, 1s as a range of values mod-
ifying λ�

for C1, . . . , Cm do
τ � Ciλ

�

Construct Ω̂τ as outlined in Eq. 9.
if νminpΩ̂τ q   0 then

Ω̂τ Ð Ω̂τ � |νmin|Ip
end if
Construct confusion matrix based on upper triangular

matrices of Ω̂τ with Ω as the reference.
Choose τ� based on the decision rule in Eq. 10

end for
return: τ� and Ω̂pλ�, α�, τ�q.

3 THEORETICAL FINDINGS

In this section, we establish three main theorems concerning
the precision-matrix estimator in the setting of blockwise
missing multimodal data: tail condition, elementwise conver-
gence, and graphical recovery. For notational convenience,
let Σ̂ :� Σ̂pλ�, α�q and Ω̂ :� Ω̂pλ�, α�q.

3.1 TAIL CONDITIONS OF Σ̂

Now, we show elementwise convergence of Σ̂ν,α to Σ and
that of the resulting DSGL estimate Ω̂. We adapt the tail
conditions from Ravikumar et al. (2011) to describe the
estimator Σ̂. These tail conditions were further outlined by
Kolar and Xing (2012) and Yu et al. (2020) in the context of
missing data.

We state the following assumptions necessary to prove our
estimator Σ̂µ,α satisfy our chosen tail condition.

Assumption 3.1 (Sub-Gaussian Distribution). Random vari-
able Xi is Sub-Gaussian if there exists a constant L s.t.

Erexp rtXjss ¤ exp
�
L2t2{2� .

Assumption 3.2 (Sample size Assumption). tn ¥
6 logppφq, where 0   t   1 denotes the smallest proportion
of observations observed for each pair of modalities, and
φ ¡ 2.
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Assumptions 3.1 and 3.2 are based on the assumptions made
in DISCOM. Assumption 3.2 is an extended version of the
condition of Theorem 1 of DISCOM to account for a more
generic tail condition function, where asymptotic behavior
depends on the entire sample size, n, instead of the smallest
block size.

We define Zi � Xi{
?
1� ν to be the transformation of

Xi. Immediately we have that Zi � Np0,ΣZq such that
ΣZ � 1

1�νΣ. Immediately, we have that Zi{pΣZqii follows
a sub-Gaussian distribution, a necessary condition for our
theoretical findings. We then define Σ̃Z � 1

1�ν Σ̃.

Theorem 3.1 (Tail Condition of DSGL). Let φ ¡ 2 and
tn ¡ 6 logppφq, and Zi{pΣZqii be sub-Gaussian for pa-
rameter L. Define Σ̂ν,α as in (7). If δ� � A

a
logppφq{ptnq

where A � 8p1� 4L2qa6p1� νq�1. Then:

P
�
|pΣ̂ν,α � ΣZqij | ¥ max

 p1� νq�1, δ�
(	 ¤ 4p�3φ.

Remark: Theorem 3.1 states that Zi satisfies the tail con-
dition for fpn, δq � 1

4 exppc�nδ2q, with c� � p1 �
νqr128p1 � 4L2q2s�1 and δ P r0, 8?

1�ν
p1 � 4L2qs with

δ� satisfying the inequality. The proof for this theorem is an
intermediate step in proving Theorem 2 of Yu et al. (2020),
outlined further in the supplement.

Corollary 3.1.1. Let φ� � 3φ{t � logpp4q. Then
fpn, δ�q � exp r�3 logppφq{ts {4 � pτ

�

such that

δ̄f pn, pφ
�q �

b
logp4pφ�q{pc�nq � δ�.

Corollary 3.1.1 establishes that δ� can be expressed as the
maximum δ as the inverse of a tail function. The proof is
established by straightforward algebraic manipulation. The
main purpose of this is to establish a lower bound on the
sample size of n.

3.2 ELEMENTWISE CONVERGENCE OF Ω̂

We establish the following notation from Ravikumar et al.
(2011). Let κΣ � }Σ}8 be the infinity norm of the true
covariance matrix. Then define Γ� � Ω�1 b Ω�1 where
an entry of Γ� is denoted as Γ�pj,kq,pl,mq. S � SpΩq �
tEpΩq Y p1, 1q Y ... Y pp, pqu, SC is the complement
of S. Then s is the order of the edge set with |S| �
|EpΩq| � s� p, and d is the maximum degree of Ω. Then
Γ�SS P Rps�pq�ps�pq is Γ� indexed by its edge sets, and its
corresponding norm is κΓ� � }pΓ�SSq�1}8. Additionally,
we denote κmax :� maxtκΣκΓ, κ

3
Σκ

2
Γu and γ̄ � p1�8{γq.

We state a new assumption regarding the effect of zeros on
the edge-set:

Assumption 3.3 (Irrepresentability Condition (Ravikumar
et al., 2011)). There exists γ P p0, 1s s.t.

max
ePSc

}ΓeSpΓSSq�1}1 ¤ 1� γ.

Theorem 3.2 (DSGL Elementwise Convergence). Let a ran-
dom distribution satisfy Assumption 3.3 for some parameter
γ and satisfy the tail condition T pf, v�q. Ω̂ is the unique
solution to DSGL with λ� � p8{γqδ� where φ ¡ 2 and
δ� � A1

a
logppφ�q{ptnq, where τ� � 3φ{t� logp 4, φ ¡

2, with A1 ¡ A, A is defined as it was in Theorem 3.1. Also
let d denote the maximum degree of Ω. Let the sample size
be lower bounded such that:

n ¡ 3t�1Cd2γ̄2 logppφq,
where C � p1� νq�1r48?2p1� 4L2qκmaxs2 and

48κ3
Σκ

2
Γp1� γ{8q2dλ� ¤ γ.

Then Ω̂ satisfies the following conditions with probability
greater than 1� 1{ppφ��2q Ñ 1.

1. Ω̂ is elementwise l8 bounded: }Ω̂ � Ω}8 ¤
t2γ̄κΓ�uδ̄f pn, pφ�q.

2. EpΩ̂q � EpΩq and furthermore contains all edges of
EpΩq where |Ωij | ¡ t2γ̄κΓ�uδ̄f pn, pφ�q.

Remark: In terms of λ�, we can express the bound on the
maximum deviation of Ω̂ as Cλ� � 1

4 γ̄κΓλ
�.

3.3 GRAPHICAL RECOVERY

To determine how well our estimator Ω̂ recovers the true
edge set EpΩq of Ω, we use the following terms:

ωmin :� min
pi,jqPEpΩq

|Ωij |,

and the event

MpΩ̂,Ωq :�
!
signtΩ̂iju � signtΩiju@ i, j P EpΩq

)
.

We construct the following theorem based on Theorem 2 of
Ravikumar et al. (2011):

Theorem 3.3 (DSGL Graphical Recovery). Let a random
distribution satisfy Assumption 3.3 for some parameter γ
and satisfy the tail condition T pf, v�q. Ω̂ is the unique solu-
tion to Graphical LASSO with λ� � p8{γqδ� where φ ¡ 2
and δ� the same as in Theorem 3.2. Let the sample size be
lower bounded such that:

n ¡ n̄f

�
1{maxt2κΓpγ̄ωminq�1, v�, 6γ̄dκmaxu, pφ

�
	
.

Then our estimated graph selection is consistent as pÑ8:

PpMpΩ̂,Ωqq ¥ 1� pφ
��2 Ñ 1.

In terms of graphical recovery and thresholding, both Bickel
and Levina (2008) and Laszkiewicz et al. (2021) provide
conditions regarding the threshold version of a precision
matrix estimation captures the edge set. The latter is more
general, as it does not specify a particular sparsity require-
ment that the population level covariance matrix satisfies.
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4 EXPERIMENTAL RESULTS

4.1 SIMULATIONS

We generate the true precision matrix based on the Erdös-
Renyi graph, with edges drawn elementwise as outlined
below:

P pBij � .5q �
"

.075 pi, pj PMk

.05 pi PMm, pj PMk,m � k

Add δIp s.t. Ω � B � δIp to ensure positive-definite Ω.
Choose δ � cminEVpBq where c ¡ 1 is chosen to satisfy
Assumption 3.1 (Städler and Bühlmann, 2012; Park et al.,
2021). We compute the inverse of the true precision matrix,
Σ � Ω̂�1. Next, we generate X � pXp1q, ..., Xppqq P
Rn�p with a multivariate normal distribution with mean 0⃗
and covariance Σ.

We then define blockwise missingness X̃ by introducing
a predetermined missing pattern. These missing data pat-
terns are determined by the percentage of observed data per
modality pm1,m2,m3q, the percentage of data per observa-
tional block pB1, B2, B3, B4q, and the minimum number of
shared observations between modalities minnMi,Mj . We
test a fixed sample size of n � 400 and predictor size
p300 � p100, 100, 100q. We therefore test the following
missing pattern, based on the pattern outlined in Figure 1:

• Missing Pattern 1: p100, 50, 50q; Block Distribution:
even; and minnMi,Mj � .25N .

• Missing Pattern 2: p100, 90, 90q. Block Distribution:
p85, 5, 5, 5q. minnMi,Mj � .85N

We compute the Σ̃ estimate of the training data with the miss-
ing data imposed,and then collect the largest non-diagonal
element in magnitude across all thirty repetitions, which we
label λmax. We then take a sequence of values up to λmax.
For α we test α̂ P r.05, 1s in increments of .05 using Al-
gorithm 2. The GLASSO step is done using the R package
glasso (Friedman et al., 2019).

Now, using 30 iterations of simulation, we compare DSGL,
obtained via the data generating steps above and Algorithms
1-3, to the Soft Imputation, complete-case only, i.e., com-
puting a precision matrix estimate from only the complete
observations, and more advanced imputation methods like
MICE (Hastie et al., 2015; Mazumder et al., 2010; van Bu-
uren and Groothuis-Oudshoorn, 2011). In all these scenarios,
unless otherwise stated, we fix α � 1 as missing values have
been imputed.

We evaluate DSGL with two types of metrics: (1) model fit
via selected tuning parameters and Frobenius-norm error
between the estimated and true precision matrices; and (2)
edge detection via a confusion matrix computed from the
upper-triangular entries of the estimated precision matrix as
follows:

As highlighted in Algorithm 3, for thresholding, we create
a confusion matrix based on the correctly identified non-
zeroes and zeroes of the upper triangular matrix compared
to the true Ω. Then, we record our graphical assessment
metrics as defined earlier. Without loss of generality, we
define OPT pτq � pTPR � PPV qpτq as the sum of the
TPR and PPV for an estimate Ω̂ thresholded at a specific
value of τ . In general, per the nature of thresholding, as
C Ñ 1, the sensitivity is monotonically decreasing, and the
specificity is monotonically increasing. It follows that we
want to improve the PPV of our estimate without sacrificing
the overall TPR, we define TPR ¥ τ̂0 as the tolerance
value for TPR. Referring to Algorithm 3, we define the
following decision rule for τ̂�:

τ� :� argmax
TPR¥τ̂0

OPT pτq. (10)

In the event TPR   τ̂0, we choose not to threshold.

Tables 1, 2 show the simulation results comparing DSGL
with competing methods for n � 400, p � 300 with 30
iterations, where the cell values indicate the mean and stan-
dard deviation of the assessment metrics. DSGL satisfied
the asymptotic conditions of α necessary for our theoretical
work, with α Ñ 1 with more data available. Furthermore,
particularly in the first missing pattern scenario, DSGL
yielded the highest TPR while maintaining high Specificity
in both the thresholded and non-thresholded versions. With
hard thresholding, there was the possibility of deleting cor-
rectly identified edges, particularly in the intermodal por-
tions of Ω̂. However, thresholding in both missing pattern
scenarios improved the F1 and PPV significantly while pre-
serving a high sensitivity. MICE in particular suffered poorly
in terms of edge recovery. It also had the longest runtime by
a magnitude of days compared to the other methods.

With Missing Pattern 2, DGSL’s results remain the same
with an improvement in standard deviation. The compar-
ison methods improve, as a significant amount of data is
observable. MICE and Soft Imputation in particular yielded
a higher PPV than the non-thresholded DSGL. Despite this,
DSGL maintained an advantage in terms of TPR and outper-
formed the competing methods in PPV once thresholding
was introduced, meaning that even if thresholding the other
methods, DSGL will still maintain a clear advantage.

Our next set of simulations focus on the Gaussian Non-
paranormal (NPN) distribution, which weakens the sub-
Gaussian assumption by introducing a nonparametric ex-
tension via a differentiable transformation (Liu et al., 2009,
2012). Notably, this distribution still preserves the equiv-
alence between zeros in the precision matrix and the con-
ditional independence between two covariates, allowing
for the use of precision matrix estimation methods to es-
timate the graphical model (Liu et al., 2009, 2012; Wang
et al., 2014). We extend this notion, by introducing hetero-
geneity, transforming each modality by a different func-
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Table 1: The mean(sd) of model fit and edge detection metrics for Random Graph, n � 400, p � 300, Missing Pattern (MP)
1. TPR = True Positive Rate; TNR = True Negative Rate; PPV = Positive Predicted Value.

Method λ̂�, α̂�{τ̂� }Ω̂� Ω}F TPR TNR F1 PPV
DSGL [0.13(0.01), .65(0.01)] 3.99(0.08) 85.94(1.89) 97.96(0.48) 50.60(3.57) 35.99(3.58)

DSGL, thresh τ � .1λ� 4.02(0.08) 72.31(2.73) 99.44(0.18) 67.43(2.45) 63.52(4.77)
MICE [0.68(0.15), 1] 5.08(0.08) 8.08(4.46) 99.90(0.07) 13.35(6.94) 58.59(14.67)

Comp Only [0.37 (0.01), 1] 5.37(0.04) 48.26(1.91) 99.63(0.03) 54.60(1.49) 62.93(1.68)
Soft Imput [0.23(0.01), 1] 4.66(0.08) 72.56(2.50) 99.26(0.07) 63.39(0.93) 56.36(1.81)

Table 2: The mean(sd) of model fit and edge detection metrics for Random Graph, n � 400, p � 300, MP 2.

Method λ̂�, α̂�{τ̂� }Ω̂� Ω}F TPR TNR F1 PPV
DSGL [ 0.15(0), 1(0)] 3.98(0.03) 87.57(1.16) 97.93(0.08) 50.71(0.94) 35.69(0.90)

DSGL, thresh τ � .1λ� 4.00 (0.04) 76.54(1.13) 99.53(0.03) 71.99(.96) 67.96(1.24)
MICE [ 0.28(.01), 1] 4.98(0.07) 62.03(2.62) 99.49(0.04) 61.34(1.53) 60.73(1.52)

Comp Only [0.18(0.01), 1] 4.29(0.11) 81.47(2.42) 98.78(0.16) 59.47(1.76) 46.94(2.87)
Soft Imput [ 0.20(0.01), 1] 4.43(0.06) 78.27(1.69) 99.02(0.09) 61.81(1.32) 51.12(1.91)

tion and introducing blockwise missingness. We use the
same Ω from the multivariate normal scenario. We generate
Z1,Z2 � Np0,Σq P Rn�p, then transform modality i by
fipZq, where f1pZq � Z; f2pZ1,Z2q � Z1 � Z2, and
f3pZq � signtZu � |Z|p1{3q. The final data is XNPN �
NPNp0,Σ, fq, the Gaussian copula estimation using a
shrunken ECDF transformation. This step involved the
huge.npn function from the huge package (Zhao et al.,
2012; Jiang et al., 2026).

Tables 3, 4 show the simulation results of DSGL with com-
peting methods for n � 400, p � 300 with the same itera-
tions as in the previous simulation. All methods uniformly
perform worse than the standard Gaussian multivariate simu-
lations in F1 and Positive Predictive Value. DSGL maintains
the highest true positive rate across all methods, while MICE
suffers the lowest edge recovery in Missing Pattern 1. Soft
Imputation had similar performance metrics to DSGL, but
outperformed in F1 and Positive Predictive Value, even after
thresholding DSGL. In Missing Pattern 2, all methods im-
proved as expected. Furthermore, we note that α̂ approaches
1 as more data is introduced. DSGL still had the highest
True Positive Rate, and outperformed all other methods in
the other categories in the thresholded version. We are inter-
ested in achieving stronger nonparametric convergence in
the future.

4.2 REAL DATA APPLICATION

Data used in the preparation of this article were ob-
tained from the Alzheimer’s Disease Neuroimaging Initia-
tive (ADNI) database (adni.loni.usc.edu). The ADNI was
launched in 2003 as a public-private partnership, led by
Principal Investigator Michael W. Weiner, MD. The pri-
mary goal of ADNI has been to test whether serial mag-

netic resonance imaging (MRI), positron emission tomogra-
phy (PET), other biological markers, and clinical and neu-
ropsychological assessment can be combined to measure
the progression of mild cognitive impairment (MCI) and
early Alzheimer’s disease (AD). There are 93 MRI, 93 PET,
and 5 Cerebrospinalfluid (CSF) input variables (Mueller
et al., 2005). Because of its blockwise missing multimodal
structure, this dataset is popular for real data application in
corresponding analysis (Yu et al., 2020; Xue and Qu, 2021).
We recreate the same repeated cross validation approach by
randomly creating training and test data splits, in which we
find the optimal λ̂� and α̂� parameters. The true graphical
structure of the ADNI data is unknown, so we take a sta-
bility approach motivated by Basu et al. (2018); Liu et al.
(2010). Let X1

test, . . . ,X
30
test denote the test data splits of

ADNI and EpΩ̂1q, . . . , EpΩ̂30q denote the respective edge
set approximates from DSGL. We therefore define the sta-
bility for a potential edge eij , ie. the graphical connection
between covariates i and j as:

stapeijq � 1

30

30̧

k�1

I
�
eij P EpΩ̂kq

	
.

Let ŝ0 be a predetermined stability value and EpΩ̂q as the
composite edge set across the thirty iterations. The proce-
dure is as follows, for candidate edge eij , if stapeijq ¥ ŝ0,
we report eij P EpΩ̂q. Otherwise, eij P EpΩ̂qC . As an ex-
ample, as seen in Figure 2a, for ŝ0 � 1, a eij P EpΩ̂q only
if eij P EpΩ̂kq for all k.

Figure 2 shows sample graphs of the edges consistently de-
tected by all data splits. We note that in Figure 2a, ŝ0 � 1
with no thresholding, few intermodal edges between the
MRI and PET modalities are identified, and CSF is isolated.
The visual showed fairly weak intermodal connections if
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Table 3: The mean(sd) of model fit and edge detection metrics for NonParanormal Data: n � 400, p � 300, MP 1

Method λ̂�, α̂�{τ̂� }Ω̂� Ω}F TPR TNR F1 PPV
DSGL [0.12(0.00),0.65(0.00)] 3.93(0.03) 77.53(1.81) 98.77(0.05) 39.75(1.06) 26.73(0.85)

Thresholded τ � .1λ� 3.93(0.03) 72.56(1.84) 99.10(0.03) 44.17(.98) 31.76(0.80)
Comp Only [0.36(0.01), 1] 4.14(0.05) 49.42(3.01) 99.49(0.05) 41.59(1.38) 36.01(1.86)
Soft Imput [0.24(0.02), 1] 3.76(0.07) 69.73(3.83) 99.32(0.03) 48.57(2.05) 37.28(1.50)

MICE [.50(0.00),1] 4.46(0.05) 28.57(3.54) 99.72(0.07) 32.14(1.75) 37.50(3.55)

Table 4: The mean(sd) of model fit and edge detection metrics for NonParanormal Data: n � 400, p � 300, MP 2

Method λ̂�, α̂�{τ̂� }Ω̂� Ω}F TPR TNR F1 PPV
DSGL [0.15(0.00), 1.00(0.00)] 3.38(0.04) 85.30(1.50) 98.91(0.05) 45.66(1.27) 31.18(1.10)

Thresholded τ � .15λ� 3.40(0.05) 78.17(2.10) 99.45(0.02) 57.30(1.60) 45.24(1.43)
Comp Only [0.20(0.00), 1] 3.61(0.04) 76.47(1.57) 99.26(0.04) 50.39(1.39) 37.58(1.33)
Soft Imput [0.19(0.01), 1] 3.57(0.08) 77.97(3.03) 99.24(0.05) 50.30(1.35) 37.16(1.29)

MICE [0.28(0.01), 1] 3.90(0.04) 61.95(3.17) 99.38(0.04) 46.06(1.67) 36.69(1.49)

only considering edges detected across all iterations. Next
we considered 80% of detected edges and thresholding,
choosing τ based on the best performing value from the
multivariate normal simulations. We observed stronger in-
tramodality in PET and more intermodality connections
between the CSF and MRI modalities. This behavior is still
visible in Figure 2b after thresholding.

(a) ŝ0 � 1 (b) ŝ0 ¥ .8, τ � .005

Figure 2: ADNI graphical model of MRI (blue), PET (or-
ange), and CSF (yellow) data, based on percentage each
edge was detected, and thresholding. pλ�, α�q � p.05, .9q.

5 DISCUSSION

In this study, we proposed DSGL as a precision matrix
estimator that used observed incomplete data without impu-
tation for blockwise missing multimodal data. We demon-
strated that DSGL outperforms competing methods includ-
ing established imputation methods, particularly in terms
of graphical structure recovery, especially with high levels
of missing blockwise data in both standard Gaussian mul-
tivariate normal data and nonparemetric extensions. Our
study additionally shows that DSGL theoretically converges
using established research on graphical model estimation

and missing data. DSGL also successfully produced sparse
ADNI graphical model estimations.

Although DSGL shows powerful theoretical and experimen-
tal results, there are additional scenarios that need to be
considered. First, there are multimodal Missing at Random
(MAR) and Missing at not Random (MNAR) simulations
proposed by Xue and Qu (2021). However, the MNAR sce-
narios in this work rely on a response variable, so we will
need a similar mechanism while maintaining an unsuper-
vised setting. Secondly, a uniform (sub)-Gaussian distribu-
tion can be restrictive for multimodal data. Also, the irrepre-
sentability condition is a necessary condition for theoretical
analysis of GLASSO based precision estimation methods.
Finally, the post-estimation procedures for edge detection
would benefit from hypothesis and inference based methods.

For future work, we will expand DSGL into handling MAR
and MNAR settings. Next, we will investigate alternative
graphical model estimation methods that are less reliant
on the sub-Gaussian and irrepresentability conditions like
CLIME and local linear approximation approaches (Bre-
heny and Huang, 2011). In terms of edge evaluation tools,
False Discovery Rate hypothesis testing and matrix based
hypothesis testing are potential post estimation procedures
(Cai et al., 2013; Liu, 2013). Additional considerations in-
clude various thresholding schemes controlling inter and
intramodal connections and extensions of DSGL to more
modern structural analyses seen in hub-based research (Tan
et al., 2014; Sánchez Gómez et al., 2025). Finally, in terms
of real data applications, we are interested in viewing the
ADNI data as a dual-modality problem, analyzing other data
sets, and adding literature interpretations of the resulting
graphical models.
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A THEORETICAL SECTION: PROOFS

In order to justify the convergence of DSGL’s precision estimator, we use the body of work established by Ravikumar et al.
(2011). The theoretical work from this paper established the existence of a unique solution to the log-likelihood optimization
problem, and established the conditions necessary for the elementwise and graphical convergence of an estimator Ω̂ to the
true precision matrix Ω. We also build on the extensions of Ravikumar et al. (2011) that focuses on the context of missing
data, which addressed the MCAR and multimodal settings (Kolar and Xing, 2012; Yu et al., 2020).

A.1 TAIL CONDITIONS

The first step is to ensure we have a reasonable bound on the elementwise difference of our pilot estimator Σ̂ν,α from Σ.
This is known as a tail condition defined below:

Definition A.1 (Tail Condition). Let X be a random vector. Then X satisfies tail condition T pf,Mq if, for some constant
M and positive, monotonic, real valued function fpn, δq, n P N, δ ¡ 0:

P p|Σ̂ij � Σij | ¥ δq ¤ 1{fpn, δq for all δ   1{M.

Additionally, the inverse tail functions are defined as the following:

Definition A.2 (Inverse Tail Functions). Let fpn, δq be a positive, monotonic, real valued function associated with tail
condition T pf,Mq, then the inverse tail functions are:

n̄pδ, rq � argmaxtn|fpn, δq ¤ ru

and

δ̄pn, rq � argmaxtδ|fpδ, nq ¤ ru.

By definition of the inverse tail functions and the property of monotonicity, we have the following property:

Lemma A.3. If n ¡ n̄pδ, rq for some δ, then δ ¥ δ̄pn, rq.
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Proof by contradiction: Suppose δ   δ̄pn, rq, then fpn, δq ¤ r ñ n ¤ n̄pδ, rq.
As we are not using the standard empirical sample covariance matrix, we must ensure that Σ̂ν,α satisfies a set tail condition,
as this is the preceding step to proving Theorems 3.2 and 3.3.

We first begin by stating the conditions for a standard empirical covariance estimator to satisfy a specified tail bound.

Lemma A.4 (Lemma 1 of Ravikumar et al. (2011)). Let pX1, . . . , Xpq be a zero-mean random vector with true covariance
Σ so that Xi{

?
Σii is sub-Gaussian with parameter L. Then for sample covariance estimator Σ̂, we have

P
�
|Σ̂ij � Σij | ¥ δ

	
¤ 4 exp

"
� nδ2

128p1� 4L2q2 maxipΣiiq2
*

for all δ in
�
0, 8p1� 4L2qmax

i
pΣii

	
.

Subsequent works analyzing missing data develop Lemma A.4 to ensure their proposed pilot estimator satisfies such a tail
bound (Kolar and Xing, 2012; Yu et al., 2020). In particular, both cited works show that an unbiased pilot estimator for Σ
can satisfy Lemma A.4 as long as the sub-Gaussian conditions in Assumption 3.1 and for Xi{

?
Σii hold. We approach the

proof of Theorem 3.1 with this strategy. To simplify our proofs, we add the following assumption:

Assumption A.1 (Scaling of Σ̃). Let Ni � |Si| where Si � tj : xji is observed u. Then assume Xij is scaled such that°
jPSi

x2
ji � Ni. Therefore Σ̃ii � 1 for all i.

Proof of Theorem 3.1:

We first ensure the tail bound on the transformed preliminary estimator, Σ̃Z . We satisfy the sub-Guassian assumption for
Σ̃Z{pΣZqii per Assumption 3.1. By Theorem 1 of Yu et al. (2020), we are able to conclude that Σ̃Z satisfies a specified tail
condition. However, we proceed to define Σ̂ν,α � 1

1�ν Σ̃D � ν
1�ν Ip � α

1�ν Σ̃C . Immediately have each coefficient is less
than 1 as ν ¡ 0 and 0   α ¤ 1.

Then Assumption 3.2 implies that δ� ¤ 8?
1� ν

p1� 4L2q, allowing the use of Lemma A.4 to state:

P
�
|pΣ̃Z � ΣZqij | ¥ δ

	
¤ 4 exp

"
� nδ2

128p1� 4L2q2 maxipΣiiq2
*
.

We then substitute δ with δ� and use diagpΣZq � 1{p1� νq to reach the elementwise bound of δ�. We reach the probability
bound of 4p�3φ for Σ̃Z by using Assumption 3.2 once more:

P
�
|pΣ̃Z � ΣZqij | ¥ δ�

	
¤ 4p�3φ. (11)

Let Σ̂ν,α be defined as in Algorithm 1. We then consider pΣ̂ν,αqij � pΣZqij for i � j, i � j with Mi �Mj , and i � j for
Mi �Mj .

It follows that, by Assumption 2.2:

�
Σ̂ν,α � ΣZ

	
ij
�

$&
%

ν
1�ν i � j
1

1�ν pσ̃ij � σijq i � j, same modality
1

1�ν pασ̃ij � σijq i � j, different modality.

For i � j within the same modality, we have |σ̃ij � σij | which matches Equation (11).

For i � j for differing modalities, we have 1
1�ν |ασ̃ij � ασij � p1 � αqσij | ¤ α

1�ν |σ̃ij � σij | � 1�α
1�ν ¤ αδ� � 1�α

1�ν . In
order to use the A.4, we must ensure this quantity is within the domain of the tail function.

We consider two possibilities. If δ� ¡ 1
1�ν , then αδ� � 1�α

1�ν   αδ� � δ�p1 � αq � δ�, which we know is within the
domain. If δ� ¤ 1

1�ν , then αδ� � 1�α
1�ν ¤ 1

1�ν ¤ 1?
1�ν

¤ 1?
1�ν

8p1� 4L2q.
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Therefore we conclude that the elementwise bound of Σ̂ν,α is restricted by the stated quantity with probability 1� 4p�3φ.

Remark: In addition to the remark made at the end of Theorem 3.1, we are able to state the satisfied tail condition T pf, v�q,
with v� � r8p1� 4L2qs�1

?
1� ν. With the sub-Gaussian condition, we define an explicit expression for the the inverse

tail functions.

δ̄pr;nq �
d

logp4rq
c�n

and n̄pr; δq � logp4rq
c�δ2

.

Corollary 3.1.1 therefore states that the inverse tail function δ̄ evaluated at pn, pφ�q is equal to δ�, which is an important
quantity for Theorem 3.2.

A.2 THEOREM 3.2

Theorem 3.2 regarding the elementwise convergence of the DSMG estimator is motivated by Theorem 1 of Ravikumar
et al. (2011). For our proof strategy, we follow the series of Lemmas developed by Ravikumar et al. (2011) to prove that
the solution to GLASSO Ω̂ converges to the true Ω. We define the necessary terminology. First, a core component of the
theoretical work of Ravikumar et al. (2011) is the primal-dual witness approach, where the primal estimator for Ω is defined
such that

Ω̃ :� argmin
Θ¡0,Θ�ΘT ,ΘSC�0

� log detpΘq � trpΣ̂ν,αΘq � λ}Θ}1,off.

Ω̃, the solution to GLASSO constrained to the true-edge set is a purely theoretical quantity. Under certain conditions, then Ω̃
serves as the witness to the non-restricted GLASSO problem. For simplicity, define Σ̂ � Σ̂ν,α, Ω̂ � Ω̂pν, αq.

W :� Σ̂� Σ

∆ :� Ω̃� Ω

Rp∆q :� Ω̃�1 � Ω�1 � Ω�1∆Ω�1.

We then state the following Lemmas:

Lemma A.5 (Lemma 8 of Ravikumar et al. (2011)). Let φ ¡ 2 and n be the sample size such that δ̄pn, pφq ¤ 1{v�. Then:

P r}W }8 ¥ 1{v�s ¤ 1

pφ�2
.

Lemma A.6 (Lemmas 3 and 4 of Ravikumar et al. (2011)). If maxt}W }8, }Rp∆q}8u ¤ γλ{8, then the restrained GLASSO
estimate Ω̃ satisfies the necessary conditions of the dual primal-witness approach such that Ω̃ � Ω̂.

Lemma A.7 (Lemma 5 of Ravikumar et al. (2011)). Let }∆}8 ¤ p3κΣdq�1. Then }Rp∆q}8 ¤ 3
2d}∆}28κ3

Σ.

Lemma A.8 (Lemma 6 of Ravikumar et al. (2011)). If r :� 2κΓp}W }8 � λq ¤ min

"
1

3κΣd
,

1

3κ3
ΣκΓd

*
.

Then }∆}8 ¤ r.

Our goal therefore, is to show that Ω̂ and its counterpart Ω̃ can be constructed and satisfy the necessary properties to
conclude the elementwise convergence of Ω̂ to Ω. We take particular precautions as we are using a pilot estimator built
from blockwise missing multimodal data rather than the sample covariance. We define λ� :�

�
8
γ

	
δ� which follows from

Corollary 3.1.1, allowing for us to begin our proof.

Proof of Theorem 3.2

Define Event A:
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A � }W }8 ¤ max

#
A1
c

logppφq
tn

,
ν

1� ν

+
. (12)

Then by Theorem 3.1 and Lemma A.5, we can use union probability to conclude that

P pAq ¥ 1� 4p�3φ�2.

Subsequent analysis will therefore be within Event A. We define λ� � p8{γqδ� � p8{γqA1
d

logppφ�q
tn

. Our main goal is

to prove Lemma A.6, so we must ensure both conditions are satisfied. Immediately, by Equation (12) and the definition of
λ�, we have }W }8 ¤ γλ�{8. It remains to show the other condition is satisfied using Lemmas A.8 and A.7.

Evaluating r, we have r � 2κΓp}W }8 � λ�q ¤ p1 � 8{γqδ�. By Corollary 3.1.1, we have that δ� � δ̄pn, pφ�q, which
allows us to use the Lemma A.3 and the formal conditions of Theorem 1 of Ravikumar et al. (2011) to conclude:

r ¤ 2κΓp1� 8{γq
6p1� 8{γqdmaxtκΣκΓ, κ3

Σκ
2
Γu

¤ min

"
1

3κΣd
,

1

3dκ3
ΣκΓ

*
. (13)

Therefore, we can now use Lemma A.8 to state:

}∆}8 ¤ 2κΓp}W }8 � λ�q ¤ 2κΓp1� 8{γqδ�. (14)

Equations (13, 14) immediately satisfies the conditions for Lemma A.7. Finally, we focus on Lemma A.6:

}Rp∆q}8 ¤ 3

2
d}∆}28κ3

Σ

¤ 6κ3
Σκ

2
Γdp1� 8{γq2rδ�s2

¤ r6κ3
Σκ

2
Γdp1� 8{γq2δ�sγλ

�

8
¤ αλ�{8.

The final line comes from the condition of Theorem 3.2

48κ3
Σκ

2
Γp1� γ{8q2dλ� ¤ γ

introduced by Loh and Tan (2018). With the conditions for Lemma A.6 satisfied, we can conclude that Ω̃ � Ω̂ and
that their respective edge-set complements align, i.e., the second conclusion to Theorem 3.2. Furthermore, we can state
∆ � Ω̃� Ω � Ω̂� Ω, which allows us to state the elementwise convergence of Ω̂ seen in Theorem 3.2.

A.3 THEOREM 3.3

Proof of Theorem 3.3

The proof of Theorem 3.3 uses similar tactics using Lemma A.3 to satisfy the following conditions for the following Lemma.

Lemma A.9 (Lemma 7 of Ravikumar et al. (2011)). Let the conditions for Lemma A.8 hold and that ωmin is lower bounded
s.t.

ωmin ¥ 4p}W }8 � λq.
Then the sign of Ω̃ matches the sign of Ω.

Using the results of Theorem 3.2, it follows, under Event A, that }Ω̃� Ω}8   ωmin{2, allowing the use of Lemma A.9 to
conclude the edge set of Ω matches the edge set of Ω̂.
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B ADDITIONAL SIMULATION RESULTS

We report the following supplementary simulation results: the p � 30 simulation results for both multivariate normal and
nonparanormal results. We also show the failure rate of DISCOM vs DSGL.

B.1 MULTIVARIATE NORMAL, P = 30

We generate the true precision matrix Ω30 with 10 predictors per modality using the same random graph generation rule as in
p � 300. The notable difference is that we demonstrate an alternative rule for the maximum candidate λ-value:

a
logppq{tn.

This is a useful limit when there is concern that DSGL chooses too high of a λ value leading to zero edges being detected.

Table 5: The mean(sd) of model fit and edge detection metrics for Multivariate Normal Random Graph, n � 400, p � 30,
MP 1.

Method λ̂�, α̂�{τ̂� }Ω̂�Ω}F TPR TNR F1 PPV
DSGL [0.17(0.01), .94(0.07)] 1.06(0.07) 99.58(1.59) 99.40(0.47) 92.81(4.84) 87.31 (8.29)

DSGL, thresh τ � .25λ� 1.06(0.07) 97.92(3.79) 99.98(0.07) 98.61(2.20) 99.40 (1.83)
MICE [0.22(0.03), 1] 1.19(0.13) 99.88(5.86) 99.88(0.21) 96.84(3.57) 97.17 (4.56)

Comp Only [0.25 (0.02), 1] 1.31(0.09) 95.62(4.69) 99.95(0.12) 97.11(2.72) 98.81(2.83)
Soft Imput [0.46(0.06), 1] 1.73(0.07) 27.50(23.88) 100.00(0.00) 38.28(27.22) 100.00(0.00)

Table 6: The mean(sd) of model fit and edge detection metrics for Multivariate Normal Random Graph, n � 400, p � 30,
MP2

Method λ̂�, α̂�{τ̂� }Ω̂�Ω}F TPR TNR F1 PPV
DSGL [ 0.12(.00), 1.00(.00)] 0.82(.06) 100.00(.00) 97.28(.80) 74.15(5.64) 59.23(7.14)

DSGL, thresh τ � .45λ� 0.82 (.07) 99.17(2.16) 99.99(0.04) 99.47(1.21) 99.80(1.07)
MICE [ 0.13(.02), 1] 0.84(.09) 100.00(.00) 97.02(1.99) 74.00(11.77) 60.03(14.38)

Comp Only [0.12(0.00), 1] 0.82(0.06) 100.00(.00) 97.28(0.80) 74.15(5.64) 59.23(7.14)
Soft Imput [ 0.27(0.01), 1] 1.38(0.08) 93.12(4.74) 99.98(0.07) 96.08(2.65) 99.37(1.91)

We note similar trends as seen in the main manuscript. In particular, DSGL consistenly outperforms competing methods
in terms of TPR and its standard deviation. A higher PPV is recovered upon introducing thresholding without sacrificing
TPR and an improved consistency. Ultimately, we demonstrate DSGL performs well or better than competing methods in
both low and high dimensional cases, where more instability is present. Figures 3 and 4 show a precision matrix estimate
from each method contrasted to the true Ω for p � 30, color coded by modality. All methods in the first missing pattern
capture the key structure, with the notable exception of soft imputation, as seen in Table 5 in terms of the high TPR standard
deviation. In general, DSGL recovers the true graphical structure quite well upon introducing thresholding.

B.2 FAILURE RATE OF DISCOM

In the original DISCOM method by Yu et al. (2020), the pilot covariance estimator trains coefficients for Σ̃D in addition to
Σ̃C s.t.

Σ̂DISCOM � α1Σ̃D � α2Σ̃C � p1� α1q trpΣ̃q
p

.

Note that αi P p0, 1s. However, in the simulation code, combinations of α1, α2 that yield a non-positive definite Σ̂ are
ignored. In contrast, our proposed method DSGL makes Σ̂ positive definite using the minimum eigenvalue. We therefore,
compare the failure rate of DISCOM compared to DSGL while also reporting the parameter selection of DISCOM. Tables
7, 8 show results for p � 30 and p � 300. The failure rate of DISCOM is significantly higher in the higher-dimensional
scenario. Furthermore, DSGL’s α parameter is larger than the corresponding α2 parameter of DISCOM while converging to
1. Interestingly, we see inverse effects on the choice of λ. In p � 30 the optimal λ decreased with more observable data
available, but in p � 300, the optimal λ increases in magnitude. We note that DISCOM can also achieve positive-definiteness
using the minimum eigenvalue as seen in DSGL.
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(a) True Ω (b) DSGL (c) DSGL,thresholded

(d) Soft Imputation (e) Complete Only (f) MICE

Figure 3: Graphical Model Comparison for Multivariate Normal Missing Pattern 1

(a) True Ω (b) DSGL (c) DSGL,thresholded

(d) Soft Imputation (e) Complete Only (f) MICE

Figure 4: Graphical Model Comparison for Multivariate Normal Missing Pattern 2
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Table 7: DSGL vs DISCOM, Multivariate Normal, n = 400, p = 30

MP Method λ̂ α̂ Failure Rate(%)
1 DSGL 0.17(0.01) α �0.94(0.07) 0
1 DISCOM 0.11(0.01) α1 �0.98(0.03), α2 �0.97(0.04) 16.48(4.75)
2 DSGL 0.12(0.00) α �1(0.00) 0
2 DISCOM 0.10(0.00) α1�1(0), α2�1.00(0.02) 0(0)

Table 8: DSGL vs DISCOM, Multivariate Normal, n = 400, p = 300

MP Method λ̂ α̂ Failure Rate(%)
1 DSGL 0.13(0.01) α �0.65(0.01) 0
1 DISCOM 0.10(0.00) α1 �0.61(0.06), α2 �0.39(0.02) 70.45(0.32)
2 DSGL 0.15(0.00) α �1(0.00) 0
2 DISCOM 0.12(0.00) α1�0.76(0.02), α2�0.75(0.00) 46.49(0.36)

B.3 NONPARANORMAL, P = 30

We construct the semiparametric Gaussian copula estimation of the nonparanormal distribution for p � 30 using the same
function transformations of the original multivariate Gaussian data. Table 9 shows the Nonparanormal results for Missing
Pattern 1. In Missing Pattern 1, DSGL achieved the lowest Frobenius norm of all methods and the highest True Positive Rate.
Soft Imputation only detected two percent of the total positive edges on average. DSGL’s closest competitors were MICE
and the Complete Only case, having higher Positive Predictive Value scores with lower stanard deviation than DSGL, but
had significantly lower True Positive Rates. The thresholded version of DSGL using the stated rule in Equation 10 improved
the Positive Predictive Value significantly in mean and standard deviation with a small loss in the True Positive Rate in the
same fields. However, DSGL maintained the highest F1 score and had the lowest standard deviation of all the compared
methods. In Table 10, we observe that MICE and Complete Only both improve and match base DSGL’s metrics, with
notably worse standard deviations in all fields. DSGL’s optimal α� approaches 1 with more observable data, and the three
aforementioned methods see worsening Positive Predictive Values. This drop from Missing Pattern 1 to Missing Pattern 2
occurred in the Multivariate Normal simulation example as well for p � 30. However, thresholding significantly improves
DSGL’s Positive Predictive Value in both mean and standard deviation while keeping its True Positive Rate above 90 percent.
Overall, DSGL remained robust under thresholding in this scenario, showing it performs well in the Nonparanormal Setting
in a low-dimension. Soft Imputation recovers, but not as well as the competing methods. Figures 5 and 6 display visual
representations of the graphical estimates.

C SIMULATION CODE

All corresponding code will be provided in a zip file and be available in the following Github, https://github.com/
jgraves50/UAI_DSGL. The files contain all defined functions organized by data generation, estimation, and algorithms.
The notable exception is the ADNI data, which cannot be shared. We provide a general sample code with similar dimension
size to run the method.
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Table 9: The mean(sd) of model fit and edge detection metrics for Nonparanormal Data, n � 400, p � 30, Missing Pattern
(MP) 1.

Method λ̂�, α̂�{τ̂� }Ω̂� Ω}F TPR TNR F1 PPV
DSGL [0.12(0.01), .70(0.07)] 1.30(0.07) 91.90(5.30) 98.55(0.94) 86.56(5.51) 82.48 (9.23)

DSGL, thresh τ � .1λ� 1.39(0.07) 87.14(7.42) 99.43(0.47) 89.15(4.50) 91.94(6.24)
MICE [0.23(0.06), 1] 1.61(0.18) 69.76(23.25) 99.93(0.14) 78.83(22.05) 98.97 (2.19)

Comp Only [0.23 (0.02), 1] 1.65(0.10) 68.81(12.05) 99.99(.04) 80.84(9.06) 99.86(0.76)
Soft Imput [0.47(0.05), 1] 1.98(0.01) 2.02(4.37) 100.00(0.00) 3.65(7.70) 100.00(0.00)

Table 10: The mean(sd) of model fit and edge detection metrics for Nonparanormal Data, n � 400, p � 30, MP 2.

Method λ̂�, α̂�{τ̂� }Ω̂� Ω}F TPR TNR F1 PPV
DSGL [0.10(0.00), .96(0.03)] 0.99(0.06) 98.57(2.01) 94.94(1.06) 72.66(4.36) 57.70(5.33)

DSGL, thresh τ � .5λ� 1.00(0.07) 92.86(4.78) 99.81(0.18) 94.90(2.73) 97.22(2.61)
MICE [0.10(0.02), 1] 0.98(0.12) 98.33(2.61) 94.12(4.06) 71.78(12.42) 58.22(15.85)

Comp Only [0.10(0.00), 1] 0.96(0.06) 98.93(1.91) 94.55(1.27) 71.44(5.35) 56.16(6.79)
Soft Imput [0.29(0.06), 1] 1.84(0.08) 41.07(18.11) 100.00(0.00) 55.62(21.30) 100.00(0.00)

(a) True Ω (b) DSGL (c) DSGL,thresholded

(d) Soft Imputation (e) Complete Only (f) MICE

Figure 5: Graphical Model Comparison for Nonparanormal Missing Pattern 1
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(a) True Ω (b) DSGL (c) DSGL,thresholded

(d) Soft Imputation (e) Complete Only (f) MICE

Figure 6: Graphical Model Comparison for Nonparanormal Missing Pattern 2
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