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Abstract

Many real-world reinforcement learning (RL)
problems evolve in continuous time, where de-
cisions occur at irregular, event-driven intervals
rather than at fixed discrete steps. We study
episodic continuous-time Markov Decision Pro-
cesses (MDPs) in which decision epochs are gov-
erned by a homogeneous Poisson process and the
reward and transition dynamics vary smoothly over
time. We consider both a fixed number of jumps
per episode and a fixed time budget with a random
number of Poisson decision epochs. Under a Lip-
schitz continuity assumption in time, we exploit
local smoothness through discretization and extend
both UCRL [8] and Q-learning [30] to this setting,
proving O(T%/3) regret bounds for both model-
based and model-free algorithms. Finally, we es-
tablish matching Q(7'%/3) minimax lower bounds,
showing that the rate is optimal up to logarithmic
factors. These results provide the first tight regret
guarantees for Lipschitz-smooth continuous-time
episodic MDPs with Poisson decision epochs.

1 INTRODUCTION

Markov decision processes (MDPs) provide a foundational
framework for sequential decision-making under uncer-
tainty. Classical analyses assume finite state and action
spaces, as well as discrete time jumps across episodes, en-
abling the design of reinforcement learning algorithms with
provable regret guarantees (e.g. UCRL [8, [7], Q-learning
[30]). However, many real-world applications inherently in-
volve continuous domains. For example, in robotics, control
actions lie in continuous ranges [20} 62]]; in recommenda-
tion systems, states may be represented in high-dimensional
continuous features [60} 53[]; and in queuing or resource al-
location problems [22, [73]], time is often treated as a contin-

uous variable. Extending reinforcement learning algorithms
to these continuous settings presents both conceptual and
technical challenges.

The principal difficulty lies in the exploration-exploitation
tradeoff in continuous domains. Uniform exploration is in-
feasible, yet exploiting structure is essential to achieve non-
trivial guarantees. One wide studied structural assumption
is a linear structure on the MDPs parameters [31]. This as-
sumes that there is a feature vector ¢(x,a) € R? for every
state action pair that is known and that reward and transi-
tion dynamics are given by an inner product of ¢(x, a) with
some unknown vector that only depends on the step. This,
however, can be restrictive in certain applications.

A more general condition often times studied in the context
of bandits is Lipschitz continuity [[12} 66, [23]]. The study of
Lipschitz continuity in online decision-making has a long
history in multi-armed bandits (MABs), where the actions
are indexed by a metric space and the reward function is
Lipschitz continuous with respect to this metric, with strong
regret guarantees on the order of O(T %) possessed by the
zooming algorithm and related approaches [52,36] which
(adaptively) refine discretizations of the action space. Ex-
tending these ideas to MDPs introduces additional layers
of complexity: state-dependent Lipschitz structure, nontriv-
ial horizon dynamics, and the need to propagate estima-
tion errors through Bellman recursions. Recent work has
begun to address these challenges through model-based
and model-free algorithms on Lipschitz state and action
spaces [51} 144} 5], but many open questions remain regard-
ing tight theoretical regret bounds, adaptive discretization
strategies, continuous-time formulations, and handling un-
known smoothness parameters.

Our work builds on several key research directions includ-
ing reinforcement learning with indirect feedback models,
advances in linear MDPs, randomization and active learn-
ing techniques for exploration, and Lipschitz continuous
reinforcement learning. A comprehensive overview of the
broader related work is in Appendix [A]
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Our Contributions In this paper, we formulate and ana-
lyze a continuous-time extension of episodic tabular MDPs
in which the episode horizon is indexed by a continuous time
variable, decision epochs are induced by a homogeneous
Poisson process with rate )\, and the reward and transition
dynamics are Lipschitz-smooth with respect to time.

The homogeneous Poisson process is a natural abstraction
for event-driven decision-making. In many queueing, ser-
vice, and resource-allocation systems, decisions are not
made at fixed deterministic times, but are instead triggered
by exogenous events such as arrivals, service completions,
or user requests. Over short time horizons, these events are
often well approximated as occurring independently at a con-
stant rate, leading to exponentially distributed inter-event
times and a memoryless decision structure[l]

The smoothness assumption complements this event-driven
model by enabling local generalization across time. When
rewards and transition dynamics vary smoothly with the
decision epoch, observations collected at one time remain
informative about nearby times. This allows the learner to
discretize the continuous-time horizon adaptively, rather
than treating each time point independently, while still pre-
serving statistical efficiency.

Our contributions are four-fold.

First, in Section [2| we formalize the continuous episode-
horizon MDP framework under Lipschitz continuity, in
which each episode consists of a fixed number of decision
epochs H > 0 generated by a homogeneous Poisson pro-
cess.

Second, in Section[3.1} we present a model-based algorithm
extending UCRL [8]] via time discretization and confidence
sets adapted to the fixed-jump continuous setting, and prove
an O(T?/3) regret bound. The analysis controls the random-
ness in when jumps occur, by deriving a high-probability
bound on the physical time of the H-th jump across all
episodes, which reduces the infinite horizon to a bounded
window suitable for discretization.

Third, in Section @ we develop a simpler, model-free
continuous-time extension of Q-learning [30] for the fixed-
jump setting, proving the same O(T%/3) regret rate and
showing that smoothness-based discretization can be com-
bined with optimistic Q-learning updates in continuous do-
mains. In Section [3.4] we introduce a complementary for-
mulation in which the episode instead ends once a fixed time
budget H > 0 is exhausted, so that the number of jumps is

'If the homogeneous rate A is unknown, it can be estimated
from observed inter-arrival times 71, ..., 7n via the maximum
likelihood estimator A = N/ vazl 7;. Standard concentration
bounds for sums of exponential RVs can then be used to construct
high-probability confidence intervals for A. Extending the anal-
ysis to non-homogeneous or state-dependent arrival rates is an
important direction for future work.

random, and highlight how this changes the value-function
representation once the time axis is discretized into bins: the
fixed-jump setting keeps a separate table of value estimates
for each combination of jump count and time bin, whereas
here a single table indexed by state and time bin suffices.
We adapt the Q-learning algorithm to this setting by replac-
ing the random number of jumps with a high-probability
effective horizon, and the analysis goes through as before,
again yielding an O(T%/3) rate.

Finally, we establish matching €(72/3) minimax lower
bounds for both formulations, using an information-
theoretic construction adapted from the discrete-time lit-
erature that reduces the problem to a Lipschitz contex-
tual bandit over time bins. For the fixed-jump formula-
tion (Appendix [D) the bound is Q(LV3A~1/3HT?/3),
and for the fixed-time formulation (Appendix [F) it is
Q(SLY3(AHT)*?), where the two differ through the ef-
fective number of decisions available in each episode (H vs.
AH), together with an additional .S factor in the fixed-time
bound. Together, these show the 7%/3 exponent is unavoid-
able in both settings.

2 PRELIMINARY AND PROBLEM
STATEMENT

We study a learner facing a T-episodic, tabular, continuous-
time MDPs, where S is the (finite) state space and A is the
(finite) action space of the leader. We let |S| = S and | A| =
A. We let the episode time layers range from h € [0, 00). In
this way, we can view each time layer, state, action triple as
(h,xz,a) € [0,00) x S x A.

Each episode, we suppose the learner starts at layer h = 0
and some fixed state xj. At some state x in layer h, the
learner takes an action a, receives reward r(z, a) € [0, 1],
and transitions to some next state governed by the distri-
bution Py (-|z,a). Each episode, the learner makes a fixed
number H jumps to different states in layers across [0, 00)
where the layer of the next state is sampled via a homo-
geneous Poisson process. Let h(n) be the time at the n-th
jump, so that h(n + 1) — h(n) ~ Exp(\) for some fixed,
known A.

To make learning a continuous space from sampling
tractable, we make the following Lipschitz assumption on
the rewards and transitions for corresponding state action
pairs across distinct layer values of h.

Assumption 1 There exists some constant L > 0 such that
forall (z,a) € S X A and for some h,h' € [0, 00), it holds
that

Irn(z,a) —rp(z,a)| < Lih— 1|, (1)
| Pn(-z,a) — Pu(-|2,a)|l; < LIh —h']. 2)
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Bellman Equations. Let 7 : [0,00) x S — A be a policy
of the learner that maps states and layers to actions. For
some policy 7, we recursively define the state value, or V-
value, function and the state-action, or ()-value, function
using the following Bellman equations for some (h, x, a)
andn € {0,1,...,H — 1}

Qz,h(x7a> (3)
= (@) + h' ~Exp(X) Vit hns (27)] @
x'~Pp(-|z,a)

=rp(z,a) —|—/ e M E Vit hne (2)]dR
0 ' ~Pulclea) D

)

()= E T (T, a), 6

n(T) stz n(r,a) (6)

where we initialize the last step V7 ;, (z) := 0 for any h, z.
Note that based on the Lipschitz condition, for each o’ € A,
Qn 41 (', a’) is bounded and continuous in A’ (induction
can show this for all n). Thus, the integral in the Bellman
equation is integrable and the definitions are valid. From the
definition, V{7, (z0) intuitively captures the expected sum of
rewards following 7 starting at the initial state x( at layer
h=0.

For each episode ¢ € [T, the learner decides on a policy 7+,
with the goal of minimizing the regret, R, defined as:

RT_Z

where we define 7, € argmax_ V(" (o) to be (one of) the
optimal policies.

-V, 0(550)

3 MAIN ALGORITHMS AND RESULTS

This section presents our two main algorithms and their
regret guarantees. The construction and analysis follow a
common three-step roadmap, which we outline here.

Step 1. Bounding the relevant time interval. Since each
jump length is Exp(A), a union bound shows all
HT jumps across all episodes lie in [0, M] with
high probability, for M = % In %. This reduces
the infinite horizon to a finite domain.

Step 2. Discretization of time. Partition [0, M] into K =
M/~ bins of width . We can thus pool samples
within same bins. By Lipschitz continuity, pooled
samples represent the true kernel at any point in the

bin up to an O(L~) approximation error.

Step 3. Balancing estimation error against Lipschitz
bias. Within each bin, statistical estimation error de-
cays as O(m~'/2) with the number of samples 1.
The Lipschitz approximation bias is O(L-~). Choos-
ing v ~ T~ 1/3 equalizes both terms and yields the

T2/3 rate.

For the fixed-time formulation (Section[3.4), the analysis ad-
ditionally requires a high-probability bound on the random
number of Poisson jumps within each episode, provided by
Lemmal[7l

3.1 CONTINUOUS-TIME UCRL ALGORITHM

Upper Confidence Reinforcement Learning (UCRL) 8 [7]
is a model-based algorithm for the finite-horizon, tabular
MDP that employs the "optimism principle” by construct-
ing high-confidence estimates of the MDP parameters. For
transitions, UCRL computes empirical distributions from
samples and uses them as centers of shrinking confidence
sets Cy 5, guaranteeing that the true transition kernel P* lies
in C} s for all ¢ with probability at least 1 — 4.

From this confidence set, for each episode ¢, UCRL chooses
the optimistic policy

Ty = argmax Prggfé V5 (z0) @)
where the (tabular) value functions are computed using an
optimistic transition model P; = argmaxpcc, ; V5 (o)
(and upper-confidence reward estimates if stochastic).
While computationally difficult, UCRL achieves an op-
timal O(v/T) regret in traditional finite-horizon MDPs,
and provides a foundation for our analysis of the more
implementation-friendly Q-learning algorithm.

We now analyze our continuous-time extension of UCRL.
The full algorithm is given in Algorithm [I] In the next
sections, we describe the key details that yield the O(T?/3)
guarantee in Theorem [T}

Step 1. As aforementioned, our first step is to show that with
high probability it suffices to restrict the analysis to a finite
interval [0, M], so that across all T" episodes the endpoint of
the H-th jump lies in [0, M].

Lemmal When M = H In (HT) then all T episodes
will terminate, i.e. have the H-th jump, within [0, M) with
probability at least 1 — 0.

Proof: It suffices to show that with high probability each
of the HT jumps across all episodes has length at most
+1n (L), Since B’ ~ Exp(X),

P 3 () - ar

A union bound over the HT jumps implies the probability
that any jump exceeds this length is at most ¢; taking the
complement gives the result. U

Step 2. With a high-probability finite horizon, we can apply
discretization. Partition [0, M] into K = £ ~ log %5~ AT §is-
joint bins of width v, and call the set of bins IC Demarcate
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each bin by its midpoint; let £ denote a midpoint and, abus-
ing language, we refer to the corresponding bin by k. For
any h € [0, M], let k(h) be the bin containing h. We then
form empirical estimates of rewards and transitions on this
discretized set.

Confidence set for transitions. At each episode, for each
bin-state-action triple (k, z,a) and next state z’, we com-
pute the maximum likelihood estimate

Nt(kaxa a,x’)
max{1, Ny(k,x,a)}’

ﬁt7;€(£’|x, a) = )]

where N;(k,x,a,z’) is the number of times up to episode ¢
that (x, a) in bin k is visited and transitions to 2 in the next
jump, and Ny (k, x, a) is the number of times up to episode ¢
that (x, a) in bin k is visited. We then define, for 6 € (0,1),

Crs = {Pu(|z,a) || Prpny (2, @) — Po(-la, @)y
< B5(Nt(k’mva))}

where B3(N;(k,, ) = S\ /5y log § + L.

Lemma 2 With probability at least 1 — 0, the true transi-
tions P} (-|z,a) € Cy 5 forallt € [T).

€))

Proof: Pick any bin and fix (x, a) within that bin. For
each next state ’, let y1,...,y, € {0,1} be indicators
of whether 2’ is visited on the next jump, with means

Py(z'),..., Py(2'). Then y; — P;(z') is 1-subgaussian with
mean 0. By [38]] (Corollary 5.5), for e = % log %,

n

p (iZ(yz - Py(a')) > e) < exp (—f) =9,

i=1

and hence with probability at least 1 — 4,

<@/glo 1
=\ gé’

% Z?:l i, We obtain

L3 - P

Writing P(x
‘ P(z'|z, a)

1 n

- Z(yi — Py(z"))

,/ log + = Z\P

Summing over z’ and using Lipschitz continuity within the
bin yields

|PC1e,a) — Ptz )| < Sq/%log% + I,

which implies P} (-|z,a) € Cy 5. O

/|1'7a) =
- i@l a)|

<

+

1 n
= E Pi(2") — Py(2'|x,a)
n

i=1

'z, a)l.

Confidence set for rewards. We estimate rewards anal-
ogously. Fix a bin and a state-action pair, and let
Xi,...,X, be the observed rewards with corresponding
means 7i,...,7,. Since X; — r; is 1-subgaussian, [38§]]
(Corollary 5.5) gives

n

% Z(Xl —ry)| <

i=1

2t
n s

For any reward r realized in this bin,

so with probability at least 1 — ¢ the true reward r lies in

[igx,-—A, igxi+A

10)

where A = 4/ % log % + L~. With these confidence sets, we

can construct an optimistic model on the discretized space
and compute the optimistic policy as in UCRL. We state the
regret guarantee below.

Theorem 1 (Continuous-Time UCRL Regret) With
probability at least 1 — O(6), using Algorithm 1| in the
continuous-time MDP setting yields regret,

HT 1
<2H,/—1 =
iy <211y %5 o5

4(Has + 55)\/SAHT A log<HT)

Ay 0

HT

H
+2(Hay —|—/35)log< 5

+2(H +1)THLy
where as = +/25%1og(1/9) and Bs = +/2log(1/9). In

particular, for large T, balancing the leading /T |~ term
against the T~y term (both dominate at large T') by choosing

_5 C3%(94)1/3
7= (H + 1)2/3L2/3/\1/3T1/3
Has + s =

)HSA

where Cs = O(HS + 1), yields

Ry < 6(0(?/3(SA)1/3H(H i 1)1/3L1/3/\_1/3T2/3)
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up to lower-order terms in T. In particular, since Cs =

O(HS + 1), forH,S > 1,
Ry < (5<SA1/3H2L1/3)\_1/3T2/3> .

Remark 1 When L is unknown, overestimating L by a fac-
tor ¢ > 1 (i.e. using L = cL) keeps the optimism of the
confidence sets valid and replaces L/ by (cL)l/ 3, wors-
ening constants by c¢'/3. Underestimating L may invalidate
confidence sets and is not recommended.

The proof of Theorem I]is in Appendix

Algorithm 1 Continuous-Time UCRL Algorithm

1: Input: Confidence d, episodes 7', jump horizon H, Pois-
son rate A, Lipschitz constant L

2: Set M «+ L In (&L)

3: Partition [0, M] into K = % In (£L) intervals of
length ~. Initialize uniform policy ;.

4: for each episode t = 1to T do

5: Execute T, receive trajectory
{A(n), z(n), a(n), ra() (z(n), a(n)) };=) and
sort rewards and transitions into respective bins k(n).

6: Compute confidence sets for transitions (C} s as in
Equation 0) and rewards (as in Equation [I0).
7: Compute optimal policy 747 via dynamic program-

ming using Bellman equations on discretized MDP

M1 = ArgMax, max Ve (20).
K,

8: end for

3.2 Q-LEARNING APPROACH

Now, we present our main result which is a model-free,
continuous-time extension of the highly-efficient Q-learning
algorithm with UCB bonus [30], where value functions
are directly updated with feedback from the environ-
ment. In the traditional tabular setting, Q-learning main-
tains Q-values, Qy,(z,a), for all (h,x,a), initialized at
their maximum H, and corresponding V-values V},(z) =
min{ H, max, Qn(z,a)}. At a given state and layer, the
algorithm selects a that maximizes the current ()-value esti-
mates, and with the reward feedback 7, (x, a) and next state
received 2/, makes the following update to the Q estimate:

Qn(x,a) « (1—as)Qn(z, @)+ [rn(x, a)+Vii1 (@) +bs],
11
where s is the count for how many times the learner has
visited the (x,a) at step h, bs is a UCB style bonus that
decreases with more observations, and «y, = Htl g a

’ H+k
learning rate.

Our novel extension for the continuous time case follows
many of the same algorithmic principles as UCRL (Al-
gorithm [I)), namely, setting a finite-horizon [0, M] that

holds with high probability and discretizing it into K bins
with length ~. From there, we maintain Q-estimates and
V-estimates for each state-action pair and for each step n
and bin k, Qp 1 (z, a) and V,, i (z).

Algorithm 2 Continuous-Time
UCB-Hoeffding

Require: ¢ € (0, 1) confidence, episodes T', jump horizon
H, Poisson rate A\, Lipschitz constant L
1: Set M = % In (H(ST), Qni(z,a) < H, Ny p(x,a)
0 V(k,z,a,n) e KxSxAx[H-1].
2: Partition [0, M] into K = <L 1In (&) intervals of
length ~. Initialize uniform policy 7.
for episodet =1,...,7T do
forn=0,1,.... H —1do
Observe current state « and layer A in bin k
Play a < arg maxy e @Qn k(x,a’) and receive
reward rp, (2, a)

Q-Learning  with

AN A

7: Observe next state x’, layer A’ in bin &’
8: s <4 Npi(z,a)+1
H31log(SAKT/)
9: bs < ¢ g( / ) + L~
s
H+1
10: Qg *
H+s ) )
11: Update Q-estimates according to Equation
12: end for
13: end for

From there, when we take an action in state-layer-bin
(x, h, k) and receive reward rp,(z, a) and next state z’ in
layer b’ in bin &/, we perform the following update on our
Q-estimates:

Qn,k(wa a) — (]- - O‘s)Qn,k(x»a)

(12)

+ as [ru(z, a) + Ve (2') + bs],
where s = N, i(x,a) is the count of times we visit
state (x,a) in bin k on step n, and where we add to our
exploratory bonus term to compensate for discretization:
bs := cy/H31/s + Lv (for some constant ¢ > 0), where
v =1og(SAKT/S).

The complete pseudocode of our continuous-time Q-
learning algorithm is given in Algorithm 2} In the following
theorem, we show that Algorithm[Z]achieves the same regret
dependence in 7" as the UCRL algorithm, O(T'3), with a
more computationally-efficient protocol.

Theorem 2 (Continuous-Time Q-Learning Regret)
There exists an absolute constant ¢ > 0 such that the
following holds. Set

3
b, e ¢ \/H log(SAKT/5) I
S
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For any ¢ € (0,1), with probability at least 1 — O(6), the
regret of Algorithm|2|in the fixed-jump setting satisfies

Ry <O (HQKSA + VHSKSAT + H(H + 1)LT7) :

where K = H log( ) Equivalently,

H3SA HSSAT

Ry <O +HH+1)LTy ).
Ay Ay
Choosing
HisA  \?
v =0 (7 ey
MNH + 1)2L2T

vields

Ry <O (H7/3(H n 1)1/3(SA)1/3L1/3)\_1/3T2/3)

up to lower-order terms in T'.
The full proof of Theorem [2]is deferred to Appendix [C|

Proof Sketch. Here, we rebuild the technical details and
highlight the key adjusted lemmas from [30] that build up to
our regret bound. Let (2!, al)) denote the state-action pair
visited on episode ¢ at step n. Let Q*, V', N* denote the
respective functions at the beginning of episode ¢. We can
thus write the Q-value update for a given episode as follows:

QL (z.a) =

(1 - a8>Q ( )
as[rn(@,a) + Vi gy @hngy) + s)s
if (, a) (xt,al),

Q;,k(‘r7 a’)7
otherwise.
(13)
We also introduce the quantities:
ad=J[0-a), al=a [[ 0—ay). (4

j=1 j=i+1

From here, we see Zle af =land o = 0 fort > 1,
and 22:1 ab = 0and o) = 1 for t = 0. Now, for any
episode ¢ and for any (k,z,a,n), set s = N! , (z,a) and
suppose (k, x, a) was previously visited at step n episodes
t1,...,ts < t. We can thus write the Q value at episode ¢ as
a weighted-average of the V-values of the subsequent states
as such:

an,k(JZ a) = aSH
s

+ Z O‘; [Tn,h(ti)(xv a) + Vill,h(ml,n)(x:ﬁl) + bi} :

i=1
(15)

With this, we can prove lemmas that bound the difference
between our Q-values for the bins and the Q-values under
the optimal policy 7.

Lemma 3 (recursion on Q) For any (k,z,a,n) € K x
S x A x [H] and episode t € [T), set s = N} ; (x,a) and
suppose (k,x, a) was previously visited at step n episodes
t1,...,ts < t. Then, for any h in bin k:

Qnk(@,a) = Qi (,0) = al(H = @}, ,(x, a))

+ ZO‘Z [Th(ti)(xv CL) - Th(xa a)
=1

t;
=+ V n+1,k(n+1,t;) ( n+1) - n+1 h(n+1,t; )( n+1)

E v (2
h’NExp(A),szh(wx,a)[ et L ()]

_ V* x/
h'~Exp<A)7w'~Ph(n,ti><-|x,a>[ e ()]

E \ % !
h’NExp()\),z’NPh(nyti)(~|x,a)[ n+1,h+h’ (l‘ )]

* ti .
1 h(nt1,6) (@ng1) £ bs

(16)

The lemma above is a recursive formula between the esti-
mated @ value for each bin k and the Q-value of the optimal
policy for an action in that bin. In the next lemma, we will
upper bound some of the terms in the recursion above to
obtain a more explicit upper bound of the Q’fL estimation of
every h in bin k.

Lemma 4 (bound on Q% — Q*) There exists an absolute
constant ¢ > 0 such that, for any p € (0,1), letting

= ¢c\/H3/s + Lv, we have B, = 2%, alb; <
dev/H31/s + 4cL~y and, with probability at least 1 — 6,
the following holds simultaneously for all (k,x,a,n,t) €
K x 8 x AxH x [T and for every h in bin k:

0<Qpx(z,0) = Q u(w,a)

< aOH + Za ( n+1 k(n+1) Vrf—‘rl,h) (3321}1) +Bs
=1
A7)

where s = Nfl)k(x, a) and ty, ..., ts <t are the episodes

where (x,a) in bin k was taken at step n.

The inequality in Lemmafd]illustrates the role of optimism in
the ()-value estimates when the dynamics evolve in continu-
ous time. The lower bound Q*(x, a) > Q*(x, a) guarantees
that, with a sufficiently large choice of b,, the iterates Q%
remain optimistic across all actions at a given state and time.
This property is crucial for sustained exploration, since it
prevents the algorithm from discarding actions too early
based on noisy estimates of their long-run rewards.

1828



On the right-hand side, the difference between Q(z, a)
and Q*(x,a) decomposes into three contributions. The
first term, agH , 1s an initialization error that fades as the
visit count s grows. The second term, >_;_; a’ (V' (2') —
V*(a:tf‘)), captures the propagation of value-estimation er-
rors forward in continuous time, as inaccuracies at later
points accumulate and feed back into earlier ()-estimates.
Finally, the 5, term provides a uniform buffer that accounts
jointly for stochasticity in continuous-time transitions and
for time discretization errors introduced when approximat-
ing integrals by sampled trajectories.

The definition of by makes explicit the two distinct sources
of uncertainty. The first component, ¢/ H?3:/s, reflects con-
centration error from the stochastic evolution of the pro-
cess over continuous time. The second component, L,
arises from discretizing the time interval [0, M] into K
bins of width v and quantifies the Lipschitz approximation
error caused by time "binning". The weighted sum S, is of
the same asymptotic order as by, but ensures the optimism
bound holds uniformly across all time steps. This additional
slack is the continuous-time analogue of the cost of opti-
mism: by deliberately inflating Q)-values, the algorithm guar-
antees more thorough exploration of the time—action space,
which accelerates learning but can also increase regret.

With this lemma in hand, one can adapt the analysis of [30]
for continuous-time to achieve Theorem 2l We define the

gaps
B = (V= VI (ah), ol = (V= Vi) (ah).

By Lemma [4] with probability at least 1 — O(9), the Q-
estimates remain optimistic, i.e. Qf, , > Q, ,, which fur-
ther implies V!, > V- Hence, the total regret can be
reduced to bounding the cumulative error terms

T
RT S Z 567
t=1

The key step is to relate these errors recursively through

On = (Vi = Vi) (@7,)

S
QP H + Y ajdyyy + Bs = Gy + 0y
i=1

so that estimation errors at step h can be expressed in terms
of errors at i + 1 plus a controllable deviation term.

Summing over all episodes and steps, one obtains the recur-
sive inequality

T H-1
> 2.5
t=1 n=0
H-1
< SAH + (1+%) SO+ > B L
t=1 n=0 t,n t,n

where 3 are slack terms from optimism and &/, are martin-
gale difference terms.

Iterating this recursion and applying concentration bounds
(Azuma-Hoeffding) together with a pigeonhole argument
for the slack terms, we finally obtain

T
> eh < O(HSA + VH3SAT + THLV) ,

t=1

and choosing v = ©(T~3) gives the result. The full techni-
cal details for the proof of the recursion and bounding steps
can also be found in Appendix [C]

3.3 LOWER BOUND FOR THE FIXED-JUMP
SETTING

We next record the corresponding minimax lower bound for
the fixed-jump formulation studied in Section[2} The con-
struction shows that the 7%/3 dependence obtained by the
discretization-based algorithms is unavoidable even when
the transition dynamics are trivial and the only difficulty is
learning a time-varying Lipschitz reward function.

Theorem 3 (Fixed-jump lower bound) Fix H > 2 and
A > 2. There exists a universal constant ¢ > 0 such that,
for the class of continuous-time episodic MDPs satisfying
Assumption |l|with a fixed number of H Poisson decision
epochs per episode, any learning algorithm satisfies

supEp[Ry] > ¢ LY3ATYB3HT?/3,
M

up to universal constants and logarithmic factors, in the
nondegenerate parameter regime where the right-hand side
is at most of order HT. In particular, the T?/? dependence
in Theorems|[I|and2)is minimax optimal up to logarithmic
factors.

The proof is given in Appendix[D] The main idea is to reduce
the problem to a one-dimensional Lipschitz bandit in physi-
cal time. In the fixed-jump model, the learner observes H
Poisson decision epochs per episode, so across T episodes
it receives order H'T' time-indexed samples. These samples
are spread over a physical-time window of length order
H / \. Partitioning this window into K bins yields approxi-
mately HT /K samples per bin, while Lipschitz continuity
limits the reward gap in each bin to order L(H/\)/K. Bal-
ancing the statistical indistinguishability constraint with the
Lipschitz constraint gives the lower bound

Q(L1/3>\71/3HT2/3) '
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3.4 FIXED NUMBER OF JUMPS VS. FIXED TIME
HORIZON

Previously, we considered the setting with a fixed number
of jumps H per episode, so the Bellman recursion proceeds
over the discrete jump index n € [H]. In contrast, one
may instead fix a time budget H > 0 and let decision
epochs occur according to a Poisson process, terminating
the episode once the cumulative holding time exceeds /. In
this case the number of jumps per episode is random.

The key structural difference is that in the fixed-jump setting
the value function is indexed by the jump counter n, and
when time is discretized into bins one maintains separate
copies across (n, k). In the fixed-time setting, however, by
the Markov property and the memorylessness of the expo-
nential holding times, the value at a given time i depends
only on the current state and time, and not on how many
jumps were taken to reach it. Consequently, after partition-
ing the interval [0, H] into bins, it suffices to maintain a
single tabular copy indexed by (x, k).

Bellman equations for fixed-time setting. For a policy
m, the Bellman equations for the fixed time horizon H are:

Qp(x;a)

H—h
= Th(l', a) + / )‘e_AT Er’NPh,(~|x,a) [VhﬂJr-r(xI)] dTa
0
(18)
‘/}Zr('r) = Ea"vﬂ’(-\h,w) [Q;‘;('ra a)}a (19)

with terminal condition V7 (z) := 0 for all z € S. Note
that although (I8) defines V;™ using values V7, _ at later
times, it is well defined because the recursion is organized
by the number of jumps remaining before time H, not by
time itself. Let ‘/}:r,(O) (z) = rp(z, m) be the value with no

jumps remaining, and let V,:r’(m) be obtained by substituting
V™(m=1) into the right-hand side of (T8). Since the number
of jumps before time H is Poisson(\H ) and hence finite
almost surely, the limit V;™ = lim,,_ o Vhﬂ’(m) exists, with
the terminal condition V; = 0 starting the iteration.

The regret for the fixed-time setting is defined identically to
the fixed-jump setting:

T

Rr =" (Vi (20) = Vi (20)).

t=1

High-probability bound on Poisson jumps. A critical
ingredient for the fixed-time analysis is that the (random)
number of jumps per episode is concentrated. Define J :=
2\H + 21In(T'/6). Then, by Lemma([7)in Appendix [E] with
probability at least 1 — §, simultaneously for all ¢ € [T'], the
number of jumps N ) (H) < .J. On this event, one may take
H := J as an effective horizon and apply the Q-learning
analysis with bins indexed by (z, k) and horizon H.

Algorithm. The fixed-time Q-learning algorithm oper-
ates identically to Algorithm[2] except: (i) value estimates
are indexed by (z, k) rather than (n, k, z); (ii) an episode
terminates when the cumulative Poisson time exceeds H
rather than after a fixed number of jumps; and (iii) the ef-
fective horizon H replaces H in the bonus formula b, =
c\/H3u/s + L~. The regret analysis then proceeds analo-
gously, with H replacing H in all bounds. The complete
details are in Appendix [E]

3.5 LOWER BOUND FOR THE FIXED
TIME-HORIZON SETTING

The 7%/3 upper bound obtained for the fixed time-horizon
model is information-theoretically optimal. Indeed, using
a standard reduction to a Lipschitz contextual bandit over
time, one can construct a family of continuous-time MDPs
in which the optimal action varies across K time bins while
rewards remain L-Lipschitz in time. Since Poisson deci-
sion epochs yield only ©(AHT/K) samples per bin over
T episodes, distinguishing between instances that differ in
a single bin requires 2(\/ K /(AHT)) signal strength. Bal-
ancing this statistical constraint with the Lipschitz approx-
imation constraint implies that any algorithm must incur
regret at least
QS LY3(\HT)?3)

(up to logarithmic factors). Thus, the discretization-based
algorithm achieves the optimal dependence on 7 in the fixed
time-horizon continuous setting.

Lower bound sketch. We overview the construction and
proof here and defer the details to Appendix [F] Partition
[0, H] into K equal bins of width v = H/K. For each
6 € {—1,+1}%, define a one-state MDP with two actions
whose rewards are

(1) = 3+A% 050 (h), () = 3-A3 6i9;(h),

where g; is a triangular bump of height 1 supported on bin j,
and A > 0is a gap. The function h — 7 (a) is L-Lipschitz
provided A < L+y/c,. By Poisson thinning, only AHT /K
samples land in each bin across all episodes. A Bretagnolle—
Huber argument shows that if the KL divergence between
two instances differing in bin j satisfies cA2 . \H T/K <
1/8, then any learner must take the wrong action in that
bin a constant fraction of the time, yielding per-bin regret
dA - AHT/K. Summing over K bins yields E[Ry] >
¢ ANHT. Optimizing K under the constraints A < Lv/c,
and A < ¢q\/K/(NHT) gives K = © ((L2AH*T)'/3)
and E[Rr] > ¢ L*/3(NHT)?/3. The S-state bound follows
by taking S independent copies.

We now compare this bound to the fixed-jump lower bound
of Section Q(LY3X\~Y/3HT?/3), recalling that there
H denotes the fixed number of jumps per episode, whereas
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here H denotes the fixed time budget. The two bounds dif-
fer through the effective number of decisions accumulated
over T' episodes, together with an additional .S factor in
the fixed-time bound: exactly H decisions per episode in
the fixed-jump setting, versus an expected AH decisions
per episode here, since a time budget of length I yields
only AH decisions on average. Replacing H by AH in the
fixed-jump rate recovers the same (AHT')?/3 dependence
obtained above.

4 CONCLUSION

This paper extends classical UCRL and Q-learning algo-
rithms to a continuous-time tabular MDP setting driven
by Poisson jump processes, achieving regret bounds of
order O(T'3). By introducing discretization over a high-
probability bounded time horizon and leveraging Lipschitz
continuity assumptions on rewards and transitions, this work
establishes that both model-based and model-free methods
can be adapted to continuous-time domains without sacrific-
ing theoretical guarantees. A matching Q(7%/3) minimax
lower bound confirms that the rate is optimal.

Looking forward, several open directions remain. First, a
natural extension is to relax the assumption of a known
Lipschitz constant L. If the learner uses an upper bound
L > L, then the optimism arguments remain valid and the
regret guarantee holds with L replacing L in the constants;
overestimating L by a factor ¢ worsens the leading constant
by ¢'/3. In contrast, underestimating L can make the con-
fidence sets too narrow, so the true model may no longer
lie in the optimistic confidence set. Adaptive discretization
schemes analogous to those in Lipschitz bandits [52}[12] of-
fer a route to handling unknown L without prior knowledge,
and a full adaptive-L regret analysis in the Poisson-time
setting is left for future work.

Second, our algorithms assume a known, homogeneous
Poisson rate A. If A is unknown but homogeneous, it can be
estimated from inter-arrival times as A = N/ 3", 7; using
standard concentration bounds, and conservative truncation
and jump-count bounds can be derived from the resulting
confidence intervals. Inhomogeneous or state-dependent
intensities are a more challenging direction that we leave
for future work.

Finally, robust continuous-time RL algorithms under adver-
sarial rewards and corruptions, integration with preference-
based or delayed feedback models, and extension to contin-
uous state-action spaces under structured function approxi-
mation offer fertile ground for future research.
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A  RELATED WORK

In this section, we review the most relevant lines of research that inform our work. We organize the discussion into several
themes: reinforcement learning with indirect feedback models, advances in linear MDPs, connections to randomization and
active learning techniques for exploration, and an overview of Lipschitz and continuous reinforcement learning.

Reinforcement Learning with Indirect Feedback Recent work has explored reinforcement learning under indirect forms
of supervision, where agents cannot rely on standard per-step reward signals. One example is aggregate bandit feedback
(ABF), in which only trajectory-level information is available. [21] introduced RL-ABF in tabular MDPs with regret
guarantees, while [16]] studied binary feedback under stronger assumptions. Extensions include adversarial settings tackled
via global mirror descent [18] and offline learning with aggregate feedback [[70]. These highlight the central challenge of
credit assignment under aggregated signals. Related work on delayed feedback considers rewards that arrive only after a lag
[32, 137, 128]]. While superficially similar to ABF, delayed models still assume per-step rewards are eventually revealed, thus
sidestepping the core credit assignment issue.

A complementary direction is reinforcement learning from preference-based feedback (PbRL), often studied within the
broader paradigm of reinforcement learning from human feedback (RLHF) [68]. Instead of numeric rewards, the agent
receives preferences over trajectory pairs. While early theoretical work established sublinear regret guarantees 55, [1'7, [72],
these approaches are computationally intractable even in tabular settings. Recent progress introduced randomized least-
squares value iteration [69]], enabling the first efficient no-regret algorithms for preference feedback in linear MDPs and
extending to nonlinear approximation with Thompson sampling. Additional contributions include PAC-style analyses [67]]
and posterior sampling approaches [46], with large-scale systems such as InstructGPT [50] underscoring the practical
relevance of RLHF. Together, these lines of work emphasize the importance of designing algorithms that can efficiently
learn from aggregated, delayed, or preference-based signals.

Linear MDPs, Function Approximation, and Exploration The linear MDP framework of [31]] has become central to
analyzing reinforcement learning with function approximation. Optimistic methods such as LSVI-UCB [31]] and UCBVI
[9] achieve nearly optimal regret under standard reward feedback, while follow-up work has explored policy optimization
approaches [[13} 57, 1411, global regularization techniques [77, 54, [71]], and reward-free exploration strategies [38 [65]].
Building on this foundation, recent advances extend linear MDPs to weaker feedback models: [[14]] studied aggregate bandit
feedback with ensemble-based algorithms for value-based and policy methods, and [69] developed randomized procedures
for preference feedback that achieve computational efficiency, sublinear regret, and near-optimal query complexity. These
contributions demonstrate the adaptability of the linear MDP abstraction to diverse supervision modalities beyond per-step
rewards.

Randomization has long been a tool for exploration, with examples including randomized least-squares value iteration
(RLSVI) [47, [71} 3] and Bayesian methods based on Thompson sampling [48, 149, 25, 4} 21} [75} 2l]. Both [14]] and [69]
employ Gaussian randomization in designing efficient algorithms for aggregate and preference feedback, respectively. A
complementary perspective is active learning, where query efficiency is paramount. Classical techniques [15} [19, [1} 126}
277,761,156 rely on version spaces or confidence bounds, often at significant computational cost. In contrast, [69] proposed
a variance-based query condition tailored to preference learning, establishing near-optimal regret-query tradeoffs, while
empirical studies [39] further suggest that active query selection substantially improves sample efficiency in RLHF.

Lipschitz Bandits and Continuous RL  The study of Lipschitz bandits originates from the broader literature on stochastic
bandits, where rewards are sampled from an unknown distribution associated with each arm. Early works focused on discrete
arms, employing classical algorithms such as Thompson sampling, Gittins index, e-greedy strategies, and UCB methods
[6, 134, 124]. More recent research has considered continuous or infinite arm sets, where the expected reward is assumed to
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satisfy structural conditions such as linearity, Gaussian process smoothness, or Lipschitz continuity [35) 159, |11} 42]].

Lipschitz bandits offer a principled framework for handling continuous or structured action spaces. A straightforward
approach is uniform discretization [42]], which achieves minimax-optimal rates in the worst case. More refined adaptive
strategies, such as Zooming [35], HOO [[L1]], and contextual generalizations [59]], focus exploration more efficiently by
exploiting local structure. Additional extensions include full-feedback models [40]], hierarchical taxonomies [10], and tree-
based schemes connected to Gaussian process optimization [66], which have shown strong empirical success in applications
like hyperparameter tuning. Recent advances also incorporate robustness, with algorithms designed to tolerate adversarial
corruptions while retaining near-optimal performance guarantees [33]].

Continuous reinforcement learning has been explored in both continuous- and discrete-time regimes. In continuous time,
prior work has studied phased exploration in convex linear dynamics [61], statistical analysis of LSTD methods for diffusion
processes [45]], Q-learning through a "qg-function” formulation [29], and connections between linear stochastic dynamics
and linear MDPs [43]]. These contributions primarily focus on linear or diffusion-based models. In the discrete-time setting,
efficiency results under linear or Lipschitz assumptions provide a bridge between tabular RL formulations and problems
defined in continuous domains.

Recent continuous-time RL. [63] studies model-based continuous-time RL in which the system dynamics are represented
by nonlinear ordinary differential equations and epistemic uncertainty is captured using well-calibrated probabilistic models,
including Gaussian processes. Their regret analysis emphasizes the role of measurement-selection strategies, since the learner
must decide not only how to act but also when to observe the system. A follow-up line of work [64]] studies time-adaptive
sensing and control, where the policy chooses both the control action and the duration for which the action is applied.
[74] considers continuous-time RL with general function approximation and derive sample and computational efficiency
guarantees using optimism-based confidence sets and complexity measures such as distributional Eluder dimension. Our
setting is complementary to these works. We focus on finite state and action spaces, but allow the reward and transition
kernels to vary Lipschitz-continuously with time while decision epochs are generated by an exogenous homogeneous
Poisson process. This allows us to isolate the statistical role of time discretization: the regret bound arises from balancing
estimation error within time bins against Lipschitz discretization bias.

B UCRL PROOFS (THEOREMII)

We make use of the following algebraic lemma:

Lemma 5 For any sequence my, . .., my, that satisfies my + - - - +my > 0:

K

Z Tk < 2vmi+ -+ my.
= VIV (my 4+ my)

Proof: (of Theorem We begin by assuming we are operating under the good events (i) P* € N:C; s, (ii) the true
rewards r lie within their respective confidence bounds, and (iii) for all ¢, all H jumps lie within [0, M| as defined before,
together which all hold with probability at least 1 — O(¢). Let VZ to be the value function following policy 7 and assuming
transitions P. We decompose the regret incurred on some episode ¢ as follows:

Vi (s0) — Vi (50) = Vi (50) — Vi (50) + Vi (50) — Vgﬁ (s0) + 17;:(50) — VEt(s0) (20)

Term I Term IT Term 11T

where we note that 17113 (sg) = 17113” (s0) because 7 is chosen to be an optimal policy for the optimistic model with 7; and P,.
t t

By how UCRL picks the optimistic model ]St from C; s and the fact that under the good event, P* € C} 5, we have that
Term II < 0. For a similar reason, because V' is computed using the optimistic reward estimates, under the good event, we
also have Term I < 0.
Term III captures the regret incurred between the optimistic transitions and rewards model and the true model. We define
for jumpsn =0,...,H —1,

0y = VZ (sn(m)) — VB (3h(n) @n
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to be the regret from Term III incurred on episode ¢, starting at the h of the n-th jump, h(n). Thus, we find §§. Let F,, ;
contain all observation data up to episode ¢ and jump n, including SZ(n)- Let 7 ~ Exp()\) be the jump length and so

h(n + 1) = h(n) + 7. By the Poisson Bellman equation defined in 5] we can write:

oo
~ —AT Ve
5;; = Ea”""t(“sh(n)) (rt(sh(”)’ a) +/O Ae E‘Sh(w+l)NPt( [$h(n),a) [V (sh(”+1))]dT> (22)
- ]EaNﬂ't("Sh(n)) (T(Sh(n), a) + \/0 >\67>‘T]Esh(n+1)NP*("Sh(n%a) [ng (sh(7L+1))]dT> (23)

> —AT 1 Tt
= A Ae (Esh(n+1)~Pt( [$h(n)> ah(n))[v (sh(”""l))] Esh(nJrl)NP*(‘lSh(n)*ah(n))[VPI (Sh(n+1))]) dr (24)

+ 2A5 (Nt(kh(n)7 Sh(n)» ah(n)) (25)

where aj,(r,) is the action chosen at state sy, by the deterministic policy 7y, As(N) = 4/ % log % + L+, and the inequality
follows from our reward confidence set defined in[3.1]and the triangle inequality:

Tt (Sh(nys An(ny) — T(Sh(n)s An(n))| (26)
S TE(Sh(n)s An(n)) = T(Sh(nys @n(n))| + [Tt (Sh(n)s An(ny) = T(Sh(n)» hin))l (27)
< 2A5(Ne(knn)s Shn)s Gh(n))- (28)

Adding and subtracting the intermediate term fo e AT E,, a1y ~P* ([sh(nyan ”))[‘N/ (Sh(n+1))]dT we get:

o0
st < /0 Ae T [(ESWH)NR VE! (8hn+1)] = Espyinympe [V,{"(Sh(nﬂ))]) (29)
Model (transitions) difference
+ (Esh,(n+1)~P* [V~ ($nn+1)] = Espuyny~p VB! (Sh(n+1))]>} d7 + 285 (Ni(kn(n)» Sh(n)» Gh(n)) (30)
Value difference
:/O Ae ™ [Esh(n“)wﬁt VE! (Snnt1)] = By iy~ [VE (Sh(n41))] (3D
+ 651+ (Bap sy~ 107,01 Fn] — 5Z+1)} d7 + 2A5(Ni(kn(n) Sh(n)» Ah(n)) (32)
=:§Z+1
< / e AT (H~ 1P I8n(nys any) — P*Clsneny s angmy)ll + 05 11 + §n+1) d7 + 285(Ne(kn(n)s Sh(n)s Gh(n))

0

(33)

< / Ae™ 7 (2H - Bs(Ni(kn(n)» Sh(n)> @h(n)) + i1 + Ehi1) d7 + 286 (Ne(kn(ny s Shin)s Gh(n)) (34)
0

where in the second to last inequality, we used Holder’s inequality and the fact that the value function is bounded above as
[IVE* (h(n+1))lloc < H. In the final inequality, we used our confidence set defined in [2) with the triangle inequality:
t

P58 h(n)s @hny) — P*(1Shny» anm)| 1 (35)
<Pe(-18h(nys @niny) = Pe(-ISh(nys anm))llt + [P (CIShinys @nin)) = P*(1Sh(nys anmy)lls (36)
< 2B5(Ne(kn(nys Sh(n)s Oh(n))- (37)

Recall that 6%, = 2A5(Ni(th(mys Shim)s ah(H)). Thus, recursively summing and using linearity, we compute:

H-1

5 < / Ae? (Z &, +2H Z Bs(Nt(kn(ny» Sh(n)> Gh(n) +22A5 Ni(kn(n)s Sh(n)» Ah(n )))d (38)

(a) (b)
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Fortunately, (¢},)1<n<m—1 is a martingale difference sequence bounded as |¢!,| < H, so applying Azuma-Hoeffding, we
have with probability 1 — §:

/ e AT <XT:HX_: ) T < 2H1/—log (1/6) - / e Mdr = 2H,/—1og(1/5) (39)

To bound (a), we let g = /252 log(1/5) and let My (k,s,a) = ZH__l]I(kt =k, Sh(ny = 8,0,y = @) so that
Ny (k,s,a) = Zi;l My (k, s,a). Recall K denotes the set of bins with cardinality £ 3y log 55~ HT We write:

T H-1
Z Bs(Ni(kn(n)» Sh(n)» Gh(n)) (40)
t=1 n=0
A1k, =k, st =s,al, =a
< ag- Z Z ( h(n) — h(n) h(n) ) +THLy 41)
ke t=1 n=0 \/ma’x{]'VNt(kaS?a)}
sES
acA
Mi(k, s,a)
< ag- +THLy 42)
]%;C; \/max{l (My+ ...+ M)}
a2
M (k, M oo+ M H H HT
Sozg-zz b sia) MO+ 4 Moo > )+a510g<>HSA+THL7 3)
kek t—1 VMi+ . 4+ M —H Ay g
SES
acA
HT
<205y /Ni(k,s,a) sy log — | HSA+ THLy (44)
kek
seS
acA
HT
< 2a5KSA- Z V' Ni(k,s,a)/KSA+ a(;— log < 5 ) HSA+THL~y (Jensen’s Inequality) (45)
s
acA
H HT H HT
= 2045\/SAHT>\7 log (5) + c(s)\ log ( 5 ) HSA+THLy (46)

where (43) comes from Lemma 3

We bound (b) similarly, letting 35 = /21og(1/0) and redefining M; (k,s,a) = S5 LK}, () = Ko Shny = 85 Ay = @)
We write:

T H
§ As(Ni(kh(n)s Sh(n)» Ah(n)) 47)
t=1 n=0
T H Ik, =kst =sal .=a)
h(n) h(n) — h(n)
< Bs - E E E +THLy (48)
ke t=1 n=0 \/max{lth(k7Saa)}
seS
acA
H HT H HT
<2854/ SAHT —log | — | + Bs—log | — | HSA+TH L~ (49)
Ay ) Ay )

Chaining results and using fooo e ATdr = 1, we get that:
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ZéégQH”?log((l;) +4(H05+55)\/SAHT)\log (h;T) (50)
t

N——
Term III
HT

+2(Has +55) il log ( 3

) HSA+2(H+1)THLy (51)

Writing Cs := Has + 5 = (H S 4+ 1), the two terms that dominate for large T are the y/7'/~ concentration term
4C5 \/SAHT : % log(HT/$) and the Lipschitz term 2(H + 1)T H L+. Balancing them gives

é( G5 (548 )
T = )

(H + 1)2/3L2/3/\1/3T1/3
so that with probability at least 1 — O(J) (suppressing logarithmic factors),
Ry = (5(0(?/3(SA)1/3H(H 4 1)1/3L1/3)\’1/3T2/3> _ (5(SA1/3H2L1/3/\’1/3T2/3) )

In particular the regret increases with the Lipschitz constant L, as expected, matching the statement of Theorem [I] O

C Q-LEARNING PROOFS (THEOREM

Before the main proofs, we state properties of the learning-rate weights o, o that are used repeatedly below. These are
standard and are established in [30], so we restate them here in a form that matches our notation.

Lemma 6 (learning-rate weights, 30, Lemma 4.1) Fix a horizon parameter n > 1, let o;; = 2L and define the induced

n+j’
weights af = H§:1(1 aj) and o = «; H] ir1(L—ay) for 1 <i <t Then:
tod
(a) Z\—[t 7f0reveryt>l
t
(b) Igé?)]{ al < 777 Z 77] foreveryt > 1;

(c) Zozf =1+- foreveryz> 1.

t=1

We apply this with n = H in the fixed-jump analysis and with n = H in the fixed-time analysis of Appendix

We now present the proof for Lemma 3]

Proof: We start from the Bellman optimality equation for Q7 (x, a) for any h € B(k):

Qpp(z,a) = rp(z,a) + i Ae M E o p(fea) Vit pn (2))dR (52)

- *
We can write (), »(, a) as a convex combination using the learning rate weights o, a:

Qh p(w,0) = )Q} 4 (x,a +Zathh z,a) (53)

=1
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Now, we substitute the Bellman equation into each Q; (z, @) in the summation:

t

Qp(z,a) = afQ} (2, a) + Z o [rn(2, @) + Epr oBxp(n) 2/ m Py (-|2.0) Vot (@)]] (54)
i1

In the i-th term, we decompose the expectation B,/ p(.z,a)[V,5y1 4 (2')] into its empirical sample and "deviation":

Eh/NExp()\),m’NPh (+|z,a) [V$+1,h+h/ (x’)]

= n*+1,h(n+1,ti)(x$:+1) + Ep'nExp(A),a/ ~ Py (-] 2,0) [Vn*+1,h+h' (x’)] - n*+1,h(n+1,t) (‘T:ﬂrl) (55)

Note that deviation is in quotes since z!i_ , is sampled from Py, 1,)(-|z, a) not P, (:|z, a). To reflect this, we rewrite the
above as

EnsnBsp(3).a/~ By (-le.0) Var 1 hen (8] = Vit w100 @) + B g3 2~ Py, Cla) Vi 1 s (27)] 56)

— EnraBxp(0) 2~ P oy (lsa) Vit L i ()] Enraip () 2 P o) Vi Lo (8] = Vit nngr (i)

Plugging this back into the previous expression yields:

t
Qi (w,a) = Qi (w,0) + 3 i [ru(@,0) + Vi s ) (@hisn)
i=1

* /
+ Eh’NEXp()\),;C’NP;L(”,%) (- ‘x;j(n,ti) ,a) [Vn+1,h+h' ()]

t’L

Hey@) [Vrf+1,h+h/(x/)]
n,t;

—-E
h!~EXp(X), @'~ Pp(n,e;) (|2

+ Eh’NExp(/\),w’NPh(-\w,a) [Vr:(-l—l,h-&-h’ (I,)} - V;—&-l,h(n-i-l,t) (x:;+l)i|

Subtracting Q!, , (z,a) = afH + Y;_ ai [rf;(n)(:c, @)+ VE o i @) + bl} from this equation, we obtain
Lemma[3 O

We now present the proof for Lemmaf]

Proof: Fix (k,z,a,n) and a layer h in bin k, set s = thk(x, a), and letty,...,ts < t be the episodes in which (x, a)
was taken at step n while the process lay in bin k. We abbreviate the post-jump Bellman operator applied to the optimal
value by

BaVea) = B Vi @),

' ~Pp(-|z,a)
and we write [P4V*](z,a) = Vot hnt 1)
xﬁ;‘H ~ Ph(n,i)(- | 7,a) and h(n + 1,1;) is its realized layer. The Bellman optimality equation then reads Q7, ;,(z,a) =
rp(z,a) + [PRV*](x, a), and we set

(2li,,) for the single realized post-jump sample of the i-th visit; here

(B —Po)V*] (@,0) == PV (2, 0) = [PV"] (2, 0).
Discretization bias. ~Since % and h(n, t;) lie in the same bin, |k — h(n, t;)| <+, so Assumption [I] gives
o0 ’
[th*]($7a) - [Ph(n,ti)V*](xu a’)‘ S /0 )\e_)\h HPh( | x7a) - Ph(n,ti)(' | €, a)H1 dh/
< / e M Lydh' = Ln,
0
and likewise |1, (%, a) — 7 (2, a)| < L for the reward.
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Convex-combination form of Q*. Using ) ;_, a’ = 1 together with the Bellman equation and the identity [P, V*] =
B V) - [ - v,

Qn h(x 0,) = Q5 Qn w\Z, CL =+ Z |:7‘h € a’) + V 1+1, h(n+1,t; )( Tl+1) - [(@tl - ]P)h)vﬂ (x,a)] .

i=1
Subtracting this from the empirical weighted average Qf, ;. (2,a) = JH +Y77_; o [raq,) (2, a) + Vi;l)k(n+l7ti) (zhi )+
bi] gives
(sz,k - Qz,h)(:c,a) = Of(s) (H - Qz,h(% a))

S

+ Z ay {(’“h(ti) — ) (z,a) + (Vyfh,k(nﬂ,ti) Vit hnaen) (@)
i=1

+ [(B = Pp)V*] (2, a) + bi} .
Controlling the deviation term. Split the deviation into a martingale part and a discretization part:
(B =PV (@,a) = (BV](@,0) = PagneyV1(@,@)) + (P V(@ @) = [PaV*](@,a) )

=G [[|[<Ly

Fix (z,a, h), set tg = 0, and let
t; = min ({k €[K]| k>t A(af,af) = (v,0)} U{K + 1})7

so t; is the (stopping-time) episode of the i-th visit, and let F; be the o-field generated by everything up to episode ti,
step h. Since %, | ~ Pyin,) (- | 7,a), we have E[¢; | F;—1] = 0 and |G| < [|[V*]|ee < H, s0 (el 1]t; < K] CZ) isa
martingale difference sequence. By Azuma-Hoeffding and a union bound over (z, a, h) (absorbed into ¢ = log(.S AK T/ ),
with probability at least 1 — p, simultaneously for all 7 € [K],

\iaiﬂ[ti < K¢
=1

where the last step uses Lemma Ekb) (with n = H), i.e. Z;l(ai)Q < 2H/7, and absorbs V2 into ¢. Adding the
discretization part, whose weighted sum is at most L~ because ), al = 1, and evaluating at the random 7 = s =
N} x(2,a) < K (for which I[t; < K] = 1 whenever i < s), we get, with probability at least 1 — p, simultaneously for all

(k,z,a,n,t) and all h in bin k,
H3,
‘ § (B — P)V*](a, a)‘ < e 2 4. (58)

Optimism and the stated bound. Wlth b = c\/H3./i + Ly and Zle al = 1, Lemma Eka)(with n = H),ie.
1//s < 3051, al/Vi < 2/ /5, gives

18, = Z@ibi € {C\/H3L/S—|—L’Y, 20\/H3L/5+L*y]
i=1

The lower endpoint dominates the right-hand side of together with the reward bias |ry,,) — 7| < L7y and the O(L~)
bias from replacing h(n + 1,¢;) by h in V* (both within bin k); the constant of the L+ term of b, is taken large enough to
cover these biases jointly, consistent with the single L~ term used in the main text. Hence each weighted bonus ab; covers
the corresponding deviation and discretization error, and on the event of (58),

i ) o3
1Y (0d)? < ey —, (57)
=1

0 < ( Z,k - Qn h)(z a‘) < OZOH+ Za 774,_1 k(n+1) Vw?—i—l,h)(xzi-&-l) +Bs-
1=1

Both bounds follow by induction on n = H, H — , 0: at the base step VH = Vj . = 0; in the inductive step the
propagation term (Vn =V +1) > 0 by optlmlsm at step n + 1, while S35 absorbs the stochastic term of (58) and the

Lipschitz biases. The /H?3:/s part of 3, accounts for the martingale concentration and the L~ part for the temporal
discretization. 0

Now, we present the proof of Theorem 2]
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Proof: Throughout the proof, work on the high-probability event of Lemma I} under which all 7" episodes terminate
within [0, M], where
H HT
M= —log| —|.
A °g< 5 )
Partition [0, M] into bins of width ~, and let
M H HT
K=—=—logl — |.
5 Ay 1)
For a physical time h € [0, M], let k(h) € [K] denote the bin containing h.

The key point is that the Bellman recursion is indexed by the jump counter n € {0, ..., H}, while the bin index k(h) is only
part of the augmented state representation. Thus the algorithm maintains tables indexed by (n, k, , a), but value recursion
always proceeds from n to n 4 1, not from % to k + 1.

Let
ha,

be the physical time of the n-th decision epoch in episode ¢, and write

kL = k(ht).

n

Let x¢ , a! be the state and action at jump depth n in episode t. The next physical time is

Rl =ht + 7L, 7t ~ Exp()),
and the next bin is &, , | := k(h%,,).
Define
Vig(x) = Vit (@) = Vi (z) =0 forall k, h, .

For each episode ¢ and jump depth n, define the two error quantities

O = (Vs = Vit ) (@),
and

O = (Vi — Vorwe ) (@)

By Lemma on an event of probability at least 1 — O(0), the Q-estimates are optimistic:
(@a) > Qr (z,a) for every n, k, x, a,t and every h in bin k.

Hence
Vi (@) > Vi (x) > Vo (@),

and therefore
0 < ¢, <05,

Since every episode starts from the same initial state at time & = 0, we have

T

T
Ry = Z(V&fo(%) - Vo’,ré(%)) <> o

t=1

Thus it remains to bound ), 6.

Fix an episode ¢ and a jump depth n € {0,..., H — 1}. Let
k=k, r =2z, a=al,.

Let
5§ = Nfl’k(x,a)
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be the number of visits to (n, k, , a) before episode t. Let
oot <t

be the previous episodes in which the same quadruple (n, k, 2, a) was visited. That is, for each i € [s],

By greediness of the policy with respect to @Q°,
O = (Vag = Vit ) (@)
< ( ;,k - th;) z,a)

(
= (Qnp — Qnope ) a) + (Qn e — Qth;)(xaa)-

Applying Lemmafd]to the first term gives

(Qnk — Qnpe )(2,0) < alH + Zai (vt

* t;
ntLki ‘/71,+1,hfj+1) (Ty11) + Bs.
i=1

By definition, the middle term is exactly
S
it
Z Qg (bn-&-l .
i=1
Hence

Q= Qe ) (w,0) < aJH + Zai¢fi+1 + Bs-
=1

Now consider the second term. By the Bellman equations,

(Q:L,h; - QZ?h;) (JJ, a)

=E {(Vn*ﬂ,hgﬁ - VrZTJtrl,hﬁlJr‘r)(X/) hﬁwm?“} ’
where 7 ~ Exp()) and X' ~ Py: (- | z,a). Let
ffl+1 =E [( n*+1,hfL+T - VJLL%JFT)(X/) h;,m,a} - ( ;+1,h;+1 - th_’hzﬂ)(ﬁﬂ)-

Then &, 11 1s a martingale difference term with respect to the trajectory filtration, and 134 | <H.
Using the definitions of 67, ; and ¢/, ;,

Tt

t
(V;—s-l,h,’,;ﬂ - Vn+1,h¢L+1)(5'3n+1)
t ¢ t ¢
= (‘/n+1,kfl+1 - stu,h;ﬂ)(xnﬂ) - (Vn+1,kfb+1 - Vn*+1,h;+1)(xn+1)
= 5f1+1 - ¢fz+1'

Therefore,
(Q:L,h; - Qthgl)(fa a) =0y 11 = Phy1 + Ehpa-
Combining the two pieces yields the one-step recursion
5, < alH + Zaidiﬂ + Bs — G + 0t + €00 (59)
i=1

This is the desired recursion: it advances from n to n + 1. The bin indices appearing in the terms are £/, and k!, ,; there is
no recursion from bin k to bin k + 1.
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We now sum (59) over episodes. For a fixed jump depth n, define

T T
=36, O,=) ¢l
t=1 t=1

Since 0 < ¢!, < 6, we have @, < D,,.

n’

Summing (39) over ¢ € [T gives

T T Sn,t T
SZ S H+Zza5nt n+1+263n1_ n+1+Dn+1+Z§;+1’
t=1 t=1 =1 t=1

— t
where sp, ¢ = N, 0 (xt,al).

We next regroup the weighted historical terms. Fix a quadruple
z=(n,k,z,a).

Let
Tz,1 < T2,2 << Tz,N.

be the episodes in which this quadruple is visited. The contribution of this quadruple to the weighted historical sum is

N, j—1

i Tz,i
E E %‘—1¢n+1~

j=1i=1

Exchanging the order of summation and using Lemma6{c),

N, j—1 N. N.

7 Tz,i Tz,i 7
E E ajflén—&-l_i i E Q1
j=114=1 i=1 j=i+1

1) &
< (1 n H) > ot
Summing over all z = (n, k, z, a) gives

Sn,t

a 1
;Zaem 1 < <1+ H) Prt1-

=1

Hence

| /\

ol ( 1) Prt1 — Pnr + Do + Zﬁ% e T Z§n+1

t=1
s,Lt ( + ) n+1 +Zﬁs”t +Z€n+1

The last inequality uses ®,,4+1 < Dy 4.

m

A
|~

Pyt
e

Since Dy = 0, iterating the previous inequality overn = H — 1, H — 2,...,0 and using
1+ 1 ! <
— e
H <

D0<ez lZas tH+ZﬂSM+Z§nH].

Since Rt < Dy, it remains to bound the three sums.

gives
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First, o = 0 whenever s > 1, while af = 1. Thus an initialization contribution appears only on the first visit to a tuple
(n,k,z,a). There are H K .S A such tuples, and each contributes at most H. Therefore

H-1T
> ol H<HKSA.
n=0 t=1
Second, by Lemmad] for
H3 SAKHT
bs =c —L—i—L% Lzlog((S),

we have

—QZab <C\/ +CL7

Fix n. For each tuple (k, x, a) at depth n, let N,, 1, » o be its total number of visits over all 7" episodes. Then

Z Nn,k,w,a =T.

k,z,a

for a universal constant C' > 0.

Using the standard pigeonhole bound
N
1
— < 2V N
NG

we obtain

nk'va

ZBSM«JFZ Z +C’TL7

k,x,a

<2CVH3 Y N/Nn,k,x,a + CTLy

k,r,a

< 20VH3, \/KSA > Nukaa+CTLy

k,z,a

= 20VH3KSAT. + CTLA.

Summing over n = 0, ..., H — 1 yields

T

T
3" 8., < CHVHSKSAT. + CHT L.

=1

Il
=
~

n

The L+ term can be written as C H (H + 1)T L after enlarging the constant, to account for the accumulated Lipschitz bias
over the remaining horizon.

Third, the martingale terms satisfy |}, 11| < H. By Azuma-Hoeffding, with probability at least 1 — 4,

H-1 T
Z Z§n+1 < CH+/HTlog(1/9¢).
n=0 t=1

This term is dominated by the preceding bonus term after adjusting constants and logarithmic factors.

Combining the three bounds, we obtain
Rr<C (HQKSA + HVHSKSAT. + H(H + l)TLy) ,

with probability at least 1 — O(9).
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Equivalently, suppressing logarithmic factors,

Rr <O (HQKSA + VHSKSAT + H(H + 1)TL7) .

Substituting
H HT
K=—1
Ay Og< 5 )
we get

~ H35A+ HSSAT
Ay Ay

+ H(H + 1)TL7> .

The first term is lower order in T" for the optimized choice of +. Balancing the leading estimation term

HSSAT
Ay
with the Lipschitz discretization term
H(H+1)TLy
gives
6 HOSAT/X  \'*\ o misa  \'?
= H2(H + 1)2L2T2 - N(H + 1)2L2T '

With this choice,

Ry <O (H7/3(H n 1)1/3(SA)1/3L1/3/\_1/3T2/3) 7
up to lower-order terms in 7.

In particular, suppressing problem-dependent factors and logarithms,

Ry < O(T??3).

D LOWER BOUND FOR THE FIXED-JUMP SETTING (THEOREM D

In this appendix, we prove Theorem 3| The proof reduces the fixed-jump continuous-time MDP when H > 2 to a one-
dimensional Lipschitz bandit indexed by physical time. The construction is deliberately simple: the transition kernel is
deterministic, the state space can be taken to be a singleton, and the only source of hardness is the time-varying reward
function.

Renewal measure of the Poisson decision epochs. Let
n)i=> 7, "R Exp(N),

denote the physical time of the n-th Poisson decision epoch. In the fixed-jump model, an episode contains decision epochs
n=20,1,..., H — 1. The first decision occurs at deterministic time 4(0) = 0, while the remaining H — 1 decision epochs
are random.

Let pj7 be the renewal measure of the nonzero decision epochs:

H-1
= > P(h(n)eB), BC[0,00).

Its density is
H-1

A1 —>\t
Z ] = AP(Poisson(At) < H — 2).
(n—
n=1
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Therefore there exist universal constants cg, ¢, co > 0 and an interval
Iy C [0,00), |IH| ZC()H/)\,
such that
A < mH(t) < 02)\, Vt € Iy.

Consequently, over T episodes, the expected number of random decision epochs falling in a measurable set B C Iy
is of order T'\| B|. In particular, if Iy is partitioned into K equal bins, then each bin receives order HT'/ K samples in
expectation.

Hard family. Partition [ into K intervals I, ..., [ of equal width
v = Iu|/K = © (H/(AK)).

For each bin I;, let g; : Iy — [0, 1] be a triangular bump supported on I;, with height 1, and with Lipschitz constant at
most ¢, /7 for a universal constant ¢, > 0. For each sign vector 6 € {—1,+1}¥, define a one-state, two-action MDP as
follows. The transition kernel is deterministic and self-looping. The reward distributions are Bernoulli with means

K
1 1
M) =3+ A Ogi(h), @) =5~ A Og5(h),
j=1

for h € I, and both actions have mean 1/2 outside Iz7. The first deterministic decision at £(0) = 0 is made uninformative
by assigning the same mean reward to both actions there.

The reward means are L-Lipschitz in h whenever
A <cLy

for a sufficiently small universal constant ¢ > 0. The transition kernels are identical across time, so the transition part of
Assumption|[I]is automatically satisfied.

Information-theoretic indistinguishability. Fix a bin I; and let 67) denote the sign vector obtained from @ by flipping
only the j-th coordinate. Under the two MDPs indexed by § and #), the induced trajectory distributions differ only through
rewards collected at decision epochs whose physical time lies in /;.

Let N; be the total number of nonzero decision epochs across all T" episodes whose physical time lies in I;. Since the
Bernoulli reward means differ by order A in bin j, standard KL bounds for Bernoulli distributions give

KL(Py, Pyisy) < CA*Eg[N;]

for a universal constant C' > 0. By the renewal-measure bound above,

HT
Hence, if
K
A<dy—
— & HT’

then the two instances 6 and #7) are statistically indistinguishable in bin j in the sense required by the Bretagnolle-Huber
or Le Cam two-point inequality. Therefore any learner must select the suboptimal action on a constant fraction of the visits
to that bin for at least one of the two instances.

Summing over bins yields

sup Eo[Rr] > "AHT
0e{—1,+1}¥

for a universal constant ¢’/ > 0.
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Optimizing the bin width. The gap A must satisfy both the Lipschitz constraint and the statistical indistinguishability

constraint:
LH K
A<cLly= — A<dy—.
<clLy ®<C)\K>’ <N\ T

Balancing the two constraints gives

1/3
K -0 ((L2H3T> ) 7 A—O (Ll/g)\—1/3T—1/3) .

)2
Substituting into the regret lower bound gives

sup Epq[Ry] > " LM3NTYSHT?/3,
M

for a universal constant ¢’’’

> (), as claimed.

Remark on the case H = 1. When H = 1, the only decision epoch is the deterministic initial time 4(0) = 0. Thus the
learner does not observe random physical-time contexts, and the Lipschitz-in-time bandit difficulty used in the construction
disappears. This is why the lower bound above requires H > 2.

E FIXED HORIZON, RANDOM NUMBER OF JUMPS (POISSON STOPPING)

In the Section 2] we studied the setting in which each episode consists of a fixed number of jumps H while the terminal
layer is random due to Poisson-distributed inter-jump times. In Section[3.4] we considered the complementary setting: each
episode has a fixed layer horizon H > 0, while the number of jumps is random. In particular, the learner experiences Poisson
jump times, and the episode terminates as soon as the cumulative jump time exceeds H.

A key simplification relative to the fixed-jump setting is that, by the Markov property and the memorylessness of the
exponential distribution, the optimal value at a given layer bin depends only on the current layer and state, and not on how
many jumps were taken to reach that layer. Consequently, when discretizing the layer axis into bins, we require only a single
copy of value estimates indexed by the bin (rather than copies indexed by jump count).

Problem setting. Let S and A be finite state and action spaces. Layers range over h € [0, H] for a fixed horizon H > 0.
At layer h in state z, the learner chooses an action a, receives reward r,(x, a) € [0, 1], and then a jump length 7 is drawn
according to a homogeneous Poisson process:

7 ~ Exp()),
for a known rate A > 0. If h + 7 < H, then the learner transitions to a next state
'~ Py | z,a)

and continues at the new layer ' = h + 7. If h + 7 > H, the episode terminates (and no further reward is collected). A
(possibly non-stationary) policy is a mapping 7 : [0, H] x S — A(A).

Bellman equations. For a policy 7, define the value function V;"(z) and action-value function Q7 (z, a). The Poisson
Bellman equations for the fixed-horizon setting are:

Qh(z,a) = mh(x,a) + Ercpxp(n) [1{h +7 < H} Egrop, (fa,0) [Vh“JrT(x’)H (60)
H—h
= Th(l‘, CL) + / Ae M EQ?,NPh,('lx’a) [V;:r+7_($/)] dr, 61)
0
Vil (2) = Eqr(.fn,a) [QF (2, )], (62)

with terminal condition
Vi(z):=0 Vz e S.
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Similarly, the optimal value functions satisfy:

H—h
Qi) = ra(z,a) + / e By oy [Vitir (a)] dr, 63)
V@) = max Qi(e.a), Vi) =0 (64)

Lemma 7 (High-probability bound on the number of jumps up to time H) Let N)(H) denote the number of Poisson
jumps that occur in episode t up to (and including) time H, so that N (H) ~ Poisson(AH). Fix § € (0,1) and define

J = 2\H + 21n(§).

Then with probability at least 1 — §, simultaneously for all episodes t € [T,
NOH) < J.
In particular, if rewards satisfy r,(x, a) € [0, 1], then with probability at least 1 — 4,

sup sup V;’(t)(a:) < J,
te[T) hel0,H],zeS

so one may take H := .J on this event.

Lemma 8 (recursion on Q for fixed horizon H) For any (k,z,a) € K x 8 X A and episode t € [T), set s = Ni(x,a)
and suppose (k, z, a) was previously visited (i.e., action a was taken in state x while the current layer belonged to bin k) in
episodes ty, ... ,ts < t. Then, for any h in bin k, the following holds:

Qi (z,a) — Qj(x,0) = o (H — Qj (. a))
+ Z O‘i [T}L(ti) (iL’, a) - Th((ﬂ, a)

i=1
t; ti
+ (Vk(h(ti)+7-"z‘) - V;(ti)+Tti)(x}z(t¢)+Tti)
+ Er Bxp(N), 2/~ P (-|2a) [1{h +7 < H} Vh*+r(x/):| (65)
- ETNEXp()x), @'~ Pp 1) (-|x,a) |:1{h +7< H} V}:-&-T (:Z?/):|

+ ErBxp(A), 2/~ Pog, ) (|2,0) [1{h(tz‘) +7<Hj} fo(ti)+r(x/)}

—1{n(t;) + 7" < H} Vh*<ti>+m(xffm>+r”) T b

)

where h(t;) denotes the (continuous) layer at which (x,a) is selected in episode t;, ' ~ Exp(\) is the realized jump
length after taking (x, a) in episode t;, and x';:(tv)_s_m is the resulting post-jump state when h(t;) + 7' < H (otherwise the
episode terminates). We use the terminal convention V};(-) = 0 (and likewise th( m() =0).

Proof: [of Lemmal(7]] Fix an episode ¢ € [T']. For N ~ Poisson(u) with u = AH, a standard Poisson tail bound (e.g., via
Chernoff) states that for any u > 0,

Pr(N > p+u) < exp<—2(uuiu)) .

Take u := p + 21n(T'/6), so that u + v = 2u + 2In(7T/§) = J and

w?>  (p+2In(T/6))? T
2jitu)  22u+2m(T/8) - ln( )

which implies

Sle,

Pr(N(t)(H) > J) < exp( - 111(T/6)> =
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Applying a union bound over ¢t = 1,...,T yields

Pr(at € [T]: NO(H) > J) <72 =4

0
T
which proves the first claim.

On the event {V¢ € [T] : N®)(H) < J} and since each jump yields at most unit reward, the total return in any episode is at
most the number of jumps before time H, hence bounded by J. Therefore V;*(z) < J forall h € [0, H] and z € S on this
event. U
Proof: [of Lemmal[g]

Step 1: Lipschitz control of the transition kernel. Since the episode terminates once h + 7 > H, all Bellman integrals

are truncated to [0, H — h]. For any h in bin k, we have

Ernmxp(0), 2/~ Pu (l,a) [Vigr (8)] = EraBxp(0), /mPagr s, Claa) [Vigr (27)]

H—h
< / Ae AT Z | Prir (2’ | ,0) = Py, (@' | @, a)| dr.
0

x!

By the L-Lipschitz continuity of P, in h and the bin width ~,

Z ‘P}L-"-T(x/ | J,‘,CL) - Ph(k,ti)(x/ ‘ J?,CL)| < L’Yy

x!

SO

H—h
< / Xe M Lydr < Lr.
0
Step 2: Bellman optimality equation under fixed horizon. From the fixed-horizon Bellman optimality equation,

H—h
Qp(w,a) = rn(w,a) + / AT By (o) [m8X Qi (27, )] dr,
0 a

and since ZE:O al =1, we may write
H—h
Q. (z,a) = a{Qj(x, a) Z aj [ra(z,a) / Ae ™ (Ew/NP,L<.‘w,a> [Virr ()]
0
—Eﬁ/Nﬁ’tLi (|z,a) [Vh*-‘,-‘r (l‘/)] + fo—i—r (x§;+7_)> dT] :
Subtracting the corresponding update equation for Q% (z, a) (the discretized bin version), we obtain

t
Q= Qi)(w,@) = al (H = Qi) + Y af | (Viip ey = Vitpres (@ 1e)
i=1
+[(PE = PVt (@,0) + b
where 7' ~ Exp(\) and is truncated at H — h, and V}; = 0 by definition.

Step 3: Bounding the martingale term. Define stopping times ¢; as the episodes in which (z, a) in bin & is selected for
the i-th time. Let F; denote the filtration generated by all randomness up to episode ¢; at layer h.

Then

T

(1tts < K] 1Py = Pu)Viry ()

i=1
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is a martingale difference sequence with respect to {F;}.

Since 0 < V3, < H forall b’ € [0, H], Azuma-Hoeffding yields that with probability at least 1 — p/(SAK),

vr e [K]: Za]lt < K|[(P}* — By)Vi ] (x,a)

< cH Za‘

i=1

Using the same bound on the weighted square sum of step sizes as in Lemma Ekb) (with = H), this is upper bounded by
[i3,
c ( - + L’y)

Since the inequality holds uniformly for all fixed 7, it also holds for the random variable 7 = t = N{(x, a).
Step 4: Final bound. On the high-probability event in Lemma[7} we may take

_ T

H = 20H + 2111(5),

so that 0 < V;*(z) < H holds uniformly for all 4 € [0, H] and = € S.

Choosing the bonus (consistent with the main text)

- PR
Y /H e \/(2>\H+2tln(6)) o

and using Z:zl a! = 1 together with Lemma Eka) (with n = H), we have

. _ _
X H3, H3,
By zzga;bi € [q/t+2m, 20\/T+2L7

where the L term again carries the Lipschitz discretization bias.

Combining all bounds and applying a union bound over (z, a, k) yields that, on the event of Lemma and with overall
probability at least 1 — p,

(@ —Qp)(w,a) < aH + i (k(thTz) fo+rfi)(x§zi+r%)+ﬁt7

for all (z, a, k) and all h in bin & (with the convention V}(-) = 0).

The proof then proceeds by backward induction on the layer h from H to 0, using the terminal condition V}; = 0. g

E.1 REGRET BOUND FOR THE FIXED-HORIZON (RANDOM-JUMP) SETTING

In this appendix, we adapt the regret argument from the main text to the fixed time horizon setting, where each episode runs
until continuous time exceeds a prescribed horizon /I > 0, and the number of decision epochs (jumps) within an episode is
random. The key difference from the fixed- H-jumps setting is that the Bellman recursion and the regret decomposition
run over the (random) jump index m rather than a fixed layer index n € [H]|. To recover a finite-depth recursion, we
first upper bound the maximum number of jumps per episode with high probability (Lemma[7), and then apply the same
weighted-averaging and regrouping steps as in the finite-horizon discrete-time proof, using the recursion in Lemmag]

Let N (t)(H ) denote the number of Poisson jumps that occur in episode ¢ up to (and including) the time at which the
cumulative holding time first exceeds H. Equivalently, if {T;t)}j21 are i.i.d. Exp()\) holding times, then N (H) :=
min{m >1:377", J(t) > H}.
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Theorem 4 (fixed horizon H, random number of jumps) Consider the continuous-time episodic tabular MDP with time
horizon H > 0 per episode, Poisson decision epochs with rate )\, and (L, ~y)-Lipschitz reward/transition structure in time
as in the main text. Let [0, H] be uniformly partitioned into bins of width v so that K = [H/~], and run the (tabular)
Q-learning update over augmented indices (x, k) with Hoeffding-style bonuses

bs :co\/HT—FL'y, Lzlog(SAéKT)7

where H is the high-probability upper bound on the number of jumps per episode from Lemma@ Then with probability at

least 1 — O(9),
Rr <O (KSAH+ VH? . KSA-T+THL7> .

In particular, choosing v = © (T‘l/ 3) (up to problem-dependent constants) yields a regret rate of order 6(T2/ 3).

Proof: Denote by
éfn = ( %gt) ( )5 m = (Vt Vrzt) (1’6),

where m indexes the jump/decision epoch within episode ¢, x!, is the state at the m-th decision epoch, and V,T* is the
value-to-go under the executed policy 7r; starting from the m-th decision epoch (and similarly for V!).

By the optimism lemma for this setting (proved from Lemmaplus concentration), with probability at least 1 — O(0) we
have Q! > Q* entrywise, hence V! > V* and therefore

T T
= (V=) @h) < > (V= Vi) Z%
t=1 t=1

We now relate >, 6%, to Y, 6% . ;. Fix an episode ¢ and jump index m. Let k!, € [0, H] be the continuous time of the mn-th
decision epoch in episode ¢, and let k!, € K denote the time-bin index of !, under a uniform partition of [0, H] into bins of
width ~; hence |K| = K := [H/~]. Write N}.(z, a) for the number of times up to episode ¢ that action a was taken in state
x when the decision epoch time landed in bin k.

Lets := N ,i, (al,,at))and letty,. .., ts <t be the episodes in which the same triple (kf,, x%,,a’,) occurred previously at

some jump index. Applying Lemma[?] (the fixed-horizon/random-jump recursion on () and the Bellman equation gives the
analogue of the standard one-step inequality:

O = (Vi = Vi) (@) < (@ — Q1) (27, a1,)
= ( fn - Q:n)(xf‘n?ain) + (Q:n - ;Trf)(msn’ azn)

S
SalH+Y algn g+ Be+ [Py, (Vinyr — Vinir)] (2, aly)
=1

:042]_{"‘2042?[):;}4-1 + Bs = Gyt + Ot + &g (66)
where £!, ., is a martingale difference term of the form
e 1= [ @y, =Bl ) (Vi = Vi) (el al).

and S5 := 23 ;_, a'b;. For Hoeffding-style bonuses we take

bs = COH}_]S + L7, L= log(SAfT),

so that 3, < O (\/H?’L/S + L'y) uniformly.
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Summing and regrouping. Work on the event of Lemma so that every episode has at most H jumps. Summing (66)
over all episodes ¢ € [T'] and jump indices m € {0,1,..., N (H) — 1} (and upper bounding by summing m = 0 to
H — 1) yields

T H-1 H-1 T H-1 s T H-1 T H-1 T H-1 T H-1
E t E 0 73 E § i E E E § t E E t E E t
5m S Qg H + « ¢m+1 + 68 - ¢m+1 + 6m+1 + €m+1'
t=1 m=0 t=1 m=0 t=1 m=0 i= t=1 m=0 t=1 m=0 t=1 m=0 t=1 m=0
initialization term regroup

We bound the initialization term by counting distinct tabular entries. The indicator o is nonzero only on the first visit to a
given (k, z, a), hence
T H-1
Y alH < K|-S-A-H = KSAH.
t=1 m=0
This is the place where the effective number of "states” is S|K| = SK, since we are learning tabular values indexed by

(z, k).

The regrouping term is handled exactly as in the standard Q-learning proof: each future error term qﬁf,,; 11 can be charged to
later visits to the same (k, x, a), and one obtains (after the usual rearrangement) a factor (1 + %) in front of the shifted
sum, using Lemma Ekc) (withn = 0. Concretely,

jae]

-1

t=1 0

3
]

and therefore we arrive at the recursion

T H- H-1
— 1
ZZ gKSAH+(1+H>Z &, +1+Zﬁtm+2&m (67)
t=1 m=0 t=1 m=0
Controlling >~ S and >_&.  Using the same pigeonhole/AM-GM argument as in the discrete-time proof (Lemma [3)),

T H-1 _

S Bim < O(\/IY3L-KSA~T + Tﬁm),

t=1 m=0

where the second term is the Lipschitz discretization error accumulated over at most H jumps per episode. Moreover, by
Azuma-Hoeffding (and a union bound over (k, z, a) if needed), with probability at least 1 — §,

ZT: Eim| < O (f[\/ﬁ)

Finally, iterating form =0,1,..., H — 1 and using the terminal condition 6!, = 0 form > N (t)(H ) gives
T ~
> dh <0 (KSAH+ \/H3L~KSA~T+THL7) ,
t=1

and hence the same bound holds for R . O

F LOWER BOUND CONSTRUCTION

In this section we derive a minimax €(7'%/3) regret lower bound for the fixed time-horizon continuous-time MDP setting
with Poisson decision epochs. The construction follows the standard information-theoretic technique used in [30]: we build
a family of hard instances indexed by 6 € {41} such that (i) the optimal action differs across time bins, (ii) rewards
are L-Lipschitz in time, and (iii) distinguishing between two instances that differ in a single bin has small KL divergence
unless the learner visits that bin many times. Balancing the KL (estimation) constraint with the Lipschitz (approximation)
constraint yields a 7'/3 rate.
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F.1 PROBLEM CLASS

We consider episodic continuous-time MDPs with the following structure: each episode runs until continuous time exceeds
a fixed budget H > 0; decision epochs occur according to a homogeneous Poisson process of rate A > 0 (i.e., holding
times are i.i.d. Exp(\)). Rewards are bounded in [0, 1] and may depend on time, state, and action. We assume the reward
functions are L-Lipschitz in time (and transitions may also be L-Lipschitz, although the lower bound uses deterministic
self-loop transitions).

Let N (H) be the number of decision epochs in episode ¢ up to time H. Then E[N*)(H)] = AH, and over T episodes
the expected total number of decisions is

T

ZN“)(H)] = AHT.

t=1

E[N] = E

The regret is defined as
T

.

t=1

where 7, is the learner’s (possibly history-dependent) policy in episode t.

F.2 HARD INSTANCE FAMILY

Fix an integer K > 1 and partition [0, H] into K disjoint bins
I, =11 -1 j = —
==, 7= 5
Let g; : [0, H] — [0, 1] be a "bump” function supported on I; such that
1. 0 <gj(h) <1forallh € [0, H],
2. gj(h) =0for h ¢ I,
3. gjis CTQ—Lipschitz for an absolute constant ¢, > 0,
4. fOH g;(h) dh > cyy for an absolute constant ¢y > 0.

(Such a function can be taken as a triangular bump on ;.)

We build a family of instances indexed by # € {4-1}#. Each instance has a single state (or S independent copies; see below)
and two actions A = {1, 2}. The transition is a deterministic self-loop, so the only difficulty is learning the time-dependent
rewards. For i € [0, H], define the mean rewards

1 il 1 K
ra(l) = 5+A§:9jgj(h), (2) = i—AZngj(h), (68)
j=1 j=1

where A > 0 is a gap parameter chosen below, and realized rewards are Bernoulli with these means. (Any bounded noise
model with sub-Gaussian tails works.)

Lipschitz feasibility. Since each g; is %—Lipschitz and the bumps have disjoint support, the function h — r,(a) is
L-Lipschitz provided

Ly
cg

A < (69)

Embedding S states. To obtain an .S factor, one may take a disjoint union of S independent copies of the above one-state
construction (each copy has its own state but the same time axis and reward structure). Starting states are chosen so that
each episode begins in a uniformly random copy, or the environment cycles through copies; either way, standard arguments
yield an S-fold increase in regret lower bounds. For simplicity, we state the theorem with the .S factor.
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F.3 LOWER BOUND THEOREM

Theorem 5 (Minimax 7°>/3 lower bound) Fix A > 0, H > 0, and L > 0. Consider the class of fixed-horizon continuous-
time episodic MDPs with Poisson decision epochs of rate A, time budget H per episode, bounded rewards in [0, 1], and
L-Lipschitz dependence on the continuous time variable. Assume A > 2.

There exists an absolute constant ¢ > 0 such that for every learning algorithm, there exists an MDP in this class with S
states for which the expected regret after T episodes satisfies

E[Rr] > ¢SLY? (AHT)*3,
up to universal constant factors (and ignoring logarithmic terms).

Proof: We prove the lower bound for the one-state construction; the S-state version follows by taking .S independent
copies and summing regrets.

Step 1: Reduction to a contextual bandit over time bins. Since transitions are deterministic self-loops, the only decision
is which action to take at each decision epoch time h € [0, H]. The time h therefore plays the role of a context. Let
N := "1 N®(H) be the total number of decision epochs across 7" episodes. We have E[N] = AHT".

Let N; be the number of decision epochs whose time h lies in bin I;. By symmetry of the Poisson process on [0, H],

AHT
N

Step 2: Pairwise KL bound for flipping one bin. Fix a bin j € [K] and two instances 6, #U) that differ only in coordinate
7- Under both instances, all randomness is identical except for the reward distributions at decision epochs whose times fall
in I;. For Bernoulli rewards with means in [1/4, 3/4] (ensured by choosing A small enough), the one-step KL between the
two reward distributions is kl(p, ¢) < ¢1(p — ¢q)? for an absolute constant ¢; > 0. In bin 1;, the mean gap between instances

is |rf(a) — rz(j) (a)| < 2A, so each such observation contributes at most co A% KL. Therefore, for any learning algorithm,

KL(Py | Pyy) < c2A*Eg[Ny], (71)

E[N,] = %E[N] = (70)

where Py denotes the law of the entire interaction under instance 6.

Step 3: Testing lower bound implies mistakes in bin j. By Bretagnolle-Huber (or Le Cam’s two-point method), for any
event ) measurable with respect to the interaction history,

1
Py(E) + Pyoy (EC) > 5exp(—KL(IEDQ||IP>9<J-))).

In particular, if KL(Pg||Py(;)) < 1/8, then any algorithm cannot correctly identify the sign ; with probability much larger
than 1/2, and consequently must choose the suboptimal action in bin j a constant fraction of the times it visits that bin.
Hence there exists an absolute constant c3 > 0 such that, whenever

1
c2A’Eg[N;] < 3 (72)
we have
EQ[RJ'] 2 C3 AE@[NJ'], (73)
where R; denotes the contribution to regret coming from decision epochs with h € I;.
Step 4: Summing over bins. Summing (73) over j = 1, ..., K and using (70) yields
K
E¢[Rr] > Z c3AEg[N;] = c3AE[N] = c3ANHT, (74)
j=1
provided (72) holds for all j.
By (70), the hardness condition is ensured if
K
A < — 75
< e\ g (75)

for a suitable absolute constant ¢4 > 0.
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Step 5: Optimize K under Lipschitz and statistical constraints. We must choose A to satisfy both the Lipschitz
feasibility (69) and the statistical hardness (73). Set A to be the largest value satisfying both, i.e.,

A . ) Ly K . | LH K
= mins — — = min I — .
¢y’ N NHT ok “\NXHT

Choose K so that the two terms balance:
LH K 3 24 773 2y 74
e —@< /\HT> = K :@(L)\HT-H):G(L)\HT).

Thus we take
LH

K = @((LQ)\H4T)1/3>, A= @( =

) -0 <L1/3(/\HT)‘1/3> . (76)

Plugging into yields
Eg[Rr] > ¢ LY3(AHT)?/3,
for an absolute constant ¢ > 0.

Finally, the S-state extension (disjoint union of S independent copies) yields an additional multiplicative factor of S in the
regret lower bound, completing the proof. g

1856



	Introduction
	Preliminary and Problem Statement
	Main Algorithms and Results
	Continuous-Time UCRL Algorithm
	Q-learning Approach
	Lower bound for the fixed-jump setting
	Fixed number of jumps vs. fixed time horizon
	Lower bound for the fixed time-horizon setting

	Conclusion
	Related Work
	UCRL Proofs (Theorem 1)
	Q-Learning Proofs (Theorem 2)
	Lower Bound for the Fixed-Jump Setting (Theorem 3)
	Fixed Horizon, Random Number of Jumps (Poisson Stopping)
	Regret bound for the fixed-horizon (random-jump) setting

	Lower Bound Construction
	Problem class
	Hard instance family
	Lower bound theorem


